arXiv:hep-th/0007240 31 Jul 2000

New Superconformal Field Theories in Four Dimensions and N = 1 Duality

M. Chaichian^{1,2}, W.F. Chen^{3†} and C. Montonen^{2‡}

1 High Energy Physics Division, Department of Physics 2 Helsinki Institute of Physics, P.O. Box 9 (Siltavuorenpenger 20 C) FIN-00014 University of Helsinki, Finland 3 Winnipeg Institute of Theoretical Physics and Department of Physics University of Winnipeg, Winnipeg, Manitoba, Canada R3B 2E9

Abstract

Recently, developments in the understanding of low-energy N = 1 supersymmetric gauge theory have revealed two important phenomena: the appearance of new four-dimensional superconformal field theories and a non-Abelian generalization of electric-magnetic duality at the IR fixed point. This report is a pedagogical introduction to these phenomena. After presenting some necessary background material, a detailed introduction to the low-energy non-perturbative dynamics of N = 1 supersymmetric SU (N_c) QCD is given. The emergence of new four-dimensional superconformal field theories and non-Abelian duality is explained. New non-perturbative phenomena in supersymmetric SO(N_c ) and Sp(N_c = 2n_c) gauge theories, such as the two inequivalent branches, oblique confinement and electric-magnetic-dyonic triality, are presented. Finally, some new features of these four-dimensional superconformal field theories are exhibited: the universal operator product expansion, evidence for a possible c-theorem in four dimensions and the critical behaviour of anomalous currents. The concluding remarks contain a brief history of electric-magnetic duality and a discussion on the possible applications of duality to ordinary QCD.

†Address after September 1, 2000: Department of Mathematics and Statistics, University of Guelph, Guelph, Ontario, Canada N1G 2W1 ‡On leave from the Theoretical Physics Division, Department of Physics, University of Helsinki

Contents

1 Introduction 3

2 Some background knowledge 8 2.1 Four-dimensional conformal algebra and its representation . . . . . . . . . . . . . 9 2.2 Scale symmetry breaking and renormalization group equation . . . . . . . . . . . 14 2.3 Chiral symmetry in massless QCD . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.3.1 Global symmetries of massless QCD . . . . . . . . . . . . . . . . . . . . . 17 2.3.2 Chiral symmetry breaking . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.3.3 Anomaly in QCD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 2.3.4 Anomaly matching . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 2.4 Various phases of gauge theories . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 2.5 N = 1 superconformal algebra and its representation . . . . . . . . . . . . . . . . 35 2.5.1 Current supermultiplet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 2.5.2 N = 1 superconformal algebra . . . . . . . . . . . . . . . . . . . . . . . . 37 2.5.3 Representations of N = 1 superconformal symmetry . . . . . . . . . . . . 40

3 Non-perturbative dynamics in N = 1 supersymmetric QCD 48 3.1 Introducing N = 1 supersymmetric QCD . . . . . . . . . . . . . . . . . . . . . . 48 3.1.1 Classical action of N = 1 supersymmetric QCD . . . . . . . . . . . . . . . 48 3.1.2 Global symmetries of massless supersymmetric QCD . . . . . . . . . . . . 50 3.2 Holomorphy of supersymmetric QCD . . . . . . . . . . . . . . . . . . . . . . . . . 52 3.2.1 Supersymmetric Ward identity . . . . . . . . . . . . . . . . . . . . . . . . 52 3.2.2 Holomorphic dependence of supersymmetric QCD . . . . . . . . . . . . . 53 3.2.3 Konishi anomaly . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56 3.2.4 Decoupling relation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 3.3 Classical moduli space of supersymmetric QCD . . . . . . . . . . . . . . . . . . . 59 3.3.1 Classical moduli space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59 3.3.2 Classical moduli space of supersymmetric QCD . . . . . . . . . . . . . . . 60 3.4 Quantum moduli space and low energy non-perturbative dynamics . . . . . . . . 65 3.4.1 N_f < N_c: Erasing of vacua . . . . . . . . . . . . . . . . . . . . . . . . . . 65 3.4.2 N_f = N_c: Confinement with chiral symmetry breaking or baryon number violation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 3.4.3 N_f = N_c + 1: Confinement without chiral symmetry breaking . . . . . . . 82 3.4.4 Supersymmetric QCD for N_f > N_c + 1 . . . . . . . . . . . . . . . . . . . . 86

4 N = 1 supersymmetric dual QCD and non-Abelian electric-magnetic duality 88 4.1 Dual supersymmetric QCD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 4.2 Non-Abelian electric-magnetic duality . . . . . . . . . . . . . . . . . . . . . . . . 92 4.2.1 Various deformations of non-Abelian electric-magnetic duality . . . . . . . 95 4.2.2 Non-Abelian free magnetic phase: N_c + 2≤N_f ≤3/2N_c . . . . . . . . . . . 98 4.3 Duality in Kutasov-Schwimmer model . . . . . . . . . . . . . . . . . . . . . . . . 99 4.3.1 Kutasov’s observation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99 4.3.2 Duality in the Kutasov-Schwimmer model . . . . . . . . . . . . . . . . . . 104

5 Non-perturbative phenomena in N = 1 supersymmetric gauge theories with gauge group SO(N_c) and Sp(N_c = 2n_c) 110 5.1 N = 1 supersymmetric SO(N_c) gauge theory with N_f flavours . . . . . . . . . . 110 5.1.1 Global symmetries of N = 1 supersymmetric SO(N_c) QCD . . . . . . . . 110 5.1.2 Classical moduli space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112 5.2 Dynamically generated superpotential and decoupling relation . . . . . . . . . . . 114 5.3 Non-perturbative dynamical phenomena when N_c≥4, N_f ≤N_c − 2 . . . . . . . . . 118 5.3.1 N_f ≤N_c − 5: dynamically generated superpotential by gaugino condensation118 5.3.2 N_f = N_c − 4: Two inequivalent branches and novel dynamics . . . . . . . 119 5.3.3 N_f = N_c − 3: Two dynamical branches and massless composite particles (glueball and exotic states) . . . . . . . . . . . . . . . . . . . . . . . . . . 123 5.3.4 N_f = N_c − 2: Coulomb phase with massless monopoles and dyons and confinement and oblique confinement . . . . . . . . . . . . . . . . . . . . . 127 5.4 N_c≥4, N_f ≥N_c − 1: Dual magnetic SO(N_f − N_c + 4) description . . . . . . . . . 148 5.4.1 General introduction to magnetic description . . . . . . . . . . . . . . . . 148 5.4.2 N_f = N_c − 1: Dual magnetic SO(3) gauge theory . . . . . . . . . . . . . . 151 5.4.3 N_f = N_c: Dual magnetic SO(4) gauge theory . . . . . . . . . . . . . . . . 156 5.4.4 N_f > N_c: General dual magnetic SO(N_f − N_c + 4) gauge theory . . . . . 161 5.5 Electric-magnetic-dyonic triality in supersymmetric SO(3) gauge theory . . . . . 165 5.5.1 Peculiarities of supersymmetric SO(3) gauge theory . . . . . . . . . . . . 165 5.5.2 One-flavour case: Abelian Coulomb phase and quantum symmetries . . . 167 5.5.3 Two-flavour case: non-Abelian Coulomb phase and quantum symmetries . 169 5.5.4 N_f = N_c = 3 case: Identification of N = 1 duality with N = 4 Montonen- Olive-Osborn duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175 5.6 Dyonic dual of SO(N_c) theory with N_f = N_c − 1 flavours . . . . . . . . . . . . . 180 5.7 A brief introduction to Sp(N_c = 2n_c) gauge theory with N_f = 2n_f quarks . . . . 183 5.7.1 Some aspects of Sp(N_c = 2n_c) gauge theory . . . . . . . . . . . . . . . . . 183 5.7.2 Quantum moduli space and non-perturbative dynamics . . . . . . . . . . 185

6 New features of N = 1 four-dimensional superconformal field theory and some of its relevant aspects 193 6.1 Critical behaviour of anomalous currents and anomaly matching . . . . . . . . . 193 6.2 Universality of operator product expansion . . . . . . . . . . . . . . . . . . . . . 206 6.3 Possible existence of a four-dimensional c-theorem . . . . . . . . . . . . . . . . . 211 6.4 Non-perturbative central functions and their renormalization group flows . . . . 214

7 Concluding remarks 226 7.1 A brief history of electric-magnetic duality . . . . . . . . . . . . . . . . . . . . . . 226 7.2 Possible application of non-perturbative results and duality of N = 1 supersymmetric QCD to non-supersymmetric case . . . . . . . . . . . . . . . . . . . . . . . 228

1 Introduction

During the past several years there has been a great progress in understanding the non-perturbative dynamics of supersymmetric gauge theories. The breakthrough has been made in two aspects. One is in N = 2 supersymmetric gauge theories pioneered by Seiberg and Witten [1, 2]. Based on the low energy effective action obtained by Seiberg earlier from the non-perturbative β function analysis [3], which has now been verified up to at most two derivatives and not more than four-fermion coupling by various calculation methods [4, 5, 6], Seiberg and Witten found that in the Coulomb phase N = 2 supersymmetric Yang-Mills theory can admit a self-dual electricmagnetic duality. This kind of duality was originally proposed by Montonen and Olive [7] and previously it was believed that it could only exist in an N = 4 supersymmetric Yang-Mills theory [8]. Furthermore, with this duality Seiberg and Witten explicitly showed that the confinement mechanism is indeed provided by the condensation of magnetic monopoles and justified in supersymmetric gauge theory the original conjecture by ’t Hooft and Mandelstam [9, 10]. In the presence of N = 2 matter multiplets, they also showed that the chiral symmetry breaking is driven by the condensation of magnetic monopoles.

Another direction in which progress has been made is N = 1 supersymmetric gauge theory, mainly based on ideas by Seiberg. From an analysis of the quantum moduli space, a series of exact results has been obtained in N = 1 supersymmetric gauge theory, and an almost complete phase diagram of N = 1 supersymmetric gauge theory including the dynamical features and the particle spectrum in each phase has been worked out [11, 12, 13, 14, 15, 16]. In particular, Seiberg found that the electric-magnetic duality can also exist in the IR fix point of N = 1 supersymmetric gauge theory, where the theory is described by an interacting fourdimensional superconformal field theory. This report concentrates on these new four-dimensional superconformal field theories and N = 1 duality.

It is not accidental that so many non-perturbative results can be obtained in supersymmetric gauge theories. Supersymmetric quantum field theory is much more tractable than usual quantum field theory. One of the most remarkable characteristics of supersymmetric gauge theory is the non-renormalization theorem [17, 18, 19], which claims that an interaction vertex of a supersymmetric gauge theory is not spoiled by quantum corrections. If the theory is expressed in superfield form, this immediately implies that the classical superpotential withstands quantum corrections and thus remains holomorphic. This property imposes a very strict constraint on the form of the interaction vertex at the quantum level.

In addition, there is another direct consequence of the non-renormalization theorem. Since the vertex receives no quantum corrections, one can always define the vertex renormalization constant to be one. Thus the renormalization of the coupling constants is only related to the wave function renormalization constants. This means that the beta function of the theory depends only on the anomalous dimensions of the fields. In supersymmetric gauge theory with gauge group G and N_f species of matter field in the representation T_i (i = 1, 2, · · ·, N_f), this fact is quantitatively manifested in the NSVZ (Novikov-Shifman-Vainshtein-Zakharov) beta function [20, 21]:

β^{(NSVZ)}(g) = − g^3 16π^2 3T (G)dimG − ∑N_f i=1 T (R_i) [1 − γ_i] 1 − T (G)g^2/(8π^2)

, (1.1)

where γ_i are the anomalous dimensions of the matter fields, and the group invariants T (G) and

T (R) are defined as follows:

Tr_R(T^aT^b) = T (R)δ^{ab}, T (G) = T (R = adjoint representation). (1.2)

The explicit form of this beta function provides a possibility to determine the non-trivial IR fixed points. It should be emphasized that the NSVZ beta function (1.1) is a non-perturbative result and is valid to all orders. Furthermore, recalling that there exists a direct connection between the trace anomaly and the beta function, for example in a pure Yang-Mills theory [22],

θ^μ_μ = β(g) 2g F_{μν} F^{μν} , (1.3)

one can see that at fixed points, the trace anomaly vanishes and hence conformal symmetry emerges since θ^μ_μ is the measure of quantum conformal symmetry [23]. Therefore, an interacting superconformal field theory can arise at the IR fixed point. The NSVZ beta function says that for an asymptotically free supersymmetric gauge theory, such an IR fixed point must exist.

The origin of the non-renormalization theorem lies in the supersymmetry, which ensures the cancellation of quantum fluctuations from the bosonic and fermionic modes, since in a supersymmetric field theory the same number of bosonic and fermionic degrees of freedom occur in a supermultiplet, and they contribute to a virtual process with the same amplitude but with opposite sign. The basic building blocks of a quantum field theory are the Green functions. As manifested in the Green functions supersymmetry, just like a usual local internal symmetry, leads to relations between various Green functions, which take the form of Ward- Takahashi (WT) identities. With the assumption that the supersymmetry is not spontaneously broken, these WT identities impose strong constraints on the form of the Green functions. For example, the chiral supersymmetric WT identities not only determine that the Green function of the lowest component field in a chiral multiplet is space-time independent, but also, together with the internal symmetries, renormalization group invariance and other physical requirements, specify the explicit dependence of the Green functions on the parameters of the theory such as masses and coupling constants [24, 25]. This is another important reason why supersymmetric gauge theories are under better control.

The algebraic foundation of a supersymmetric field theory, superalgebra, is an extension of the usual Poincaré symmetry. It unifies some of the most fundamental conserved currents such as the energy-momentum tensor, the supercurrent and the axial type R-current into a supermultiplet. Consequently, the quantum anomalies of these currents should also fit into a supermultiplet [26, 27]. Furthermore, there exists a new type of anomaly, which was originally found in Ref. [28] and independently re-derived by Konishi [29]. This anomaly gives a connection between the squark condensation and the gluino condensation. All these new features provide possible ways to explore the non-perturbative aspects of a supersymmetric gauge theory.

The vacuum structure of a supersymmetric gauge theory and the relevant non-perturbative dynamics have a rich physical content. Unbroken supersymmetry requires that there exists at least one ground state with zero energy [30, 31]. In a four-dimensional supersymmetric gauge theory there usually exists a continuous degeneracy of inequivalent ground states [32]. Classically, these ground states correspond to the flat directions of the scalar potential and thus form a classical moduli space. Along these flat directions, some of the squarks can acquire expectation values which break the gauge symmetry. As a consequence, some fields will acquire masses due to the super-Higgs mechanism and the moduli space will be characterized by the light degrees of freedom. At the origin of the classical moduli space the gauge symmetry will be restored fully. Quantum mechanically, a dynamically generated superpotential can arise and dynamical supersymmetry breaking occurs. Consequently, the vacuum degeneracy will be lifted [32]. Note that the non-renormalization theorem only refers to the perturbative quantum correction and it does not pose any restriction on the non-perturbative quantum effects. The vacuum degeneracy may still persist after inclusion of non-perturbative effects, and then the theory has a quantum moduli space of vacua. The holomorphy of the quantum superpotential makes it possible to determine the light degrees of freedom and hence the quantum moduli space [34]. By analyzing the structure of the quantum moduli space, one can get a handle on some of the important non-perturbative features such as confinement and chiral symmetry breaking since many non-perturbative physical phenomena are related closely to the vacua such as mass generation and fermion condensates etc. If the dynamically generated superpotential has erased all vacua, then dynamical supersymmetry breaking occurs. Supersymmetry breaking induced by non-perturbative quantum effects was proposed by Witten nearly two decades ago [30, 31]. Only in recent years have its possible physical applications been considered. This kind of supersymmetry breaking mechanism introduces very few physical parameters and thus has a great advantage over the soft supersymmetry breaking mechanism. At present dynamical supersymmetric breaking is a popular topic in supersymmetry phenomenology [35].

The non-perturbative aspects of an N = 1 supersymmetric gauge theory exhibit a rich phase structure, depending heavily on the choice of gauge group and the matter contents [14, 15, 16]. The most remarkable non-perturbative dynamical phenomenon is that in a special range of colour number and flavour number, i.e. in the so-called conformal window [14], the theory may have a non-trivial infrared fixed point implied from by NSVZ beta function (1.1), at which the theory becomes a superconformal field theory. In particular, it now admits a physically equivalent dual description but with the strong and weak coupling exchanged [14].

The emergence of N = 1 superconformal symmetry in the IR region has a great significance. In addition to N = 4 supersymmetric Yang-Mills theory and N = 2 supersymmetric gauge theory with vanishing beta function, this is a new non-trivial conformal field theory in four dimensional space-time. Especially, the N = 1 supersymmetric gauge theory has in general the property of asymptotic freedom, at high energy it can be regarded as a free field theory. Thus the existence of the IR fixed point means that an off-critical quantum field theory can be regarded as a radiative interpolation between a pair of four dimensional conformal field theories [36]. A conventional method to observe the physical phenomena at different energy scales is to investigate the flow of some physical quantity along the renormalization group trajectory from the UV region to the IR region. In two-dimensional quantum field theory, there is a famous ”ctheorem” on the renormalization group flow proposed by Zamolodchikov [37]. It states that there exists a c-function C(g) of the coupling g associated with the two-point function of the energymomentum tensor, which decreases monotonically along the renormalization group flow from the UV region to the IR region and becomes stationary at the fixed point, where the theory is a two-dimensional conformal invariant quantum field theory and the c-function coincides exactly with the central charge ( the coefficient of the conformal anomaly). Since the central charge actually counts the number of dynamical degrees of freedom of the theory [38, 39], this theorem shows precisely how the information about the dynamical degrees of freedom at short distance is lost in the renormalization group flow to long distance. Therefore, it would be helpful for the study of some non-perturbative dynamical phenomena in four dimensional quantum field theory if a four dimensional analogue of the c-theorem could be found. For example, one could get insight in a number of non-perturbative phenomena such as confinement, chiral symmetry breaking, supersymmetry breaking and even the Higgs mechanism.

However, unexpectedly the search and verification of a four dimensional c-theorem turned out to be extremely difficult. Soon after the proposal of the two dimensional c-theorem, much effort was put into looking for a candidate for a c-function and checking its evolution along the renormalization group flow was made [40, 41, 42], but a general proof of the existence of a monotonically decreasing c-function is still lacking. Recently, some progress has been made in this direction [43]. The availability of a series of exact results in N = 1 supersymmetric gauge theory and especially the discovery of superconformal symmetry in the IR fixed point has provided useful tools for testing c-theorems and finding the right c-function. As in the two-dimensional case, a candidate for a c-function should be related to the central function [44], which is the coefficient function of the most singular term in the operator product expansion of the energy-momentum tensor and should coincide with the conformal anomaly coefficients at the fixed points. A qualitative analysis using the exact results give the first indications of the possible existence of a four dimensional c-theorem in N = 1 supersymmetric gauge theory [45]. Furthermore, asymptotic freedom implies that various quantities at the UV region can be determined in the framework of a free field theory, while the superconformal invariance at the IR fixed point allows an exact calculation on the anomaly coefficients at the IR region [36]: the trace anomaly of the energy-momentum tensor and the chiral anomaly of R-current lie in the same supermultiplet and the latter can be exactly calculated through the ’t Hooft anomaly matching. An explicit calculation suggests that the central function coinciding with the coefficient of the Euler term of in the trace anomaly at the IR fixed point is the most appropriate candidate for the c-function [36, 46].

The N = 1 four dimensional superconformal field theory arising at the IR fixed point has also some remarkable features in comparison with the two dimensional case [47, 48]. The operator product expansion of two energy-momentum tensor operators or of an energy-momentum tensor and a conserved current does not close, another current called the Konishi current must be introduced to ensure closure. Consequently, a four dimensional superconformal field theory is characterized by two central charges and a conformal dimension. The central charges are four dimensional superconformal invariants in the sense that they receive no higher order (more than two-loop) quantum correction and remain at their one-loop values (i.e. always proportional to the number of dynamical degrees of freedom), while the conformal dimension does not, it can receive quantum corrections from every order [48].

The dual theory arising at the IR fixed point is of significance since it gives an equivalent physical description to the low energy dynamics of the original theory but in terms of a fundamental Lagrangian of a supersymmetric gauge theory with one (or several) additional superpotential(s). The dynamics of the mesons and baryons in the original theory can be equivalently replaced by the dynamics of dual fundamental dynamical degrees of freedom and one (or several) gauge singlet particle(s). Especially, the gauge couplings of the original and the dual theories are inversely related. This provides a possibility to study the low-energy non-perturbative dynamics of the original theory through the perturbation theory of the dual theory.

There have already appeared several excellent reviews on N = 1 duality with different emphasis such as those by Intriligator and Seiberg [16], Shifman [49], Shifman and Vainshtein [50] and Peskin [51]. The present review mainly emphasizes superconformal field theory. It is written a pedagogical manner, giving detailed mathematical derivations and explanations of these new developments and including much of the preliminary knowledge needed to understand the new progress such as the representation of conformal algebra, the renormalization group equation, anomaly matching, phases of gauge theory and the Wilson effective action, etc. This report is based on a series of discussions and seminars in the theoretical physics group of the University of Helsinki and Helsinki Institute of Physics. We hope that it may prove helpful for beginners interested in this topic.

The organization of this report is as follows: Sect. 2 contains some background material. We first review the definition of conformal transformations, the derivation of the conformal algebra and the field representation of conformal algebra in terms of Wigner’s little group method. In a renormalizable relativistic quantum field theory, scale symmetry implies conformal symmetry, the anomalous breaking of scale symmetry means the violation of conformal symmetry at quantum level. We thus introduce scale symmetry breaking in the context of a massless scalar field theory and the renormalization group equation, which plays the role of anomalous Ward identity of scale symmetry. Since new developments occur in supersymmetric QCD, the supersymmetric extension of the non-supersymmetric theory, we introduce the chiral symmetry of ordinary QCD and its breaking. We discuss the possible (external) chiral anomaly in QCD and the ’t Hooft anomaly matching. We shall see that the ’t Hooft anomaly matching is an important tool to investigate electric-magnetic duality. The non-perturbative dynamical structure of a quantum field theory is quite rich and the theory can present several phases. The discovery of new non-perturbative phenomena in supersymmetric gauge theory has verified this. Hence it is necessary to introduce the various phase structures and their dynamical behaviour. The N = 1 superconformal algebra is the algebraic foundation of constructing a superconformal field theory, and thus based on the current supermultiplet and the Jacobi identities, we give the full superconformal algebra. Further, we review the representation of the superconformal algebra in field operator space. It is much more complicated than the ordinary conformal algebra: the ordinary conformal algebra can be realized on one type of fields, whereas the superconformal algebra must be realized on a supermultiplet. In particular, the representations realized on different supermultiplets, such as the chiral and the vector ones, have their own specific features. In particular, the representation of the superconformal algebra on the chiral multiplet yields a simple relation between the conformal dimension of the chiral superfield and its R-charge, which has played a key role in determining Seiberg’s conformal window.

From Sect. 3, we begin to introduce the low-energy dynamics of supersymmetric QCD. Supersymmetric gauge theory exhibits some new characteristics compared with the non-supersymmetric case, the most important of which are R-symmetry and holomorphicity. Thus we first give a detailed introduction to these two aspects. We explain in detail how to combine the anomalous R-symmetry and the axial vector U_A(1) symmetry to get an anomaly-free R-symmetry, and then introduce the low-energy dynamics of supersymmetric QCD. Since supersymmetric QCD is a theory sensitive to flavour number N_f and colour number N_c, we analyze the theory with respect to different ranges of N_f and N_c. Using the Georgi-Glashow model to illustrate the general definition of a classical moduli space, we explain how to describe the classical moduli space of supersymmetric QCD in the cases of N_f < N_c and N_f ≥N_c, respectively. Especially for N_f = N_c and N_f = N_c + 1 the constraint equations characterizing the classical moduli space are explicitly given. A large part of this section is devoted to describing the quantum moduli space and low energy dynamics of supersymmetric QCD. In the case N_c < N_f , we give a detailed derivation of the ADS (Affleck-Dine-Seiberg) superpotential and argue the reasonableness of this non-perturbative superpotential by considering its various limits and the physical consequences obtained from this superpotential. When N_f = N_c, we show how the quantum corrections have modified the classical moduli space and what physical effects are produced, and check the reasonableness of these physical pictures using the anomaly matching condition. For N_f = N_c + 1, we introduce the effective superpotential to determine the quantum moduli space and the physical effects resulting from the quantum moduli space, ’t Hooft anomaly matching providing a strong support. For the case N_f > N_c, we show that the NSVZ beta function implies a nontrivial IR fix point in the conformal window 3N_c/2 < N_f < 3N_c. Then we briefly explain the situation in the range N_f > 3N_c, where the asymptotic freedom of the theory is lost.

In Sect. 4, we concentrate on non-Abelian electric-magnetic duality in the conformal window by first introducing the dual description of supersymmetric QCD and showing the reasonableness of this duality conjecture using ’t Hooft’s anomaly matching. Then we explain what non-Abelian electric-magnetic duality is and how the duality arises in the conformal window and show how the duality remains valid in various limits. The duality in the Kutasov-Schwimmer model is briefly reviewed since it provides a possibility to study the non-perturbative aspects of supersymmetric extensions of the Standard Model. This model also gives a deep understanding to the duality of N = 1 supersymmetric QCD. Sect. 5 mainly summarizes the non-perturbative phenomena of N = 1 supersymmetric SO(N_C) gauge theory. In contrast to the SU(N_c) case, the gauge group SO(N_c) is not simply connected and has only real representations. Depending thus heavily on the number of colours and flavours, the theory has richer and more novel non-perturbative dynamical phenomena. When N_f ≤N_c − 5, a dynamical superpotential is generated by gaugino condensation. In the cases N_f = N_c −3 or N_c −4, the theory has two inequivalent ground states, and some exotic particle states appear. When N_f = N_c − 2, the theory is in a Coulomb phase and the particle spectrum contains magnetic monopoles and dyons, and the oblique confinement conjectured by ’t Hooft occurs naturally. As in the SU(N_c) case, in the range N_f ≥4, N_f ≥N_c −1, the theory has a dual magnetic description, a supersymmetric SO(N_f −N_c+4) gauge theory. The most novel dynamical phenomenon is that the SO(3) gauge theory exhibits electric-magnetic-dyonic triality. In the one-flavour and two-flavour cases, a quantum symmetry with a non-local action on the matter field arises. If the theory has three flavours, it was surprisingly found that the N = 1 duality in the SO(3) theory can actually be identified as the electric-magnetic duality of N = 4 supersymmetric Yang-Mills theory. Further, the concrete form of the dyonic dual of the SO(N_c) gauge theory with N_f = N_c − 1 is introduced since its dual magnetic theory is an SO(3) gauge theory, while the SO(3) gauge theory has a dual dyonic theory. This means that the SO(N_c = N_f + 1) theory should also admit a dual dyonic theory. Another typical supersymmetric model showing duality, the Sp(N_c) gauge theory, is briefly reviewed. In Sect. 6 we introduce some of new progress in exploring four-dimensional superconformal field theory and non-Abelian electric-magnetic duality including ’t Hooft anomaly matching in the presence of higher quantum corrections, the universality of the operator product expansion in four-dimensional superconformal field theory and the explicit evidence supporting a possible four-dimensional c-theorem in supersymmetric gauge theory. In the concluding remarks, Sect. 7, we briefly recall the history of searching for electric-magnetic duality symmetry in relativistic quantum field theory and explore the possible applications of the non-perturbative results of N = 1 supersymmetric gauge theory to ordinary QCD by softly breaking the supersymmetry.

2 Some background knowledge

Translations x^{′μ} = x^μ − a^μ h(x) = 0 Scale transformation x^{′μ} = e^{−ϵ}x^μ h(x) = −2ϵ Lorentz transformation x^{′μ} = Λ^μ_νx^ν h(x) = 0 Special conformal transformation x^{′μ} = x^μ + b^μx^2 1 + 2b·x + b^2x^2 h(x) = −4b·x Table 2.1.1: Conformal transformations.

2.1 Four-dimensional conformal algebra and its representation Conformal transformations preserve angles but change the scale. In a flat space-time, they are defined by the following transformation of the line element [52], ds^{′2} = η_{μν}dx^{′μ}dx^{′ν} = f(x)ds^2 = f(x)η_{αβ}dx^αdy^β, (2.1.1) where f(x) is a scalar function and η_{μν} is the space-time metric. The concrete form of the conformal transformation can be found by considering infinitesimal transformations x^{′μ} = x^μ − ϵ^μ(x). (2.1.2) Eqs. (2.1.1) and (2.1.2) give ∂_μϵ_ν (x) + ∂_ν ϵ_μ(x) = −(f(x) − 1)η_{μν}≡ − h(x)η_{μν}. (2.1.3) and further, after contracting η^{μν} with (2.1.3), h(x) = − 2 n ∂_μϵ^μ(x), (2.1.4) ∂_μϵ_ν (x) + ∂_ν ϵ_μ(x) = 2 n ∂_αϵ^α(x)η_{μν}, (2.1.5)

where n is the dimension of space-time. Thus

(n − 2)∂_μ∂_ν h(x) = − 2 n (n − 2)∂_μ∂_ν ∂^ρϵ_ρ = 0. (2.1.6)

For n > 2, Eq. (2.1.6) implies that h(x) is at most linear in x and from (2.1.4) that ϵ_μ(x) is at most quadratic in x^μ. The general form of ϵ_μ(x) is ϵ^μ(x) = a^μ + ϵx^μ + ω^{μν} x_ν + 2b·xx^μ − b^μx^2, (2.1.7) where a and b are constant n-dimensional vectors, ϵ is an infinitesimal constant and ω_{μν} = −ω_{νμ}. The finite form of the above infinitesimal conformal transformations is listed in Table (2.1.1). Counting the number of the generators, the dimension of the conformal group is (n+1)(n+2)/2. It is isomorphic to the orthogonal group O(n, 2) in Minkowski space. For n = 4, it is a 15- dimensional space-time symmetry group.

The infinitesimal version of the conformal transformation clearly shows that the conformal group is a generalization of the Poincaré group. Thus, in addition to P_μ and M_{μν} , the set of generators consists of n+1 new ones, D and K_μ, which correspond to scale and special conformal transformations, respectively.

According to the relation between symmetry and conservation law (Noether’s theorem), corresponding to each continuous global invariance, there exists a conserved current j^k_μ. The space integral of the time component gives a conserved charge, Q^k = ∫ d^3xj^k_0 , and the conserved charges yield a representation of the generators of the symmetry group. It is well known that the conserved current for P_μ and M_{μν} are, respectively, the energy-momentum tensor θ_{μν} and the moment M_{μ,νρ} of θ_{μν} , M_{μ,νρ} = θ_{μν} x_ρ − θ_{μρ}x_ν . (2.1.8) The generators of the Poincaré group are hence

P_μ = ∫ d^3xθ_{0μ}, M_{μν} = ∫ d^3xM_{0,μν}(x, t). (2.1.9)

In a quantum field theory with conformal symmetry, the energy-momentum tensor θ_{μν} is traceless, θ^μ_μ = 0. (2.1.10) Using this condition of tracelessness, one can construct the conserved currents for the scale and special conformal transformations, d_μ = x^νθ_{νμ}, k_{μν} = 2x_νx^ρθ_{ρμ} − x^2θ_{νμ}, (2.1.11) and the corresponding generators D = ∫ d^3x d_0(x, t), K_μ = ∫ d^3x k_{0μ}(x, t). (2.1.12)

The full conformal algebra can be worked out in a model independent way, [M_{μν} , M_{αβ}] = i (η_{μβ}M_{να} + η_{να}M_{μβ} − η_{μα}M_{νβ} − η_{νβ}M_{μα}) , [M_{μν} , P_ρ] = −iη_{μρ}P_ν + iη_{νρ}P_μ, [M_{μν}, K_ρ] = −iη_{μρ}K_ν + iη_{νρ}K_μ, [D, P_μ] = −iP_μ, [D, K_μ] = iK_μ, [K_μ, P_ν] = −2i(η_{μν}D + M_{μν} ), [K_μ, K_ν] = [M_{μν} , D] = [P_μ, P_ν] = 0. (2.1.13) The four-dimensional conformal group is isomorphic to the pseudo-orthogonal group O(4, 2), whose covering group is SU(2, 2). The conformal algebra (2.1.13) can be brought into a form which exhibits the O(4, 2) (or SU(2, 2)) structure by the identification M_{ab} = (M_{μν} , M_{μ5}, M_{μ6}, M_{56}),

M_{μ5} = 1 2 (P_μ + K_μ), M_{μ6} = 1 2 (P_μ − K_μ), M_{56} = D. (2.1.14)

Then M_{ab} satisfy the algebraic relation of the group O(4, 2) (or SU(2, 2)) [M_{ab}, M_{cd}] = −iη_{ac}M_{bd} + iη_{ad}M_{bc} + iη_{bc}M_{ad} − iη_{bd}M_{ac}, (2.1.15) where η_{ab} = diag(+1, −1, −1, −1, +1, −1), a, b, c, d = 0, · · ·3, 5, 6. Therefore, the representations of the conformal algebra can be obtained through those of O(2, 4) (or SU(2, 2)).

The conformal group in a quantum field theory is realized through unitary operators T (g), which are exponential functions of the generators and which transform the field operators as

T (g)φ_r(x)T (g)^{−1} = S_{rs}(g, x)φ_s(g^{−1}x). (2.1.16)

Here r is a generic index labelling the fields and the matrices S_{rs} form a representation of the conformal group. The infinitesimal form of Eq. (2.1.16) involves the commutators of the generators with the fields, and thus the action of the conformal group on the fields is determined by these commutation relations. We can deduce the form of these commutators using the method of induced representations.

The starting point are the translations, generated by the momentum operators P_μ,

[P_μ, φ_r(x)] = −i∂_μφ_r(x), (2.1.17)

or, equivalently,

e^{iP ·x}φ_r(0)e^{−iP ·x} = φ_r(x). (2.1.18)

From (2.1.16) we see that if g is a transformation belonging to the stability group or little group of x = 0, i.e. leaves x = 0 invariant, then the commutator of a generator of the little group with a field operator at x = 0 will only involve the field at that point. Let {S^a} be the generators of the little group obeying the algebra [ S^a, S^b ] = if^{abc}S^c. (2.1.19)

If we now posit the commutation relations

[S^a, φ_r(0)] = −(σ^a)_{rs}φ_s(0), (2.1.20)

the matrices {σ^a} will form a representation of the little group algebra (2.1.19): [ σ^a, σ^b ] = if^{abc}σ^c, (2.1.21)

as can be easily checked from the Jacobi identities involving two generators S^a, S^b and the field φ_r(0). Translating the relations (2.1.20) to a general point x, [ e^{iP ·x}S^ae^{−iP ·x}, φ_r(x) ] = −(σ^a)_{rs}φ_s(x), (2.1.22)

and evaluating

exp[ix^μP_μ]S^aexp[−ix^μP_μ] = ∞∑ n=0 i^n n! x^{μ1} · · ·x^{μn} [P_{μ1} , [· · ·, [P_{μn} , S^a] · · ·]]], (2.1.23)

the equations for the commutators [S^a, φ_r(x)] are obtained, i.e. a representation of the conformal algebra on the field operators is induced.

From Table 2.1.1 we see that for the conformal group, the generators of the little group are M_{μν} , D and K_μ. Thus we can write

[M_{μν} , φ_r(0)] = −(Σ_{μν} )_{rs}φ_s(0),

[D, φ_r(0)] = −iΔ_{rs}φ_s(0), [K_μ, φ_r(0)] = −(κ_μ)_{rs}φ_s(0), (2.1.24)

and the matrices Σ_{μν} , Δ and κ_μ obey the same algebra as the corresponding generators, viz.

[κ_μ, κ_ν] = [Δ, Σ_{μν}] = 0, (2.1.25) [Δ, κ_μ] = iκ_μ, (2.1.26) [κ_ρ, Σ_{μν}] = i(η_{ρμ}κ_ν − η_{ρν} κ_μ), (2.1.27) [Σ_{ρσ}, Σ_{μν}] = i(η_{σμ}Σ_{ρν} − η_{ρμ}Σ_{σν} − η_{σν}Σ_{ρμ} + η_{ρν}Σ_{σμ}). (2.1.28)

Note that if the Σ_{μν}, which according to (2.1.28) form a representation of the Lorentz algebra, generate an irreducible representation, Schur’s lemma implies, by virtue of (2.1.25), that the matrix Δ is proportional to the unit matrix:

Δ_{rs} = idδ_{rs}. (2.1.29)

Here d is called the scale or conformal dimension of the field. In this case it follows from (2.1.26) that κ_μ = 0.

The relations (2.1.24) can now be translated to a general x. We need to evaluate e^{iP ·x}M_{μν} e^{−iP ·x} = M_{μν} − x_μP_ν + x_ν P_μ, e^{iP ·x}De^{−iP ·x} = D − x · P, e^{iP ·x}K_μe^{−iP ·x} = K_μ − 2x_μD + 2x^νM_{νμ} + 2x_μ(x · P ) − x^2P_μ. (2.1.30)

Inserting (2.1.30) into (2.1.22) and using (2.1.17), we finally get

[M_{μν} , φ_r(x)] = −i(x_μ∂_ν − x_ν ∂_μ)φ_r(x) − (Σ)_{rs}φ_s(x), [D, φ_r(x)] = −i(x·∂)φ_r(x) − Δ_{rs}φ_s(x), [K_μ, φ_r(x)] = i(x^2∂_μ − 2x_μ(x·∂))φ_r(x) − 2x_μΔ_{rs}φ_s(x) +2x^ν(Σ_{μν} )_{rs}φ_s(x) − (κ_μ)_{rs}φ_s(x). (2.1.31)

Together with (2.1.17), these give the action of the conformal group on the fields.

Finally, let us briefly mention the finite dimensional representations of the conformal algebra on the state space of a quantum field theory. Usually, to find a representation of a Lie algebra, one should first find the lowest (or highest) weight state, then use the raising (or lowering) operators to construct the whole irreducible representation. Each irreducible representation is labelled by the quantum numbers associated with the eigenvalues of the Casimir operators. For the conformal group, the finite-dimensional irreducible representations of its subgroup, the Lorentz group, are labelled by the angular momentum quantum numbers (j_1, j_2), since the Lorentz group is locally isomorphic to SU(2)×SU(2). The lowest weight states are (−j_1, −j_2). Since P_μ

Weight (magnetic) quantum numbers Poincaré quantum numbers (d, j_1, j_2) (m, s) or (m, λ) d = j_1 = j_2 = 0 Trivial 1-dimensional representation j_1≠0, j_2≠0, d > j_1 + j_2 + 2 m > 0, s = |j_1 − j_2|, · · ·, j_1 + j_2 (integer steps) j_1j_2 = 0, d > j_1 + j_2 + 1 m > 0, s = j_1 + j_2 j_1≠0, j_2≠0, d = j_1 + j_2 + 2 m > 0, s = j_1 + j_2; j_1j_2 = 0, d = j_1 + j_2 + 1 m = 0, λ = j_1 − j_2.

Table 2.1.2: Unitary representation of conformal algebra.

and M_{μν} constitute the Poincaré algebra, the quantum numbers classifying its representations, the particle mass m and spin s for m^2 > 0 or the helicity λ for m^2 = 0, also play a role in characterizing the representations. In particular, the commutation relations [D, K_μ] = iK_μ and [D, P_μ] = −iP_μ imply that the conformal dimension d, the eigenvalue associated with the scale transformation generator D, is another (magnetic) quantum number labelling the representations of the conformal algebra and P_μ, K_μ are the raising and lowering operators, respectively. This can be easily seen as follows. Assume that |φ(0)⟩ is an eigenstate of −iD, − iD|φ(0)⟩ = d|φ(0)⟩. (2.1.32) Then DK_μ|φ(0)⟩ = ([D, K_μ] + K_μD) |φ(0)⟩ = i(d + 1)K_μ|φ(0)⟩, DP_μ|φ(0)⟩ = ([D, P_μ] + P_μD) |φ(0)⟩ = i(d − 1)P_μ|φ(0)⟩. (2.1.33)

Thus, given a conformal dimension d, the lowest weight is

λ = (d, −j_1, −j_2). (2.1.34)

It was found that there are only five classes of unitary irreducible representations of the fourdimensional conformal algebra. They are listed in Table (2.1.2). They differ in their Poincaré content (m, s) or (m, λ) [54].

A state in the Hilbert space is generated by the action of an operator on the vacuum, |O⟩ = O|0⟩. (2.1.35) Without spontaneous (conformal) symmetry breaking, the quantum states and the quantum operators are in one-to-one correspondence. An operator generating a quantum state with the lowest weight (d, −j_1, −j_2) is called a primary field. An operator with conformal dimension d+n is called an nth-stage descendant field.

Although the conformal symmetry must be broken in physics, we see that these unitary representations of the conformal algebra have imposed highly nontrivial constraints on the conformal dimensions of the fields.

2.2 Scale symmetry breaking and renormalization group equation The scale symmetry is at the heart of conformal symmetry. In fact, in a renormalizable relativistic quantum field theory, scale invariance implies conformal symmetry. However, scale symmetry cannot be an exact symmetry in the nature, since in a field theory with exact scale symmetry the mass spectrum must be continuous or massless. To break scale invariance, three roads are open to us. The first would be to break the symmetry explicitly by introducing terms containing dimensional parameters into the Lagrangian. We shall not consider this case. A second way is spontaneous breaking, D|0⟩≠0. In this case, Goldstone’s theorem implies that there will be a corresponding massless Goldstone boson, which is awkward from a phenomenological point of view. There remains the third alternative, anomalous symmetry breaking. This means that although the classical theory is symmetric, there is no quantization scheme that would respect the symmetry. In a quantum field theory, renormalization introduces a scale into the theory and scale symmetry is broken.

To discuss the anomalous breaking of scale symmetry, we shall first derive the naive Ward identity corresponding to scale transformation and then compare it with the renormalization group equation. The renormalization group equation can in fact be thought of as a kind of anomalous scaling Ward identity since it reflects the scale dependence of a physical amplitude.

We take the massless scalar field theory L = 1 2 ∂_μϕ∂^μϕ − 1 4! λϕ^4, (2.2.1)

as an example. Consider a general Green function with the dilatation current, ⟨0|T [d_μ(y)ϕ(x_1)· · ·ϕ(x_n)]|0⟩. (2.2.2) Taking the derivative with respect to y^μ gives ∂ ∂y^μ ⟨0|T [d^μ(y)ϕ(x_1)· · ·ϕ(x_n)]|0⟩ = ⟨0|T [∂_μd^μ(y)ϕ(x_1)· · ·ϕ(x_n)]|0⟩

+ n∑ i=1 δ(x^0_i − y^0)⟨0|T [ϕ(x_1)· · ·[d^0(y), ϕ(x_i)]· · ·ϕ(x_n)]|0⟩. (2.2.3)

Integrating over y, using the scale transformations

i[D, ϕ(x)] = δϕ(x) = (d_ϕ + x^μ∂_μ)ϕ, (2.2.4)

the classical relation θ^μ_μ = ∂^μd_μ=0 and discarding the surface term, we get the Ward identity ∫ d^4y⟨0|T [ θ^μ_μ(y)ϕ(x_1)· · ·ϕ(x_n) ] |0⟩ = i n∑ i=1 ⟨0|T [ϕ(x_1)· · ·δϕ(x_i)· · ·ϕ(x_n)] |0⟩

= i n∑ i=1 ⟨0|T [ ϕ(x_1)· · · ( d_ϕ + x^μ_i ∂ ∂x^μ_i ) ϕ(x_i)· · ·ϕ(x_n) ] |0⟩

= i ( nd_ϕ + x^μ_1 ∂ ∂x^μ_1 + · · · + x^μ_n ∂ ∂x^μ_n ) ⟨0|T [ϕ(x_1)· · ·ϕ(x_n)] |0⟩ = 0. (2.2.5)

In momentum space, this gives ( − n−1∑ i=1 p_i· ∂ ∂p_i + D ) G^{(n)}(p_1, · · ·, p_{n−1}) = 0, (2.2.6)

where D≡nd_ϕ − 4n + 4 is just the canonical dimension of the Fourier transform of the Green function ⟨0|T [ϕ(x_1)· · ·ϕ(x_n)]|0⟩. Parameterizing the momenta p_i = e^tp^{(0)}_i with p^{(0)}_i being certain fixed momenta, and considering the corresponding 1PI Green function Γ^{(n)}(e^tp^{(0)}_i ), we have ( − ∂ ∂t + D ) Γ^{(n)}(e^tp^{(0)}_i ) = 0, (2.2.7)

and hence

Γ^{(n)}(e^tp^{(0)}_i ) = e^{Dt}Γ^{(n)}(p^{(0)}_i ). (2.2.8)

This means that the Green function has canonical scaling dimension. However, this is not correct, since the naive scaling Ward identity ignores quantum effects. As a consequence of renormalization, anomalous dimensions have to be added to the canonical ones.

Renormalization is a necessary procedure to deal with UV divergences. Its basic idea is to absorb the divergences into a redefinition of the parameters and a rescaling of the fields. To extract the UV divergences, one should impose renormalization conditions on the renormalized Green functions. Under different renormalization prescriptions, the renormalized Green functions can differ by a finite quantity. Physical results should, however, be independent of the renormalization prescription. Since the renormalized parameters depend on the renormalization prescription, a change in the prescription is compensated by simultaneous changes of the renormalized parameters of the theory. Hence the physical amplitude can remain invariant and this is described by renormalization group equations (RGE). For massive λϕ^4 theory, the renormalization group equation for the 1PI part of the renormalized Green function G^{(n)}(p_1, · · ·, p_{n−1}) is [ μ ∂ ∂μ + β(λ_R) ∂ ∂λ_R + γ_m(λ_R)m_R ∂ ∂m_R − nγ(λ_R) ] Γ^{(n)}_R (p_i, λ_R, m_R, μ) = 0, (2.2.9)

where β(λ_R), γ(λ_R) and γ_m(λ_R) are the β-function of the scalar self-coupling, the anomalous dimensions of wave function and mass renormalization. However, this equation is of little practical use since it only describes the dependence on μ. It allows us, however, to derive an equation describing the behaviour of Green functions under a variation of the external momenta. We rescale the momenta,

p_i≡ρp^{(0)}_i , i = 1, 2, · · ·, n, (2.2.10)

with p^{(0)}_i being certain fixed momenta, and get ( ρ ∂ ∂ρ + μ ∂ ∂μ + m_R ∂ ∂m_R − D_Γ ) Γ^{(n)}_R (ρp^{(0)}_i , m_R, μ, λ_R) = 0. (2.2.11)

The combination of (2.2.11) and (2.2.9) gives the RGE we prefer, [ ρ ∂ ∂ρ − β(λ_R) ∂ ∂λ_R + (1 − γ_m(λ_R))m_R ∂ ∂m_R + nγ(λ_R) − D_Γ ] Γ^{(n)}_R (ρp^{(0)}_i , m_R, μ, λ_R) = 0.(2.2.12)

The solution to the RGE (2.2.12) can be worked out by defining the running functions λ(ρ) and m(ρ) with the boundary condition,

λ(1) = λ_R, m(1) = m_R, (2.2.13)

and the running β-functions and the anomalous dimension γ_m for the mass renormalization, β(λ(ρ)) = ρ d dρ λ(ρ), [γ_m(λ(ρ)) − 1] m(ρ) = ρ d dρ m(ρ). (2.2.14)

With the replacement of the renormalized parameters m_R and λ_R by the corresponding running coupling, the RGE (2.2.12) is converted into an integrable differential equation, [ d dρ + nγ[λ(ρ)] − D ] Γ^{(n)}_R (ρp^{(0)}_i , λ(ρ), m(ρ), μ) = 0. (2.2.15)

The solution can be easily written out

Γ^{(n)}_R (p_i, λ_R, m_R, μ) = Γ^{(n)}_R (ρp^{(0)}_i , λ_R, m_R, μ)

= ρ^{DΓ}exp [ −n ∫ λ_(ρ_) λ_R γ(λ^′) β(λ^′) dλ^′ ] Γ^{(n)}_R (p^{(0)}_i , λ(ρ), m(ρ), μ)

= ρ^{DΓ}exp [ −n ∫ ρ 1 γ(λ(ρ^′)) dρ^′ ρ^′ ] Γ^{(n)}_R (p^{(0)}_i , λ(ρ), m(ρ), μ). (2.2.16)

The solution (2.2.16) shows why γ is called the anomalous dimension.

Comparing with the naive scale Ward identity (2.2.8), one can see that the scale symmetry is broken by renormalization effects. Only when in a massless theory the β-function and the anomalous dimensions vanish, i.e. the theory is finite, can the Green function have canonical scaling behaviour

β = γ = 0, (ρ ∂ ∂ρ − D_Γ)Γ^{(n)}_R (ρp^{(0)}_i , μ, λ_R) = 0,

Γ^{(n)}_R (ρp^{(0)}_i , μ, λ_R) = ρ^{DΓ}Γ^{(n)}_R (p^{(0)}_i , μ, λ_R). (2.2.17)

A main application of the RGE is to discuss the large or small momentum behaviour of quantum field theory, giving information about the physics at different energy scales. According to the definition p_μ≡ρp^{(0)}μ , the case ρ→∞ is called the UV limit and ρ→0 is called the IR limit. We assume Eq. (2.2.14)

ln ρ =

∫ λ_(ρ_) λ_R dλ^′ β(λ^′) (2.2.18)

is valid in the whole range 0 < ρ < ∞. Otherwise, the renormalization scale μ could not vary arbitrarily and the theory would need a cut-off. (2.2.18) is divergent when ρ→∞ or ρ→0. If an integral over a finite interval is divergent, the integrand must be singular at either endpoint (or both). Then one must have β(λ)→0 when ρ→∞ or ρ→0. Thus we have lim ρ→∞ or 0 λ(ρ) = λ_f , β(λ_f ) = 0, (2.2.19)

that is, λ(ρ) must approach a zero of the β function. The zeroes of β are called fixed points. If β^′(λ_f ) < 0 with β^′(λ) = dβ/dλ, and lim_{ρ→∞} λ(ρ) = λ_f , λ_f is called an UV stable fixed point. If β^′(λ_f ) > 0 and lim_{ρ→0} λ(ρ) = λ_f , λ_f is called an IR stable fixed point.

For theories with only one coupling constant, λ_f = 0 must be one of the fixed points. If λ_f = 0 is a UV stable fixed point, the theory is called asymptotically free. If λ_f = 0 is a IR stable fixed point, the theory is said to be IR stable. For example, QCD is asymptotically free, while λϕ^4 theory and QED are IR stable.

One can now see that some theories have asymptotic scale invariance at high energy. From the solution to the RGE of λϕ^4 theory,

Γ^{(n)}_R (e^tp^{(0)}_i , λ, m, μ) = e^{DΓt} Γ^{(n)}[p^{(0)}_i , λ(t), m(t), μ] exp [ −n ∫ t 0 γ(λ(t^′))dt^′ ] . (2.2.20)

Near the UV fixed point λ_f , with the definition ρ≡e^t, we can approximately write exp [ −n ∫ t 0 γ(λ(t^′))dt^′ ] = ρ^{−nγ(λf )+ϵ(t)}, ϵ(t) = − 1 t ∫ t 0 dt^′[γ(λ(t^′)) − γ(λ_f)]. (2.2.21)

If ϵ∝O(1/t) as t→∞, the theory is called asymptotically scale invariant. The asymptotic scale behaviour of Γ^{(n)}_R (e^tp^{(0)}_i , λ, μ) can be obtained by expanding λ(t) around λ_f . The leading term is Γ^{(n)}_R (e^tp^{(0)}_i , λ, m, μ)∼ρ^{DΓ−nγ(λf )}Γ^{(n)}_R (p^{(0)}_i , λ, m, μ). (2.2.22)

Rigorously speaking, only γ(λ_f) is called the anomalous dimension of the field.

2.3 Chiral symmetry in massless QCD 2.3.1 Global symmetries of massless QCD

The Lagrangian of massless QCD with N_f flavours and N_c colours (colour gauge group G = SU(N_c)) reads as follows: L = ∑ αβ ∑ rs ∑ ij ψ_{αri}iγ^μ_{αβ}D_{μrs}δ_{ij}ψ_{βsj} − 1 4 F^a_{μν} F^{μνa}, D_{μrs} = ∂_μδ_{rs} − igA^a_μT^a_{rs}, (2.3.1) where for clarity we explicitly write the various indices; α, β = 1, · · ·, 4 are the spinor indices, a = 1, · · ·, dimG = N^2_c − 1 are group indices, i, j = 1, · · ·, N_f are the flavour indices and r, s = 1, · · ·, N_c are the colour indices. The Lagrangian (2.3.1) has an explicit SU_V (N_f )×U_B(1) flavour symmetry, Ψ−→e^{iαAtA} Ψ , Ψ−→Ψe^{−iαAtA} , Ψ−→e^{iα}Ψ , Ψ−→e^{−iα}Ψ, (2.3.2) where A = 1, · · ·, N^2_f − 1 are the SU_V (N_f) flavour group indices and t^A are N_f ×N_f matrices. The Noether theorem gives the conserved vector current, baryon number current and the corresponding charges:

j^A_μ = Ψγ_μt^AΨ , j_μ = Ψγ_μΨ, Q^A_V = ∫ d^3xj^A_0 = ∫ d^3xΨ^†t^AΨ , Q_B = ∫ d^3xj_0 = ∫ d^3xΨ^†Ψ. (2.3.3) Since {γ_5, γ_μ} = 0 and there is no quark mass term, the Lagrangian (2.3.1) possesses yet other global flavour symmetry SU_A(N_f ) × U_A(1): Ψ→e^{iαAtAγ5} Ψ , Ψ→Ψe^{iαAtAγ5} , Ψ→e^{iαγ5} Ψ , Ψ→Ψe^{iαγ5} . (2.3.4) The corresponding conserved axial vector current, U(1) axial current and charges are as follows, j^{5A}_μ = Ψγ_μγ_5t^AΨ , j^5_μ = Ψγ_μγ_5Ψ, Q^A_5 = ∫ d^3xΨ^†γ_5t^AΨ , Q_5 = ∫ d^3xΨ^†γ_5Ψ. (2.3.5) The vector and axial vector conserved charges form representations of the Lie algebra of the SU(N_f) group [Q^A, Q^B] = [Q^A_5 , Q^B_5 ] = if^{ABC}Q^C, [Q^A_5 , Q^B] = if^{ABC} Q^C_5 , (2.3.6) where f^{ABC} are the structure constants of the Lie algebra of SU(N_f ). The Lagrangian (2.3.1) explicitly exhibits the chiral symmetry SU_L(N_f )×SU_R(N_f )×U_L(1)×U_R(1) (2.3.7) if it is rewritten by means of chiral spinors, L = Ψ_Liγ^μD_μΨ_L + Ψ_Riγ^μD_μΨ_R − 1 4 F^a_{μν} F^{μνa}, (2.3.8) where the left- and right- handed chiral spinors are associated with the Dirac spinor as follows: Ψ_L≡ 1 2 (1 − γ_5)Ψ, Ψ_R≡ 1 2 (1 + γ_5)Ψ. (2.3.9) The chiral transformation under (2.3.7) are: Ψ^′_{L(R)} = e^{iαAtA} Ψ_{L(R)}, Ψ^′_{L(R)} = Ψ_{L(R)}e^{−iαAtA} , Ψ^′_{L(R)} = e^{iα}Ψ_{L(R)}, Ψ^′_{L(R)} = Ψ_{L(R)}e^{−iα}. (2.3.10) and the corresponding Noether currents and charges are, respectively, j^A_{L(R)μ} = Ψ_{L(R)}γ_μt^AΨ_{L(R)}, j_{L(R)μ} = Ψ_{L(R)}γ_μΨ_{L(R)},

Q^A_{L(R)} = ∫ d^3xj^A_{L(R)0} = ∫ d^3xΨ^†_{L(R)}t^AΨ_{L(R)},

Q_{L(R)} = ∫ d^3xj_{L(R)0} = ∫ d^3xΨ^†_{L(R)}Ψ_{L(R)}. (2.3.11)

These conserved charges give the representations of the generators of the symmetry groups (2.3.7), for example,

[Q^A_{L(R)}, Q^B_{L(R)}] = if^{ABC}Q^C_{L(R)}, [Q^A_L, Q^B_R] = 0, (2.3.12)

and their relations with the the vector and axial vector conserved charge are

Q^A_R = 1 2 (Q^A + Q^A_5 ) , Q^A_L = 1 2 (Q^A − Q^A_5 );

Q_R = 1 2 (Q + Q_5) , Q_L = 1 2 (Q − Q_5). (2.3.13)

Note that there are dynamical vector conserved currents, which correspond to global gauge transformation in colour space,

J^a_μ = Ψγ_μT^aΨ, ~Q^a = ∫ d^3xJ^a_0 , [ ~Q^a, ~Q^b] = iC^{abc} ~Q^c, (2.3.14)

where T^a is the N_c×N_c matrix representation of the generators of the SU(N_c) colour gauge group and C^{abc} are the structure constants of SU(N_c).

2.3.2 Chiral symmetry breaking

Although the Lagrangian (2.3.1) possesses a large global flavour symmetry SU_L(N_f )× SU_R(N_f ) ×U_B(1) ×U_A(1), the observed symmetry is only SU_V (N_f )×U_B(1). This means that a chiral symmetry breakdown must occur: SU_L(N_f)×SU_R(N_f )−→SU_V (N_f ), and that the U_A(1) symmetry also breaks. Unfortunately, up to now the mechanisms for both breakdowns have not been understood completely.

In fact, the observed hadron spectrum tells us that chiral symmetry should be broken. Otherwise there would naturally exist parity degenerate states, whereas this is not a feature of the hadron spectrum. The argument runs briefly as follows. First, according to Coleman’s theorem, if there is no spontaneous breakdown of symmetry, the symmetry of the vacuum should be that of the world, i.e. if Q|0⟩ = 0, then [H, Q] = 0, H being the Hamiltonian of the theory. Then consider a state |Ψ⟩, which is an eigenstate of both the Hamiltonian H and the parity operator P , H|Ψ⟩ = E|Ψ⟩, P |Ψ⟩ = |Ψ⟩. (2.3.15) If chiral symmetry were not spontaneously broken, we would have HQ_L|Ψ⟩ = EQ_L|Ψ⟩, HQ_R|Ψ⟩ = EQ_R|Ψ⟩, P Q_{L(R)}|Ψ⟩ = P Q_{L(R)}P^†P |Ψ⟩ = Q_{R(L)}|Ψ⟩. (2.3.16)

Defining the state

|Ψ^′⟩ = 1 √ 2 (Q_R − Q_L)|Ψ⟩, (2.3.17)

we obtain

H|Ψ^′⟩ = E|Ψ^′⟩, P |Ψ^′⟩ = −|Ψ^′⟩. (2.3.18)

Therefore, we come to the conclusion that |Ψ^′⟩ and |Ψ⟩ describe parity degenerate particles, hence the assumption Q_R|0⟩ = Q_L|0⟩ = 0 is not correct. The breaking pattern should be

Q^a_5|0⟩≠0, Q^a|0⟩ = 0, (2.3.19)

i.e. the axial symmetry is spontaneously broken. Although the mechanism of the spontaneous breaking of chiral symmetry is not yet understood, the consequences of the breaking pattern (2.3.19) agrees with experimental observations. The first consequence of the spontaneous chiral symmetry breaking which agrees with experimental data is the Goldberg-Trieman relation [55, 57]. The second piece of evidence is that some pseudoscalar mesons can be explained as the Goldstone bosons of the spontaneous breakdown of the chiral symmetry. For example, if we consider the spontaneous breaking of SU_L(2)×SU_R(2) in QCD, the triplet of pions has the right quantum numbers and are candidates for Goldstone bosons. A concrete phenomenological model which manifests chiral symmetry breaking is the σ model describing the interactions between nucleons and mesons [55, 57].

Usually, a spontaneous symmetry breaking is described by a non-vanishing vacuum expectation value. However, unlike in electroweak theory, there is no scalar field in QCD. The characteristic of chiral symmetry breaking is the appearance of a non-vanishing quark condensate

⟨0|ΨΨ|0⟩≠0, (2.3.20)

or equivalently,

⟨0|Ψ_LΨ_R|0⟩≠0, ⟨0|Ψ_RΨ_L|0⟩≠0. (2.3.21)

Roughly speaking, the dynamical reason for this condensation could be that the coupling constant of QCD becomes strong at low energy. Thus it is possible that in the ground state of QCD there is an indefinite number of massless fermion pairs which can be created and annihilated due to the strong coupling. These condensed fermion pairs have zero total momentum and angular momentum and hence make the ground state Lorentz invariant. Therefore, the QCD vacuum has the property that the operators which annihilate or create such fermion pairs can have non-zero vacuum expectation values (2.3.20) or (2.3.21). This can be regarded as a qualitative explanation of the chiral symmetry breaking in QCD.

2.3.3 Anomaly in QCD

QCD is a vector gauge theory. The couplings of left-handed and right-handed fermions with gauge field are parity-symmetric, thus no dynamical chiral anomaly arises. This is unlike a chiral gauge theory such as the electroweak model, where the left-handed and right-handed fermions can be either in different representations of the gauge group or coupled to different gauge groups, and the axial vector currents or the chiral currents are dynamical currents. At the quantum level, if we require that the vector current is conserved, the conservation of the axial vector currents is violated and this is reflected in the violation of a Ward identity. One typical amplitude is given by the triangle diagram consisting of one axial vector current and two vector currents or three axial vector currents. An anomaly will make the quantum chiral gauge theory non-renormalizable. Thus one must choose appropriate fermion species to make the anomaly cancel, otherwise we have no way to quantize a chiral gauge theory.

In QCD, there are two kinds of axial vector flavour currents, the non-singlet one, j^{5A}_μ , and the singlet one, j^5_μ. The singlet axial vector current usually becomes anomalous, while the non-singlet one remains conserved. However, if the quarks participate in other interactions, the non-singlet axial vector current may become anomalous. Like the dynamical chiral anomaly, these non-dynamical anomalies still reflect the violation of Ward identities. We consider the triangle diagrams ⟨j^5_μJ^a_ν J^b_ρ⟩ and ⟨j^{5A}_μ J^b_ν J^c_ρ⟩. At the classical level all the currents are conserved

∂^μj^{5A}_μ = ∂^μj^5_μ = ∂^μJ^a_μ = 0.

In terms of the Fourier transforms of the triangle diagrams:

Γ^{ab}_{μνρ}(p, q, r)(2π)^4δ^{(4)}(p + q + r) = ∫ d^4xd^4yd^4ze^{i(r·x+p·y+q·z)}⟨j^5_μ(x)J^a_ν (y)J^b_ρ(z)⟩, Γ^{Abc}_{μνρ}(p, q, r)(2π)^4δ^{(4)}(p + q + r) = ∫ d^4xd^4yd^4ze^{i(r·x+p·y+q·z)}⟨j^{5A}_μ (x)J^b_ν(y)J^c_ρ(z)⟩, (2.3.22) the naïve Ward identities read as follows, (p + q)^μΓ^{ab}_{μνρ}(p, q, r) = p^νΓ^{ab}_{μνρ}(p, q, r) = q^ρΓ^{ab}_{μνρ}(p, q, r) = 0, (p + q)^μΓ^{Abc}_{μνρ}(p, q, r) = p^νΓ^{Abc}_{μνρ}(p, q, r) = q^ρΓ^{Abc}Γ_{μνρ}(p, q, r) = 0. (2.3.23) Usually the gauge symmetry is required to be preserved, p^ν Γ^{ab}_{μνρ}(p, q, r) = q^ρΓ^{ab}_{μνρ}(p, q, r) = 0, p^ν Γ^{Abc}_{μνρ}(p, q, r) = q^ρΓ^{Abc}_{μνρ}(p, q, r) = 0. (2.3.24) (2.3.24) are actually the renormalization conditions for evaluating the triangle diagrams. With these (physical) renormalization conditions, explicit calculations yield (p + q)^μΓ^{ab}_{μνρ}(p, q, r) = i 2π^2 ϵ_{νραβ}p^αq^βTr(T^aT^b) (p + q)^μΓ^{Abc}_{μνρ}(p, q, r) = i 2π^2 ϵ_{νραβ}p^αq^βTr(t^A{T^b, T^c}) = 0, (2.3.25)

where the trace is taken over both colour and flavour indices. The corresponding operator equations in coordinate space are

∂^μj^5_μ = − g^2 16π^2 ϵ^{μναβ} F^a_{μν} F^b_{αβ}Tr(T^aT^b), ∂^μj^{5A}_μ = 0. (2.3.26)

Therefore, only the singlet axial current j^5_μ is anomalous. However, if the quarks interact electromagnetically, an anomaly for the non-singlet current may exist. As an example, consider the case of two flavours (N_f = 2), ψ = ( u d ) . (2.3.27)

Correspondingly, t^a = σ^a/2 and the T s are replaced by the electric charge matrix Q Q = ( 2/3 −1/3 ) , ∂^μj^{5A}_μ = − e^2 16π^2 ϵ^{μναβ}F_{μν} F_{αβ}Tr(Q^2σ^A). (2.3.28)

If we choose A = 3, we obtain the operator anomaly equation,

∂^μj^{5(3)}_μ = − e^2 32π^2 ϵ^{μναβ}F_{μν} F_{αβ}. (2.3.29) It is well known that this anomaly contributes to the decay π^0−→2γ.

2.3.4 Anomaly matching

Anomaly matching [58] is a basic tool in testing non-Abelian duality conjectures of N = 1 supersymmetric QCD. Roughly speaking, the matching condition means that in a confining theory like QCD, the anomaly equations should survive confinement [58, 59, 60]. Concretely, let us consider SU(N_c) QCD with N_f flavours. The fundamental building blocks are quarks represented by ψ_{ir} with i and r being flavour and colour indices, respectively. The general form of the conserved flavour singlet current is

j_μ = ψ_{ir}γ_μ[A_{ij}(1 − γ_5) + B_{ij}(1 + γ_5)]δ_{rs}ψ_{js}, (2.3.30)

where A and B are Hermitian matrices in flavour space. This singlet flavour current will suffer from a chiral anomaly. Since the observed particles in QCD are colourless bound states of quarks — mesons and baryons, we should consider the matrix elements of the above current between these particle states. Let |u, p, α⟩ denote a massless baryon state, where u is a solution of the massless Dirac equation, p is the four-momentum of the particle and α labels the other quantum numbers of the baryon. The matrix elements of the current operator between these hadron states are

⟨u^′, p, α|j_μ|u, p, β⟩ = u^′γ_μ[C_{αβ}(1 − γ_5) + D_{αβ}(1 + γ_5)]u. (2.3.31)

If the symmetry associated with j_μ does not suffer spontaneous breakdown, then the following relation should hold:

Tr(C − D) = N_cTr(A − B). (2.3.32)

This is the matching condition suggested by ’t Hooft. Obviously, the matching condition is connected with the current triangle anomaly. Recalling the Fourier transformation of the triangle Green function,

Γ_{μνρ}(p, q, r)(2π)^4δ^{(4)}(p + q + r)≡ ∫ d^4xd^4yd^4ze^{i(p·x+q·y+r·z)}⟨0|T [J_μ(x)J_ν(y)j_ρ(z)] |0⟩,(2.3.33) J being the gauge symmetry current, we obtain the anomalous Ward identity, r^ρΓ_{μνρ}(p, q, r) = N_c 2π^2 Tr(A − B)ϵ_{μναβ} p^αq^β = 1 2π^2

Tr(C − D)ϵ_{μναβ}p^αq^β. (2.3.34)

It is well known that this anomaly equation is true to all orders of perturbation theory and it even survives non-perturbative effects such as instanton correction [60]. Although Γ_{μνρ} can receive contributions from every order of perturbation theory, the anomaly equation remains the same as given by the zeroth order triangle diagram. Therefore, the anomaly matching can be formulated in a stricter way: If one treats the massless baryons as if they were fundamental spin 1/2 particles, i.e. quarks, and ignores all other particles, one still gets the correct anomaly. This is the reason why (2.3.32) is satisfied. In fact, this matching condition reveals the deep origin of the anomaly [61]: the anomaly is connected with the IR singularity of the amplitude, which gets contributions only from the massless spin 1/2 particles.

2.4 Various phases of gauge theories The possible phases of a field theory model are associated with symmetries of the theory. Phase transitions are usually associated with changes of the symmetry. In different phases, the particle spectrum and the dynamics of the theory can be greatly different. The quantity characterizing the phase is the order parameter.

In a gauge theory the phases are classified by the symmetry that is realized in the phase. The order parameter should be gauge and Lorentz-invariant. There are several ways to define an order parameter. The most common choice is the Wilson loop, which was proposed by Wilson in 1974 [62]. The definition of the Wilson loop can be illustrated by a simple example of an Abelian gauge field: Assume that two charges ±e are created at some point in the Euclidean plane (x, τ), then separated to a distance R and kept static. Finally they come together and annihilate at another point after some Euclidean time T . The world lines of these two charges will form a contour. The interaction of these two external charges with the gauge field is

S_{int} = e ∫ d^4xj^μA_μ = e ∮ A_μdx^μ. (2.4.1)

The current density for two point charges moving on the perimeter of a loop is

j^μ = e dx^μ ds δ^{(4)}(x − x(s)), 0 < s ≤ 2π, (2.4.2)

with s being the parameter describing the contour. In the path integral formalism, this source will introduce into the vacuum functional integral an extra factor, the Wilson loop

W_w≡ exp [iS_{int}] = exp [ ie ∮ A_μdx^μ ] . (2.4.3)

The generating functional with this point electric charge interaction is just the “quantum Wilson loop”,

Z = ⟨W_w⟩. (2.4.4)

In the non-relativistic limit, the quantum Wilson loop is associated with the static potential of two particles with opposite charges. To see this, we calculate the quantum Wilson loop over a rectangle with width R and length T . Choosing the gauge condition A_0(x, t) = 0, we then have [63] ⟨W_w⟩ ≡ ⟨W_w(R, T )⟩ = ⟨ψ(0)ψ^†(T )⟩, (2.4.5) where

ψ(0) = P exp [ ie ∫ R 0 ds dx ds ·A(x, 0) ] , ψ(T ) = P exp [ ie ∫ R 0 ds dx ds ·A(x, T ) ] , (2.4.6)

P denoting the path ordering. Performing the sum over the intermediate states in Eq. (2.4.5) and using the translation invariance (in Euclidean space)

ψ(T ) = e^{−HT} ψ(0)e^{HT} , (2.4.7) phase static potential V (R) at large R Coulomb 1/R free electric 1/[R ln (RΛ)] free magnetic ln (RΛ) /R Higgs constant confining κR

Table 2.3.1: Various phases in gauge theory (κ is the string tension and Λ is the renormalization scale).

we get ⟨W_w(R, T )⟩ = ∑ n ⟨ψ(0)|n⟩⟨n|ψ^†(T )⟩ = ∑ n |⟨ψ(0)|n⟩|^2e^{−EnT} , (2.4.8) where H is the Hamiltonian and {E_n} is the energy spectrum of the system. In the limit T → ∞, only the ground state with the lowest energy E_0 contributes to ⟨W_w(R, T )⟩, ⟨W_w(R, T )⟩^{T →∞}−→ e^{−E0(R)T} . (2.4.9) Wilson’s prescription for obtaining the static potential between the pair of charges as a function of their distance is the following: V (R)≡ lim_{T →∞} [ − 1 T ln⟨W (R, T )⟩ ] . (2.4.10)

Thus, the phase can be characterized by the static potential defined in this way. Since the vacuum expectation value of the Wilson loop operator is determined by the full quantum theory, the general form of the static potential at large R should be V (R) ∼ α(R) R . (2.4.11)

The generalization of the above discussion to the non-Abelian case is straightforward. The two test charges should be in conjugate representations r and r of the gauge group and the Wilson loop operator is the trace of the holonomy operator in the representation r,

W_w = Tr_rP exp [∮ A_μdx^μ ] . (2.4.12)

In Eq. (2.4.11), α is classically a constant, α = g^2/(4π), with g being the gauge coupling constant, but the quantum corrections make α be a function of R, since α runs due to renormalization effects. Depending on the functional form of α(R) at large R (up to a non-universal additive constant), the phases are classified as listed in Table (2.4).

In the following we shall give a detailed explanation of each phase and mention the known field theories possessing such a phase.

Coulomb phase

This dynamical regime has long-distance interaction behaviour. One typical theory presenting this phase is massive QED, where the running of the coupling constant is given by the Landau formula, which in momentum space reads:

α_{eff} (q^2) = α_0 1 − α_0/(3π) ln (|q^2|/m^2)

, (2.4.13)

where m is the mass of the charged particle. Thus α decreases logarithmically at large distances. However, it stops running at R∼m^{−1}, the corresponding limiting value of α being

α^∗_{eff} = α_{eff} (R∼m^{−1}) (2.4.14)

and the static potential at large R being V (R) ∼ α^∗_{eff} R ∝ 1 R . (2.4.15)

The Coulomb phase also appears in a non-Abelian theory with massless interacting quarks and gluons, and is then called the non-Abelian Coulomb phase. The Coulomb potential can emerge at a non-trivial infrared fixed point of the renormalization group. Thus, such a theory is a non-trivial interacting four dimensional conformal field theory. One known field theory having this feature is supersymmetric QCD with an appropriate choice of flavours and colours. We shall give a detailed discussion of this theory later.

Free electric phase

This dynamical feature is also familiar. It occurs in massless QED. From the running of the coupling constant in momentum space,

α_{eff} (q^2) = α_0 1 − α_0/(3π) ln (|q^2|/Λ^2)

, (2.4.16)

one can see that the electric charge is renormalized to zero at large distance and thus there will be a factor ln (RΛ) in the static potential. An intuitive physical reason is that a strong screening occurs due to quantum effects, and the photon propagator is dressed by virtual pairs of electrons. This dressing makes the running coupling constant behave as follows at large R: α(R) ∼ 1 ln(RΛ)

. (2.4.17)

Note that this is greatly different from the massive case, where the running of the effective charge is frozen at the distance R = m^{−1}. In the massless case, the logarithmic falloff continues indefinitely. Thus the asymptotic limit of massless QED is a free photon plus massless electrons whose charge is completely screened. This is why this phase is called a free phase. Strictly speaking, the model with this phase is ill-defined at short distances, since the effective coupling grows continuously and finally hits the Landau pole. Usually, this kind of theory must be embedded into an asymptotically free theory. A free electric phase also occurs in the IR region of a non-Abelian gauge theory which is not asymptotically free, and it is then called a non- Abelian free electric phase. Ordinary QCD with N_f > 16 can have this phase.

Free magnetic phase

The free magnetic phase owes its existence to the occurrence of magnetic monopole states. Assume that a magnetic monopole behaves like a point particle and participates in interactions like an electron. Analogous to the free electric phase, the free magnetic phase occurs when there are massless magnetic monopoles, which renormalize the magnetic coupling to zero at large distance,

α^m_{eff} (R) = g^2(R) 4π ∼ 1 ln(RΛ)

. (2.4.18)

Due to the Dirac condition e(R)g(R) ∼ 1, the electric coupling constant is correspondingly renormalized to infinity at large distance,

α^e_ff (R) ∼ ln(RΛ). (2.4.19)

There also exists a non-Abelian free magnetic phase. The known examples are N = 2 SU(2) Supersymmetric Yang-Mills theory at the massless monopole points [1, 2] and the dual magnetic theory of N = 1 supersymmetric SU(N_c) gauge theory with N_f flavours when N_c+2≤N_f ≤3/2N_c [16].

Higgs phase

In a Higgs phase, the gauge group G is spontaneously broken to a subgroup H by a scalar field or by the condensation of a fermionic field. The gauge bosons corresponding to the broken generators will become massive due to the Higgs mechanism. One typical model is the Georgi- Glashow model, which describes the interaction of an SU(2) gauge field with the scalar field in the adjoint representation of the gauge group, L = − 1 4 G^a_{μν}G^{μνa} + 1 2 (D_μϕ)^a(D^μϕ)^a − λ 4 ( ϕ^aϕ^a − v^2

)_2 . (2.4.20)

The non-vanishing expectation value ⟨|ϕ|⟩ = v leads to the spontaneous breaking of the gauge symmetry, SU(2)−→U(1). Corresponding to the two broken generators, two gauge bosons become massive with mass M_W = |gv| due to the Higgs mechanism, and one remains massless, corresponding to the unbroken generator. The dynamics is a little complicated: at a distance less than M^{−1}_W , the static potential is the Coulomb potential ∼ 1/R; at a distance larger than M^{−1}_W , the interaction force is short-range and the potential behaves as a Yukawa potential, V (R) ∼ exp (−M_W R)/R, i.e. the electric charge is exponentially screened. The gauge coupling constant runs according to the Landau formula at distances shorter than M^{−1}_W , since the remaining theory is an Abelian gauge theory, and the running is frozen at the distance M^{−1}_W . Thus, in the Higgs phase the static potential between two test charges should tend to a constant value. This can also be seen from an explicit computation of the Wilson loop in lattice gauge theory, where the quantum Wilson loop obeys a “perimeter law”,

⟨W_w⟩ ∼ exp [−Λ × (perimeter)] . (2.4.21)

Confining phase

Confinement means that the particles corresponding to the fields appearing in the fundamental Lagrangian are absent in the observed particle spectrum. One well-known example of a confining phase is low-energy QCD. In QCD, the microscopic dynamical variables are quarks and gluons, they carry colour charges responsible for the strong interactions. However, all the observed particles are colourless hadrons, i.e. bound states of quark-antiquark pairs (mesons) or three quarks (baryons) or gluons (glueballs). The microscopic degrees of freedom are always confined. This kind of dynamical feature is called a confining phase. Strictly speaking, the dynamical mechanism for colour confinement is not quite clarified yet. However, a phenomenological picture is believed to be as follows.

If we place a static colour charge and a conjugate charge at a large distance from each other, they will create a chromoelectric field formed like a thin flux tube between the two charges, in contrast to the electric-magnetic field in the Abelian case, which is dispersed. The flux tube is a string-like object with constant string tension κ. Both the cross section and the string tension are determined by the energy scale at which confinement occurs. Thus, the potential between quarks grows linearly with the distance since the string tension is constant:

V (R) = κR. (2.4.22)

The quarks cannot leave the hadron since this would need an infinite energy. This dynamical feature manifests itself in the Wilson loop as the “area law”.

This physical picture is reminiscent of the Meissner effect in type II superconductivity. From the viewpoint of field theory, superconductivity can be thought of as the spontaneous breakdown of electromagnetic gauge symmetry [64] created by the Bose condensation of the Cooper electron pairs in the vacuum state. One of the most prominent features in the superconductor is the exclusion of magnetic fields, the Meissner effect. However, if we put two static magnetic charges inside the superconductor, since the magnetic flux is conserved, the magnetic field cannot vanish everywhere. The magnetic flux will be pressed into narrow tubes connecting these two magnetic charges. A phenomenological model describing this dynamics is the Landau-Ginzburg theory, S = ∫ d^3x [ − 1 2 (∂_iψ_p − 2iet_{pq}A_iψ_q)^2 + 1 2 m^2ψ_pψ_p − 1 4 g (ψ_pψ_p)^2 ] , (2.4.23)

where i = 1, 2, 3; p, q = 1, 2; g, m^2 > 0 and t is the Hermitian U(1) generator, t = ( 0 −i i 0 ) . (2.4.24)

This model is the non-relativistic analogue of a U(1) gauge field interacting with a scalar field. Defining

ψ_1 + iψ_2 = ρ exp (2ieϕ) , (2.4.25)

we can rewrite the above action as S = ∫ d^3x [ − 1 2 (∂_iρ)^2 − 2e^2ρ^2 (∂_iϕ + A_i)^2 + 1 2 m^2ρ^2 − 1 4 gρ^4 ] . (2.4.26)

The Landau-Ginzburg action shows spontaneous symmetry breakdown due to the condensation of electron pairs. The flux tubes are just the vortex solutions of the classical equations of motion derived from the above action. One can calculate the energy carried by the vortex per unit length at a distance far away from the magnetic charge source with the result being a constant [64]. Thus, the energy between two magnetic charges in a superconductor grows linearly with the separation between them.

We expect a similar dynamical mechanism to exist in QCD resulting in colour confinement. However, there are two difficulties to overcome.

First, in QCD, it is the chromoelectric field that forms flux tubes. The vacuum medium should expel the chromoelectric field, and this can only be achieved by the condensation of particles carrying magnetic charge. Thus, if the colour confinement is produced in this way, it should be a dual Meissner effect. It is well known that monopole solutions had been found in the Georgi-Glashow model independently by ’t Hooft [65] and Polyakov [66]. In this model there exists a scalar field and the Higgs mechanism can break the original SU(2) gauge group to U(1), leading to the emergence of monopoles as soliton solutions to the classical equations of motion. But QCD, whose gauge group SU(3) remains unbroken, does not have classical magnetic monopole solutions.

A possible scheme to solve this problem was proposed by ’t Hooft. His idea is quite simple [67]: choose an appropriate non-propagating gauge condition to reduce the original SU(N_c) QCD to a multiple Abelian theory with gauge group U(1)^{Nc−1}, i.e. the maximal Cartan subgroup of SU(N_c). This procedure is called Abelian projection, which can artificially create monopole configurations. Note that the QCD monopoles obtained in this way are not physical objects, since they are gauge dependent. Nevertheless, they may play an important role in implementing the dual Meissner effect in QCD.

A non-propagating gauge means a gauge that is fixed in such a way that no unphysical degrees of freedoms such as Faddeev-Popov ghosts emerge. A familiar example is the unitary gauge. Usually, as indicated by ’t Hooft, this kind of gauge choice can render the theory nonmanifestly renormalizable and therefore, in concrete calculations one should go over to a nicer “approximately non-propagating” gauge condition. Another more important feature of the nonpropagating gauge is that it can induce singularities in space-time. ’t Hooft interpreted these singularities as the “monopoles”, additional physical dynamical variables.

A concrete method to implement this gauge is as follows. Let us consider some operator that transforms covariantly under the local gauge transformation U(x),

X −→ UXU^{−1}. (2.4.27)

For instance, X = G_{μν} G^{μν}, X = G_{μν}D^2G^{μν}, or X = ψ_rψ_s and so on, r, s = 1, · · ·, N_c being colour indices. Then by choosing U(x) appropriately X can be diagonalized,

X = λ_1 · · · 0 . . ... . . 0 · · · λ_{Nc} , (2.4.28)

where the eigenvalues are ordered,

λ_1 ≥ λ_2 ≥ · · · ≥ λ_{Nc} . (2.4.29)

The gauge is not yet fixed completely, as any diagonal gauge rotation

U(x) = e^{iθ1} · · · 0 . . ... . . 0 · · · e^{iθNc} (2.4.30)

leaves X invariant. These gauge transformations form the group

U(1)^{Nc−1}, (2.4.31)

i.e. the maximal Abelian subgroup of the gauge group. Thus, with this gauge choice SU(N_c) gluodynamics is reduced to a dynamics of N_c−1 “photons” (the gluon components corresponding to diagonal generators) and N_c(N_c − 1) “matter fields” (the gluon components corresponding to all off-diagonal generators) charged with respect to the “photon” fields.

Let us see how the QCD monopole configurations emerge. As mentioned above, the monopoles correspond to singularities in space induced by the gauge choice. Singularities arise when two consecutive eigenvalues of X coincide. Without loss of generality, we consider the case in which λ_1 and λ_2 coincide at some space point x_0, while the other eigenvalues remain distinct. Close to x_0, a nonsingular gauge transformation brings X into a form comprising a 2 × 2 Hermitian matrix

λ1 + ϵ^a(x)σ^a, (2.4.32)

where 1 is the 2 × 2 unit matrix and σ^a are the Pauli matrices, in the upper left hand corner; otherwise, X is diagonal. With respect to the SU(2) subgroup rotating the 1,2-components into each other, the fields ϵ^a(x) behave as the components of an isovector. The coincidence λ_1 = λ_2 at x_0 means that

ϵ^a(x_0) = 0, a = 1, 2, 3. (2.4.33)

The vanishing of these three real functions can only happen in isolated points in three-dimensional space. Thus, ϵ^a(x) carries the characteristic features of the Higgs field of the ’t Hooft-Polyakov monopole. Indeed, performing the final step of the gauge fixing, making ϵ^1 = ϵ^2 = 0 and ϵ^3 > 0, generates Dirac strings in the photon fields A^1_μ and A^2_μ.

If the U(1) charges of the “matter” field A^{ij}_μ are

q_i = −q_j = g; q_k = 0, k ≠ i, j, (2.4.34)

then the magnetic charges of the singularity are

(h_1, h_2, h_3, · · ·, h_{Nc}) = ( 2π g , − 2π g , 0, · · ·, 0). (2.4.35)

Note that the “elementary monopoles” only have adjacent magnetic charges different from zero. Monopoles with nonadjacent magnetic charges can only arise as bound states of these “elementary” poles.

Although we have been able to identify states that could give rise to a dual Meissner effect through condensation, there remains the formidable problem of showing that this actually is what happens in QCD. Lattice simulations have given some quite encouraging results, but they are still far from complete and many aspects still remain unclear [68]. It was thus very encouraging that a demonstration of this confinement mechanism could be given for N = 2 supersymmetric Yang-Mills theory [1] and QCD [2]. Seiberg and Witten were able to deduce an exact low-energy effective action using the electric-magnetic duality conjecture, and showed that the dual Meissner effect indeed happens.

Oblique confinement

In addition to the various phases introduced above, there still exists another peculiar dynamical scenario in which states with fractional baryon charges can emerge. This phase is called the oblique confinement phase. Since this phase indeed emerges in supersymmetric SO(N_c) gauge theory, we shall in the following give a detailed explanation.

Roughly speaking, oblique confinement is produced by dyon condensation. A dyon is a state carrying both electric and magnetic charges. As a soliton solution in the Georgi-Glashow model it was first found by Julia and Zee [69] in the gauge choice of non-zero A^a_0, the time component of the gauge field. The magnetic monopole is the static solution of the Georgi-Glashow model in the gauge condition A^a_0 = 0 [65]. The non-zero A_0 should give the static solution both electric and magnetic charges since the electric field does not vanish. It was further shown by Witten that a non-vanishing vacuum angle θ [70], L = g^2θ 32π^2

G^a_{μν} ~G^{aμν} (2.4.36)

affects the electric charge of magnetically charged states. Although this term is a surface term and does not affect the classical equations of motion, it makes a particle with the magnetic charge h necessarily acquire an electric charge, q = θg^2 4π^2 h. (2.4.37)

Before discussing the effects of the θ-vacuum, we shall show that for QCD monopole configurations the “electric” charges of off-diagonal gluons and the magnetic charges of singularities form a (2N − 2)-dimensional lattice.

Consider two particles, (1) and (2), with magnetic charges h^{(1)}_i and h^{(2)}_i and electric charges q^{(1)}_i and q^{(2)}_i , i = 1, · · ·, N_c labelling the U(1) group. The charges have to obey the Schwinger- Zwanziger quantization condition, Nc∑ i=1 ( h^{(1)}_i q^{(2)}_i − q^{(1)}_i h^{(2)}_i ) = 2πn (2.4.38)

with Nc∑ i=1 h_i = Nc∑ i=1 q_i = 0. (2.4.39)

In ’t Hooft’s terms “the particle (1) has a Dirac quantum n with respect to particle (2)”.

It is easy to show that a particle, with electric and magnetic charges being integer coefficient linear combinations of the charges of the particles (1) and (2), still satisfies the Schwinger- Zwanziger quantization condition with respect to both others. Therefore, the whole particle spectrum satisfying (2.4.38) and (2.4.39) can be constructed by finding a basis of 2(N_c − 1) particles with charges h^{(A)}_i and q^{(A)}_i , A = 1, · · ·, 2N_c − 2, and then all allowed sets of charges are

h_i = 2Nc−2 ∑ A=1 k_Ah^{(A)}_i , q_i = 2Nc−2 ∑ A=1 k_Aq^{(A)}_i . (2.4.40)

So they form (2N_c − 2)-dimensional lattice.

Since in each of the N − 1 U(1) groups, the dynamics is described by Maxwell’s equations, which are invariant under rotations of the electric and magnetic charges,

h_i → h_i cos ϕ_i + q_i sin ϕ_i, q_i → −h_i sin ϕ_i + q_i cos ϕ_i, (2.4.41)

we can define a “standard” basis by rotating away the magnetic part of the (N_c − 1) basic charges:

h^{(A)}_i = 0, A = 1, · · ·, N_c − 1. (2.4.42)

The electrically charged gluons provide us with a set of N − 1 basic charges obeying (2.4.42):

q^{(A)}_i = gδ^A_i − gδ^{A+1}_i , A = 1, · · ·, N_c − 1. (2.4.43)

The standard basis is completed by the magnetic monopoles with magnetic charges as in (2.4.35):

h^{(A)}_i = 2π g δ^{A+1−Nc} i − 2π g δ^{A+2−Nc} i , A = N_c, · · ·, 2N_c − 2. (2.4.44)

Quarks, if they occur, would have only electric charges,

q^{(i0)}_i = gδ_{ii0} − g N_c , i = 1, · · ·, N_c, (2.4.45)

where i_0 labels a fixed U(1) group and the last term is necessary in order to satisfy the constraint (2.4.39). The lattice for the case N_c = 2 is sketched in Fig. 1.a. The electrically charged particles lie on the horizontal axis. From (2.4.43) the gluons have charges 0 (corresponding to diagonal generators), ±g (corresponding to off-diagonal generators). Other particles composed of gluons, according to Eq. (2.4.40), have the charge ±2g and so on. The quarks, according to Eq. (2.4.45), have charges ±g/2 in the case N_c = 2. The monopoles lie on the vertical axis with magnetic charge h = 4π/g and the electric charge q = 0. Other states on the vertical axis are the antimonopole, a pair of monopoles and so on. All the points which do not belong to the horizontal and vertical axis are bound states of the electric and magnetic quanta.

Now we switch on the θ vacuum term. According to Eq. (2.4.37), the QCD monopoles acquire fractional U(1) charges,

q^{(A)}_i = θg^2 4π^2 h^{(A)}_i , A = N_c, · · ·, 2N_c − 2. (2.4.46)

Consequently, if θ ≠ 0 or 2π, the square lattice shown in Fig. 1.a. will become oblique (this is why the name oblique confinement is applied). Fig. 1.b shows the lattice corresponding to θ = π + ϵ, 0 < ϵ ≪ π. From the above discussion, we infer that there are three physical dynamical scenarios. If one of the purely electrically charged objects is a Lorentz scalar, it can develop a non-vanishing vacuum expectation value and then the theory is in the Higgs phase. If the field representing a monopole develops a non-vanishing vacuum expectation value, the quarks will be confined, and the theory is in the confining phase. If no condensation occurs, the particle spectrum is given by the lattice, and the theory is in the so-called Coulomb phase. Therefore, all the phases, if they emerge in SU(N) gauge theory, can be characterized by designating those points on the charge lattice that develop vacuum expectation values. The quantum in the Schwinger- Zwanziger quantization condition for every pair of these points must vanish,

h^{(1)}_i q^{(2)}_i − q^{(1)}_i h^{(2)}_i = 0, (2.4.47)

For the case of SU(2) sketched in Fig. 1, Eq. (2.4.47) implies that these points should lie on a straight line passing through the origin. In the general SU(N_c) case, they can span a linear subspace with the dimension not larger than N_c − 1. All particles whose charges lie in this subspace show only short-range interactions, and their gauge fields are screened by the Higgs mechanism. All the particles that have a non-vanishing Schwinger-Zwanziger quantum with respect to one of the points on this subspace are confined.

Overall, all the possible physical phases of the theory can be characterized by the linear spaces spanned by at most N points on the electric-magnetic charges lattice. (In particular, the pure Coulomb phase corresponds to choosing only the origin.) Phase transitions correspond to moving from one linear subspace to another.

With this electric-magnetic lattice and its phase description, we can explain what the oblique confinement looks like. Increasing θ, we can deform the {q, h} lattice in a continuous way. Suppose we have a confinement mode corresponding to the line I sketched in Fig. 1.b., i.e. monopoles in this direction develop expectation values. If θ runs from 0 to π, this line will become continuously more tilted. At θ = π, the other line II, corresponding to the parity image of I with respect to the vertical axis, is also a confinement mode. When θ is very near π but not equal to π, vacuum expectation values of the monopoles cannot be developed in the direction represented by the line I or II. This follows from the Schwinger-Zwanziger quantization condition. It seems that the monopole particles have to move collectively and carry large electric charges. However, the monopoles corresponding to I and II carry opposite electric charges. There is a possibility that they form a tight bound state, which in turn condenses and hence develops a vacuum expectation value. The possible direction in which this condensation happens is the line III as shown in Fig. 1.b. This alternative is referred to as oblique confinement by ’t Hooft [67, 71]. However, one can see that this confinement mode is very peculiar. Some of the particles with the external quantum numbers of fundamental quarks exist in the observable spectrum. Of course, the fundamental quarks are confined, since they do not lie on the line III. But the bound state of a quark and a dyon can lie on this line and hence is not confined. Since the dyon has no baryon charge, or any other external quantum numbers, this kind of composite particle has exactly the same baryon charge as the fundamental quarks, i.e. fractional. In usual QCD, the vacuum angle is empirically very close to zero, and oblique confinement cannot occur. However, in supersymmetric SO(N_c) gauge theory, this dynamical phenomenon indeed exists.

Figure 1: Electric-magnetic charge lattice for the SU (2) case, q = electric charge, h = magnetic charge.

phase static potential V (R) at large R Coulomb 1/R free electric ln (RΛ) /R free magnetic 1/[R ln (RΛ)] Higgs ρR confining constant

Table 2.3.2: Static potential obtained from the ’t Hooft loop and corresponding phases in gauge theory (ρ is the string tension and Λ is the renormalization scale).

More order parameters

In the following, we shall introduce two other order parameters, which are very convenient for describing monopole condensation (quark confinement) and dyon condensation (oblique confinement).

The first order parameter is the ’t Hooft loop W_t, which is defined by cutting a contour out of the space-time and considering non-trivial boundary conditions around it. This definition itself has geometric meaning. In a fashion similar to the Wilson loop, it can be interpreted as the creation and annihilation of a monopole and anti-monopole pair. With the choice of a rectangular contour, one can define the static potential between the monopole and anti-monopole at large distance R,

lim_{T →∞}⟨W_t⟩ = e^{−T Vt(R)}. (2.4.48)

It can be argued from some concrete calculations [16] that the potential between the monopoles can be classified as that listed in Table 2.3.2.

Comparing the static potential between electrically charged particles obtained from the Wilson loop with that of magnetic monopoles from the ’t Hooft loop, one can see that the dynamical behaviour of free electric and free magnetic phases are exchanged. The Higgs phase and the confining phase are also exchanged. This is in fact a reflection of electric-magnetic duality: the Wilson loop and the ’t Hooft loops are exchanged with the exchange of electrically charged particles with magnetic monopoles. In fact, the exchange of the Higgs phase and confinement phase is a conjecture by Mandelstam and ’t Hooft [9, 10] based on the the exchange of the free electric phase and the free magnetic phase. As mentioned above, this conjecture provides a conceivable mechanism for colour confinement. It can be understood as a dual Meissner effect produced by the condensation of monopoles, since the Higgs phase is associated with the condensation of electrically charged particles, and the magnetically charged particles are confined.

The Coulomb phase goes into itself under the electric-magnetic duality transformation. This is the unique self-dual phase. For an Abelian Coulomb phase with free photons, this can be easily seen from a standard duality transformation. The search for duality in non-Abelian Coulomb phase has become very popular in recent years. The original conjecture for the existence of this duality was made by Montonen and Olive [7]. Osborn [8] found that this duality can exist in N = 4 supersymmetric Yang-Mills theory. Some years ago a major progress was made by phase dynamical behaviour W W_t W_d Coulomb perimeter law area law area law Confinement area law perimeter law area law Oblique confinement area law area law perimeter law

Table 2.3.3: Dynamical law of the phases described by the order parameters.

Seiberg and Witten [1, 2]. They found that the electric-magnetic duality in the low-energy N = 2 supersymmetric Yang-Mills theory play a crucial role in understanding the non-perturbative dynamics. The electric-magnetic duality transformation turned out to be the monodromy, i.e. the transformation of a complex function relevant to the coupling around the singularity in the Riemann surface of the moduli space of the theory, while the singularities represent the various particles implied from the duality such as monopole and dyon etc. In this way an exact coupling of low-energy N = 2 supersymmetric Yang-Mills theory is thus determined and consequently, the full low-energy quantum effective action (including the non-perturbative contribution) is given. This effective action is confirmed by some explicit instanton calculations [89]. Furthermore, Seiberg has shown that the non-Abelian electric-magnetic duality can emerge in the infrared fixed point of N = 1 supersymmetric QCD [11, 12, 13]. This is the main topic we shall discuss in the following sections.

With the Wilson and the ’t Hooft loops, we formally define another gauge invariant order parameter as the product of them,

W_d = W_wW_t, (2.4.49)

which is called a dyon loop since it can describe the dynamics of the particles with both electric and magnetic charges. This order parameter is particularly suitable for describing the oblique confinement phase. To compare the dynamical behaviour of each phase reflected in these parameters, we collect them in Table 2.3.3.

2.5 N = 1 superconformal algebra and its representation

2.5.1 Current supermultiplet

The algebraic foundation of a superconformal invariant quantum field theory is superconformal algebra. To introduce superconformal symmetry, a natural way is to start from the supercurrent supermultiplet. Like in the derivation of ordinary conformal algebra in Subsect. 2.1, we exhibit the structure of the supercurrent multiplet without resorting to a particular model and only by demanding that the currents and their supersymmetric transformations yield the supersymmetry algebra.

According to the Noether theorem, corresponding to supersymmetry invariance of a relativistic quantum field theory we have the conserved supersymmetry current j_{μα}(x), ∂_μj^μ_α(x) = 0, and the supercharge Q = ∫ d^3xj_0. (2.5.1)

The supercharge generates the supersymmetric transformation, δϕ(x) = i[ζQ, ϕ(x)]. Here we use four-component notation, Q = ( Q_α Q^{α̇} ) , Q = ( Q^α, Q_{α̇} ) , ζQ = Qζ. (2.5.2) In two-component notation, ζQ = ζ^αQ_α + Q_{α̇}ζ^{α̇}. The supersymmetric variation of the supersymmetric current gives δj_μ(x) = −i[j_μ(x), ζQ]. (2.5.3) Taking the space integral of the time component of the above supersymmetry variation and requiring that the N = 1 supersymmetry algebra {Q, Q} = 2γ^μP_μ is reproduced, we have ∫ d^3xδj_0(x) = −i[Q, ζQ] = −i[Q, Qζ] = −2iγ^μζP_μ = −2iγ^μζ ∫ d^3xθ_{0μ}. (2.5.4)

In view of Lorentz covariance, the supersymmetric transformation of supersymmetry current j_μ must have the following general form:

δj_μ = 2γ^νθ_{νμ} + ∂^ρR_{μρ}, (2.5.5)

where R_{ρμ} = −R_{μρ}. The second term of (2.5.5) vanishes when taking μ = 0 and integrating over ∫ d^3x. Furthermore, the chiral U_R(1) rotation of the supercharge yields [Q, R] = γ_5Q, R = ∫ d^3xj^5_0 , [ζQ, ∫ d^3xj^5_0 ] = −i ∫ d^3xδj^5_0 = ζγ_5Q = ζγ_5 ∫ d^3xj_0. (2.5.6)

Hence

δj^5_μ = iγ_5j_μ + ∂^νr_{νμ}, (2.5.7)

with r_{νμ} = −r_{μν} . (2.5.5) and (2.5.7) imply that the R-current j^5_μ, the supersymmetry current j_{μα} and the energy-momentum tensor θ_{μν} belong to a supermultiplet

(θ_{μν} , j_μ, j^5_μ). (2.5.8)

At quantum level, each member of the above supermultiplet will become anomalous. It was shown that the trace anomaly θ^μ_μ, the γ-trace anomaly of the supersymmetry current, γ^μj_μ, and the chiral anomaly of the R-current, ∂^μj^5_μ, lie in a chiral supermultiplet, Φ≡ ( γ^μj_μ, θ^μ_μ, ∂^μj^5_μ ) [27, 97].

In a concrete classical superconformal invariant field theory – the massless Wess-Zumino model – the explicit but model independent supersymmetry transformations among the members of the current supermultiplet (2.5.8) are as follows: δj_μ = −2iγ^νζθ_{μν} + iγ^νγ_5ζ ( ∂_ν j^5_μ − η_{μν}∂^ρj^5_ρ ) + 1 2 iϵ_{μνρσ}γ^νζ∂^ρj^{5σ}, δj^5_μ = iζγ_5j_μ − i 3 ζγ_5γ_μγ^νj_ν, δθ_{μν} = 1 4 iζ(σ_{μρ}∂^ρj_ν + σ_{νρ}∂^ρj_μ). (2.5.9)

Consequently, the supersymmetry transformation of the members of the anomaly multiplet is δ ( −i 1 3 γ^μj_μ ) = − ( 2 3 θ^μ_μ − iγ_5∂^μj^5_μ ) ζ, δ ( 2 3 θ^μ_μ ) = iζγ^ν∂_ν ( −i 1 3 γ^μj_μ ) , δ(∂^μj^5_μ) = ζγ_5γ^ν∂_ν ( −i 1 3 γ^μj_μ ) . (2.5.10)

Like in the non-supersymmetric case discussed in Sect. 2.1, if we require that the conformal symmetry is preserved at the quantum level, Φ = 0, i.e.

θ^μ_μ = 0, γ^μj_μ = 0, ∂^μj^5_μ = 0, (2.5.11)

then the supersymmetric transformation (2.5.9) reduces to the form of the naive supersymmetry transformations (2.5.5) and (2.5.7),

δj_μ = −2iγ^νζθ_{μν} + γ^νγ_5ζ∂_ν j^5_μ + i 2 ϵ_{μνρσ} γ^νζ∂^ρj^{5σ}, δθ_{μν} = 1 4 iζ(σ_{μρ}∂^ρj_ν + σ_{νρ}∂^ρj_μ), δj^5_μ = iζγ_5j_μ. (2.5.12)

In particular, with the vanishing of the quantum anomalies (2.5.11), we have not only the conserved currents d_μ and k_{μν} and their charges D and K_μ shown in (2.1.12), but also a new conserved fermionic current

s_μ ≡ ix^νγ_νj_μ, ∂^μs_μ = iγ^μj_μ + ix^νγ_ν∂^μj_μ = 0, (2.5.13)

and the corresponding supercharge S≡ ∫ d^3xs_0. (2.5.14)

S is called the generator of special supersymmetry transformations. Like the supersymmetric charge, S is a Majorana spinor, S = ( S_α S^{α̇} ) , Q = ( S^α, S_{α̇} ) . (2.5.15)

2.5.2 N = 1 superconformal algebra

In this section, we first derive the whole superconformal algebra and then work out in detail the representation of the superconformal algebra following Ref. [27]. In particular, we shall introduce the relation between the conformal dimension and the R-charge of a chiral superfield, which plays a crucial role in determining the conformal window in N = 1 supersymmetric gauge theory.

Like the ordinary conformal algebra, the superconformal algebra can be derived directly from the transformation property of the current given in (2.5.12). We first get [ Q, Qζ ] = [ ∫ d^3xj_0, Qζ] = i ∫ d^3xδj_0

= 2γ^μζ ∫ d^3xθ_{0μ} + iγ^iγ_5ζ ∫ d^3x∂^ij^5_0 −iγ^0γ_5ζ ∫ d^3x∂^ij^5_i − 1 2 ϵ^{ijk}γ_iζ ∫ d^3x∂_jj^5_k

= 2γ^μζ ∫ d^3xθ_{0μ} = 2γ^μζP_μ, (2.5.16)

[P_μ, Q] = [ ∫ d^3xθ_{0μ}, ζQ] = ∫ d^3xδθ_{0μ} = 1 4 iζ ∫ d^3x (σ_{0ρ}∂^ρj_μ + σ_{μρ}∂^ρj_0) = 1 4 iζ ∫ d^3x ( σ_{0i}∂^ij_μ + σ_{μi}∂^ij_0 − σ_{μ0}∂^ij_i ) = 0, (2.5.17) [M_{μν}, ζQ] = i ∫ d^3x (x_μδθ_{ν0} − x_ν δθ_{μ0}) = − 1 4 ζ ∫ d^3x [(σ_{ν0}j_μ − σ_{νμ}j_0 − σ_{0μ}j_ν − (μ←→ν)] = − 1 2 ζσ_{νμ}Q, (2.5.18) [R, ζQ] = [ ∫ d^3xj^5_0 , ζQ] = i ∫ d^3xδj^5_0 = −ζγ_5 ∫ d^3xj_0 = −ζγ_5Q, (2.5.19)

where we have used ∫ d^3x∂^i(anything) = 0, i = 1, 2, 3; σ_{μν} = −σ_{νμ}, ∂^μj_μ = ∂^μj^5_μ = 0,

x_μσ_{νρ}∂^ρj_0 = x_μ ( σ_{ν0}∂^0j_0 + σ_{νi}∂^ij_0 ) = x_μ∂^i (σ_{νi}j_0 − σ_{ν0}j_i) . (2.5.20)

Eqs. (2.5.16)-(2.5.19) give the fermionic part of the super-Poincaré algebra: [Q, M_{μν}] = 1 2 σ_{μν} Q, [Q, P_μ] = 0, {Q, Q} = 2γ^μP_μ, [Q, R] = γ_5Q. (2.5.21) To obtain the whole superconformal algebra. we only need to calculate two new commutation relations, [Q, K_μ] and [Q, D]. The others can be determined from the Jacobi identity. Thus, we have [ζQ, K_μ] = [ζQ, ∫ d^3xk_{μ0}] = −i ∫ d^3xδk_{μ0} = −i ∫ d^3x(2x_μx^νδθ_{ν0} − x^2δθ_{μ0}) = ζγ_μS, (2.5.22) [ζQ, D] = [ζQ, ∫ d^3xd_0] = −i ∫ d^3xδd_0 = −i ∫ d^3xx^νδθ_{0ν} = − 1 4 ζ ∫ d^3x [ η^{iν}(σ_{0i}j_ν + σ_{νi}j_0 − σ_{ν0}j_i) ]

= − 1 2 ζ ∫ d^3xσ_{0ν}j^ν = − 1 2 ζ ∫ d^3xiγ_0γ_ij^i = i 2 ζ ∫ d^3xj_0 = 1 2 iζQ, (2.5.23)

where the condition γ^μj_μ = 0 was used. Eqs. (2.5.22) and (2.5.23) yield new commutation relations, [Q, R] = γ_5Q, [Q, K_μ] = γ_μS, [Q, D] = i 2 Q. (2.5.24)

In addition, since the R-symmetry is only related to super-coordinate rotations, it actually belongs to the internal symmetries. Thus the generator of R-symmetry must commute with the generators of the ordinary space-time transformation, [R, P_μ] = [R, M_{μν}] = [R, D] = [R, K_μ] = 0. (2.5.25) With the algebraic relations listed in (2.5.21), (2.5.24) and (2.5.25), the Jacobi identities (S, M, K), (Q, P, K), (Q, D, K), (Q, K, K) and (Q, K, R) yield the following commutation relations, respectively, [S, M_{μν}] = 1 2 σ_{μν} S, [S, P_μ] = γ_μQ, [S, D] = − i 2 S, [S, K_μ] = 0, [S, R] = −γ_5S. (2.5.26) As an illustrative example, consider the Jacobi identity (S, M, K). We have [[Q, M_{μν}], K_ρ] + [[K_ρ, Q], M_{μν}] + [[M_{μν}, K_ρ], Q] = 0, 1 2 σ_{μν} [Q, K_ρ] − γ_ρ[S, M_{μν}] − [i(η_{ρμ}K_ν − η_{ρν}K_μ), Q] = 0, 1 2 σ_{μν} γ_ρS − γ_ρ[S, M_{μν}] + iη_{ρμ}γ_νS − iη_{ρν}γ_μS = 0, i 4 γ_ρ[γ_μ, γ_ν]S − γ_ρ[S, M_{μν}] = 0, [S, M_{μν}] = 1 2 σ_{μν} S, (2.5.27) where the γ-algebra operation γ_μγ_ν γ_ρ = 2γ_μη_{νρ} − 2η_{μρ}γ_ν + γ_ργ_μγ_ν was used.

The anticommutators {S, Q} (or equivalently {Q, S}) and {S, S} need some special considerations. Since both S and Q are fermionic generators, {S, Q} must be proportional to bosonic generators, so it must be of the following general form, {S, Q} = aD + bγ^μP_μ + cσ^{μν}M_{μν} + dγ^μK_μ + eR. (2.5.28) The Jacobi identities (Q, S, D); (Q, S, P ) and (Q, S, Q) fix the indefinite coefficients as b = d = 0, a = 2i, d = 1 and e = 3γ_5. Hence we finally obtain {Q, S} = 2iD + σ^{μν}M_{μν} + 3γ_5R. (2.5.29) Similarly one shows that {S, S} = 2γ^μK_μ. (2.5.30) The fermionic part of the whole N = 1 superconformal algebra consists of the collection of the above commutation relations, [Q, M_{μν}] = 1 2 σ_{μν}Q, [S, M_{μν}] = 1 2 σ_{μν} S, [Q, D] = 1 2 iQ, [S, D] = − 1 2 iS, [Q, P_μ] = 0, [S, P_μ] = γ_μQ, [Q, K_μ] = γ_μS, [S, K_μ] = 0, [Q, R] = γ_5Q, [S, R] = −γ_5S, [R, M_{μν}] = [R, P_μ] = [R, D] = [R, K_μ] = 0, {Q, Q} = 2γ^μP_μ, {S, S} = 2γ^μK_μ, {S, Q} = 2iD + σ^{μν}M_{μν} + 3γ_5R. (2.5.31)

The N = 1 superconformal algebra is isomorphic to SU(2, 2|1). For N-extended supersymmetry, the supersymmetric algebra is isomorphic to SU(2, 2|N). Furthermore, defining a conformal spinor, Σ≡ ( Q_α S^{α̇} ) , Σ = (S^α, Q_{α̇}), (2.5.32) and σ_{ab}≡(σ_{μν} , σ_{μ5}, σ_{μ6}, σ_{56}), a, b = 0, · · ·, 3, 5, 6, σ_{μ5} = γ_μγ_5, σ_{μ6} = γ_μ, σ_{56} = γ_5. (2.5.33)

one can write (2.5.31) in the form of the fermionic part of an SU(2, 2|1) algebra:

[Σ, M_{ab}] = 1 2 σ_{ab}Σ; [Σ, M_{ab}] = − 1 2 Σσ_{ab}; [Σ, R] = Σ; [Σ, R] = −Σ; [M_{ab}, R] = 0;

{Σ, Σ} = {Σ, Σ} = 0; {Σ, Σ} = σ^{ab}M_{ab} − 3R. (2.5.34)

2.5.3 Representations of N = 1 superconformal symmetry

The method of finding a representation of the N = 1 superconformal algebra on field operators is the same as for the ordinary conformal algebra, i.e. using Wigner’s little group method. First, the commutation relation [Q, K_μ] = γ_μS shows that the conformal spinor charge S comes from the commutator of the supercharge Q with the special conformal transformation generators K_μ. Thus it is possible to construct a superconformal multiplet from a multiplet of Poincaré supersymmetry by working out the transformation of the fields under the special conformal transformations generated by K_μ. According to (2.1.31), the transformation of the field ϕ under a special conformal transformation is

[K_μ, ϕ(x)] = i(2x_μx_ν ∂^ν − x^2∂_μ)ϕ(x) + (k_μ + 2ix_μd + 2x^νΣ_{μν})ϕ(x). (2.5.35)

As shown in Sect. 2, in the field operator representation of the ordinary conformal algebra, there is no restriction on the little group representation κ_μ, d and Σ_{μν} except that d must be a number due to [D, M_{μν}] = 0. However, in the superconformal algebra, the situation is different: there is an important constraint for κ_μ coming from the relation [Q, K_μ] = γ_μS, thus a γ_μ should be “separated out” from the representation of the commutator [Q, K_μ]. This constraint will restrict the possible little group representations on the components of a superconformal multiplet.

The little group of the superconformal algebra can still be found by requiring that x = 0 stays invariant. Then we see that the little group is composed of not only the Lorentz group, scale transformations and the special conformal transformations, but also of a U_R(1) group due to the algebraic relations [R, M_{μν}] = [R, D] = [R, K_μ] = 0. Another difference between the representations of the superconformal algebra and the ordinary conformal algebra is that owing to the supersymmetry, the representation of the superconformal algebra must be realized on a supermultiplet. This is unlike the ordinary conformal algebra, where only one type of field is enough. For the superconformal algebra, several kinds of fields such as (pseudo-)scalar fields, spinor fields and vector fields are required due to supersymmetry. Thus we consider the most general supermultiplet, which can be constructed by starting from a complex field C(x) and performing the famous “seven steps” introduced in Ref. [27]. Since the concrete construction of this general supermultiplet is very lengthy, we shall not repeat it explicitly. The basic method of finding the chiral multiplet is illustrated detaily in Ref. [27]. Here, we only display this general multiplet and the supersymmetry transformations among its component fields [27], G(x) = (C(x), χ(x), M(x), N(x), A_μ(x), λ(x), D(x)), δG(x) = −i[G(x), ζQ] = −i[G(x), Qζ], δC(x) = −iζγ_5χ(x), δχ(x) = (M(x) − iγ_5N(x))ζ − iγ^μ(A_μ(x) − iγ_5∂_μC(x))ζ, δM(x) = ζ(λ(x) − iγ^μ∂_μχ(x)), δN(x) = −iζγ_5(λ(x) − iγ^μ∂_μχ(x)), δA_μ(x) = iζγ_μλ(x) + ζ∂_μχ(x), δλ(x) = −iσ^{μν}ζ∂_μA_ν (x) + iγ_5ζD(x), δD(x) = −ζγ^μ∂_μγ_5λ(x). (2.5.36)

Consequently, the supersymmetry transformations for the fields at the origin (x = 0) should be the following:

G(0) = (C(0), χ(0), M(0), N(0), A_μ(0), λ(0), D(0)), δG(0) = −i[G(0), ζQ] = −i[G(0), Qζ], δC(0) = −iζγ_5χ(0), δχ(0) = (M(0) − iγ_5N(0))ζ − iγ^μA_μ(0)ζ, δM(0) = ζλ(0), δN(0) = −iζγ_5λ(0), δA_μ(0) = iζγ_μλ(0), δλ(0) = iγ_5ζD(0), δD(0) = 0. (2.5.37)

We first find the representation of the little group on this supermultiplet. Since this supermultiplet is generated from C(x) through a series of successive supersymmetry transformations, as the first step, we define the action of the generators of the little group on C(0),

[C(0), R] = n C(0), [C(0), D] = id C(0), [C(0), M_{μν}] = Σ_{μν} C(0). (2.5.38)

Then, translating C(0) from the origin according to C(x) = exp(−ix^μP_μ)C(0)exp(ix^μP_μ), we obtain [C(x), R] = nC(x), [C(x), D] = ix^μ∂_μC(x) + idC(x), [C(x), M_{μν}] = i(x_μ∂_ν − x_ν ∂_μ)C(x) + Σ_{μν}C(x). (2.5.39)

The algebraic relations [R, M_{μν}] = [D, M_{μν}] = 0 require [n, Σ_{μν}] = [d, Σ_{μν}] = 0. (2.5.40) Since Σ_{μν} is, by hypothesis, an irreducible representation, according to Schur’s lemma, n and d must be numbers. They are the conformal dimension and the R-charge of C(x). The conformal dimensions and R-charges for other fields can be obtained from (2.5.37), (2.5.38), the superconformal algebra (2.5.31) and Jacobi identities. For example, using the Jacobi identities (C, R, Q) and (χ, R, Q), we have [[C(0), R], Q] + [[Q, C(0)], R] + [[R, Q], C(0)] = 0, [nC(0), Q] + [−γ_5χ(0), R] + [−γ_5Q, C(0)] = 0, γ_5[χ(0), R] = (n + γ_5)[C(0), Q] = (n + γ_5)γ_5χ(0), [χ(0), R] = (n + γ_5)χ(0); (2.5.41) [{χ(0), Q}, R] + {[R, χ(0)], Q} − {[Q, R], χ(0)} = 0, [iM(0) + γ_5N(0) + γ^μA_μ(0), R] + {−(n + γ_5)χ(0), Q} + {−γ_5Q, χ(0)} = 0, i[M(0), R] + γ_5[N(0), R] + γ^μ[A_μ(0), R] = (n + 2γ_5)[iM(0) + γ_5N(0) + γ^μA_μ(0), R], [M(0), R] = (n + 2γ_5)M(0); [N(0), R] = (n + 2γ_5)N(0);

[A_μ(0), R] = (n + 2γ_5)A_μ(0). (2.5.42) (2.5.41) and (2.5.42) show that the R-charges of χ and M, N, A_μ are (n + γ_5) and (n + 2γ_5), respectively. Similarly, the Jacobi identities (M, R, Q), (N, R, Q), (A_μ, R, Q), (λ, R, Q) and (D, R, Q) yield the R-charges of χ(0), M(0) etc. If we write G(0) as a column vector,

G(0) =

C(0) χ(0) M(0) N(0) A_μ(0) λ(0) D(0)

, (2.5.43)

the R-charges of the component field operators can be written as a diagonal matrix, ~n = n 1 + γ_5 diag (0, 1, 2, 2, 2, 3, 4). (2.5.44) where 1 denotes the 7×7 unit matrix. The conformal dimensions of the component field operators can be worked out in the same way. For examples, from the Jacobi identities (C, D, Q) and (C, D, Q), we have [[C(0), D], Q] + [[Q, C(0)], D] + [[D, Q], C(0)] = 0, [idC(0), Q] + [γ_5χ(0), D] + [− i 2 Q, C(0)] = 0,

γ_5[χ(0), D] = i(d + 1 2 )[C(0), Q] = i(d + 1 2 )γ_5χ(0),

[χ(0), D] = i(d + 1 2 )χ(0); (2.5.45)

[{χ(0), Q}, D] + {[D, χ(0)], Q} − {[Q, D], χ} = 0, [iM(0) + γ_5N(0) + γ^μA_μ(0), D] + {i(d + 1 2 )χ(0), Q} + {i 1 2 Q, χ(0)} = 0, i[M(0), D] + γ_5[N(0), D] + γ^μ[A_μ(0), D] = i(d + 1)[iM(0) + γ_5N(0) + γ^μA_μ(0), R], [M(0), R] = i(d + 1)M(0), [N(0), R] = i(d + 1)N(0), [A_μ(0), D] = i(d + 1)A_μ(0). (2.5.46)

Thus, the conformal dimensions of χ and M, N, A_μ are respectively (d + 1/2) and (d + 1). Furthermore, the Jacobi identities (M, D, Q), (N, D, Q), (A_μ, D, Q), (λ, D, Q), (D, D, Q) give the conformal dimensions of other component fields such as χ(0), M(0) etc. Therefore, the conformal dimension of the supermultiplet G(0) is

~d = d 1 + diag ( 0, 1 2 , 1, 1, 1, 3 2 , 2 ) . (2.5.47)

Working out the matrix representation κ_μ of K_μ on the supermultiplet is more difficult. The relation [K_μ, D] = −iK_μ requires that κ_μ should satisfy

[κ_μ, ~d] = −κ_μ. (2.5.48)

In terms of matrix elements, since ~d is a diagonal matrix, the above equation becomes (κ_μ)_{ik} ~d_kδ_{kj} − ~d_iδ_{ik}(κ_μ)_{kj} = −(κ_μ)_{ij}, ( ~d_j − ~d_i + 1)(κ_μ)_{ij} = 0. (2.5.49)

This means that the matrix elements (κ_μ)_{ij} of κ_μ will vanish unless ~d_i = ~d_j + 1. According to (2.5.47), the matrix representation of κ_μ in the basis (2.5.43) will be of following form (with ∗ representing a possible non-zero value),

(κ_μ) =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 ∗ 0 0 0 0 0 0 ∗ 0 0 0 0 0 0 ∗ 0 0 0 0 0 0 0 ∗ 0 0 0 0 0 0 0 ∗ ∗ ∗ 0 0

,

(κ_μ)

C(0) χ(0) M(0) N(0) A_μ(0) λ(0) D(0)

=

0 0 ∗C(0) ∗C(0) ∗C(0) ∗χ(0) ∗M(0) + ∗N(0) + ∗A_μ(0)

. (2.5.50)

(2.5.50) explicitly leads to

κ_μC(0) = κ_μχ(0) = 0, i.e. [C(0), K_μ] = [χ(0), K_μ] = 0. (2.5.51)

It seems that κ_μM(0)≠0 and κ_μN(0)≠0, but a careful analysis shows that this not the case. The special conformal transformations and supersymmetry transformations of M, N and C imply that κ_μM and κ_μN have the same dimension as C, however, κ_μM and κ_μN should be four vectors due to Lorentz covariance. Since the transformation is linear, it is not allowed to have a non-local operator such as 2^{−1} in the action of K_μ on M and N, hence there is no way of constructing a vector with the same dimension as C. Thus, we must have

κ_μM(0) = 0, κ_μN(0) = 0, [M(0), K_μ] = [N(0), K_μ] = 0. (2.5.52)

The remaining components A, λ and D will not vanish under the action of K_μ. Since the calculation is quite lengthy, we only list the main steps:

First, we must know the matrix representation Σ_{μν} of M_{μν} on the supermultiplet G(0). This can be found by means of the Jacobi identities from the known representation (2.5.38) on C(0) For example, using the Jacobi identity (Q, C, M_{μν}), we get

[[Q, C(0)], M_{μν}] + [[M_{μν}, Q], C(0)] + [[C(0), M_{μν}], Q] = 0, [γ_5χ(0), M_{μν}] + [− 1 2 σ_{μν} Q, C(0)] + [Σ_{μν}C(0), Q] = 0,

[χ(0), M_{μν}] = ( 1 2 σ_{μν} − Σ_{μν} )χ(0). (2.5.53)

Furthermore, the Jacobi identities such as (Q, χ, M_{μν}), (Q, M, M_{μν}), (Q, N, M_{μν}), (Q, A, M_{μν}), (Q, λ, M_{μν}) and (Q, D, M_{μν}) give [M(0), M_{μν}] = (σ_{μν} − Σ_{μν} )M(0), [N(0), M_{μν}] = (σ_{μν} − Σ_{μν} N(0)), [A_ρ(0), M_{μν}] = (σ_{μν} − Σ_{μν} )A_ρ(0), [λ(0), M_{μν}] = ( 3 2 σ_{μν} − Σ_{μν} )λ(0), [D(0), M_{μν}] = (2σ_{μν} − Σ_{μν})D(0). (2.5.54)

Secondly, we must know the matrix representation of the special supersymmetry charge S on the supermultiplet. The Jacobi identities still play a role. For example, from the Jacobi identity (Q, K, C) we have

[[Q, K_μ], C(0)] + [[C(0), Q], K_μ] + [[K_μ, C(0)], Q] = 0, [γ_μS, C(0)] + [γ_5χ(0), K_μ] = 0, [γ_μS, C(0)] = 0, [S, C(0)] = 0, (2.5.55)

where (2.5.51) was used. Further, using the Jacobi identity (Q, S, C), we determine {χ(0), S}, [{Q, S}, C(0)] + {[C(0), Q], S} − {[S, C(0)], Q} = 0, [2iD + σ^{μν}M_{μν} + 3γ_5R, C(0)] + {γ_5χ(0), S} = 0, {χ(0), S} = γ_5(−2d + σ^{μν}Σ_{μν} + 3nγ_5)C(0). (2.5.56)

The third step is to use the Jacobi identities (Q, χ, K_μ), (Q, M, K_μ), (Q, N, K_μ) and (Q, λ, K_μ) for finding the matrix representation κ_μ of K_μ on A, λ and D. For example, the Jacobi identity

(Q, χ, K_μ) gives [{Q, χ(0)}, K_μ] + {[K_μ, Q], χ(0)} − {[χ(0), K_μ], Q} = 0, γ^ν[A_ν(0), K_μ] = γ_μ{S, χ(0)} = γ_μ3nC(0) + γ^νϵ_{νμσρ}Σ^{σρ}C(0), [A_ν(0), K_μ] = 3nC(0)η_{μν} − ϵ_{μνσρ}Σ^{σρ}C(0). (2.5.57) Thus, we can work out κ_μA_ν(0) = −ϵ_{μνσρ}Σ^{σρ}C(0) + 3nC(0)η_{μν}, κ_μλ(0) = − 1 2 σ^{νρ}γ_μΣ_{νρ}χ(0) − dγ_μχ(0) − 3 2 nγ_μγ_5χ(0), κ_μD(0) = −3nA_μ(0) + ϵ_{μνσρ}Σ^{σρ}A^ν (0). (2.5.58) After translating (2.5.58) from the origin, we finally obtain κ_μA_ν (x) = −ϵ_{μνσρ} Σ^{σρ}C(x) + 3nC(x)η_{μν}, κ_μλ(x) = − 1 2 σ^{νρ}γ_μΣ_{νρ}χ(x) − dγ_μχ(x) − 3 2 nγ_μγ_5χ(x), κ_μD(x) = −3nA_μ(x) − 2id∂_μC(x) − 2Σ_{μν} ∂^νC(x) + ϵ_{μνσρ}Σ^{σρ}A^ν(x). (2.5.59) Translating [G(0), S}, combining this special supersymmetry transformation with the Poincaré supersymmetry transformations in the following way δG(x) = −i[V (x), ζQ + ϵS], (2.5.60) and defining the convenient combination η ≡ ζ − ix^μγ_μϵ, X^± ≡ d − 3 2 nγ_5± 1 2 σ^{μν}Σ_{μν} , (2.5.61)

we finally get the superconformal transformation on the supermultiplet expressed in the following compact form, δC = −iηγ_5χ, δχ = (M − iγ_5N)η − iγ^μ(A_μ − iγ_5∂_μC)η − 2iX^+γ_5ϵC, δM = η(λ − iγ^μ∂_μχ) + ϵX^−χ − 2ϵχ, δN = −iηγ_5(λ + iγ^μ∂_μχ) − iϵγ_5X^−χ − 2iϵγ_5χ, δA_μ = iηγ_μλ + ∂_μ(ηχ) + iϵX^−γ_μχ, δλ = −iσ^{μν}η∂_μA_ν + iγ_5ηD − X^+(M + iγ_5N)ϵ + iγ^μX^+(A_μ − iγ_5∂_μC)ϵ, δD = −ηγ^μ∂_μγ_5λ − 2iϵγ_5X^−(λ − 1 2 iγ^μ∂_μχ). (2.5.62)

Eq. (2.5.62) is the representation of the superconformal algebra on a general supermultiplet. This supermultiplet is in general reducible. One can impose reality and chirality conditions on this general multiplet to reduce it to the representations on vector and chiral supermultiplets, respectively.

First we consider the reduction to a vector supermultiplet. If the lowest component field C is real, then the whole supermultiplet will be real, G = G^†, i.e. G is a vector supermultiplet. Since C is a real field, its R-charge n must vanish n(C) = 0, (2.5.63) as U_R(1) acts nontrivially only on complex fields. In particular, taking the Hermitian conjugate of the last relation of (2.5.39), since C = C^† and M_{μν} = M^†_{μν} , we obtain [C, M_{μν}] = i(x_μ∂_ν − x_ν∂_μ)C − Σ^†_{μν}C. (2.5.64) This shows that Σ_{μν} must be a real representation of the generators of the Lorentz group, Σ_{μν} = −Σ^†_{μν} . (2.5.65) Next we turn to the reduction to a chiral supermultiplet through imposing a chirality condition on the general supermultiplet G . A chirality condition means choosing only the chiral (left- or right- handed) part of Dirac spinor. This can be done by imposing the constraint, (1 − γ_5)χ = 0, ((1 + γ_5)χ = 0). (2.5.66) This is equivalent to the definition of a chiral (anti-chiral) superfield Φ: D_αΦ = 0 (D_{α̇}Φ = 0), with C being the lowest component. The chiral condition (2.5.66) imposes a constraint on the superconformal transformation of χ and hence selects the chiral supermultiplet. According to the second equation in (2.5.62), we should have (1 − γ_5)δχ = 0, (1 − γ_5) [ (M − iγ_5N)η − iγ^μ(A_μ − iγ_5∂_μC)η − 2iX^+γ_5ϵC ] = 0, (1 − γ_5)(M + iN)η − (1 − γ_5)γ^μ(A_μ − i∂_μC)η − 2i(1 − γ_5)X^+γ_5ϵC = 0. (2.5.67) Thus we obtain M + iN = A_μ − i∂_μC = 0, (2.5.68) and 0 = (1 − γ_5)X^+ = (1 − γ_5)(d − 3n 2 γ_5 + 1 2 σ^{μν} Σ_{μν}) = (1 + γ_5)(d + 3n 2 ) + 1 2 (1 − γ_5)σ^{μν}Σ_{μν}. (2.5.69) Eq. (2.5.69) gives n = − 2d 3 , (2.5.70) and (1 − γ_5)σ^{μν}Σ_{μν} = 0. (2.5.71) Using the self-dual property of γ-matrices [55], γ_5σ^{μν} = i/2ϵ^{μνσρ}Σ_{σρ}, we can write (2.5.71) as σ_{μν} (Σ^{μν} − i/2ϵ^{μνσρ}Σ_{σρ}) = 0, and hence we get Σ_{μν} = i 2 ϵ_{μνσρ}Σ^{σρ}. (2.5.72) This means that a chiral supermultiplet must be in a self-dual representation of the Lorentz group. Eq. (2.5.70) shows that the R-charge of the chiral multiplet must be −2/3 times its conformal dimension. These are two important properties of the chiral conformal supermultiplet. Furthermore, the superconformal transformations

δ(M + iN) = 0, δA_μ = i∂_μδC, (2.5.73)

lead to

λ(x) = D(x) = 0. (2.5.74)

Thus we are left with a chiral supermultiplet Φ = (C, (1 + γ_5)χ, M).

Finally, we reproduce the important results (2.5.70) and (2.5.72) concerning the chiral supermultiplet from the viewpoint of coset space [27]. In Poincaré supersymmetry, the little group is the Lorentz group, and Minkowski space is the coset space of the super-Poincaré group modulo the Lorentz group. There exist chiral multiplets with arbitrary additional Lorentz indices, the chirality condition DΦ = 0 is covariant for arbitrary representations of the Lorentz group. For example, there exists not only the scalar chiral supermultiplet Φ = (ϕ, ψ, F ), but the supersymmetric Yang-Mills field strength W = (F_{μν} , λ, D) is also a chiral supermultiplet. However, this is not the case in conformal supersymmetry. Since a chiral superfield can be written as follows, ϕ(x, θ, θ) = ϕ(x + iθσθ, θ) = ϕ(y, θ), (2.5.75) a chiral superfield is independent of the (anti-chiral) super-coordinate θ, hence one could from the beginning use a superspace G/H with the little group H generated by both M_{μν} and Q_{α̇}, G being the super-Poincaré group. Obviously, this special superspace is parameterized only by x^μ and θ and hence this superspace is called a chiral superspace. For a general superfield defined in chiral superspace, the action of Q_{α̇} would be as follows:

[Φ(x), Q_{α̇}} = 2(θσ^μ)_{α̇}∂_μΦ(x) + q_{α̇}Φ(x),

[Φ(0), Q_{α̇}} = q_{α̇}Φ(0). (2.5.76)

For a chiral superfield, the matrix representation q_{α̇} of Q_{α̇} should vanish,

q_{α̇} = 0. (2.5.77)

This is the case of Poincaré supersymmetry. For conformal supersymmetry, as discussed in Sect. 2.1, the ordinary conformal group can be realized on Minkowski space, and Minkowski space is the coset space of the conformal group modulo the Lorentz group, dilation and special conformal transformations. Thus the conformal supersymmetry can be realized on Minkowski superspace with a complicated x, θ and θ dependence of the elements of the little group. It is also possible to realize conformal supersymmetry on chiral superspace. The relevant little group will now be generated by M_{μν} , K_μ, D, S^α, S^{α̇} and Q_{α̇} since the transformations generated by these generators keep x = θ = 0 invariant. In this case the question whether there exists a chiral conformal supermultiplet is equivalent to whether the constraint (2.5.77) is consistent. This is not naturally satisfied since there is a non-vanishing anti-commutator from the superconformal algebra,

{S^{α̇}, Q_{β̇}} = (σ^{μν})^{α̇}_{β̇}M_{μν} − 2δ^{α̇}_{β̇} ( 3 2 R − iD ) . (2.5.78)

Requiring (2.5.76) to be satisfied when {S^{α̇}, Q_{β̇}} acts on a chiral supermultiplet Φ, we have

0 = [ϕ(0), {S^{α̇}, Q_{β̇}}]

= [ϕ(0), (σ^{μν} )^{α̇}_{β̇}M_{μν} − 2δ^{α̇}_{β̇} ( 3 2 R − iD ) ] = (σ^{μν} )^{α̇}_{β̇}Σ_{μν} ϕ(0) − 2δ^{α̇}_{β̇} ( 3 2 n + d ) ϕ(0). (2.5.79)

Furthermore, considering the anti-selfdual property of σ̄_{μν} [27], σ^{μν} = −i/2ϵ_{μνσρ}σ^{σρ}, the relations (2.5.70) and (2.5.72) are reproduced.

3 Non-perturbative dynamics in N = 1 supersymmetric QCD

We shall next introduce the non-perturbative dynamical phenomena in supersymmetric gauge theory. This section is concentrating on supersymmetric QCD with gauge group SU(N_c) and N_f flavours. The methods of analyzing the non-perturbative dynamics include the gauge and global symmetries; the holomorphic dependence of the non-perturbative dynamical superpotential not only on the chiral superfields but also on various parameters such as the coupling and mass; instanton computations and the exact NSVZ beta function given in (1.1) as well as the decoupling relation of the heavy modes at low-energy. Furthermore, the ’t Hooft anomaly matching between high and low energy can provide a test of the non-perturbative result. In addition to the global symmetries SU_L(N_f )×SU_R(N_f )×U_B(1)×U_A(1) (some of them are broken or anomalous at the quantum level) as in ordinary QCD, the N = 1 supersymmetric QCD has another U(1) axial vector symmetry called the R-symmetry, which becomes anomalous like the U_A(1) at the quantum level. However, this R-symmetry can be combined with the U_A(1) symmetry to an anomaly-free U(1) symmetry. The global and gauge symmetries together with the holomorphy and instanton calculations uniquely fix the superpotential and hence the moduli space in the range N_f < N_c. By considering the decoupling relation, the moduli spaces in the cases N_f = N_c or N_c + 1 can also be exactly determined. Consequently, a series of non-perturbative physical phenomena such as dynamical supersymmetry breaking, chiral symmetry breaking and confinement are exhibited. The ’t Hooft anomaly matching confirms the correctness of the physical pictures. The NSVZ beta function implies that in the range 3N_c/2 < N_f < 3N_c, the theory has a non-trivial IR fixed point, at which the theory is a superconformal field theory and the dual theory gives a completely equivalent description of the low-energy physics of the original theory but with a weak coupling. This phenomenon is similar to the electric-magnetic duality and is thus called a non-Abelian electric-magnetic duality. It will be discussed in detail in the next section.

3.1 Introducing N = 1 supersymmetric QCD

3.1.1 Classical action of N = 1 supersymmetric QCD

Supersymmetric QCD (SQCD) is the generalization of ordinary QCD. As required by supersymmetry, corresponding to each particle, there exists a superpartner. Corresponding to the gluon A^a_μ, the left-handed quark ψ and the right-handed quark ~ψ, we have their superpartners: the gluino λ^a, the left-handed squark ϕ and the right-handed squark ~ϕ. In superfield form, the

Lagrangian of (massive) SQCD is L = 1 8π Im (τTrW^αW_α|_θ2 ) + [ Q^†e^{gV (Nc)}Q + ~Q^†e^{gV (Nc)} ~Q ] |_{θ2θ}2 + m( ~QQ)|_θ2 + m^∗(Q^† ~Q^†)|_θ2 . (3.1.1)

Here, W_α is the superfield strength which in the Wess-Zumino gauge takes the form

W_α = T^a ( −iλ^a_α + θ_αD^a − i 2 (σ^μσ^ν θ)_αF^a_{μν} + θ^2σ^μ_{αα̇}(D_μλ^{α̇})^a ) . (3.1.2)

The quantity τ = θ 2π + i 4π g^2

(3.1.3)

combines the gauge coupling constant g and the CP-violating parameter θ into what can be effectively regarded as a constant chiral superfield. Q and ~Q are chiral left- and right-handed quark superfields, respectively. V is the vector superfield of the gluon and the gluino. In Wess- Zumino gauge, they take the following forms:

Q_r(y) = ϕ_r(y) + √ 2θ^αψ_{αr}(y) + θ^2F_r(y), ~Q_r(y) = ~ϕ_r(y) + √ 2θ^α ~ψ_{αr}(y) + θ^2 ~F_r(y),

V^a(x, θ, θ) = −θ^α(σ^μ)_{αα̇}θ^{α̇}A^a_μ(x) + iθ^2θ_{α̇}λ^{α̇a}(x) − iθ^2θ^αλ^a_α + 1 2 θ^2θ^2D^a(x). (3.1.4)

The notation used is

y^μ ≡ x^μ + iθ^ασ^μ_{αα̇}θ^{α̇}, V (N_c)≡V^aT^a(N_c), V (N_c)≡V^aT^a(N_c), (3.1.5)

where T^a(N_c) ≡ T^a and T (N_c) are the generators of the gauge group SU(N_c) in the fundamental representation and its conjugate representation, respectively.

Writing out the Lagrangian in terms of component fields, we have L = − 1 4 F^a_{μν} F^{μνa} + iλ^{αa}(σ^μ)_{αα̇}(D_μ)^{ab}λ^{α̇b} + 1 2 D^aD^a + iψ^r_{α̇} (σ^μ)^{α̇α}(D_μ)^s_r ψ_{αs}

+ i ~ψ^{αr}(σ^μ)_{αα̇}(D_μ)^s_r ~ψ^{α̇}_s + (D^μϕ)^{∗r}(D_μϕ)_r + ( ~D^μ ~ϕ)^r( ~D_μ ~ϕ)^∗_r + i √ 2g [ ϕ^{∗r}(T^a)^s_r λ^{aα}ψ_{αs} − λ^a_{α̇}ψ^{α̇r}(T^a)^s_r ϕ_s − ~ψ^{αs}λ^a_α(T^a)^r_s ~ϕ^∗_r + ~ϕ^s(T^a)^r_s ~ψ_{α̇r}λ^{aα̇} ]

+ gD^a [ ϕ^{∗r}(T^a)^s_r ϕ_s − ~ϕ^r(T^a)^s_r ~ϕ^∗_s ] − m ~ψ^{αr}ψ_{αr} − m^∗ψ^r_{α̇} ~ψ^{α̇}_r + F^{∗r}F_r + ~F^∗_r ~F^r + m^∗ ~ϕ^∗_rF^{∗r} + mϕ_r ~F^r + m^∗ϕ^{∗r} ~F^∗_r + m ~ϕ^rF_r + iθ 32π^2

F^a_{μν} ~F^{aμν} , (3.1.6)

where D, F and ~F are auxiliary fields, a, b = 1, · · ·, N^2_c − 1, r, s = 1, · · ·, N_c and we suppress the flavour index. The various covariant derivatives are defined as follows:

(D_μϕ)_r = (∂_μδ^s_r + igA^a_μ(T^a)^s_r )ϕ_s, (D_μϕ)^{∗r} = ∂_μϕ^{∗r} − igϕ^{∗s}(T^a)^r_s A^a_μ,

( ~D_μ ~ϕ)^r = ∂_μ ~ϕ^r − ig ~ϕ^s(T^a)^r_s A^a_μ, ( ~D_μ ~ϕ)^∗_r = (∂_μδ^s_r + igA^a_μ(T^a)^s_r ) ~ϕ^∗_s,

D_μλ^{aα̇} = ∂_μλ^{aα̇} + gf^{abc}A^b_μλ^{cα̇}. (3.1.7)

Eliminating the auxiliary fields F , F^∗, ~F , ~F^∗ and D through their equations of motion, F_r = −m^∗ ~ϕ^∗_r, ~F^r = −m^∗ϕ^{∗r}, D^a = −g[ϕ^{∗r}(T^a)^s_r ϕ_s − ~ϕ^r(T^a)^s_r ~ϕ^∗_s], (3.1.8) we can obtain the Lagrangian given in Ref. [25].

3.1.2 Global symmetries of massless supersymmetric QCD Massless SQCD possesses the global symmetries of ordinary QCD, i.e., SU_L(N_f )×SU_R(N_f )×U_B(1) ×U_A(1). In addition, it has a new U(1) symmetry called R_0-symmetry. In terms of superfields [32]: W_β(θ)−→e^{−iα}W_β(θe^{iα}), Q(θ)−→Q(θe^{iα}), ~Q(θ)−→ ~Q(θe^{iα}). (3.1.9) For the component fields, this means ψ_r−→e^{−iα}ψ_r, ~ψ^r−→e^{−iα} ~ψ^r, λ^a−→e^{iα}λ^a. (3.1.10) The total global symmetry of massless SQCD at the classical level is then SU_L(N_f )×SU_R(N_f )×U_B(1)×U_A(1)×U_{R0} (1). (3.1.11) However, like U_A(1), the R_0-symmetry suffers from an anomaly at the quantum level. The current corresponding to the R_0-symmetry (3.1.10) is j^R_μ = −ψ_{α̇}(σ_μ)^{α̇α}ψ_α + ~ψ^α(σ_μ)_{αα̇} ~ψ^{α̇} + λ^{aα}(σ_μ)_{αα̇}λ^{aα̇}, (3.1.12) or in four-component form j^{R0}_μ = j^5_μ + ~j^5_μ = Ψγ_μγ_5Ψ + 1 2 λ^aγ_μγ_5λ^a, (3.1.13) Ψ being the Dirac spinor of the quarks and Λ the four component Majorana spinor of the gluino. The operator anomaly equation for the R-current is ∂^μj^{R0}_μ = (N_c − N_f ) g^2 32π^2 ϵ^{μνσρ}F^a_{μν} F^a_{σρ}. (3.1.14) This anomaly equation arises as follows. Eq. (3.1.13) shows that j^{R0}_μ is composed of two parts. The first part is the ordinary chiral current j^5_μ. The triangle diagram ⟨j^5_μ(x)J^a_ν (y)J^b_ρ(z)⟩ gives the familiar contribution −g^2N_f /(16π^2)F^a_{μν} ~F^{μνa}. The second part ~j^5_μ is formed by the gluino λ. The anomalous triangle diagram is (see Fig. 2) ~Γabμνρ(z, x, y) = ⟨~j^5μ(z)J aν (x)J bρ (y)⟩, ~Γabμνρ(r, p, q)(2π)^4δ^{(4)}(r + p + q) = ∫ d^4xd^4yd^4ze^{i(p·x+q·y+r·z)} ~Γ^{ab}_{μνρ}(z, x, y). (3.1.15) Since λ is in the adjoint representation of SU(N_c), J^a_ν is the current corresponding to a global gauge transformation in the adjoint representation, J^a_μ = if^{abc}λ^bγ_μλ^c, (3.1.16)

Figure 2: Triangle diagrams ~Γ^{ab}_{μνρ}(r, p, q).

which couples with the gluon field A^a_μ. Requiring ∂^μJ^a_μ = 0, p^ν ~Γ^{ab}_{μνρ}(r, p, q) = q^ρ ~Γ^{ab}_{μνρ}(r, p, q) = 0, (3.1.17) we obtain the anomalous Ward identity (p + q)^ρ ~Γ^{ab}_{ρμν} (p, q, r) = 2f^{adc}f^{bdc} 1 2π^2 p^αq^βϵ_{μναβ} = 2N_c 1 2π^2 p^αq^βϵ_{μναβ}δ^{ab}. (3.1.18) Combining (3.1.18) with the anomaly of j^5_μ, we obtain (3.1.10).

Since there are two anomalous U(1) transformations, U(1)_A and U(1)_{R0}, it is possible to combine them to get an anomaly-free U(1) R-symmetry. Requiring that the linear combination j^μ_R = mj^μ_{R0} + nj^μ_A (3.1.19) has vanishing anomaly, using Eq. (3.1.14) and the corresponding equation for j^μ_A gives n = N_f − N_c N_f m. (3.1.20) The simplest choice in (3.1.20) is m = 1. The charges of the fields under this anomaly-free U_R(1) symmetry are thus given in terms of the U_R(1) and U_A(1) charges by R = R_0 + N_f − N_c N_f A. (3.1.21) The quantum numbers of every field are listed in Table 3.1.1. We thus have an anomaly-free global symmetry at the quantum level SU_L(N_f )×SU_R(N_f )×U_B(1)×U_R(1). (3.1.22) A special consideration should be paid to the N_c = 2 case. Since the fundamental and antifundamental representations of SU(2) are equivalent, there is no difference between the left- and right-handed quarks. Thus, the theory has 2N_f quark chiral superfields Q^i, i = 1, · · ·, 2N_f, the anomaly-free global symmetry is SU(2N_f)×U_R(1) (3.1.23) and the U_R(1) charge of Q is (N_f − 2)/N_f.

U_B(1) U_A(1) U_{R0} (1) U_R(1) ϕ +1 +1 0 (N_f − N_c)/N_f ψ +1 +1 −1 −N_c/N_f ~ϕ −1 +1 0 (Nf − Nc)/Nf ~ψ −1 +1 −1 −Nc/Nf λ 0 0 +1 +1

Table 3.1.1: Anomaly-free R-charges of fields.

3.2 Holomorphy of supersymmetric QCD

Supersymmetric gauge theory possesses a powerful property: the superpotential is a holomorphic (or anti-holomorphic) function of chiral superfields Q (or anti-chiral superfields ~Q); Furthermore, the supersymmetric Ward identities determine that some Green functions have a holomorphic dependence on the mass parameter and coupling constant [25, 3], and so does the low energy effective Lagrangian. This property plays a key role in looking for the non-perturbative superpotential [32].

3.2.1 Supersymmetric Ward identity

In supersymmetric theories, the matter fields are described by the chiral superfields. Chiral superfields have the important property that the product of two chiral superfields is still a chiral superfield. Thus, a chiral superfield

Φ(y) = χ(y) + √ 2θ^αΨ_α(y) + θθF (y), (3.2.1)

where y = x + iθσθ, can be thought of as either a fundamental chiral superfield or a composite one, and the same goes for the component fields. Under a supersymmetry transformation the component fields of a chiral superfield transform as follows: a) [ Q^{α̇}, χ ] = 0, b) { Q^{α̇}, Ψ^α(x) } = −i √ 2(σ^μ)^{α̇α}∂_μχ(x), c) [ Q^{α̇}, F (x) ] = i √ 2∂^μΨ_α(x)σ^{αα̇}_μ ,

d) [Q_α, F ] = 0, e) { Q^α, Ψ^β(x) } = √ 2ϵ^{αβ}F (x), f) [Q_α, χ(x)] = √ 2Ψ_α. (3.2.2)

Assuming that there is no spontaneous supersymmetry breaking,

Q^α|0⟩ = 0, Q^{α̇}|0⟩ = 0, (3.2.3)

we can derive strong constraints on Green functions from the Ward identities corresponding to the above supersymmetry transformations. First, we consider Green functions of the lowest components χ_i(x_i) of some chiral superfields Φ_i(x_i), here i = 1, · · ·, n,

G(x_1, · · ·x_n)≡⟨0|T [χ_1(x_1)· · ·χ_n(x_n)] |0⟩. (3.2.4)

From item b) in (3.2.2) and from (3.2.3), we get 0 = i √ 2 ⟨0|T [ χ_1(x_1)· · ·{Q^{α̇}, Ψ^α_i (x_i)}· · ·χ_n(x_n) ] |0⟩

= ⟨0|T [ χ_1(x_1)· · ·(σ^μ)^{α̇α} ∂ ∂x^μ_i χ_i(x_i)· · ·χ_n(x_n) ] |0⟩

= (σ^μ)^{α̇α} ∂ ∂x^μ_i G(x_1, · · ·, x_n). (3.2.5)

Note that when we take the derivative outside the T -product in (3.2.5), the equal time commutator terms arise but all vanish. (3.2.5) means that the Green function of the lowest component of chiral superfield operators is space-time independent. Now we apply this result to supersymmetric QCD.

3.2.2 Holomorphic dependence of supersymmetric QCD

In supersymmetric QCD, the quark superfields Q(x), ~Q(x) and the gauge field strength superfield W_α are chiral superfields. Since the product of two chiral superfields is still a chiral superfield, W_αW^α and Q_{rj} ~Q^{ri} are chiral superfields, where i and j are flavour indices. Their lowest component are, respectively,

g^2 32π^2 λ^{αa}(x)λ^a_α(x)≡ g^2 32π^2 λλ(x), ~ϕ^{ri}(x)ϕ_{rj}(x)≡ ~ϕ^iϕ_j (x). (3.2.6) Note that here and the following i, j = 1, · · ·, N_f denote flavour indices. Considering the Green function of these operators, G^{(p,q)} ≡ G^{(p,q)i1···ip} j1···jp (x1, · · ·, xp, xp+1, · · ·, xp+q) ≡ ⟨0|T [ ~ϕi1 ϕj_1 (x_1)· · ·~ϕip ϕj_p (x) g^2 32π^2 λλ(x_{p+1})· · · g^2 32π^2 λλ(x_{p+q}) ] |0⟩, (3.2.7)

we know from (3.2.5) that G^{(p,q)} is space-time independent. Furthermore, we shall show that G^{(p,q)} depends holomorphically on the mass parameters, that is, it depends only on m_i, but not on m^∗_i , i = 1, · · ·, N_f. The path integral representation of G^{(p,q)} is G^{(p,q)} = ∫ DXΠ^p_{k=1} ~ϕ^{ik} ϕ_{jk} (x_k)Π^q_{l=1} g^2 32π^2 λλ(x_{p+l})e^{−i} ∫_{Leff} , (3.2.8)

where L_{eff} is the gauge-fixed effective Lagrangian of supersymmetric QCD, X is a shorthand for all fields integrated over, including the ghost fields and their superpartners. From Eq. (3.1.6) we see that the coefficient F^∗_j of m^∗_j in the SQCD Lagrangian is the auxiliary field of the composite anti-chiral superfield Q^{†j} ~Q^†_j . Hence m^∗_j ∂ ∂m^∗_j G^{(p,q)} = ∫ DXΠ^p_{k=1} ~ϕ^{ik} ϕ_{jk} (x_k) [ m^∗_j ∫ d^4yF^∗_j ] Π^q_{l=1} g^2 32π^2 λλ(x_{p+l})e^{−i} ∫_{Leff}

= ⟨0|T [ Π^p_{k=1} ~ϕ^{ik} ϕ_{jk} (x_k)Π^q_{l=1} g^2 32π^2 λλ(x_{p+l}) ] m^∗_j ∫ d^4yF^∗_j |0⟩ (3.2.9)

= m^∗_j 2 √ 2 ∫ d^4y⟨0|T [ Π^p_{k=1} ~ϕ^{ik} ϕ_{jk} (x_k)Π^q_{l=1} g^2 32π^2 λλ(x_{p+l}) ] { Q_{α̇}, Ψ^{α̇}_j (y) } |0⟩ = 0, where Ψ_j is the spinor term of Q^{†j} ~Q^†_j and we used item a) and (the conjugate of) item e) in (3.2.2) and also (3.2.3). Thus G^{(p,q)} is holomorphic with respect to the parameters m_j. Moreover, we can compute its explicit dependence on them. Write the complex parameter m_j as m_j = |m_j|e^{iαj} . Then m_j ∂ ∂m_j G^{(p,q)} = ( m_j ∂ ∂m_j − m^∗_j ∂ ∂m^∗_j ) G^{(p,q)} = −i ∂ ∂α_j G^{(p,q)}. (3.2.10)

The m_j-dependence of the Green function G^{(p,q)} is thus given by the dependence on the phase angle of the quark mass of the j-th flavour. This dependence can be determined by defining a U^{(j)}_A (1) transformation, which is non-anomalous and is explicitly broken by the j-th quark mass m_j: λ→e^{−iα/(2Nc)}λ, ( ~ψ^l, ψ_l)→e^{iαδlj/2}( ~ψ^l, ψ_l), ( ~ϕ^l, ϕ_l)→e^{iα(δlj−1/Nc)/2}( ~φ^l, φ_l). (3.2.11) From the process of combining the U_A(1) and U_R(1) symmetries to get the anomaly-free U_R(1) in Subsect. 3.1.2, we know that this is possible. It can easily be checked that this U^{(j)}_A (1) symmetry is indeed anomaly-free. The only terms in the Lagrangian which are not invariant under the transformation (3.2.11) are the quark mass term of the j-th flavour. Performing the transformation of variables (3.2.11) in the path integral (3.2.8) is the equivalent to changing the phase of m_j: m_j −→ m_je^{−iα}. Thus m^j ∂G^{(p,q)} ∂m^j = q^{(j)}G^{(p,q)}, (3.2.12)

where

q^{(j)} = p + q N_c − 1 2 p∑ l=1 (δ_{il,j} + δ_{jl,j}). (3.2.13) Integrating the equations (3.2.12) we find dG G^{(p,q)} = N_f∑ j=1 q^{(j)} dm_j m_j , G^{(p,q)}≡G^{(p,q)i1···ip} j1···jp = C i1···ip j1···jp Π N_f j=1(m_j)^{(p+q)/Nc−} ∑_p l=1(δil,j +δjl,j )/2. (3.2.14) The last equation in (3.2.14) can be expressed as follows, Π^p_{l=1}(m_{il} m_{jl} )^{1/2}G^{(p,q)i1···ip} j1···jp = C i1···ip j1···jp (μ, g)Π N_f j=1(m_j)^{(p+q)/Nc}, (3.2.15)

where after taking into account renormalization effects we have written the integration constant C as depending on the coupling constant g and renormalization scale μ explicitly. We can use dimensional analysis to determine the explicit dependence on μ. Since μ, λ and ϕ ( ~ϕ) have dimensions 1, 3/2 and 1, respectively, so G^{(p,q)} has dimension 2p + 3q. Comparing both sides of (3.2.15), we get C^{i1···ip}_{j1···jp} (μ, g) = C^{i1···ip}_{j1···jp} (g)μ^{(p+q)(3−Nf /Nc)}. (3.2.16)

Furthermore, since the left-hand side of (3.2.15) is the vacuum expectation value of renormalization group invariant operators, its right-hand side should also be expressed in terms of the renormalization group invariant quantities:

Λ = μexp [ − ∫ g dg_′ β(g^′) ] , m_{inv} = mexp [ − ∫ g γ m β(g^′) dg^′ ] . (3.2.17)

Hence (3.2.15) can be rewritten as Π^p_{l=1}(m_{il}m_{jl} )^{1/2}G^{(p,q)i1···ip} j1···jp = (ΛNc,Nf ) (p+q)(3−Nf /Nc) ( Π^{Nf}_{l=1}m_{l inv}

)_(p_+q_)/N_c t^{(p,q)i1···ip} j1···jp , (3.2.18) where t is a dimensionless constant tensor in flavour space, depending only on p, q, the flavour number N_f and colour number N_c.

So far t is undetermined. Since G^{(p,q)} is space-time independent, one can evaluate it in the the limit |x_i −x_j |−→∞ for all i≠j. In this limit, if the vacuum is unique, the clustering condition implies that the Green function factors into a product of the vacuum expectation values of each composite operator. Applying the clustering property to the Green function G^{(p,q)}, we obtain G^{(p,q)i1···ip} j1···jq = ( ⟨ g^2 32π^2 λλ⟩ )q Π^p_{l=1}⟨ ~ϕ^{il} ϕ_{jl} ⟩. (3.2.19)

Taking p = 0, q = 1 in (3.2.18), we have ⟨ g^2 32π^2 λλ⟩ = c_λ(Λ_{Nc,Nf} )^{3−Nf /Nc} [ Π^{Nf}_{l=1}m_{l inv} ]_1/N_c , (3.2.20)

while taking q = 0, p = 1 in (3.2.18), we get [(m_{il}m_{jl} )_{inv}]^{1/2}⟨ ~ϕ^{il} ϕ_{jl} ⟩ = (Λ_{Nc,Nf} )^{3−Nf /Nc} [ Π^{Nf}_{l=1}m_{l inv} ]_1/N_c t^{il}_{jl} . (3.2.21)

Inserting (3.2.19) and (3.2.21) into the left-hand side of (3.2.18) and comparing with the righthand side of (3.2.18), we see that the tensor t^{(p,q)i1,···,ip}_{j1,···,jp} factorizes into a product of tensors t^{il}_{jl} , t^{(p,q)i1···ip} j1···jp = Π p l=1t^{il}_{jl} . (3.2.22)

Usually the vacuum is {U(1)}^{Nf} invariant with U(1) being the rotation group in each flavour space,

Q_i|0⟩ = 0, i = 1, · · ·, N_f. (3.2.23)

The operator ⟨ ~ϕ^iϕ_j⟩ is also {U(1)}^{Nf} invariant and so is t^i_j . Hence t^{il}_{jl} should be proportional to the identity matrix in flavour space,

t^i_j = c_ϕδ^i_j. (3.2.24)

In (3.2.20) and (3.2.24), we have introduced two undetermined coefficients c_λ and c_ϕ. From the Konishi anomaly, which we introduce next, we can see they are in fact identical. First we have to explain this anomaly and then discuss its consequences.

3.2.3 Konishi anomaly The Konishi anomaly is another important characteristic of supersymmetric gauge theory. In operator form, the anomaly equation is [29], 1 2 √ 2 {Q_{α̇}, ψ^{α̇i}(x)ϕ_j(x)} = −m_i ~ϕ^iϕ_j(x) + g^2 32π^2 λλ(x)δ^i_j. (3.2.25)

A naive supersymmetric gauge transformation gives only the first term (see (3.2.2)). The second term on the right-hand side of the above equation is the anomalous term. This anomaly equation can generate a series of anomalous Ward identities when it is inserted into the operators of various Green functions.

To prove this anomaly equation, we first look at the composite operator m ~ϕ^i(x)ϕ_j(x). Similarly to regularizing operator products in a gauge invariant way by point-splitting [72], one can write it in a gauge-invariant non-local operator form. To keep supersymmetry manifest, it is better to work with superfields. Defining O^i_j(x, u, θ, θ) ≡ m ~Q^{ir}(x, θ, θ)U^s_r (x, u, θ, θ)Q_{js}(u, θ, θ), U^s_r (x, u, θ, θ) ≡ P exp ( i 4 ∫ x u dz^μσ^{β̇α}_μ D_{β̇}e^{−V} D_αe^V ) s r , (3.2.26)

where P denotes path ordering. In a supersymmetric gauge choice [27], the superspace component A_{α̇} of the super-gauge potential vanishes, and −1/4σ^{β̇α}_μ D_{β̇}e^{−V} D_αe^V is the usual Yang-Mills field A_μ. One can easily show that O(x, u, θ, θ) is indeed gauge invariant under the super-local gauge transformation, Q→e^{−iΛ}Q, ~Q^T → ~Q^T e^{iΛ}, e^V = e^{−iΛ†} e^V e^{iΛ}, (3.2.27) where Λ(x, θ, θ) is an arbitrary chiral superfield. Correspondingly, σ^{β̇α}_μ D_{β̇}e^{−V} D_αe^V transforms as follows:

σ^{β̇α}_μ D_{β̇}e^{−V} D_αe^V →e^{−iΛ} σ^{β̇α}_μ (D_{β̇}e^{−V} D_αe^V + D_{β̇}D_α)e^{iΛ}. (3.2.28)

Using the fact that

σ^{β̇α}_μ (D_{β̇}D_α)Λ = σ^{β̇α}_μ {D_{β̇}, D_α}Λ = −σ^{β̇α}_μ (2iσ^ν_{αβ̇}∂_ν )Λ = −4i∂_μΛ, (3.2.29)

where the definition of a chiral superfield, DΛ = 0, has been used, one can discard the second term of (3.2.28) in the integration, and thus O(x, u, θ, θ) is gauge invariant. Now we concentrate on the lowest component of the superfield operator O(x, u, θ, θ). In the Wess-Zumino gauge,

σ^{β̇α}_μ D_{β̇}e^{−V} D_αe^V |_{θ=θ=0} = −σ^{β̇α}_μ σ^ν_{αβ̇}A_ν = −2A_μ(x), (3.2.30)

so we have

O^i_j(x, u, θ = θ = 0)|_{WZ gauge} = ~ϕ^{ir}(x) [ P exp ( − i 2 ∫ x u dz^μA_μ(z) )] s r ϕ_{js}(u) ≡ ~ϕ^{ir}(x)U^s_r (x, u)ϕ_{js}(u). (3.2.31)

This is just the ordinary path-ordered integral for gauge invariant non-local operators. We can now define the local product ~ϕ^i(x)ϕ_j(x) as ~ϕi(x)ϕj(x)≡ lim ϵ→0 O^i_j(x + ϵ, x − ϵ, θ = θ = 0)|_{WZ gauge}. (3.2.32)

Using the classical equation of motion ~F^{ir}(x) = −m ~ϕ^{ir}(x), one finds m ~ϕ^i(x)ϕ_j(x) = − lim_{ϵ→0} F^{∗ir}(x + ϵ)U^s_r (x + ϵ, x − ϵ)ϕ_{js}(x − ϵ) = − 1 2 √ 2 lim_{ϵ→0} { Q, ψ^{ir}(x + ϵ) } U^s_r (x + ϵ, x − ϵ)ϕ_{js}(x − ϵ) = − 1 2 √ 2 lim_{ϵ→0} [ {Q, ψ^{ir}(x + ϵ)U^s_r (x + ϵ, x − ϵ)ϕ_{js}(x − ϵ)} − ϵ^μψ^{α̇ir}(x + ϵ)ϵ_{α̇β̇}σ^{β̇α}_μ λ^s_{αr} (x)ϕ_{js}(x − ϵ) ] , (3.2.33)

where we have used the notation λ^s_{αr} = λ^a_α (T^a)^s_r and the supersymmetry transformations

[Q_{α̇}, A^a_μ] = −iϵ_{α̇β̇}σ^{β̇α}_μ λ^a_α(x), [Q_{α̇}, ϕ] = 0. (3.2.34)

It is possible that the second term does not vanish in the limit ϵ→0 since there is a Yukawa interaction vertex iϕ^†λψ/ √ 2 in the Lagrangian (3.1.6), so that ψ(x + ϵ)λ(x)ϕ(x − ϵ) contains a linear singularity ∼ (ϵ^ν /ϵ^2). One can see this from simple dimensional analysis: λ(x) ∫ d^4y⟨T [ψ(y)ψ(x + ϵ)]⟩λ(y)⟨T [ϕ(x − ϵ)ϕ^†(y)]⟩∼λ^2(x)ϵ^4ϵ^{−3}ϵ^{−2}∼λ^2(x)ϵ^{−1}. (3.2.35)

The exact form of the second term of (3.2.33) can be obtained from a simple Feynman diagram calculation in momentum space (see Fig. 3), − i 1 4 g^2ϵ_{α̇β̇}σ^{β̇α}_μ λ^s_{αr} (x)λ^{β r}_s (x) ∫ d_4k (2π)^4 ∂ ∂k^μ [ σ^νk_ν (k^2 − m^2)^2

]_˙α β = g^2 32π^2 λ^a(x)λ^a(x). (3.2.36)

Combining (3.2.36) with (3.2.33), one can see that this gives (3.2.25). It is worth mentioning that the superfield form of (3.2.25) is 1 4 D^2(Q^{†i}e^{gV} Q_j ) = −m_i ~Q^iQ_j + g^2 32π^2

W^αW_αδ^i_j, (3.2.37)

whose lowest component (θ = θ = 0) is just the Konishi anomaly equation. Σ = Q^†e^{gV} Q is called the Konishi supercurrent superfield, which plays an important role in the operator product expansion in 4-dimensional superconformal field theory [47, 48]. If one expands the above superfield equation, one can see that the θ^2 component is just the usual U_A(1) anomalous equation. Hence the Konishi current (the lowest component of the Konishi supercurrent) is the superpartner of the U_A(1) current. In this sense, the existence of the Konishi anomaly is not strange since the anomalies also form a supermultiplet. Later when we discuss the superconformal current multiplet, we shall return to this equation.

Now we see the consequence of the Konishi anomaly equation. Since the supersymmetry is not spontaneously broken for m≠0 [30, 31], the operator anomaly equation implies m_i⟨ ~ϕ^iϕ_i⟩ = ⟨ g^2 32π^2 λλ⟩, ⟨ ~ϕ^iϕ_j⟩ = 0, i≠j. (3.2.38)

Figure 3: Feynman diagram for Konishi anomaly.

Therefore from (3.2.18), (3.2.20), (3.2.21), (3.2.22) and (3.2.24), we have

c_λ = c_ϕ, (3.2.39)

and hence

(m_{il} m_{jl} )^{1/2}_{inv} ⟨ ~ϕ^{il} ϕ_{jl} ⟩ = c_λ 32π^2 (Λ_{Nc,Nf} )^{3−Nf /Nc} ( Π^{Nf}_{l=1}(m_l)_{inv} )_1/N_c δ^{il}_{jl} . (3.2.40)

Thus the Green function G^{(p,q)} can be specified by a single numerical constant c_λ. Once G^{(p,q)} is determined, most of the other Green functions can also be determined through supersymmetric Ward identities.

3.2.4 Decoupling relation

Finally we briefly introduce the decoupling theorem in supersymmetric QCD since it will be widely used in discussing the reasonableness of the non-Abelian electric-magnetic duality [14]. The decoupling theorem is a general result in field theory, it describes the effects of the heavy particles in the low energy theory [73]. In general this theorem states that if, after integrating out the heavy particles, the remaining low energy theory is renormalizable, the effects of the heavy particles appear either as a renormalization of the coupling constants in the theory or are suppressed by powers of the heavy particle masses. In electroweak model, we have some obvious examples such as the decoupling of the heavy W^± and Z, their effects at low energy either renormalize the electric charge or are suppressed. Now we apply this decoupling theorem to supersymmetric QCD. We assume that one flavour, say the N_f -th flavour, becomes heavy, i.e. m_{Nf} ≫Λ. In this large-m_{Nf} limit, ⟨ g^2 32π^2 λλ⟩_{Nc,Nf} = c_λ(N_c, N_f )(Λ_{Nc,Nf} )^{3−Nf /Nc} [ Π^{Nf}_{l=1}(m_l)_{inv} ]_1/N_c

m_{Nf} ≫Λ_{Nc,Nf} −→ c_λ(N_c, N_f − 1)(Λ_{Nc,Nf −1})^{3−(Nf −1)/Nc} [ Π^{Nf −1} l=1 (m_l)_{inv} ]_1/N_c , (3.2.41)

where the explicit flavour number N_f and colour number N_c dependence of c_λ is indicated in order to show the decoupling of the N_f -th heavy flavour. Λ_{Nc,Nf −1} is the renormalization group invariant scale of supersymmetric SU(N_c) QCD with N_f − 1 flavours. We shall see that the effect of the N_f th heavy flavour is reflected in Λ_{Nc,Nf −1}, since the running coupling constant depends on it. At the scale that the decoupling takes place, these two theories should coincide. This means that the coupling constants g_{Nf} (q^2) and g_{Nf −1}(q^2) should be identical at the scale q^2 = m^2_{Nf} ,

g^2_{Nf} (m^2_{Nf} ) = g^2_{Nf −1}(m^2_{Nf} ). (3.2.42)

From the one-loop β-function of N = 1 supersymmetric QCD, β_{Nc,Nf} = − g^2 16π^2

(3N_c − N_f ) = − g^2 16π^2 β_0, (3.2.43)

and the running coupling constant 4π g^2(q^2) = β_0 4π ln q^2 Λ^2

, (3.2.44)

we obtain at q^2 = m^2_{Nf}

(3N_c − N_f ) ln m_{Nf} Λ_{Nc,Nf} = [3N_c − (N_f − 1)] ln m_{Nf} Λ_{Nc,Nf −1} . (3.2.45)

Thus Λ_{Nc,Nf −1} = Λ_{Nc,Nf} ( m_{Nf} Λ_{Nc,Nf} )_1/_{(3}N_{c−}N_{f +1)} . (3.2.46)

Later we shall see that this relation imposes a restrictive constraint on the form of the nonperturbative superpotential. This relation in fact gives a link between the energy scales of theories with different number of flavours.

3.3 Classical moduli space of supersymmetric QCD 3.3.1 Classical moduli space

A field theory, be it classical, quantum or a low energy effective theory, is in general one of a whole family of theories, parametrized by a number of parameters. Especially important for us are the vacuum expectation values of scalar fields, called moduli, which can range over a moduli space.

Lets us illustrate this concept by considering the classical moduli space of a simple theory, the Georgi-Glashow model with gauge group SO(3). The classical action is S = ∫ d^4x [ − 1 4 G^{aμν}G^a_{μν} + 1 2 D^μφ^aD_μφ^a − λ 4 (φ^2 − a^2)^2 ] , (3.3.1) where G^a_{μν} = ∂_μW^a_μ − ∂_ν W^a_μ + gϵ^{abc}W^b_μW^c_μ, the Higgs field ϕ is in the adjoint (vector) representation of gauge group of SO(3), D_μφ^a = ∂_μφ^a + gϵ^{abc}A^b_μϕ^c and φ^2 = ϕ^aφ^a. The classical ground sates are given by W^a_μ = 0 (up to a gauge transformation) and

φ^2 = a^2. (3.3.2)

The classical moduli space is thus the 2-sphere (3.3.2). Each point on this space defines a semiclassical quantum field theory with the chosen point being the expectation value of the Higgs field in the vacuum state of the theory. The (semi)classical dynamics of all these theories are equivalent.

Quantum effects will, in general, change the dependence of the (effective) theory on the moduli, and might even alter the topology of the moduli space. For the Georgi-Glashow model, the structure of the quantum moduli space is not known, but in supersymmetric theories we can often make definite statement about the quantum moduli space.

3.3.2 Classical moduli space of supersymmetric QCD

We now turn to supersymmetric QCD. We first consider the classical moduli space and then turn to the quantum case.

Recall the Lagrangian (3.1.6) of supersymmetric QCD. The scalar potential is^3 V = g^2 2 D^aD^a, D^a = ϕ^{∗r}_Q (T^a)^s_r ϕ_{Qs} − ~ϕ^r~_Q(T^a)^s_r ~ϕ^∗~_{Qs}. (3.3.3)

Since the chiral superfields Q and ~Q have both colour and flavour indices, one can arrange them in the form of an N_c×N_f matrix according to flavour and colour indices:

(Q) =

Q^1 · · · Q^{Nf}_1 . . ... . . Q^1_{Nf} · · · Q^{Nf}_{Nf} . . ... . . Q^1_{Nc} · · · Q^{Nf}_{Nc}

, ( ~Q) =

~Q1 · · · ~QN^f_1 . . ... . . ~Q1 N_f · · · ~QN^f N_f . . ... . . ~Q1 Nc · · · ~Q^{Nf}_{Nc}

. (3.3.4)

Both (Q) and ( ~Q) can be globally rotated in the colour and flavour spaces to make them diagonal since the Lagrangian is globally SU(N_c) and SU(N_f ) invariant. The D-flatness condition D^a = 0 does not lead to ϕ_Q = ϕ ~_Q = 0. This is because, unlike ordinary QCD, supersymmetric QCD is very sensitive to the relative number of flavours N_f and colours N_c. Depending on the numbers of flavour and colour, the restrictions on Q and ~Q posed by the D-flatness conditions are different. In the following we give a detailed analysis of the classical moduli spaces for different ranges of N_f and N_c.

N_f < N_c 3To emphasize that a field is a component of the chiral superfield Q ( ~Q), we add an index Q ( ~Q).

In this case, since the chiral superfield matrix Q and ~Q can be rotated in colour space and flavour space, we can always reduce the matrices Q and ~Q to the following diagonal forms,

(Q) = a_1 0 · · · 0 0 a_2 · · · 0 . . . . ... . . 0 0 · · · a_{Nf} 0 0 · · · 0 . . . . ... . . 0 0 · · · 0

, ( ~Q) =

~a_1 0 · · · 0 0 ~a_2 · · · 0 . . . . ... . . 0 0 · · · ~a_{Nf} 0 0 · · · 0 . . . . ... . . 0 0 · · · 0

,

a_1, · · ·, a_{Nf} ≠0 , ~a_1, · · ·, ~a_{Nf} ≠0. (3.3.5) The D-flatness condition in this case requires

ϕ_Q = ~ϕ^†~_Q, (3.3.6)

whose superfield form is

Q = ~Q. (3.3.7)

If a_i = ~a_i≠0, the gauge symmetry (SU(N_c) symmetry) will be spontaneously broken and the super-Higgs mechanism will occur: some of the chiral superfields will be eaten up and the same number of gauge fields and their partners will become massive.

Now the problem is what kind of quantity describes this D-flat moduli space. From the viewpoint of dynamics, this means how the low energy dynamics is described. According to the idea of the effective field theory [75], a general method to get the low energy effective action is to integrate out the heavy modes (massive fields), the light modes (massless fields) being the quantities describing the low energy dynamics. Therefore, for the case at hand, a SU(N_c) global gauge invariant quantity would be M^i_j≡ Nc∑ r=1 ~QjrQri≡ ~QjQi, i, j = 1, · · ·, Nf . (3.3.8) In the following we give further arguments why this assumption is reasonable.

(3.3.5) and (3.3.7) give

M^i_j = ∑ r a_iδ_{ri}~a_jδ_{rj} = a_i~a_jδ_{ij} = a^2_i δ_{ij} . (3.3.9)

(3.3.9) can be written in the explicit matrix form

(M^i_j) = a^2_1 0 · · · 0 0 a^2 · · · 0 . . . . ... . . 0 0 · · · a^2_{Nf} . (3.3.10)

Furthermore, (3.3.5) and (3.3.6) imply that the gauge symmetry SU(N_c) is broken to SU(N_c − N_f ). The original gauge group has N^2_c − 1 generators and the remaining gauge group has

(N_c−N_f )^2−1 generators, the number of eaten chiral superfields is thus [N^2_c −1]−[(N_c−N_f )^2−1]= 2N_cN_f −N^2_f . This number is also the number of particles becoming massive. After these massive particles have been integrated out, only the massless particles are left. The number of the original matter fields is 2N_f N_c (Q_{ir}, ~Q_{ir}, i = 1, · · ·, N_f, r = 1, · · ·, N_c), so there are 2N_f N_c−(2N_cN_f −N^2_f ) = N^2_f massless particles left. This is exactly the number of degrees of freedom of M^i_j, thus we can use M^i_j to describe the moduli space. Later we shall return to the dynamics. N_f ≥N_c In this case, after an appropriate rotation in flavour space and colour space, the (Q) and ( ~Q) matrix takes the following diagonal form,

(Q) = a_1 0 · · · 0 0 · · · 0 0 a_2 · · · 0 0 · · · 0 . . . . ... . . . . ... . . 0 0 · · · a_{Nc} 0 · · · 0 , ( ~Q) = ~a_1 0 · · · 0 0 · · · 0 0 ~a_2 · · · 0 0 · · · 0 . . . . ... . . . . ... . . 0 0 · · · ~a_{Nc} 0 · · · 0 ,

a_1, · · ·, a_{Nc} ≠0, ~a_1, · · ·, ~a_{Nc} ≠0. (3.3.11) Let us analyze the D-flatness condition,

D^a = N_f∑ i=1 Nc∑ r,s=1 [ϕ^{∗r}_{Qi}(T^a)^s_r ϕ_{Qis} − ~ϕ^r~_{Qi}(T^a)^s_r ϕ^∗~_{Qis}]

= Nc∑ i=1 Nc∑ r,s=1 [ϕ^∗_{ai}δ^r_i (T^{′a})^s_r ϕ_{ai}δ_{is} − ~ϕ~_{ai}δ^r_i (T^{′a})^s_r ~ϕ^∗~_{ai}δ_{is}]

= Nc∑ i=1 [|ϕ_{ai}|^2(T^{′a})^i_i − | ~ϕ~_{ai}|^2(T^{′a})^i_i ] = Nc∑ i=1 (|ϕ_{ai}|^2 − | ~ϕ~_{ai}|^2)(T^{′a})^i_i , (3.3.12)

where ϕ_{ai} ( ~ϕ~_{ai}) is the scalar component of chiral superfield a_i, T^{′a} is the rotated T^a in colour space, T^{′a} = U^†T^aU with U being certain unitary matrix. So the the condition defining a D-flat configuration is

|ϕ_{ai}|^2 − | ~ϕ~_{ai}|^2 = C (constant),

D^a = CTrT^{′a} = CTrT^a = 0, (3.3.13)

where we have used the fact that T^a is the generator of gauge group SU(N_c). Since N_f ≥N_c, the possible gauge invariant chiral superfield operators parameterizing the moduli space are not only the meson-type chiral superfield operators, but also the baryon-type chiral field operators: M^i_j = ~Q_j·Q^i, B^{i1···iNc} = 1 N_c! ϵ^{r1···rNc} Q^{i1}_{r1} · · ·Q^{iNc}r_{Nc} = Q^{[i1} · · ·Q^{iNc ]}, ~Bj1^{···}jNc = 1 N_c! ϵ^{s1···sNc} ~Q^{j1}_{s1} · · · ~Q^{jNc}s_{Nc} = ~Q^{[j1} · · · ~Q^{jNc ]}, (3.3.14) where i_k, j_k = 1, · · ·, N_f are flavour indices and r_p, s_p = 1, · · ·, N_c are colour indices. Since the flavour indices in the baryons are antisymmetric, the number of B^{i1···iNc} (or ~B^{i1···iNc} ) fields is C^{Nc}_{Nf} = N_f !

N_c!(N_f − N_c)!

. (3.3.15)

We shall see that not all of M, B and ~B can be independently used to label the moduli space, there are additional constraints imposed on them. We first consider two simple cases.

a. N_f = N_c

Since now the SU(N_c) gauge symmetry is completely broken, the number of the eaten particles (also the number of particles becoming massive) is N^2_c − 1= N^2_f − 1. The original number of chiral superfields is 2N_f N_c = 2N^2_f , so the dimension of moduli space is 2N^2_f −(N^2_f −1) = N^2_f + 1 = N^2_c + 1. However, from (3.3.14), the number of mesons and baryons is N^2_f + 2, so they are not independent in parameterizing the moduli space. From the definitions of these mesons and baryons, one can easily see that they satisfy the constraint

detM = B ~B. (3.3.16)

This equation is obvious from the the diagonal form (3.3.11), since N_f = N_c, B ( ~B) has only one nonvanishing component, M = ~q^T q, M^i_j = ∑ r ~aiδiraj δrj = ~aiajδij, det M = Π^{Nf}_{i=1}~a_ia_i = ~a_1a_1· · ·~a_{Nc} a_{Nc} , B = a_1· · ·a_{Nc} , ~B = ~a_1· · ·~a_{Nc} . (3.3.17)

We shall see that at the quantum level, the constraint (3.3.16) will be modified owing to the non-perturbative quantum correction coming from instantons.

b. N_f = N_c + 1

In this case, like in N_f = N_c, the SU(N_c) gauge symmetry is also completely broken. From (3.3.11), the number of the eaten superfields is N^2_c − 1= (N_f − 1)^2 − 1, the number of the original chiral superfields is still 2N_f N_c = 2N_f (N_f − 1), so the number of massless particles is 2N_f (N_f − 1) − [(N_f − 1)^2 − 1] = N^2_f . However, the number of parameters describing the moduli space is N^2_f + 2C^{Nf −1}_{Nf} = N^2_f + 2N_f , so 2N_f chiral variables in M, B and ~B are redundant. However, one can exactly find 2N_f constraints to remove them. First we write the baryon operators in (3.3.14) in their Hodge dual form B_{iNc+1iNc+2···iNf} ≡ 1 (N_f − N_c)! ϵ_{i1···iNc iNc+1···iNf} B^{iN1 ···iNc} , ~B i_{Nc}+1i_{Nc}+2···i_{Nf} ≡ 1 (N_f − N_c)! ϵ^{i1···iNc iNc+1···iNf} B_{iN1 ···iNc} . (3.3.18)

For the case at hand N_f = N_c +1, the baryon operators are B_i ( ~B_i). With the definition (3.3.18), one can easily find that they satisfy the constraints B_iM^i_j = 0, M^i_j ~B^j = 0, ~M^i_j = B_j ~B^i, (3.3.19) where ~M is the matrix whose elements are defined as (−1)^{i+j}× the determinant of the matrix obtained from M by deleting the i-th row and the j-th column. (3.3.19) can be written in the following explicit form: 1 N_c! ϵ^{i1···iNc i}ϵ_{j1···jNc j}M^{j1}_{i1} · · ·M^{jNc}_{iNc} = B_j ~B^i. (3.3.20) The constraint equations can be checked easily, B_iM^i_j = 1 N_c! (ϵ_{ii1···iNc} ϵ^{r1···rNc} Q^{i1}_{r1} · · ·Q^{iNc}r_{Nc} Q^i_r) ~Q^r_j = 0. (3.3.21) Using the fact that M^i_k ~M^k_j = det Mδ^i_j, ~M^i_j = det M(M^{−1})^i_j, (3.3.22) we can formally write (3.3.19) in the following form: det M(M^{−1})^i_j = B^i ~B_j. (3.3.23) Note that since in this case det M = 0, (3.3.23) is only a formal expression and the true meaning is given by (3.3.19).

Finally, we consider the special case, N_c = 2. In the classical direction, due to the general relation (3.3.13), the matrix from of the quark superfield is (Q) = ( a 0 · · · 0 · · · 0 0 a · · · 0 · · · 0 ) . (3.3.24) The classical moduli space is parameterized by the gauge invariant V^{ij} = ϵ^{rs}Q^i_rQ^j_s = Q^i·Q^j, V^{ij} = −V^{ji} (3.3.25) but subject to the constraint ϵ_{i1···iNf} V^{i1i2} V^{i3i4} = 0, (3.3.26) since in the flat directions only V^{12} = −V^{21} = a^2≠0. For non-zero V , the gauge symmetry is completely broken. Furthermore, since V^{ij} are relevant to the quark mass terms of the fundamental theory and V^{12} = −V^{21} ≠0 implies that two flavours get equal mass, the global symmetry (3.1.23) is broken to SU(2)×SU(2N_f − 2)×U_R(1). (3.3.27)

3.4 Quantum moduli space and low energy non-perturbative dynamics In the previous section we have discussed various classical moduli spaces parametrized by classical composite fields — mesons and baryons. In some cases these composite field should satisfy some constraints. At the quantum level, the moduli space will be parametrized by the vacuum expectation values of the corresponding composite operators. The constraints may be changed due to possible non-perturbative quantum corrections. The quantum moduli space may differ from the classical one and hence the corresponding physical consequences may also change. To see the quantum effects on the moduli space, it is necessary to investigate the non-perturbative low energy dynamics. Since the moduli spaces vary with the relative numbers of colours and flavours, we shall discuss them according to different ranges of the numbers of flavour and colour.

3.4.1 N_f < N_c: Erasing of vacua

Consider the non-perturbative dynamics for this case. Recall that the global symmetry of supersymmetric QCD at the quantum level is SU_L(N_f )×SU_R(N_f )×U_B(1)×U_R(1). The dynamically generated superpotential should respect this symmetry. Under the chiral symmetry SU_L(N_f)×SU_R(N_f ), ~Q∼(0, N_f ) and Q∼(N_f , 0), M^i_j∼(N_f , N_f ), and the simplest invariant under SU_L(N_f )×SU_R(N_f ) is the determinant det M. Let us determine the quantum numbers of det M under the U(1) transformations. Since the U(1) quantum numbers are additive, Table 3.1.1 gives

B(M^i_j ) = B(Q) + B( ~Q) = 0, R(M^i_j) = R(Q) + R( ~Q) = N_f − N_c N_f , B(det M) = 0, R(det M) = 2N_f N_f − N_c N_f = 2(N_f − N_c). (3.4.1)

To construct the superpotential, we need another quantity with mass dimension. The natural choice is the non-perturbative dynamical scale Λ. It is SU_L(N_f )×SU_R(N_f ) invariant, and its transformation under the U(1) symmetries is related to the vacuum angle θ. We can argue this from the perturbative viewpoint despite the fact that Λ is a non-perturbative energy scale. The running gauge coupling in perturbative QCD is

g^2(q^2) = g^2(q^2_0) 1 + g^2/(16π^2)β_0 ln(q^2/q^2_0) , 4π g^2(q^2) = 4π g^2(q^2_0) [ 1 + g^2(q^2_0) 16π^2 β_0 ln q^2_0 q^2 ] ,

= 4π g^2(q^2_0) + β_0 2π ln q_0 q ≡ β_0 2π ln q Λ_{pert}

, (3.4.2)

where β_0 is the coefficient of one-loop β-function and Λ_{pert} is the perturbative energy scale. As a result,

8π^2 g^2(q^2)

= ln ( q Λ_{pert} )β_0 , Λ_{pert}^{β0} = q^{β0} e^{−8π2/[g2(q2)]}. (3.4.3)

For the non-perturbative scale Λ, the θ parameter will arise since it is associated with the complex coupling constant (3.1.3)

Λ^{β0} = q^{β0} e^{−8π2/[g2(q2)]+iθ} = q^{β0} e^{2πi[(4πi/g2)+θ/(2π)]}≡q^{β0} e^{2πiτ} . (3.4.4)

U_B(1) U_A(1) U_{R0} (1) U_R(1) det M 0 2N_f 0 2(N_f − N_c) Λ^{β0} 0 2N_f 2(N_c − N_f ) 0

Table 3.4.1: Quantum numbers of det M and Λ^{β0} .

Thus Λ^{β0} should transform as e^{iθ} under the U(1) transformations. Note that the non-perturbative scale Λ is a complex parameter. For clarity the quantum numbers of det M and Λ^{β0} are listed in Table 3.4.1.

Since the low energy superpotential must be a holomorphic function of Q and ~Q (i.e. det M, not Q or ~Q) and the scale parameter Λ, it should also be SU_L(N_f )×SU_R(N_f)×U_B(1) invariant. Its R charge is 2 since the superpotential is the F -term of the effective action

W_{eff} ∼ ∫ d^4x ∫ d^2θW_{eff} . (3.4.5)

Thus this superpotential must be composed only of det M and Λ. In addition, from (3.4.5) the mass dimension of W_{eff} should be 3 owing to the mass dimensions - [θ^{−1}] = [dθ] = 1/2. Since the dimension of Λ is [Λ] = 1, the coefficient of one-loop beta function in N = 1 supersymmetric QCD is β_0 = 3N_c − N_f , [M^i_j] = 2, [det M] = 2N_f , the R-charge-R(θ) = R(dθ) = −1, the only possible combination with R = 2 and mass dimension 3 should be

W_{eff} = C(N_c, N_f ) ( Λ^{β0} det M

)_1/_(N_{c−}N_{f )} , (3.4.6)

where C(N_c, N_f ) is a dimensionless constant depending only on N_f and N_c, and the factor 1/(N_c − N_f ) comes purely from dimensional analysis. The superpotential (3.4.6) is called the Affleck-Dine-Seiberg (ADS) superpotential [32]. Owing to the famous nonrenormalization theorem in supersymmetric theory, this superpotential cannot be generated from perturbative quantum corrections. However, the non-renormalization theorem only concerns at perturbation theory and imposes no restrictions on non-perturbative quantum corrections. Thus this superpotential can only possibly come from instanton contributions and the constant C can be determined from a one-instanton calculation.

The superpotential can be further determined by considering various limiting cases. First, we consider the case that the expectation value of the N_f -th flavour ⟨Q_{Nf} ⟩= ⟨ ~Q_{Nf} ⟩ = a_f becomes very large. Using the diagonal form (3.3.5) and the fact that det M is a rotational invariant, as well as the D-flatness condition (3.3.7), we have ~QiQj = Nc∑ r=1 ~QirQrj = Nc∑ r=1 ~aiδiraj δrj = N_f∑ r=1 ~aiδiraj δrj = a^2i δ ji , det M = det ~Q·Q = a^2_1· · ·a^2_{Nf −1}a^2_{Nf} = det ~Q^′·Q^′a^2_{Nf} , (3.4.7)

where Q^′ or ( ~Q^′) only contains N_f − 1 flavours. At an energy scale less than a_{Nf} , the N_f − 1 flavours can be thought as the light flavours since a_{Nf} is very big. Compared with a_{Nf} , a_i, i = 1, · · ·, N_f − 1, can be regarded as approximately zero on this energy scale. Due to the super-Higgs mechanism, the SU(N_c) gauge theory with N_f flavours is broken to SU(N_c − 1) supersymmetric QCD with N_f − 1 flavours. According to (3.4.2), at the energy q > a_{Nf} the running coupling is 4π g^2(q^2) = 3N_c − N_f 2π ln q Λ , (3.4.8)

while at the energy scale q < a_{Nf} , the running coupling is 4π g^2(q^2) = 3(N_c − 1) − (N_f − 1) 2π ln q Λ_L

, (3.4.9)

since now the theory becomes supersymmetric QCD with gauge group SU(N_c − 1) and N_f − 1 flavours, the N_f th heavy flavour having been integrated out. At the energy q^2 = a^2_{Nf} , the running coupling constants should match, 4π g^2(a^2_{Nf} ) = 3N_c − N_f 2π ln a_{Nf} Λ = 3(N_c − 1) − (N_f − 1) 2π ln a_{Nf} Λ_L

. (3.4.10)

Thus one can obtain the relation between the energy scales, Λ^{3(Nc−1)−(Nf −1)} L = Λ^{3Nc−Nf} a^2_{Nf} . (3.4.11)

Requiring that the ADS potentials should coincide at q = a_f , we have from (3.4.6), (3.4.7) and (3.4.11),

C(N_c, N_f) Λ^3 Nc−N_f det ~Q^′·Q^′a^2_{Nf} 1/(Nc−Nf ) = C(N_c − 1, N_f − 1)

× Λ 3(Nc−1)−(Nf −1) L det ~Q^′·Q^′ 1/(Nc−Nf ) . (3.4.12)

This implies

C(N_c, N_f ) = C(N_c − 1, N_f − 1) = C(N_c − N_f ). (3.4.13)

i.e. C(N_c, N_f) should only be a function of N_c − N_f .

Further, the explicit form of C(N_c − N_f ) can be determined from another limit: giving Q_{Nf} and ~Q_{Nf} a large mass by adding a mass term (only the holomorphic part) to the superpotential at tree level,

W_{tree} = mM^{Nf}_{Nf} = mQ^{Nf} · ~Q_{Nf} . (3.4.14)

Similarly to the previous case, consider the energy scale m. When the energy q > m, the theory is a SU(N_c) supersymmetric QCD with N_f flavours and the running coupling constant is (3.4.8).

When the energy q < m, the theory is SU(N_c − 1) supersymmetric QCD with N_f flavours. The running coupling constant is now 4π g^2(q^2) = 3(N_c − 1) − N_f 2π ln q Λ_L

. (3.4.15)

Matching the coupling constants at q = m gives 4π g^2(m^2) = 3N_c − N_f 2π ln m Λ = 3(N_c − 1) − N_f 2π ln m ~ΛL . (3.4.16)

Hence we obtain

~Λ^3N^{c−(}N^{f −1)} L = mΛ^{3Nc−Nf} . (3.4.17)

Now with the mass term mM^{Nf}_{Nf} for the N_f -th flavour, at the energy q > m, the superpotential is W_{eff} = C(N_c − N_f ) ( Λ^{β0} det M

)_1/_(N_{c−}N_{f )} + mM^{Nf}_{Nf} . (3.4.18)

As we know, the F -term associated with the superpotential is given by F = ∂W ∂ϕ_O , (3.4.19)

where ϕ_O is the lowest component of an elementary or composite chiral superfield O. Since the form of the superpotential in terms of chiral superfield is the same as that of its lowest component, in the following we shall discuss the F -flatness condition of the corresponding chiral superfield to manifest supersymmetry. Unbroken supersymmetry requires that the F -term must vanish (i.e. F -flatness). The F -flatness conditions for M_{Nf i} and M_{iNf} , ∂W_{eff}/∂M_{Nf i} = 0 and ∂W_{eff} /∂M_{iNf} = 0, lead to

M_{Nf i} = 0, M_{iNf} = 0, (3.4.20)

where we have used that for a matrix M^4

TrM^{−1}δM = δ ln det M = 1 det M δ det M, ∂ det M ∂M^i_j = det M M^{j −1}_i . (3.4.21)

The meson operator hence takes the following form: M = ( ~ M 0 0 M^{Nf}_{Nf} ) , det M = det ~MM^{Nf}_{Nf} . (3.4.22)

4This formula can be derived as follows:

δ ln det M = ln det(M + δM) − ln det M = ln det(M + δM) det M = ln det(1 + M^{−1}δM)∼ ln(1 + TrM^{−1}δM)∼TrM^{−1}δM.

As a consequence, the superpotential (3.4.18) becomes

W_{eff} = C(N_c − N_f ) ( Λ^{β0} det M

)_1/_(N_{c−}N_{f )} + mM^{Nf}_{Nf}

= C(N_c − N_f ) ( Λ^{β0} det ~M )_1/_(N_{c−}N_{f )} (M^{Nf}_{Nf} )^{−1/(Nc−Nf )} + mM^{Nf}_{Nf} . (3.4.23)

The F -flatness condition for M^{Nf}_{Nf} , ∂W ∂M^{Nf}_{Nf} = C(N_c − N_f ) N_c − N_f ( Λ^{β0} det ~M )_1/_(N_{c−}N_{f )} (M^{Nf}_{Nf} )^{−[1+1/(Nc−Nf )]} + m = 0, (3.4.24)

gives M^{Nf}_{Nf} = [ m(N_c − N_f ) C(N_c − N_f )

]_{−(}N_{c−}N_{f )}/_{(1+}N_{c−}N_{f )} ( Λ^{β0} det ~M )_1/_{(1+}N_{c−}N_{f )} . (3.4.25)

Inserting this expectation value into the superpotential (3.4.23), we get

W_{eff} = C(N_c − N_f ) [ m(N_c − N_f ) C(N_c − N_f )

]_1/_{(1+}N_{c−}N_{f )} [ Λ^{β0} det ~M ]_1/_{(1+}N_{c−}N_{f )}

+ m [ m(N_c − N_f ) C(N_c − N_f )

]_{−(}N_{c−}N_{f )}/_{(1+}N_{c−}N_{f )} ( Λ^{β0} det ~M )_1/_{(1+}N_{c−}N_{f )}

= [ mΛ^{β0} det ~M ]_1/_{(1+}N_{c−}N_{f )} [ C(N_c − N_f ) N_c − N_f ]_(N_{c−}N_{f )}/_{(1+}N_{c−}N_{f )} (1 + N_c − N_f ) .(3.4.26)

Using (3.4.17), we can write the superpotential as follows,

W_{eff} = Λ ~β_0 L det ~M 1/[Nc−(Nf −1)] [ C(N_c − N_f ) N_c − N_f ]_(N_{c−}N_{f )}/_[N_{c−(}N_{f −1)]} [N_c − (N_f − 1)] , (3.4.27)

where ~β_0 = 3N_c−(N_f −1) is the one-loop beta function coefficient of SU(N_c−1) supersymmetric QCD with N_f flavours. Recalling that when m becomes big, the theory will become an SU(N_c) theory with N_f − 1 flavours. Requiring that (3.4.27) leads to the correct superpotential in the low energy theory (q < m), we must have

C(N_c − N_f ) = (N_c − N_f )C^{1/(Nc−Nf )}, (3.4.28)

with C being a universal constant. Hence we get a more transparent form of the superpotential

W_{eff} = (N_c − N_f )C^{1/(Nc−Nf )} ( Λ^{3Nc−Nf} det ~Q·Q )_1/_(N_{c−}N_{f )} . (3.4.29)

The universal constant C can be determined by a concrete instanton calculation. Here we only cite the result of Ref. [80]. For N_f = N_c − 1, the superpotential (3.4.29) is proportional to the one-instanton action and thus the constant C can be exactly computed in a one-instanton background. In particular, in this case the gauge group SU(N_c) is completely broken since det M≠0. There is no infrared divergence and the instanton calculation is reliable. Ref. [80] has presented a detailed calculation in the dimensional regularization method and in the modified minimal subtraction scheme, and the result shows that C = 1. Thus, for the case of N_f < N_c we finally obtain the exact ADS superpotential,

W_{eff} = (N_c − N_f ) ( Λ^{3Nc−Nf} det ~Q·Q )_1/_(N_{c−}N_{f )} . (3.4.30)

Note that this superpotential is the Wilsonian effective potential due to the scale Λ [81]. For the case N_f < N_c − 1, this superpotential is associated with the the gaugino condensate of the unbroken SU(N_c − N_f ) gauge group.

For N_c = 2, the meson matrix V is a 2N_f ×2N_f antisymmetric matrix, det V is not the simplest gauge and global invariant to constitute the superpotential, since it can be written as the square of a simpler invariant, the Pfaffian of V ,

PfV = √ det V = 1 2^{Nf} N_f ! ∑ P ϵ_P V_{i1i2} V_{i3i4} · · ·V_{i2Nf −1i2Nf} , (3.4.31) where P denotes the permutation {i_1, · · ·, i_{2Nf} } and ϵ_P the signature of P . A similar procedure to the derivation of (3.4.30) yields the dynamical superpotential of the SU(2) case,

W_{eff} = (2 − N_f ) ( Λ^{6−Nf} PfV )_1/_{(2−}N_{f )} . (3.4.32)

Let us see what are the physical consequences of the dynamical superpotential (3.4.30). As we know, the relation between the usual potential and the superpotential is V = |F_{Qir}|^2 = | ∂W_{eff} ∂ϕ_{Qir} |^2,

F_{ir} = ∂W_{eff} ∂Q_{ir} = (N_c − N_f ) ( Λ^{3Nc−Nf} det ~Q·Q )_1/_(N_{c−}N_{f )−1} det ~Q·QTr [ ( ~Q·Q)^{−1} ∂ ∂Q_{ir} ~Q·Q ]

= (N_c − N_f ) ( Λ^{3Nc−Nf} )_1/_(N_{c−}N_{f )−1} ( 1 det ~Q·Q )_1/_(N_{c−}N_{f )} Q^{−1}_{ir}

∼ 1 Q ( 1 det ~Q·Q )_1/_(N_{c−}N_{f )} , (3.4.33)

where (3.4.21) was employed again. (3.4.33) shows that the dynamically generated superpotential leads to a squark potential, which tends to zero only when det M→∞. Therefore, the quantum theory does not have a stable ground state. In classical theory we have a vacuum configuration, but at the quantum level no vacuum state exists!

Finally, we consider the massive case. The mass term is one part of the tree-level superpotential,

W_{tree} = Trm·M = m^j_iM^i_j. (3.4.34)

In the weak coupling and small mass limit, the full superpotential is

W_{full} = W_{eff} + W_{tree} = (N_c − N_f ) ( Λ^{3Nc−Nf} det ~Q·Q )_1/_(N_{c−}N_{f )}

+ m^j_iM^i_j. (3.4.35)

The vacua are still labeled by M≡⟨M⟩, which is determined by the F -flatness condition

∂W_{full} ∂M^i_j |_M = ( Λ^{3Nc−Nf} det M

)_1/_(N_{c−}N_{f )−1} Λ^{3Nc−Nf} ∂ ∂M^i_j 1 det M

+ m^j_i

= − ( Λ^{3Nc−Nf} det M

)_1/_(N_{c−}N_{f )} (M^{−1})^j_i + m^j_i = 0. (3.4.36)

This gives

m^i_j = ( Λ^{3Nc−Nf} det M

)_1/_(N_{c−}N_{f )} (M^{−1})^i_j,

det m = ( Λ^{3Nc−Nf} det M )N_f /_(N_{c−}N_{f )} 1 det M = (Λ^{3Nc−Nf} )^{Nf /(Nc−Nf )} ( 1 det M )N_c/_(N_{c−}N_{f )} , 1 det M = (det m)^{(Nc−Nf )/Nc} (Λ^{3Nc−Nf} )^{−Nf /Nc} . (3.4.37) Taking 1/ det M back into (3.4.36), we get

m^i_j = ( Λ^{3Nc−Nf} det M )_1/N_c (M^{−1})^i_j,

M^i_j = [ (det m) Λ^{3Nc−Nf} ]_1/N_c (m^{−1})^i_j. (3.4.38)

When N_c = 2, the quark mass term is w_{tree} = m_{ij}V^{ji}, and a similar calculation gives

V^{ij} = Λ^{(6−Nf )/2} (Pf m)^{1/2} ( m^{−1} )ij . (3.4.39)

Now we consider the case q < m^i_j. This means that the matter fields get very big masses and hence will decouple. The theory will become an SU(N_c) Yang-Mills theory. (3.4.35) and (3.4.37) give the full superpotential of this case,

W (m)_{eff} = (N_c − N_f ) [ Λ^{3Nc−Nf} det m ]_1/N_c + N_f [ (det m) Λ^{3Nc−Nf} ]_1/N_c

= N_c [ (det m) Λ^{3Nc−Nf} ]_1/N_c = N_cΛ^3_L, (3.4.40) where Λ^3_L = (det mΛ^{3Nc−Nf} )^{1/Nc} is the energy scale of the low energy SU(N_c) Yang-Mills theory, a many-flavour generalization of (3.4.17). Comparing with (3.2.41), one can see that the superpotential is generated by gaugino condensation in the low energy SU(N_c) Yang-Mills theory. Thus in the case that N_f < N_c − 1, the superpotential is associated with gaugino condensation, while when N_f = N_c − 1, the superpotential arises from instanton contributions.

Furthermore, we can show that in the massive case, the Wilsonian effective superpotential (3.4.30) is the same as the 1PI effective superpotential. Let us first explain the definition of 1PI effective superpotential in a general supersymmetric theory.

Consider a supersymmetric theory with the tree-level superpotential

W_{tree} = ∑ i J_iX^i. (3.4.41)

X^i can be fundamental or composite superfields or their gauge invariant polynomials. (3.4.41) is similar to the source terms in the usual functional integration with J_i being the background external sources. The generating functional is

Z[J_i] = e^{iG[Ji]} = ∫ D[f(X_i)]exp ( iS + i ∫ d^4x ∫ d^2θ ∑ i J_iX^i ) ,

G[J] = · · · + ∫ d^4x ∫ d^2θW (J)≡· · · + W [J]. (3.4.42)

G[J] is the generating functional of connected Green functions. Here we only write out its part related with the quantum superpotential. Correspondingly, W (J) is the connected superpotential. Using the expectation value calculated from W (J) δW (J) δJ_i = ⟨X^i⟩≡ ~X_i, (3.4.43)

If the omitted part (· · ·) is independent of J_i, ~X_i is the usual vacuum expectation value in the presence of the external sources J_i, ~Xi = δG(J) δJ_i = ∫ D[f(X_i)]X_i exp ( iS + i ∫ d^4x ∫ d^2θ ∑ i J_iX^i ) . (3.4.44)

Performing a Legendre transformation, we can get the 1PI effective action for ~X_i:

Γ_{dyn}( ~X^i) = [ G(J) − ∫ d^4x ∫ d^2θ ∑ i J_i ~X^i ] J_i = [ · · · + ∫ d^4x ∫ d^2θ ( W (J) − ∑ i J_i ~X^i )] J_i , (3.4.45)

where J_i are solutions to (3.4.43). Correspondingly, the dynamical superpotential part is

W_{dyn}( ~X) = [∫ d^4x ∫ d^2θ ( W (J) − ∑ i J_i ~X^i )] J_i , (3.4.46) and obviously, W (J_i) can be obtained from W_{dyn}(X^i) by the inverse Legendre transformation,

W (J_i) = W_{dyn}( ~X^i) + ∫ d^4x ∫ d^2θ ∑ i J_i ~X^i, (3.4.47)

where ~X^i is the expectation value of the operator X^i satisfying the following equation,

∂W_{dyn} ∂ ~X_i + J_i = 0. (3.4.48)

The 1PI effective potential is defined as

W_{eff} ( ~X, J) = W_{dyn}( ~X^i) + ∫ d^4x ∫ d^2θ ∑ i J_i ~X^i. (3.4.49)

This procedure is similar to the calculation of effective potential [55, 57]. For the case at hand, X = M^i_j, J = m^j_i. From (3.4.38) and (3.4.40), we obtain

∂W_{eff} (m) ∂m^i_j = [ (det m) Λ^{3Nc−Nf} ]_1/N_{c−1} Λ^{3Nc−Nf} ∂(det m) ∂m^i_j = [ (det m) Λ^{3Nc−Nf} ]_1/N_c (m^{−1})^j_i = ⟨M⟩^j_i. (3.4.50)

With the definition (3.4.46), using (3.4.50), (3.4.40) and the second equation in (3.4.37), we have

W_{dyn}(M) = N_cΛ^3_L − M^i_jm^j_i = N_cΛ^3_L − (det mΛ^{3Nc−Nf} )^{1/Nc}(m^{−1})^i_j m^j_i

= (N_c − N_f ) [ (det m) Λ^{3Nc−Nf} ]_1/N_c

= (N_c − N_f ) ( Λ^{3Nc−Nf} det M )N_f /_(N_{c−}N_{f )} Λ^{3Nc−Nf} det M 1/Nc

= (N_c − N_f ) ( Λ^{3Nc−Nf} det M

)_1/_(N_{c−}N_{f )} . (3.4.51)

Comparing (3.4.51) with the ADS superpotential (3.4.30), which is a Wilsonian effective superpotential, we can see they are identical. Therefore, in the massive case, the 1PI effective superpotential is the same as the Wilsonian effective superpotential.

3.4.2 N_f = N_c: Confinement with chiral symmetry breaking or baryon number violation

We have seen that in the case N_f < N_c, the non-perturbative superpotential lifts the vacuum degeneracy. All the classical vacua disappear. What the situation for N_f ≥N_c? We shall see that in this case no non-perturbative superpotential can be generated dynamically and hence the vacuum degeneracy remains. The reasons are as follows:

For the case N_f = N_c, Table 3.1.1 shows that the R-charges of the chiral superfield Q( ~Q) and of Λ^{β0} = Λ^{2Nf} both vanish. However, the superpotential should have R-charge 2, since it is an F -term. Thus in this case it is not possible to construct a superpotential.

For the case N_f > N_c, considering only the R-charge and dimensionality, we could have a dynamically generated superpotential W ∝ ( Λ^{3Nc−Nf} det M

)_1/_(N_{c−}N_{f )} . However, since N_c − N_f < 0, Λ^{3Nc−Nf} will be in the denominator of the superpotential, and this can not match the expression generated by instantons. It is known that the contribution from instantons is proportional to Λ^{3Nc−Nf} [80]; it is not possible to have a superpotential of the form Λ^{−(3Nc−Nf )}. In particular, when N_f > N_c, from the previous diagonal form, det M = 0, no non-perturbative superpotential can be generated and the D-flatness still remains.

However, for N_f ≥N_c, some more interesting phenomena will arise. First, we see that in the case N_f = N_c, although the vacuum degeneracy can not be lifted, owing to non-perturbative quantum effects, the quantum moduli space will be different from the classical one. This is reflected in the change of the constraint,

det M − ~BB = Λ^{2Nc};

PfV = Λ^4 for N_c = 2. (3.4.52)

The above constraints must be manifested in the low energy effective Lagrangian. One natural way is to introduce a Lagrange multiplier field X to add the following superpotentials to the effective Lagrangian,

W_{eff} = X ( det M − ~BB − Λ^{2Nc} ) ; W_{eff} = X ( PfV − Λ^4 ) for N_c = 2. (3.4.53)

The reasonableness of the modified constraint (3.4.52) can be argued as follows. We first consider a superpotential at tree level by adding a large mass term for the N_f th flavour,

W_{tree} = mM^{Nf}_{Nf} . (3.4.54)

Since for N_f = N_c, no dynamical superpotential is generated, this tree level superpotential should be the full superpotential. At the energy q < m, after integrating out the N_f -th flavour, the theory is an SU(N_f) gauge theory with N_f −1 flavours. A dynamical effective superpotential (3.4.30) is generated by instanton contributions,

W_{eff} = Λ^{3Nc−(Nf −1)} L det ~M = mΛ^{2Nc} det ~M , (3.4.55)

where we have used (3.4.17) and ~M gets contributions from the N_f − 1 light flavours. The F -flatness conditions ∂W_{eff} /∂M_{iNf} = ∂W_{eff} /∂ ~M_{iNf} = 0 (i < N_f ) lead to

M^{Nf}_i = M^i_{Nf} = 0, M = ( ~M 0 0 M^{Nf}_{Nf} ) . (3.4.56)

This gives

det M = det ~MM^{Nf}_{Nf} , M^{Nf}_{Nf} = det M det ~M . (3.4.57)

Inserting (3.4.57) back into (3.4.54), we obtain

W_{eff} = m det M det ~M . (3.4.58)

Comparing (3.4.58) with (3.4.55), one can see that only by choosing det M = Λ^{2Nc}, can one get the low energy effective superpotential. This is the case for ⟨ ~BB⟩ = 0. In the case that ⟨ ~BB⟩≠0, it can also be proved that (3.4.52) is satisfied [84]. Since the right-hand side of (3.4.52) is proportional to the one-instanton action [32], the quantum modification of the classical constraint must arise from the one-instanton contribution.

The quantum constraint (3.4.52) has important physical consequences. The singular point B = ~B = M = 0 (M = 0 means that the eigenvalues of M vanish) has been eliminated by quantum effects through the generation of a mass gap since the point B = ~B = M = 0 does not satisfy the constraint. A vivid explanation was given by Intriligator and Seiberg by considering a two-dimensional surface defined by XY = μ in three-dimensional space [16]. If XY = 0, then either X = 0 or Y = 0, and the surface is X-plane or Y -plane. If μ≠0, these two cones are smoothed out to a hyperboloid, and the origin is expelled from the surface. So the only massless particles are the moduli, the quantum fluctuations of M, B, ~B satisfying the constraint. In geometric language, they are the tangent vectors of the surface determined by the constraint (3.4.52) in (composite) chiral superfield space. In the region of large M, ~B and B, the gauge symmetry is spontaneously broken and the the theory is in the Higgs phase. In the region of small M, ~B and B (near the origin), the theory is in the confinement phase due to the quantum constraint (3.4.52). In particular, the anomaly-free global symmetry SU_L(N_f)×SU_R(N_f )×U_B(1)×U_R(1) is broken since now the origin B = ~B = M = 0 is not on the quantum moduli space. Different points on the quantum moduli space exhibit different dynamical pictures. In the following we shall consider two typical points in the quantum moduli space:

1. M^i_j = Λ^2δ^i_j , B = ~B = 0^5: Confinement and chiral symmetry breaking

Obviously, this point lies in the quantum moduli space. In this case a quark condensation occurs since M^i_j = Λ^2δ^i_j≠0, so the chiral symmetry SU_L(N_f )×SU_R(N_f ) is spontaneously broken to the diagonal SU_V (N_f ). However, the U_B(1)×U_R(1) symmetry still remains. Thus the breaking pattern is

SU_L(N_f )×SU_R(N_f)×U_B(1)×U_R(1)→SU_V (N_f )×U_B(1)×U_R(1). (3.4.59)

Let us analyze the transformation behaviours of M, B and ~B under SU(N_f)_V ×U_B(1)×U_R(1). From M^i_j = ~Q^i·Q_j one may naively think that the number of the mesons is N^2_f . However, since we are considering quantum fluctuations of the moduli fields around the expectation values

⟨M^i_j⟩ = Λ^2δ^i_j, ⟨B⟩ = ⟨ ~B⟩ = 0, (3.4.60)

the fluctuation matrix M^i_j − Λ^2δ^i_j should be traceless, Tr ( M^i_j − Λ^2δ^i_j ) = 0. (3.4.61)

5Strictly speaking, one should write ⟨M^i_j⟩ = Λ^2δ^i_j, ⟨B⟩ = ⟨ ~B⟩ = 0.

SU_V (N_f) U_B(1) U_R(1) Q N_f 1 0 ~Q Nf −1 0 ψ_Q N_f 1 −1 ψ ~_Q N_f −1 −1 λ 1 0 +1 M N^2_f − 1 0 0 B 1 N_f 0 ~B 1 −Nf 0 ψ_M N^2_f − 1 0 −1 ψ_B 1 N_f −1 ψ ~_B 1 −N_f −1

Table 3.4.2: SU_V (N_f )×U_B (1)×U_R(1) quantum numbers of elementary and composite fields.

Hence there are actually N^2_f − 1 (super-)mesons; the fluctuations M^i_j span the adjoint representation of the vector group SU_V (N_f ). The U_B(1) quantum numbers of these fluctuations are 0 since they are meson operators and their U_R(1) quantum numbers should also be 0 from the Table 3.4.1. Consequently, the fermionic component ψ_M is also in the adjoint representation of SU(N_f) and its baryon number is 0. In particular, the R quantum number of ψ_M is −1, since M^i_j = ~Q^iQ_j is a chiral superfield

M^i_j = ϕ^i_M + θψ^i_{Mj} + θ^2F^i_{Mj}, (3.4.62)

and R(θ) = 1 (θ is the super-coordinate).

The quantum fluctuations of B and ~B do not carry any flavour index and hence are in the trivial representation of SU_V (N_f ). Their baryon numbers are respectively N_f and −N_f due to the additivity of the U(1) quantum number. For clarity, we list the quantum numbers of the various fields in Table 3.4.2.

A strong support to the dynamical pattern comes from ’t Hooft anomaly matching. As introduced in Sect.2.3.3, in a theory with confinement, the anomalies contributed by massless composite fermions at the macroscopic level and those from the elementary massless confined fermions should match. Now we give a detail check whether the anomalies match. Corresponding to the global symmetry SU_V (N_f )×U_B(1)×U_R(1) and the quantum numbers listed in table 3.4.2, the currents for elementary fermions and massless composite fermions are collected in Table 3.4.3. In addition, the fermionic part of the energy-momentum tensor is in Table 3.4.4 to allow for a discussion of a possible axial gravitational anomaly.

The above tables give the currents corresponding to the global symmetry SU_V (N_f )×U_B(1) ×U_R(1) at both fundamental and composite levels:

• For the elementary fermions:

SU_V (N_f ) current: J^A_μ ≡ j^A_μ (Q) + ~j^A_μ ( ~Q) = ψ_{Qir}σ_μt^A_{ij} ψ_{Qjr} + ψ ~_{Qir}σ_μt^A_{ij} ψ ~_{Qjr},

SU_V (N_f ) U_B(1) U_R(1) ψ_Q j^A_μ = ψ_Qσ_μt^Aψ_Q j^{(B)}_μ = ψ_Qσ_μψ_Q j^{(R)}_μ = −ψ_Qσ_μψ_Q ψ ~_Q ~j^A_μ = ψ ~_Qσ_μt^Aψ ~_Q ~j^{(B)}μ = −ψ ~_Qσ_μψ ~_Q ~j^{(R)}μ = −ψ ~_Qσ_μψ ~_Q λ 0 0 j^{(R)}μ (λ) = λ^aσ_μλ^a

ψ_M j^A_μ (M) = f^{ABC}ψ^B_M σ_μψ^C_M 0 j^{(R)}μ = −ψ^A_M σ_μψ^A_M

ψ_B 0 j^{(B)}μ = N_f ψ_Bσ_μψ_B j^{(R)}μ = −ψ_Bσ_μψ_B ψ ~_B 0 ~j^{(B)}_μ = −N_f ψ ~_Bσ_μψ ~_B ~j^{(R)}_μ = −ψ ~_Bσ_μψ ~_B

Table 3.4.3: Currents corresponding to global symmetry SU_V (N_f )×U_B (1)×U_R(1).

T_{μν} ψ_Q i/4 [( ψ_Qσ_μ∇_νψ_Q − ∇_ν ψ_Qσ_μψ_Q ) + (μ ←→ ν) ] − g_{μν}L[ψ_Q] ψ ~_Q ψ_Q−→ψ ~_Q λ i/4 [( λ^aσ_μ∇_ν λ^a − ∇_νλ^aσ_μλ^a ) + (μ ←→ ν) ] − g_{μν} L[λ] ψ_M i/4 [( ψ^A_M σ_μ∇_ν ψ^A_M − ∇_ν ψ^A_M σ_μψ^A_M ) + (μ ←→ ν) ] − g_{μν} L[ψ_M ] ψ_B i/4 [( ψ_Bσ_μ∇_ν ψ_B − ∇_ν ψ_Bσ_μψ_B ) + (μ ←→ ν) ] − g_{μν} L[ψ_B] ψ ~_B ψ_B−→ψ ~_B

Table 3.4.4: Energy-momentum tensor composed of the fermionic components of chiral superfields; L[ψ] = i/2(ψσ^μ∇_μψ − ∇_μψσ^μψ), ∇_μ = ∂_μ − ω_{KLμ}σ^{KL}/2, σ^{KL} = 1/4[σ^K, σ^L], σ^K = e^K_μσ^μ.

A = 1, · · ·, N^2_f − 1, i, j = 1, · · ·, N_f , r = 1, · · ·, N_c. (3.4.63) U_B(1) current:

J^{(B)}_μ ≡ j^{(B)}_μ (Q) + ~j^{(B)}_μ ( ~Q) = ψ_{Qir}σ_μψ_{Qir} − ψ ~_{Qir}σ_μψ ~_{Qir}. (3.4.64)

U_R(1) current:

J^{(R)}_μ ≡ j^{(R)}_μ (Q) + ~j^{(R)}_μ ( ~Q) + j^{(R)}_μ (λ) = −ψ_{Qir}σ_μψ_{Qir} − ψ ~_{Qir}σ_μψ ~_{Qir} + λ^aσ_μλ^a; a = 1, · · ·, N^2_c − 1. (3.4.65) • For the composite fermions:

SU_V (N_f ) current:

J^A_μ ≡j^A_μ (M) = f^{ABC}ψ^B_M σ_μψ^C_M . (3.4.66)

U_B(1) current:

J^{(B)}_μ ≡ j^{(B)}_μ (B) + ~j^{(B)}_μ ( ~B) = N_f ψ_Bσ_μψ_B − N_f ψ ~_Bσ_μψ ~_B. (3.4.67)

U_R(1) current:

J^{(R)}_μ ≡ j^{(R)}_μ (M) + j^{(R)}_μ + ~j^{(R)}_μ = −ψ^A_M σ_μψ^A_M − ψ_Bσ_μψ_B − ψ ~_Bσ_μψ ~_B. (3.4.68)

One can directly calculate the anomaly coefficients of various triangle diagrams composed of the above currents. In order to calculate the anomaly coefficient, one must introduce the gauge fields associated with SU_V (N_f ), U_B(1) and U_R(1), that is, turn these global groups into local ones. In general, these new gauge fields are not physical ones, except in some special cases such as electroweak theory, where the gauge symmetry is the local flavour symmetry. Therefore, ’t Hooft called these assumed gauge fields “spectator gauge fields” [58]. Also the gauge coupling constants associated to these “spectator gauge fields” should be very small so that the dynamics of the real physical strong coupling gauge interaction cannot be affected. As ’t Hooft pointed out, one may either think of these “spectator gauge fields” as completely quantized fields or simply as artificial background fields with non-trivial topology.

The calculation of the possible anomalous triangle diagrams shows that the anomaly coefficients really are identical. They are listed in Table 3.4.5. Note that in Table 3.4.5 (and in what follows) we use the groups to represent the triangle diagrams composed of the corresponding currents, for example, SU_V (N_f )^2U_R(1) represents ⟨J^{(R)}μ J^A_ν J^B_ρ ⟩ and U_R(1) means the axial gravitational anomalous triangle diagram ⟨J^{(R)}_μ T_{νρ}T_{αβ}⟩ etc. In principle, there are many possible triangle combinations of the currents, but only the anomaly coefficients listed in Table 3.4.5 do not vanish.

The calculation of the anomaly coefficients listed in Table 3.4.5 is straightforward. For example, considering the U_R(1)^3 triangle digram. For elementary fermions, the amplitude is

⟨J^{(R)}_μ J^{(R)}_ν J^{(R)}_ρ ⟩ = ⟨j^{(R)}_μ (Q)j^{(R)}_ν (Q)j^{(R)}_ρ (Q)⟩ + ⟨j^{(R)}_μ ( ~Q)j^{(R)}_ν ( ~Q)j^{(R)}_ρ ( ~Q)⟩

+⟨j^{(R)}_μ (λ)j^{(R)}_ν (λ)j^{(R)}_ρ (λ)⟩, (3.4.69)

Triangle diagram Elementary anomaly coefficient Composite anomaly coefficient (U_R(1))^3 −N^2_f − 1 −N^2_f − 1 (U_R(1))^2U_R(1) −2N_f −2N_f (SU_V (N_f ))^2U_R(1) −N_f Tr(t^At^B) −N_f Tr(t^At^B) U_R(1) −N^2_f − 1 −N^2_f − 1 Table 3.4.5: SU_V (N_f )×U_R(1) ’t Hooft anomaly coefficients. .

and the anomaly coefficient is

R(Q)R(Q)R(Q)Tr(1) + R( ~Q)R( ~Q)R( ~Q)Tr(1) + R(λ)R(λ)R(λ)Tr(1)_{adj} = 2δ_{ij}δ_{jk}δ_{ki}δ_{rs}δ_{st}δ_{tr}(−1)^3 + δ^{ab}δ^{bc}δ^{ca} = −2N^2_f + N^2_f − 1 = −N^2_f − 1. (3.4.70) For composite fermions, the corresponding triangle diagram amplitude is

⟨J^{(R)}_μ J^{(R)}_ν J^{(R)}_ρ ⟩ = ⟨j^{(B)}_μ (B)j^{(B)}_ν (B)j^{(R)}_ρ (B)⟩ + ⟨j^{(R)}_μ ( ~B)j^{(R)}_ν ( ~B)j^{(R)}_ρ ( ~B)⟩ + ⟨j^{(R)}_μ (M)j^{(R)}_ν (M)j^{(R)}_ρ (M)⟩. (3.4.71) The anomaly coefficient is R(B)R(B)R(B) + R( ~B)R( ~B)R( ~B) + R(M)R(M)R(M)Tr(1)_{adj} = 2(−1)^3 + (−1)^3Tr(1)_{adj} = −2 + N^2_f + 1 = −N^2_f − 1. (3.4.72) Thus the anomaly coefficients at both elementary and composite levels are equal.

As another illustrative example, take the axial gravitational anomaly U_R(1). At fundamental level, the amplitude is ⟨J^{(R)}_μ T_{νρ}T_{σδ}⟩, and the anomaly coefficient is

− Tr(1)_{c.f.}Tr(1)_{f.f.} − Tr(1)_{c.f.}Tr(1)_{f.f.} + Tr(1)_{adj} = −2N^2_f + N^2_f − 1 = −N^2_f − 1, (3.4.73) where the subscripts “c.f.” and “f.f.” denote the fundamental representations of colour gauge group SU(N_c) and flavour group SU(N_f ), respectively. At composite level, the anomaly coefficient is − 1 − 1 − δ^{AC} δ^{CB}δ^{BA} = −2 − (N^2_f − 1) = −(N^2_f + 1). (3.4.74) The anomaly coefficients again match exactly.

2. M^i_j = 0, B = − ~B = Λ^{Nf} : Confinement and baryon number violation

In this case, the symmetry breaking pattern is

SU_L(N_f )×SU_R(N_f )×U_B(1)×U_R(1)−→SU_L(N_f )×SU_R(N_f )×U_R(1). (3.4.75)

SU_L(N_f ) SU_R(N_f) U_R(1) Q N_f 1 0 ~Q 1 Nf 0 ψ_Q N_f 1 −1 ~ψQ 1 Nf −1 λ 1 1 1

Table 3.4.6: SU_L(N_f ) × SU_R(N_f ) × U_R(1) quantum numbers for elementary fields.

SU_L(N_f ) SU_R(N_f ) U_R(1) ψ_Q j^A_{Lμ}(Q) = ψ_Qσ_μt^Aψ_Q 0 j^{(R)}_μ (Q) = −ψ_Qσ_μψ_Q ~ψQ 0 ~ja Rμ( ~Q) = ψ ~_Qσ_μt^Aψ ~_Q ~j^{(R)}_μ ( ~Q) = −ψ ~_Qσ_μψ ~_Q λ 0 0 j^{(R)}_μ (λ) = λ^aσ_μλ^a

Table 3.4.7: Currents composed of the fermionic components of elementary chiral superfields.

The chiral symmetry does not break since M^i_j = 0. The R charges R(M) = R(B) = R( ~B) = R(Λ) = 0 due to N_f = N_c , so R symmetry still remains. Obviously the baryon number symmetry is broken, usually B(B) = N_f , B( ~B) = −N_f , B(Λ) = 0, and the equation B = − ~B = Λ^{Nf} does not satisfy the baryon number conservation law. Note that a breaking of baryon number conservation is not possible in ordinary QCD, as Vafa and Witten proposed a strict theorem stating that the spontaneous breaking of vector symmetries is forbidden [76]. However, their proof of this theorem is based on the vector nature of the quark-quark-gluon vertex, while in supersymmetric QCD, there exist scalar quarks, and the quark-squark-gluino interaction vertex, which is an axial vector vertex, so this spoils the initial assumption of the theorem and hence the baryon number symmetry can be spontaneously broken.

Let us check the ’t Hooft anomaly matching conditions. In this case the quantum number for the elementary and composite fields are obvious since all the quantum numbers remain intact. We list the quantum numbers and the currents for the elementary and composite fields in the Tables 3.4.6, 3.4.7, 3.4.8 and 3.4.9.

• At elementary level:

The currents corresponding to the global symmetries SU_L(N_f )×SU_R(N_f )×U_R(1) are as follows: J^A_{Lμ} ≡ j^A_{Lμ}(Q) = ψ_{Qir}σ_μt^A_{ij} ψ_{Qjr}; J^A_{Rμ} ≡ ~j^A_{Rμ}( ~Q) = ψ ~_{Qir}σ_μt^A_{ij}ψ ~_{Qjr}; (3.4.76) J^{(R)}_μ ≡ j^{(R)}_μ (Q) + ~j^{(R)}_μ ( ~Q) + j^{(R)}_μ (λ) = −ψ_{Qir}σ_μψ_{Qir} − ψ ~_{Qir}σ_μψ ~_{Qir} + λ^aσ_μλ^a. (3.4.77) • At composite level:

SU_L(N_f) SU_R(N_f ) U_R(1) M N_f N_f 0 B 1 1 0 ~B 1 1 0 ψ_M N_f N_f −1 ψ_B 1 1 −1 ~ψB 1 1 −1 Table 3.4.8: Representation quantum numbers for composite chiral superfields.

SU_L(N_f) SU_R(N_f ) U_R(1) ψ_M j^A_{Lμ}(M) = ψ_M σ_μt^Aψ_M j^A_{Rμ}(M) = ψ_M σ_μt^Aψ_M j^{(R)}_μ (M) = −ψ_M σ_μψ_M ψ_B 0 0 j^{(R)}_μ (B) = −ψ_Bσ_μψ_B ~ψB 0 0 ~j^(R^)μ ( ~B) = −ψ ~Bσμψ ~B Table 3.4.9: Currents composed of the fermionic components of composite chiral superfields.

The currents corresponding to SU_L(N_f )×SU_R(N_f )×U_R(1) are as follows:

J^A_{Lμ} ≡ j^A_{Lμ}(M) = ψ^i_M σ_μt^A_{ij}ψ^j_M ; J^A_{Rμ} ≡ j^a_{Rμ}(M) = ψ_{Mi}σ_μt^A_{ij}ψ_{Mj}; J^{(R)}_μ ≡ j^{(R)}_μ (M) + j^{(R)}_μ (B) + ~j^{(R)}_μ ( ~B) = −ψ^i_{Mj}σ_μt^A_{ij} ψ^j_{Mi} − ψ_Bσ_μψ_B − ψ ~_Bσ_μψ ~_B. (3.4.78) One can easily check that for both elementary and composite fermions only the triangle diagrams SU_{L(R)}(N_f )^3, SU_{L(R)}(N_f )^2U_R(1), U_R(1)^3 and the axial gravitational anomaly U_R(1) do not vanish. The corresponding anomaly coefficients can be calculated in the same way and the results are listed in Table 3.4.10. As expected, the anomaly coefficients match exactly.

Note that we have used the fact that the fluctuations of B and ~B are not independent due

Triangle diagram Elementary anomaly coefficient Composite anomaly coefficient SU_{L(R)}(N_f )^3 +(−)d^{ABC}N_f +(−)d^{ABC}N_f SU_{L(R)}(N_f )^2U_R(1) −N_f Tr(t^At^B) −N_f Tr(t^At^B) U_R(1)^3 −(N^2_f + 1) −(N^2_f + 1) U_R(1) −N^2_f − 1 −N^2_f − 1

Table 3.4.10: SU_{L(R)}(N_f )×U_R(1) ’t Hooft anomaly coefficients, d^{ABC} ≡Tr(t^A{t^B, t^C }).

Triangle diagram Elementary anomaly coefficient Composite anomaly coefficient Sp(4)^2U_R(1) −2Tr(t^At^B)_4 −Tr(t^At^B)_5 U_R(1)^3 2×4×(−1)^3 + 3 5×(−1)^3 U_R(1) 2×4×(−1) + 3 5×(−1)

Table 3.4.11: Sp(4)×U_R(1) ’t Hooft anomaly coefficients.

to the constraint

B − λ^{Nf} = ~B + λ^{Nf} . (3.4.79)

Thus in calculating the anomaly coefficient of U_R(1)^3, only the contribution from ψ_B is considered. It should be emphasized that in the above section (and in what follows) we have assumed (will assume) that the global symmetries are realized linearly on M, B and ~B.

For N_c = 2, the point

V = Λ^2 ( −iσ^2 0 0 −iσ^2 ) = Λ^2

0 −1 0 0 1 0 0 0 0 0 0 −1 0 0 1 0

(3.4.80)

is obviously in the moduli space. Consequently, the global flavour symmetry SU(4) breaks to Sp(4), while R-symmetry is preserved. The ’t Hooft anomaly matching associated with the global symmetry Sp(4)×U_R(1) can be checked. The fundamental massless fermions are quarks and gauginos, their quantum numbers with respect to Sp(4)×U_R(1) are 4_{−1} and 1_1, respectively. The low energy fields are the quantum fluctuations of V around the the expectation value (3.4.80) subject to the constraint (3.4.52). Their fermionic component transform as 5_{−1} under Sp(4)×U_R(1). With these quantum numbers, the various conserved currents can be easily constructed. Considering the relation between the quadratic Casimir operators of the 4- and 5-dimensional representations of Sp(4), 2Tr(t^At^B)_4 = Tr(t^At^B)_5, we see that the anomaly coefficients at low energy and high energy levels are indeed equal, as shown in Table 3.4.11.

3.4.3 N_f = N_c + 1: Confinement without chiral symmetry breaking

At the classical level, the gauge invariant chiral superfields describing the moduli space in this case are M^i_j and the baryon superfields B_i = ϵ_{ij1···jNc} ϵ^{r1···rNc} Q^{j1}_{r1} · · ·Q^{jNc}r_{Nc} , ~Bi = ϵij_{1···}j_{Nc} ϵr1^{···}rN_c ~Qj1 r1 · · · ~Q^{jNc}_{rNc} . (3.4.81) Under the SU_L(N_f )×SU_R(N_f ), the composite superfields M, B and ~B transform as follows,

M : (N_f , N_f ), B : (N_f , 1), ~B : (1, N_f). (3.4.82)

Let us first analyze what the quantum moduli space is in this case. The SU(N_c) gauge symmetry and the global symmetry SU_L(N_f )×SU_R(N_f )×U_B(1)×U_R(1) as well as the mass dimension 3 determine that the effective superpotential W_{eff} must be of the following form,

W_{eff} ≡ 1 Λ^{β0} ( a det M + bB^iM^j_i ~B_j ) , (3.4.83)

where a and b are non-vanishing constants which need to be determined. Note that this superpotential is not the dynamically generated superpotential, it is rather an artificial one for describing the moduli space. Owing to the holomorphic decoupling, if we give one flavour, say, the N_f -th flavour, a large mass m, then at the energy scale q < m, the low energy theory should be an SU(N_c) theory with N_f flavours. Thus, after integrating out this heavy flavour, we should get the nontrivial constraints (3.4.52) of the N_f = N_c case. After giving the last flavour a mass, the superpotential becomes

W_{eff} (m) = 1 Λ^{β0}

(a det M + bB^iM^j_i ~B_j ) − mM^{Nf}_{Nf} . (3.4.84)

The F -flatness conditions (due to the unbroken supersymmetry) for M^i_{Nf} and M^{Nf}_i with i < N_f reduce M to the following form, M = ( ~M 0 0 M^{Nf}_{Nf} ) . (3.4.85)

With M^i_{Nf} = 0 and M^{Nf}_i = 0, the F -flatness conditions for B_i and ~B_i yield B = ( 0 B_{Nf} ) , ~B = ( 0 ~BN_f ) . (3.4.86)

So the effective superpotential takes the following form:

W_{eff} = 1 Λ^{β0} (a det ~MM^{Nf}_{Nf} + bB^{Nf} M^{Nf}_{Nf} ~B_{Nf} ) − mM^{Nf}_{Nf} ≡ 1 Λ^{β0} (a det ~MM^{Nf}_{Nf} + bM^{Nf}_{Nf} B ~B) − mM^{Nf}_{Nf} , (3.4.87) where we denoted B_{Nf} ≡B and ~B_{Nf} ≡ ~B. The F -flatness condition for M^{Nf}_{Nf} gives

a det ~M + bB ~B = mΛ^{β0} . (3.4.88)

At the energy q = m, the running coupling constant of the SU(N_c) theory with N_f = N_c + 1 flavours should match with that of the SU(N_c) theory with N_f (= N_c) flavours: 4π g^2(m^2) = 3(N_c + 1) − N_c 2π ln Λ m = 3N_c − N_c 2π ln Λ_L m . (3.4.89)

This gives

Λ^{2Nc}_L = mΛ^{2Nc−1}, (3.4.90)

i.e.

Λ~^{β0}_L = mΛ^{β0} . (3.4.91)

SU_L(N_f ) SU_R(N_f ) U_B(1) U_R(1) Q N_f 1 0 1/N_f ~Q 1 Nf 0 1/Nf ψ_Q N_f 1 0 1/N_f − 1 ψ ~_Q 1 N_f 0 1/N_f − 1 λ 1 1 0 1

Table 3.4.12: Representation quantum numbers for elementary fields.

SU_L(N_f ) SU_R(N_f ) U_B(1) U_R(1) M N_f N_f 0 2/N_f B N_f 1 N_c(= N_f − 1) N_c/N_f = (N_f − 1)/N_f ~B 1 Nf Nc(= Nf − 1) Nc/Nf = (Nf − 1)/Nf ψ_M N_f N_f 0 2/N_f − 1 ψ_B N_f 1 N_c(= N_f − 1) −1/N_f ψ ~_B 1 N_f 0 −1/N_f

Table 3.4.13: Representation quantum numbers for composite fields.

If we choose the undetermined parameters a = 1, b = −1, (3.4.88) will lead to the constraint (3.4.52) in the case N_f = N_c. Therefore, the effective superpotential in the case N_f = N_c + 1 should be of the form

W_{eff} = 1 Λ^{β0}

(det M − B^iM^j_i ~B_j). (3.4.92)

The moduli space of vacuum states is described by the F -flatness conditions, ∂W_{eff} /∂B^i = ∂W_{eff} /∂ ~B_i = ∂W_{eff}/∂M^j_i = 0,

M·B = ~B·M = 0, det M (M^{−1})^{ij} = B^i ~B^j . (3.4.93)

Obviously, the origin M = B = ~B = 0 is on the moduli space since it satisfies the above conditions. Thus the whole global symmetry SU_L(N_f )×SU_R(N_f )×U_B(1)×U_R(1) is preserved in the origin of the moduli space. If the above dynamical picture is correct, ’t Hooft’s anomaly matching with respect to this global symmetry must be satisfied.

According to Table 3.1.1, we list the quantum numbers for the elementary fermions and composite fermions in Tables 3.4.12 and 3.4.13, respectively. The corresponding conserved currents corresponding to the global symmetry SU_L(N_f )×SU_R(N_f )×U_B(1)×U_R(1) are collected in Table 3.4.14. One can easily find that the non-vanishing anomaly coefficients at both the elementary and composite fermion levels are identical. They are listed in Table 3.4.15.

In the case N_c = 2, the superpotential in the low energy effective Lagrangian is

W_{eff} = − 1 Λ^3

Pf V. (3.4.94)

Elementary fermions Composite fermions SU_L(N_f ) J^A_{Lμ} = ψ_Qσ_μt^Aψ_Q J^A_{Lμ} = ψ_M σ_μt^Aψ_M + ψ_Bσ_μt^Aψ_B SU_R(N_f ) J^A_{Rμ} = ψ ~_Qσ_μt^Aψ ~_Q J^A_{Rμ} = ψ_M σ_μt^Aψ_M + ψ ~_Bσ_μt^Aψ ~_B U_B(1) J^{(B)}μ = ψ_Qσ_μψ_Q − ψ ~_Qσ_μψ ~_Q J^{(B)}μ = N_cψ_Bσ_μψ_B + N_cψ ~_Bσ_μψ ~_B

U_R(1) J^{(R)}μ = −N_c/N_f ψ_Qσ_μψ_Q − N_c/N_f ψ ~_Qσ_μψ ~_Q + λ^aσ_μλ^a J^{(R)}μ = (−1 + 2/N_f )ψ_M σ_μψ_M − 1/N_f ψ_Bσ_μψ_B − 1/N_f ψ ~_Bσ_μψ ~_B

Table 3.4.14: Currents corresponding to the global symmetry SU_L(N_f )×SU_R(N_f )×U_B (1)×U_R(1).

Elementary level Composite level (SU_{L(R)}(N_f ))^3 +(−)Tr(t^A{t^B, t^C })N_c +(−)Tr(t^A{t^B, t^C})N_c (SU_{L(R)}(N_f ))^2U_B(1) N_cTr(t^At^B) N_cTr(t^At^B) (SU_{L(R)}(N_f ))^2U_R(1) −N^2_c /N_f Tr(t^At^B) −N^2_c /N_f Tr(t^At^B) (U_B(1))^2U_R(1) −2N^2_c −2N^2_c (U_R(1))^3 −N^2_f + 6N_f − 12 + 8/N_f − 2/N^2_f −N^2_f + 6N_f − 12 + 8/N_f − 2/N^2_f (U_R(1))^2U_B(1) 0 0 U_R(1) −N^2_f + 2N_f − 2 −N^2_f + 2N_f − 2

Table 3.4.15: ’t Hooft anomaly coefficients.

Elementary level Composite level (SU(6))^3 2Tr(t^A{t^B, t^C})_6 Tr(t^A{t^B, t^C})_{15} (SU(6))^2U_R(1) 2×(−2/3)Tr(t^At^B)_6 −1/3Tr(t^At^B)_{15} U_R(1)^3 12×(−2/3)^3 + 3 15×(−1/3)^3 U_R(1) 12×(−2/3) + 3 15×(−1/3)

Table 3.4.16: ’t Hooft anomaly coefficients.

The quarks and the gaugino transform as 6_{1/3} and 1_1, respectively, and the quantum fluctuation of the composite field V as 15_{2/3} under the global symmetry group SU(6)×U_R(1). The ’t Hooft anomaly conditions are satisfied as can be seen from Table 3.4.16.

3.4.4 Supersymmetric QCD for N_f > N_c + 1

Now we continue to add the flavours and the more interesting phenomena will arise. In the following we shall concentrate on several typical ranges of the flavour and colours.

3N_c/2 < N_f < 3N_c: Non-Abelian Coulomb phase, conformal window and electric-magnetic duality

We now specialize to N = 1 SU(N_c) supersymmetric QCD with N_f flavours. The NSVZ beta function (1.1) and anomalous dimension of the quark and squark fields are β(g) = − g^3 16π^2

3N_c − N_f + N_f γ(g^2) 1 − N_cg^2/(8π^2) , γ(g^2) = − g^2 8π^2

N^2_c − 1 N_c + O(g^4). (3.4.95)

Thus we see that β_0(g) < 0, and the theory in this range is asymptotically free. However, the anomalous dimensions of the quark and squark fields imply β_1(g) > 0, i.e. the one-loop beta function is negative and the two-loop beta function is positive. This fact will make the beta function have non-trivial zero points, i.e. non-trivial fixed points. One explicit nontrivial fixed point can be observed in the following way: taking the limit N_f →∞ and N_c→∞ but keeping N_cg^2 and N_f /N_c = 3 − ϵ with ϵ≪1 fixed, we have

γ(g^2) ≃ −

N_cg^2 8π^2 , β(g) = − g^3 16π^2

3N_c − N_f + N_f γ(g^2)

1 − N_cg^2/(8π^2) ≃ − g^3 16π^2

3 − N_f /N_c + N_f /N_cγ(g^2) −g^2/(8π^2) = g 2 [ ϵ + (3 − ϵ)

N_cg^2 8π^2 ] . (3.4.96)

Accordingly, the beta function has a second zero at

N_cg^2 = −

8π^2ϵ 3 + O(ϵ^2). (3.4.97)

So, at least for large N_c, N_f and ϵ = 3 −^{Nf}_{Nc} ≪1, the theory has a nontrivial IR fixed point. At this non-trivial IR fixed point a four-dimensional superconformal field theory will arise due to the relation between the trace of the energy-momentum tensor and the β-function. Therefore, in the range 3N_c/2 < N_f < 3N_c, the infrared region of N = 1 supersymmetric QCD is described by a four-dimensional superconformal field theory and this range is called Seiberg’s conformal window. The quarks and gluons are not confined but appear as interacting (effective) massless particles. The effective non-relativistic interaction potential between two static electric charged quarks takes the form of the Coulomb potential: V (r)∼1/r. Consequently, the theory is now in the non-Abelian Coulomb phase.

N_f > 3N_c: Non-Abelian free electric phase

In this range, since the one-loop beta function β_0 > 0, the theory is not asymptotically free. At large distance (low energy) the coupling constant becomes smaller, and the particle spectrum of the theory consists of elementary quarks and gluons. Hence in this range of N_f , the theory is in a so-called “non-Abelian free electric phase”. As mentioned in Sect.2.4, a theory in a free electric phase is not well defined due to the Landau singularity. This can be easily seen from the definition of the beta function (in the modified minimal subtraction scheme)

β_0 =

(N_f − 3N_c)g^3

16π^2 = μ ∂g ∂μ . (3.4.98)

Integrating this equation, we obtain

g^2 = g^2_0 1 − g^2_0(N_f − 3N_c)/(16π^2) ln(μ/μ_0)

. (3.4.99)

The coupling constant increases with μ, and theory breaks down at the Landau pole [55]

μ = μ_0 exp

8π^2 g^2_0(N_f − 3N_c)

. (3.4.100)

However, it can be regarded as the low energy limit of another theory.

To conclude this section, we explain why one can discuss non-trivial four-dimensional superconformal theory in the range 3/2N_c < N_f < 3N_c. N_f < 3N_c ensures that the theory is asymptotically free. As for the lower bound 3/2N_c < N_f , this requires some knowledge about the representations of the four-dimensional superconformal algebra on the chiral supermultiplet introduced in Sect. 2.5. As we know, for the representation of the superconformal algebra on the chiral supermultiplet, there is a simple relation between the R-charge and the conformal dimension of a gauge invariant chiral superfield operator O (see (2.5.70)), R(O) = − 2 3 d(O), or d(O) = 3 2 |R(O)|. (3.4.101)

However, from the unitary representations listed in Table 2.1.2, we see that except for the trivial representation, which is not interesting, the conformal dimension d of a physical operator should be larger than 1. Otherwise the highest weight representation of the conformal algebra will have a negative norm state, and this is not allowed in a unitary representation. The simplest gauge invariant chiral superfield is the meson M. The R-charges listed in Table 3.1.1 give d(M) = 3 2 R(M) = 3 N_f − N_c N_f > 1, (3.4.102)

and hence one gets N_f > 3/2N_c. This is the reason why a superconformal field theory arises in the range 3/2N_c < N_f < 3N_c.

4 N = 1 supersymmetric dual QCD and non-Abelian electricmagnetic duality

The global symmetry and the ’t Hooft anomaly matching require that for N_f > N_c + 1 the lowenergy phenomena of supersymmetric SU(N_c) QCD with N_f flavours need a distinct description through the introduction of a dual theory, which takes the same form as the fundamental supersymmetric gauge theory except for a gauge singlet field and an additional superpotential. In this section, we shall concentrate on Seiberg’s conformal window 3N_c/2 < N_f < 3N_c and show how the non-Abelian electric-magnetic duality arises at the IR fixed point. We shall discuss why the two dual theories have inverse couplings and how the theory behaves when some of the heavy modes decouple. A generalization of supersymmetric QCD with a matter field in the adjoint representation of the gauge group and a non-trival superpotential and its duality will also be discussed.

4.1 Dual supersymmetric QCD In general, when the flavour N_f > N_c + 1, the gauge invariant chiral superfields parameterizing moduli space are the meson superfields M^i_j and the baryon superfields B_{ij···k} and ~B~_i~_{j···}~_k. Naively one may think that the effective superpotential should have the following form:

W_{eff}∼ ( det M − B_{ij···k}M^i~^iM^j~^j· · ·M^k~^k ~B~_i~_{j···}~_k ) . (4.1.1)

Although this superpotential is SU_L(N_f )×SU_R(N_f ) and gauge invariant, it cannot be regarded as an effective superpotential since its R-charge is not equal to 2. In addition, one can easily find that the ’t Hooft anomaly matching condition for the fermionic components of (Q, ~Q, λ) and (M, B, ~B) cannot be satisfied if we adopt the effective superpotential (4.1.1). A clever way out has been found by Seiberg and this has led to the invention of dual supersymmetric QCD. From the Hodge dual form of the baryon superfields (3.3.18), B_{iNc+1iNc+2···iNf} ≡ 1 (N_f − N_c)! ϵ_{i1···iNc iNc+1···iNf} B^{iN}1^{···iNc} , ~B i_{Nc}+1i_{Nc}+2,···i_{Nf} ≡ 1 (N_f − N_c)! ϵ^{i1···iNc iNc+1···iNf} B_{iN1 ···iNc} , (4.1.2) one can see that B and ~B have ~Nc = Nf − Nc (4.1.3)

SU_L(N_f ) SU_R(N_f ) U_B(1) U_R(1) Q N_f 1 1 1 − N_c/N_f ~Q 1 Nf −1 1 − Nc/Nf ψ_Q N_f 1 1 −N_c/N_f ψ ~_Q 1 N_f 1 −N_c/N_f λ 1 1 0 1 M^{ij} N_f N_f 0 2 − 2N_c/N_f ψ_M N_f N_f 0 1 − 2N_c/N_f B_{i1···i}~_{Nc} N_f ~N_c 1 N_c N_c(1 − N_c/N_f ) ~Bj_{1···}j ~Nc 1 Nf ~Nc Nc Nc(1 − Nc/Nf ) Table 4.1.1: Representation quantum numbers of the chiral superfields in the original supersymmetric QCD.

indices. Thus one can assume that these baryon superfields are bound states of ~N_c chiral superfields q and ~q, B_{iNc+1iNc+2···iNf} ≡ B_{i1···i}~_{Nc} ≡ 1 ~Nc ϵ~r^{1···}~r~_{Nc} q ~r_1 i1 q~^{r2}_{i2} · · ·q ~r~_{Nc} i~Nc , ~B i_{Nc}+1i_{Nc}+2···i_{Nf} ≡ ~B_{j1 ···j}~_{Nc} ≡ 1 ~Nc ϵ~s^{1···}~s~_{Nc} q ~s_1 j1 q~^{s2}_{j2} · · ·q ~s~_{Nc} j~Nc , i, j = 1, · · ·, N_f , ~r, ~s = 1, · · ·, ~N_c = N_f − N_c. (4.1.4) Obviously q^i~_r and ~q^i~_r belongs to the fundamental representation of SU(N_f)×SU( ~N_c). To bind these elementary constituents into gauge invariant baryon superfields, we must construct a dynamical Yang-Mills theory with gauge group SU( ~N_c), which provides the dynamics.

Seiberg proposed that the low energy supersymmetric SU(N_c) QCD with N_f > N_c + 1 can be described by a supersymmetric Yang-Mills theory with gauge group SU( ~N_c) coupled to the chiral superfields q^r_i and ~q^r_j as well as a new colour singlet chiral superfield M^j_i together with an additional gauge invariant effective superpotential W_{eff} = q·M·~q = q~^r_iM^{ij}δ~_r~_s ~q~^s_j. (4.1.5) Note that this new colour singlet superfield M cannot be directly constructed from q and ~q like that the meson superfield M is constructed from Q and ~Q. Its quantum numbers can be determined from the superpotential (4.1.5) once we have determined the quantum numbers for q and ~q. From (4.1.4) and the quantum numbers of the original quarks of the meson and baryon superfields listed in Table 4.1.1, we can determine the quantum numbers of the elementary dual superfields and their fermionic components listed in Table 4.1.2. Obviously, the superpotential is SU( ~N_c) gauge invariant and globally SU_L(N_f )×SU_R(N_f ) invariant. Further, the superpotential should be U_B(1)×U_R(1) invariant, i.e. the superpotential should have baryon number 0 and Rcharge 2. This requires that the quantum numbers of the new meson superfield M under

SU_L(N_f ) SU_R(N_f ) U_B(1) U_R(1) q N_f 1 N_c/ ~N_c N_c/N_f ~q 1 Nf −Nc/ ~Nc Nc/Nf ψ_q N_f 1 1 N_c/N_f − 1 ψ~_q 1 N_f −N_c/ ~N_c N_c/N_f − 1 ~λ 1 1 0 1

Table 4.1.2: Representation quantum numbers of the chiral superfields and their fermionic components in dual supersymmetric QCD.

SU_L(N_f)×SU_R(N_f )×U_B(1) ×U_R(1) should be M : ( N_f , N_f , 0, 2 − 2 N_c N_f ) . (4.1.6)

To summarize, the low energy supersymmetric SU(N_c) QCD with N_f > N_c + 1 flavours can be described by a dual theory. The dynamical variables in the dual theory are the gauge singlet operator M, the SU( ~N_c) gluons and the dual quarks q and ~q. In addition to the standard form of the supersymmetric QCD Lagrangian, the dual Lagrangian includes a kinetic energy term of the colour singlet M and the effective superpotential (4.1.5), which is SU_L(N_f)×SU_R(N_f )×U_B(1)×U_R(1) invariant as the original supersymmetric QCD. Seiberg further found that these two theories are dual in the sense of electric-magnetic duality in the conformal window, i.e. as the flavour number N_f decreases, the original supersymmetric SU(N_c) QCD becomes more strongly coupled, but the dual supersymmetric SU( ~N_c) QCD becomes more weakly coupled. We shall give a detailed explanation in the next subsection. This relation between the SU( ~N_c) gauge theory and the original SU(N_c) is called non-Abelian electric-magnetic duality. The original theory is usually called the electric theory and the dual theory is called the magnetic theory. In addition, the U(1) quantum numbers (i.e. the baryon numbers and R-charges) listed in Tables (4.1.1) and (4.1.2) show that there is a very complicated relation between the baryon numbers and R-charges of the quarks in the electric and magnetic theories. Since the U(1) quantum numbers such as baryon number and R-charge are additive quantum numbers, this relations implies that the quarks q and ~q cannot be simply expressed as polynomials of the quarks in the electric theory. This connection between “electric” and “magnetic” quarks is highly non-local and complicated. Only in some special cases can the explicit connection between them be worked out [83]. The “magnetic” quarks q and ~q and the SU(N_f − N_c) gluons can be interpreted as solitons of the electric theory, i.e. as non-Abelian magnetic monopoles.

Now one question naturally arises: does this SU( ~N_c) theory describe the real physical dynamics? From the above statements, it seems as if this SU( ~N_c) gauge theory is only a formal device to introduce dual quark superfields q and ~q supposedly bound together to form the baryon superfield. However, in two-dimensional space time, there exist examples where the gauge field parametrizing a constraints becomes dynamical. The most famous example is the two-dimensional CP^N model [82]. Thus we can assume that this dual SU( ~N_c) supersymmetric QCD is a dynamical theory in which there are gauge bosons and their superpartners — gauginos.

A strong support for this picture is still the ’t Hooft anomaly matching: the anomaly coefficients of supersymmetric QCD and of the dual supersymmetric QCD are identical, so the dual supersymmetric QCD has indeed provided a dynamical description of the composite superfields of the electric theory. In the following we shall explicitly show this.

The quantum numbers for dual quarks superfields listed in Table 4.1.2 mean that the currents composed of the dual quarks, the mesons and the dual gauginos ~λ corresponding to the global symmetry SU_L(N_f )×SU_R(N_f )×U_B(1)×U_R(1) are the following: • SU_L(N_f ) ~JALμ ≡ ψ qi~rσμt A ijψ_{qj}~_r + ψ_{Mi}σ_μt^A_{ij} ψ_{Mj}; (4.1.7) • SU_R(N_f ) ~JA Rμ ≡ ψ~_{qi}~_rσ_μt^A_{ij} ψ~_{qj}~_r + ψ_Mσ_μt^A_{ij}ψ_{Mj}; (4.1.8) • U_B(1) ~J^(B^)μ ≡ Nc N_f − N_c ψ_{qi}~_rσ_μψ_{qi}~_r − N_c N_f − N_c ψ~_{qi}~_rσ_μψ~_{qi}~_r; (4.1.9)

• U_R(1)

~J^(R^)μ ≡ ( −1 + N_c N_f ) ψ_{qi}~_rσ_μψ_{qi}~_r + ( −1 + N_c N_f ) ψ~_{qi}~_rσ_μψ~_{qi}~_r +~λ ~a σ_μ~λ~^a + ( 1 − 2N_c N_f ) ψ_{Mi}σ_μψ_{Mi}. (4.1.10)

Note that in the above currents the range for the flavour indices is i, j = 1, · · ·, N_f , for the colour indices ~r = 1, · · ·, N_f − N_c, for the magnetic gauge group indices ~a = 1, · · ·, (N_f − N_c)^2 − 1 and for the flavour group indices A = 1, · · ·, N^2_f − 1.

The SU_L(N_f )×SU_R(N_f )×U_B(1)×U_R(1) currents composed of the electric quarks and gauginos are listed below: • SU_L(N_f ) J^A_{Lμ} = ψ_Qσ_μt^Aψ_Q; (4.1.11) • SU_R(N_f ) J^A_{Rμ} = ψ ~_Qσ_μt^Aψ ~_Q; (4.1.12)

• U_B(1) J^{(B)}_μ = ψ_Qσ_μψ_Q + ψ ~_Qσ_μψ ~_Q; (4.1.13)

• U_R(1)

J^{(R)}_μ = − N_c N_f ψ_Qσ_μψ_Q − N_c N_f ψ ~_Qσ_μψ ~_Q + λ^aσ_μλ^a. (4.1.14)

It can be easily checked that the non-vanishing anomaly coefficients are those collected in Table 4.1.3.

SU(N_c) (or elementary fermions) SU( ~N_c) (or composite fermions) (SU_{L(R)}(N_f))^3 +(−)d^{ABC}N_c d^{ABC}N_c (SU_{L(R)}(N_f ))^2U_B(1) N_cTr(t^At^B) N_cTr(t^At^B) (SU_{L(R)}(N_f))^2U_R(1) −N^2_c /N_f Tr(t^At^B) −N^2_c /N_f Tr(t^At^B) (U_B(1)(1))^2U_R(1) −2N^2_c −2N^2_c (U_R(1))^3 N^2_c − 1 − 2N^4_c /N^2_f N^2_c − 1 − 2N^4_c /N^2_f

Table 4.1.3: Anomaly coefficients of the original and dual supersymmetric QCD, d^{ABC} = Tr(t^A { t^B , T^C } ).

4.2 Non-Abelian electric-magnetic duality

Subsect. 4.1 gives a dual description of low energy supersymmetric QCD. However, only at the IR fixed point of the range 3N_c/2 < N_f < 3N_c, can the “electric” theory and “magnetic” theory describe the same physics. In the following we give a detailed analysis of this non-Abelian electric-magnetic duality.

First, the range 3N_c/2 < N_f < 3N_c implies the inequality 3 2 ~Nc < Nf < 3 ~Nc, (4.2.1) where ~N_c = N_f − N_c is the number of colours in the dual theory. Hence the range 3N_c/2 < N_f < 3N_c for the “electric” theory, for which a non-trivial IR fixed point exists, implies the range 3/2 ~N_c < N_f < 3 ~N_c for the magnetic theory. Thus the fixed point of the magnetic theory is identical to that of the original electric theory, i.e. they have the same non-Abelian Coulomb phase! Note that these two theories have different gauge groups and different numbers of interacting particles, but they have the same fixed point, and at the fixed point they describe the same physics. In the non-relativistic case, both theories have a 1/r potential in these two ranges, and there is no experimental way to tell whether the electric or magnetic gauge bosons are mediating the interaction.

Secondly, we look at the dynamics. Eq. (4.1.5) gives an additional superpotential of the magnetic theory. It can be argued that at the IR fixed point there exists a simple relation between an “electric” meson and a colour singlet of the “magnetic” theory

M^i_j = μM^i_j. (4.2.2)

Since both SU(N_c) and SU( ~N_c) QCD are asymptotically free in the range 3N_c/2 < N_f < 3N_c, both of them have an UV fixed point g = 0. (3.4.95) shows that the anomalous dimensions of M in the electric theory and of M in the magnetic theory vanish at the UV fixed point. Thus, their dimensions at the UV fixed point are the canonical dimensions. From its definition (3.3.14) the canonical dimension of M is 2 at the IR fixed point, while from the beta function (3.4.95), the vanishing of the beta function gives the anomalous dimension γ = −3 N_c N_f + 1. (4.2.3)

Thus, the full dimension of M at the IR fixed point is

D(M)_{IR fixed point} = 2 + γ = 3 N_f − N_c N_f . (4.2.4)

This can also obtained from the relation between the conformal dimension and R-charge of a chiral meson superfield operator in a superconformal field theory (see (2.5.70)), D( ~QQ) = 3 2 R( ~QQ) = 3 2 [R( ~Q) + R(Q)] = 3 N_f − N_c N_f . (4.2.5)

In the magnetic theory, the discussion in Subsect. 4.1 shows that M cannot be constructed from the elementary magnetic quarks q and ~q. It should be regarded as an elementary chiral superfield, thus its canonical dimension is 1 and so its dimension at the UV fixed point is 1. At the IR fixed point, M and M should become identical under the renormalization group flow and M should have the same dimension as M, i.e. 3(N_f − N_c)/N_f . This can be seen from its R-charge in (4.1.6). In order to relate M to M at the UV fixed point, we must introduce a scale μ and hence (4.2.2) arises. In the following, we shall replace M by M/μ, and then the additional superpotential (4.1.5) in the magnetic theory can be written as follows: W = 1 μ q_iM^i_j ~q^j. (4.2.6)

We shall see that the introduction of this parameter with mass dimension will make the non- Abelian electric-magnetic duality explicit. From dimensional analysis, the scale ~Λ of the magnetic theory and Λ of the electric theory should satisfy Λ^{3Nc−Nf} ~Λ^{3(Nf −Nc)−Nf} ∝μ^{Nf} . (4.2.7) The explicit relation involves a phase factor (−1)^{Nf −Nc} , Λ^{3Nc−Nf} ~Λ^{3(Nf −Nc)−Nf} = (−1)^{Nf −Nc} μ^{Nf} . (4.2.8) The necessity of introducing this phase factor will be explained in the following. Let us first see the consequences of the relation (4.2.8).

First, (4.2.8) implies that the gauge coupling of the electric theory becomes stronger while the coupling of the magnetic theory will become weaker and vice versa. This can be seen from the running coupling constant (3.4.5), Λ^{3Nc−Nf} = q^{3Nc−Nf} e^{−8π2/[g2(q2)]}, ~Λ^{3(Nf−Nc)−Nf} = q^{3(Nf −Nc)−Nf} e^{−8π2/[}~^{g2(q2)]}. (4.2.9) The relation (4.2.8) leads to

(−1)^{Nf −Nc} μ^{Nf} = q^{Nf} e^{−8π2/[g2(q2)]}e^{−8π2/[}~^{g2(q2)]}. (4.2.10)

At a certain fixed scale q = Λ, we have (−1)^{Nf −Nc} ( μ Λ )N_f e^{8π2/[g2(q2)]} = e^{−8π2/[}~^{g2(q2)]}. (4.2.11)

This can be thought of as the analogue of the usual electric-magnetic duality g−→1/g in an asymptotically free theories.

Secondly, (4.2.8) gives the connection between gluino condensations of the electric theory and the magnetic theory. (4.2.8) gives ln Λ^{3Nc−Nf} + ln ~Λ^{3(Nf −Nc)−Nf} = ln(−1)^{Nf −Nc} μ^{Nf} , d ln Λ^{3Nc−Nf} = −d ln ~Λ^{3(Nf−Nc)−Nf} . (4.2.12) As it is well known, the quantum one-loop effective action of supersymmetric QCD can be expressed in the following form: Γ = 1 4 1 g^2_{eff} ∫ d^4x ∫ d^2θTr(W^αW_α) + h.c. = 1 8π^2 ln ( q Λ )β_0 ∫ d^4x ∫ d^2θTr(W^αW_α) + h.c. , (4.2.13)

where β_0 = 3N_c − N_f for the electric theory and β_0 = 3(N_f − N_c) − N_f for the magnetic theory. Differentiating the effective action with respect to ln Λ^{β0} , we obtain

⟨W^2_α⟩ = −⟨~W^2_α⟩, (4.2.14)

whose lowest component shows that the gluino condensates of the electric and magnetic theories are related by ⟨λλ⟩ = −⟨~λ~λ⟩. (4.2.15) (4.2.14) is very similar to the ordinary electric-magnetic duality if we consider its θ^2 component, which contains the term F_{μν} F^{μν} and is in electric-magnetic components

E^2 − B^2 = −( ~E^2 − ~B^2). (4.2.16)

Now let us see the effect of the phase factor (−1)^{Nf −Nc} . A duality transformation of the relation (4.2.8) (i.e. N_c−→N_f − N_c) gives Λ^{3(Nf −Nc)−Nf} ~Λ^{3Nc−Nf} = (−1)^{Nc} ~μ^{Nf} = (−1)^{Nc−Nf} μ^{Nf} . (4.2.17) Hence

~μ = −μ. (4.2.18)

(4.2.17) and (4.2.18) imply that the dual of the magnetic theory (i.e. the dual of the dual) is an SU(N_c) theory with scale Λ. We denote its quark fields as d^{ir} and ~d_{ir}. Now there are two independent colour singlets, one is the original M^i_j and another is constructed from the magnetic quarks

N^j_i = q_i · ~q^j. (4.2.19)

The mass dimension 3 and R-charge 2 of the superpotential imply that the possible gauge invariant and SU_L(N_f )×SU_R(N_f )×U_B(1)×U_R(1) invariant superpotential for the dual description of the magnetic theory must be of the following form: W = 1 ~μ N^j_id^i ~d_j + 1 μ M^i_jN^j_i = 1 μ N^j_i(−d^i ~d_j + M^i_j). (4.2.20)

M and N are massive chiral superfields and they can be integrated out by their equations of motion:

M^i_j = d^i ~d_j, N = 0. (4.2.21)

This shows that the duals of the magnetic quarks can be identified with the original electric quarks Q and ~Q. Therefore, the dual of the magnetic theory coincides with the original electric theory. The phase factor (−1)^{Nf −Nc} plays an important role in revealing this.

Finally, we stress the correspondence between the operators in the electric and magnetic theories. As mentioned above, the explicit connection between the electric quarks and magnetic quarks is very difficult to find. However, the relation between gauge invariant composite operators in both theories is obvious. The meson operator M^i_j = Q^i ~Q_j is identical to the colour singlet operator M^i_j at the infrared fixed point. As for the baryon operators, (4.1.2) shows that at the IR fixed point the baryon operators are related as follows: B^{i1···iNc} = Q^{i1} · · ·Q^{iNc} = Cϵ^{i1···iNc j1···j}~^Nc^iB_{j1···j}~_{Nc} = Cϵ^{i1···iNc j1···j}~^Nc q_{j1} · · ·q_j~_{Nc} , ~Bi1^{···}iN_c = ~Qi1 · · · ~QiN_c = Cϵi^{1···}i^Nc j^{1···}j~N_c Bj_{1···}j ~Nc = Cϵ i1···i_{Nc} j1···j~_{Nc} ~qj_1 · · ·~qj ~Nc , (4.2.22)

where the normalization constant C is C = √ −(−μ)^{Nc−Nf} Λ^{3Nc−Nf} , (4.2.23) which is required by the various limits to be discussed in following subsection. Note that the dual relations (4.2.8) and (4.2.22) respect the idenpotency of the duality transformation.

4.2.1 Various deformations of non-Abelian electric-magnetic duality

By deformation we mean the various limiting cases mentioned in Subsect. 3.4.1. We shall show how in these limits the electric-magnetic duality exchanges strong with weak coupling and the Higgs phase with the confinement phase in the dual theories.

First, we consider the limit of a large mass of the N_f -th flavour in the electric theory (SU(N_c) supersymmetric QCD with N_f flavours) by introducing a superpotential W_{tree} = mM^{Nf}_{Nf} . After integrating out this heavy mode, the low energy theory will be an SU(N_c) supersymmetric QCD with N_f − 1 light flavours. As stated in Subsect. 3.4.1, the matching of coupling constants at the energy scale q = m gives a connection between the scale Λ of the high energy theory and the scale Λ_L of the low energy theory (see (3.4.17)), Λ^{3Nc−(Nf −1)}_L = mΛ^{3Nc−Nf} . Since supersymmetric QCD in the range 3N_c/2 < N_f < 3N_c is an asymptotically free theory, the low energy electric theory will have the stronger coupling. Let us see how the dual magnetic theory (SU( ~N_c) supersymmetric QCD with N_f flavours) behaves. With the added tree-level superpotential, the full superpotential is W = 1 μ q_iM^i_j ~q^j + mM^{Nf}~_{Nf} , i, j = 1, · · ·, N_f . (4.2.24) The F -flatness conditions for M^{Nf}~_{Nf} , M^i ~_{Nf} and M^{Nf}~_i yield q_{Nf} ~q^{Nf} = q_{Nf r} ~q^{Nf}_r = −μm, q_i ~q^{Nf} = q_{Nf} ~q^i = 0. (4.2.25)

So the lowest components of q_{Nf} and ~q_{Nf} will break the magnetic gauge group SU(N_f − N_c) to SU(N_f − N_c − 1) with N_f − 1 light magnetic quarks. The equations of motion of the massive quarks q_{Nf} , ~q^{Nf} and the composite quantity q_{Nf} ~q^{Nf} lead to

M^{Nf}~_{Nf} = M^i ~_{Nf} = M^{Nf}~_i = 0. (4.2.26)

Thus the low energy superpotential is composed of the light fields ^M, ^q and ^~q, W = 1 μ ^qi ^M ij^~q j = 1 μ ^qis ^M ij^~q j s, i, j = 1, · · ·, N_f − 1, s = 1, · · ·, N_f − N_c − 1. (4.2.27) Similarly to the electric theory, the coupling constants of the high energy theory (SU( ~N_c) with N_f flavours) and the low energy magnetic theory (SU( ~N_c − 1) with N_f − 1 flavours) should match at the energy scale q^2 = ⟨q_{Nf} ~q^{Nf} ⟩, 4π g^2(⟨q_{Nf} ~q^{Nf} ⟩) = 3 ~N_c − N_f 2π ln √ ⟨q_{Nf} ~q^{Nf} ⟩ ~Λ = 3( ~N_c − 1) − (N_f − 1) 4π ln √ ⟨q_{Nf} ~q^{Nf} ⟩ ~ΛL , ~Λ^{3(} ~N^{c−1)−(}N^{f −1)} L = ~Λ3 ~Nc−Nf ⟨q_{Nf} ~q^{Nf} ⟩ . (4.2.28)

Using the above relation, one can easily find Λ^{3Nc−(Nf −1)} L ~Λ^{3(} ~N^{c−1)−(}N^{f −1)} L = mΛ^{3Nc−Nf} ~Λ3 ~Nc−Nf ⟨q_{Nf} ~q^{Nf} ⟩ = m(−1)^{Nf −Nc} μ^{Nf} −μm = (−1)^{Nf −Nc−1}μ^{Nf −1}. (4.2.29)

Thus the relation (4.2.8) is preserved in the large mass limit. Further it can be easily verified that (4.2.22) is also preserved. Therefore, under the mass deformation duality is preserved. From the running gauge coupling, one can see that the duality makes a more strongly coupled electric theory equivalent to a more weakly coupled magnetic theory at the IR fixed point.

However, for the case N_f = N_c + 2, the magnetic theory is an SU(2) gauge theory and has only two colours. In this case the above discussion of the mass deformation is incomplete. If we introduce a large mass term for the N_f (= N_c + 2)-th flavour, the SU(2) magnetic gauge symmetry will be completely broken. The low energy electric theory contains the mesons ^M^i_j, i, j = 1, · · ·, N_c + 1, while in the low energy magnetic theory, after integrating out the massive quarks, there are only massless, colourless magnetic quarks ^q_i and ^~q_i left. The low energy superpotential is still of the form (4.2.6) but with no summation over colour indices. From the relation (4.2.22), which gives the connection between the baryons B_i and ~B^i of the low energy electric theory and the colour singlet magnetic quarks of low energy magnetic theory, we have B^{i1···iNc} = Q^{i1} · · ·Q^{iNc} = ^Cϵ^{i1···iNc i} ^q_i, ~Bi1^{···}iN_c = ~Qi1 · · · ~QiN_c = ^Cϵi1^{···}iN_c i^~qi, (4.2.30) where ^C = √ Λ^{2Nc−1}/μ. If we adopt the dual form (4.1.2) of the baryon, one can see

B_i = √ Λ^{2Nc−1} L μ 1 N_f ! ϵ_{i1···iNc i}B^{i1···iNc} = √ Λ^{2Nc−1} L μ ^qi,

~Bi = √ Λ^{2Nc−1} L μ 1 N_f ! ϵ_{i1···iNc i} ~B^{i1···iNc} = √ Λ^{2Nc−1} L μ ^~q i. (4.2.31)

This means that the gauge singlet magnetic quarks are in fact the baryons of the low energy electric theory, i.e. the baryons are magnetic monopoles of elementary quarks and gluons. This idea was actually proposed many years ago by Skyrme. Later Witten further showed that at least in the large N_c case, the baryons can be regarded as solitons of the low energy effective Lagrangian of ordinary QCD [77]. In supersymmetric gauge theory, this idea comes out naturally in the context of electric-magnetic duality.

Furthermore, with N_f = N_c + 2, we can obtain the superpotential (3.4.92) of the case of N_f = N_c +1 light flavours from the duality between the low energy electric and magnetic theory. From (4.2.29) and (4.2.31), the superpotential in low energy magnetic theory is W = 1 μ ^qi ^M ij^~q j = 1 Λ^{2Nc−1} L B_i ^M^i_jB^j, (4.2.32)

where Λ_L is the scale of the low energy electric theory with N_f (= N_c +1) light flavours. However, since the gauge symmetry in the magnetic theory is completely broken, the low energy effective action should include the contribution from instantons for the broken magnetic group, since in this case the magnetic theory is completely Higgsed and the instanton calculation is reliable. According to (3.4.29), the instanton contribution in the magnetic theory is

W_{inst} =

~Λ^{6−(}N^{c+2)} L det(μ^{−1} ^M) q^{Nf +2} ~q^{Nf +2} = − det ^M Λ^{3Nc−(Nc+1)} L , (4.2.33)

where (4.2.29) and (3.4.57) were used. Putting (4.2.32) and (4.2.33) together, we obtain the superpotential of the low energy theory with N_f = N_c + 1 light flavours (the index L is omitted) W = 1 Λ^{2Nc−1} (B_iM^i_j ~B^j − det M). (4.2.34)

This is exactly the superpotential (3.4.92), where we got it from the strongly coupled electric theory, while here we rederived it from the weakly coupled magnetic theory.

In a similar way one can consider the general mass deformation by introducing a mass term m^j_iM^i_j for all the (electric) quarks. The full superpotential W = q_iM^i_j ~q^j + m^j_iM^i_j implies that the dual magnetic quarks get the mass (matrix)

m^i_{mag j} = M^i_j μ , (4.2.35)

so the low energy magnetic theory is a pure SU(N_f − N_c) Yang-Mills theory. From (3.4.40) we have

~Λ^3L = [ det(μ^{−1}M)Λ^3 ~^{Nc−Nf} ]_1/ ~N_c , ~Λ^{3(}N^{c−}N^{f )} L = μ^{−Nf} ~Λ^{3(Nf −Nc)−Nf} det M. (4.2.36)

Correspondingly, there exists an effective superpotential produced from gluino condensation,

W_{eff} = ~N_c ~Λ^3_L = (N_f − N_c) [ μ^{−Nf} ~Λ^{3(Nf −Nc)−Nf} det M ]_1/_(N_{f −}N_{c)}

= (N_c − N_f ) ( Λ^{3Nc−Nf} det M

)_1/_(N_{c−}N_{f )} , (4.2.37)

where we have used (4.2.8). One can see that (4.2.37) is the same as (3.4.29), but (4.2.37) is obtained from the dual magnetic theory. This implies that the superpotential (3.4.29) and the expectation values (3.4.38) are reproduced correctly when mass terms are added to the magnetic theory. It should be emphasized that the factor (−1)^{Nf −Nc} plays a crucial role in getting (4.2.37), otherwise the sign will be opposite.

There is another possible deformation, which is realized by making the quark superfields have big expectation values along the D-flat direction (3.3.13) in the electric theory. For simplicity, we only choose one flavour, say, the N_f -th flavour, to have a large expectation value, i.e. ⟨Q^{Nf} ⟩ = ⟨ ~Q^{Nf} ⟩ is large. The lowest components of Q^{Nf} and ~Q^{Nf} will break the electric SU(N_c) theory with N_f flavours to SU(N_c − 1) with N_f − 1 flavours. From (3.4.11), the matching of running coupling constant at ⟨Q^{Nf} ⟩ = ⟨ ~Q^{Nf} ⟩ leads to Λ^{3(Nc−1)−(Nf −1)} L = Λ^{3Nc−Nf} L ⟨Q^{Nf} ~Q^{Nf} ⟩ . (4.2.38)

In the magnetic theory, similarly to (4.2.35), a large ⟨M^{Nf}_{Nf} ⟩ yields a large mass μ^{−1}⟨M^{Nf}_{Nf} ⟩ for the N_f -th magnetic quarks, q^{Nf} and ~q^{Nf} . The low energy magnetic theory is SU(N_f − N_c) with N_f − 1 light flavours and the low energy scale is

~Λ^{3(}N^{f−}N^{c)−(}N^{f −1)} L = μ^{−1}⟨M^{Nf}_{Nf} ⟩~Λ^{3(Nc−Nf )−Nf} . (4.2.39) One can easily check that the relation (4.2.8) is satisfied and hence that duality is preserved. Similar discussions for ⟨B⟩≠0 show that the duality is also preserved in this case [78].

4.2.2 Non-Abelian free magnetic phase: N_c + 2≤N_f ≤3/2N_c

Now we consider a special range of colour and flavour numbers, N_c + 2≤N_f ≤3/2N_c. From the NSVZ beta function of the dual theory β(g) = − g^3 16π^2

3(N_f − N_c) − N_f + N_f γ(g^2) 1 − (N_f − N_c)g^2/(8π^2) , γ(g^2) = − g^2 8π^2

(N_f − N_c)^2 − 1

(N_f − N_c)

+ O(g^4), (4.2.40)

one can see that when N_f ≤3/2N_c, 3(N_f −N_c)≤N_f , the beta function is positive, so the magnetic SU(N_f −N_c) theory is not asymptotically free and is weakly coupled at low energy. Thus at low energy the magnetic quarks are not confined and the particle spectrum consists of the singlet M, and the magnetic quarks q and ~q. The relations (4.2.22) show that the massless magnetic particles are composites of the elementary electric degrees of freedom. Comparing with the case N_f ≥3N_c in the electric theory, which is in the non-Abelian free electric phase, we say that the theory is in a non-Abelian free magnetic phase since there are massless “magnetic” charged fields.

4.3 Duality in Kutasov-Schwimmer model 4.3.1 Kutasov’s observation

The Kutasov-Schwimmer model is the usual N = 1 supersymmetric SU(N_c) QCD but with an additional matter field X in the adjoint representation of the gauge group and an associated superpotential of the general form [85, 86, 83] W = k∑ i=0 s_i k + 1 − i TrX^{k+1−i}. (4.3.1)

It seems that the presence of these non-renormalizable interactions described by this superpotential is irrelevant for the short-distance behaviour of the theory, but they may have strong effects on the infrared dynamics. Thus this model has a rich electric-magnetic duality structure. In the following we give a brief introduction to the duality present in this model.

We start from the original observation made by Kutasov [85]. According to the NSV Z β-function of N = 1 supersymmetric Yang-Mills theory with matter fields Φ_i in representations r_i of the gauge group G given by (1.1) β(α) = − α^2 2π 3T (G) − ∑ i T (r_i)[1 − γ_i(α)] 1 − T (G)α/(2π) , (4.3.2)

where i labels the species of fields, α = g^2/(4π) is the fine structure constant, and γ_i(α) are the anomalous dimensions of Φ_i,

γ_i(α) = −C_2(r_i) α π + O(α^2) (4.3.3)

with

Tr(T^aT^b) = T (R)δ^{ab}, T^aT^a = C_2(R)1, T (G) ≡ T (R = adjoint). (4.3.4)

Non-trivial fixed points arise when 3T (G) − ∑ i T (r_i)[1 − γ_i(α)] = 0. (4.3.5)

Note that now these fixed points are not necessarily the infrared fixed points. At a fixed point the physics is described by a superconformal field theory, and the scaling dimension of Φ_i should be the sum of the canonical and anomalous dimensions

d_i = 1 + γ_i 2 . (4.3.6)

On the other hand, for a superconformal theory there exists a simple relation between the scaling dimension and the anomaly-free R-charge

R_i = 2 3 d_i. (4.3.7)

With (4.3.6) and (4.3.7), (4.3.5) can be written as

T (G) + ∑ i T (r_i)[R_i − 1] = 0. (4.3.8)

(4.3.8) actually provides a condition for an R-symmetry to be anomaly-free, under which the supercoordinates θ_α have the R-charge 1 and the fields Φ_i have R-charges R_i. Thus (4.3.8) is also called the anomaly cancellation condition. In general, there may be many U_R(1) symmetries whose R-charges satisfy (4.3.8) and thus they are anomaly-free. However, since we are only interested in infra-red (IR) fixed points, it is necessary to know which of the R-symmetries is the right one, i.e. which R-symmetry becomes a part of the IR superconformal algebra. There are some cases in which the answer is known, for instance, if all the matter fields Φ_i belong to the same representation r_i = r, i = 1, · · ·, M, then we have

R_i = R = 1 − T (G) MT (R) . (4.3.9)

The SU(N_c) supersymmetric QCD with N_f quark and anti-quark superfields, Q_i and ~Q_i, is just this case, where we have

T (SU(N_c)) = N_c, T (N_c) = 1/2, M = 2N_f . (4.3.10)

Thus anomaly-free R charges for quark and anti-quark superfields are R = 1 − N_c/N_f, which naturally agrees with the R-charges listed in Table 3.1.1. However, there is no general method of determining R_i in (4.3.8) to pick the right R-charge so that it becomes a generator of the IR superconformal algebra. It is not even clear in general whether the theory ends up in the infrared region of a non-Abelian Coulomb phase. Among the phases introduced in Sect.2.4, we know that only the Coulomb phase allows a self-dual description.

Based on the above observation, Kutasov considered a straightforward generalization of supersymmetric QCD [85], i.e. supersymmetric SU(N_c) Yang-Mills theory with a matter superfield X in the adjoint representation of the gauge group, N_f multiplets Q^i in the N_c and N_f supermultiplets ~Q_i in the N_c representations; i = 1, · · ·, N_f. Due to the presence of the matter field in the adjoint representation, the one-loop β function coefficients for this model becomes

β_0 = 2N_c − N_f . (4.3.11)

Thus the theory is asymptotically free only for N_f < 2N_c. It is natural to assign the same R charge R_f to all the fundamental multiplets Q^i, ~Q_i and a different R charge R_a to the adjoint one, X. From (4.3.10) and T (adjoint) = N_c, the anomaly cancellation condition (4.3.8) takes the form

N_c + 2N_f 1 2 (R_f − 1) + N_c(R_a − 1) = 0,

N_f R_f + N_cR_a = N_f . (4.3.12)

There are many possible assignments for R_f and R_a satisfying (4.3.12), the problem is which R-symmetry becomes part of the IR superconformal algebra.

Kutasov used the following technique to solve this problem [85]: first formally finding the dual description, then making use of the consistency of the theory to work out the correct dynamics so that the right anomaly-free R-symmetry can be distinguished. The method of searching for the dual magnetic description is the same as in the supersymmetric QCD case discussed in Sect.4.1. Since the baryons can reveal the form of the duality transformation, one first defines the baryon-like operators in the above model, B^{[i1···ik][ik+1···iNc ]} = ϵ^{α1···αNc} X^{β1}_{α1} X^{β2}_{α2} · · ·X^{βk}_{αk} Q^{i1}_{β1} · · ·Q^{ik}_{βk} Q^{ik+1}α_{k+1} · · ·Q^{iNc}α_{Nc} , (4.3.13) where α_i, β_j = 1, · · ·, N_c are colour indices. For a given k, there are ( N_f k ) ( N_f N_c − k ) baryons

B^{[i1···ik][ik+1···iNc ]}, so the total number of the baryon operators is Nc∑ k=0 ( N_f k ) ( N_f N_c − k ) = ( 2N_f N_c ) . (4.3.14)

(4.3.13) and (4.3.14) show that k≤N_f , N_c − k≤N_f , and hence the baryon operators (4.3.13) exist only for N_f ≥N_c/2.

(4.3.14) reveals that the spectrum of baryons has a symmetry under N_c←→2N_f − N_c (with

the flavour number N_f fixed) since ( 2N_f N_c ) = ( 2N_f 2N_f − N_c ) . Thus the corresponding dual

(“magnetic”) theory should be an SU( ~N_c = 2N_f − N_c) gauge theory with the fundamental supermultiplets q_i, ~q^i and adjoint supermultiplet Y as well as some other colour singlets. Similarly to (4.2.22), an identification of the baryon operators in electric and magnetic theories should be possible: B^{[i1···ik][ik+1···iNc ]} el = B^{[j1 ···jp][jp+1···j2Nf −Nc ]} mag , (4.3.15)

with p = N_f − N_c + k. Assume that the magnetic quark superfields q_i and ~q^i have the R-charges ~Rf and that Y has the same R-charges Ra as X. Then the anomaly cancellation condition (4.3.12) in both electric and magnetic theories and the identification (4.3.15) yield

N_f R_f + N_cR_a = N_f , N_f ~R_f + (2N_f − N_c)R_a = N_f , kR_a + N_cR_f = (N_f − N_c + k)R_a + (2N_f − N_c) ~R_f . (4.3.16)

Hence we get

R_a = 2 3 , R_f = 1 − 2 3 N_c N_f , ~R_f = 1 − 2 3 2N_f − N_c N_f . (4.3.17)

The R-charge of the adjoint supermultiplets in (4.3.17) seems to present a puzzle to us: the theory we are considering is asymptotically free, so g = 0 is the UV fixed point, at which the R-charge of X is 2/3, whereas (4.3.17) shows that at the IR fixed point the R-charge of X is also 2/3. Usually this not possible since (4.3.2) and (4.3.3) show that even for a perturbative fixed point the conformal dimension and hence the R-charge of X can receive a contribution at least at first order in α.

It was realized by Kutasov that the reason for this lies in the ambiguous action of U_R(1) on the chiral supermutiplets in the adjoint and fundamental representations, and only an interaction superpotential relevant to the chiral supermutiplet in the adjoint representation can fix this ambiguity. Thus Kutasov’s resolution to this puzzle was to assume that the model considered should be subject to a Wess-Zumino superpotential composed of the adjoint matter [85]

W_{el}(X)∝TrX^3. (4.3.18)

A perturbative calculation in the Wess-Zumino model shows that the interaction provided by this superpotential contributes to the anomalous dimensions of X and hence to the β function

SU_L(N_f) SU_R(N_f ) U_B(1) U_R(1) Q N_f 1 1 1 − 2N_c/(3N_f) ~Q 1 Nf −1 1 − 2Nc/(3Nf) X 1 1 0 2/3

Table 4.3.1: Representation quantum numbers of the matter fields of the electric theory under SU_L(N_f )×SU_R (N_f )×U_B (1)×U_R(1).

SU_L(N_f ) SU_R(N_f) U_B(1) U_R(1) q N_f 1 N_c/(2N_f − N_c) 1 − 2(N_f − N_c)/(3N_f) ~q 1 Nf −Nc/(2Nf − Nc) 1 − 2(Nf − Nc)/(3Nf) Y 1 1 0 2/3 M N_f N_f 0 2 − 4N_c/(3N_f ) N N_f N_f 0 8/3 − 4N_c/(3N_f)

Table 4.3.2: Representation quantum numbers of the matter fields of the magnetic theory under SU_L(N_f )×SU_R (N_f )×U_B (1)×U_R(1).

of the gauge coupling. Thus with the superpotential (4.3.18) there is a possible additional fixed point at which X has the canonical conformal dimension 1 and hence the R-charge 2/3. In particular, the superpotential (4.3.18) respects the R-symmetry given by (4.3.17), since as a superpotential it should have R-charge 2. Therefore, the introduction of this superpotential also chooses the right R-symmetry so that it becomes a part of the IR superconformal symmetry. Of course, the R-charge (4.3.17) at the IR fixed point is actually found by requiring the existence of a duality, which is independent of the discussion of the superpotential (4.3.18).

Next we briefly review the duality mentioned above. First, the electric theory has an anomaly-free global symmetry SU_L(N_f )×SU_R(N_f )×U_B(1)×U_R(1) at the IR fixed point under which the quantum numbers of the matter fields are listed in Table (4.3.1).

The dual description is the SU(2N_f − N_c) gauge theory. The matter fields include not only the dual quarks q_i, ~q^i and the adjoint field Y , but also two gauge singlet chiral superfields M^i_j and N^i_j. At the IR fixed point, these gauge singlets are the meson and meson-like operators of the original electric theory

M^i_j = Q^i_r ~Q^r_j = Q^i· ~Q_j, N^i_j = Q^i_rX^r_s ~Q^s_j = Q^i·X· ~Q_j . (4.3.19)

The quantum numbers of all the matter fields under the global symmetry SU_L(N_f )×SU_R(N_f ) ×U_B(1)×U_R(1) are listed in Table (4.3.2).

Strong support to this duality pattern comes from the ’t Hooft anomaly matching for the above global symmetry group . Using the quantum numbers listed in Tables (4.3.1), (4.3.2) and the quantum numbers of the electric and magnetic gauginos,

λ : (1, 1, 0, 1); ~λ : (1, 1, 0, 1), (4.3.20)

one can easily write down the conserved currents and the energy-momentum tensor composed of the massless fermionic components and calculate the anomaly coefficient. The explicit calcu-

Triangle diagrams Anomaly coefficients SU_{L(R)}(N_f )^3 +(−)N_cTr(t^A{t^B, t^C}) SU_{L(R)}(N_f )^2U_R(1) −2N^2_c /(3N_f )Tr(t^At^B) SU_{L(R)}(N_f )^2U_B(1) N_cTr(t^At^B) U_R(1) −2(N^2_c + 1)/3 U_R(1)^3 26(N^2_c − 1)/27 − 16N^4_c /(27N^2_f ) U_B(1)^2U_R(1) −4N^2_c /3

Table 4.3.3: ’t Hooft anomaly coefficients.

lation shows that the coefficients are indeed equal in both theories and they are listed in Table (4.3.3). Note that now there are more non-vanishing triangle diagrams in comparison with the usual N = 1 supersymmetric QCD.

As in the usual supersymmetric QCD case, the global symmetry and holomorphy determine that the superpotential of the dual theory should be of the form

W_{mag} = M^i_jq_i·Y ·~q^j + N^i_jq_i·~q^j + TrY^3. (4.3.21)

Note that the first term of the above superpotential is an operator with UV dimensions 4. However, as argued in the following, M^i_jq_i·Y ·~q^j is actually not always irrelevant, i.e. its dimension can become less than 4.

The dynamical structure of the theory can be qualitatively analyzed through the scaling dimension of the meson fields M^i_j at the IR fixed point, d(M) = 3 2 R = 3 − 2N_c N_f . (4.3.22)

The one-loop beta function coefficient (4.3.11) shows that when N_f > 2N_c, the electric theory is not asymptotically free and thus in a free electric phase. At N_f ∼2N_c, d(M)∼2, (4.3.21) shows that the electric theory should be weak coupled. As N_f decreases, the running coupling in the IR electric theory increases and d(M) decreases. At N_f = N_c, d(M) becomes 1 and M behaves as a free scalar field. It is then natural to expect that the dimension of M in the IR region remains 1 for N_f < N_c as well.

In the dual magnetic description, the dynamical behaviour of M is also remarkable. From the one-loop beta function coefficient of the magnetic theory, ~β = 2(2Nf − Nc) − Nf = 3Nf − 2Nc, (4.3.23) one can see that for N_f ≃ 2 3 N_c (4.3.24)

the coupling is weak, and at low energy M will become a free field coupled to the gauge sector through the first term of the nonrenormalizable superpotential (4.3.21). If N_f > 2N_c/3, the coupling of MqY ~q will decrease at large distances. For N_f not much larger than 2N_c/3, perturbation theory works. One can see that M becomes a free field with dimension 1. However, as

N_f increases, the coupling in the magnetic theory becomes stronger, the anomalous dimension of MqY ~q may become more and more negative until, if the coupling is strong enough, this irrelevant operator actually becomes relevant, i.e. the full (canonical + anomalous) dimension may become less than 4. Hence it will have effects on the IR dynamics of M and the strongly interacting magnetic gauge degrees of freedom. Obviously, if this phenomenon occurs, it is completely due to non-perturbative effects in the magnetic theory, since usually the IR magnetic gauge coupling should be larger than the critical coupling so that MqY ~q becomes relevant. Note that the interaction of M with the gauge sector is a flavour interaction and the gauge interaction occurs through the colour degrees of freedom. Usually at low energy the colour interaction is much stronger than the flavour one.

One can perform a similar discussion for the operators N^i_j and the related Nq ~q interaction. From Table (4.3.2) the operators N^i_j have dimension d(N) = 3 2 R(N) = 4 − 2N_c N_f , (4.3.25)

which will go to 1 at N_f = 2N_c/3. For N_f < 2N_c/3, (4.3.23) shows that the magnetic theory is not asymptotically free, and hence the full theory is free in the infrared region. Consequently, N^i_j become free field operators when N_f < 2N_c/3. Otherwise they will participate in the interaction non-trivially.

In summary, the general dynamical structure of this set of theories can be stated as follows: the theory is free in the ranges N_f > 2N_c and N_f < 2N_c/3. The former corresponds to a free electric phase, with the fields M and N corresponding to quark composites with dimensions 2 and 3, respectively, due to (4.3.22) and (4.3.25); the latter corresponds to a free magnetic phase with M and N being free fields with dimension 1. The theory is in an interacting non-Abelian Coulomb phase for the range 2N_c/3 < N_f < 2N_c, in which there is a dual magnetic description, i.e. supersymmetric SU(2N_c − N_f ) QCD with two colour singlets M and N. Obviously, the model with N_f = N_c is self-dual under the duality N_c↔2N_f − N_c, which exchanges the range N_c < N_f < 2N_c with 2N_c/3 < N_f < N_c. (4.3.22) shows that as N_f < N_c the field operators M^i_j are free field operators since they have dimension 1, but the full theory is not.

A discussion similar to the SU(N_c) QCD case can show that the duality is preserved under a mass deformation and in the flat directions. Note that the flat directions of the magnetic theory are composed of the D-flat directions of the gauge sector and the F -flat directions obtained through the superpotential (4.3.21) [85].

4.3.2 Duality in the Kutasov-Schwimmer model

Kutasov-Schwimmer model

The Kutasov-Schwimmer model is a generalization of the model introduced in last section. The field content is the same, only the superpotential (4.3.18) is replaced by a general one,

W = g_kTrX^{k+1}. (4.3.26)

For simplicity, only the case k < N_c will be considered. (4.3.26) shows that for k = 1 this superpotential is the mass term for X, so one can integrate out the adjoint superfield in the IR region and return back to the usual supersymmetric QCD. The k = 2 case is just the one discussed in the last section.

SU_L(N_f ) SU_R(N_f) U_B(1) U_A(1) U_R(1) Q N_f 1 1 1 1 − 2N_c/(3N_f) ~Q 1 Nf −1 1 1 − 2Nc/(3Nf) X 1 1 0 0 2/(k + 1)

Table 4.3.4: Representation quantum numbers of the matter fields of the electric theory under SU_L(N_f )×SU_R (N_f )×U_B (1)×U_R(1).

We first have a look at the moduli space of this model. As in the usual supersymmetric QCD, the moduli space is labeled by two kinds of gauge invariant operators: the meson operators

(M_l)^i_j = Q^i_α(X^{l−1})^α_β ~Q^β_j , l = 1, · · ·, k, (4.3.27)

with

(X^{l−1})^α_β≡X^α_{α1} X^{α1}_{α2} · · ·X^{αl−1}_β , (4.3.28)

and the baryon-like operators B^{(n1n2···nk )} = Q^{n1}_{(1)}· · ·Q^{nk}_{(k)}; k∑ l=1 n_l = N_c, (4.3.29)

where Q_{(l)} are the “dressed” quarks Q^i_{(l)α}≡ ( X^{l−1}Q^i ) α = ( X^{l−1} ) β α Q^i_β, l = 1, · · ·, k, (4.3.30) and consequently

Q^{nl}_{(l)} = 1 l! ϵ^{α1···αl} Q^{i1}_{(l)α1}· · ·Q^{inl}_{(l)αl}. (4.3.31) ( 4.3.29) and (4.3.31) show that the total number of the baryon operators is ∑ {nl} ( N_f n_1 ) · · · ( N_f n_k ) = ( kN_f N_c ) . (4.3.32)

Before discussing the duality, we find the anomaly-free global symmetry. Classically, the action of N = 1 the theory has the global symmetry

SU_L(N_f )×SU_R(N_f )×U_B(1)×U_A(1)×U_{R0} (1). (4.3.33)

The standard form of the classical action of the N = 1 supersymmetric gauge theory with quark superfields in the fundamental representation and a matter field in the adjoint representation and the superpotential (4.3.26) imply that the quantum numbers of matter fields under (4.3.33) should be as listed in Table (4.3.4).

At the quantum level, the U_A(1) and U_{R0} (1) will become anomalous. Like in the SU(N_c) QCD case, there exists an anomaly-free U_{R0} (1) symmetry coming from a combination of U_{R0} (1)

U_B(1) U_A(1) U_R(1) Q 1 1 1 − 2N_c/(3N_f ) ~Q −1 1 1 − 2Nc/(3Nf ) X 0 0 2/(k + 1)

Table 4.3.5: Anomaly-free U_R(1) combination of quantum numbers of the matter fields in the electric theory.

and U_A(1) transformations. The method of searching for such an anomaly-free U_R(1) is the same as the one discussed in Subsect. 3.1.2. The classical conserved currents corresponding to the classical U_{R0} (1) and U_A(1) transformations are, respectively,

j^5_{(R0)μ} = Ψ_Qγ_μγ_5Ψ_Q − k − 1 k + 1

Ψ_X γ_μγ_5Ψ_X − λ^aγ_μγ_5λ^a;

j^5_{(A)μ} = Ψ_Qγ_μγ_5Ψ_Q. (4.3.34)

Their operator anomaly equations read

∂_μj^{5μ}_{(R0)} = 2 ( 2N_c k + 1 − N_f ) g^2 32π^2 F^a_{μν} ~F^{μνa}; ∂_μj^{5μ}_{(A)} = 2N_f g^2 32π^2

F^a_{μν} ~F^{μνa}. (4.3.35)

According to (3.4.4) the anomaly-free U_R(1) charge should be the following combination

R = R_0 + ( 1 − 2 k + 1 N_c N_f ) A. (4.3.36)

Therefore, the full quantum symmetry is SU_L(N_f )×SU_R(N_f )×U_B(1)×U_R(1), with the anomalyfree R-charges listed in table (4.3.5).

Duality

The discussion in the last section and (4.3.32) show that the dual magnetic description should be an SU(kN_f − N_c) gauge theory with the following matter content: N_f flavours of dual quarks q_i, ~q^i, an adjoint field Y and gauge singlets M_j , which are identical to (4.3.27) at the IR fixed point. The quantum numbers of these matter fields under the global symmetry are listed in Table (4.3.6). They are determined by (4.3.27) and the identification of the baryon-like operators in both the electric and magnetic theories, B^{(n1 n2···nk)} elec ∼B (m1m2···mk ) mag (4.3.37)

with B^{(m1m2···mk)} mag = q^{m1}_{(1)} · · ·q^{mk}_{(k)} ; ∑ l m_l = kN_f − N_c, l = 1, 2, · · ·, k. (4.3.38)

SU_L(N_f ) SU_R(N_f) U_B(1) U_R(1) q N_f 1^{Nc}_{kNf −Nc} 1 −^2_{k+1}^{kNf −Nc}_{Nf} ~q 1 Nf − N^c_(kN_{f −}N_{c)} 1 −^2k_{+1}^(kN^{f −}N^{c)}N_f Y 1 1 0^2_{N +1} M_j N_f N_f 0 2 −^4_{N +1}^{Nc}_{Nf} +^2_{k+1} (j − 1)

Table 4.3.6: Representation quantum numbers of the matter fields in the magnetic theory under the global symmetry SU_L(N_f )×SU_R(N_f )×U_B (1)×U_R(1).

Triangle diagrams Anomaly coefficients SU(N_f )^3 N_cTr(t^A{t^B, t^C}) SU(N_f )^2U_R(1) −^2_{k+1}^{N 2c}_{Nf} Tr(t^At^B) SU(N_f)^2U_B(1) N_cTr(t^At^B)

U_R(1)^3 [( 2 k+1 − 1

)_3 + 1 ] ( N^2_c − 1 ) −^{16}_{(k+1)3}^{N 4c}_{N 2f}

U_B(1)^2U_R(1) −^4_{k+1} N^2_c

U_R(1) −^2_{k+1} (N^2_c + 1)

Table 4.3.7: ’t Hooft anomaly coefficients.

(4.3.37) and (4.3.38) suggest that

m_l = N_f − n_{k+1−l}, l = 1, 2, · · ·, k. (4.3.39)

As in the usual supersymmetric QCD, this dual picture is supported by the ’t Hooft anomaly matching. Considering the various currents corresponding to the global symmetry SU_L(N_f )× SU_R(N_f )×U_B(1)×U_R(1) and the energy-momenta composed of the fermionic components of the above matter fields and gauginos in both the electric and magnetic theories and calculating the non-vanishing triangle diagrams, one can easily find that the anomaly coefficient are indeed identical. They are listed in table (4.3.7).

The quantum numbers given in Table (4.3.6)) and the holomorphy determine that the superpotential of the dual, magnetic theory should be of the following form

W_{mag} = TrY^{k+1} + k∑ j=1 M_j ~qY^{k−j} q, (4.3.40) where the normalization coefficients are chosen equal to 1. In principle these coefficients can be calculated and they are relevant for a more clear understanding of duality. Especially, the case k = 1 corresponds to the Seiberg duality discussed in Sect. 4.2, since now the superpotential (4.3.26) and (4.3.40) show that X, Y are massive and can be integrated out. The case k = 2 is just the Kutasov model discussed in the previous section.

Deformation

There are many interesting deformations, which can provide a non-trivial check on the above duality. Two cases will be discussed [86]. The first one is the mass deformation, which is implemented by giving a mass to the N_f -th electric quarks; thus, the whole superpotential of the electric theory at tree level becomes

W_{el} = g_kTrX^{k+1} + m ~Q_{Nf} Q_{Nf} . (4.3.41)

Consequently, the low energy theory becomes an SU(N_c) gauge theory with N_f − 1 flavours since the heavy flavour should be integrated out. On the other hand, in the magnetic theory the introduction of the mass term for the electric quarks gives a new term to the magnetic superpotential (4.3.40) due to the duality:

W_{mag} = g_kTrY^{k+1} + k∑ j=1 M_j ~qY^{k−j} q + m(M_1)^{Nf}_{Nf} . (4.3.42)

The equations of motion for (M_1)^{Nf}_{Nf} show that the vacuum should satisfy q_{Nf} Y^{l−1} ~q^{Nf} = −δ_{lk}m, l = 1, · · ·, k, (4.3.43) which together with the following conditions determine the expectation values: ~q N_f α = δ_{α,1}; q^α_{Nf} = δ^{α,k}; Y^α_β = { δ^α_{β+1}, β = 1, · · ·, k − 1 0 otherwise

(4.3.44)

(4.3.43) and (4.3.44) imply that the Higgs mechanism occurs. Consequently, the low energy magnetic theory is the SU(kN_f − N_c − k) theory with N_f − 1 flavours. It corresponds exactly to the low energy electric theory. Thus the duality is preserved under this mass deformation.

Another deformation is achieved by perturbating the electric superpotential (4.3.26) by the following term

W (X) = Tr ( X^3 + m 2 X^2 + λX ) , (4.3.45)

where the last term λTrX is a Lagrange multiplier term since the SU(N_c) adjoint field X is traceless. Due to the relation between the scalar potential and the superpotential, V (ϕ) = |∂W/∂X|^2_{X→ϕX} , the vacuum solutions are given by diagonal matrices X = (x_rδ^r_s) with eigenvalues x_r satisfying the quadratic equations:

3x^2 + mx + λ = 0. (4.3.46)

Thus there are two solutions,

x_± = −m ± √ m^2 − 12λ 6 , (4.3.47)

which correspond to the two minima of the scalar potential. Since the supersymmetry is not broken, the Witten index implies that there should exist N_c + 1 possible vacua labelled by k = 0, 1, · · ·, N_c. Without loss of generality, we assume that there are k eigenvalues x_i equal to x_+ and N_c − k ones equal to x_−. Consequently, the gauge group is broken, SU(N_c)−→SU(k)×SU(N_c − k)×U(1). (4.3.48) In each vacuum the theory is reduced to the usual supersymmetric QCD since X becomes massive and can be integrated out.

In the dual magnetic theory, the gauge group is SU(2N_f − N_c) and hence there seems to exist 2N_f − N_c + 1 supersymmetric vacua. A similar analysis shows that the introduction of the superpotential (4.3.45) breaks the symmetry of the magnetic theory as follows: SU(2N_f − N_c)−→SU(l)×SU(2N_f − N_c − l)×U(1). (4.3.49) However, as indicated by ADS superpotential in Ref. [32], a supersymmetric vacuum is not stable if the the number of flavours is smaller than the number of colours in supersymmetric QCD. Therefore, the l-th vacuum is stable if and only if l≤N_f and 2N_f − N_c − l≤N_f . Thus the true vacua are labelled by l = N_f − N_c, · · ·, N_f and there are only N_c + 1 vacua. This coincides exactly with the requirement of duality. One can naturally think that the explicit correspondence between the vacua given in (4.3.48) and (4.3.49) is l = N_f − k.

Special consideration should be paid to two particular cases, k = 0 or N_c. Now the SU(N_c) gauge group remains unbroken. Consequently, the trivial vacuum ⟨X⟩ = 0 in the electric theory corresponds to a magnetic vacuum with ⟨Y ⟩≠0, in which the breaking pattern of the magnetic gauge group is SU(2N_f − N_c)−→SU(N_f)×SU(N_f − N_c)×U(1). (4.3.50) However, we can still get a consistent duality mapping. Eq. (4.1.5) shows that in the magnetic theory there exists a superpotential W = M^{ij} ~q^r_i q_{jr}. The equations of motion for M will set ~q·q = 0. Furthermore, according to Eq. (3.4.52), the quantum moduli space is given by det(~q · q) − B ~B = Λ^{2Nf} , which relates ~q and q to the baryons ~B, B. Thus in the quantum moduli space of vacua, ~q·q = 0 means B ~B = −Λ^{2Nf} . This non-vanishing expectation value of B will break the U(1) symmetry of (4.3.50). Therefore, Seiberg’s duality pattern arises: SU(N_f)×SU(N_c)←→SU(N_f )×SU(N_f − N_c). (4.3.51) In the case k > 2, there are many possible choices for the superpotential W leading to deformations. The situation becomes more complicated, but the analysis is conceptually similar to the case k = 2. By Eq. (4.3.26), the vacua are determined by the equation W^′(x) = 0. Since W^′(x) is a polynomial of degree k > 2, there exist k solutions, and in general these solutions are different. The ground states are labelled by the number i_l (l = 1, · · ·, k) of eigenvalues x residing in the l-th minimum of the scalar potential ( i_1≤i_2≤· · ·i_k and ∑k l=1 i_l = N_c). Correspondingly, the electric gauge group SU(N_c) is broken by the non-vanishing expectation values as follows: SU(N_c)−→SU(i_1)×SU(i_2)×· · ·×SU(i_k)×U(1)^{k−1}. (4.3.52) Note that each of the SU(i_l) factors describes a supersymmetric QCD model since X becomes massive and can be removed. In the dual magnetic theory, a similar breaking pattern occurs. Assume that there are j_l eigenvalues in the l-th minimum ( ∑ l j_l = kN_f − N_c) and the breaking of the magnetic gauge group is SU(kN_f − N_c)−→SU(j_1)×SU(j_2)×· · ·×SU(j_k)×U(1)^{k−1}. (4.3.53) The duality mapping is just given by j_l = N_f − i_l.

5 Non-perturbative phenomena in N = 1 supersymmetric gauge theories with gauge group SO(N_c) and Sp(N_c = 2n_c)

In this section we shall review the non-perturbative dynamics of N = 1 supersymmetric gauge theories with gauge groups SO(N_c) and Sp(N_c = 2n_c). We shall see that in these supersymmetric gauge theories, some new dynamical phenomena arise such as inequivalent branches, oblique confinement and electric-magnetic-dyonic triality [15]. In addition, there emerges an explicit phase transition from the Higgs phase to the confining phase [15] in supersymmetric SO(N_c) gauge theory with quarks in the fundamental representation (i.e. the vector representation). This is different from the supersymmetric SU(N_c) gauge theory, where the transition from the Higgs phase to the confining phase is smooth. The reason behind this is that in the SO(N_c) supersymmetric gauge theory, the dynamical quarks cannot screen and therefore, at large distances confinement occurs suddenly.

In the following, the non-perturbative phenomena in the SO(N_c) supersymmetric gauge theory will be discussed in detail. The new dynamical phenomena different from the SU(N_c) case will be emphasized. The non-perturbative dynamics of the Sp(2n_c) supersymmetric gauge theory is similar to the SU(N_c) and SO(N_c) cases. In fact, it is proposed that by using the trick of extrapolating the colour parameter N_c of SO(N_c) to a negative value, the dynamics of the Sp(N_c = 2n_c) supersymmetric gauge theory can be read out from that of the SO(N_c) theory. Thus the Sp(2n_c) case will be only briefly introduced.

5.1 N = 1 supersymmetric SO(N_c) gauge theory with N_f flavours

5.1.1 Global symmetries of N = 1 supersymmetric SO(N_c) QCD

The fundamental representation of the SO(N_c) group is its vector representation and hence it is always real. Thus in SO(N_c) gauge theory there is no difference between left- and right-handed quarks. This is different from the SU(N_c) case, where the right-handed quark is the left-handed anti-quark. The classical Lagrangian of N = 1 supersymmetric SO(N_c) QCD is L = 1 4 Tr ( W^αW_α|_θ2 + W^αW_α|_θ2 ) + Q^†e^{gV (Nc)}Q|_{θ2θ}2 . (5.1.1)

In the Wess-Zumino gauge, the (four-) component field form of above Lagrangian reads L = − 1 4 F^a_{μν} F^{aμν} + 1 2 iλ^aγ^μD^{ab}_μ λ^b + iΨ^{ir}γ^μ (D_μΨ)_{ir} + (D^μΦ)^{∗ir} (D_μΦ)_{ir} − i √ 2g [ Φ_{ir}(T^a)^r_sΨ^{is}λ^a − Φ^{∗ir} (T^a)^s_r λ^aΨ_{is} ] − g^2 2 [Φ^†, Φ]^2 + iθ 32π^2 ϵ^{μνλρ}F^a_{μν} F^a_{λρ}, (5.1.2) where the group indices a = 1, · · ·, N_c(N_c − 1)/2; the colour indices r, s = 1, · · ·, N_c and the flavour indices i = 1, · · ·, N_f. D_μ is the covariant derivative in the adjoint representation and D_μ in the vector representation, D^{ab}_μ = ∂_μδ^{ab} − gf^{abc}A^c_μ; D^μ_{rs} = ∂^μδ_{rs} − igA^{μa}T^a_{rs}. The classical Lagrangian (5.1.2) possesses the global symmetry SU(N_f ) × U_A(1) × U_{R0} (1) corresponding to the following transformations: • SU(N_f): Ψ_{ir} → ( e^{iαAtA} ) j i Ψ_{jr}, Ψ^{ir} → Ψ^{jr} ( e^{−iαAtA} ) i j ; Φ_{ir} → ( e^{iαAtA} ) j i Φ_{jr}, Φ^{∗ir} → Φ^{∗jr} ( e^{−iαAtA} ) i j . (5.1.3)

• U_A(1):

Ψ → e^{iγ5α}Ψ, Ψ → Ψe^{iγ5α}. (5.1.4)

• U_{R0} (1): Ψ → e^{iγ5α}Ψ, Ψ → Ψe^{iγ5α}; λ^a → e^{−iγ5α}λ^a, λ^a → λ^ae^{−iγ5α}. (5.1.5) Like in the SU(N_c) case, the U_A(1) and U_{R0} (1) symmetries suffer from an Adler-Bell-Jackiw (ABJ) anomaly, and they can be combined into an anomaly-free U_R(1) symmetry. To do this, let us first calculate the fermionic triangle anomaly diagrams of the relevant currents and get the coefficients in the anomaly operator equations for j^μ_{(A)} and j^μ_{(R0)}, and then try to construct an anomaly-free U_R(1) symmetry. The Noether currents corresponding to the above U_A(1) and U_{R0} (1) transformations are

j_{(A)μ} = Ψ^{ir}γ_μγ_5Ψ_{ir}≡j^5_μ,

j_{(R0)μ} = Ψ^{ir}γ_μγ_5Ψ_{ir} − 1 2 λ^aγ_μγ_5λ^a≡j^5_μ − J^5_μ . (5.1.6)

Considering the triangle diagrams ⟨j^5_μJ^a_μ J^b_ν⟩, ⟨J^5_μ J^a_μ J^b_ν ⟩ with J^a_μ and J^a_μ being the dynamical currents corresponding to the global gauge transformations, which are composed of the quarks and the gaugino, respectively,

J^a_μ = Ψ^{ir}γ_μ (T^a)^s_r Ψ_{is}; J^a_μ = f^{abc}λ^bγ_μλ^c, (5.1.7)

we find the operator equation for the anomalies of j_{(A)μ} and j_{(R0)μ}:

∂^μj_{(A)μ} = 2N_f 1 32π^2 ϵ^{μνλρ}F^a_{μν} F^a_{λρ}; (5.1.8)

∂^μj_{(R0)μ} = [2N_f − 2(N_c − 2)] 1 32π^2 ϵ^{μνλρ}F^a_{μν} F^a_{λρ}. (5.1.9) Using the same arguments as in the SU(N_c) case, namely find the above anomalies lead to a shift of the vacuum angle θ in the Lagrangian (5.1.1) and hence the absence of anomalies is reflected in the vanishing of the shift, one can easily obtain the non-anomalous U_R(1) symmetry with the charge being the linear combination

R = R_0 +

N_f − N_c + 2 N_f A. (5.1.10)

The R_0-charges and the U_A(1) charges of all the fields (and even of some parameters) should be combined in such ways so that an anomaly-free U_R(1) symmetry is achieved. Therefore, at the quantum level the anomaly-free global symmetry is SU(N_f )×U_R(1). The anomaly-free Rcharges of some fundamental fields are listed in Table (5.1.1) and the transformation properties of every fundamental field corresponding to the global symmetry are given in Table (5.1.2).

In addition, the theory has an explicit Z_2 charge conjugation symmetry C [15]. In particular, the U_A(1) transformation (5.1.4) and the operator anomaly equation (5.1.8), show that at the quantum level the theory is also invariant under a discrete Z_{2Nf} symmetry, Q −→ e^{in2π/(2Nf )}Q, n = 1, · · ·, 2N_f. (5.1.11)

U_A(1) U_{R0} (1) U_R(1) ϕ_Q +1 0 (N_f + 2 − N_c)/N_f ψ_Q +1 −1 −(N_c − 2)/N_f Q +1 0 (N_f + 2 − N_c)/N_f λ 0 +1 +1

Table 5.1.1: Combination of anomaly-free R-charges for fundamental fields; ϕ_Q and ψ_Q denote the lowest component and the (two-) component spinor of the quark chiral superfield.

SU(N_f ) R ϕ_Q N_f (N_f + 2 − N_c)/N_f ψ_Q N_f −(N_c − 2)/N_f Q N_f (N_f + 2 − N_c)/N_f λ 0 +1

Table 5.1.2: Representation quantum numbers of fundamental fields under global symmetries SU (N_f )×U_B (1)×U_R(1).

(For N_c = 3, the symmetry is enhanced to Z_{4Nf} , which will be discussed in detail in Sect. 5.5.1. In fact, the anomaly equation (5.1.8) means that under the U(1)_A transformation (5.1.4) the vacuum angle θ in the Lagrangian (5.1.2) is shifted to

θ−→θ + 2N_f α, (5.1.12)

and hence we have the discrete symmetry (5.1.11). However, since the even elements of Z_{2Nf} , i.e. those with n = 2, 4, · · ·, 2N_f, also belong to SU(N_f), this global flavour symmetry should be SU(N_f)×Z_{2Nf} /Z_{Nf} . 5.1.2 Classical moduli space

If written in two-component field form, the scalar potential of the supersymmetric SO(N_c) QCD has the same form as in the SU(N_c) case, (3.3.3). The classical moduli space is still determined by the D-flatness condition, D^a = 0. As in the SU(N_c) theory, the D-flatness condition does not require that the expectation values of the squarks vanish, only that they equal some constant values. To make the supersymmetry manifest we work in the superfield form. Like in the SU(N_c) case, we write the quark superfield in an N_f ×N_c matrix form in terms of the flavour and colour indices. Since the scalar potential is SO(N_c) gauge and SU(N_f ) global transformation invariant, in the D-flat directions we can use these gauge and global rotations to make the quark superfield matrix diagonal. In the following we shall discuss the classical moduli space for different relative colour and flavour numbers. N_f < N_c

The quark superfield matrix can in this case be diagonalized as follows:

Q = a_1 0 · · · 0 · · · 0 0 a_2 · · · 0 · · · 0 . . . . ... . . ... 0 0 0 · · · a_{Nf} · · · 0 . (5.1.13)

If all the a_i≠0, their scalar components will break the gauge group SO(N_c) to SO(N_c − N_f ) for N_f < N_c − 2, and completely break SU(N_c) for N_f > N_c − 2. The moduli space will still be described by the expectation value of the “meson” superfields

M^{ij} = Q^i_rQ^{rj}≡Q^i·Q^j, (5.1.14)

which is explicitly gauge invariant. We shall show that these N_f (N_f + 1)/2 mesons are the appropriate low energy dynamical degrees of freedom since they correspond precisely to the matter superfields left massless by the Higgs mechanism. Due to the spontaneous symmetry breaking SO(N_c)→SO(N_c − N_f ), among the N_f N_c quark superfields Q^r_i there are 1 2 N_c(N_c − 1) − 1 2 (N_c − N_f )(N_c − N_f − 1) = N_cN_f − 1 2 N_f (N_f + 1) (5.1.15)

fields which become massive through the Higgs mechanism. N_f N_c − [N_f N_c − N_f (N_f + 1)/2]= N_f (N_f + 1)/2 fields remain massless. N_f ≥N_c In this case the D-flat directions are given by

Q = a_1 0 · · · 0 0 a_2 · · · 0 . . . . ... . . 0 0 · · · a_{Nc} 0 0 · · · 0 . . . . ... . . 0 0 · · · 0

. (5.1.16)

The low energy gauge invariant degrees of freedom that can be constructed to describe the moduli space are not only the meson superfields M^{ij} = Q^i·Q^j, but also the baryon superfields B^{i1···iNc} = 1 N_c! ϵ^{r1···rNc} Q^{i1}_{r1} Q^{i2}_{r2} · · ·Q^{iNc}_{rNc} . (5.1.17) Along the flat directions given by (5.1.16), we have

M = a^2_1 0 · · · 0 0 a^2 · · · 0 . . . . ... . . 0 0 · · · a^2_{Nc} 0 0 · · · 0 . . . . ... . . 0 0 · · · 0

;

B^{1···Nc} = a_1a_2· · ·a_{Nc} (5.1.18)

with all other components of M and B vanishing. Thus one can see that the rank of M is at most N_c. If the rank of M is less than N_c, i.e. one a_i or several a_is vanish, then the baryon fields B = 0. If the rank of M is equal to N_c, then B has rank 1 and its non-zero component is the square root of the product of non-zero diagonal values of M, up to a sign. So the baryon field should not be regarded as an independent variable to parameterize the moduli space. Therefore, for N_f ≥N_c, the classical moduli space is described by a set of M of rank at most N_c with an additional sign coming from taking the square root B = ± √ det^′M (5.1.19)

for M with rank N_c, where the prime denotes that only the non-zero diagonal values of M are considered.

5.2 Dynamically generated superpotential and decoupling relation

The quantum moduli space and the corresponding non-perturbative dynamics will become more complicated than in the SU(N_c) case due to the peculiarities of the SO(N_c) group. Some new dynamical phenomena will arise. The quantum theory is also more sensitive to the relative numbers of colours and flavours than the SU(N_c) gauge theory. In each case (N_f < N_c or N_f ≥N_c) we must give a detailed classification of the relative numbers of colours and flavours and discuss the corresponding non-perturbative phenomena. Before going into details we first present the general form of the dynamically generated superpotential in the case N_f < N_c and the connections between different energy scales related by the decoupling limits in various ways.

To construct the dynamically generated superpotential, we need a dynamical scale associated with the running coupling. For N_c > 4, the coefficient of one-loop beta function of the SO(N_c) gauge theory with N_f quarks in the vector representation of the gauge group is

β_0 = 3(N_c − 2) − N_f . (5.2.1)

With Eq. (3.4.4), the running of the gauge coupling is Λ^{3(Nc−2)−Nf} Nc,N_f = q 3(Nc−2)−Nf e−8π/g2(q2)+iθ. (5.2.2) (5.2.2) implies that the dynamically generated scale Λ becomes a complex number due to the presence of the vacuum angle, and further it can be formally thought of as the scalar component of a (space-time independent) chiral superfield. The U_A(1) charge and the R_0-charge of this superfield should be the same as those of θ, i.e. 2N_f and 2(N_f − N_c + 2), respectively, since the anomalies of U_A(1) and U_{R0} (1) give corresponding shifts in θ.

In the cases 2 < N_c≤4, there are some peculiarities. When N_c = 4, since

SO(4)≃SU(2)_X×SU(2)_Y , (5.2.3)

with the subscripts X and Y labelling two SU(2) branches, the theory must be decomposed into two independent gauge theories with gauge group SU(2). The quark superfields, which before were in the vector representation of SO(4) before, should now constitute the fundamental (spinorial) representation (2, 2) of SU(2)_X×SU(2)_Y ,

Q^i_r = Q^i_{α,β}, r = 1, · · ·, 4; α, β = 1, 2, (5.2.4)

i.e. under a gauge transformation,

Q^i_{α,β}−→A^{(X) γ}_α A^{(Y ) δ}_β Q^i_{γ,δ}, A^{(X) γ}_α ∈SU(2)_X; A^{(Y ) δ}_β ∈SU(2)_Y . (5.2.5)

There are two independent gauge couplings, one for each SU(2)_s, s = X, Y . Since the oneloop beta function coefficient in an SU(2) gauge theory with N_f quarks in the fundamental representation is 6 − N_f , we have e^{−8π2/g2s(q2)+iθ} = ( Λ^{(s)} q )_{6−}N_f . (5.2.6)

(5.2.6) shows that the running of the gauge coupling in each SU(2) branch accidentally coincides with the general form of the SO(N_c) theory with N_c = 4.

When N_c = 3, the vector representation of SO(3) coincides with its adjoint representation. In this case the one-loop β-function coefficient is β_0 = 6 − 2N_f , and the running of the gauge coupling is e^{−8π2/g2s(q2)+iθ} = ( Λ^{(s)} q )_{6−2}N_f . (5.2.7)

One can see that the running coupling in this case does not coincide with the general form for SO(N_c), and thus it needs a special consideration.

A gauge invariant quantity composed of the dynamically generated superpotential should be a function of the low energy dynamical degree of freedom M. The global symmetry SU(N_f)×U_R(1) restricts it to be a function of det M. We list the various quantum numbers of Λ^{β0} and det M in Table (5.2.1) for N_c≠3. With the requirement that the superpotential should have R-charge 2 and dimension 3, and should be holomorphic, the only possible form is

W = C_{Nc,Nf} Λ^{3Nc−6−Nf} Nc,N_f det M 1/(Nc−2−Nf ) , (5.2.8)

The coefficient C_{Nc,Nf} can be determined, like in the SU(N_c) case, through an explicit calculation. Since the scale Λ is a complex quantity, the superpotential can pick up a Z_{Nc−Nf −2} phase factor due to the power 1/(N_c − N_f − 2),

W = C_{Nc,Nf} e^{2inπ/(Nc−2−Nf )} Λ^{3Nc−6−Nf} Nc,N_f det M 1/(Nc−2−Nf )

≡ C_{Nc,Nf} ϵ_{(Nc−2−Nf )} Λ^{3Nc−6−Nf} Nc,N_f det M 1/(Nc−2−Nf ) , n = 1, 2, · · ·, N_c − 2 − N_f . (5.2.9)

U_A(1) U_{R0} (1) U_R(1) Λ^{β0} 2N_f −2(N_f + 2 − N_c) 0 det M 2N_f 0 2(N_f + 2 − N_c)

Table 5.2.1: U (1) quantum numbers of the quantities composed of the dynamical superpotential (N_c > 3).

The phase factor in (5.2.9) labels different but physically equivalent vacua of the theory coming from the spontaneous breaking of a discrete symmetry induced by gaugino condensation in the low energy SO(N_c − N_f ) Yang-Mills theory.

In the following sections, we shall see that a superpotential of the form (5.2.8) can indeed be generated by gaugino condensation, like in the SU(N_c) case with N_f < N_c −1. For N_f = N_c −2, the above superpotential does not makes sense. For N_c − 2 < N_f ≤N_c, a superpotential (5.2.8) cannot be generated, since it would lead to non-physical dynamical behaviour. For N_f > N_c, det M = 0, and the superpotential (5.2.8) does not exist. Overall, there will be no dynamically generated superpotential for N_f ≥N_c − 2. For the special case N_c = 3, we shall see that there is also no dynamically generated superpotential for any N_f . Consequently, these theories, with no dynamically generated superpotential, will have a quantum moduli space of exactly degenerate but physically inequivalent vacua, and they will present interesting non-perturbative dynamical phenomena different from the SU(N_c) case.

For later use, we give the relations between different energy scales connected by the decoupling of heavy modes. Due to the peculiarity of the SO(N_c) group when 2 < N_c≤4, we must give special consideration to the decoupling in SO(3) and SO(4) theories.

Giving the N_f -th quarks a large mass W_{tree} = 1/2mM^{Nf Nf} = 1/2mQ^{Nf}r Q^{rNf} , and making this heavy mode decouple, the theory with N_f quarks will yield a low energy theory with N_f − 1 quarks. The running couplings should match at the scale m. When N_c > 4, we have 4π g^2(m) = 3(N_c − 2) − N_f 2π ln m Λ_{Nc,Nf} = 3(N_c − 2) − (N_f − 1) 2π ln m Λ_{Nc,Nf −1} ; Λ^{3(Nc−2)−Nf} Nc,N_f m = Λ 3(Nc−2)−(Nf −1) Nc,N_f −1 . (5.2.10)

When N_c = 4, due to Eq. (5.2.3), in each SU(2) branch the coupling constants should match, 6 − N_f 2π ln m Λ_{s,Nf} = 6 − (N_f − 1) 2π ln m Λ_{s,Nf −1} ; Λ^{6−Nf}_{s,Nf} m = Λ^{6−(Nf −1)} s,N_f −1 , s = X, Y. (5.2.11) In the case N_c = 3, the quarks are in the adjoint representation of the gauge group and the one-loop beta function coefficient changes to β_0 = 6 − 2N_f, so we have 6 − 2N_f 2π ln m Λ_{3,Nf} = 6 − 2(N_f − 1) 2π ln m Λ_{3,Nf −1} ; Λ^{6−Nf}_{3,Nf} m^2 = Λ^{6−2(Nf −1)}

3,Nf −1 . (5.2.12)

Another way of decoupling is through the Higgs mechanism with a large expectation value a_{Nf} in (5.1.13). The SO(N_c) theory with N_f quarks will decouple into an SO(N_c − 1) theory with N_f − 1 quarks. Under the requirement that the running couplings should match at the energy a_{Nf} , we get a relation between the high energy scale Λ_{Nc,Nf} and the low energy scale Λ_{Nc−1,Nf −1}. In the case N_c > 5, we have 4π g^2(a_{Nf} ) = 3(N_c − 2) − N_f 2π ln a_{Nf} Λ_{Nc,Nf} = 3[(N_c − 1) − 2] − (N_f − 1) 2π ln a_{Nf} Λ_{Nc−1,Nf −1} ; Λ^{3(Nc−2)−Nf} Nc,N_f a −2 N_f = Λ 3(Nc−2)−Nf −2 Nc−1,N_f −1 . (5.2.13)

Since in the moduli space, Q^i_r = a_iδ^i_r and hence M^{Nf Nf} = a^2_{Nf} , (5.2.13) can be written as Λ^{3(Nc−2)−Nf} Nc,N_f (M N_f N_f )−1 = Λ3(Nc−2)−Nf −2 Nc−1,N_f −1 . (5.2.14)

When N_c = 5, a decoupling SO(5)→SU(2)_X×SU(2)_Y occurs, and the high energy running coupling should match the low energy ones in each SU(2) branch, 9 − N_f 2π ln a_{Nf} Λ_{5,Nf} = 6 − (N_f − 1) 2π ln a_{Nf} Λ_{s,Nf −1} ; Λ^{9−Nf}_{5,Nf} a^{−2}_{Nf} = Λ^{9−Nf}_{5,Nf} (M^{Nf Nf} )^{−1} = Λ^{6−(Nf −1)}_{s,Nf −1} . (5.2.15)

For the case N_c = 4, the decoupling pattern is SU(2)_X×SU(2)_Y →SO(3). This needs a special consideration. From (5.2.4) and M^{Nf Nf} = Q^{Nf} ·Q^{Nf} = Q^{Nf}α_X ,α_Y Q^{Nf}_{βX ,βY} ϵ^{αX βX} ϵ^{αY βY} , (5.2.16) it follows that the sum of the two running couplings of each SU(2) branch should match the coupling of the low energy SO(3) theory, 6 − N_f 2π ( ln a_{Nf} Λ_{X,Nf} + ln a_{Nf} Λ_{Y,Nf} ) = 6 − 2(N_f − 1) 2π ln a_{Nf} Λ_{3,Nf −1} ; Λ^{6−Nf}_{X,Nf} Λ^{6−Nf}_{Y,Nf} (a_{Nf} )^{−4} = 4Λ^{6−Nf}_{X,Nf} Λ^{6−Nf}_{Y,Nf} (M^{Nf Nf} )^{−2} = Λ^{6−2(Nf −1)}_{3,Nf −1} . (5.2.17)

The numerical factor 4 is due to the fact that M^{Nf Nf} = Q^{Nf}α_X,α_Y Q^{Nf}_{βX ,βY} ϵ^{αX βX} ϵ^{αY βY} = 2(Q^{Nf}_{1,1}Q^{Nf}_{2,2} − Q^{Nf}_{1,2} Q^{Nf}_{2,1} ), (5.2.18) and hence in the moduli space,

M^{Nf Nf} = 2a^2_{Nf} . (5.2.19)

In general, Λ_X≠Λ_Y since the dynamics of each SU(2) branch is independent, but for convenience, we shall limit the discussions on SO(4) to the case Λ_X = Λ_Y .

5.3 Non-perturbative dynamical phenomena when N_c˘4, N_f ˇN_c � 2 5.3.1 N_f ≤N_c − 5: dynamically generated superpotential by gaugino condensation

This range is similar to the SU(N_c) case when N_f < N_c − 1 [32]. A superpotential arises generated by gaugino condensation in the SO(N_c − N_f ) supersymmetric Yang-Mills theory, which is the remainder of the SO(N_C) QCD broken by the scalar component of ⟨Q⟩. According to (5.2.8), we have [15]

W = (N_c − N_f − 2)⟨λλ⟩ = 1 2 (N_c − N_f − 2)ϵ_{(Nc−Nf −2)} 16Λ^{3Nc−Nf −6} Nc,N_f det M 1/(Nc−Nf −2) , (5.3.1)

where the phase factor ϵ_{(N )}≡ exp(i2nπ/N). Like in the SU(N_c) case when N_f < N_c − 1, this quantum effective superpotential will lift the classical vacuum degeneracy and make the theory have no vacuum. This can be explicitly seen from the F -term relevant to this dynamical superpotential:

F_{ir} = ∂W ∂Q^{ir} = − 1 2 ϵ_{(Nc−Nf −2)} 16Λ^{3Nc−Nf −6} Nc,N_f det M 1/(Nc−Nf −2) Q^{−1}_{ir}

∼ 1 Q ( 1 det M

)_1/_(N_{c−}N_{f −2)} ≠0. (5.3.2)

Thus all the supersymmetry vacua disappear and this is another typical example of dynamical supersymmetry breaking [30, 31].

If we consider a mass term for the matter fields, w_{tree} = Tr(mM)/2, this situation will change greatly. The full superpotential with this mass term is

W_{full} = 1 2 (N_c − N_f − 2)ϵ_{(Nc−Nf −2)} 16Λ^{3Nc−Nf −6} Nc,N_f det M 1/(Nc−Nf −2) + 1 2 m^j_iM^i_j. (5.3.3)

The moduli space is still given by the following F -flat direction labelled by ⟨M⟩≡M,

F^j_i =

∂W_{full} ∂M^i_j = − 1 2 ϵ_{(Nc−Nf −2)} 16Λ^{3Nc−Nf −6} Nc,N_f det M 1/(Nc−Nf −2) (M^{−1})^j_i + 1 2 m^j_i = 0, (5.3.4)

which gives

m^j_i = ϵ_{(Nc−Nf −2)} 16Λ^{3Nc−Nf −6} Nc,N_f det M 1/(Nc−Nf −2) (M^{−1})^j_i,

det m = [ ϵ_{(Nc−Nf −2)} ]N_f (16Λ^3N^{c−}N^{f −6} Nc,N_f ) N_f /(Nc−N_f −2) (det M)^{(Nc−2)/(Nc−Nf −2)} (5.3.5) and 1 det M = ( ϵ_{(Nc−2)} )_−N_f (det m)(Nc−N_f −2)/(Nc−2) (16Λ^{3Nc−Nf −6} Nc,N_f ) N_f /(Nc−2) . (5.3.6)

Inserting Eq. (5.3.6) into (5.3.4), we have

M^i_j = ϵ_{(Nc−2)} [ 16 (det m) Λ^{3Nc−Nf −6} Nc,N_f ]_1/_(N_{c−2)} ( m^{−1} )i j . (5.3.7)

Therefore, with this mass term we obtain a theory with N_c − 2 supersymmetric vacua labelled by ⟨M⟩. This result can also be derived by calculating the Witten index [31].

Further, we can easily check that the superpotential is indeed generated by gaugino condensation in the SO(N_c − N_f ) Yang-Mills theory. Integrating all massive modes out by inserting (5.3.5) and (5.3.6) into (5.3.3), we can see that

W_{full} = 1 2 (N_c − 2)ϵ_{(Nc−2)} [ 16 (det m) Λ^{3Nc−Nf −6} Nc,N_f ]_1/_(N_{c−2)}

= 1 2 (N_c − 2)ϵ_{(Nc−2)}Λ^3_{Nc−Nf ,0}, (5.3.8)

where Λ^3_{Nc−Nf ,0}≡ [ 16 (det m) Λ^{3Nc−Nf −6} Nc,N_f ]_1/_(N_{c−2)} is the low energy scale for the SO(N_c − N_f ) Yang-Mills theory, the many-flavour generalization of (5.2.10).

If not all of the matter fields are massive, we can integrate out the massive quarks and get the effective superpotential at low energy for the massless ones. It has the same form as (5.3.1) but with the scale replaced by the low energy one. For instance, if we only add a mass term for the N_f -th quark, W_{tree} = m^{Nf}_{Nf} M^{Nf}_{Nf} /2, decoupling this heavy quark, we obtain the low energy effective superpotential:

W_L = 1 2 [N_c − (N_f − 1) − 2] ϵ_{(Nc−(Nf −1)−2)} 16Λ^{3Nc−(Nf −1)−6} Nc,N_f −1 det M 1/[Nc−(Nf −1)−2] , (5.3.9)

where Λ_{Nc,Nf −1} is given by Eqs. (5.2.10), (5.2.11) and (5.2.12), respectively, depending on the concrete case.

5.3.2 N_f = N_c − 4: Two inequivalent branches and novel dynamics

In this range, Eq. (5.1.13) indicates that SO(N_c) is broken to SO(4)≃SU(2)_X×SU(2)_Y by the scalar component of ⟨Q⟩. The phase factor for each SU(2) branch is

ϵ_s = e^{i2nπ/2} = e^{inπ} = ±1, s = X, Y ; n = 1, 2. (5.3.10)

The scale for the low energy SU(2)_s Yang-Mills theory (i.e. all the matter fields integrated out) of each branch is

Λ^6_{X,0} = Λ^6_{Y,0} = Λ^{3Nc−2)−(Nc−4)} Nc,Nc−4 det M = Λ^{2(Nc−1)} Nc,Nc−4 det M

, (5.3.11)

which is the many-flavour generalization of Eq. (5.2.16). The number 6 is the one-loop βfunction coefficient of SU(2) Yang-Mills theory. Note that we have used Λ_X = Λ_Y as discussed above. The dynamical superpotential is generated by gaugino condensation in the unbroken

SU(2)_X×SU(2)_Y Yang-Mills theory. According to Eqs. (5.3.1) and (5.3.11) the dynamical superpotential is

W = W_X + W_Y = 1 2 (4 − 2)ϵ_XΛ^3_{X,0} + 1 2 (4 − 2)ϵ_Y Λ^3_{Y,0} = 2⟨λλ⟩_X + 2⟨λλ⟩_Y = 1 2 (ϵ_X + ϵ_Y )

16Λ^{2(Nc−1)} Nc,Nc−4 det M 1/2 . (5.3.12)

Since the phase factor ϵ labels different vacua, there are four ground states, which are labelled by the four possible combinations of (ϵ_X , ϵ_Y ), i.e.

1. (1, 1); 2. (−1, −1); 3. (1, −1); 4. (−1, 1). (5.3.13)

The first two ground states, characterized by ϵ_X = ϵ_Y , are physically equivalent, since they are related by a discrete R-symmetry given in Eq. (5.1.11). Similarly, the last two ground states with ϵ_X = −ϵ_Y are also physically equivalent. Therefore, the sign of ϵ_X ϵ_Y labels two physically inequivalent branches of the low energy effective theory. The non-perturbative dynamics in these two branches is greatly different, as shown in the following.

The dynamics in the branch with ϵ_X ϵ_Y = 1 is the same as in the case N_f = N_c − 4. The dynamical superpotential W = (16Λ^{2(Nc−1)}_{Nc,Nc−4}/ det M)^{1/2} lifts all the vacuum degeneracy and the quantum theory has no vacuum.

The two ground states with ϵ_X ϵ_Y = 1 present a completely different physical pattern [15]. The superpotential (5.3.12) is zero, and hence the vacua in the quantum moduli space are still degenerate but physically inequivalent. These vacua are parameterized by ⟨M⟩. The two different values ±1 of ϵ_X (= −ϵ_Y ) in this branch mean that for every ⟨M⟩ there are two ground states. However, in the origin of the moduli space, ⟨M⟩ = 0, there is only one vacuum. Classically, in this vacuum the gauge symmetry SO(4) is enhanced to SO(N_c), i.e. at the origin of the moduli space, the original SO(N_c) symmetry does not break at all and the low energy effective theory will have a singularity, corresponding to the SO(N_c)/SO(4) vector bosons which become massless. This singularity can show up in the kinetic term K_{clas.}(M, M^†), the classical Kähler potential. In quantum theory, the situation will change: such a singularity is either smoothed out or it is associated with some fields which become massless. In the theory we are considering, Intriligator and Seiberg conjectured that the classical singularity at the origin is simply smoothed out [15]. This means that the massless particle spectrum at the origin is the same as it is at other generic points, consisting only of the fields M. Similar phenomena have happened in low energy N = 2 supersymmetric Yang-Mills theory [1, 2] and in a toy model proposed in Ref. [87].

This conjecture can be subjected to several independent and nontrivial tests. The first is the ’t Hooft anomaly matching. Since at both microscopic and macroscopic levels the theory has a global SU(N_f )×U_R(1) symmetry which is unbroken at the origin, one can check the massless (fundamental and composite) particle spectrum by looking whether the ’t Hooft anomaly at the fundamental level matches with that at the composite level. The quantum numbers of the fundamental massless fermions (quark and gluino) under the global symmetry SO(N_c)×SU(N_f )×U_R(1) and the currents corresponding to SU(N_f )×U_R(1) as well as the energy-momentum tensor are listed in Tables (5.3.1), (5.3.2) and (5.3.3), respectively. The ’t

SO(N_c) SU(N_f) U_R(1) ψ_Q N_c N_f −(N_c − 2)/N_f Q N_c N_f (N_f + 2 − N_c)/N_f λ N_c(N_c − 1)/2 1 +1

Table 5.3.1: Representation quantum numbers of fundamental fields under the global symmetry SO(N_c)×SU (N_f )×U_R(1).

SU(N_f) U_R(1) ψ_Q j^A_μ (Q) = ψ_Qt^Aσ_μψ_Q j_μ(Q) = (2 − N_c)/N_f ψ_Qσ_μψ_Q λ 0 j_μ(λ) = λ^aσ_μλ^a

Table 5.3.2: Currents composed of fundamental fermionic fields corresponding to the global symmetry SU (N_f )×U_R(1).

Hooft anomaly coefficients contributed by the massless elementary fermions can be easily calculated as in the SU(N_c) case and they are collected in Table (5.3.4).

At the macroscopic level, the only massless fermion is the fermionic component ψ_M of M^{ij}, which belongs to the N_f (N_f + 1)/2-dimensional representation of the SU(N_f ) group. Its Rcharge, from Table (5.1.1), is 2 N_f + 2 − N_c N_f − 1 =

N_f − 2N_c + 4 N_f . (5.3.14)

Thus the SU(N_f )×U_R(1) Noether currents are, respectively:

j^A_μ (M) = ψ^p_M γ_μt^A_{pq}ψ^q_M , j^{(R)}_μ (M) =

N_f − 2N_c + 4 N_f ψ^p_M γ_μψ^p_M , p, q = 1, 2, · · ·, N_f (N_f + 1)/2. (5.3.15)

The corresponding ’t Hooft anomaly coefficients are collected in Table (5.3.5), and one can easily see that when N_f = N_c − 4, the anomalies of the macroscopic theory exactly match those of the microscopic theory. Note that in calculating the anomaly coefficients of Table (5.3.5) we have used the relation between the quadratic and cubic SU(N_f) Casimirs in the N_f (N_f + 1)/2

T_{μν} ψ i/4 [( ψ_Qσ_μ∇_νψ_Q − ∇_ν ψ_Qσ_νψ_Q ) + (μ ←→ ν) ] − g_{μν}L[ψ_Q] λ i/4 [( λ^aσ_μ∇_ν λ^a − ∇_νλ^aσ_μλ^a ) + (μ ←→ ν) ] − g_{μν} L[λ] Table 5.3.3: Contribution of the fundamental fermionic fields to the energy-momentum tensor; L[ψ] = i/2(ψσ^μ∇_μψ − ∇_μψσ^μψ), ∇_μ = ∂_μ − ω_{KLμ}σ^{KL}/2, σ^{KL} = i/4[σ^K , σ^L] and γ^K = e^K_μσ^μ.

Triangle diagrams and ’t Hooft anomaly gravitational anomaly coefficients U_R(1)^3 N_c(N_c − 1)/2 + N_c/N^2_f (2 − N_c)^3 SU(N_f )^3 N_cTr(t^A{t^B, t^C}) SU(N_f )^2U_R(1) (2 − N_c)N_c/N_f Tr(t^At^B) U_R(1) −N_c(N_c − 3)/2

Table 5.3.4: ’t Hooft anomaly coefficients from elementary massless fermions.

Triangle diagrams and ’t Hooft anomaly gravitational anomaly coefficients

U_R(1)^3 (N_f + 1)(N_f − 2N_c + 4)^3/(2N^2_f ) SU(N_f)^3 (N_f + 4)Tr(t^A{t^B, t^C }) SU(N_f)^2U_R(1) (N_f + 2)(N_f − 2N_c + 4)/N_f Tr(t^At^B) U_R(1) (N_f + 1)(N_f − 2N_c + 4)/2

Table 5.3.5: ’t Hooft anomaly coefficients for the composite fermions.

dimensional representation and in the fundamental (N_f -dimensional) representation:

Tr(t^A{t^B, t^C})_{Nf (Nf +1)/2} = (N_f + 4)Tr(t^A{t^B, t^C})_{Nf} , Tr(t^At^B)_{Nf (Nf +1)/2} = (N_f + 2)Tr(t^At^B)_{Nf} . (5.3.16)

Thus the ’t Hooft anomaly matching supports the conjecture: the classical singularity of the Kähler potential near the origin is smoothed out by quantum effects and hence [1, 87] K(M^†, M)^{M →0}∼ TrM^†M |Λ|^2 , (5.3.17)

where the dynamical scale Λ is introduced from dimensional considerations.

Another test of the above conjecture is the decoupling of a heavy mode. Giving Q_{Nf} a large mass and integrating it out, the resulting low energy effective theory should agree with the N_f = N_c − 4 case discussed in the last section. We first look at the branch with ϵ_X ϵ_Y = 1. Adding the mass term W_{tree} = mM^{Nf}_{Nf} /2 to the dynamical superpotential (5.3.12), we have

W_{full} =

16Λ^{2(Nc−1)} Nc,Nc−4 det M 1/2 + 1 2 mM^{Nf}_{Nf} . (5.3.18)

The F -flatness condition for M^{Nf}_{Nf} gives

M^{Nf}_{Nf} = 16Λ^{2(Nc−1)} Nc,Nc−4 det M 1/2 1 m . (5.3.19)

Thus, the low energy superpotential is

W = 3 2 mM^{Nf}_{Nf} = 3 2 16Λ^{2(Nc−1)−1} Nc−1,Nc−5 det M^′ 1/2 , (5.3.20)

where we have used the decoupling relation (5.2.10) and det M = det M^′M^{Nf}_{Nf} . (5.3.20) coincides exactly with the superpotential (5.3.1) with N_f = N_c − 5.

In the branch with ϵ_X ϵ_Y = −1 the dynamical generated superpotential is zero. Adding a mass term, the full superpotential is W_{full} = W_{tree} = mM^{Nf}_{Nf} /2. It is not possible to return back to the theory with N_f = N_c − 5 using this superpotential and thus this branch should be eliminated from the low energy effective theory with N_f ≤N_c − 5. This supports the conjecture, since if one requires that the Kähler potential is smooth everywhere in M, this branch will have no supersymmetric ground state due to the fact that the scalar potential will be proportional to 1/K(M^†, M). This means that the supersymmetry is dynamically broken. Further, if we suppose that in the branch with ϵ_X ϵ_Y = −1 there are new massless states somewhere, then the addition of this Q^{Nf} mass term will result in additional ground states. Since all the ground states for N_f < N_c − 4 are already exhausted by (5.3.7), there will be no such extra ground states. Therefore, one can conclude that the manifold of quantum vacua (i.e. the quantum moduli space) must be smooth everywhere and without any new massless fields except M.

The physical phenomena at the origin in M are very interesting. The above discussion shows that at the classical level there are massless quarks and gluons and their superpartners, while in the quantum theory, only the M quanta are massless. Since M are colour singlets, this clearly shows that the elementary degrees of freedom are confined. However, the global chiral symmetry SU(N_f)×U_R(1) is not broken at the origin. Therefore, we have a novel physical phenomenon that there is confinement but without chiral symmetry breaking. The same phenomenon has been observed in the SU(N_c) case with N_f = N_c + 1.

5.3.3 N_f = N_c −3: Two dynamical branches and massless composite particles (glueball and exotic states)

For this value it will be shown that the ground state of the theory still has two branches, but with different dynamics.

From (5.1.13), we know that the expectation value of the scalar component of Q breaks SO(N_c) to SO(3), but the dynamically generated superpotential at low energy is not a simple continuation of (5.2.8), since in breaking SO(N_c) to SO(3) by the Higgs mechanism, there is a special case SO(4)≃SU(2)_X×SU(2)_Y between SO(N_c) and SO(3). The dynamically generated superpotential is not only contributed by the gaugino condensation of supersymmetric SO(3) Yang-Mills theory, but it also receives contributions from the instanton in each SU(2)_s branch. A concrete method to find the dynamically generated superpotential is as follows. First by choosing N_f − 1 eigenvalues of ⟨Q⟩ to be large we break the SO(N_c) theory to SU(2)_X×SU(2)_Y with one quark superfield Q^{Nf} left massless. Matching the running gauge couplings at the scales of the Higgs mechanism gives us the relation between the low energy and high energy scales:

Λ^5_{X,1} = Λ^5_{Y,1} = Λ^{2Nc−3} Nc,Nc−3 det M^′

, det M^′ = det M M^{Nf}_{Nf} . (5.3.21)

(This relation is actually the many-flavour generalization of (5.2.15).) Then the expectation value ⟨Q^{Nf} ⟩ breaks the SU(2)_X×SU(2)_Y gauge group of this intermediate theory to a diagonally embedded SO(3)_d. According to (5.2.17), the low energy scale is

Λ^6_{(d)3,0} = 4Λ^5_{X,1}Λ^5_{Y,1}(M^{Nf Nf} )^{−2}. (5.3.22)

The gaugino condensation in the unbroken SO(3) will generate a superpotential

W_d = 2⟨λλ⟩ = 2(Λ^6_{(d)3,0})^{1/2} = 4ϵ

Λ^5_{X(Y ),1} M^{Nf}_{Nf} = 4ϵ Λ^{2Nc−3} det M

, ϵ = ±1. (5.3.23)

In addition instantons in the broken SU(2)_X generate another superpotential

W_X = 2

Λ^5_{X,1} M^{Nf}_{Nf} = 2 Λ^{2Nc−3} Nc,Nc−3 det M

, (5.3.24)

and instantons in SU(2)_Y give

W_Y = 2

Λ^5_{Y,1} M^{Nf}_{Nf} = 2 Λ^{2Nc−3} Nc,Nc−3 det M

. (5.3.25)

Adding these three contributions together, we obtain the superpotential for SO(N_c) with N_f = N_c − 3,

W = W_d + W_X + W_Y = 4(1 + ϵ) Λ^{2Nc−3} Nc,Nc−3 det M

. (5.3.26)

Here the generation of the superpotential from the broken SU(2)_s needs some delicate explanation [15]. The instanton contributions in SU(2)_s contain those from the instantons in the broken part. Usually when a gauge group G is broken to a non-Abelian subgroup H along a flat direction, there is no need to consider instantons in the broken G/H part. This is because an instanton in the broken G/H is not well-defined, and can be rotated to become an instanton of the H gauge theory. But the dynamics described by the H gauge theory will be stronger than these instanton effects. However, when the instantons in the broken part like (SU(2)_X × SU(2)_Y )/SO(3) are well defined, their effect must be taken into account when one integrates out the massive gauge fields. This situation occurs when G (or one of its factors if G is fully reducible) is completely broken or broken to an Abelian subgroup, or when the index of the embedding of H in G is large than 1^6. In our case, the the second index of SO(3) in the adjoint representation is 2 and thus one should consider the contribution from these instantons.

Now let us see what physics the superpotential (5.3.26) describes. First, the low energy theory again has two physically inequivalent branches classified by ϵ. The branch with ϵ = 1 is the continuation of (5.3.1) to N_f = N_c − 3. Thus at the quantum level the classical degeneracy will be lifted and there is no vacuum. The branch with ϵ = −1 has vanishing superpotential, and thus there exists a quantum moduli space of degenerate vacua. However, the dynamics in

6The index of a group is defined as the expansion coefficient of the leading term when expanding the trace of the product of any number of its generators in some representation in terms of the fundamental symmetric invariant tensors of the group [88]. For the trace of n generators, the index is called nth index of this representation.

this case is greatly different from the ϵ_X ϵ_Y = −1 branch of the N_f = N_c − 4 case. This can be observed from the decoupling of the heavy mode.

The decoupling is done in the standard way. Adding a mass term W_{tree} = mM^{Nf}_{Nf} /2 and then integrating out Q^{Nf} in the same way as above, the branch with ϵ = 1 will give the two ground states of the ϵ_X ϵ_Y = 1 branch of the case N_f = N_c − 4. This is exactly what we expect. If we add the mass term W_{tree} = mM^{Nf}_{Nf} /2 to the mass term in the ϵ = −1 branch, we should get the two ground states of the ϵ_X ϵ_Y = 1 branch of the N_f = N_c − 4 case. However, since the dynamical superpotential vanishes, a similar argument as in the N_f = N_c − 4 case shows that this branch has no decoupling limit and must be eliminated upon adding W_{tree}. In oder to avoid this disease, Intriligator and Seiberg conjecture that there must be additional massless particles at the origin of the moduli space [15]. Since these massless fields should not appear at generic points of the moduli space, there must be a superpotential responsible for their masses away from the origin ⟨M⟩ = 0. The simplest way (perhaps the only possible way) to implement this conjecture is to introduce some (chiral super-) fields k_i with i being the flavour indices, and make them couple to M^{ij} . We will see that these fields indeed have a natural physical interpretation. Near the origin, the corresponding superpotential for the mass term of these new particles should have the asymptotic form: W ∼ 1 2μ M^{ij} k_ik_j, when M ∼ 0, (5.3.27)

where μ is a scale with mass dimension. It is necessary to introduce this scale since the field k, as a scalar superfield, should have dimension 1, M has dimension 2 and the superpotential has dimension 2. Requiring this superpotential to respect the global SU(N_f)×U_R(1) symmetry, we see that the k_i should belong to the N_f -dimensional conjugate representation of SU(N_f). Since the superpotential should have R charge 2 and M has R-charge 2(N_f + 2 − N_c)/N_f , the fields k_i should have R-charge 1 2 [ 2 − 2

N_f + 2 − N_c N_f ] = N_c − 2 N_f = 1 + 1 N_f . (5.3.28)

Now making the heavy mode M^{Nf}_{Nf} decouple near the origin by adding the mass term W_{tree} = mM^{Nf}_{Nf} /2 to (5.3.27),

W_{full} = 1 2 mM^{Nf}_{Nf} + 1 2μ M^{ij} k_ik_j, (5.3.29)

and then integrating out the M^{Nf}_{Nf} , we immediately obtain ⟨k_{Nf} ⟩ = ±i √ mμ. (5.3.30)

The two sign choices in ⟨k_{Nf} ⟩ can be interpreted as two physically equivalent ground states with W = 0, which exactly correspond to the two choices in the ϵ_X ϵ_Y = −1 branch of the low energy N_f = N_c − 4 theory.

Eq. (5.3.27) is the approximate form of the superpotential near M = 0. The most general superpotential respecting the SU(N_f)×U_R(1) symmetry and having the right mass dimension

Triangle diagrams and ’t Hooft anomaly gravitational anomaly coefficients U_R(1)^3 1/N^2_f SU(N_f )^3 −Tr(t^A{t^B, t^C}) SU(N_f )^2U_R(1) 1/N_f Tr(t^At^B)

U_R(1) 1

Table 5.3.6: ’t Hooft anomaly coefficients for composite fermions.

is then W = 1 2μ f [ t = (det M)(M^{ij}k_ik_j) Λ^{2Nc−2} Nc,Nc−3 ] M^{ij}k_ik_j. (5.3.31)

In order for this general superpotential to yield the ground states (5.3.30), f(t) must be a holomorphic function in the neighborhood of t = 0. f(0) can be set to 1 by rescaling q_i→q_i/f(0).

How can we check the reasonableness of the conjecture that in addition to the massless fields M there still exist other massless particles? We again resort to the ’t Hooft anomaly matching. It will be a highly non-trivial verification of the above conjecture if the anomalies contributed by the massless spectrum consisting of M^{ij} and k_i match those of the fundamental massless particle spectrum with N_f = N_c − 3. The conserved SU(N_f)×U_R(1) currents composed of the fermionic component of k_i are:

j^A_μ (ψ_k) = ψ_kt^Aγ_μψ_k; j_μ(ψ_k) = ( 1 + 1 N_f ) ψ_kγ_μψ_k. (5.3.32)

The relevant fermionic part of the energy-momentum tensor for the ’t Hooft axial gravitational anomaly formally reads: T_{μν} = i 4 ( ψ_kγ_μ∇_νψ_k − ∇_νψ_kγ_μψ_k ) ψ − g_{μν}L[ψ_k]. (5.3.33)

The ’t Hooft anomaly coefficients corresponding to the triangle diagrams composed of these currents are listed in Table (5.3.6). Adding the anomaly coefficients to those contributed by the field M listed in Table (5.3.5) and comparing them with the anomaly coefficients from the massless elementary particles listed in Table (5.3.4), one can see that they are precisely equal for N_f = N_c − 3.

Finally let us see what physical objects these fields k_i can be interpreted as. k_i should be constructed from the fundamental chiral superfields since the product of any chiral superfields is still a chiral superfield. We know that the fundamental chiral superfields in the theory are the matter fields Q^i_r and the gauge superfield strength W^a_α. From the mass dimensions and the quantum numbers under SU(N_f )×U_R(1), one can immediately identify k_i as

k_i = Λ^{2−Nc}_{Nc,Nc−3}b_i, (5.3.34)

where

b_i = (Q)^{Nc−4}_i Tr(W_αW^α) ≡ 1 (N_c − 4)! ϵ_{ii1i2···iNc−4} ϵ^{r1r2···rNc−4} Q^{i1}_{r1} Q^{i2}_{r2} · · ·Q^{iNc−4}_{rNc−4} (W^a_αW^{aα}). (5.3.35)

Obviously, b_i has mass dimension N_c − 1. The superpotential (5.3.31) can now be rewritten in terms of b_i, W = 1 2Λ^{2N −c−3} f [ t = (det M)(M^{ij}b_ib_j) Λ^{4N −c−6} Nc,Nc−3 ] M^{ij}b_ib_j, (5.3.36)

where the scale μ appearing in (5.3.31) has been absorbed into the definition of f.

(5.3.34) shows that the k_i fields describe exotic particles. One can intuitively think of such exotics as being some heavy bound states. They become massless at the origin of the quantum moduli space. These exotic particles are similar to the massless mesons and baryons in SU(N_c) supersymmetric QCD with N_f = N_c + 1, as discussed in Sect. 3.4.3. Since they are colour singlets and respect the chiral symmetry SU(N_f)×U_R(1), this is again a phase in which there exists confinement but without chiral symmetry breaking.

5.3.4 N_f = N_c − 2: Coulomb phase with massless monopoles and dyons and confinement and oblique confinement

For this number of flavours, the dynamics is more complicated than in the cases discussed above. From Table (5.1.2), the R-charge of M^{ij} vanishes, thus no superpotential of the form (5.2.9) can be dynamically generated from gaugino condensation. Consequently, the quantum theory has a moduli space of physically inequivalent vacua, which should still be parametrized by the expectation values ⟨M^{ij}⟩. Classically, according to (5.1.13) in the moduli space determined by the D-flat directions, the SO(N_c) gauge group breaks to SO(2)∼=U(1). Thus the low energy theory is in the Coulomb phase with the gauge vector superfield being a massless photon supermultiplet. Like in the various cases discussed above, there exists a singularity at the origin ⟨M⟩ = 0 (or equivalently, det M = 0) of the classical moduli space, which is associated with an unbroken gauge symmetry. In the quantum theory, we will see that a distinct kind of singularity arises at M = 0, which is related to massless monopoles rather than massless vector bosons. In fact, from the discussion on the Coulomb phase in Subsect. 2.4, we can imagine this situation arising since the Coulomb phase has a natural electric-magnetic duality, and hence monopoles should emerge.

How can we explore the non-perturbative dynamics in the Coulomb phase? The Coulomb phase looks simple, but actually its non-perturbative dynamics, as a consequence of electricmagnetic duality, is very complicated. In the cases considered above, the dynamical superpotential and the decoupling limit give almost all of the non-perturbative phenomena, at least qualitatively. However, the situation in the Coulomb phase is completely different. There is no dynamical superpotential to depend on. Fortunately, the investigation of N = 2 supersymmetric gauge theories by Seiberg and Witten provided some clues [1, 2]. The Coulomb phase of the theory can be investigated by determining the effective gauge coupling τ =^θ_π + i^{8π}_{g2} of the massless photon supermultiplet on the moduli space of vacua. This is because the general form of the low energy effective action in the Coulomb phase is L ∼ Im ∫ d^2θτW_αW^α. (5.3.37)

The non-perturbative phenomena for the value N_f = N_c − 2 have much in common with the Coulomb phase of the N = 2 supersymmetric gauge theory. As will be discussed in the following, there are massless monopoles and dyons at some points of the moduli space, and their condensation will cause confinement and oblique confinement. It is then not so strange that both cases exhibit similar non-perturbative phenomena since their low-energy theories are both in the Coulomb phase.

How can we determine τ? In general, in the Coulomb phase τ receives two contributions. When ⟨M^{ij}⟩ is very large, the microscopic theory is weakly coupled and perturbation theory works. Thus, at the quantum level, one part of τ in the Coulomb phase comes from the gauge running coupling evaluated at the energy scale characterized by ⟨M^{ij}⟩. The explicit form of this perturbative contribution is given by the one-loop beta function of the microscopic theory, i.e.

β_0 = 3(N_c − 2) − N_f = 2N_c − 4 = 2N_f . (5.3.38)

From the requirement of holomorphicity, the effective coupling constant τ in the Coulomb phase should be a holomorphic function of the parameters ⟨M^{ij}⟩. Because of the global flavour symmetry SU(N_f), it should depend on SU(N_f ) invariant combinations of M^{ij} . The natural choice is U≡ det M^{ij} . (5.3.39)

As shown in Eq. (3.4.4), the perturbative one-loop exact τ at the energy scale characterized by ⟨M^{ij}⟩ is e^{i2πτ} det M = Λ^{β0} ; τ = − i 2π ln ( Λ^{β0} U ) . (5.3.40)

The general form of the one-loop running gauge coupling and dimensional analysis imply that the perturbative contribution to τ must be of this form.

However, for small ⟨M^{ij}⟩ (or equivalently small U), another non-perturbative contribution arises from the instantons, and hence the determination of τ will become complicated. There are two ways to determine the explicit functional form of τ. The first one is using a straightforward instanton calculation [1, 3, 49], which gives an F -term of the form: ∫ d^2θ [ (W^αW_α) ( Λ^{2Nc−4} U )] , (5.3.41)

where W^α is the low energy U(1) photon field strength supermultiplet. The n-instanton contribution to the low energy effective action in the dilute gas approximation is ∫ d^2θ [ W^αW_α ( Λ^{2Nc−4} U )n] . (5.3.42)

Since the effective Lagrangian can always be written in the following general form,

L_{eff} = 1 16π Im ∫ d^2θτ_{eff} W_αW^α + · · · , (5.3.43)

the F -term gives the n-instanton correction to τ of the form: ( Λ^{2Nc−4} U )n . (5.3.44)

To get the full non-perturbative τ, one should sum all the instanton contributions (5.3.42): ∞∑ n=0 a_n ( Λ^{2Nc−4} U )n W^αW_α, (5.3.45)

where the a_n are some constant coefficients, which are determined by explicit instanton calculations. Despite the fact that this method is very physical and can be carried out up to three instantons, it is actually not possible to perform the above summation. Thus this method can only be used as a check of the non-perturbative result [89].

A beautiful and powerful method to determine τ was worked out by Seiberg and Witten [1] based on

• electric-magnetic duality conjecture in the Coulomb phase;

• global geometric structure of the quantum moduli space;

• holomorphicity;

• gauge invariance and various global symmetries;

• correct decoupling limit.

A crucial observation of Seiberg and Witten is that in the SU(2) case, the quantum moduli space of N = 2 supersymmetric Yang-Mills theory can be determined exactly: the Riemann surface of the quantum moduli space is a torus and τ is equivalent to the modular parameter of the torus, i.e. the ratio of the periods of the torus. Then one can use the global geometric property of the torus and the electric-magnetic duality to determine τ. Before going into the details of determining τ, we first see how the SO(N_c) symmetry spontaneously breaks to SO(2)∼=U(1).

The spontaneous breaking from SO(N_c) to SO(2) is not straightforward, since there are the two special groups SO(4) and SO(3) between them. The breaking pattern should be as follows: first the breaking SO(N_c) −→ SO(4)∼=SU(2)_X×SU(2)_Y occurs; then SU(2)_X×SU(2)_Y −→ SU(2)∼=SO(3); finally SU(2) breaks to U(1).

The first step can be taken by considering the region of the moduli space where N_c − 4 eigenvalues of ⟨M^{ij}⟩ become large, breaking the SO(N_c) theory to a low energy SO(4)∼=SU(2)_X ×SU(2)_Y theory with two light flavours (N_f = 2) in the fundamental representation (2, 2) of the low energy gauge group. Matching the running gauge couplings at the scale ⟨M^{ij}⟩ gives the relation between the high energy dynamical scale and the low energy scale,

Λ^4_{X,2} = Λ^4_{Y,2} = Λ^{2Nc−4} Nc,Nc−2 det^′ M_{2Nc−4} ≡ Λ^{2Nc−4} U_H . (5.3.46)

Eq. (5.3.46) is the N_f − 4 flavour generalization of (5.2.15) and (5.2.17). U_H ≡ det^′ M_{2Nc−4} means the determinant for N_f − 4 heavy flavours, or equivalently, the product of the N_c − 4 large eigenvalues of M^{ij}. Explicitly, the SU(N_f = 2) invariant combination of two light flavours in the low energy SU(2)_X×SU(2)_Y theory is

^U = det M det^′ M_{2Nc−4} = U U_H = det M_{fg}, (5.3.47) where M_{fg} are the SU(2)_X×SU(2)_Y singlets, M_{fg} = Q_f ·Q_g≡ 1 2 Q_{f,α1α2} Q_{g,β1β2} ϵ^{α1α2} ϵ^{β1β2} , f, g = 1, 2; α_i = β_i = 1, 2. (5.3.48)

The second step SU(2)_X×SU(2)_Y −→SU(2) can be performed by considering the limit of large ^U and taking one eigenvalue, say M_{11}, large. Then the gauge symmetry is broken to SU(2)_d, with the light flavour Q_{2,αβ} decomposing into an SU(2)_d singlet S (i.e. in the trivial representation) and a triplet ϕ_d (i.e. in the adjoint representation) [13],

Q_2 = ϕ_d ⊕ S. (5.3.49)

(5.3.49) and the definition M_{22}≡Q_2 · Q_2 mean that

ϕ^2_d = U M_{11}

≡ ~U. (5.3.50)

The subscript d indicates that this SU(2) is a diagonally embedded subgroup of SU(2)_X×SU(2)_Y . This index will be omitted later. Integrating out the heavy flavour, we obtain the low energy SU(2)_d theory. According to (5.2.17), the relation between the low energy dynamical scale Λ_d and the intermediate dynamical scales Λ_s, s = X, Y is

Λ^4 =

16Λ^4_XΛ^4_Y M^2_{11}

. (5.3.51)

Now we have an SU(2) theory with a triplet ϕ. It is very similar to the N = 2 Seiberg- Witten model except for two extra gauge singlets (M_{11} and another one from Q_2). The last step SU(2)−→U(1) is induced by the scalar potential of ϕ^a, a = 1, 2, 3. This is a standard Higgs mechanism. Therefore, we can use the Seiberg-Witten method to determine the low energy effective coupling in the Coulomb phase. There already exist several excellent reviews on the Seiberg-Witten solution [90], here we only repeat the main points.

Seiberg-Witten algebraic curve solution

The scalar potential of N = 2 supersymmetric SU(2) Yang-Mills theory is V (ϕ) = − g^2 2 (D^a)^2, D^a = [ϕ^†, ϕ]^a. (5.3.52)

Classically, like in supersymmetric QCD, there is a U_R(1) symmetry, under which the gaugino λ, the triplet ϕ and its superpartner ψ transform as λ−→e^{iα}λ; ϕ−→e^{i2α}ϕ; ψ−→e^{iα}ψ. (5.3.53) At the quantum level, this symmetry is broken by a gauge anomaly, which is equivalent to a shift of the vacuum angle θ, θ−→θ − 2N_cα − 2N_cα = θ − 8α. (5.3.54)

The shift of θ by 2π is still a symmetry of the theory since the generating functional is invariant. Thus at the quantum level the U_R(1) symmetry reduces to a discrete symmetry λ−→e^{iπ/4}λ; ϕ−→e^{iπ/2}ϕ; ψ−→e^{iπ/4}ψ. (5.3.55) In the moduli space of the vacua, the scalar potential vanishes, but ⟨ϕ^a⟩ may be non-vanishing. This will break SU(2) to U(1), and as a consequence, the theory will be in the Coulomb phase. One can choose

⟨ϕ^b⟩ = aδ^{b3} (5.3.56)

by a gauge rotation with a being a complex number. The parameter labelling the moduli space will be the gauge invariant chiral superfield

u = a^2 = Tr⟨ϕ^2⟩ (5.3.57)

rather than a. The discrete symmetry (5.3.55) is realized on u as a Z_2 symmetry, u−→e^{iπ}u = −u. (5.3.58) In the BPS limit all the particles including the gauge bosons, monopoles and dyons have a universal mass formula: m = √ 2|Z|, Z = an_e + a_Dn_m, (5.3.59)

where n_e and n_m are the electric and magnetic charges carried by the particle. n_e≠0, n_m = 0 corresponds to the usual electrically charged particles; n_m≠0, n_e = 0 corresponds to the magnetic monopoles and n_m≠0, n_e≠0 to the dyons. In the weak-coupling region,

a_D = τa, (5.3.60)

the subscript D indicating the dual variable. Since there exists an electric-magnetic duality in the Coulomb phase, the duality transformation maps a ←→ a_D, τ(a) ←→ − 1 τ(a) ≡τ_D, (5.3.61)

which is a typical feature of electric-magnetic (S-)duality, i.e. the strong and the weak couplings are exchanged, while the mass spectrum of the particles remains the same. Notice that there exists another invariance of τ,

τ −→ τ + 1, (5.3.62)

since this means, from Eq. (3.1.3), the vacuum angle is shifted by 2π and hence the generating functional remains unchanged.

The transformations (5.3.61) and (5.3.62) of τ can be implemented on (a, a_D)^T by the matrices S = ( 0 1 −1 0 ) , T = ( 1 1 0 1 ) . (5.3.63)

These matrices generate the group SL(2, Z), under which τ is transformed as τ −→ ( a b c d ) τ = aτ + b cτ + d , a, b, c, d ∈ Z; ad − bc≠0. (5.3.64) One immediately recognizes that the invariance of τ is the same as the modular invariance of one-loop amplitudes of strings [91]. This fact gives a hint that τ can be interpreted as the modular parameter of a certain torus. Seiberg and Witten proposed the following formula [1, 90] τ = da_D da . (5.3.65)

We will see that a_D and a can indeed be regarded as the two periods of a torus.

(5.3.40) implies that when a is large, the SU(2) theory is weakly coupled. Hence τ can be determined perturbatively. Since the one-loop beta function coefficient β_0 = 4 for N = 1 SU(2) gauge theory with a triplet matter field, one can according to (5.3.40) write down the holomorphic relation between τ and u as τ(u) = i π ln u Λ^2

. (5.3.66)

In the region of the moduli space corresponding to strong coupling, there is not only the oneloop perturbative contribution, but also the non-perturbative corrections from instantons. This makes the u-dependence of τ quite complicated. Fortunately, as Seiberg and Witten did [1, 2], one can use the geometric structure of the quantum moduli space to determine τ(u).

At large u τ(u) is a multi-valued function, τ(u) = i π ln u Λ^2 + i2kπ, k = 0, ±1, ±2, · · ·, (5.3.67) i.e. for each point u in the moduli space, there exists an infinite number of τ(u). From complex analysis we know that to make the correspondence between τ(u) and u one-to-one, we must cut the u-plane along a line connecting two branch points. For example, both u = 0 and u = ∞ are branch points of ln(u/Λ^2), we cut the u-plane along the positive real axis. The moduli space divides into branches and τ(u) will be a single-valued function on each branch. These branches can be glued together by identifying the lower lip of the previous branch with the upper lip of the next branch and the lower lip of the last branch with the upper lip of the first branch. The complex surface obtained in this way is called the Riemann surface of the moduli space, and τ(u) will be a single valued function on this Riemann surface.

Seiberg and Witten found the exact solution of τ(u) by determining the singularity structure of the above Riemann surface, and we shall follow their reasoning. Later Flume et al showed that their solution is unique assuming only that supersymmetry is unbroken and that the number of singularities in u is finite [92]. They started from the solution (5.3.66) for τ(u) at large u. (5.3.65) and (5.3.66) imply that in the weak coupling limit,

a_D = 2i π a ln a Λ − 2i π a. (5.3.68)

Since u = ∞ is a singular point of τ(u), moving along a closed path around u = ∞^7 shifts ln u by ln u −→ ln u + 2iπ (5.3.69)

7 It is a large loop around u = 0, but we consider the region outside the loop.

and hence

ln a −→ ln a + iπ (5.3.70)

due to u = a^2. Such a transformation of a complex function around a singularity is called a monodromy. From (5.3.68) and (5.3.70), we have a_D −→ −a_D + 2a, a −→ −a. (5.3.71) Therefore, there exists a non-trivial monodromy at infinity on the Riemann surface,

M_∞ = ( −1 2 0 −1 ) = P T^{−2}, (5.3.72)

where T is the generator of the SL(2, Z) group given in (5.3.63) and P is the element −1 of SL(2, Z). This non-trivial monodromy at u = ∞ implies that there must exist other monodromies on the u-plane. Equivalently speaking, τ(u) has a branch point at large u, requiring further branch point or points in the interior of the u-plane, corresponding to strong coupling of the theory, since now u is finite and non-perturbative effects have already become noticeable.

Now let us analyze these extra singularities. Due to the discrete symmetry u−→ − u, singularities of the moduli space must emerge in pairs, i.e. for each singularity at u = u_0, there must exist another one at u = −u_0. If there are only two singularities, they must be u = ∞ and u = 0 since they are the only fixed points of the Z_2 symmetry. We have already seen that u = ∞ is a singularity and that it corresponds to the weak coupling limit of theory. Since the monodromy around 0 is the same as the monodromy around ∞, M_0 = M_∞, u = a^2 is not affected by any monodromy and hence u would be a global coordinate of the moduli space. Consequently, τ(u) would be an analytic function on the moduli space, and its imaginary part Imτ(u) ∼ 1/g^2_{eff} would be a harmonic function due to the Cauchy-Riemann equation

∂_z∂_zImτ(u) = 0. (5.3.73)

Since the Laplacian ∂_z∂_z is a positive definite operator, (5.3.73) means that Imτ(u) cannot be positive definite everywhere on the moduli space. Therefore, there must exist regions in the moduli space where the low energy effective gauge coupling g_{eff} ∼ 1/ √ Imτ becomes imaginary.

To avoid this unphysical conclusion, there have to exist at least two singularities in the interior of the moduli space [93]. So we can consider three singularities, i.e. ∞, u_0 and −u_0 for some u_0≠0. u = 0 will not be a singular point, although its existence respects the Z_2 symmetry.

What is the physical interpretation of the singularities at u = ±u_0? Classically, u = 0 is a singular point since classically this means a = 0, or that the full gauge symmetry SU(2) is restored and no Higgs mechanism occurs. The massive gauge bosons and their superpartners become massless. However, there is no singularity at u = 0 in the quantum moduli space. The singularities at u = ±u_0 do not imply that the gauge bosons become massless. This is because the theory at u = ±u_0 is in the strong coupling region. The existence of massless gauge bosons would imply an asymptotically conformal invariant theory in the infrared limit, but conformal invariance implies that the dimensional parameter u = ⟨Trϕ^2⟩ = 0. This is obviously inconsistent. Therefore, the singularities at u = ±u_0 do not correspond to massless gauge bosons. Seiberg and Witten found that the singularities at u = ±u_0 in fact correspond to massless magnetic monopoles and dyons. According to the BPS mass formula (5.3.59) [1], the mass of the magnetic monopole is

m^2 = 2|a_D|^2. (5.3.74)

Thus a massless magnetic monopole will give a_D = 0. If we choose a_D to vanish at u_0, i.e. that the magnetic monopoles become massless there, we will see that at the singularity u = −u_0 the dyon becomes massless. From the Montonen-Olive duality conjecture, the magnetic monopole hypermultiplet couples to the dual fields of the original N = 2 photon supermultiplet, and the dynamics is exactly the same as that of the N = 2 supersymmetric QED with massless electrons. The magnetic coupling is weak due to the electric-magnetic duality and hence the perturbative method can be adopted. From the one-loop beta function of the N = 2 supersymmetric Abelian gauge theory with a massless hypermultiplet, the magnetic coupling should run according to μ d dμ g_D = g^3_D 8π . (5.3.75)

Since the scale μ is proportional to a_D and 4πi/[g^2_D(a_D)] is τ_D when θ_D = 0^8, then near u = u_0 (or near a_D = 0) we have a_D d da_D τ_D = − i π ; τ_D = − i π ln a_D. (5.3.76)

(5.3.61) and (5.3.65) lead to

τ_D = − da da_D , (5.3.77)

which can be integrated to give a near u = u_0,

a = a_0 + i π a_D ln a_D − i π a_D. (5.3.78)

Since a_D(u_0) vanishes, in the vicinity of u_0, a_D should be a good coordinate like u and depend linearly on u, so we obtain

a_D = c_0(u − u_0);

a = a_0 + i π c_0(u − u_0) ln(u − u_0) − i π c_0 ln(u − u_0). (5.3.79)

From these expressions, we immediately read off the monodromy matrix as u turns around u_0 counterclockwise, u − u_0−→e^{i2π}(u − u_0), ( a_D a ) −→ ( a_D a − 2a_D ) = M_{u0} ( a_D a ) , M_{u0} = ( 1 0 −2 1 ) = ST^2S^{−1}. (5.3.80)

8Note that supersymmetric QED, unlike supersymmetric QCD, does not allow a non-vanishing vacuum angle, except if it is embedded into a larger gauge group.

The monodromy matrix at u = −u_0 is easy to find. Since there are only three singularities, the contour around u = ∞ can be deformed into a contour encircling u_0 and a contour encircling −u_0, both being counterclockwise and having same base point. The factorization of the monodromy matrices gives

M_∞ = M_{u0} M_{−u0} . (5.3.81)

and hence

M_{−u0} = ( −1 2 −2 3 ) = (T S)T^2(T S)^{−1}. (5.3.82)

The physical interpretation of the singularity at u = −u_0 can be found from the way the BPS mass formula (5.3.59) transforms under the action of the monodromy matrix. We write the central charge Z as

Z = (n_m, n_e) ( a_D a ) . (5.3.83)

The monodromy transformation ( a_D a ) −→M ( a_D a ) (5.3.84)

can be equivalently thought of as changing the magnetic and electric quantum numbers as

(n_m, n_e)−→(n_m, n_e)M. (5.3.85)

The state with vanishing mass should be invariant under the monodromy and hence should be a left eigenvector of M with unit eigenvalue. For the singularity u_0, we have assumed that it corresponds to massless monopoles, so the monopole (1, 0) should be a left eigenvector of M_{u0} with unit eigenvalue. It is easy to check that the left eigenvector of M_{−u0} with unit eigenvalue is (n_m, n_e) = (1, −1). This is a dyon since both the electric and magnetic charges do not vanish. Thus the singularity at −u_0 can be interpreted as being due to a (1, −1) dyon becoming massless. The general monodromy matrix corresponding to a massless dyon (n_m, n_e) is

M(n_m, n_e) = ( 1 + 2n_mn_e 2n^2_e −2n^2_m 1 − 2n_mn_e ) . (5.3.86)

One special point should be emphasized. Since M_{u0} M_{−u0} ≠M_{−u0} M_{u0} the monodromy relation (5.3.81) seems not to be invariant under u_0−→ − u_0. This does not contradict the Z_2 symmetry, since we have not indicated the base point in defining the composition of two monodromies. Assume the composition M_{u0} M_{−u0} happens in the base point u = P , then another choice of base point u = −P will lead to

M_∞ = M_{−u0} M_{u0} . (5.3.87)

Then from (5.3.72), (5.3.80) and (5.3.87) we get the monodromy

M_{−u0} = ( 3 2 −2 −1 ) , (5.3.88) one of whose left eigenvectors with unit eigenvalue is the dyon (1,1). The Z_2 symmetry on the quantum moduli space not only exchanges the singularity, but also exchanges the base point P , hence

M_{u0} M_{−u0} ←→M_{−u0} M_{u0} . (5.3.89)

At the same time the (1, −1) dyon is exchanged with the (1, 1) dyon.

Using the monodromy corresponding to the fundamental monopole or dyon, one can construct the monodromy corresponding to the composite dyon [1, 2]. For example, turning first n_e times around ∞, then around −u_0, and then n_e times around ∞ in the opposite direction, we obtain the monodromy

M^{−ne}_∞ M_{−u0} M^{ne}_∞ = T^{−2ne} (T S)T^2(T S)^{−1}T^{2ne} = ( −1 − 4n_e 2 + 8n_e + 8n^2_e −2 3 + 4n_e ) = M(1, −1 − 2n_e), (5.3.90)

which corresponds to a massless dyon with n_m = 1 and any n_e ∈ Z. Similarly, we have

M^{−ne}_∞ M_{u0} M^{ne}_∞ = T^{−2ne} ST^2S^{−1}T^{2ne} = ( 1 − 4n_e 8n^2_e

−2 1 + 4n_e ) = M(1, −1 − 2n_e). (5.3.91)

We know that a_D(u) and a(u) are multiple valued functions on the moduli space, and they are single-valued function on each branch with the branch points being at ∞, u_0 and −u_0, or equivalently, single valued on the Riemann surface of the moduli space. Since the value of u_0 depends on the choice of renormalization scheme, one can always choose u_0 = 1. There are two approaches to determining a(u) and a_D(u) and hence τ exactly by (5.3.65). The first one is to look for a differential equation satisfied by a(u) and a_D(u), since meromorphic functions with such singularities should satisfy the characteristic equations of the hypergeometric function, which is called the Picard-Fuchs equations [94]. This method is straightforward and one can easily write the explicit forms of a(u) and a_D(u) in terms of the integral representation of the hypergeometric function [1],

a_D(u) = √ 2 π ∫ u 1 dx √ x − u √ x^2 − 1 ; a(u) = √ 2 π ∫_1 −1 dx √ x − u √ x^2 − 1

. (5.3.92)

Consequently, the low energy effective coupling is given by τ(u) = da_D(u)/du da(u)/du . (5.3.93)

However, Seiberg and Witten gave an indirect but theoretically more beautiful expression for above solutions — the algebraic curve of the Riemann surface of the moduli space [1, 2]. They made use of the geometric structure of the Riemann surface of the moduli space in constructing the solutions. Here we shall only use the explicit expression (5.3.92) for the solution to understand the Seiberg-Witten construction. From (5.3.92), we see that the integrand has square-root branch cuts with branch points at +1, −1, u and ∞. The two branch cuts can be chosen from −1 to +1 and from u to ∞. The Riemann surface of the integrand is composed of two sheets glued along the cuts. If one adds the point at infinity to each of the two sheets, the topology of the Riemann surface is that of two spheres connected by two tubes, this is just a torus. How can we describe a torus, or more generally, an arbitrary Riemann surface quantitatively? We know that the torus is formed by the compactification of a complex plane, identifying

z −→ z + ω_1, z −→ z + ω_2, (5.3.94)

with ω_2/ω_1 = τ and Imτ > 0. ω_1 and ω_2 are called the periods of the torus. τ is the modular parameter of the torus, which determines the geometric structure of the torus. Two tori with modular parameters τ^′ and τ related by a SL(2, Z) transformation

τ^′ = aτ + b cτ + d , ad − bc = 1, a, b, c, d∈Z. (5.3.95) have the same geometric shape (i.e. are conformally equivalent) [94]. (5.3.94) shows that the torus is in fact the coset space C/G of the complex plane C, with the group G consisting of the action on C z −→ z + n + mτ, τ ∈ C, Imτ > 0. (5.3.96) A natural choice to describe a Riemann surface is to use the meromorphic functions defined on it. For a torus, a meromorphic function should be elliptic (doubly periodic) functions with periods 1 and τ due to (5.3.96). A typical example is the Weierstrass elliptic function with periods 1 and τ [95, 96]: ξ(z) = 1 z^2 + ∑ n,m [ 1 (z − n − mτ)^2 − 1 (n + mτ)^2 ] , n, m ∈ Z, n, m≠0. (5.3.97) The function ξ satisfies the following differential equation

ξ^{′2}(z) = 4(ξ − e_1)(ξ − e_2)(ξ − e_3), (5.3.98)

with

e_1 = ξ ( 1 2 ) , e_2 = ξ ( τ 2 ) , e_3 = ξ ( 1 + τ 2 ) . (5.3.99)

ξ^′(z) is again an elliptic function and hence is another meromorphic function defined on the torus. If we define ξ^′(z)≡y, x≡ξ(z), the differential equation (5.3.98) can be written as

y^2 = 4(x − e_1)(x − e_2)(x − e_3). (5.3.100)

This is a plane cubic curve with the plane coordinates (x, y) being meromorphic functions [96]. In fact, every Riemann surface can be equivalently represented by such an algebraic curve. The domain of definition of an algebraic curve is a Riemann surface. Conversely, given an algebraic curve, one can immediately know what the Riemann surface is. The zero points of y are just the singular points of the Riemann surface. Therefore, a Riemann surface and its algebraic curve are in one-to-one correspondence. For example, the plane cubic curve (5.3.100) shows that y has three zero points x = e_i, i = 1, 2, 3, in the x-space. From (5.3.100) y = ± √ 4(x − e_1)(x − e_2)(x − e_3), (5.3.101)

This shows that y is a double-valued function on x-space. The branch points are obviously x = e_i, ∞. We choose one branch cut from e_1 to e_2 and another one from e_3 to ∞. y is then a single valued function on the Riemann surface defined by joining the two sheets of the x-plane along the cuts. It is now easy to see that the Riemann surface is a torus. A torus has two independent non-trivial closed paths called cycles. The loop on the two-sheeted covering of the x-plane that goes around one of the two cuts corresponds to one of the cycles and the loop which intersects both cuts, i.e. the loop goes around e_2 and e_3 pairing into the second sheet for half of the way, corresponds to the other cycle.

For the theory we are discussing, the singularities are at 1, −1 and ∞ in the u-plane, and the corresponding Riemann surface is a torus, which, according to (5.3.100), should be parametrized by a family of curves with the parameter u,

y^2 = (x − 1)(x + 1)(x − u). (5.3.102)

The periods a_D(u) and a(u) of the torus represented by this algebraic curve and hence τ(u), as argued by Seiberg and Witten, can be found as follows [1, 90]. First, a torus is represented by two cycles, which we denote as γ_1 and γ_2. These cycles form a local canonical basis for the first homology group H_{1,0}(T, C) of the torus, or equivalently, the first homology group of the curve, T denoting the torus or the algebraic curve family. According to Stokes’ theorem, one can construct a homotopy invariant by pairing an element in the first homology group with an element in its dual, the first cohomology group. Since a_D(u) and a(u) should be homotopic invariant, we define

a_D = ∮ γ1 λ, a = ∮ γ2 λ, (5.3.103)

where λ is an element of the first cohomology group H^{1,0}(T, C). As H^{1,0}(T, C) is two-dimensional, its basis must be provided by any two linearly independent elements. One typical choice is

λ_1 = dx y , λ_2 = xdx y . (5.3.104)

In general, λ should be a linear combination of the above basis elements with u-dependent coefficients,

λ = a_1(u)λ_1 + a_2(u)λ_2. (5.3.105)

In addition, λ must be a form with vanishing residue so that, on encircling a singularity, a_D and a transform in the way that γ_1 and γ_2 transform under a subgroup of SL(2, Z). Especially, the physical requirement Imτ > 0 must be satisfied. (5.3.93) and (5.3.103) give τ = da_D/du da/du , da_D du = ∮ γ1 dλ du , da du = ∮ γ2 dλ du . (5.3.106)

On the other hand, on a torus defined by the above curve there exists a natural definition for the periods,

b_i = ∮ γ_i λ_1, i = 1, 2, (5.3.107)

and the modulus parameter

τ_u = b_1 b_2

(5.3.108)

should possess the fundamental property Imτ_u > 0. Therefore, one can choose dλ du = f(u)λ_1 = f(u) dx y (5.3.109)

with f(u) a function of u only. Then we get τ = da_D/du da/du = b_1 b_2

= τ_u = ∮ γ1 dx/y ∮ γ2 dx/y , (5.3.110)

which naturally satisfies Imτ > 0. The reverse is also true, i.e. if Imτ > 0 everywhere, then τ = τ_u and λ satisfy (5.3.109) and (5.3.110). The function f(u) can be determined by demanding the asymptotic behaviours (5.3.68), (5.3.79) of a_D and a near u = 1, −1, ∞, f(u) = − √ 2 4π . (5.3.111)

Therefore, with (5.3.102) and (5.3.111), one can integrate (5.3.109) over u and get λ = √ 2 2π √ x − u √ x^2 − 1 dx = √ 2 2π y x^2 − 1 dx. (5.3.112)

We finally have from (5.3.106)

a_D = ∮ γ1 √ 2 2π √ x − u √ x^2 − 1 dx, a = ∮ γ2 √ 2 2π √ x − u √ x^2 − 1 dx. (5.3.113)

Deforming the cycles γ_1 and γ_2 continuously into the branch cuts, we immediately get (5.3.92), the same result as obtained from the differential equation approach.

Since the Riemann surface and the algebraic curve are exactly in one-to-one correspondence, and given a Riemann surface, its modulus τ is fixed up to an SL(2, Z) transformation, one can conveniently use the algebraic curve to represent the solution of the low energy effective theory in the Coulomb phase.

The Seiberg-Witten method can be naturally generalized to the case with matter fields, i.e. N = 2 supersymmetric QCD [2]. The matter fields belong to N = 2 hypermultiplets, which are pairs of N = 1 chiral supermultiplets (Q_i, ~Q_i) in the fundamental representation of the gauge group and its conjugate (i = 1, · · ·, N_f is the flavour index) [27, 97]. In N = 1 language, the classical Lagrangian consists of the standard coupling of the N = 2 gauge supermultiplet to Q_i, Q̃_i, plus the following superpotential W = ∫ d^2θ √ 2 N_f∑ i=1 ~QiΦaT aQi + N_f∑ i=1 m_i ~Q^iQ_i , (5.3.114)

Φ is the N = 1 chiral supermultiplet part of the N = 2 gauge supermultiplet, since an N = 2 gauge supermultiplets is composed of an N = 1 gauge supermultiplet (gauge fields and gaugino) and N = 1 chiral supermultiplet in the adjoint representation. The classical moduli space of the vacua will be determined by both D-flatness and F -flatness conditions. There are two types of possible solutions to these conditions [2]. The first type leads to a Coulomb branch of the moduli space with the expectation values of the scalar components of Φ, Q and Q̃ satisfying

⟨Φ⟩≠0, ⟨Q_i⟩ = ⟨Q̃^†_i ⟩ = 0. (5.3.115)

The second one gives a Higgs branch in the moduli space in the massless case (m_i = 0) with^9 ⟨Φ⟩ = 0, ⟨Q_i⟩ = ⟨Q̃^†_i ⟩≠0, i = 1, · · ·, k≤N_f , N_f ≥2. (5.3.116) We are only interested in the Coulomb branch. To ensure that (n_m, n_e) are both integers even in the presence of matter fields, one should rescale the electric charge n_e by a factor 2 and simultaneously divide a by 2 so that the BPS mass spectrum m^2 = 2|a_Dn_m + an_e|^2 remains the same. This rescaling can be thought of as a transformation ( a_D a ) −→ ( a_D a/2 ) = ( 1 0 0 1/2 ) ( a_D a ) ≡S ( a_D a ) . (5.3.117)

Consequently, the monodromy matrix will transform as ( m n p q ) −→ S ( m n p q ) S^{−1} = ( 1 0 0 1/2 ) ( m n p q ) ( 1 0 0 2 )

= ( m 2n p/2 q ) . (5.3.118)

Therefore, in the new convention the monodromy matrices (5.3.72), (5.3.80) and (5.3.82) with N_f = 0 are

M_{u0} = ( 1 0 −1 1 ) ; M_{−u0} = ( −1 4 −1 3 ) ; M_∞ = ( −1 4 0 −1 ) . (5.3.119)

With these new monodromy matrices the algebraic curve corresponding to (5.3.102) becomes [2, 13]

y^2 = x^3 − ux^2 + 1 4 Λ^4x, (5.3.120)

where u_0 = Λ^2 was chosen. The curve (5.3.120) describes the same physics as the curve (5.3.102). However this curve is more general since it can be applied to the case of matter fields. Thus, one usually adopts the curve solution of the form (5.3.120) even in the case N_f = 0. The branch points of the moduli space are the zeros of the plane cubic curve (5.3.120)

x = 0, x = x_± = 1 2 ( u − √ u^2 − Λ^4 ) , (5.3.121)

9For Nf = 0, 1, the moduli space has no Higgs branch. When Nf = 2, there are two Higgs branches in the moduli space, which coincide with the Coulomb branch at the origin of the moduli space. These two branches are exchanged by a parity-like symmetry. For Nf ≥3, there is only one Higgs branch, which meets the Coulomb branch at the origin of the moduli space [2].

together with the point at infinity. The natural choice for the two branch cuts is (x_−, x_+) and (0, ∞), and the Riemann surface of course remains a torus. When two branch points coincide, one cycle of the torus will vanish and hence the torus will become singular. This can be related to the singular points in the u-plane, where there will exist massless particles. Two solutions of a cubic equation can coincide only when the discriminant Δ vanishes. For a general cubic equation

x^3 + Bx^2 + Cx + D = 0, (5.3.122)

the discriminant is

Δ = − 1 108 ( B^2C^2 − 4C^3 − 4B^4D + 18BCD − 27D^2 ) (5.3.123)

The discriminant for the algebraic curve (5.3.120) is hence

Δ(u) = 1 16 (u^2 − Λ^4)Λ^8. (5.3.124)

Therefore, the torus will become singular at u = ±Λ^2, the zeros of Δ(u). Massless monopoles and dyons will exist in these two singular points.

In the Coulomb phase Seiberg and Witten worked out the explicit algebraic curve solutions for N_f = 1, 2, 3 using a similar method as in the N_f = 0 case [2].

In summary, in the Coulomb phase, we can get insight into the dynamics by determining the effective gauge coupling τ(u) with u = ⟨Trϕ^2⟩ being the coordinate of the moduli space, while τ(u) is indirectly given by a family of elliptic curves parametrized by u. From the algebraic curve, one can determine the Riemann surface of the moduli space and its periods a_D(u) and a(u), and hence the τ(u) through (5.3.93). In particular, the singular points in the moduli space, which will lead to a singular Riemann surface, correspond to the zeros of the discriminant of the vanishing elliptic curve. There exist massless particles in these singular points of the moduli space.

Now we go back to the theory at hand. In the Coulomb phase the effective gauge coupling at large ^U is given by the curve (5.3.120),

y^2 = x^3 − x^2 ~U + 1 4 Λ^4_dx, (5.3.125)

in which ~U is the light field

~U = ⟨Trϕ^2⟩ = 2 ^U M_{11}

, (5.3.126)

where we have used (5.3.50), and the factor 2 comes from taking the trace. Considering the relation (5.3.126) and rescaling y−→ (M_{11}/2)^{3/2} y, x−→ (M_{11}/2) x, we write the curve at large U as

y^2 = x^3 − x^2 ^U + xΛ^4_XΛ^4_Y . (5.3.127)

Using this asymptotic solution, we can find the exact curve solution. We first assume that the exact solution has the general form of a plane cubic curve,

y^2 = x^3 + αx^2 + βx + γ. (5.3.128)

The coefficients α, β and γ are functions of U, the gauge coupling and the scales Λ_X, Λ_Y . There exist some important constraints on them [2, 13]:

1. In the weak coupling limit Λ = 0, the curve should give a singular Riemann surface for every U, i.e. the curve should vanish. So generally one can assume that the curve should be of the form

y^2_0 = x^2(x − U), when Λ = 0. (5.3.129)

2. α, β and γ should be holomorphic functions in U and the various coupling constants, since this guarantees that τ is also holomorphic in them.

3. The solution expressed by the curve (5.3.127) should be compatible with all the global symmetries of the theory including the discrete symmetry and those explicitly broken by the anomaly.

4. In various limits we should get the curves of the models obtained in the corresponding limit.

5. The curve should have the correct monodromies around the singular points.

We use these constraints to determine the coefficients. The global flavour symmetry SU(2)_f and the discrete symmetry Z_2 as well as the large U limit (5.3.127) show that the coefficient α must be [13]

α = − ^U + δ(Λ^4_X + Λ^4_Y ) (5.3.130)

with δ being some constant. In addition, the asymptotic form at large U gives

β = Λ^4_XΛ^4_Y , γ = 0. (5.3.131)

This choice also ensures that the curve is singular when either Λ_X or Λ_Y vanishes. So the exact curve solution should be

y^2 = x^3 + [ −U + δ(Λ^4_X + Λ^4_Y ) ] x^2 + Λ^4_XΛ^4_Y x. (5.3.132)

To determine the parameter δ, we consider the limit Λ_Y ≫Λ_X. In this limit the theory is approximately an SU(2)_X gauge theory with three singlets M_{fg}, f, g = 1, 2 and a triplet field ~ϕ. This model is just the Nf = Nc = 2 case of the low energy supersymmetric SU(Nc) QCD with N_f flavours. From the discussion in Sect. 3.4.2, the quantum moduli space is parametrized by V with the constraint (3.4.52). So here we have

det M_{fg} + 1 2 μ^2Tr( ~ϕ^2) = ^U + μ^2 ~U = Λ^4_Y , (5.3.133)

where μ is a dimensional normalization necessary for making the dimensions right. The low energy Coulomb phase of SU(2)_X with a triplet ~ϕ is just the Seiberg-Witten model, whose exact solution is given by the curve (5.3.125). Its branch points (5.3.121) and the discriminant (5.3.124) show that the solution is singular at ~U = ±Λ^2_X since two branch points coincide. Therefore, for

SU(2)_X with the matter fields containing not only ~ϕ, but also M_{fg}, and considering (5.3.125), the τ of this SU(2)_X theory should be singular at ^U≈Λ^4Y ± μ^2Λ^2X (5.3.134)

in the Λ_Y ≫Λ_X limit. On the other hand, the discriminant of the curve (5.3.132) is

Δ = − 1 108 (Λ_XΛ_Y )^8 {[ − ^U + δ ( Λ^4_X + Λ^4_Y )]_2 − 4Λ^4_XΛ^4_Y } , (5.3.135)

and hence the curve is singular at ^U = δ ( Λ^4_X + Λ^4_Y ) ± 2Λ^2_XΛ^2_Y . (5.3.136)

Comparing (5.3.134) with (5.3.135), we find that δ = 1. So finally we obtain the solution in the large U limit,

y^2 = x^3 + ( − ^U + Λ^4_X + Λ^4_Y ) x^2 + Λ^4_XΛ^4_Y x (5.3.137)

Usually, for convenience of discussion, we rescale Λ_s → √ 2Λ_s, s = X, Y . Then the curve (5.3.137) is rewritten as

y^2 = x^3 + ( − ^U + 4Λ^4_X + 4Λ^4_Y ) x^2 + 16Λ^4_XΛ^4_Y x (5.3.138)

Expressing (5.3.138) in terms of the original high energy scale (5.3.46), using (5.3.47) and rescal- ing y−→U^{3/2}_H y, x−→U_H x, (5.3.139) we have

y^2 = x^3 + ( −U + 8Λ^{2Nc−4}_{Nc,Nc−2} ) x^2 + 16Λ^{4Nc−8}_{Nc,Nc−2}x, (5.3.140)

where the relation (5.3.46) was used. It should be stressed that (5.3.140) is the curve where U is large enough to compare with the scale Λ^{2Nc−4}_{Nc,Nc−2}. The exact curve solution should reproduce it in the large U limit. As Seiberg and Witten did [1, 2], assuming that the quantum corrections to (5.3.140) are polynomials in the instanton factor Λ^{2Nc−4}_{Nc,Nc−2}, as implied by (5.3.44), the holomorphy and the various global symmetries prohibit any corrections to (5.3.140). Therefore, the curve (5.3.140) is an exact solution [15].

We can now discuss the physical consequences. First the branch points given by the curve are x = 0, ∞ and

x_± = 1 2 [ U − 8Λ^{2Nc−4}_{Nc,Nc−2} ± √ U(U − 16Λ^{2Nc−4}_{Nc,Nc−2}) ] . (5.3.141)

According to (5.3.109) and (5.3.110), the periods of the torus are a_D(U) ∼ ∫ x+ x− dx [ x^3 + x^2 ( −U + 8Λ^{2Nc−4}_{Nc,Nc−2} ) + 16Λ^{4Nc−8}_{Nc,Nc−2}x ]_1/_2

= ∫ x+ x− dx [x(x − x_+)(x − x_−)]^{1/2} , a(U) ∼ ∫ x− 0 dx [x(x − x_+)(x − x_−)]^{1/2} (5.3.142) and the effective coupling is given by the ratio

τ(U) = ∫ x+ x− dx/y(x) ∫ x− 0 dx/y(x) . (5.3.143)

The singularities of the effective gauge coupling τ(U) can be inferred from the vanishing of the discriminant

Δ = − 1 108 ( Λ^{2Nc−4} Nc,Nc−2 )_2 [( −U + 8Λ^{2Nc−4}_{Nc,Nc−2} )_2 − 64Λ^{4Nc−8}_{Nc,Nc−2} ] = 0, (5.3.144)

which gives singularities at U = 0 and U = 16Λ^{2Nc−4}_{Nc,Nc−2}≡U_1. The monodromy matrices around U = 0 and U = U_1 can be immediately obtained by observing the change in the asymptotic expansion form of a_D(U) and a(U) near U = 0 and U = U_1 when taking U −→ e^{2iπ}U. They are, respectively, [13]

M_0 = S^{−1}T S = ( 1 0 −1 1 ) , M_1 = (ST^{−2})^{−1}T (ST^{−2}) = ( −1 4 −1 3 ) , (5.3.145)

up to an overall conjugation by T^2. According to (5.3.86) and (5.3.145) we can see that (1, 0) is the left eigenvector of M_0 and (1, −1) the left eigenvector of M_1. This reveals that there must exist massless monopoles or dyons in two subspaces ⟨M^{ij}⟩ = M^∗ of the moduli space of vacua determined by det M^∗ = 0 or det M^∗ = U_1. Note that the spaces of these singular vacua M^∗ are non-compact. Ignoring the overall T^2 conjugation, which from (5.3.91) only shifts the electric charges of the monopole or dyon, we can consider that magnetic monopoles exist in the singular vacuum M^∗ with det M^∗ = 0 and dyons in the singular vacuum M^∗ with det M^∗ = U_1.

The number of massless monopoles or dyons existing in the singular vacua M^∗ with det M^∗ = 0 or det M^∗ = U_1 can be detected from the monodromy of τ upon taking M around M^∗. We will see that these two cases are different. Let us first consider the vacua with U = U_1. Since in this case U = f(M) = det M is a single-valued function in the M complex plane, moving M around M^∗, (M − M^∗)→e^{2iπ}(M − M^∗) leads to (U − U_1)→e^{2iπ}(U − U_1) and gives the monodromy M_1. From the above discussion, we know that this monodromy is associated with a single pair of dyons E^± with magnetic charge ±1. At U = U_1 the dyons are massless and away from U = U_1 the dyons become massive. Thus the global symmetries, the holomorphy and mass dimension determine that the superpotential near U_1 should be

W = (U − U_1) 1 + O U − U^1 Λ^{2(Nc−2)} Nc,Nc−2 E^+E^−. (5.3.146)

The situation for the singular vacuum M^∗ with det M^∗ = 0 is more interesting. det M^∗ = 0 means that r < N_f with r being the rank of M^∗, so M^∗ has N_f − r zero eigenvalues. Thus when taking M around a vacuum M^∗, (M − M^∗)→e^{2iπ}(M − M^∗), the complex function U = det M will behave as U→e^{2iπ(Nf −r)}U. Since the transformation U→e^{2iπ}U leads to the monodromy M_0, the above transformation should yield the monodromy M^{Nf −r}_0 . Therefore, there must exist N_f − r pairs of massless monopoles in the vacuum parameterized by ⟨M⟩ = M^∗ with M^∗ having rank r. This requires the superpotential for N_f pairs of monopoles q^+_i and q^−_i with magnetic charge ±1 to be of the form W = 1 2μ f t = det M Λ^{2(Nc−2)} Nc,Nc−2 M ij q^+i q^−j , (5.3.147)

where f(t) should be holomorphic around t = 0 and normalized as f(0) = 1. The scale μ is introduced to ensure the correct dimension 3 of the superpotential because M has dimension 2 and q^±_i has dimension 1. The superpotential automatically makes N_f − r monopoles massless at M^∗ since it has rank r. In addition, to make the above superpotential respect the global flavour symmetry SU(N_f ) and R-symmetry, the monopole q^±_i must belong to the conjugate fundamental representation N_f of SU(N_f) and have R-charge 1.

The magnetic monopole and dyon are the left eigenvectors of the monodromy matrices at the singularities obtained from the curve solution (5.3.140). Considering the various representation quantum numbers of of the electric quark Q and the magnetic quark q under the global symmetry SU(N_f)×U_R(1) and their electric and magnetic charges, one can regard the dyon E as the bound state of the electric quark Q and magnetic quark q [15],

E^± ∼ q^±_i Q^i. (5.3.148)

This construction can be checked from the left eigenvectors of M_0 and M_1.

In addition, there exists a massless supermultiplet left by the breaking SO(N_c)−→SO(2)∼=U(1) in the Coulomb phase, i.e. an N = 1 low energy (effective) photon field, whose field strength is a chiral superfield W_α and which can be given a gauge invariant construction on the moduli space of vacua in terms of the fundamental fields, W_α∼ϵ_{i1i2···iNc−2} ϵ^{rsr1r2···rNc−2} (W_α)_{rs}Q^{i1}_{r1} Q^{i2}_{r2} · · ·Q^{iNc−2}r_{Nc−2} ≡W_α(Q)^{Nc−2}. (5.3.149) Later we will see that a similar relation also exists in the non-Abelian Coulomb phase.

The reasonableness of the above massless particle spectrum is supported by two non-trivial consistency checks. The first one is still ’t Hooft anomaly matching. At the origin ⟨M⟩ = 0 of the moduli space of vacua, the global symmetry SU(N_f)×U_R(1) is unbroken like in the SO(N_c) theory. The massless particle spectrum consists of the meson field M^{ij}, the photon supermultiplet with the field strength (5.3.149) and the monopole pair q^±_i associated with the singularity U = det M = 0. Let us check whether the ’t Hooft anomalies contributed from this low energy massless particle spectrum match those contributed by the massless fundamental quarks as listed in Table (5.3.4). The contributions from massless M^{ij} have already been collected in Table (5.3.5), so we need only consider the contributions from the fermionic components of the q^±_i and the photino. (5.3.149) shows that the R-charge of the photino λ_W is 1+(N_f +2−N_c)(N_c −2)/N_f = 1 for N_f = N_c −2. The relevant currents and energy-momentum tensors are listed in Tables (5.3.7), (5.3.8) and the corresponding anomalies in Table (5.3.9).

Adding the contributions from the low energy particles to the contributions from the field M given in Table (5.3.5), one can see the anomalies indeed match the high energy anomalies given in Table (5.3.4) for N_f = N_c − 2.

Another check is to verify that the decoupling of a heavy flavour will yield the description of the N_f = N_c − 3 case discussed in Subsec. 5.3.3. Without losing generality, we choose the N_f -th flavour to be heavy by adding a large mass term W_{tree} = mM^{Nf}_{Nf} /2. There are two branches in the moduli space, a branch with det M^∗ = U_1 and a branch with det M^∗ = 0. We first discuss

SU(N_f ) U_R(1) ψ^±_{qi} j^A_μ = ψ^+_{qi}t^A_{ij}σ_μψ^−_{qj} + ψ^−_{qi}t^A_{ij} σ_μψ^+_{qj} 0 λ_W 1 j_μ(λ) = λ^a_W σ_μλ^a_W

Table 5.3.7: Currents composed of the fermionic components of monopole and photino corresponding to the global symmetry SU (N_f )×U_R(1).

T_{μν} ψ^±_{qi} i/4 [ (ψ^+_{qi}σ_μ∇_νψ^−_{qi} − ∇_ν ψ^+_{qi}σ_μψ^−_{qi}) + (μ ←→ ν) ] − g_{μν} L[ψ_q] λ_W i/4 [( λ_W σ_μ∇_νλ_W − ∇_ν λ_μWσ_μλ_W ) + (μ ←→ ν) ] − g_{μν}L[λ_W ] Table 5.3.8: Energy-momentum tensor contributed by the fermionic components of q�_i and the photino; L[ψ] = i/2(ψσ^μ∇_μψ − ∇_μψσ^μψ), ∇_μ = ∂_μ − ω_{KLμ}σ^{KL}/2, σ^{KL} = i/4[σ^K, σ^L] and γ^K = e^K_μσ^μ.

Triangle diagrams and ’t Hooft anomaly gravitational anomaly coefficients U_R(1)^3 1 SU(N_f)^3 −2Tr(t^A{t^B, t^C}) SU(N_f)^2U_R(1) 0 U_R(1) 1

Table 5.3.9: ’t Hooft anomaly coefficients.

the branch with det M^∗ = U_1. According to (5.3.146), the full superpotential near U = U_1 with the above large mass term is

W = (U − U_1)E^+E^− + 1 2 mM^{Nf}_{Nf} . (5.3.150)

Integrating out M^{Nf}_{Nf} by its equation of motion ∂W ∂M^{Nf}_{Nf} = det M M^{Nf}_{Nf} E^+E^− + 1 2 m = 0 (5.3.151)

gives ⟨E^+E^−⟩ = − m 2 det ^M

, (5.3.152)

where ^M denotes the mesons for the remaining N_f − 1 = N_c − 3 flavours. Obviously, the nonvanishing expectation value (5.3.152) of ⟨E^+E^−⟩ has made the electric charge confined. Since E^± are a pair of dyons, according to the discussions in Sect. 2.4, this phenomenon is just the oblique confinement proposed by ’t Hooft. The low energy superpotential at U = U_1 is W = 1 2 mM^{Nf}_{Nf} = m det M^∗ 2 det ^M = 8 mΛ^{2Nc−4} Nc,Nc−2 det ^M . (5.3.153)

Using the relation (5.2.10) between the high energy scale Λ_{Nc,Nc−2} and the low energy scale Λ_{Nc,Nc−3}, (5.3.153) is just the superpotential of the ϵ = 1 branch of (5.3.26).

As for the branch with det M^∗ = 0, we add a large mass term for the N_f -th flavour to (5.3.147). The classical equation of motion of M^{Nf}_{Nf} , ∂W ∂M^{Nf}_{Nf} = 1 2μ f(t)q^+_{Nf} q_{Nf} + 1 2μ df dt 1 Λ^{2Nc−2} Nc,Nc−2 det M M^{Nf}_{Nf} + m 2 = 0, (5.3.154)

shows that ⟨q^±_{Nf} ⟩≠0 and hence that the magnetic U(1) group is Higgsed. From the discussion in Sect. 2.4, the dual Meissner effects occurs and the original electric variables are confined. Due to the non-trivial function f(t) in (5.3.147) and the constraint from the magnetic U(1) D-term, q^+_i e^{gVD} q^−_i |_{θ2θ}2 , there is a difficulty in explicitly integrating out the massive modes. However, from the classical equations for M^{Nf}_{Nf} , q^+_{Nf} and q^−_{Nf} , one can see that the low energy massless modes are only ^M^^i^_j , q^+^_i and q^−^_i , ^i, ^j = 1, · · ·, N_f − 1. Usually, for convenience of discussion, one defines the gauge invariant interpolating fields q^_i = 1 2 √ mμ ( q^+^_i q^−_{Nf} − q^−^_i q^+_{Nf} ) (5.3.155)

of q^±^_i to replace q^±^_i as massless modes. Considering the contribution from the magnetic U(1) D-term, one can get the low energy effective superpotential W = 1 2μ ^f ^t = (det ^M)( ^M^{ij}q^_iq^_j) mΛ^{2(Nc−2)} Nc,Nc−2 ^M ijq^ iq^_j

= 1 2μ ^f ^t = (det ^M)( ^M^{ij}q^_iq^_j) Λ^{2(Nc−2)} Nc,Nc−3 ^M ijq^ iq^_j . (5.3.156)

This is just the superpotential of the ϵ = −1 branch of the low energy N_f = N_c − 3 theory given by (5.3.36). Consequently, according to (5.3.35) we have q^_i = Λ^{2−Nc}_{Nc,Nc−3}b^_i = Λ^{2−Nc}_{Nc,Nc−3}(Q)^{Nc−4}(W^αW_α), (5.3.157) i.e. the remaining massless monopoles can be identified as massless exotics (glueballs). Note that in (5.3.156) ^f(^t) depends on f(t) in (5.3.147), and the condition from the U(1) D-term is important in showing that a non-trivial f(t) leads to ^f(^t).

In summary, the physical phenomena in the branch with det M^∗ = 0 are very interesting. Upon giving a heavy mass to Q^{Nf} , some of the massless magnetic monopoles q^±_i condense and this condensation leads to the confinement of Q_i. Especially, the remaining massless magnetic monopoles can be identified as massless exotics (glueballs). According to the discussion in Sect. 4.2, this phenomenon was also observed in the SU(N_c) theories where massless magnetic quarks become massless baryons. So one can conclude that the following non-perturbative physical phenomenon is generic: some of gauge invariant composite operators such as baryons, glueballs and other exotics can be thought of as (Abelian or non-Abelian) magnetic objects.

5.4 N_c˘4, N_f ˘N_c � 1: Dual magnetic SO(N_f � N_c + 4) description

5.4.1 General introduction to magnetic description

In this range, the infrared behaviour of these theories can be equivalently described by a dual magnetic theory. The reason we resort to a magnetic description is the same as in the SU(N_c) case: the “electric” mesons (5.1.14) and baryons (5.1.17) are not the appropriate variables to describe the moduli space of vacua and we cannot use them to construct a consistent dynamical superpotential. One can easily check that the ’t Hooft SU(N_f)×U_R(1) anomalies cannot match for the fermionic components of (Q, λ) in the microscopic theory with those of (M, B). The matter field variables in the magnetic theory are the original “electric” variables M^{ij} and magnetic quarks q~^r_i with the superpotential W = 1 2μ M^{ij} q_i·q_j = 1 2μ M^{ij}q_i~_rq~^r_j . (5.4.1)

To ensure that W is SU(N_f)×U_R(1) invariant, q_i must be in the conjugate fundamental representation N_f of SU(N_f ) and have R-charge (N_c −2)/N_f since the R-charge of M is 2(N_f −N_c + 2)/N_f . The subscript ~r is the magnetic colour index. Note that the magnetic quarks cannot introduced from the baryons (5.1.17) as in the SU(N_c) case. Before we explain the role played by the scale μ, we first explain what the dual gauge group SO( ~N_c) is, which is not as easily found as in the SU(N_c) case. This gauge group is restricted by the requirement that is U_R(1) anomaly-free in the magnetic theory. Since the U_R(1) charge of the magnetic gaugino ~λ should be 1, so from the above assignments of the U_R(1) charge to M and the magnetic quarks q_i~_r, the anomaly-free U_R(1) current in terms of four-component is

j^{(R)}_μ = ( N_c − 2 N_f − 1 ) Ψ^i_q~_rγ_μγ_5Ψ_{qi}~_r + ~λ ~a γ_μγ_5~λ~^a +

2(N_f − N_c + 1) N_f ψ_M γ_μγ_5ψ_M . (5.4.2)

The dynamical vector current for this magnetic SO( ~N_c) gauge theory, i.e. the Noether current corresponding to global SO( ~N_c) gauge transformations, is J~^a_μ = Ψ^i_q~_rγ_μT~^a~_r~_sΨ_{qi}~_s + f~^a~^b~^c~λ ~b γ_μ~λ~^c. (5.4.3)

The triangle diagram ⟨j^{(R)}μ J~^a_μ J~^b_μ⟩ gives the U_R(1) anomaly

∂^μj^{(R)}_μ = [ 2N_f ( N_c − 2 N_f − 1 ) + 2f~^a~^b~^cf~^a~^b~^c ] 1 32π^2 ϵ^{μνλρ}F~^a_{μν} F~^a_{λρ} = [ 2 (N_c − 2 − N_f ) + 2( ~N_c − 2) ] 1 32π^2 ϵ^{μνλρ}F~^a_{μν} F~^a_{λρ}. (5.4.4) That U_R(1) is anomaly-free means that the above anomaly coefficient should vanish and hence we have ~N_c = N_f − N_c + 4. Thus the magnetic gauge group should be SO(N_f − N_c + 4) [15]. This theory is asymptotically free since the one-loop β function coefficient is

~β_0 = 3(Ñc − 2) − Nf = 3(Nf − Nc + 4 − 2) − Nf = 2Nf − 3Nc + 6 > 0 (5.4.5)

because N_c≥4 and N_f ≥N_c − 1. The scale μ is introduced for the following reason. In the electric description the meson field M^{ij} = Q^i·Q^j has dimension 2 at the UV fixed point g = 0 and generally acquires some anomalous dimension at the IR fixed point. In the magnetic description, since now M is thought of as an elementary matter field, its dimension should be its canonical dimension 1 at the UV fixed point ~g = 0. We denote M in the magnetic description by M_m. In order to relate M_m to M of the electric description, a scale μ must be introduced with the relation M = μM_m. Later all the expressions will be written in terms of M and μ rather than in terms of M_m.

Dimensional considerations show that for generic N_c and N_f the scale ~Λ of the magnetic theory should be related to Λ, the scale of the electric theory by

Λ^{β0} ~Λ~^{β0} = Λ^{3(Nc−2)−Nf} ~Λ^{3(Nf −Nc+2)−Nf} = C(−1)^{Nf −Nc} μ^{Nf} , (5.4.6)

where C is a dimensionless constant which will be determined below. Like in the SU(N_c) gauge theory, the scale relation (5.4.6) has several consequences:

1. It is preserved under mass deformation and along the flat directions, in which spontaneous symmetry breaking occurs. The phase (−1)^{Nf −Nc} is necessary to ensure that this relation is preserved.

2. It reveals that as the electric theory becomes stronger the magnetic theory becomes weaker and vice versa,

q^{Nf} e^{−8π2/[g2(q2)]}e^{−8π2/[}~^{g2(q2)]}∝(−1)^{Nf −Nc} . (5.4.7)

3. It implies that the dual theory of the magnetic description is identical to the original electric theory;

4. Combined with the quantum effective action, it yields a relation between the gaugino condensations in both the electric and magnetic theories, λλ = −~λ~λ.

Now let us look at how the discrete symmetry behaves in the dual magnetic theory. The discussion in Sect. 5.1.1 shows that there exist discrete symmetries Z_{2Nf} and Z_2 generated by the transformation Q−→e^{i2π/(2Nf )}Q and the charge conjugation C, respectively. In the magnetic theory, due to the kinetic term of the gauge singlet M/μ and the superpotential (5.4.1) in the classical action, the corresponding discrete symmetries is generated by q−→e^{−i2π/(2Nf )}Cq and C,respectively. Note that the Z_{2Nf} symmetry commutes with the electric gauge group SO(N_c) but does not commute with the magnetic gauge group SO(N_f − N_c + 4) [15].

Finally, it is worth seeing what the correspondences are in the magnetic theory for the gauge invariant chiral operators such as the meson, baryon and exotics used in the electric theory. The gauge invariant chiral operators appearing in the previous subsections, which can also be formally defined for N_f ≥N_c − 1 and N_c≥4, are collected in the following:

M^{ij} = 1 2 Q^i·Q^j, B^{i1···iNc} = 1 N_c! ϵ^{r1···rNc} Q^{i1}_{r1} · · ·Q^{iNc}_{rNc} ≡B^{[i1···iNc ]}, b^{i1···iNc−4} = 1 (N_c − 4)! (W^αW_α) ϵ^{r1···rNc−4} Q^{i1}_{r1} · · ·Q^{iNc−4}r_{Nc−4} ≡b^{[i1···iNc−4]}, W^{i1···iNc−2} α = 1 (N_c − 2)! W_αϵ^{r1···rNc−2} Q^{i1}_{r1} · · ·Q^{iNc −2}r_{Nc−2} ≡W^{[i1···iNc−2]}α . (5.4.8) Based on SU(N_f)×U_R(1) symmetry, these operators should be mapped to the following gauge invariant operators of the magnetic theory M^{ij} −→ M^{ij}, B^{[i1···iNc ]} −→ ϵ^{i1···iNf} ~b_{[iNc+1···iNf ]}, b^{[i1···iNc−4]} −→ ϵ^{i1···iNf} B̃_{[iNc+1···iNf ]}, W^{[i1···iNc−2]} α −→ ϵ^{i1···iNf} ( ~Wα ) [iNc−1···iNf ] , (5.4.9)

where ~b_[i_{Nc+1···}i_{Nf ]} ≡ 1 (N_f − N_c)! ϵ~_{r1···}~_{rNf −Nc} q ~^{r1}_{iNc+1} · · ·q ~r_{Nf −Nc} i_{Nf} , for Nf > Nc, ~B_[i_{Nc−3···}i_{Nf ]} ≡ 1 (N_f − N_c + 4)! ϵ~_{r1···}~_{rNf −Nc+4} q ~^{r1}_{iNc−3} · · ·q ~r_{Nf −Nc+4} i_{Nf} , ( ~Wα ) [iNc−1···iNf ] ≡ 1 (N_f − N_c + 2)! ~Wαϵ ~r_1···~r_{Nf −Nc+2} q ~r_1 i_{Nc−}1 · · ·q ~r_{Nf −Nc+2} i_{Nf} . (5.4.10)

The R-charge of each “electric” operator in (5.4.9) is equal to that of its “magnetic” image, for example, the R-charge of the baryon operator B^{[i1···iNc ]} of the electric theory is N_c(N_f − N_c + 2)/N_f , while the R-charge of ϵ^{i1···iNf} ~b_{[iNc+1···iNf ]} is 2 + (N_f − N_c)(N_c − 2)/N_f = N_c(N_f − N_c + 2)/N_f. The mappings (5.4.9) show that the baryons of the electric theory are dual to the exotics of the magnetic description, and the electric photon supermultiplet is dual to the magnetic photon supermultiplet.

The above is a general introduction to the dual magnetic description of supersymmetric SO(N_c) gauge theory in the range of colours and flavours, N_c≥4 and N_f ≥N_c − 1. It is shown that the magnetic theory is a supersymmetric SO(N_f −N_c +4) gauge theory with colour singlets M^{ij} and N_f magnetic quarks in the conjugate fundamental representation of SU(N_f). Since the gauge groups SO(3) and SO(4) are special, we shall in the following two sections give a special discussion of the magnetic SO(3) and SO(4) gauge theories, and then return to the general case.

SU(N_f ) U_R(1) ψ^{ij}_M ψ^{ij}_M t^A_{ij,kl}σ_μψ^{kl}_M (N_f − 2N_c + 4)/N_f ψ^{ij}_M σ_μψ^{ij}_M ψ^i_q~_r ϵ~^r~^sψ^i_q~_rσ_μt^A_{ij}ψ^j_q~_s (N_c − 2)/N_f ϵ~^r~^sψ^i_q~_rσ_μψ^j_q~_s ~λ 0 ~λ ~a σ_μ~λ~^a Table 5.4.1: Currents composed of the fermionic components of the singlets M , magnetic quarks and the magnetic SO(3) gluino corresponding to the global symmetry SU (N_f )×U_R(1).

5.4.2 N_f = N_c − 1: Dual magnetic SO(3) gauge theory

N_f = N_c − 1 means that the dual magnetic description is an SO(3) gauge theory. The matter fields, as discussed in the general introduction, are the SO(3) singlets M^{ij} and the magnetic quarks q ~^r_i . Note that now the magnetic quarks belong to the adjoint representation of SO(3) due to the coincidence of the adjoint representation and vector representation of SO(3). We first introduce the dynamics of this case. Since from Table (5.1.1) the R-charge of M^{ij} is 2/N_f for N_f = N_c − 1, the gauge invariant and SU(N_f)×U_R(1) invariant superpotential consists of not only (5.4.1), but also of a term proportional to det M. Taking into account the mass dimension, the full superpotential should be of the form W = 1 2μ M^{ij}q_i·q_j − 1 2^6Λ^{2Nc−5} Nc,Nc−1 det M, (5.4.11)

where Λ^{Nc,Nf =Nc−1} is the dynamically generated scale and the normalization factor 2^6 is chosen to make various deformations of theory consistent, as shown in detail later. The scale relation here is also different from the general case, since the one-loop β function coefficient of the magnetic SO(3) theory is ~β_0 = 6 − 2N_f , while for N_f = N_c − 1 the factor ~Λ^{3(Nf −Nc+2)−Nf} in the general scale relation (5.4.6) is just ~Λ^{3−Nf} ; thus here the scale relation should be something like the square of the general scale relation for N_f = N_c − 1,

2^{14} ( Λ^{2Nc−5} Nc,Nc−1 )_2

~Λ^{6−2(}N^{c−1)} 3,Nc−1 = μ 2Nc−1, (5.4.12)

where the normalization factor 2^{14} is determined in the same way as the factor 2^6 and will be explained later.

At the origin of the moduli space ⟨M⟩ = 0, the matter fields M^{ij} and q ~^r_i and the SO(3) vector bosons of the magnetic theory are massless. Both the electric and the magnetic theories have the global symmetry SU(N_f )×U_R(1). One can verify the reasonableness of this magnetic magnetic theory by checking whether its ’t Hooft SU(N_f)×U_R(1) anomalies match those of the electric theory given in Table (5.3.4). The corresponding currents composed of the fermionic components and the energy-momentum tensors for the gravitational anomaly are listed in Tables (5.4.1) and (5.4.2), respectively, and the ’t Hooft anomaly coefficients are collected in Table (5.4.3). It is shown that by explicit calculations that for N_f = N_c − 1 the ’t Hooft anomalies in the electric and magnetic theories indeed match.

A special point for the magnetic SO(3) theory should be mentioned. The one-loop β-function coefficient, ~β_0 = 6 − 2N_f implies that when N_f ≥3 this magnetic SO(3) gauge theory is not

T_{μν} ψ_M i/4 [( ψ^{ij}_M σ_μ∇_ν ψ^{ij}_M − ∇_ν ψ^{ij}_M σ_μψ^{ij}_M ) + (μ ←→ ν) ] − g_{μν} L[ψ_M ] ψ_q i/4 [ ϵ~^r~^s ( ψ^i_q~_rσ_μ∇_ν ψ^i_q~_s − ∇_ν ψ^i_q~_rσ_μψ^i_q~_s ) + (μ ←→ ν) ] − g_{μν} L[ψ_q] ~λ i/4 [( (~λ ~a σ_μ∇_ν ~λ~^a − ∇_ν ~λ ~a σ_μ~λ~^a ) + (μ ←→ ν) ] − g_{μν}L[λ] Table 5.4.2: Energy-momentum tensor contributed from the fermionic component of M^{ij}, q^i_r and the magnetic SO(3) gluino; L[ψ] = i/2ϵ~^r~^s(ψ~_r σ^μ∇_μψ~_s − ∇_μψ~_rσ^μψ~_s), ∇_μ = ∂_μ − ω_{KLμ}σ^{KL}/2, σ^{KL} = i/4[σ^K , σ^L] and σ^K = e^K_μσ^μ.

Triangle diagrams and ’t Hooft anomaly gravitational anomaly coefficients U_R(1)^3 (N_f + 1)(N_f − 2N_c + 4)^3/(2N^2_f ) + N_c(N_c − 2)^3/N^2_f +(N_f − N_c + 4)(N_f − N_c + 3)/2 SU(N_f )^3 [(N_f + 4) − (N_f − N_c + 4)]Tr(t^A{t^B, t^C}) SU(N_f )^2U_R(1) 2 [(N_f + 2)(N_f − 2N_c + 4)/N_f + (N_c − 2)/N_f ] Tr(t^At^B) U_R(1) (N_f − 2N_c + 4)(N_f + 1) + N_c(N_c − 2)

Table 5.4.3: ’t Hooft anomaly coefficients.

asymptotically free. Consequently, the value ~g = 0 of the magnetic coupling is the infrared fixed point and thus the theory is free in the infrared. The fields q_i and M behave as free scalar fields and should have dimension 1. In this case the superpotential (5.4.11) does not exist and hence the infrared theory has a large accidental symmetry. When N_f < 3, the global symmetries (including the discrete symmetry Z_{2Nf} ) and the holomorphy around M = q = 0 determine that the superpotential (5.4.11) of the magnetic theory is unique. Unlike (5.3.31) and (5.3.147), (5.4.11) cannot be modified by a non-trivial function of the global and gauge invariants. In the following we shall see that the det M term of (5.4.11) is very important in properly describing the theory when it is perturbed by a large mass term or along the flat directions. In particular, without the det M term, the term M^{ij} q_i·q_j would possess a Z_{4Nf} symmetry in contrast to the Z_{2Nf} symmetry (5.1.11) of the electric theory, while as a dual theory the magnetic theory should have a Z_{2Nf} symmetry.

In the following we shall show that the moduli space of vacua of the magnetic description agrees with that of the original electric theory. We shall see that some interesting phenomena will arise.

Flat directions

The moduli space of the magnetic theory is given by the F -flat directions of the superpotential (5.4.11) and the D-flat directions of the gauge theory part. Here we only consider the F -flat directions. (5.4.11) shows that for M≠0 the magnetic quarks will have a mass matrix μ^{−1}M. At low energy, the heavy quarks will decouple and there are only k = N_f − rank(M) massless dual quarks q left. We first consider the case rank(M) = N_f . All the dual quarks become massive and hence decouple, so the low energy theory is a pure SO(3) Yang-Mills theory with massless singlets M. According to (5.2.12) this low energy magnetic theory has a scale

~Λ^6_3 ,0 = ~Λ^{6−2(Nc−1)} 3,Nf det(μ −1M)^2. (5.4.13)

Gluino condensation generates a dynamical superpotential

W_{dyn} = 2⟨~λ~λ⟩ = 2ϵ~Λ^3_{,0} = 2ϵ~Λ^{3−(Nc−1)}_{3,Nf} μ^{Nc−1} det M, (5.4.14)

where ϵ = ±1 means that the gaugino condensation leads to two vacua. Considering the term proportional to det M in (5.4.11) and adding it to (5.4.14), we have the full low energy superpotential

W_{full} = 2ϵ~Λ^{3−(Nc−1)} 3,Nf μ Nc−1 det M − 1 2^6Λ^{2Nc−5} Nc,Nc−1 det M = (ϵ − 1) 1 2^6Λ^{2Nc−5} Nc,Nc−1 det M. (5.4.15)

Therefore, the ϵ = 1 branch reproduces the moduli space of supersymmetric ground sates represented by generic ⟨M⟩. The ϵ = −1 branch will be discussed later. (5.4.15) also shows why the normalization factors 2^{14} and 2^6 were chosen in (5.4.11) and (5.4.12), respectively.

When rank(M) = N_f − 1, the corresponding low energy theory is a magnetic SO(3) with one massless flavour, which can be taken to be the N_f -th flavour, q_{Nf} . This is just the magnetic version of the N = 2 Seiberg-Witten model [1], whose exact solution is given by the algebraic curve (5.3.132). From the discussions in Subsect. 5.3.4 we know that it has a massless photon and massless monopoles at the singularity ⟨u⟩≡u_1 = ⟨q^2_{Nf} ⟩ = √ 16~Λ^4_{3,1} = 4ϵ~Λ^2_{3,1}, ϵ = ±1, (5.4.16)

where, according to (5.4.12) and (5.4.13), the low energy scale ~Λ_{3,1} is given by

~Λ^4_3,_1 = μ^2 2^{14}(Λ^{2Nc−5} det ^M)^2

(5.4.17)

with det ^M = det M/M^{Nf Nf} , the product of the N_f − 1 non-zero eigenvalues of M. Considering the contribution of the massless magnetic monopoles to the low energy superpotential, the full low energy superpotential near the massless monopole points u≈4ϵ~Λ^2_{3,1} should be the sum of the low energy version of (5.4.11) and the monopole contribution (5.3.146), W = 1 2μ M^{Nf}_{Nf} (q_{Nf} )^2 − 1 64Λ^{2Nc−5} Nc,Nc−1 det ^M − 1 2μ (u − u_1) ~E^+_{(ϵ)} ~E^−_{(ϵ)}

= 1 2μ M^{Nf}_{Nf} ( u − 1 32Λ^{2Nc−5} Nc,Nc−1 μ det ^M ) − 1 2μ ( u − 4ϵ~Λ^2_{3,1} ) ~E^+_( ϵ) ~E^−_( ϵ), (5.4.18)

where the choice of the normalization factor f(u_1) = −1 of the ~E^+_{(ϵ)} ~E^−_{(ϵ)} term is purely for convenience. From this low energy superpotential, the equation for M^{Nf Nf} gives ⟨u⟩ = μ det ^M 2^5Λ^{2Nc−5} Nc,Nc−1 = 4~Λ^2_{3,1}. (5.4.19)

This has fixed the low energy magnetic theory with ϵ = 1 in which there are a massless photon supermultiplet and a pair of massless monopoles ~E^±_{(+)}. The u equation of motion further yields

M^{Nf Nf} = ~E^+_{(+)} ~E^−_{(+)}. (5.4.20)

This relation can be understood from electric-magnetic duality: the monopoles ~E^±_{(+)} are magnetic relative to the magnetic variables; they will be electric in terms of the original electric variables. Now we consider the low energy electric theory. rank(M) = N_f − 1 = N_c − 2 means that the SO(N_c) gauge group breaks to SO(2)∼=U(1) in the flat direction but with one of the elementary quarks which is charged under U(1) remaining massless . According to the duality relation, it should be a massless collective excitation in the magnetic description — the monopole. (5.4.20) is just a reflection of this correspondence.

For the case rank(M)≤N_f − 2, the low energy magnetic theory is an SO(3) gauge theory with k = N_f − rank(M)≥2 light flavours. When k = 2, β_0 = 0, the low energy theory is at a non-trivial fixed point of the beta function and hence it is described by a four dimensional superconformal field theory. If k > 2, the low energy theory is in a free magnetic phase, it is not well defined due to the Landau pole. All the results in the magnetic theory of these cases are dual to those of the original electric description.

Mass deformations

Let us see whether the magnetic SO(3) theory leads to the correct description of the N_f = N_c − 2 electric theory if one heavy flavour decouples. As usual, adding a large Q^{Nf} mass term W_{tree} = mM^{Nf Nf} /2 to the superpotential (5.4.11) of the magnetic theory, we have the full superpotential

W_{full} = 1 2μ M^{ij}q_i·q_j − 1 2^6Λ^{2Nc−5} Nc,Nc−1 det M + 1 2 mM^{Nf Nf} . (5.4.21)

The M^{Nf Nf} equation of motion ∂W_{full}/∂M^{Nf Nf} = 0 gives ⟨q^2_{Nf} ⟩ = det ^M 2^5Λ^{2Nc−5} Nc,Nc−1 − μm (5.4.22)

with det ^M = det M/M^{Nf Nf} . This non-vanishing expectation value breaks the magnetic SO(3) group to SO(2). After integrating out the massive fields, the low energy magnetic SO(2) gauge theory has matter fields consisting of neutral fields M^^i^^j and fields q^±^_i of SO(2) charge ±1 and

the corresponding tree-level superpotential is W_{tree} = M^^i^^jq^_iq^_j/2. However, according to the discussion in Subsect. 5.3.4, the contribution to the superpotential from the instantons in the broken magnetic SO(3) should also be included since there are well defined instantons in the broken part of the SO(3) group. Therefore, the superpotential is modified to

W = 1 2μ f det ^M Λ^{2(Nc−2)} Nc,Nc−2 M^i^jq^+ ^i q^−^j . (5.4.23)

This is just the superpotential (5.3.147) and the q^±_î can be identified as the monopoles of the electric theory with N_f = N_c − 2.

Now we consider another special point in the moduli space of vacua. After we choose a small mass m for the N_f th flavour but large det ^M, the first N_f − 1 flavours q_i will become very heavy and must be integrated out. The low energy theory is the magnetic SO(3) theory with the quarks q_{Nf} in the adjoint representation and the scale given by (5.4.17). This is just the Seiberg-Witten model discussed in Sect. 5.3.3 [1]. From its exact algebraic curve solution we know there exist massless monopoles or dyons ~E^±_{(ϵ)}at u_1 = 4ϵ~Λ^2_{3,1}. Thus near one of these two vacua, the low energy superpotential should include contributions from these solitons, W ≈ 1 2μ M^{Nf Nf} (q_{Nf} )^2 − 1 2^6Λ^{2Nc−5} Nc,Nc−1 det ^M + 1 2 mM^{Nf Nf} − 1 2μ ( (q_{Nf} )^2 − 4ϵ~Λ^2_{3,1} ) ^E^+_{(−)} ^E^−_{(−)}

= 1 2μ M^{Nf Nf} (u − 1 2^5Λ^{2Nc−5} Nc,Nc−1 μ det ^M + μm) − 1 2μ ( u − 4ϵ~Λ^2_{3,1} ) ^E^+_{(−)} ^E^−_{(−)}, (5.4.24)

where we denoted u≡q^2_{Nf} . The M^{Nf Nf} and u equations of motion, respectively, give u = 1 2^5Λ^{2Nc−5} Nc,Nc−1 μ det ^M − μm; M^{Nf Nf} = ^E^+_{(−)} ^E^−_{(−)}. (5.4.25)

Inserting (5.4.25) into (5.4.24) we get the low energy superpotential as m becomes large

W_L = 1 2 [ m − (1 − ϵ) 1 2^5Λ^{2Nc−5} Nc,Nc−1 det ^M ] . (5.4.26)

This W_L shows that for ϵ = 1 there is no supersymmetric vacuum since the F -term does not vanish. The low energy superpotential for the ϵ = −1 vacuum is

W_L = 1 2 m − 1 2^4Λ^{2(Nc−2)−1} Nc,Nc−1 det ^M ^E^+_{(−)} ^E^−_{(−)}. (5.4.27)

The theory can be identified as the one described by (5.3.146) with ^E^±_{(−)} as the dyons, which

become massless at det ^M = 16mΛ^{2(Nc−2)−1}_{Nc,Nc−1} = 16Λ^{2Nc−4}_{Nc,Nc−2}. This conclusion is the same as that obtained from low energy electric theory discussed in Subsect. 5.3.4.

If we assign large masses to more flavours, the number of massless flavours in the low energy theory is correspondingly reduced. The non-perturbative phenomena observed in the N_f = N_c − 3 and N_f = N_c − 4 electric theory will be produced: the monopoles or dyons condense and lead to confinement or oblique confinement. If there are N_f < N_c − 4 massless flavours in the low energy theory, the moduli space of vacua will not exist and the confining branch disappears [1]. However, when all the flavours are given large masses, there exist an oblique confinement branch with the superpotential

W_{obl} = − 1 32Λ^{2Nc−5} Nc,Nc−1 det M. (5.4.28)

This superpotential can be formally obtained by setting m = 0 in (5.4.27) and using the u equation of motion since all the flavours should be integrated out.

Overall, the monopoles q^±_i of the electric theory at the origin (u=0) of the low energy N_f = N_c −2 electric theory have a weakly coupled magnetic description in terms of the magnetic quarks q^±_i of dual theory. The massless dyons E^± of the N_f = N_c − 2 electric theory at u = u_1 = det ^M = 16Λ^{2Nc−4}_{Nc,Nc−2} are described by strongly coupled dyons.

5.4.3 N_f = N_c: Dual magnetic SO(4) gauge theory

The discussion in Subsect. 5.1.2 shows that the classical moduli space of the electric SO(N_c) theory with N_f = N_c can be parametrized by the mesons M^{ij} = Q^i·Q^j and the baryon B = det Q but with the constraint B = ± √ det M. The quantum moduli space in this case should be described in the context of the dual magnetic description, which is an SO(4)∼=SU(2)_X×SU(2)_Y gauge theory with N_f flavours of quarks in the (2, 2) representation of the gauge group and the SO(4) singlets M^{ij}. The symmetries and the holomorphy around M = q = 0 determine the superpotential as given by (5.4.1) and it cannot be modified by any non-trivial gauge invariant function. The one-loop beta function coefficients of the SU(2) theory and the SO(N_c) gauge theory with N_f = N_c flavours together with dimensional analysis give the scale relation [1] 2^8 ~Λ~^{β0}_{s,Nc} Λ^{β0}_{Nc,Nc} = 2^8 ~Λ^{6−Nf}_{s,Nc} Λ^{2Nc−6}_{Nc,Nc} = μ^{Nc} , s = X, Y. (5.4.29) The normalization factor 2^8 is chosen for consistency under deformation and symmetry breaking along the flat directions. The one-loop beta function coefficient β̃_0 = 6−N_f of SU(2) shows that the magnetic SU(2)_X×SU(2)_Y theory is not asymptotically free for N_f ≥6. Thus the magnetic theory in the case of N_f ≥6 is free in the infrared region. For N_c = N_f = 4, 5, the theory is asymptotically free and has a non-trivial infrared fixed point, at which the magnetic theory is in an interacting non-Abelian Coulomb phase. Thus the magnetic theory should be dual to the original SO(N_c) electric theory with N_f = N_c quarks Q^i in a non-Abelian Coulomb phase.

The magnetic theory has an anomaly-free SU(N_f)×U_R(1) global symmetry, under which the magnetic quarks q_i are in the conjugate fundamental representation N_f and have the R-charge (N_c − 2)/N_c, the singlets M^{ij} are in the N_f (N_f + 1)/2 dimensional representation and have R-charge 4/N_c. The global SU(N_f )×U_R(1) symmetry is unbroken at the origin of the moduli space of both the electric and the magnetic theories and q_i and M^{ij} are massless. We can verify this massless particle spectrum by checking the ’t Hooft anomaly matching between the electric and magnetic theories. The currents and the energy-momentum tensors are listed in Tables 5.4.4 and 5.4.5 and the ’t Hooft anomalies from the massless fermions of magnetic theory are collected in Table 5.4.6. The anomaly coefficients are indeed equal to those listed in Table 5.3.4 for N_f = N_c.

Flat directions

The flat directions are given by the F -term of (5.4.1) and the D-term of the magnetic SO(4) gauge theory. The M^{ij} equations of motion give q_i·q_j = 0. Furthermore, the vanishing of Dterms gives the solution of ⟨q_i⟩ = 0. Thus the low energy theory around such a point ⟨M⟩ should be a magnetic SO(4) gauge theory with k = N_f − rank(M) dual quarks q_i since the equations of motion for M and the vanishing of the D-term do not require them to vanish. In the following we consider several typical cases.

SU(N_f ) U_R(1) ψ^{ij}_M ψ^{ij}_M t^A_{ij,kl}σ_μψ^{kl}_M ψ^{ij}_M σ_μψ^{ij}_M ψ^i_q~_{rX}~_{rY} ϵ~^{rX}~^{sX} ϵ~^{rY} ~^{sY} ψ^i_q~_{rX}~_{rY} σ_μt^A_{ij} ψ^j_q~_{sX}~_{sY} −2/N_f ϵ~^{rX}~^{sX} ϵ~^{rY} ~^{sY} ψ^i_q~_{rX}~_{rY} σ_μψ^i_q~_{sX}~_{sY} ~λ 0 ~λ ~a σ_μ~λ~^a Table 5.4.4: Currents composed of the fermionic components of the singlets M , magnetic quarks and the magnetic SO(3) gluino corresponding to the global symmetry SU (N_f )×U_R(1).

T_{μν} ψ_M i/4 [( ψ^{ij}_M σ_μ∇_ν ψ^{ij}_M − ∇_ν ψ^{ij}_M σ_μψ^{ij}_M ) + (μ ←→ ν) ] − g_{μν} L[ψ_M ] ψ_q i/4ϵ~^{rX}~^{sX} ϵ~^{rY} ~^{sY} [( ψ^i_q~_{rX}~_{rY} σ_μ∇_ν ψ^i_q~_{sX}~_{sY} − ∇_ν ψ^i_q~_{rX}~_{rY} σ_μψ^i_q~_{sX}~_{sY} ) + (μ ←→ ν) ] − g_{μν} L[ψ_q] ~λs i/4 [( ~λ ~a s σ_μ∇_ν ~λ~^a_s − ∇_ν ~λ ~a s σ_μ~λ~^a_s ) + (μ ←→ ν) ] − g_{μν} L[~λ] Table 5.4.5: Energy-momentum tensor composed of the fermionic components of M^{ij}, q^i_r and the magnetic SO(3)_s gluino, s = X, Y ; L[ψ] = i/2ϵ~^rX~^sX ϵ~^rY ~^sY (ψ~_rX~_rY σ^μ∇_μψ~_sX~_sY −∇_μψ~_rX~_rY σ^μψ~_sX~_sY ), ∇_μ = ∂_μ − ω_{KLμ}σ^{KL}/2, σ^{KL} = i/4[σ^K , σ^L] and σ^K = e^K_μσ^μ.

Triangle diagrams and ’t Hooft anomaly gravitational anomaly coefficients U_R(1)^3 N_f (N_f − 1)/2 + 1/N_f (2 − N_f )^3 SU(N_f)^3 N_f Tr(t^A{t^B, t^C}) SU(N_f)^2U_R(1) (2 − N_f )Tr(t^At^B) U_R(1) −N_f (N_f − 3)/2

Table 5.4.6: ’t Hooft anomaly coefficients.

When rank(M) = N_f , there are no massless dual quarks. The low energy magnetic theory is a pure SU(2)_X×SU(2)_Y Yang-Mills theory with the scale

~Λ^6s,_0≡ ~Λ^6 = μ Nc 2^8Λ^{2Nc−6} Nc,Nc / det(μ −1M) = det M 2^8Λ^{2Nc−6} Nc,Nc , s = X, Y, (5.4.30)

where the scale relations (5.2.10) and (5.4.29) are used. The discussion in Subsect. 5.3.2 shows that the low energy supersymmetric SO(4)∼=SU(2)_X×SU(2)_Y gauge theory have four vacua labelled by ϵ_X ϵ_Y = ±1. The gaugino condensation in each SU(2)_s generates the superpotential

W = 2 ( ⟨~λ~λ⟩_X + ⟨~λ~λ⟩_Y ) = 2(ϵ_X + ϵ_Y )~Λ^3 = 2(ϵ_X + ϵ_Y )

(det M)^{1/2} 2^4Λ^{Nc−3}_{Nc,Nc} . (5.4.31)

(5.4.31) shows that these two vacua with ϵ_X ϵ_Y = 1 have the superpotential W ≈ ± 1 4 (det M)^{1/2} Λ^{Nc−3}_{Nc,Nc} (5.4.32)

and hence are not supersymmetric vacua since F_M = ∂W/∂M does not vanish unless M = 0. The other two vacua with ϵ_X ϵ_Y = −1 lead to W = 0 and hence lead to two supersymmetric ground states. Therefore, there exist two vacua for rank(M) = N_f corresponding to the sign ± of ±⟨(~W_α)^2_X − ~W_α)^2_Y ⟩, the superfield form of the gaugino condensation ⟨~λ~λ⟩_X + ⟨~λ~λ⟩_Y . By the identification

B∼(~W_α)^2_X − (~W_α)^2_Y , (5.4.33)

one can see that these two vacua for ⟨M⟩ of rank N_f = N_c correspond to the sign of B = ± √ det M and hence are identical to the classical moduli space of vacua discussed in Subsect. 5.3.2.

For the case rank(M) = N_f − 1, the low energy theory is a magnetic SO(4) theory with one flavour, say, q_{Nf} . This low energy theory was discussed in Subsect. 5.3.3, where the low energy theory has no massless gauge fields but q_i∼b_i. For the present case, the massless magnetic composite should be something like a glueball ~q∼(~Wα)^2X − (~Wα)^2Y . (5.4.34) According to (5.4.1) one can construct a low energy effective superpotential W = 1 2μ M^{Nf Nf} q_{Nf} ·q_{Nf} − 1 2μ q_{Nf} ·q_{Nf} ~q^2≡ 1 2μ N_{Nf Nf} (M^{Nf Nf} − ~q^2). (5.4.35)

Integrating out N_{Nf Nf} = q_{Nf} ·q_{Nf} from the superpotential, we obtain

M^{Nf Nf} = ~q^2, (5.4.36)

so the composite field ~q of the magnetic theory is a semi-classical construction in the electric theory. On the other hand, (5.1.18) implies that for rank(M) = N_f − 1 = N_c − 1, the SO(N_c) gauge symmetry is broken to U(1) in the moduli space and N_f − 1 of the N_f quarks become massive. So the electric theory is completely Higgsed but one of the quarks, q^{Nf} , remains massless. Consequently, the baryon field is B = ± √ det M = ± √ M^{Nf Nf} , (5.4.37)

and thus from (5.4.34) and (5.4.36) we have

B = ±~q∼(~W_α)^2_X − (~W_α)^2_Y . (5.4.38)

This means that the baryon field of the electric theory is indeed mapped to a massless glueball ~q∼(~Wα)^2X − (~Wα)^2Y of the magnetic theory under the duality, as expected.

For rank(M) = N_f − 2, the low energy theory is a magnetic SO(4)∼=SU(2)_X×SU(2)_Y with two flavours q_i, i = N_f − 1, N_f in the representation (2, 2). This theory was also discussed in Subsect. 5.3.4. It is in the Coulomb phase and its exact solution is given by the curve (5.3.137), y^2 = x^3 + (−U + Λ^4_X + Λ^4_Y )x^2 + Λ^4_X Λ^4_Y x. Here for the magnetic theory U = det N_{ij} and N_{ij} = ϵ^{rs}q_{ir}q_{js}, i, j = N_f − 1, N_f. The discriminant

Δ = [U − (Λ^2_X + Λ^2_Y )^2][U − (Λ^2_X − Λ^2_Y )^2], (5.4.39)

shows that there exist massless monopoles or dyons at the points of the moduli space U = 0 and U = U_1 = (Λ^2_X + Λ^2_Y )^2≡4Λ^4. We only consider the massless monopoles near U = U_1. According to (5.3.146) and (5.4.1), the superpotential near U = U_1 should be

W = 1 2μ N_f∑ i,j=N_f −1 M^{ij} N_{ij} − 1 2μ [det(N_{ij}) − U_1] ~E^+ ~E^−. (5.4.40)

At U = U_1, the N^{ij} equations of motion give ⟨ ~E^+ ~E^−⟩ = M^{ij} U_1 = M^{ij} 4Λ^4

∼M^{ij} . (5.4.41)

This shows that the monopoles or dyons in the magnetic theory are identified as some of the components of the elementary quarks of the electric theory.

When rank(M) = N_f − 3, the low energy theory is a magnetic SO(4)∼=SU(2)_X×SU(2)_Y with three flavours q_i. This is just the case discussed in the last subsection since SU(2)_s∼=SO(3). Due to the vanishing of the one-loop beta function coefficient: ~β_0 = 6 − 2N_f = 0, the low energy theory is in a free non-Abelian magnetic phase with the gauge group SO(3) and three flavours of magnetic quarks. These magnetic quarks can be identified as the quarks Q^i, i = N_f − 2, N_f − 1, N_f , of the SO(N_c) electric theory, since along the flat directions with rank(M) = N_f − 3, the theory is Higgsed to an electric SO(3) gauge theory. It is very interesting that these elementary quarks and gluons emerge out of strong coupling dynamics in the dual magnetic theory.

For the case rank(M)≤N_f − 4, the low energy theory is a magnetic theory SO(4)∼=SU(2)_X× SU(2)_Y with more than three flavours. Since the one-loop beta function coefficient ~β_0 = 6 − 2N_f < 0, the theory is either not asymptotically free or a free theory in the infrared region.

Overall, above discussions shows that for rank(M) = N_f there are two vacua, the same as in the classical case, while for rank(M) < N_f there is a unique ground state which can be interpreted either as the one of the electric or as the one of the magnetic theory.

Mass deformation

We add as usual a large mass term to the N_f -th electric quark by introducing a tree level superpotential W_{tree} = mM^{Nf Nf} /2. With (5.4.1), the full superpotential of the magnetic theory is thus W_{full} =^1_{2μ} M^{ij}q_i·q_j +^1_2 mM^{Nf Nf} . The M^{Nf Nf} equation of motion gives

⟨q^2_{Nf} ⟩ = −μm. (5.4.42)

This non-vanishing expectation value breaks the gauge symmetry SU(2)_X×SU(2)_Y to the diagonal subgroup SU(2)_d. Consequently, the N_f − 1 quarks q^_{irXrY} will be decomposed into SU(2)_d triplets ^q^_i and singlets S^_i as in (5.3.49). The q_{Nf} equations of motion give M^{iNf} q_i = 0 for any q_i and hence lead to

M^{iNf} = 0. (5.4.43)

Further, the M^^{iNf} equations of motion give q^_i·q_{Nf} = 0, ^i = 1, · · ·, N_f − 1. (5.4.44) With (5.4.42), (5.4.43) and (5.4.44), the remaining low energy theory is the diagonal SO(3)∼= SU(2)_d gauge theory with N_f −1 SO(3) triplets ^q^_i and the singlets M^^i^^j, ^i, ^j = 1, · · ·, N_f −1. The dynamics of these fields is described by the low energy superpotential inherited from (5.4.1), ^W = 1 2μ M^^i^^j ^q^_{ia} ^q^_{ja}, a = 1, 2, 3. (5.4.45) The instantons in the broken magnetic SU(2)_X×SU(2)_Y give an additional contribution to the superpotential since they are well defined. The superpotential generated by the instantons can be analyzed as follows. For det ^M≠0, the superpotential (5.4.45) gives masses μ^{−1} ^M to the first N_f − 1 dual quarks q^_i, hence the low energy theory has one dual quark q_{Nc} and the SU(2)_s scale, which, according to (5.2.10) and (5.4.29), is

~Λ^5 s,1 = μ^{Nc} 2^8Λ^{2Nc−6} Nc,Nc / det(μ −1 ^M) = μ det ^M 2^8Λ^{2Nc−6} Nc,Nc . (5.4.46)

(5.3.24) and (5.3.25) imply that the superpotential generated by the instantons in the broken magnetic SU(2)_s has the form

W_{inst} = 2 ~Λ5 X,1 + ~Λ^5_{Y,1} q_{Nf} ·q_{Nf} = 4 ~Λ5 q_{Nf} ·q_{Nf} = − det ^M 2^6mΛ^{2Nc−6} Nc,Nc , (5.4.47)

where we have used (5.4.46), (5.4.29) and the decoupling relation (5.2.10) for N_f = N_c, Λ^{2Nc−6} Nc,Nc m = Λ 2Nc−5 Nc,Nc−1. (5.4.48) Combining W_{inst} with the superpotential (5.4.45), one can see that the low energy dynamics properly reproduces the magnetic SO(3) theory with N_f − 1 flavours with the superpotential (5.4.11). Moreover, the scale relation (5.4.29) reproduces the scale relation (5.4.12) for the low energy electric and magnetic theories. First, the square of the scale relation (5.4.29) now becomes

2^{16} ( ~Λ^{6−}Nc s,Nc )_2 ( Λ^{2Nc−6} Nc,Nc )_2 = μ^{2Nc} . (5.4.49)

Then in the magnetic theory, the non-vanishing expectation value (5.4.42), according to (5.2.17), leads to 4 ( ~Λ^{6−}Nc s,Nc )_2 ( ⟨q_{Nf} ·q_{Nf} ⟩ )_{−2} = ~Λ^{6−2(Nc−1)} 3,Nc−1 , ( ~Λ^{6−}Nc s,Nc )_2 = ~Λ^{6−2(Nc−1)} 3,Nc−1 μ^2m^2 2^2

. (5.4.50)

Inserting (5.4.48) and (5.4.48) into (5.4.49), we immediately get (5.4.12).

Having discussed these two specific cases, we shall review the general N_f > N_c case for which the dual theory is an SO(N_f − N_c + 4) gauge theory.

5.4.4 N_f > N_c: General dual magnetic SO(N_f − N_c + 4) gauge theory

The superpotential in this range is given by (5.4.1), which, like before, is uniquely determined by the symmetries and holomorphy around M = q = 0. The scale relation (5.4.6) between the electric and magnetic theories now becomes

2^8Λ^{3(Nc−2)−Nf} Nc,N_f ~Λ^{3(}N^{f −}N^{c+2)−}N^f N_f −Nc+4,N_f = (−1) N_f −Nc μN_f , (5.4.51)

where the normalization factor C = 1/2^8 is chosen to get the consistent low energy behaviour under large mass deformation and along flat directions.

We first have a look at the dynamical behaviour of the magnetic SO(N_f − N_c + 4) gauge theory with N_f flavours. Its one-loop beta function coefficient ~β_0 = 3(N_f − N_c + 2) − N_f reveals that for N_f ≤3(N_c − 2)/2, ~β_0≤0 and hence the theory is not asymptotically free. Consequently, in the infrared region the theory will provide a weakly coupled magnetic description to the strongly coupled electric theory. When 3(N_c − 2)/2 < N_f < 3(N_c − 2) both the magnetic SO(N_f − N_c + 4) and the electric SO(N_c) theories are asymptotically free and have the same interacting infrared fixed point, at which both the electric and the magnetic descriptions are in a non-Abelian Coulomb phase and are physically equivalent. Due to the scale relation (5.4.51), the magnetic description is at strong coupling as the number of flavours N_f increases while the electric description is at weak coupling and vice versa. For N_f > 3(N_c − 2), the one-loop electric beta function coefficient ~β_0 < 0, so the electric description is a free theory in the infrared region whereas the magnetic coupling is strongly coupled. Therefore, the high energy magnetic theory has provided a dual low energy description of the electric theory and vice versa.

At the origin of the moduli space, the fields M^{ij}, the magnetic quarks q_i and the SO(N_f − N_c +4) gauge field multiplets are all massless, and the global symmetry SU(N_f)×U_R(1) remains unbroken. One can check that the ’t Hooft anomalies of this massless spectrum of the magnetic theory indeed match the anomalies listed in Table 5.3.4 which receives contributions from the fundamental particles of the electric theory. The relevant particulars such as the currents, the energy-momentum tensor parts and the anomaly coefficients are listed in Tables 5.4.7, 5.4.8 and 5.4.9, respectively.

In the following, we further discuss the decoupling behaviour of the magnetic theory under large mass deformation and along the flat directions and show that these phenomena indeed coincide with the original electric description.

SU(N_f) U_R(1) ψ^{ij}_M ψ^{ij}_M t^A_{ij,kl}σ_μψ^{kl}_M (3N_f − 2N_c)/N_f ψ^{ij}_M σ_μψ^{ij}_M ψ^i_q~_r ψ^i_q~_rσ_μt^A_{ij}ψ^j_q~_r (N_c − N_f − 2)/N_f ψ^i_q~_rσ_μψ^i_q~_r ~λa 0 ~λ ~a σ_μ~λ~^a Table 5.4.7: Currents composed of the fermionic components of the singlet M , magnetic quarks and the magnetic SO(N_f − N_c + 4) gluino corresponding to the global symmetries SU (N_f )×U_R(1).

T_{μν} ψ_M i/4 [( ψ^{ij}_M σ_μ∇_ν ψ^{ij}_M − ∇_ν ψ^{ij}_M σ_μψ^{ij}_M ) + (μ ←→ ν) ] − g_{μν} L[ψ_M ] ψ_q i/4 [( ψ^i_q~_rσ_μ∇_ν ψ^i_q~_r − ∇_νψ^i_q~_rσ_μψ^i_q~_r ) + (μ ←→ ν) ] − g_{μν} L[ψ_q] ~λ i/4 [( ~λ ~a σ_μ∇_ν ~λ~^a − ∇_ν ~λ ~a σ_μ~λ~^a ) + (μ ←→ ν) ] − g_{μν} L[~λ] Table 5.4.8: Energy-momentum tensor composed of fermionic components of M^{ij}, q^i_r and the magnetic SO(N_f −N_c +4) gluino; L[ψ] = i/2(ψ~_rσ^μ∇_μψ~_r −∇_μψ~_rσ^μψ~_r), Δ_μ = ∂_μ −ω_{KLμ}σ^{KL}/2, σ^{KL} = i/4[σ^K , σ^L] and σ^K = e^K_μσ^μ.

Triangle diagrams and ’t Hooft anomaly gravitational anomaly coefficients U_R(1)^3 N_c(N_c − 1)/2 + N_c(2 − N_c)^3N^2_f SU(N_f )^3 N_cTr(t^A{t^B, t^C}) SU(N_f )^2U_R(1) N_c(2 − N_c)/N_f Tr(t^At^B) U_R(1) −N_c(N_c − 3)/2

Table 5.4.9: ’t Hooft anomaly coefficients.

Flat directions

In the flat directions parametrized by ⟨M⟩, the superpotential (5.4.1) shows that there are k = N_f − rank(M) massless magnetic quarks q_i. The F term, i.e. the M equation of motion from (5.4.44), and the vanishing of the D-term from the gauge coupling part of the magnetic theory require ⟨q_i⟩ = 0. So along the flat directions the gauge symmetry SO(N_f − N_c + 4) remains unbroken but there are only k = N_f − rank(M) flavours in the low energy magnetic theory. In the following we discuss the dynamics of the low energy magnetic theory along the flat directions according to the rank of M.

For rank(M) > N_c, more than N_c quarks are massive, so the flavour number k in the low energy magnetic theory satisfies k = N_f − rank(M) < N_f − N_c, and thus

k≤(N_f − N_c) − 1 = (N_f − N_c + 4) − 5. (5.4.52)

Therefore, this low energy magnetic SO(N_f −N_c +4) theory with k flavours is similar to the electric SO(N_c) theory with N_f ≤N_c − 5 flavours discussed in Subsect. 5.3.1. Thus a superpotential like (5.3.1)

W = 1 2 (N_f − N_c − k + 2)ϵ_{Nf −Nc−k+2} 16Λ^{3(Nf−Nc+2)−k} N_f −Nc+4,k det M 1/(Nf −Nc−k+2) . (5.4.53)

will ne generated. Therefore, there exists no supersymmetric ground state at ⟨q_i⟩ = 0 due to the above dynamical superpotential.

For rank(M) = N_c, the low energy magnetic SO(N_f − N_c + 4) gauge theory has

k = N_f − rank(M) = N_f − N_c = (N_f − N_c + 4) − 4 (5.4.54)

flavours. Thus it is analogous to the electric SO(N_c) theory with N_f = N_c−4 flavours considered in in Subsect. 5.3.2. Similarly, a superpotential

W = 1 2 (ϵ_X + ϵ_Y )

16Λ^{2(Nf −Nc+4)} N_f −Nc+4,k det M 1/2 . (5.4.55)

arises. Consequently, two supersymmetric ground states exist at the origin ⟨q_i⟩ = 0, corresponding to the two sign choices for ϵ_X (or ϵ_Y ) in ϵ_X ϵ_Y = −1. There is no supersymmetric ground state for ϵ_X ϵ_Y = 1. The same is also true in the underlying electric theory.

For rank(M) = N_c − 1, the low energy magnetic theory is SO(N_f − N_c + 4) with

k = N_f − N_c + 1 = (N_f − N_c + 4) − 3 (5.4.56)

flavours. So it is analogous to the theory considered in Subsect. 5.3.3 . Thus the low energy magnetic theory has no massless gauge fields but has massless composites, and they can be interpreted as some of the components of the elementary electric quarks as in (5.3.35).

For rank(M) = N_c − 2, the low energy magnetic theory is SO(N_f − N_c + 4) with k = (N_f − N_c + 4) − 2 flavours. It is analogous to the theory discussed in Subsect. 5.3.4. A similar analysis shows that this magnetic theory has a massless photon which is confined because of the existence of magnetic monopoles at the origin ⟨q_i⟩ = 0. This is just the dual description of the the corresponding low energy electric theory when rank(M) = N_c − 2, in which there is a massless photon with massless elementary quarks.

For 3N_c/2 − N_f /2 − 3≤rank(M) < N_c − 2, the number of massless flavours number k lies in the range

(N_f − N_c + 4) − 2 < k = N_f − rank(M)≤ 3 2 [(N_f − N_c + 4) − 2]. (5.4.57)

The low energy magnetic theory is still strongly coupled since the one-loop beta function coefficient ~β_0 = 3(N_f − N_c + 2) − k > 0. If we dualize this magnetic theory, the electric theory will be a free SO(N_c − rank(M)) gauge theory with N_f − rank(M) massless quarks due to the fact that β_0 = 3(N_c − rank(M) − 2) − (N_f − rank(M)) < 0. This result is obvious in the original electric description.

For rank(M) < 3N_c/2 − N_f /2 − 3, the ~β_0 < 0 and hence the variables in the low energy magnetic theory are the same as the free ones.

In summary, when N_f > N_c, the moduli space of supersymmetric vacua is described by ⟨M⟩, whose rank is at most N_c along with an additional sign when rank(M) = N_c. Thus one has obtained a consistent description of the classical moduli space of the electric theory as discussed in Subsect. 5.1.2 in terms of the strong coupling effects of the magnetic theory.

Mass deformation

Like in the above two special cases, we consider a tree-level superpotential W_{tree} = mM^{Nf Nf} /2. In the electric theory this term gives a mass to the N_f -th quark Q^{Nf} and the corresponding low energy theory is an SO(N_c) gauge theory with N_f − 1 quarks. In the magnetic theory, combining this term with the superpotential (5.4.1), we have the full superpotential W_{full} =^1_{2μ} M^{ij}q_i·q_j +^1_2 mM^{Nf Nf} . The M^{Nf Nf} equations of motion lead to ⟨q^2_{Nf} ⟩ = −μm. This non-vanishing expectation value further breaks the magnetic SO(N_f − N_c + 4) gauge theory with N_f quarks to an SO(N_f − N_c + 3) gauge theory with N_f − 1 quarks. The q_{Nf} equation of motion gives M^^{iNf} = 0, ^i = 1, · · ·, N_f − 1, and the M^^{iNf} equations of motion yield q^_i·q_{Nf} = 0. Therefore, the remaining low energy magnetic theory is a magnetic SO(N_f − N_c + 3) gauge theory with N_f − 1 flavours and the superpotential W_L = 1/2μM^^{iĵ}q^_i·q^_j . This low energy magnetic theory is dual to the low energy SO(N_c) gauge theory with N_f − 1 massless quarks. This can be seen from following two aspects. First, the scale relation (5.4.51) for the high energy theories can be precisely reduced to the one that relates the low energy electric and magnetic theories mentioned above. (5.2.10) gives the scale of the low energy electric SO(N_c) theory with N_f − 1 massless quarks, Λ^{3(Nc−2)−(Nf −1)} Nc,N_f −1 = mΛ 3(Nc−2)−Nf Nc,N_f , (5.4.58)

while (5.2.14) gives the scale of the low energy magnetic theory

~Λ^{3[(}N^{f−}N^{c+3)−2]−(}N^{f −1)} N_f −Nc+3,N_f −1 = Λ 3[(Nf −Nc+4)−2]−Nf N_f −Nc+4,N_f (−μm) −1. (5.4.59)

Inserting (5.4.58) and (5.4.59) into (5.4.51) we indeed get the scale relation that relates the SO(N_c) electric theory with N_f − 1 flavours to the SO(N_f − N_c + 3) magnetic theory with

N_f − 1 flavours,

2^8Λ^{3(Nc−2)−(Nf −1)} ~Λ^{3(Nf −Nc+1)−(Nf −1)} = (−1)^{Nf −(Nc−1)}μ^{Nf −1}. (5.4.60)

Secondly, if we consider a concrete case, N_f = N_c + 1, the corresponding magnetic description is an SO(5) theory with N_f + 1 flavours. The mass term mM^{Nf Nf} /2 breaks the SO(N_c) electric theory with N_f = N_c + 1 flavours to the low energy SO(N_c) electric theory with N_f = N_c flavours, while at the same time, the non-vanishing expectation value ⟨q_{Nf} ⟩ breaks SO(5) with N_f = N_c +1 flavours to the low energy magnetic SO(4)∼=SU(2)_X×SU(2)_Y with N_f = N_c, which was discussed in the last subsection. This explicit low energy pattern coincides with the general consideration [15].

5.5 Electric-magnetic-dyonic triality in supersymmetric SO(3) gauge theory

5.5.1 Peculiarities of supersymmetric SO(3) gauge theory

Supersymmetric SO(3) gauge theory is somehow exceptional compared to the general cases introduced above. New non-perturbative phenomena arise. The most remarkable of them is the occurrence of two theories dual to the original one. If the original SO(3) gauge theory is “electric”, one dual theory is “magnetic” and the other one is called “dyonic”. One refers to this dynamical pattern as electric-magnetic-dyonic triality. Moreover, a discrete symmetry (Z_{4Nf} ) which is explicit in the original SO(3) theory can be realized in the dual magnetic and dyonic theories. However, such symmetries can not be explicitly observed in the dual Lagrangians because they are implemented by non-local transformations on the fields and hence are called “quantum” symmetries. In the following we first give a general introduction to the special points of supersymmetric SO(3) gauge theory and then, following the route of Ref. [1], introduce some concrete cases with the definite matter contents.

Let us first have a look at the discrete symmetries of the SO(3) gauge theory with N_f quarks. It is invariant under the Z_2 charge conjugation transformation C and an enhanced Z_{4Nf} symmetry, Q−→e^{i2nπ/4Nf} Q. (5.5.1) This is because the quarks Q^i are in the adjoint representation of SO(3). With the normalization of SO(3) generators Tr(T~^aT~^b) = δ~^a~^b, ~a, ~b = 1, 2, 3, the U_A(1) operator anomaly equation is

∂^μj^{(A)}_μ = 4N_f 1 32π^2 ϵ^{μνλρ}F~^a_{μν} F~^a_{λρ}. (5.5.2) This Z_{4Nf} symmetry will be realized non-locally in the dual theories. We can roughly understand this as follows in the dual magnetic theory, which is an SO(N_f + 1) theory with N_f dual quarks q_i and has the discrete symmetry Z_{2Nf} and charge conjugation Z_2 generated by the operation q−→e^{−2iπ/(2Nf )}Cq. (5.5.3) The full Z_{4Nf} symmetry in this dual magnetic theory should be generated by the “ square root ” of the operation (5.5.3). There are many possible choices in the “square root” of the charge conjugation C, but Intriligator and Seiberg, using the concrete examples, found that it should be a special element of the SL(2, Z) electric-magnetic duality modular transformation [15],

A = T ST^2S. (5.5.4)

The discrete Z_{4Nf} is thus a non-local “quantum symmetry”.

Another special point is that in the dual description of SO(3) gauge theory a new superpotential term proportional to

det(q_i·q_j ) (5.5.5)

arises with q_i being the magnetic quarks. The necessity of adding this superpotential term stems from ensuring that the dual of the dual of the SO(3) gauge theory should be SO(3) itself. The discussion in Subsect. 5.4.2 shows that the dual description of SO(N_f + 1) with N_f flavours is SO(3) with N_f flavours and an extra interaction term proportional to det M. By analogy, we can see that only with the inclusion of (5.5.5) the dual of the dual of the SO(3) superpotential (5.4.11) is identical to that of the original theory. For N_f ≥3, the full superpotential of SO(N_f +1) should be of the form (5.4.11) with the replacements M^{ij} ←→ q^i·q^j ; Λ^{2Nc−5} Nc,Nc−1 = Λ 2(Nf −1)−1 N_f +1,N_f ←→ − ~Λ^{2(}N^{f −1)−1}

N_f +1,N_f , (5.5.6)

that is, W = 1 2μ M^{ij} q_i·q_j + 1 2^6 ~Λ^{2(Nf −1)−1} N_f +1,N_f det(q_i·q_j ). (5.5.7)

The scale relation (5.4.12) should remain the same with the exchange ~Λ↔Λ since now SO(3) is the original theory, and thus we get the scale relation

2^{14}(~Λ^{2(Nf −1)−1}

N_f +1,N_f ) 2Λ^{6−2Nf} 3,Nf = μ 2Nf , (5.5.8)

and its square root

2^7ϵ~Λ^{2(Nf −1)−1}

N_f +1,N_f Λ 3−Nf 3,Nf = (−1) 3−Nf μNf , (5.5.9) where ϵ = ±1 comes from taking the square root of the instanton factor Λ^{3−Nf}_{3,Nf} of the electric SO(3) theory and the phase (−1)^{3−Nf} preserves the relation (5.5.9) along the flat directions and under mass deformation.

The term (5.5.5) in the superpotential (5.5.7) brings some new phenomena into the dual SO(N_f + 1) theory. Despite the invariance of the term (5.5.5) under the global symmetry SU(N_f)×U_R(1), it breaks some of the discrete symmetries, since under the transformation q_i−→e^{i2nπ/(4Nf )} det(q_i·q_j )−→e^{inπ} det(q_i·q_j ). (5.5.10)

This shows that only the Z_{2Nf} subgroup of the Z_{4Nf} symmetry and the charge conjugation C remain unbroken. Due to the anomaly (5.1.9) in the SO(N_f + 1) gauge theory, except for N_f = 1, 2, the transformations q_i−→e^{i2π/(4Nf )}q_i shift the vacuum angle θ: θ−→θ + 2N_f 2π 4N_f = θ + π. (5.5.11)

Therefore, the symmetry transformation q_i−→e^{i2π/(4Nf )}q_i in the original electric SO(3) theory, which should also exist in the dual SO(N_f + 1) theory, changes the sign of (5.5.5) (i.e. the n = 1 case of (5.5.10)) and shifts the vacuum angle by π (see (5.5.11)) for N_f ≠1, 2. Intriligator and Seiberg interpreted this phenomenon as follows [15]. The original electric SO(3) theory has, in fact, two dual descriptions corresponding to the two signs of this term for N_f ≠1, 2. One of them is “magnetic”, which is the electric SO(N_f + 1) theory of discussed in Subsect. 5.4.2; The other dual theory is “dyonic”, which will be reviewed later. These two dual theories are related to another by a duality transformation. We will see that these triality transformations are the extension of the Z_2 group of N = 1 duality transformations to the modular transformation group SL(2, Z). Precisely speaking, it is the subgroup of SL(2, Z),

S_3∼=SL(2, Z)/Γ(2), (5.5.12)

which permutes these three theories, where Γ(2) is the subgroup of SL(2, Z) generated by the monodromies (5.3.119). In one word, the full Z_{4Nf} includes the moduli transformation which exchanges the magnetic and dyonic theories and which appears as a quantum symmetry in the dual descriptions.

Since the theories with N_f = 1, 2 are exceptional cases, we first discuss how the quantum symmetry is realized in these two cases and then turn to the cases with more flavours.

5.5.2 One-flavour case: Abelian Coulomb phase and quantum symmetries

Since the quark now is in the adjoint representation of the SO(3) group, the model is just the N = 2 theory discussed by Seiberg and Witten [1]. The theory has a quantum moduli space labeled by the expectation value u = ⟨M⟩/2 = Q^2/2. The SO(3) gauge symmetry is spontaneously broken to SO(2)∼=U(1) on this moduli space. Consequently, the low energy theory has a Coulomb phase with a massless photon. As discussed in Subsect. 5.3.4, the low energy gauge coupling is given by the algebraic curve solution (5.3.120),

y^2 = x^3 − 1 2 Mx^2 + 1 4 Λ^4_{3,1}x. (5.5.13)

One usually chooses for convenience the normalization Λ_{3,1}→2Λ_{3,1} and M→2M. With this convention the curve solution changes to

y^2 = x^3 − Mx^2 + 4Λ^4_{3,1}x. (5.5.14)

As discussed in Subsect. 5.3.4, the singularities of the quantum moduli space is given by the zeroes M_±≡ ± 4Λ^2_{3,1} of the discriminant Δ(M) = M^2 − 16Λ^4_{3,1}. There exists a pair of massless magnetic monopoles q^±_{(+)} at M_+ = 4Λ^2_{3,1} and a pair of massless dyons q^±_{(−)} at M_− = −4Λ^2_{3,1}. Correspondingly, the effective superpotentials, for the monopoles and dyons, according to (5.3.147), are, respectively

W_+ = f_+ ( M Λ^2_{3,1} ) q^+_{(+)}q^−_{(+)}; W_− = f_− ( M Λ^2_{3,1} ) q^+_{(−)}q^−_{(−)}. (5.5.15)

Near the singularities M = M_±, from (5.3.146), the superpotentials are, respectively,

W_+ ≈ 1 2μ ( M − 4Λ^2_{3,1} ) q^+_{(+)}q^−_{(+)}; W_−≈ 1 2μ ( M + 4Λ^2_{3,1} ) q^+_{(−)}q^−_{(−)}. (5.5.16)

Comparing (5.5.16) with (5.5.7), one can see that the first term is the Mq^+q^− term and the second one is (5.5.5).

Let us see what the quantum symmetry in this model is. Classically, the N = 2 SU(2) gauge theory has a global R-symmetry SU_R(2)×U_R(1) [2, 27]. At the quantum level, the U_R(1) symmetry is broken by an anomaly. Since all the fermionic fields, which include the gaugino and quarks, are in the adjoint representation and their transformations under U_R(1) have the same form, the operator anomaly equation for this R-current in the adjoint representation is

∂^μJ^{(R)}_μ = 4N_c 1 32π^2 ϵ^{μνλρ}F^a_{μν} F^a_{λρ} = 8 1 32π^2 ϵ^{μνλρ}F^a_{μν} F^a_{λρ}, a = 1, 2, 3. (5.5.17)

This anomaly shifts the vacuum angle: θ←→θ + 8α, and hence the U_R(1) is broken to Z^R_8 under which the field Q and its fermionic component transform as Q−→e^{2inπ/4}Q, ψ_Q−→e^{2inπ/8}ψ_Q, n = 1, 2, · · ·, 8. (5.5.18) The index R in Z^R_8 indicates that it is the remanent from the U_R(1). Since the center elements of SU_R(2) are contained in Z^R_8 , the full global symmetry including the charge conjugation C is (( SU_R(2)×Z^R_8 ) /Z_2 ) ×C. (5.5.19)

Now let us observe how the discrete symmetries of (5.5.19) are realized in a given vacuum. From (5.5.18), the Z^R_8 generator e^{2iπ/8} acts on the scalar component of M as the operation R, R : M−→e^{iπ}M = −M. (5.5.20) Hence the Z^R_8 symmetry is spontaneously broken to Z^R_4 for M≠0 since the elements e^{2inπ/8} of Z^R_8 with n even still leave M invariant. At the origin M = 0 of the moduli space the full Z^R_8 symmetry is restored. It should be emphasized that for a given vacuum, i.e. a given point on the moduli space, only a Z^R_4 symmetry is left of the U_R(1) symmetry, while on the whole moduli space the full Z^R_8 symmetry is still preserved. R^2 acts as charge conjugation on the scalar component of Q, so does on Q,

R^2 : Q−→e^{iπ}Q = −Q. (5.5.21)

Thus for M≠0 this remaining Z^R_4 should be generated by R^2C. Intriligator and Seiberg further observed that the generators of Z^R_8 includes an SL(2, Z) modular transformation [15]

w = RA (5.5.22)

with

A = (T S)^{−1}S(T S) = ( −1 1 −2 1 ) , (5.5.23)

where T and S are the SL(2, Z) generators given in (5.3.63). Since that A^2 = −1 = C, C being the charge conjugation generators. Thus, w is the square root of the Z^R_4 generator, R^2C, i.e. a generator of Z^R_8 .

The following consideration shows why the moduli transformation A necessarily appears in w. Consider the central charge Z = an_e + a_Dn_m of the N = 2 superalgebra at M = 0. The action of U_R(1) on the supercharge (two-component form), Q, is Q−→e^{iα}Q. After U_R(1) is broken to Z^R_8 , the above transformation is carried out by the elements of Z^R_8 and is generated by the transformation R : Q−→e^{2iπ/8}Q. Due to the N = 2 superalgebra, Z∼{Q, Q}, and Z must transform under w as Z−→e^{iπ/2}Z = iZ. On the other hand, from the integral expressions (5.3.113) for a(M) and a_D(M),

a_D = √ 2 π ∫ M/_{(4Λ}2_{3,1)} 1 dx √ x − M/(4Λ^2_{3,1}) √ x^2 − 1 ,

a = √ 2 π ∫_{+1} −1 dx √ x − M/(4Λ^2_{3,1}) √ x^2 − 1

, (5.5.24)

it is easily seen that near M = 0 [15]

a^′n^′_e + a^′_Dn^′_e = i(an_e + a_Dn_m), (5.5.25)

if n^′_e and n^′_m are related to n_e and n_m by the modular transformation A = (T S)^{−1}S(T S). Since the modular transformation A can be rewritten as CT (S^{−1}T^2S) whereas according to (5.3.80) S^{−1}T^2S is the monodromy around M_+ = 4Λ^2_{3,1}, thus A is actually congruent to CT modulo the multiplication by the monodromy [15].

If M≠0, the Z^R_8 symmetry is broken to Z^R_4 . The broken Z^R_8 generator w maps the massless monopole at the singular point M = 4Λ^2_{3,1} to the massless dyon at M = −4Λ^2_{3,1}. At the origin the Z^R_8 symmetry is restored and these massless soliton states are degenerate and are mapped from one to another by the Z^R_8 symmetry. Since the monopoles and dyons are collective excitations, the fields representing them are not local, so it is not possible to give w a local realization. This fact further confirms that A should be a modular transformation. In particular, A cannot be diagonalized by an SL(2, Z) transformation, i.e. we cannot find a 2×2 matrix X with integer elements to make A diagonal by the operation X^{−1}AX. This means that there exists no photon field multiplet which is invariant under the action of A, since the photon supermultiplet is the only local object in the low energy theory. Therefore, even A cannot be realized locally in the low energy effective theory [15].

Now we consider how the above non-local symmetry is reflected in the dynamics (5.5.15) of monopoles and dyons. The interpretation is as follows. The electric SO(3) theory has two dual theories, one of them, which is called the magnetic dual, describes the physics around M = 4Λ^2_{3,1} with the superpotential W_+ in (5.5.15). The other dual theory, which can be called the dyonic dual, gives the physics near M = −4Λ^2_{3,1} with the superpotential W_− in (5.5.15). The magnetic dual is related to the electric theory by the modular transformation S of SL(2, Z) modulo Γ(2), while the dyonic dual is related to the electric description by the SL(2, Z) transformation ST modulo Γ(2).

5.5.3 Two-flavour case: non-Abelian Coulomb phase and quantum symmetries

In this case the classical moduli space is parametrized by the expectation value of the colour singlets M^{ij} = Q^i·Q^j, i, j = 1, 2, which transform as the adjoint representation of the global SU(2)_f flavour symmetry. For M^{ij}≠0 the SU(2) gauge symmetry is completely broken and the theory is in the Higgs phase. On the submanifold of the moduli space where det M = 0 , the rank of M should be 1, and the SU(2) gauge symmetry will break to U(1). There now only exists a photon supermultiplet in the low energy theory, and the theory is in a Coulomb phase [15].

There are not only these two phases in the low energy theory, a confining phase can also arise. To see this, we add a tree level superpotential W_{tree} = M^{ij} m_{ij}/2. For det m≠0, both Q_1 and Q_2 get a mass, and after integrating out the massive matter fields, the low energy theory is an N = 1 pure SU(2) gauge theory, which is known to be in the confining phase. For det m = 0 but m≠0, only one of the matter fields gets a mass, the low energy theory is the N = 2 supersymmetric Yang-Mills theory discussed by Seiberg and Witten. Since now the matter field is in the adjoint representation, the theory is in the Coulomb phase as shown in Ref. [1]. Thus we see that the theory can be in three different phases, the Coulomb, confining and the Higgs phases. Note that since the theory has no field in the fundamental representation of gauge group, as discussed in Subsect. 2.4, the confining phase and the Higgs phases are distinct. The order parameter, the Wilson loop, obeys an area law in the confining phase, but a perimeter law in the Higgs phase.

In the following we discuss the dynamics of each phase. Let us first consider the confining phase. The low energy effective Lagrangian for N = 1 supersymmetric SU(N_c) gauge theory was constructed in the 1980s from the U_R(1) anomaly [25, 98]. Since locally SO(3)∼=SU(2), the low energy effective action for the present N = 1 pure SO(3) Yang-Mills gauge theory is the same as in the pure SU(2) case [12, 84]:

W_{eff} = S [ ln ( Λ^6_{3,0} S^2 ) + 2 ] = S [ ln ( Λ^2_{3,2}(det m)^2

S^2 ) + 2 ] , (5.5.26)

where S = W^αW_α is the composite (glueball) field and we have used the decoupling relation (5.2.12) for the SO(3) theory, Λ^2_{3,2}(det m)^2 = Λ^6_{3,0}. According to Intriligator’s “integrating in” technique [84], the low energy superpotential for the SO(3) gauge theory with matter fields can be obtained from

W = W_{eff} + 1 2 M^{ij} m_{ij} = S [ ln ( Λ^2_{3,2}(det m)^2 S^2 ) + 2 ] − 1 2 M^{ij}m_{ij} (5.5.27)

by integrating out m_{ij}. ∂W/∂m_{ij} = 0 gives

m_{ij} = 4SM^{−1}_{ij} (5.5.28)

and hence

det m =

16S^2 det M

. (5.5.29)

Inserting (5.5.28) and (5.5.29) into (5.5.27) we obtain the low energy superpotential for the SO(3) gauge theory with two flavours, W = S [ ln ( 16^2Λ^2_{3,2}S^2 (det M)^2 ) − 2 ] . (5.5.30)

With the inclusion of the mass term for the two flavours, the full low energy superpotential is

W_{full} = S [ ln ( 16^2Λ^2_{3,2}S^2 (det M)^2 ) − 2 ] + 1 2 M^{ij} m_{ij}. (5.5.31)

Because S, as a glueball field, is always massive, it should be integrated out. The equation of motion for S, ∂W_{full}/∂S = 0, gives S = ± det M 16Λ_{3,2}

. (5.5.32)

Thus after integrating out S the full superpotential for the confining phase is

W_{full} = ∓ det M 8Λ_{3,2} + 1 2 TrmM. (5.5.33)

The dynamics of the Coulomb and the Higgs phase can be discussed as follows. Integrating out M from (5.5.33) we obtain

⟨M_{ij}⟩ = ±4 (Λ_{3,2} det m) m^{−1}_{ij} , ⟨S⟩ = ±Λ_{3,2} det m. (5.5.34)

Taking m = ( 0 0 0 m_{22} ) , (5.5.35)

i.e. choosing only the second flavour Q_2 to be massive. After integrating out Q_2, the low energy theory is the Seiberg-Witten model and hence is in the Coulomb phase [1]. Note that now det M = 0 since from (5.5.34) det m = 0. Nevertheless, (5.5.34) and (5.5.35) give

Tr(Q_1)^2 = TrM_{11} = ±4Λ_{3,2}m_{22} = ±2Λ^2_{3,1}, (5.5.36)

where we have used the scale relation (5.2.12) between Λ_{3,2} and Λ_{3,1}. The exact solution is given by the curve (5.5.14), y^2 = x^3 − M_{11}x^2 + 4Λ_{3,2}m_{22}x. There exist massless monopoles and dyons at the points M_{11} = ±4m_{22}Λ_{3,2}. The Higgs phase is represented by the generic points in the moduli space with mass matrix m = 0 (i.e. m_{ij} = 0).

In summary, the above discussion has shown that all the three phases can be described by the superpotential W = e det M 8Λ_{3,2} + 1 2 TrmM, (5.5.37)

where e = 0, ±1 labels the three branches. The branch with e = 0 describes the Higgs or Coulomb phases of the theory. Both of these phases are obtained for det m = 0. For m = 0, the generic point in the moduli space is in the Higgs phase. When only m_{22}≠0, the low energy theory is in the Coulomb phase, and it has a massless monopole at the point M_{11} = 4m_{22}Λ_{3,2} and a massless dyon at the point M_{11} = −4m_{22}Λ_{3,2}. When det m≠0, the monopole (the dyon) will condense and lead to confinement (oblique confinement). e = −1 represents the confining branch and e = 1 the oblique confinement branch [15].

Now let us turn to the dual description of the electric SO(3) theory with N_f = 2. It has two dual theories and they are SO(3) gauge theories with two flavours. The holomorphy, dimensional analysis, the global and gauge symmetries determine the superpotentials of the dual theories, which should take following form: W = 2 3μ Tr (Mq·q) + ϵ ( 8~Λ_{3,2} 3μ^2 det M + 1 24~Λ_{3,2} det(q·q) ) , (5.5.38) where ϵ = ±1 labels the two dual theories and the scales of the theories are related by the square root of (5.4.12),

64Λ_{3,2} ~Λ_{3,2} = μ^2. (5.5.39)

The sign ambiguity introduced by taking the square root is reflected in (5.5.38) by the sign ϵ. The first term in (5.5.38) is the standard one (5.4.1) of the dual theory. The det M term, from (5.4.11), should appear for N_f = N_c − 1 and the det(q·q) term is as in (5.5.5). The coefficients in (5.5.38) and (5.5.39) are chosen to guarantee the duality; later we shall explain in detail why they are chosen as those given in (5.5.38).

The dual magnetic theory should also have three branches. In comparison with (5.5.37), the superpotential is not only of the form (5.5.38), there should also emerge another term characterizing the branches. Thus the full superpotential of the dual magnetic theory should be W~_e = 2 3μ Tr(MN) + ϵ ( 8~Λ_{3,2} 3μ^2 det M + 1 24~Λ_{3,2} det N ) + ~e det M 8~Λ_{3,2}

, (5.5.40)

where N_{ij} = q_i·q_j and ~e = 0, ±1 labels the three branches. Integrating out N_{ij} by the equations of motion for N_{ij} and adding a Q^i mass term, W_{tree} = Tr(mM)/2, we immediately obtain W~_e = 8~Λ_{3,2} μ^2 ( ~e − ϵ 1 + 3~eϵ ) + 1 2 Tr(mM). (5.5.41)

This superpotential is the same as (5.5.37) with the identification e = ~e − ϵ 1 + 3~eϵ . (5.5.42)

Eq. (5.5.41) shows that the coefficients in (5.5.38) are chosen to guarantee the identification of this dual potential with (5.5.37).

The ~e = 0 branch describes the the weakly coupled Higgs phase of the dual theory. On the other hand, when ~e = 0 (5.5.42) gives e = −ϵ = ∓1. From the above discussion, we know that in the electric theory this corresponds to the two strongly coupled branches. In particular, when ϵ = 1, the dual theory is in the Higgs phase, and e = −1 states that the corresponding electric theory is in the confining phase. The Higgs branch of the ϵ = −1 dual theory describes the oblique confinement branch of the electric theory since now e = 1. Therefore, the ϵ = 1 branch should be regarded as the magnetic dual and the ϵ = −1 branch as the dyonic dual. These are exactly the duality patterns introduced in Subsect. 5.5.1.

The two other branches of the dual theories are strongly coupled. The branches with ~e = ϵ, which describe the oblique confinement of the magnetic theory and confinement of the dyonic theory, give the e = 0 branch and hence correspond to the Higgs branch of the electric theory. The branches with ~e = −ϵ, which correspond to the confinement phase of the magnetic theory and the oblique confinement phase of the dyonic theory, also yield e = ϵ. and hence give another description of the strongly coupled branches of the electric theory [15].

Overall, in this two-flavour case, there are three equivalent theories: electric, magnetic and dyonic. The moduli space of each of them has three branches: Higgs, confinement and oblique confinement. The map between the branches of the different theories is the S_3 permutation given by (5.5.42). Let us argue this from the discrete symmetry, along the line of the discussion in Subsect. 5.5.2. The electric theory has a Z^R_8 symmetry generated by Q−→e^{2iπ/8}Q and charge conjugation C. In the magnetic theory the Z^R_8 symmetry takes the form: M−→e^{2iπ/4}M and q−→e^{−2iπ/8}AQ, where A is the non-local moduli transformation and satisfies that A^2 = C. Thus the Z^R_8 symmetry is a “quantum symmetry”.

In the following we explicitly verify the above duality patterns by working out one example, the Coulomb phase of the electric theory. This phase is obtained by adding W_{tree} = mM^{22}/2 to (5.5.40) with ~e = ϵ and integrating out the massive fields. The equations of motion for M^{22}, N_{22}, M^{12} and N_{12} from the superpotential

W~_{e=ϵ} + W_{tree} = 2 3μ Tr(MN) + ϵ ( 8~Λ_{3,2} 3μ^2 det M + 1 16~Λ_{3,2} det N ) + 1 2 mM^{22} (5.5.43)

give, respectively, 2 3μ (q_2·q_2) + 8ϵ~Λ_{3,2} 3μ^2

M^{11} + 1 2 m = 0, M^{22} = − ϵ 16~Λ_{3,2} q_1·q_1 μ , q_1·q_2 = 0, M^{12} = 0. (5.5.44)

(5.5.44) shows that for M^{11} +3ϵmμ^2/(16~Λ_{32})≠0, the expectation value of q_2 will break the gauge group to SO(2). (5.5.43) and (5.5.44) lead to the low energy superpotential for the remaining massless fields q_1, denoted as q^+_1 and q^−_1 according to their SO(2) charges,

W_L = 1 2μ ( M^{11} − m ϵμ^2 16~Λ_{3,2} ) q^+_1 q^−_1 = 1 2μ ( M^{11} − 4ϵmΛ_{3,2} ) q^+_1 q^−_1 , (5.5.45)

where the relation (5.5.39) was used. This low energy superpotential will be modified by quantum corrections from instantons in the broken magnetic SO(3) part. For large m, the instanton contribution is small and can be ignored. The superpotential shows that the low energy theory has massless fields q^±_1 at M^{11} = 4ϵmΛ_{3,2} = 4ϵmΛ^2_{3,1}. These massless fields can be interpreted as the monopoles for ϵ = 1 and the dyons for ϵ = −1 of the N_f = 1 case. This is precisely the dual interpretation according to which the ϵ = 1 branch is the magnetic description and the ϵ = −1 the dyonic one.

In addition to the above two monopoles in the Coulomb phase, one can still find other monopoles in the N_f = 1 theory arising from the strong coupling dynamics of the dual theories. The superpotential (5.5.43) shows that q_1 gets an effective mass ~m = 4M^{11} 3μ + ϵ 12~Λ_{3,2} u (5.5.46)

for u = q^2≠0. Thus q_1 should be integrated out first and an N_f = 1 theory is obtained. (5.5.46) and (5.2.12) give the scale of the low energy magnetic theory

~Λ^4_3

,1 = ( 4 3μ ~Λ_3,_2 + ϵ 12 u )_2

. (5.5.47)

There should exist massless monopoles at

u = ±4~Λ^2_{3,1} = ∓4 ( 4 3μ ~Λ_3,_2 + ϵ 12 u ) = 16~Λ_{3,2}M^{11} μ(±3 − ϵ) . (5.5.48)

The M^{22} equation of motion in (5.5.44) gives μ^{−1}u = − 4ϵ~Λ_{3,2} μ^2

M^{11} − 3 4 m = − ϵ 16Λ_{3,2}

M^{11} − 3 4 m. (5.5.49)

From (5.5.48) and (5.5.49), we obtain

M^{11} = 4mΛ_{3,2} ∓3 + ϵ 1 ± ϵ . (5.5.50)

For m≠0, since ϵ = ±1, the above equation gives only one solution:

M^{11} = −4ϵmΛ_{3,2} = −4ϵΛ^2_{3,1}. (5.5.51)

Therefore, another monopole of the N_f = 1 theory has been found, whose existence is a consequence of the strong coupling dynamics of the dual theory.

In the m = 0 case, a similar analysis shows that there exists a strongly coupled state in the dual theories along the flat directions with det M = 0. This state can be interpreted as the massless quark of the electric theory.

Finally, we consider the dual of the dual description (5.5.38) and see how the triality behaves [15]. From the scale relation (5.5.39), the dual of the dual theories (5.5.38) should be an SO(3) theory with N_f = 2 quarks, say d^i, gauge singlet fields M and N and the scale ~Λ_3 ,2 = Λ_{3,2}. (5.5.52)

By analogy with (5.5.38), the superpotential should be W = 2 3μ Tr(MN) + ϵ ( 8~Λ_{3,2} det M 3μ^2 + det N 24~Λ_{3,2} ) − 2 3μ Tr[N(d·d)]

+η 8 ~Λ_3 ,2 det N 3μ^2 + det(d·d) 24~Λ_{3,2} = 2 3μ Tr(MN) + ϵ ( det M 24Λ_{3,2} + det N 24~Λ_{3,2} ) − 2 3μ Tr[N(d·d)] +η ( det N 24~Λ_{3,2} + det(d·d) 24Λ_{3,2} ) , (5.5.53)

where ϵ = ±1 and η = ±1 label different duals. There are two possible choices for ϵ and η. The first one is ϵ = −η. Then the superpotential shows that N is a Lagrangian multiplier implementing the constraint M = d·d and consequently the superpotential is W = 0. Thus with this choice the dual of dual theory is just the original electric theory with d^i = Q^i. The other choice is ϵ = η, and the superpotential (5.5.53) becomes W = 2 3μ Tr(MN) − 2 3μ Tr[N(d·d)] + ϵ ( det M 24Λ_{3,2} + det N 12~Λ_{3,2} + det(d·d) 24Λ_{3,2} ) . (5.5.54)

Now we integrate out N_{ij}. The equations of motion for N_{ij} give

det NN^{−1}_{ij} =

8~Λ_{3,2} μ (d_i·d_j − M_{ij}), N_{ij} = Λ^2_{3,2} [det(d_i·d_j − M_{ij} )] (d_i·d_j − M_{ij})^{−1}. (5.5.55)

Inserting (5.5.55) into (5.5.54) we get the superpotential W = ϵ 12Λ_{3,2} M^{ij}ϵ_{ik}ϵ_{jl}(d^k·d^l) − ϵ 24Λ_{3,2}

[det M + (d·d)] . (5.5.56)

(5.5.56) does not describe new dual theories. Defining q_i≡ϵ_{ij} √ ϵ ( Λ_{3,2} ~Λ_3,_2

)_1/_4

d^j (5.5.57)

and using the scale relation (5.5.39), we rewrite (5.5.56) in terms of the new variables, W = 1 12Λ_{3,2} ( Λ_{3,2} ~Λ_3,_2

)_1/_2 M^{ij} (q^i·q^j) − ϵ 24Λ_{3,2} [ det M +

Λ_{3,2} ~Λ_3,_2 det(q·q) ]

= 2 3μ Tr[M(q·q)] + ϵ [ 8~Λ_{3,2} 3μ^2 det M +

24~Λ_{3,2} det (q·q) ] . (5.5.58)

This is precisely the magnetic dual superpotential (5.5.38). Thus it does not give a new dual description.

In summary, the supersymmetric SO(3) gauge theory with N_f = 2 has three equivalent descriptions: the original electric theory and the two magnetic dual ones. The above discussions show that taking the duals of the dual theories permutes these three descriptions.

5.5.4 N_f = N_c = 3 case: Identification of N = 1 duality with N = 4 Montonen-Olive- Osborn duality

This case has several special points [15]. First, the one-loop beta function vanishes, and hence the bare coupling constant τ_0 = θ_0/(2π) + 4iπ/(g^2_0) is not renormalized at one-loop. The two-loop beta function is negative, so the theory is not asymptotically free and the theory is free in the infrared region; Secondly, the (magnetic and dyonic) dual descriptions are SO(4)∼=SU(2)_X×SU(2)_Y gauge theories, thus we should discuss the duality for each SU(2)_s branch. In particular, since the electric quark superfields Q can be written as a 3×3 square matrix in terms of their flavour and colour indices, the theory allows a cubic superpotential ∼ det Q at tree level. With this cubic superpotential, the N = 1 duality is in fact the duality proposed by Montonen and Olive [7] and found by Osborn [8] in N = 4 supersymmetric Yang-Mills theory.

Like in the discussions in previous sections, the various symmetries and holomorphy as well as the mass dimension determine the superpotential of the magnetic and dyonic theories to be W = 1 2μ Tr[M(q·q)] + 1 64~Λ_{s,3} det(q·q), s = X, Y, (5.5.59)

where q·q = ϵ~^{rX}~^{sX} ϵ~^{rY} ~^{sY} q~_{rX}~_{rY} q~_{sX}~_{sY} since the magnetic quarks q belong to the fundamental representation of each SU(2)_s. The scales ~Λ_{s,3} of the magnetic SU(2)_s are chosen to be equal and are given by the relation

ϵ2^7e^{iπτ0} ~Λ^3_{s,3} = μ^3, (5.5.60)

where τ_0 is the bare gauge coupling mentioned above, and ϵ = ±1 shows that the term e^{iπτ0} is the square root of the SO(3) instanton factor. The sign of ϵ determines whether the dual theory is magnetic or dyonic. Note that in the two-flavour case ϵ only appears in the superpotential (5.5.38) and not in the the scale relation (5.5.39). However, here ϵ appears in the scale relation so that it can relate the instanton factor for the SU(2)_s to the square root of the instanton factor for the electric SO(3) theory.

As usual, we analyze the duality by looking at the flat directions and mass deformation. The analysis in the flat directions is similar to the general N_f = N_c case and the det(q·q) term in the superpotential does not modify the analysis essentially. Thus, in the following we only discuss the mass deformation.

Introducing a large mass term W_{tree} = mM^{33}/2 for the third flavour, according to (5.2.12) the decoupling of this heavy flavour in the electric theory will lead to a low energy theory with two flavours and the scale

Λ^2_{3,2} = m^2e^{2iπτ0} . (5.5.61)

In the dual theory, adding the above mass term to the superpotential (5.5.59), we have

W_{full} = 1 2μ Tr[M(q·q)] + 1 64~Λ^3_{s,3} det(q·q) + 1 2 mM^{33}. (5.5.62)

The equation of motion for M^{33} from (5.5.62) gives the expectation value, ⟨q^2_3⟩ = −μm, which breaks the dual SO(4)∼=SU(2)_X×SU(2)_Y gauge group to a diagonal subgroup SO(3)_d. (5.2.17) gives the decoupling relation of the dual theory

4(~Λ^3_{s,3})^2(μm)^{−2} = ~Λ^2_{3,2}. (5.5.63)

(5.5.60), (5.5.61) and (5.5.63) immediately yield the relation (5.5.39) between the scale ~Λ_{3,2} of the low energy magnetic theory and the scale Λ_{3,2} of low energy electric theory. This is another argument for the correctness of the relation (5.5.60). Integrating out the massive field M^{33} using the equations of motion for N_{33} = q_3·q_3, we have

M^{33} = − μ 32~Λ^3_{s,3} det(q·q)(q^3·q^3)^{−1}. (5.5.64)

Inserting (5.5.64) into (5.5.62), we obtain W = 1 2μ Tr[ ^M(^q·^q)] + 1 2 mM^{33} = 1 2μ Tr[ ^M(^q·^q)] + ϵ 32~Λ_{3,2} det(^q·^q) (5.5.65)

where we have taken into account (5.5.60) and (5.5.63). ^q denotes the two light flavours. In addition, the contribution generated by instantons in the broken part of the SU(2)_X×SU(2)_Y gauge group should be included. To get the instanton contribution, we introduce the Lagrangian multiplier field L and rewrite the second term as Tr[L(^q·^q)] −32ϵ~Λ_{3,2} det L. The original term can be recovered upon integrating out L. Consequently, the superpotential (5.5.65) is rewritten as W = 1 2μ Tr[ ^M(^q·^q)] + Tr[L(^q·^q)] − 32ϵ~Λ_{3,2} det L. (5.5.66)

(5.5.66) implies that ^q^i_{rX rY} get the effective mass 2L + ^M/μ and hence that they should be integrated out. The low energy theory is a pure SO(3)_d gauge theory with the scale given by (5.2.12),

~Λ^6_3,_0 = ~Λ^2_3,_2 [ det ( ^M μ + 2L )]_2 = ~Λ^2_{3,2}

[det( ^M + 2μL)]^2 μ^4

. (5.5.67)

A superpotential contribution by instantons is

W_{ins} = 2ϵ~Λ^3_{,0} = 2ϵ~Λ_{3,2} μ^2 det( ^M + 2μL). (5.5.68)

The whole low energy superpotential is the combination of this instanton generated one and (5.5.68), W = 1 2μ Tr[( ^M + 2μL)(^q·^q)] − 32ϵ~Λ_{3,2} det L + 2ϵ~Λ_{3,2} μ^2 det( ^M + 2μL). (5.5.69)

Integrating out L, ( 5.5.69) gives W = 2 3μ Tr [ ^M(^q·^q) ] + ϵ [ 8~Λ_{3,2} 3μ^2 det ^M + 1 24~Λ_{3,2} det(^q·^q) ] , (5.5.70)

which is just the superpotential of the dual SO(3) gauge theory of the N_f = 2 case given by (5.5.38).

Next we add a perturbation to the electric theory in the form of a cubic superpotential [15]

W_{tree} = β det Q, (5.5.71)

where β corresponds to the Yukawa coupling. This kind of superpotential is special for N_f = 3 since only in this case Q can be written as a square matrix in terms of its flavour and colour indices. If we choose β = √ 2, the gauge coupling will be identical to the Yukawa coupling, and the theory is very similar to the N = 4 SO(3) supersymmetric Yang-Mills theory since all of these three flavours are in the adjoint representation and the one-loop beta function is zero. However, in general this theory is not identical to the N = 4 supersymmetric SO(3) Yang-Mills theory since the two-loop beta function is negative, and thus only in the infrared region, the theory with the cubic superpotential agrees with the N = 4 supersymmetric Yang-Mills theory. The choice β = √ 2 means that we rescale Q as Q−→ ( √ 2 β )_1/_3

Q. (5.5.72)

Due to the non-vanishing two-loop beta function, there is a conformal anomaly connected to the scale transformation (5.5.72) in the infrared region [22], which is proportional to

4 ln ( √ 2 β ) ∫ d^2θ(W^αW_α) + h.c. . (5.5.73)

This leads to a relation between τ_E, which is the effective gauge coupling in the infrared region, and τ_0 = θ/(2π) + 4iπ/g^2_0, the bare gauge coupling: e^{2iπτE} = e^{2iπτ0} ( β √ 2 )_4 = 1 4 e^{2iπτ0} β^4, (5.5.74)

since the classical Lagrangian takes the form 1/g^2_0 ∫ d^2θ(W^αW_α) + h.c. .

What are the effects of the cubic superpotential in magnetic theory? (5.4.8) and the second relation in (5.4.9) mean that the electric operator det Q is mapped to (~W_α)^2_X − (~W_α)^2_Y . Therefore, the addition of the above cubic superpotential to the electric theory makes the magnetic SU(2)_X×SU(2)_Y theory have ~Λ^3_{X,3}≠ ~Λ^3_{Y,3}. Consequently, the various symmetries determine that the superpotential (5.5.59) should be modified to W = 1 2μ Tr[M(q·q)] + 2ϵe^{iπτ0} μ^3 f(τ_E, ϵ) det(q·q). (5.5.75)

Similarly, the scale relation (5.5.60) is modified to

ϵ2^7e^{iπτ0} ~Λ^3_{s,3}g_s(τ_E, ϵ) = μ^3, (5.5.76)

where f and g_s are functions of τ_E and ϵ whose explicit forms are not known. When β = 0, the scales should coincide: ~Λ^3_{X,3} = ~Λ^3_{Y,3}, and thus from (5.5.74), (5.5.75) and (5.5.76) we should have

τ_E = i∞, f(τ_E, ϵ)|_{τE=∞} = g_s(τ_E, ϵ)|_{τE=∞} = 1. (5.5.77)

In the infrared region the magnetic SO(4)∼=SU(2)_X×SU(2)_Y theory with ~Λ_X ≠~Λ_Y also flows to the N = 4 supersymmetric gauge theory. This can be observed from the ~Λ_X≫ ~Λ_Y limit. We denote τ_E in this limit by τ_∗. Since supersymmetric SU(2) gauge theory with N_f = 3 is free in the infrared region, for ~Λ_Y = 0 the SU(2)_Y gauge symmetry has become a global symmetry and hence is not a dynamical symmetry any more. Consequently, the magnetic quarks q^i_{rX rY} can be written as q^A_{rX} , A = 1, · · ·, 6. Thus the magnetic theory is an SU(2)_X theory with six doublets coupled through the superpotential (5.5.75). This superpotential breaks the global SU(6) to SU(3)_f×SU(2)_Y under which the SU(2)_X doublets q_{rX} are in the representation (3, 2). The strong SU(2)_X dynamics confines them to be the meson fields N_{ij}≡q_i·q_j in the representation (6, 1), and ϕ^i in the representation (3, 3) of SU(3)_f×SU(2)_X. This can be seen from the decompositions of the fundamental representations of SU(3)×SU(3) and SU(2)×SU(2): 3×3 = 3⊕6, 2×2 = 1⊕3. The above global and SU(2)_X gauge symmetries and the holomorphy determine that the interaction of these fields should be given by the superpotential

W_{int} = − 1 2 N_{ij} ~ΛX (ϕ i·ϕ^j) + 1 8 det N ~Λ3 X + 2 det ϕ, (5.5.78)

where the ϕ^i have been rescaled to have mass dimension 1 instead of 2. Combining (5.5.78) with (5.5.75) and adding a mass term Tr(mM)/2, we have the full superpotential

W_{full} = 1 2μ M^{ij} N_{ij} + 2ϵe^{iπτ0} μ^3 [ f(τ_∗, ϵ) + 2^3g_X(τ_∗, ϵ) ] det N − 1 2 N_{ij}(ϕ^i·ϕ^j ) ~ΛX + 2 det ϕ + 1 8 det N ~Λ3 X + 1 2 Tr(mM). (5.5.79)

Now we gauge the group SU(2)_Y , i.e. localize this group and introduce new degrees of freedom, the SU(2)_Y gauge fields. If the energy is higher than ~Λ_X , the coupling of the SU(2)_Y gauge theory is very weak and runs with the scale ~Λ_Y . If the energy is much lower than ~Λ_X, the SU(2)_Y gauge fields will couple to the three triplets ϕ^i. The coupling τ_Y will become very strong and will not run. Thus it should satisfy e^{2iπτY} ∼ ~Λ3 Y ~Λ3 X . (5.5.80)

This means that for ~Λ_Y ≪ ~Λ_X , τ_Y ≃i∞.

The fields M and N in (5.5.79) are massive and should be integrated out. The M_{ij} equations of motion set

N_{ij} = −μm_{ij}, (5.5.81)

and the N_{ij} equations of motion give M_{ij} = ϕ^i·ϕ^j ~ΛL + 4ϵe^{iπτ0} μ^2 [ f(τ_∗, ϵ) + 2^3g_L(τ_∗, ϵ) ] m^{−1}_{ij} . (5.5.82)

After integrating out M and N the superpotential (5.5.79) becomes

W = 2 det ϕ + 1 2 μ ~ΛX mij(ϕ i·ϕ^j) − 2ϵe^{iπτ0} [ f(τ_∗, ϵ) + 2^3g_X(τ_∗, ϵ) ] det m. (5.5.83)

For m = 0, this superpotential is proportional to the Yukawa potential det ϕ. Thus in the infrared region the magnetic theory can be identified with an N = 4 SU(2) supersymmetric gauge theory with weak coupling τ_Y .

The above discussion on the infrared magnetic theory was based on the limit ~Λ_X ≫~Λ_Y . Away from this limit, in the infrared magnetic theory also flows to an N = 4 supersymmetric gauge theory with the coupling τ_Y being a function of τ_E.

It should be emphasized that the N = 4 supersymmetric theory with τ_Y , as the infrared limit of the magnetic theory, is the not the same as the N = 4 supersymmetric gauge theory with τ_E given by (5.5.74), i.e. the infrared limit of the original electric theory. The original electric N = 4 supersymmetric gauge theory, with coupling τ_E, is weakly coupled for β≪1; this can be seen from (5.5.74): τ_E∼ 2 iπ ln β ∼ ∞. (5.5.84)

(Note that τ = θ/(2π) + 4iπ/g^2.) The magnetic N = 4 theory, with coupling τ_Y , is strongly coupled for β≪1. This is because when β≪1, the mapping from the electric operator to the magnetic one leads to β det Q−→β [ (~W_α)^2_X − ~W_α)^2_Y ] ≃0. (5.5.85)

Consequently

~ΛX≈ ~ΛY , (5.5.86) and hence according to (5.5.80), τ_Y ≈0. Conversely, the magnetic N = 4 gauge theory is weakly coupled when ~Λ_X ≫~Λ_Y . This limit occurs for β ∼ 1, where the original electric N = 4 theory is weakly coupled. Based on this fact, Intriligator and Seiberg assumed that [15]

τ_E = − 1 τ_R . (5.5.87)

In this sense the N = 1 duality can be interpreted as a generalization of the N = 4 duality proposed by Osborn based on the Montonen-Olive conjecture.

In this duality, the meson operator M^{ij} of the electric theory can be related to the corresponding operator of the magnetic theory in the τ_Y →i∞ limit by differentiating the superpotential (5.5.83) with respect to m_{ij} , M_{ij} = μ ~ΛX ( ϕ^i·ϕ^j ) − 4ϵe^{iπτ0} [ f(τ_∗) + 2^3g_X(τ_∗) ] det(m)m^{−1}_{ij} . (5.5.88)

One notices that M^{ij} has not the simple form of ( ϕ^i·ϕ^j ) but is shifted. A similar shift was observed by Seiberg and Witten in discussing the flow from the N = 4 to the N = 2 theory when m has one vanishing eigenvalue and the two other eigenvalues are equal. This gives a strong support to the above assumption that N = 1 duality is related to N = 4 duality [15].

5.6 Dyonic dual of SO(N_c) theory with N_f = N_c � 1 flavours

It was shown in the last section that there exists a dyonic dual description in the SO(3) gauge theory, which is a new duality phenomenon. In this section we shall explore some aspects of this dual theory in more detail such as its flat directions and mass deformation etc.

We start from the electric SO(N_c) (N_c > 4) theory with N_f = N_c − 1 flavours discussed in Subsect. 5.4.2. Its dual magnetic description is an SO(3) gauge theory with N_f quarks and the superpotential (5.4.11). Now we consider the dual of this magnetic theory [15]. The discussion in Subsect. 5.4.2 shows that the SO(3) theory has both magnetic and dyonic dual descriptions. Both of them are SO(N_c) gauge theories with N_f matter fields d^i, gauge singlet fields M^{ij} and N_{ij} and the superpotential W = 1 2μ Tr [N(M − d·d)] − 1 2^6Λ^{2(Nc−2)−1} Nc,Nc−1 [det M − ϵ det(d·d)] (5.6.1)

according to (5.4.11), where ϵ = ±1 and the scales satisfy ~Λ^{2(}N^{c−2)−1} Nc,Nc−1 = ϵΛ 2(Nc−2)−1 Nc,Nc−1 (5.6.2) due to the scale relations (5.4.12) and (5.5.9). The equation of motion from (5.6.1) yields M^{ij} = d^i·d^j. One can easily see that the theory (5.6.1) with ϵ = 1 gives W = 0 and (5.6.2) shows that ~Λ^{2(}N^{c−2)−1} Nc,Nc−1 = Λ 2(Nc−2)−1 Nc,Nc−1 . (5.6.3) Thus this is just the original electric theory with the matter fields identified with the electric quarks Q^i. On the other hand, the theory (5.6.1) with ϵ = −1 has the superpotential W = − 1 32Λ^{2(Nc−2)−1} Nc,Nc−1 det(d·d) = 1 32~Λ^{2(Nc−2)−1} Nc,Nc−1 det(d·d) (5.6.4) and the scale ~Λ^{2(}N^{c−2)−1} Nc,Nc−1 = −Λ 2(Nc−2)−1 Nc,Nc−1 = e iπΛ^{2(Nc−2)−1} Nc,Nc−1 . (5.6.5) According to (3.1.3), we have τ = θ 2π + 4π g^2 i∼ 1 2iπ ln Λ^{β0}_{Nc,Nf} = 1 2iπ ln Λ^{3(Nc−2)−Nf} Nc,N_f = 1 2iπ ln Λ^{2(Nc−2)−1} Nc,Nc−1 , (5.6.6) so the scale difference (5.6.5) with the original electric theory means a shift of the vacuum angle θ by π, θ−→θ + π. (5.6.7) Therefore, the theory with the superpotential (5.6.4) is called the dyonic description of the original electric theory. Let us next consider the physics in the flat directions of the dyonic dual theory and the effects of mass deformation.

Flat directions

The flat directions of this theory are very subtle. The natural variables parametrizing the classical moduli space are the singlet fields M^{ij} = d^i·d^j. The M equation of motion from (5.6.4) gives det M = 0. Since M is an N_f ×N_f matrix, one might conclude that the classical moduli space of vacua is given by all the values of M^{ij} subject to the constraints det M = 0, i.e. rank(M)≤N_f − 1, and the gauge symmetry at most breaks to SO(2)∼=U(1). However, this conclusion is not correct since from (5.6.4) this theory is scale Λ dependent. This can be made more clear from the following arguments [15]. Consider the flat directions where M is diagonal and has N_f − 1 non-zero equal eigenvalues a. In the case of the vacua far away from the origin of moduli space, i.e. a≫Λ^2_{Nc,Nc} , the SO(N_c) gauge symmetry will break to SO(2)∼=U(1) due to the non-vanishing ⟨M⟩. From the superpotential (5.6.4) and the Higgs mechanism, some quarks will acquire masses of order a^{Nf −1}/Λ^{2Nf −3} while the massive gauge bosons are much lighter, their masses are of the order √ a. In the case that the energy of the theory lies between these two values, Λ^2_{Nc,Nf} < q^2 < a, the gauge symmetry is neither broken nor are the quarks in the vector representation of SO(N_c). This occurs because the interaction described by the superpotential (5.6.4) is not renormalizable. Therefore, the above symmetry breaking pattern cannot be applied to the large a case. On the other hand, if the the expectation values of d^i are very large, the gauge symmetry is broken at a high energy scale and the SO(N_c) gauge interaction is weak. This is because its one-loop beta function is positive. However, in this case the superpotential (5.6.4) leads to strong coupling for the massive fields so that they cannot be easily integrated out and hence the classical analysis gives the wrong conclusion.

What will happen if we consider the origin of the moduli space? Near the origin, the expectation value ⟨M_{ij}⟩≪Λ^2_{Nc,Nf −1}, and thus one can analyze the flat direction by first putting the superpotential (5.6.3) aside. Then the dyonic dual description is similar to the electric theory. From the discussion on the electric theory in Subsect. 5.5.2, we know that this dyonic dual theory should have several branches as does the electric theory. We only consider its oblique confining branch, which should still be described by the superpotential (5.4.28), only with the scale replaced by ~Λ. This W_{obl} will differ from (5.4.28) by a sign due to the relation (5.6.2) with ϵ = −1. Now considering the superpotential (5.6.4) on this branch and adding to it W_{obl} will give the full superpotential W_{full} = 0. Thus on this branch with oblique confinement of the dyonic description, one finds that the flat directions given by the space of ⟨M^{ij}⟩ are identical with the ones in the original electric theory, except that this theory is strongly coupled.

Mass deformation

To discuss the mass deformation, we again add a large mass term for the N_f -th flavour, W_{tree} = mM^{Nf Nf} /2 to the superpotential (5.6.4),

W_{full} = − 1 32Λ^{2Nc−5} Nc,Nc−1 det M + 1 2 mM^{Nf Nf} . (5.6.8)

The above discussions shows that in flat directions, near the origin of moduli space, the dynamics is strongly coupled, and the theory has a confinement branch and hence there exist monopoles. Away from the origin, in the case m≪Λ, the massive fields can be integrated out. From (5.6.8) the equations of motion of these massive fields lead to:

d^{Nf} ·d^{Nf} = d^^i·d^{Nf} = 0, ^i = 1, · · ·, N_f − 1(= N_f − 2). (5.6.9)

(5.6.9) implies that d^{Nf} = 0 while d^^i may not vanish. If d^^i≠0, the SO(N_c) gauge symmetry will break to SO(2)∼=U(1), the massless fields being ^M^^i^^j = d^^i·d^^j. However, rewriting the superpotential

W_{full} = − 1 32Λ^{2Nc−5} Nc,Nc−1 det ^MM_{Nf Nf} + 1 2 mM^{Nf Nf}

= 1 2 m ( 1 − det ^M 16mΛ^{2Nc−5}_{Nc,Nc−1} ) d^{Nf} ·d^{Nf} = 1 2 m 1 − det ^M 16Λ^{2(Nc−2)} Nc,Nc−2 d^+·d^−, (5.6.10)

where we have used the decoupling relation (5.2.10), we see that in the region det ^M = 16Λ^{2Nc−2}_{Nc,Nc−2}, there are also light fields coming from d^{Nf} , denoted as d^± according to their U(1) charges. The fields d^± can be interpreted as the dyons E^± of the low energy N_f = N_c − 2 theory. Recall that these dyons were found in Subsect. 5.3.4 by means of a strong coupling analysis of the electric theory and in Subsect. 5.4.2 by a strong coupling analysis of the magnetic theory, while here we recognize them in a weak coupling analysis of the dyonic theory. This means that in the dyonic dual theory, the dyon is a fundamental particle. As a natural consequence, an oblique confining superpotential like (5.4.28) should be present in the tree level Lagrangian of the dyonic theory (5.6.4).

Finally, to clearly show the triality between electric, magnetic and dyonic theories, let us see what the magnetic dual and dyonic dual descriptions of this dyonic theory look like [15]. First we consider the magnetic dual of the dyonic theory with superpotential (5.6.4). It is an SO(3) gauge theory with N_f quarks q_i and singlet fields M^{ij}. Its superpotential should be composed of the superpotential (5.4.11) of the magnetic SO(3) gauge theory and the tree level superpotential (5.6.4) of the dyonic theory, W = 1 2μ M^{ij} (q_i·q_j ) − 1 64~Λ^{2Nc−5} Nc,Nc−1 det M + 1 32~Λ^{2Nc−5} Nc,Nc−1 det M. (5.6.11)

According to (5.6.2) and the square root of (5.4.12), ~Λ^{2Nc−5}_{Nc,Nc−1} = −Λ^{2Nc−5}_{Nc,Nc−1}, we see that (5.6.11) is the same as (5.4.11), so the magnetic dual of the dyonic dual theory is exactly the magnetic dual of the original electric theory. If we take the dyonic dual of the dyonic theory with superpotential (5.6.4), according to (5.6.6) and (5.6.7), the vacuum theta angle will be shifted by π again and this will lead to a superpotential which cancels (5.6.4). Thus the dyonic dual of the dyonic dual theory is the original electric theory.

To summarize, the SO(N_c) theory with N_f = N_c − 1 flavours has three equivalent descriptions: the original electric SO(3) theory discussed in Subsect. 5.3.4, the magnetic SO(3) theory described in Subsect. 5.4.2 and the dyonic SO(N_c) theory considered here. Taking the dual of the dual theory permutes these three descriptions.

5.7 A brief introduction to Sp(N_c = 2n_c) gauge theory with N_f = 2n_f quarks

In this section we shall give a brief introduction to the non-perturbative phenomena, especially the electric-magnetic duality, of N = 1 supersymmetric Sp(N_c) gauge theory with N_f flavours of matter in the fundamental representation. These phenomena such as the generation of a dynamical superpotential, the erasing of the classical vacuum degeneracy by non-perturbative quantum effects, the appearance of a conformal window and the relevant duality are qualitatively similar to those found in the SU(N_c) gauge theory with matter in the fundamental representation and in the SO(N_c) gauge theory with matter in the vector representation [99]. In fact, it was shown that the dynamics behaviours of the Sp(N_c) gauge theory are parallel to that of the SO(N_c) theory since by formally extrapolating the parameter N_c in the SO(N_c) to negative value, the result obtained in the SO(N_c) theory can be easily adapted to the Sp(N_c) theory [100]. Thus in the following we shall only state the main results.

5.7.1 Some aspects of Sp(N_c = 2n_c) gauge theory

Sp(N_c) gauge theory

First we briefly introduce the unitary symplectic group Sp(N_c). It is composed of the transformations that preserve the antisymmetric inner product η_AJ^{AB}ξ_B [101], with

(J^{AB}) = ( 0 1 −1 0 ) = 1_{Nc/2×Nc/2}⊗iσ_2, (5.7.1) where the element 1 denotes N_c/2×N_c/2 unit matrix. Thus the number of colours N_c should be even, N_c = 2n_c. The dimension of this group is N_c(N_c + 1)/2 = n_c(2n_c + 1). In particular, the number N_f of flavours must be even since for an odd number of (chiral) fermions there exists a discrete global anomaly [102], which will make the theory inconsistent at the quantum level. So, we write N_f = 2n_f . It should be emphasized that the fundamental representation of Sp(N_c) is always pseudo-real.

The classical Lagrangian of supersymmetric Sp(2n_c) gauge theory has the same form as (5.1.1) and (5.1.2). The classical global flavour symmetry is SU(2n_f )×U_A(1)×U_{R0} (1) and the explicit transformations of the fields are similar to those listed in (5.1.3), (5.1.4) and (5.1.5). At the quantum level, the U_A(1) and U_{R0} (1) symmetries will suffer from the ABJ chiral anomaly.

SU(2n_f ) U_A(1) U_{R0} (1) U_R(1) Q^i 2n_f +1 0 (n_f − 1 − n_c)/n_f λ 0 0 +1 +1

Table 5.7.1: Representation quantum numbers of fundamental fields.

The corresponding operator anomaly equations are

∂_μj^μ_A = 4n_f 1 32π^2 ϵ^{μνλρ}F^a_{μν} F^a_{λρ}; ∂_μj^μ_{R0} = [ 4n_f − 4(n_c + 1) 1 32π^2 ] ϵ^{μνλρ}F^a_{μν} F^a_{λρ}, a = 1, 2, · · ·, n_c(2n_c + 1), (5.7.2)

respectively. In the same way as in the SU(N_c) and SO(N_c) cases, one can combine U_A(1) and U_{R0} (1) to get an anomaly-free R-symmetry with the R-charge [51]

R = R_0 + n_f − n_c − 1 n_f A. (5.7.3)

Thus the quantum theory has anomaly-free global symmetries SU(2n_f)×U_R(1). According to (5.7.3), the various U(1) quantum numbers of the quark superfield and gaugino and their representation dimension under SU(2n_f ) are listed in Table 5.7.1. The perturbative theory gives the one-loop beta function coefficient [51]:

β_0 = 3(N_c + 2) − 2N_f = 3(2n_c + 2) − 2n_f . (5.7.4)

Classical moduli space

The classical moduli space is described by the D-flatness directions. Q may have nonvanishing expectation values in a D-flat direction. Up to gauge and global rotations, these expectation values ⟨Q^i_r⟩ can be written in the following matrix forms [99]

Q = a_1 0 · · · 0 0 · · · 0 0 a_2 · · · 0 0 · · · 0 . . . . ... . . . . ... 0 0 0 · · · a_{nf} 0 · · · 0 ⊗1_{2×2} (5.7.5)

for n_f < n_c and

Q = a_1 0 · · · 0 0 a_2 · · · 0 . . . . ... . . 0 0 · · · a_{nc} 0 0 · · · 0 . . . . ... 0 0 0 · · · 0

⊗1_{2×2} (5.7.6) for n_f ≥n_c. (5.7.5) shows that for generic a_i these expectation values break Sp(2n_c) to Sp(2n_c − 2n_f ) by the Higgs mechanism for n_f < n_c and completely break Sp(n_c) for n_f ≥n_c. Thus the moduli space of vacua is described by the expectation values of the “meson” superfields M_{ij} = Q_i·Q_j = ϵ^{rs}Q_{ir}·Q_{js} = −M_{ji}. (5.7.7) Note that the fundamental representation of Sp(2n_c) is always pseudo-real, so the metric in the colour space is antisymmetric. The number of fields M_{ij} is n_f (2n_f − 1). For n_f < n_c, this is just the number of the matter fields left massless after the Higgs mechanism. For n_f > n_c, since from (5.7.6) and (5.7.7) rank(⟨M⟩)≤2n_c, the M_{ij} should be subjected to the classical constraints [99] ϵ^{i1···i2nf} M_{i1i2} M_{i3i4} · · ·M_{i2nc+1i2nc+2} = 0. (5.7.8) In particular, for n_f = n_c + 1, the above constraint can be written as

Pf M = 0, (5.7.9)

where Pf M is the Pfaffian of the antisymmetric matrix M. Note that the moduli space of ⟨M⟩ subject to the constraint (5.7.8) is singular on submanifolds with rank(⟨M⟩)≤2(n_c − 1) since in this case some of the a_i are zero and Sp(2n_c) is not broken to Sp(2n_c − 2n_f ). Consequently, there exist additional massless bosons on these singular manifolds.

The number of the meson superfields M^{ij} subject to the constraints (5.7.8) is 4n_f n_c − n_c(2n_c + 1). It is precisely the number of the matter fields Q^i_r remaining massless after the Higgs mechanism. Note that there are no baryons in distinction to the SU(N_c) and SO(N_c) cases since the invariant tensor ϵ^{r1···r2nc} of Sp(2n_c) is always reducible, i.e. it can always be broken up into sums of products of the second rank anti-symmetric tensor J^{ij}. Therefore, the baryons always decompose into mesons.

5.7.2 Quantum moduli space and non-perturbative dynamics

The non-perturbative quantum effects will modify the classical moduli space. Like in the SU(N_c) and SO(N_c) cases, the dynamics is very sensitive to the relative numbers of colours and flavours. Different ranges of the colour and flavour numbers will present distinct physical pictures [99].

n_f ≤n_c: dynamically generated superpotential and erasing of classical vacuum

This range is very similar to the SU(N_c) case. In the low energy theory there is a dynamically generated superpotential and it lifts all the classical vacuum degeneracy. The explicit form of this dynamically generated superpotential is determined by the holomorphicity and the anomaly-free global SU(2n_f )×U_R(1) symmetry as well as the mass dimension 3. The representation quantum numbers of the quantities entering the superpotential are listed in Table 5.7.2. Similarly to the dynamical superpotential (3.4.32) of the SU(2) case, and since M is an antisymmetric matrix, the dynamical superpotential should be

W = A(n_c, n_f ) ( Λ^{β0/2} PfM )_1/_(n_{c+1−}n_{f )} = A(n_c, n_f ) Λ 3(nc+1)−nf nc,n_f PfM 1/(nc+1−nf ) . (5.7.10)

SU(2n_f ) U_A(1) U_{R0} (1) U_R(1) M^{ij} n_f (2n_f − 1) +2 0 2(n_f − 1 − n_c)/n_f det M 0 4n_f 0 4(n_f − 1 − n_c) Λ^{β0} 0 4n_f −4(n_f − 1 − n_c) 0

Table 5.7.2: Representation quantum numbers of the quantities composing of the dynamical superpotential, Λ being the dynamical scale.

A(n_c, n_f ) can be determined from the low energy limit and the explicit instanton calculation. First, the one-loop beta function coefficient (5.7.4) and (3.4.4) give the running coupling e^{2iπτ} = e^{−8π2g−2(q)+iθ} = ( Λ q )_{3(}n_{c+1)−}n_f . (5.7.11)

Considering the large a_{Nf} limit, (5.7.5) shows that the Sp(2n_c) theory with 2n_f flavours becomes the low energy Sp(2n_c − 2) theory with 2n_f − 2 flavours. In the low energy theory

Pf ^M = a^{−2}_{nf} PfM, (5.7.12)

where ^M denotes the mesons corresponding to the light flavours. With (5.7.11) the identification of the running coupling at the energy q = a_{nf} gives the relation between the high energy and low energy scales Λ^{3nc−(nf −1)} nc−1,n_f −1 = 2Λ^{3nc−nf} nc,n_f a^2_{nf} . (5.7.13)

As in the SU(N_c) case discussed in Sect. 3.4.1, the requirement that the superpotential (5.7.10) properly reproduces the superpotential of the low energy theory, restricts the coefficients A(n_c, n_f ) to the form:

A(n_c, n_f ) = 2^{nf /(nc+1−nf )}A(n_c − n_f , 0) = 2^{nf /(nc+1−nf )}A(n_c − n_f ). (5.7.14)

Further, giving the (2n_f − 1)-th and 2n_f -th flavours a large mass by introducing a tree level superpotential, W_{tree} = mM_{2nf −1,2nf} , the low energy theory is the Sp(2n_c) theory with 2n_f − 2 flavours with the scale given by the matching of the running couplings of the high and low energy theories at the energy q = m: Λ^{3(nc+1)−(nf −1)} nc,n_f −1 = mΛ 3(nc+1)−nf nc,n_f . (5.7.15)

After integrating out the two heavy flavours, the low energy superpotential coincides with the general form of (5.7.10) only when the A(n_c, n_f ) satisfy ( A(n_c, n_f ) n_c + 1 − n_f )n_{c+1−}n_f = ( A(n_c, 0) n_c + 1 )n_{c+1} . (5.7.16)

To ensure (5.7.14) and (5.7.16) A(n_c, n_f ) must be equal to A(n_c, n_f ) = (n_c + 1 − n_f )e^{2inπ/(nc+1−nf )} ( 2^{nc−1}A )_1/_(n_{c+1−}n_{f )} , n = 1, 2, · · ·, n_c + 1 − n_f . (5.7.17)

The constant A can be determined from the instanton contribution. An explicit calculation in the modified dimensional regularization scheme shows that A = 1 [103]. The dynamically generated superpotential is now finally fixed:

W = (n_c + 1 − n_f )e^{2inπ/(nc+1−nf )} 2 nc−1Λ3(n^c+1)−nf nc,n_f PfM 1/(nc+1−nf ) , n = 1, 2, · · ·, n_c + 1 − n_f . (5.7.18)

As mentioned in the SU(N_c) case, the concrete dynamical mechanisms generating the superpotential (5.7.18) for n_f < n_c and n_f = n_c are different. For n_f = n_c, the gauge group Sp(2n_c) is completely broken, and (5.7.18) is generated by an instanton in the broken Sp(2n_c). A similar calculation as in the SU(N_c) case can explicitly verify this [32]. For n_f < n_c, (5.7.18) is associated with gaugino condensation in the Sp(2n_c −2n_f ) supersymmetric Yang-Mills theory,

W = (n_c + 1 − n_f ) ( − 1 32π^2 W^αW_α ) |_{Sp(2nc−2nf )}. (5.7.19) Like in the N_f < N_c case of the SU(N_c) theory, the dynamically generated superpotential (5.7.19) has lifted all the classical vacua since it leads to non-vanishing F -term, F = ∂W/∂Q≠0. As the SU(N_c) and SO(N_c) cases, this is another typical example of dynamical supersymmetry breaking. However, if we add a mass term W_{tree} = m_{ij}M^{ij} /2 to (5.7.18) and integrate the massive fields, the low energy Sp(2n_c −2n_f ) Yang-Mills theory has n_c +1 supersymmetric vacua represented by the expectation values of M_{ij} , ⟨M_{ij}⟩ = e^{2inπ/(nc+1)} ( 2^{nc−1}Pf m Λ^{3(nc+1)−nf} nc,n_f )_1/_(n_{c+1)} (m^{−1})_{ij}. (5.7.20)

This conclusion can also be obtained from calculating the Witten index [31]. Note that now the mass matrix of the Sp(2n_c) quarks is antisymmetric.

n_f = n_c + 1: Smoothing of classical singular moduli space and chiral symmetry breaking

The superpotential (5.7.18) does not make sense for n_f ≥n_c +1, so the dynamically generated superpotential W = 0. Consequently, the vacuum degeneracy is not lifted for n_f ≥n_c + 1 and there exists a continuous quantum moduli space parametrized by the expectation values of M_{ij}. Giving masses to all of these 2n_f flavours, their expectation values should still be given by (5.7.20). This leads to a constraint to the quantum moduli space expressed in terms of the Pfaffian

Pf M = 2^{nc−1}Λ^{2nc+1}_{nc,nc+1}. (5.7.21)

This is a quantum deformation of the classical constraint (5.7.8) as for the N_f = N_c case of the SU(N_c) theory. This quantum correction is due to the contribution from instantons. Because of triangle diagrams anomaly coefficients and gravitational anomaly Sp(2n_f )^2U_R(1) −2n_cTr(~t^A~t^B) U_R(1)^3 −n_c(2n_c + 3) U_R(1) −n_c(2n_c + 3)

Table 5.7.3: ’t Hooft anomaly coefficients, ~t^A here denoting the generators of Sp(2n_f ).

the quantum deformation, there are no longer any classical singularities on the quantum moduli space. Thus the quantum moduli space of vacua is smooth and there are no other additional massless fields. This conclusion can be verified by the ’t Hooft anomaly matching.

It is easy to see from (5.7.6) and (5.7.7) that the non-vanishing ⟨M_{ij}⟩ satisfying (5.7.21) break the global SU(2n_f )×U_R(1) chiral symmetry to Sp(2n_f )×U_R(1) since M_{ij} is antisymmetric. We can check the ’t Hooft matching conditions for this unbroken global symmetry. The fundamental massless fermions are the gaugino λ^a and the quarks Q^i_r. Their representation dimensions and anomaly-free R-charges under the gauge group Sp(2n_c) and the global symmetry Sp(2n_f )×U_R(1) are (n_c(2n_c + 1), 1)_{−1} and (2n_c, 2n_f )_{−1}, respectively. The massless composite fermions are the fermionic components of the fluctuations of M around ⟨M⟩ satisfying (5.7.21) and their representation quantum numbers are (1, n_f(2n_f − 1) − 1)_{−1}. We can write down the Sp(2n_f )×U_R(1) Noether currents and the energy-momentum tensors composed of the fundamental massless fermions and the fermionic components of quantum moduli as in the SU(N_c) and SO(N_c) cases. It can be easily calculated that for n_f = n_c + 1, the anomalies do match. The explicit non-vanishing anomaly coefficients are listed in Table 5.7.3

We make two flavours heavy by adding a mass term W_{tree} = mM_{2nf −1,2nf} . From the high energy and low energy scale relation (5.7.15) and the constraint (5.7.21), after integrating out the two heavy flavours, we immediately get the superpotential (5.7.18) for the low energy n_f = n_c theory.

n_f = n_c + 2: Confinement without chiral symmetry breaking

Before discussing the quantum moduli space let us first have a look at the classical moduli space given by the constraints (5.7.8), which now become ϵ^{i1···i2nc i2nc+1i2nc+2i2nc+3i2nc+4} M_{i1i2} · · ·M_{i2nc+1i2nc+2} = 0. (5.7.22) (5.7.22) shows that the number of constraints is ( 4 2 ) = 6. Thus the classical low energy theory

has n_f (2n_f − 1) − 6 =(n_c + 2)(2n_c + 3) − 6 =n_c(2n_c + 7) light fields M. In the quantum theory, the light fields in the low energy theory are n_f (2n_f − 1) =(n_c + 2)(2n_c + 3) =n_c(2n_c + 7) + 6 antisymmetric fields M but subject to the dynamics given by the superpotential W = − Pf M 2^{nc−1}Λ^{2nc+1}_{nc,nc+2} . (5.7.23)

Triangle diagrams Anomaly coefficients and gravitational anomaly SU(2n_f )^3 2n_cTr(t^A{t^B, t^C}) SU(2n_f )^2U_R(1) −2n_c(n_c + 1)/(n_c + 2)Tr(t^At^B) U_R(1)^3 −n^3_c (2n_c + 3)/(n_c + 2)^2 U_R(1) −n_c(2n_c + 3)

Table 5.7.4: ’t Hooft anomaly coefficients for both high and low-energy theories, t^A being the generators of SU (2n_f )

The classical constraints can arise as the equations of motion from this superpotential. This can

be easily seen for rank (⟨M⟩) = 2n_c. The superpotential gives masses to ( 2n_f − 2n_c 2 ) = 6 components of M, hence only n_c(2n_c +7) fields remain massless. This coincides with the classical case as it should be.

A new phenomenon is that there will be singular submanifolds in the quantum moduli space when rank (⟨M⟩) ≤2(n_c − 1). In distinction from the classical physical interpretation, here the singularity implies that some of the quantum components of M become massless on these submanifolds. At the origin of the moduli space, rank (⟨M⟩) = 0, all the (n_c+2)(2n_c+3) components of M are massless and the full global SU(2n_f )×U_R(1) chiral symmetry is unbroken. Thus we can check whether the ’t Hooft anomalies match for the massless fermions at both fundamental and composite levels. The massless fundamental fermions are the gaugino and quarks, and their quantum numbers under SU(2n_f )×U_R(1) are given in Table 5.7.1. The massless composite fermions are the fermionic components of the quantum moduli around the origin ⟨M⟩ = 0 and their SU(2n_f )×U_R(1) quantum numbers are (n_f (2n_f − 1))_{−1}. One can easily calculate the ’t Hooft triangle anomaly diagrams and the U_R(1) axial gravitational anomaly. The non-vanishing anomaly coefficients are collected in Table 5.7.4 and they indeed match. Note that at M_{ij} = 0 the chiral symmetry does not break but the colour degrees of freedom are confined. A similar phenomenon was also observed in the N_f = N_c + 1 case of the SU(N_c) theory.

Making two flavours heavy by adding W_{tree} = mM_{2nf −1,2nf} to the superpotential (5.7.23) and integrating out these two massive fields, we can get the constraint (5.7.21) in the low energy n_f = n_c + 1 theory as an equation of motion.

n_f > n_c + 2: Conformal window and duality

Increasing the number of flavours, we now reach the theories with n_f > n_c + 2. (5.7.4) shows that for n_f ≥3(n_c + 1) the one-loop beta function coefficient β_0≤0, the theory is not asymptotically free. It is free in the infrared region. So this range is not interesting. In the range 3(n_c + 1)/2 < n_f < 3(n_c + 1), there is a non-trivial infrared fixed point of the renormalization group flow at which the theory is in an interacting non-Abelian Coulomb phase. From the discussions on the phases of gauge theory in Subsect. 2.4, the theory in this phase can have a self-dual description. It was found [99] that the dual description is an Sp(2n_f − 2n_c − 4) gauge theory with 2n_f matter fields q^i in the fundamental conjugate representation of SU(2n_f ), gauge

Triangle diagrams Anomaly coefficients and gravitational anomaly SU(2n_f )^3 2n_cTr(t^A{t^B, t^C}) SU(2n_f )^2U_R(1) −2n_c(n_c + 1)/n_f Tr(t^At^B) U_R(1)^3 −n_c(2n_c + 3) U_R(1) n_c(2n_c + 1) − 4n_c(n_c + 1)^3/n^2_f

Table 5.7.5: ’t Hooft anomaly coefficients contributed by the massless fermions of the electric and magnetic theories, t^A being the generators of SU (2n_f ).

singlets M_{ij} = −M_{ji} and a superpotential W = 1 4μ M_{ij} q^i_rq^j_sJ^{rs}, (5.7.24)

where μ is a parameter with mass dimension. The one-loop beta function coefficient of the gauge coupling of the dual theory is, according to (5.7.4),

~β_0 = 3 [2(nf − nc − 2) + 2] − 2nf = 6(nf − nc − 1) − 2nf . (5.7.25)

(5.7.25) shows the reason to require n_f > 3(n_c + 1)/2: this choice makes ~β_0 > 0 and the dual theory has an identical fixed point of the renormalization group flow as the electric theory, at which the electric and magnetic theories give physically equivalent description. Similarly to the SU(N_c) and SO(N_c) cases, the relation between the dynamical scale Λ of the electric theory and the scale ~Λ of magnetic theory is Λ^{3(nc+1)−nf} nc,n_f ~Λ 3(nf −nc−1)−nf n_f −nc−2,n_f = C(−1) n_f −nc−1μn_f . (5.7.26) This scale relation will lead to typical electric-magnetic duality features as described for the SO(N_c) and SU(N_c) theories. The low energy electric theory is equivalent to high energy magnetic theory and vice versa.

Taking the singlet M to transform as the meson fields M_{ij} = Q_i·Q_j of the electric theory, the magnetic theory theory with the superpotential (5.7.24) has a global anomaly-free SU(2n_f )×U_R(1) flavour symmetry as the electric theory, under which M is in the representation (n_f (2n_f − 1))_{2(1−(nc+1)/nf )} and the magnetic quark superfields q_i in (2n_f )_{(nc+1)/nf} . At ⟨M⟩ = 0, the global SU(2n_f )×U_R(1) is unbroken in both the electric and magnetic theories. One can easily check that the ’t Hooft anomalies contributed by the massless fermions in the electric Sp(2n_c) theory, gaugino and quarks, match those contributed from the massless fermions in the magnetic theory: magnetic gaugino, magnetic quarks and the fermionic components of the singlet M. Both sets of massless fermions give identical ’t Hooft anomaly coefficients as listed in Table 5.7.5.

Along the lines of discussion of the SU(N_c) and SO(N_c) theories, we shall discuss the dynamical behaviour in the flat directions and under the mass deformation of the magnetic theory. Let us first find the flat directions in the magnetic theory. The equations of motion for M from the superpotential (5.7.24) and the D-terms of the Sp(2n_c − 2n_f − 4) gauge theory give the flat directions parametrized by ⟨q^i⟩ = 0 and arbitrary ⟨M_{ij}⟩. Now giving M_{2nf −1,2nf} a large expectation value, the quark superfields Q_{2nf −1} and Q_{2nf} of the electric theory will get large expectation values and they will break the electric Sp(2n_c) theory with 2n_f flavours to a low energy Sp(2n_c − 2) theory with 2n_f − 2 flavours and the scale Λ^{3nc−(nf −1)} nc−1,n_f −1 = 2Λ^{3(nc+1)−nf} ⟨M_{2nf −1,2nf} ⟩ , (5.7.27)

which is obtained from matching the running couplings at the energy ⟨M_{2nf −1,2nf} ⟩. On the other hand, in the magnetic theory, a large ⟨M_{2nf −1,2nf} ⟩ will give a large mass (2μ)^{−1}⟨M_{2nf −1,2nf} ⟩ to q^{2nf −1} and q^{2nf} . The low energy magnetic theory is an Sp(2n_f − 2n_c − 4) theory with 2n_f − 2 flavours, a superpotential of the form (5.7.24) and a scale

~Λ^{3(}n^{f −}n^{c−1)−(}n^{f −1)} n_f −nc−2,n_f −1 = (2μ) −1M_{2nf −1,2nf} ~Λ^{3(nc+1)−nf} . (5.7.28) (5.7.24) and (5.7.28) show that the scale relation is preserved for the low energy electric and magnetic theories and hence the duality relation remains.

Another interesting example is giving large values to rank(⟨M⟩) eigenvalues of M. Then rank(⟨M⟩) magnetic quarks get heavy masses, and the low energy magnetic theory is the Sp(2n_f − 2n_c − 4) gauge theory with 2n_f − rank(⟨M⟩) flavours. From the above discussions, we know that the electric Sp(2n_c) gauge theory with n_f ≥n_c +2 has a vacuum at the origin, ⟨Q⟩ = 0, while the Sp(2n_c) theory with n_f ≤n_c + 1 does not: when n_f ≤n_c, the dynamical superpotential has erased all the vacua and the classical vacuum at the origin cannot escape from this fate; when n_f = n_c + 1, the instanton correction smoothes out the singularity at the origin. In the magnetic theory, for 2n_f − rank(⟨M⟩)≤2n_f − 2n_c − 2 = 2(n_f − n_c − 2) + 2, i.e. rank(⟨M⟩)≥n_c + 1 there should exist no vacuum at ⟨q⟩ = 0 due to strong coupling effects. Since the equation of motion of M requires the vacuum to be at ⟨q⟩ = 0, there is no supersymmetric vacuum for rank(⟨M⟩)≥n_c + 1. This is an obvious classical constraint in the electric theory, while in the magnetic theory it is recovered from the strong coupling dynamics and the equations of motion of M.

In the following we consider mass deformation. Giving a mass to the (2n_f −1)-th and 2n_f -th flavours by adding the superpotential W_{tree} = mM_{2nf −1,2nf} , the low energy electric theory is an Sp(2n_c) gauge theory with 2n_f − 2 flavours and the scale Λ^{3(nc+1)−(nf −1)} nc,n_f −1 = mΛ 3(nc+1)−nf nc,n_f . (5.7.29)

On the other hand, the equations of motion for M_{2nf −1,2nf} obtained from W_{tree} and the superpotential (5.7.24) yield ⟨q^{2nf −1}·q^{2nf} ⟩ = −2μm. (5.7.30) This expectation value breaks the dual Sp(2n_f − 2n_c − 4) theory to Sp(2n_f − 2n_c − 6). Furthermore, the equations of motion of M^_{i2nf −1} and M^_{i2nf} , ^i = 1, · · ·, 2(n_f − 1) yield ⟨q^^i·q^{2nf −1}⟩ = ⟨q^^i·q^{2nf} ⟩ = 0. (5.7.31) This means that M^_{i,2nf −1} = M^_{i,2nf} = 0. (5.7.32)

(5.7.30) and (5.7.32) imply that the light fields in the low energy Sp(n_f − n_c − 3) theory are the singlets M^_i^_j and the 2n_f − 2 magnetic quarks q^^i with a superpotential of the form (5.7.24). The matching of the running couplings at the energy ⟨q^{2nf −1}·q^{2nf} ⟩ gives the scale relation between the low energy and high energy magnetic theories,

~Λ^{3(}n^{f −}n^{c−2)−(}n^{f −1)} n_f −nc−3,n_f −1 = −(μm) −1 ~Λ^{3(}n^{f −}n^{c−1)−}n^f n_f −nc−1,n_f . (5.7.33) (5.7.29) and (5.7.33) show that the dual scale relation (5.7.26) is still satisfied and hence the duality is preserved in the low energy theory.

Another kind of mass deformation consists of assigning masses to some of the flavours by adding a mass term W_{tree} = m^{ij}M_{ij}/2 with rank(m^{ij}) = 2r. The low energy electric theory is an Sp(2n_f − 2r − 2n_c − 4) gauge theory with 2n_f − r flavours. If one chooses the mass matrix m to satisfy n_f − r − n_c − 2 = 0, the magnetic gauge group will be completely broken and there will arise a contribution to the superpotential from the instanton in the broken magnetic gauge group. On the other hand, this also occurs in the low energy electric theory when n_f = n_c + 2. Turning on the mass term W_{tree} = mM_{2nf −1,2nf} in the electric Sp(2n_c) theory with n_f = n_c + 3 and integrating out the (2n_f − 1)-th and 2n_f -th flavours, we get the low energy Sp(2n_c) gauge theory with n_f = n_c + 2. In the magnetic theory, with the addition of W_{tree}, the equation of motion for M_{2nf −1,2nf} yields ⟨q^{2nf −1}·q^{2nf} ⟩ = −2μm. The other magnetic quarks q^^i, ^i = 1, · · ·, 2n_f − 2 = 2(n_c + 2) get masses ⟨ ^M^^i^^j⟩/(2μ). This is implied by the superpotential (5.7.24). Thus Sp(2n_c) breaks to Sp(2) and the instanton in this magnetic Sp(2) gauge group yields a low energy superpotential

W = ~Λ^{6−(}n^{c+3)} 1,nc+3 Pf ( ^M/(2μ) ) q^{2nf −1}q^{2nf} = − ~Λ^{6−(}n^{c+3)} 1,nc+3 Pf ^M (2μ)^{nc+3}m = − C Pf ^M 2^{nc+3}(mΛ^{2nc}_{nc,nc+3} = − C Pf ^M 2^{nc+1}Λ^{2nc+1}_{nc,nc+2} , (5.7.34)

where we have used the scale relation (5.7.26) Λ^{2nc}_{nc,nc+3} ~Λ^{6−(nc+3)}_{1,nc+3} = Cμ^{nc+3}, and the decoupling relation Λ^{2nc+1}_{nc,nc+2} = mΛ^{2nc}_{nc,nc+3}. (5.7.34) shows that if the constant appearing in (5.7.26) is C = 16, the superpotential (5.7.34) is precisely the superpotential (5.7.23) for the n_f = n_c + 2 case of the electric theory. Therefore, all the results for n_f ≤n_c + 2 in the electric theory can be obtained from the dual magnetic theory with n_f ≤n_c + 3 by flowing down through introducing mass terms.

To summarize, supersymmetric Sp(2n_c) gauge theory with matter fields in the fundamental representation is another typical example that exhibits duality and other interesting nonperturbative dynamical phenomena. Therefore, all the N = 1 supersymmetric gauge theories have conformal windows and dual descriptions. This is in fact a generalization of Montonen- Olive-Osborn duality of the N = 4 supersymmetric theory and Seiberg-Witten duality of the low energy N = 2 supersymmetric theory. However, there are some differences between N = 1 duality and N = 2, 4 duality. In the N = 1 duality the original electric theory and the dual magnetic description have different gauge groups and matter field contents. Especially, the N = 4 and N = 2 dualities are thought to be exact, while N = 1 duality only arises in the infrared region. In spite of this limitation, the potential application of N = 1 duality in exploring the nonperturbative dynamics should not be underestimated since N = 1 supersymmetry can be easily broken to get a non-supersymmetric theory. In addition, the associated conformal windows also have great significance since we get a large number of non-trivial interacting four-dimensional conformal quantum field theories [104].

6 New features of N = 1 four-dimensional superconformal field theory and some of its relevant aspects

The discussion in the previous sections shows that non-Abelian electro-magnetic duality emerges in the IR fixed point of N = 1 supersymmetric gauge theory, where the theory is described by an interacting superconformal invariant field theory. This is a new conformal invariant quantum field theory in four-dimensions [104]. The only known non-trivial superconformal field theories known before in four dimensions were the N = 4 supersymmetric Yang-Mills theory [105] and the special N = 2 theories with vanishing β-function [106]. In fact, conformal invariance and duality depend on each other: superconformal symmetry, manifested by the vanishing of the NSVZ β-function, is the necessary environment for the survival of electric-magnetic duality, otherwise the running of the coupling will ruin the electric-magnetic duality. On the other hand, duality is very useful in understanding the dynamical structure of superconformal field theory. The combination of electric-magnetic duality and superconformal symmetry has revealed a large number of non-perturbative dynamical phenomena. Furthermore, some non-perturbative information beyond the IR fixed point can be acquired by investigating the renormalization group flow. Note that the realistic colour number N_c = 3 and flavour number N_f = 6 satisfy the conformal window condition, 3N_c/2 < N_f < 3N_c. In this section we shall introduce some of the new features of these non-trivial four-dimensional superconformal field theories and some related aspects including the critical behaviour of the various anomalous currents, anomaly matching in the presence of higher order quantum corrections, the universality of the operator product expansion and the evidences for the existence of a four-dimensional c-theorem provided by duality and superconformal symmetry.

6.1 Critical behaviour of anomalous currents and anomaly matching

As shown in (2.5.8), in a superconformal field theory, the supersymmetry algebra determines that the energy-momentum tensor, the supersymmetry current and the chiral R-current all lie in a single supermultiplet. Consequently, the axial anomaly of the R-current, the γ-trace anomaly of the supersymmetry supercurrent and the trace anomaly of the energy-momentum tensor also belong to the same supermultiplet. However, the trace anomaly of the energy-momentum tensor is proportional to the β-function and thus cannot be saturated by the one-loop quantum correction, while it was for a long time believed that the axial anomaly only receives contributions from the one-loop quantum correction [107]. This used to be the famous anomaly puzzle in supersymmetric gauge theory. A series of investigations have concluded that this paradox is actually due to the difference between the operator form and the matrix element form of the chiral anomaly equation [108]-[114]: the operator form of the anomaly equation is one-loop only, while the matrix element form can receive multi-loop contributions. It was pointed out in Ref. [114] that this difference actually occurs in any gauge theory, since the gauge invariance of the regularization schemes adopted in calculating the anomaly can only unambiguously fix the form of the renormalized matrix elements, while the form of the operator equation is conditional.

Only in supersymmetric gauge theory, has this anomaly paradox been exposed because of the anomaly supermultiplet.

In previous sections we only considered the one-loop ’t Hooft anomaly matching as a check of the duality and other non-perturbative dynamical phenomena. Since N = 1 duality only exists in the IR fixed point of the theory, where the theory is in a strong coupling region, the effects of higher order quantum corrections cannot be neglected. Therefore, we must now check ’t Hooft’s anomaly matching including higher order quantum corrections.

Among the various anomalous currents participating in ’t Hooft anomaly matching, only the singlet chiral R-current is affected by higher order quantum corrections [115]. Eq. (3.1.21) shows that in supersymmetric SU(N_c) QCD with N_f flavours the anomaly-free R-current at the oneloop level is a combination of two classically conserved but quantum mechanically anomalous axial vector currents. One is the current R_0 lying in the same supermultiplet with the energymomentum and the supersymmetry supercurrent. It was given by Eq. (3.1.13) and can be rewritten in the following two-component field form [115]

R_{0αα̇} = 2 g^2

Tr(λ^†_{α̇}λ_α) − N_f∑ i=1 ( ψ^{i†}_{α̇} ψ^i_α + ~ψ^{i†}_{α̇} ~ψ^i_α ) (6.1.1)

which is the fermionic part of the lowest (θ = θ = 0) component of the supercurrent superfield [108, 115],

J_{0αα̇} = − 2 g^2 Tr ( W_αe^V W^†_{α̇}e^{−V} ) + Z 4 [({[ D_α ( e^{−V} Q )] e^V D_{α̇} ( e^{−V} Q^† )

+ Qe^{−V} D_α [ e^V D_{α̇} ( e^{−V} Q^† )] + QD_{α̇} ( e^{−V} D_αQ^† )} − { Q → Q^†, V → −V }) + ( Q→ ~Q, V → − V )] , (6.1.2)

where Z is the wave function renormalization constant of the quark chiral superfields. Note that here and in what follows, for the convenience of discussion, we have rescaled the vector supermultiplet V −→V/g. Another axial current is the flavour singlet axial vector current K_μ composed only of the matter fields, and its two-component field form is K_{αα̇} = ∑N_f i=1 ( ψ^{i†}_{α̇} ψ^i_α + ~ψ^{i†}_{α̇} ~ψ^i_α ) . This chiral current is usually called the Konishi current, it is the fermionic part of the θθ component of the following superfield [29], ~Kα_˙α = −Z 4 ({[ D_α ( e^{−V} Q )] e^V D_{α̇} ( e^{−V} Q^† ) − 1 2 Qe^{−V} D_α [ e^V D_{α̇} ( e^{−V} Q^† )]

− QD_{α̇} ( e^{−V} D_αQ^† ) − ( Q → Q^†, V → −V )} + { Q → ~Q, V → −V })

= − Z 2 [D_α, D_{α̇}] ( ~QeV Q ) + ( Q → Q^†, V → −V ) , (6.1.3)

which corresponds to the transformation invariance of the chiral superfields: W_α → W_α, Q → e^{iβ}Q, ~Q → e^{iβ} ~Q. (6.1.4) The anomaly of this current comes only from the one-loop quantum correction, and can be read from the Konishi anomaly relation [29],

D^2 ~K = D^2Z N_f∑ i=1 ( Q^†_i e^V Q_i + ~Q_ie^{−V} ~Q^†_i ) = N_f 2π^2

TrW^2, (6.1.5) here and in what follows, W^2 = W^αW_α. The superfield K = N_f∑ i=1 ( Q^†_i e^V Q_i + ~Q_ie^{−V} ~Q^†_i ) (6.1.6)

is usually called Konishi supercurrent due to the Konishi anomaly relation [29].

The higher order effects of the R_0 anomaly can be easily inferred from the operator anomaly equation of the supercurrent J_{0αα̇} found a long time ago [115],

D^{α̇}J_{0αα̇} = − 1 8 D_α 3Nc − Nf 2π^2

TrW^2 + γD^2Z N_f∑ i=1 ( Q^†_i e^V Q_i + ~Q_ie^{−V} ~Q^†_i ) , (6.1.7)

with γ being the anomalous dimension of the matter fields, γ = −μ∂ ln Z/∂μ = −d ln Z/d ln μ. The many loop effects are reflected in the term proportional to γ in Eq.(6.1.7). The combination of (6.1.5) and (6.1.7) gives the multi-loop anomaly equation for R_0,

∂^μR_{0μ} = 1 16π^2

[3N_c − N_f (1 − γ)] F^{μνa} ~F^a_{μν} . (6.1.8)

The anomaly coefficient is proportional to the NSVZ beta function of the gauge coupling, given by Eq.(3.4.96). The θ^2 component of the Konishi anomaly relation (6.1.5) gives the axial anomaly of the Konishi current,

∂^μK_μ = 1 16π^2

N_f F^{μνa} ~F^a_{μν} . (6.1.9)

Eqs. (6.1.8) and (6.1.9) suggest that the anomaly-free R-current with the inclusion of the higher order effects should be the following combination

R_μ = R^0_μ + ( 1 − 3N_c N_f − γ ) K_μ. (6.1.10)

In the dual magnetic theory, complications will arise in constructing the anomaly-free Rcurrent due to the cubic superpotential (4.1.5) involving the magnetic quarks q, ~q and the colour singlet M. The magnetic Konishi current consists of a magnetic quark part and a singlet field part, K_{αα̇} ≡ K^q_{αα̇} + K^M_{αα̇}, K^q_{αα̇} = N_f∑ i N_f −Nc ∑ ~r=1 ( ψ^i~^{r†}_{qα̇} ψ^i_q~_{rα} + ~ψ^i~^{r†}_{qα̇} ~ψ^i_q~_{rα} ) ,

K^M_{αα̇} =

N_f (N_f +1)/2 ∑ k=1 ψ^{k†}_Mψ^k_M. (6.1.11)

The R_0-current in the magnetic theory has the same form as in the electric theory,

~R_0α_˙α = 2 ~g^2 Tr(~λ_{α̇}~λ_α) − K^q_{αα̇}. (6.1.12)

The superpotential provides an additional classical source for current non-conservation. The anomaly equations of the supercurrent superfield ~J and the Konishi relation are thus modifications of Eq. (6.1.7) and (6.1.5), respectively [115],

D^{α̇} ~J_{0αα̇} = D_α 3W − N_f∑ i=1 Φ^i ∂W ∂Φ^i − ~β_0 16π^2

Tr~W^2 + 1 8 N_f∑ i=1 γ_iZ_iD^2 ( Φ^{i†}e~^V Φ^i ) , (6.1.13)

1 8 N_f∑ i=1 γ_iZ_iD^2 ( Φ^{i†}e~^V Φ^i ) = N_f∑ i=1 ( 1 2 Φ^i ∂W ∂Φ^i + C_i 16π^2

Tr~W^2 ) , (6.1.14)

where Φ^i is a certain general chiral superfield contained in the superpotential W, γ_i and Z_i are the anomalous dimension and the wave function renormalization for Φ_i, ~β_0 = 3N_c − ∑N_f i=1 C_i is the coefficient of the first order β-function, C^i is defined by the normalization Tr( ~T~^a ~T~^b) = C_iδ~^a~^b with T^a being the matrix representation to which the Φ^is belong, and W is a general classical superpotential.

According to (6.1.13) and (6.1.14), the conserved R-current of the magnetic theory with the inclusion of the higher order quantum corrections should be the following combination [115]: ~Rμ = ~R_0μ + [ 1 − 3(N_f − N_c) N_f − γ_q ] ( K^q_μ − 2K^M_μ ) − (2γ_q + γ_M ) K^M_μ

≡ ~R^0_μ + c_qK^q_μ + c_M K^M_μ ,

c_q = 3N_c − 2N_f N_f − γ_q≡c^0_q − γ_q; c_M = −2 3N_c − 2N_f N_f − γ_M = c^0_M − γ_M , (6.1.15)

where γ_q and γ_M are the anomalous dimensions of the fields q, ~q and M, respectively. The meaning of the terms and their coefficients in (6.1.15) is as follows: the special combination K^q_μ −2K^M_μ is classically conserved and its coefficient is the numerator of the NSVZ beta function of the magnetic gauge theory; the coefficient of K^M_μ is proportional to the beta function β_f = f(2γ_q + γ_M ) of the Yukawa coupling f of the cubic superpotential W_f = fq^i~_r M_{ij} ~q^j~^r.^{10} Although the higher order quantum corrections in constructing the anomaly-free R-current are considered, they actually do not affect ’t Hooft’s anomaly matching. Since the ’t Hooft anomaly is an external gauge anomaly, the theory should be put in a background of some external gauge fields. It was explicitly demonstrated that all the higher order contributions to the external anomalies of the R-current cancel exactly [115]. We first consider the U_R(1)U_B(1)^2 triangle diagram. Introducing the external U_B(1) gauge field G_μ to couple to the baryon number current, one can easily calculate the anomaly of the R_0-current of the electric theory [115],

∂_μR^μ_0 = − 1 48π^2

N_f N_c(1 − γ)G^{μν} ~G_{μν}, (6.1.16)

10The form of this beta function can be easily understood: due to the non-renormalization theorem of Wf , the Yukawa vertex f(ψqϕM ψ~_q + ψqψM ϕ~_q + ψM ϕM ψ~_q) is not renormalized, hence the renormalization of the coupling constant f is determined by the wave function renormalization constants, fR = Z^{−1}_q Z^{−1/2}_M f. Thus the beta function is βf = 2γq + γM .

where G_{μν} = ∂_μG_ν − ∂_ν G_μ is the external U_B(1) gauge field strength. The anomaly for the Konishi current K_μ in the external field background, like the internal anomaly, comes only from one-loop quantum corrections,

∂_μK^μ = 1 48π^2

N_f N_cG^{μν} ~G_{μν}. (6.1.17)

(6.1.10), (6.1.16) and (6.1.17) lead to

∂_μR^μ = − 1 16π^2

(−2N^2_c )G^{μν} ~G_{μν} . (6.1.18)

Thus the external anomaly of the R-current in the triangle diagram U_R(1)U_B(1)^2 receives no higher order contributions. This cancellation is actually attributed to the definition (6.1.10) of R_μ, which ensures that the higher order contribution of the triangle diagram containing R_0 is dismissed. Note that the anomalies we used to derive Eq. (6.1.10) are the internal ones. On the magnetic theory side, it can also easily be found from (6.1.7) that ∂_μR^μ = N^2_c /(8π^2)G^{μν} ~G_{μν} [115]. Thus the ’t Hooft anomalies for the triangle diagram U_R(1)U_B(1)^2 match exactly as in the one-loop case. Similarly, the other two triangle diagrams containing the R-current, the axial gravitational anomaly U_R(1) and the triangle diagram U_R(1)SU(N_f)^2, also match exactly as in the one-loop case.

There remains the U_R(1)^3 triangle diagram. This diagram only concerns the U_R(1) current. It was argued from the holomorphic dependence of the quantum effective action on the external field that the external anomaly for this triangle diagram gets only contributions from oneloop quantum corrections [115]. It is well known that the Wilson effective action of a pure supersymmetric Yang-Mills theory depend holomorphically on the gauge coupling and field strength [112, 113]. In the presence of matter fields such as quarks and mesons, the Wilson effective action of a supersymmetric gauge theory with the inclusion of an external gauge field takes in Pauli-Villars regularization the following general form [113, 115],

S_W (μ) = 1 16π^2 [ 8π^2 g^2_0 − ( 3C_G ln

M_0 μ − ∑ i ln M_i μ )] ∫ d^4xd^2θTrW^2 + 1 16π^2 [ ∑ i C^{ext}_i ln M_i μ ] ∫ d^4xd^2θTrW^2_{ext} + ∑ i Z_i 4 ∫ d^4xd^2θd^2θΦ^{i†}e^V Φ^i + [ 1 2 ∫ d^4xd^2θW(Φ) + h.c. ] , (6.1.19)

where g_0 is the bare gauge coupling, μ is the renormalization scale, it also plays the role of infrared cut-off in the Wilson effective action [113]. M_0 and M_i are the Pauli-Villars regulator masses for the ghost superfields and matter fields, respectively. The ghost fields arise due to the (super-)gauge-fixing. C_G is the C_i in the adjoint representation of gauge group; W_{ext} is the superfield strength corresponding to the external gauge field; C^{ext}_i are defined similar to C_i for the generators when they appear in the interaction term with the external gauge field. W(Φ^i) is the superpotential, and its presence or absence depends on the concrete model.

The holomorphy of the vector part of the Wilson effective action determines that the coefficients in front of W^2 and W^2_{ext} are saturated by only the one-loop quantum correction. Higher order quantum corrections only enter the wave function renormalization constant Z, and are absent for the coupling constant. Note that the Wilson effective action is actually an operator action. Its expectation value yields the usual quantum effective action, i.e. the generating functional of the 1PI Green functions,

⟨e^{iSW (μ)}⟩ = e^{iΓ(μ)}. (6.1.20)

The one-loop contribution to the R_0 anomaly (including both the internal and external anomalies) can be obtained through the action of the operator M_0∂/∂M_0 + ∑ i M_i∂/∂M_i on the vector field part of the one-loop quantum effective action,

Γ^{one−loop} = 1 16π^2 [ 8π^2 g^2_0 − ( 3C_G ln

M_0 μ − ∑ i ln M_i μ )] ∫ d^4xd^2θTrW^2 + 1 16π^2 [ ∑ i C^{ext}_i ln M_i μ ] ∫ d^4xd^2θTr ( W^2_{ext} ) . (6.1.21)

The anomaly for the Konishi current is also given by the differentiation M_i^∂_{∂Mi} Γ^{one−loop}. This way of calculating the anomaly confirms that the R-currents constructed in Eqs. (6.1.10) and (6.1.15) indeed have no internal anomaly, since the W^αW_α term of Γ^{one−loop} is invariant under the action of the operator

M_0 ∂ ∂M_0 + ∑ i M_i ∂ ∂M_i ( 1 + c^{(0)}_i ) , c^{(0)}_i = c^{(0)}_q , c^{(0)}_M . (6.1.22)

The non-invariance of the W^2_{ext} part in (6.1.21) under the action of (6.1.22) gives the external anomaly of the R-current. The higher order quantum effect is reflected in the presence of the wave function renormalization factors Z_i, which can be included by the replacement [112] M_i−→M_i = M_i Z_i , M_0−→M_0 =

M_0 (g_0/g)^{2/3}

. (6.1.23)

Eq. (6.1.23) also implies that the role of Z_i for the ghost regulator mass M_0 is played by the factor (g_0/g)^{2/3}. Consequently, the multi-loop quantum effective action is

Γ^{multi−loop} = 1 16π^2 [ 8π^2 g^2_0 − ( 3C_G ln

M_0 (g_0/g)^{2/3}μ − ∑ i ln M_i Z_iμ )] ∫ d^4xd^2θTrW^2 + 1 16π^2 [ ∑ i C^{ext}_i ln ( M_i Z_iμ )] ∫ d^4xd^2θTrW^2_{ext}. (6.1.24)

The W^2 part of this multi-loop quantum effective action is invariant under the action of the modified operator

M_0 ∂ ∂M_0 + ∑ i M_i ∂ ∂M_i ( 1 + c^{(0)}_i ) . (6.1.25)

This means that the R-current remains internal anomaly-free in the presence of higher order quantum correction, as it should be, while the action of (6.1.25) on the W^2_{ext} part of Γ^{multi−loop} yields the external anomaly of the R-current. With the relation (6.1.23) it can be easily found that [ M_0 ∂ ∂M_0 + ∑ i M_i ∂ ∂M_i ( 1 + c^{(0)}_i )] Γ^{multi−loop} = [ M_0 ∂ ∂M_0 + ∑ i M_i ∂ ∂M_i ( 1 + c^{(0)}_i ) ] Γ^{one−loop}. (6.1.26)

This implies that the external anomaly of the R-current is exhausted by the one-loop quantum correction, and thus the anomalies of the U_R(1)^3 triangle diagram match like in the one-loop case.

The above discussion is a detailed analysis of the infrared behaviour of the R-current with the inclusion of the higher order quantum correction carried out in the operator form of the anomaly equation. One can also start from the matrix element form of the anomaly equation [116]. The matrix element form of the anomaly equation for the Konishi current has indeed revealed some more interesting features than its operator form. The operator anomaly equations for the Konishi current, Eqs. (6.1.9) and (6.1.17), imply that its internal and external anomalies have only one-loop character, but from the matrix element form one sees that the external anomaly of the Konishi current is proportional to the β-function and hence presents multi-loop character. Furthermore, the matrix element form shows that the Konishi current must be renormalized and thus it receives an anomalous dimension. This implies that the Konishi current remains anomalous at the critical point, despite the fact that the matrix element of its operator anomaly equation is proportional to the β-function, which vanishes at the critical point. In the following we shall illustrate this by working out two examples, supersymmetric QED and QCD.

For supersymmetric QED, its generating functional in the presence of an external vector superfield V_{ext} is Z = ∫ DV DΦD ~Φe^{iS(V,Vext,Φ,}~^{Φ)} = e^{Γ[Vext]}, (6.1.27)

where S[V, V_{ext}, Φ, ~Φ] is the classical action of supersymmetric QED, S = ∫ d^4x { 1 4g^2_0 [∫ d^2θW^2 + h.c. ] + ∫ d^2θd^2θ [ Φ^†e^{−(V +Vext)}Φ + ~Φe^{−(V +Vext)} ~Φ^† ]} + gauge fixing part, (6.1.28)

and Γ is the quantum effective action. We consider the case that the external momentum k≫|W^2_{ext}(k)|, then only the terms quadratic in W_{ext} survive in an expansion in powers of |W^2_{ext}(k)|/|k|^3. Thus the quantum effective action in this energy region is [47]

Γ [V_{ext}] = ∫ d^4xd^2θ 1 4g^2_{eff} (k)

W^2_{ext} + h.c. . (6.1.29)

Eqs. (6.1.5) and (6.1.7) show that the operator form of the Konishi anomaly D^2K and the supercurrent anomaly D^{α̇}J_{αα̇} are proportional to the vector superfield strength operators W^2 and D_αW^2, respectively. Thus to determine the matrix element of the operator anomaly, one should first compute the expectation value ⟨W^2⟩. From Eqs.(6.1.27) and (6.1.28), this expectation value can be expressed in terms of the external field V_{ext}, integrated over d^4xd^2θ, and it is obtained by taking the logarithmic derivative of Z with respect to 1/g^2_0, ∫ d^4xd^2θ⟨W^2⟩ + h.c. = −4i ∂ ∂(1/g^2_0) ln Z. (6.1.30)

Omitting the integration over x and θ, (6.1.29) and (6.1.30) imply that the matrix element of the chiral superfield operator W^2 is directly connected to the external superfield strengths W^2_{ext} [114, 116],

⟨W^2⟩ = [ ∂ ∂(1/g^2_0) 1 g^2_{eff}(k) ] W^2_{ext} =

∂g^2_0 ∂(1/g^2_0)

∂g^2_{eff} ∂g^2_0 ∂ ∂g^2_{eff} ( 1 g^2_{eff} ) W^2_{ext} = g^4_0 g^4_{eff} (k) β[g^2_{eff}(k)]

β(g^2_0)

W^2_{ext} = β(g^2_{eff}) β_0(g^2_{eff} ) β_0(g^2_0) β(g^2_0)

W^2_{ext}. (6.1.31)

Here β_0 = g^4/(2π^2) is the one-loop β-function of supersymmetric QED [114, 116]. The factor β_0(g^2_0)/β(g^2_0) depends on the UV cut-off Λ, and hence it can be identified as a renormalization factor of the operator W^2, i.e.

W^2 = β_0(g^2_0) β(g^2_0)

W^2_{ren}. (6.1.32)

Consequently, Eq. (6.1.31) becomes

⟨W^2_{ren}⟩ = β(g^2_{eff} ) β_0(g^2_{eff} )

W^2_{ext}. (6.1.33)

(6.1.33) and the Abelian analogue of the operator anomaly equations, (6.1.5) and (6.1.7) [113],

D^{α̇}J_{αα̇} = − β(g^2_0) 6g^4_0

D_αW^2, D_αD^2K = β_0(g^2_0)

g^4_0

D_αW^2, (6.1.34)

lead to the renormalized matrix elements of the operator anomaly equation in the external background field V_{ext}, ⟨D^{α̇}J_{αα̇}⟩ = − β(g^2_0) 6g^4_0

⟨D_αW^2⟩ = − 1 6(2π)^2 β(g^2_0) β(g^2_0)

⟨D_αW^2⟩ = − 1 6(2π)^2

⟨D_αW^2_{ren}⟩ = − 1 6(2π)^2 β(g^2_{eff}) β_0(g^2_{eff})

⟨D_αW^2_{ext}⟩ = − β(g^2_{eff} ) 6g^4_{eff}

D_αW^2_{ext},

⟨D^2K⟩_{ren} = β(g^2_{eff}) g^4_{eff}

W^2_{ext}. (6.1.35)

(6.1.31) and (6.1.35) imply that the supersymmetry supercurrent is not renormalized and it is conserved at the fixed point, whereas the Konishi current must be renormalized with the renormalization factor Z_K(g^2_0) = β(g^2_0)/β_0(g^2_0), and the renormalized Konishi current is

K_{ren} = Z_KK. (6.1.36)

Therefore, the Konishi current will stay anomalous at the IR fixed point despite the fact that the matrix element of its anomaly equation is proportional to the beta function.

For supersymmetric QCD, the analysis is not so simple as in the Abelian case because the external background gauge field is charged with respect to the gauge group, otherwise it cannot participate in the interaction with the matter fields. Furthermore, the matrix element of a current operator depends on gauge fixing. However, in the kinematic region where the currents carry zero momentum, their matrix elements can be reduced to a form similar to (6.1.35) [47]. With the one-loop form of the Wilson effective action (6.1.19)

S_W [μ] = ∫ d^4xd^2θ [ 1 2g^2_0

+ β_0 ln ( Λ μ )] Tr ( W^2 + W^2_{ext} )

+ ∫ d^4xd^2θd^2θ N_f∑ i=1 Z_i 4 ( Q^{i†}e^V Q^i + ~Q^ie^{−V} ~Q^{i†} )

= 1 2g^2_{one−loop} ∫ d^4xd^2θTr ( W^2 + W^2_{ext} )

+ ∫ d^4xd^2θd^2θ N_f∑ i=1 Z_i 4 ( Q^{i†}e^V Q^i + ~Q^ie^{−V} ~Q^{i†} ) , (6.1.37)

and the relation between S_W [μ] and Γ[μ], (6.1.20), the differentiation of the 1PI effective action with respect to the one-loop coupling 1/g^2_{one−loop} gives

⟨TrW^2⟩ = β(α) β_0(α) β_0(α_0) β(α_0) 1 1 − α_0N_c/(2π)

TrW^2_{ext}, (6.1.38)

where β(α) is the NSVZ β function, and β_0 is the first order one. The matrix elements form of the anomaly equations (6.1.5) and (6.1.7) at the renormalization scale μ, can be derived in the same way as in the QED case, ⟨D^{α̇}J_{αα̇}⟩ = β(α) 24πα^2 Tr ( D_αW^2_{ext} ) , ⟨D^2K_{ren}⟩ = N_f 2π^2 β(α) β_1(α)

TrW^2_{ext}, (6.1.39)

where the renormalized Konishi current is defined as [47]

K_{ren} = ( 1 − α_0N_c 2π ) Z_K(α_0)K (6.1.40)

and the renormalization factor Z_K(α_0) = β(α_0)/β_0(α_0).

Furthermore, the renormalization group invariance of the two-point correlator of the Konishi current shows that its anomalous dimension is related to the slope of the beta function at the critical point. The scale dimension for a general local operator O(x) at the fixed point is the sum of its canonical dimension d_0 and anomalous dimension γ(α_⋆) at the critical value of the coupling constant, which can be determined from the scaling behaviour of its two-point correlator ⟨O(x)O(y)⟩ at large distance (|x−y|→∞). The Callan-Symanzik equation (in coordinate space) ( |x − y| ∂ ∂|x − y| + 2d_0 + 2γ(α) + β(α) ∂ ∂α ) ⟨O(x)O(y)⟩ = 0 (6.1.41)

determines that the correlator should be of the form

⟨O(x)O(y)⟩ = [Z_O(x − y)]^2 ϕ [α(x − y)] , (6.1.42) where Z_O is the renormalization factor for the operator O, α(x − y) is the running coupling constant defined at the scale μ ∼ 1/|x − y|, ϕ[α(x − y)] is an unknown function up to some space-time or internal indices. At the critical point, β(α_⋆) = 0, γ(α) = γ_⋆, the correlator (6.1.42) behaves as ⟨O(x)O(y)⟩∼ 1 |x − y|^{2d0+2γ⋆} . (6.1.43)

For the Konishi current, as discussed above, its renormalization factor depends on the beta function. It is enough to look at the two-point correlator of its axial vector component, a_μ∼ [ D_{α̇}, D_α ] J|_{θ=0}. (6.1.44)

(6.1.36), (6.1.40), the Lorentz covariance and the renormalization group equation for ⟨a_μ(x)a_ν(y)⟩ lead to [116] ⟨a_μ(x)a_ν(y)⟩ = [ β(α) β_0(α)

]_2 [ ϕ_1(α)g_{μν} |x − y|^6 + (x − y)_μ(x − y)_νϕ_2(α) |x − y|^8 ] , (6.1.45)

where the form factors ϕ_{1,2}(α) cannot be explicitly determined from the Callan-Symanzik equation. At large distance, the running gauge coupling α(|x − y|) flows to α_∗, i.e. the value at the IR fixed point. Without losing generality, we assume that the β-function has only a simple zero. Hence near the critical point,

β(α) = β^′(α_∗) (α − α_∗) . (6.1.46)

The definition of the β function at the scale μ∼1/|x − y|, β [α(μ)] = dα(μ)/d ln μ, gives α_∗ − α = |x − y|^{−β′(α∗)}, near |x − y|−→∞. (6.1.47) In the case that ϕ_{1,2} have no pole at the critical point, the substitution (6.1.47) into (6.1.45) yields [116], ⟨a_μ(x)a_ν(y)⟩∼ ϕ_1(α)g_{μν} |x − y|^{6+2β′(α∗)} + (x − y)_μ(x − y)_νϕ_2(α) |x − y|^{8+2β′(α∗)} , (6.1.48)

Thus the anomalous dimension of the Konishi current is related to the slope of the beta function.

In the dual magnetic theory, similarly to the operator form, the matrix element form of the Konishi current anomaly equation will become quite complicated due to the flavour interaction superpotential among the magnetic quarks and the singlet fields. The conservation of the Konishi current is spoiled by both the superpotential and the gauge anomaly. To extract the matrix element form of the Konishi current anomaly, a technique was invented [116] which consists of first constructing an anomaly-free Konishi current for the Kutasov-Schwimmer model introduced in Sect. 4.3 [83, 85, 86], then making the adjoint matter field decouple by introducing a large mass term for it. In this way, one can obtain the Konishi current in the usual supersymmetric QCD, which is thus called minimal supersymmetric QCD as in Refs. [83, 85, 86]. Recall that the electric theory side of the Kutasov-Schwimmer model allows the superpotential (4.3.26), W_{el} = g_kTrX^{k+1}, X being the matter field in the adjoint representation of the SU(N_c) gauge group. The magnetic theory has a superpotential (4.3.40) W_{mag} = ~g_kTrY^{k+1} + ∑k p=1 t_p ~M_p ~qY^{k−h}q, g_k,

~gk and tp are the corresponding coupling constants, which are explicitly written out here. In the critical point of the model, the singlet field ~M_p is identical to the meson field M_p in the electric theory defined by (4.3.27) due to the duality.

When the Kutasov-Schwimmer model is at the critical point, the various couplings including both the electric and magnetic gauge coupling and those appearing in the superpotentials W_{el} and W_{mag} take their critical values, α = α_♯, ~α = ~α_♯, s = s_♯ etc. The anomaly-free Konishi currents in both the electric and magnetic theories are given by the Noether currents corresponding to the non-anomalous U_A(1) transformations on the matter fields. According to Eqs. (4.3.12) and (4.3.16), the absence of the U(1) anomalies in both the electric and magnetic theories requires that

N_f q_Q + N_cq_X = 0, N_f q_q − (N_c − N_f )q_Y = 0, (6.1.49)

where q_Q(= q ~_Q), q_X , q_q(= q~_q), q_Y are the corresponding U(1) charges of Q, ~Q, X, q_q, q~_q, respectively. At the same time, the U(1) invariance of the superpotentials W_{el} and W_{mag} in both the electric and magnetic theories assign the coupling s, ~s, t_p with the charges

q_s = −(k + 1)q_X , q~_s = −(k + 1)q_Y , q_{tp} = ( 2N_c N_f + 1 − p ) q_X + ( p − k + 2 N_f − N_c N_f ) q_Y , p = 1, 2, · · ·, k, (6.1.50)

where use was made of the first relation of (6.1.49) and the identification of the singlet fields ~Mp in the magnetic theory with the meson fields Mp of the electric theory at the critical point. Furthermore, matching the coupling constant t_p at the scale of decoupling one heavy flavour requires that the charges q_{tp} remain identical under a deformation N_f −→N_f − 1. This leads to [116]

q_X = q_Y , (6.1.51)

and hence q_s = q~_s, q_{tp} = −q_s 3 − k k + 1

. (6.1.52)

The relations (6.1.50), (6.1.51) and (6.1.52) determine that the non-anomalous Konishi supercurrent in the critical electric and magnetic Kutasov-Schwimmer model is a linear combination of the Konishi current in the minimal supersymmetric QCD and a current constructed from the adjoint matter fields [116],

K_{el} = N_f∑ i=1 ( Q^{i†}e^V Q^i + ~Q^ie^{−V} ~Q^{i†} ) − N_f N_c Tr ( X^†e^V Xe^{−V} ) ,

K_{mag} = N_f∑ i=1 ( q^{i†}e^V q^i + ~q^ie^{−V} ~q^{i†} ) − N_f N_c Tr ( Y^†e^V Y e^{−V} )

+ [ 2 + (1 − k) N_f N_c ] Tr ( M^†M ) , (6.1.53) where the U(1) charges of the electric quark supermultiplet are chosen as 1 as shown in (6.1.4).

We decouple the adjoint field X in the electric theory by introducing its mass term mTrX^2. After X is integrated out, the theory returns to the minimal supersymmetric QCD with only quark superfields Q, ~Q. Furthermore, due to the duality map of the chiral operators at the critical point of the Kutasov-Schwimmer model [83, 85, 86], Y also acquires a mass term mTrY^2, thus in the magnetic theory the minimal supersymmetric QCD will be reproduced in the low-energy limit with the matter fields q, ~q and M. There are two delicate points to make clear in realizing this: first, to precisely produce the minimal dual magnetic theory, one must choose a phase to ensure that the magnetic gauge group SU(kN_f − N_c − k) breaks down to SU(N_f − N_c). This in principle should be under control. Second, despite starting from a critical Kutasov-Schwimmer model and decoupling the heavy field X (in the electric theory ) or Y (in the magnetic theory ), usually one does not get the minimal supersymmetric QCD still at the critical point. This can be understood from another viewpoint: the heavy fields X and Y can be thought of as the regulator fields of the minimal supersymmetric QCD away from its critical point and their masses m as the UV cut-off. Consequently, the resulting Konishi operators in the minimal theory should be thought of as bare operators defined at the scale given by m. Equivalently speaking, the Konishi operators in the Kutasov-Schwimmer model may be thought of as operators of the minimal supersymmetric QCD regularized in a particular way. Therefore, the Konishi operators in the minimal (electric or magnetic) theories can be defined by directly dropping the fields X and Y . This immediately gives

K_{el} = N_f∑ i=1 ( Q^{i†}e^V Q^i + ~Q^ie^{−V} ~Q^{i†} ) ;

K_{mag} = 2Tr ( M^†M ) + N_f∑ i=1 ( q^{i†}e^V q^i + ~q^ie^{−V} ~q^{i†} ) ≡2J_M + N_f − N_c N_f J_q. (6.1.54)

Eq.(6.1.54) shows that the electric Konishi current obtained in this way has its usual form, and hence is expected to flow in the infrared region to the corresponding current in the critical minimal theory.

The magnetic Konishi current needs a delicate analysis. Since the K_{mag} given in (6.1.54) is obtained by the reduction of the magnetic Konishi current in the critical Kutasov-Schwimmer model, it is defined at the scale m. At this scale the various couplings of the magnetic minimal supersymmetric QCD are equal to their critical values with the heavy field Y present, i.e. the critical values of the coupling constants in Kutasov-Schwimmer model, ~α = ~α_♯, λ = λ_♯. Below the scale m, as stated above, the low energy theory is the usual non-critical minimal supersymmetric QCD. Thus the Konishi operator in (6.1.54) is actually defined on a particular renormalization group trajectory, which is a path in the space parametrized by the couplings (~α, λ) of the non-critical minimal supersymmetric QCD. After this point is clear, one can easily see how the Konishi current flows to the IR fixed point of the magnetic theory of the minimal supersymmetric QCD. Note that the Konishi current operator is a composite operator, thus in general its renormalization will lead to mixing with operators of lower dimensions. However, before the decoupling of the heavy fields X and Y , the electric and magnetic Konishi current operators are identical in the critical Kutasov-Schwimmer model. Thus their dynamical behaviour along the renormalization group trajectory, i.e. at any distance (or energy scale), should be identical. This means that the magnetic Konishi current operator is renormalized multiplicatively, and hence it cannot mix with operators of lower dimension as soon as this is true for the electric Konishi current operator in the off-critical electric theory. Therefore, the magnetic Konishi current operator can be rewritten as a linear combination of renormalization group invariant operators in an off-critical minimal magnetic theory,

K_{mag} = AK_1 + BK_2, (6.1.55)

where K_1 and K_2 are two fundamental renormalization group invariant operators constituting a basis for any other renormalization group invariant operators. These two operators diagonalize the anomalous dimensions matrix, i.e. that they do not mix with each other along the trajectory of renormalization group flow. A and B are two constants determined by the original critical Kutasov-Schwimmer model, thus they depend only on the critical values of the couplings, ~α = ~α_♯, λ = λ_♯.

The decomposition (6.1.55) is explicitly suitable for analyzing the IR behaviour of the magnetic Konishi current near the fixed point. K_1 and K_2 can be constructed by inspecting the various U(1) currents and their anomalies as well as their relations with the Konishi current operator. In the off-critical minimal supersymmetric QCD, one well known renormalization group invariant operator is the non-anomalous R-current. However, it does not mix with the Konishi current since they belong to current supermultiplet with different superspins. Thus this R-current should be excluded from the candidates for K_1 and K_2. Two other possible candidates are combinations of K^M and K^q defined in (6.1.15). One is K_W ≡K^q − 2K^M , whose divergence is given by the gauge anomaly, and the other current is K_{sp}≡K^M , whose divergence is only proportional to the superpotential. The magnetic Konishi current (6.1.54) can be rewritten in the following form in terms of these two new currents,

K_{mag} = N_f − N_c N_c K_W + 2 N_f N_c K_{sp}. (6.1.56)

Unfortunately, K_W and K_{sp} mix under the renormalization group flow, so they cannot play the roles of K_1 and K_2. It is found that K_1 is actually the following combination [116],

K_1 =

2N_f − 3N_c + N_f γ_q 48π^2

K_W + ~β_λK_{sp} = ~β~_αK_W + ~β_λK_{sp}, (6.1.57)

where ~β_λ = λ(γ_M + 2γ_q)/2 is the beta function of λ, and γ_q, γ_M are the anomalous dimensions of the fields q, ~q and M, respectively. This form of K_1 explicitly remains invariant along the trajectory of the renormalization group flow since its D_αD^2 divergence is proportional to the anomaly of the supercurrent J_{αα̇},

D_αD^2K_1 = D^{α̇}J_{αα̇} = −

2N_f − 3N_c + N_f γ_q

48π^2

D_αD^2TrW^2_{mag} + ~β_λD_αD^2W, (6.1.58)

where W_{mag} is the gauge superfield strength of the magnetic gauge theory and W is the interaction superpotential among the magnetic quarks and the gauge singlet, W = λq_iM^i_j ~q^j. To find the renormalization group invariant combination K_2 requires determining the matrix ~Γ of anomalous dimensions. A similar procedure to the one used to derive (6.1.36) and (6.1.40) shows that the entries of ~Γ are proportional to linear combinations of the beta functions in the IR limit. Thus the magnetic Konishi current (6.1.56) in the minimal supersymmetric QCD can formally be written as

K_{mag} = A(~α_♯, λ_♯, m)K_1 + B(~α_♯, λ_♯, m)K_2. (6.1.59)

In particular, A(~α_♯, λ_♯, m) and B(~α_♯, λ_♯, m) have well defined non-vanishing limits at m−→∞. The form of Eq. (6.1.59) makes it possible to compute the anomalous dimension of the magnetic Konishi current. Like what was done in the electric theory, we consider the two-point correlator ⟨~a_μ(x)~a_ν(y)⟩ of its axial vector component ~a_μ. The large distance behaviour of this correlator is determined by the matrix of anomalous dimensions [116] and hence by the renormalization factors ~Z. These renormalization factors take into account the mixing of the operators TrW^2_{mag} and W. Since, as shown above, the entries of the ~Z matrix are given by a combination of the beta functions, the correlator ⟨~a_μ(x)~a_ν(y)⟩ at large distance must depend on the beta functions of the coupling constants taken at the scale ∼ 1/|x − y|. Assuming that the beta functions only have simple zeros at the critical point, one has the following asymptotic expansion in the neighbourhood of the critical point, ~α = ~α_⋆, ~λ = ~λ_⋆, ~βα = ~β^′ αα(~α_⋆, λ_⋆)(~α − ~α_⋆) + ~β^′_{αλ}(~α_⋆, λ_⋆)(λ − λ_⋆), ~βλ = ~β^′λα(~α⋆, λ⋆)(~α − ~α⋆) + ~β^′λλ(~α⋆, λ⋆)(λ − λ⋆), (6.1.60) where the constants ~β^′_{αα}, ~β^′_{αλ}, ~β^′_{λα} and ~β^′_{λλ} are the elements of the matrix ~β^′_{ij}(~α_⋆, λ_⋆) = ∂ ~β(i)/∂j i, j = ~α, λ. A similar calculation as in the electric theory gives ⟨~a_μ(x)~a_ν(y)⟩∼ 1 |x − y|^2~^{β′}min^{+6}

, (6.1.61)

where ~β^′_{min} is the minimal eigenvalue of the matrix ( ~β^′_{ij}). The identification of the correlators ⟨a_μ(x)a_ν(y)⟩∼⟨~a_μ(x)~a_ν(y)⟩ at the critical points yields

β^′(α_⋆)_{el} = ~β^′(~α_⋆, λ_⋆)_{mag}, (6.1.62)

i.e. the anomalous dimensions of the electric and magnetic Konishi currents are identical at the critical points and are given by the slope of the beta functions evaluated at the critical points. This is one of the most important conclusions revealed by the matrix element form of the anomaly equation of the Konishi current.

6.2 Universality of operator product expansion

The operator product expansion (OPE) is an axiomatic-algebraic way to study conformal invariant quantum field theory. It had achieved great success in two dimensions [117], where the quantum conformal algebras, the Virasoro and Kac-Mody algebras, are derived with the use of the OPE, and all of the two-dimensional conformal field theories are classified according to the unitary representations of the conformal algebra. Thus a natural idea is to look at the OPE in the four-dimensional case. Some new features of the four-dimensional superconformal field theories have indeed been revealed by the OPE:

First, in contrast to the two-dimensional case, the OPE of products of energy-momentum tensors T_{μν} does not form a closed algebra. A new operator Σ with lower dimension arises. An explicit calculation in a free superconformal field theory shows that Σ is the Konishi current operator. In particular, Σ develops an anomalous dimension. Thus, the discussions in Sect. 6.1 suggests that even in an interacting four-dimensional superconformal field theory Σ may also be identified with the Konishi current operator [47].

Secondly, the OPE of T_{μν} ’s and the OPE of Σ’s show that there are two central charges, c and c^′, where c is related to the gravitational trace anomaly of the theory. In addition, the OPE of T_{μν} and Σ implies that Σ has a non-vanishing conformal dimension h. These three numbers, c, c^′ and h characterize a four dimensional superconformal field theory. In the context of a free four-dimensional field theory, an explicit calculation gives [118] c = 1 120(4π)^2 ( 12N_1 + 6N_{1/2} + N_0 ) , (6.2.1)

where N_1, N_{1/2} and N_0 are the numbers of real vector fields, Majorana spinor fields and real scalar fields. For a supersymmetric gauge field theory with gauge group G, there are N_v≡dimG components of the vector superfield and N_χ≡dimT components of the chiral superfield in the representation T . The central charge (6.2.1) hence becomes c = 1 24 (3dimG + dimT ) = 1 24 (3N_v + N_χ). (6.2.2)

It was found that in a free supersymmetric field theory [116], Σ = Φ^†Φ, h = 0, and

c^′ = N_χ = dimT. (6.2.3)

(6.2.1), (6.2.2) and (6.2.3) mean that c depends on the total number of degrees of freedom of the theory, while c^′ counts the degree of freedom of the chiral matter superfields.

Thirdly, higher quantum corrections show that c and c^′ are universal, i.e. they are constants independent of the couplings, while h is not.

In the following we shall illustrate these features by working out several examples of four dimensional conformal field theories such as free massless scalar and spinor field theories and N = 1 supersymmetric gauge theory at the IR fixed point.

The simplest example of a four dimensional conformal field theory is a massless free scalar field theory with the following Lagrangian and propagator in Euclidean space [116], L = 1 2 ∂^μϕ∂_μϕ, ⟨ϕ(x)ϕ(y)⟩ = 1 (x − y)^2

, (6.2.4)

and the energy-momentum tensor T_{μν}(x) = 2 3 ∂_μϕ∂_ν ϕ − 1 6 δ_{μν} (∂_ρϕ)^2 − 1 3 ϕ∂_μ∂_νϕ. (6.2.5)

The correlator ⟨ϕ(x)ϕ(y)⟩ immediately leads to the OPE of T_{μν}’s, T_{μν}(x)T_{ρσ}(y) = −c 1 360 X_{μνρσ} 1 (x − y)^4 − 1 36 Σ(y)X_{μνρσ} 1 (x − y)^{4−h} + · · · (6.2.6)

with c = 1 and h = 2, where the omitted terms are less singular terms, and the tensor operator X is

X_{μνρσ}(x) = 2δ_{μν} δ_{ρσ}2^2 − 3 (δ_{μρ}δ_{νσ} + δ_{νρ}δ_{μσ}) 2^2 − 2 (δ_{μν} ∂_ρ∂_σ + δ_{ρσ}∂_μ∂_ν ) 2 −2 (δ_{μρ}∂_ν ∂_σ + δ_{μσ}∂_ν ∂_ρ + δ_{νσ}∂_μ∂_ρ + δ_{νρ}∂_μ∂_σ) 2 − 4∂_μ∂_ν∂_ρ∂_σ. (6.2.7)

The OPE (6.2.6) is fixed by the symmetry of T_{μν}, the conservation ∂^μT_{μν} = ∂^νT_{μν} = 0 and the tracelessness T^μ_μ = 0. In particular, it shows that a new operator Σ = ϕ^2 arises. The OPE algebra is closed by the expansions,

Σ(x)Σ(y) = 2c^′ (x − y)^{2h} + 2 (x − y)^h Σ(y) + · · ·, T_{μν} (x)Σ(y) = − h 3 Σ(y)∂_μ∂_ν 1 (x − y)^2

+ · · · (6.2.8)

with c^′ = 1. Note that in this special case c = c^′ = 1, but they are in general not equal. The generalization to the case of n free massless scalar fields ϕ^i, i = 1, 2, · · ·, n is straightforward, where now c = c^′ = n, h = 2 and Σ = ∑ i ϕ^iϕ^i. Another familiar example of a four-dimensional conformal field theory is the free massless fermionic field (in Euclidean space), L = 1 2 ( ψ/∂ψ − ∂_μψγ_μψ ) , ⟨ψ(x)ψ(y)⟩ = /x − /y (x − y)^4 , T_{μν} = 1 2 ( ψγ_μ∂_ν ψ + ψγ_ν∂_μψ − ∂_μψγ_νψ − ∂_ν ψγ_μψ ) − g_{μν} L. (6.2.9)

The correlator, the symmetry and conservation of T_{μν} and the parity determine that the form of the OPE of T_{μν} ’s should be of the form [116], T_{μν}(x)T_{ρσ}(y) = −c 1 360 X_{μνρσ} 1 (x − y)^4 + 1 4 J^5_β(y) {[ϵ_{μραβ}∂_ν∂_σ∂_α + (μ ↔ ν)] + [ρ ↔ σ]} 1 (x − y)^2

+ · · · (6.2.10)

with c = 6. The Σ-term involves the axial vector current operator J^5_μ = ψγ_5γ_μψ. This is required by the conservation of parity since the parity odd tensor ϵ_{μνλρ} appears in the OPE. These two simple examples show that the non-closure of the OPE of T_{μν} is a general feature of four-dimensional conformal field theory and that the OPE should be the form of (6.2.6) and (6.2.8) with c, c^′ and h generic.

Now we turn to the supersymmetric case. There is a long known four-dimensional superconformal field theory, N = 4 supersymmetric Yang-Mills theory. There also exist some N = 2 superconformal gauge theories with certain matter field contents. They all have identically vanishing beta functions, and their first central charges do not receive any higher order quantum corrections. Thus to reveal the special features of superconformal field theory we need to consider an N = 1 supersymmetric gauge theory in the IR fixed point. Here we choose a general classical (four-component form) Lagrangian including both supersymmetric QCD (3.1.6) and a cubic superpotential W = Y_{rst}Q^rQ^sQ^t/6 [48], L = 1 4 (F_{μν})^2 + 1 2 λ/Dλ + (D^μΦ)^†D_μΦ + 1 2 Ψ/DΨ +i √ 2g [ λ^aΦ^{⋆r} (T^a)^s_r (1 − γ_5)Ψ_s − Ψ^r(1 + γ_5) (T^a)^s_r Φ_sλ^a ]

− 1 2 [ Ψ^r(1 − γ_5)Y_{rst}Φ^tΨ^s + Ψ^r(1 + γ_5)Y^⋆_{rst}Φ^{⋆t}Ψ^s ]

+ 1 2 g^2 [Φ^{∗r} (T^a)^s_r Φ_s]^2 + 1 4 Y_{rst}Y^{∗rmn}Φ^sΦ^tΦ^∗_mΦ^∗_n, (6.2.11) where Φ and Ψ are the four-component form of the quark superfield Q^i_r and the flavour indices are suppressed. Since the energy-momentum tensor T_{μν} , the R-current R_{0μ} and the supersymmetry current lie in the same supermultiplet, it is enough to work out the OPE of the lowest component of this supermultiplet, i.e. the R_0-current, R_{0μ}(x) = λ^aγ_μγ_5λ^a/2 − ψγ_μγ_5ψ/2. Then the OPE of the whole supermultiplet can be obtained through supersymmetry transformations. Note that at the IR fixed point the R_0-current is identical to the anomaly-free R-current, R_μ(x). The dimension and conservation of the R-current require that the OPE of R_μ(x) should be [48] R_μ(x)R_ν(y)|_{x→y} = 1 3π^4

(∂_μ∂_ν − 2δ_{μν} ) c (x − y)^4 + 2 9π^2

Σ(y) (∂_μ∂_ν − 2δ_{μν} ) c (x − y)^{2−h} + · · ·, (6.2.12)

where the new operator Σ(x) is the lowest component of the real superfield Σ(z) (z = (x, θ, θ)), and is related to the renormalized Konishi operator by

Σ(z) = ρ(g, Y )K_{ren}(z). (6.2.13)

ρ(g, Y ) is a function of the couplings that can be determined from an explicit perturbative calculation [48, 38]. It is dimensionless since K_{rem} is a renormalized operator and carries the power μ^h of the renormalization scale μ. Similarly, the OPE of Σ(x)’s should be of the following form [47, 38], Σ(x)Σ(y)|_{x→y} = 1 16π^4 c^′ (x − y)^{2−h} + · · ·, (6.2.14)

where the omitted parts in (6.2.12) and (6.2.14) denote less singular terms.

The second central charge c^′ and anomalous dimension h can be obtained by an explicit perturbative calculation. There are two independent methods[48]. The first one is calculating the connected four-point correlation function ⟨R_μ(x)R_ν(y)R_ρ(z)R_σ(w)⟩ in the asymptotic region where |x − y|, |z − w|≪|x − z|, |y − w|. However, this method cannot give the proportionality function ρ(g, Y ). The second method is to consider the two- and three-point correlators ⟨K_{ren}(x)K_{ren}(y)⟩ and ⟨R_μ(x)R_ν(y)K_{ren}(z)⟩, K_{ren}(x) being the lowest component of K_{ren}(z). Since for a conformal invariant field theory, the two- and three-point functions can be fixed up to a constant, the general forms of ⟨K_{ren}(x)K_{ren}(y)⟩ and ⟨R_μ(x)R_ν(y)K_{ren}(z)⟩ can be easily written out. Concretely, scale and translation invariance lead to

⟨K_{ren}(x)K_{ren}(y)⟩ = A 16π^4(x − y)^4

, (6.2.15)

where A = c^′/ρ^2 due to (6.2.13). The tensor form of ⟨R_μ(x)R_ν(y)K_{ren}(z)⟩ is fixed by the conservation of the R-current and the correct transformation properties under inversion, x^μ −→ x^{′μ} = x^μ/x^2, since any conformal transformation can be generated by combining inversions with rotations and translations [53]. Thus

⟨R_μ(x)R_ν(y)K_{ren}(z)⟩ = B 36π^6 1 (x − y)^{4−h}(x − z)^{2+h}(y − z)^{2+h} [( 1 − h 4 ) I_{μν} (x − y) − 1 2 ( 1 + h 2 ) I_{μρ}(x − z)I_{ρν} (z − y) ] , (6.2.16) where I_{μν} (x) = ∂x^′_μ/∂x^ν = δ_{μν} − 2x_μx_ν /x^2. In the limit x∼y, the most singular term is ⟨R_μ(x)R_ν(y)K_{ren}(z)⟩∼ B 72π^6(h − 2) 1 (y − z)^{4+2h}

(∂_μ∂_ν − δ_{μν} 2) 1 (x − y)^{2−h} . (6.2.17)

The comparison of (6.2.15) and (6.2.17) with the OPEs (6.2.12) and (6.2.14) leads to the relations c^′(g, Y ) = B^2 (h − 2)^2A , ρ = B (h − 2)A . (6.2.18)

A and B can be obtained through an explicit perturbative calculation. We thus finally get [48]:

c^′ = N_χ + 2γ^r_r, h = 3 π^2N_χ Y_{rst}Y^{∗rst}. (6.2.19) The quantum corrections to the first central charge was calculated from a general renormalizable theory containing vector, spinor and scalar fields in curved space-time [38]. Specialized to the N = 1 supersymmetric gauge theory (6.2.11), the result is [48] c = 1 24 ( 3N_v + N_χ + N_v β(g) g − γ^r_r ) . (6.2.20)

In (6.2.19) and (6.2.20), N_v = dimG and N_χ = dimT as shown in (6.2.2) and (6.2.3). The gauge beta function β(g) and the anomalous dimensions γ^r_s of the chiral matter superfields at the one-loop level of the model (6.2.11) are the following:

16π^2β(g) = g^3 [ −3C(g) + TrC(T ) dimG ] , β_{rst} = 1 3! (Y_{mrs}γ^m_t + Y_{mtr}γ^m_s + Y_{mst}γ^m_r ) 16π^2γ^r_s = 1 2 Y^{rmn}Y^∗_{smn} − 2g^2 [C(T )]^r_s ,

C(G)δ^{ab} = f^{acd}f^{bcd}, [C(T )]^r_s = (T^aT^a)^r_s. (6.2.21)

The comparison of (6.2.19) and (6.2.20) with the free field case, (6.2.2) and (6.2.3), shows that the quantum corrections to c and c^′ are proportional to a combination of anomalous dimension γ^r_r and the beta function β(g). As we know, if the conformal symmetry is preserved at quantum level, the beta function and anomalous dimensions must vanish. Hence from (6.2.19) and (6.2.20), the first and second central charges c and c^′ are identical to their classical values. Conversely, if both c and c^′ receive no quantum correction, then the theory remains conformally invariant, whereas the second relation of (6.2.19) shows that under these conditions the anomalous dimension h remains non-vanishing if we consider the cubic superpotential composed of the chiral superfield. This means that c and c^′ are independent of the couplings and hence are universal, while the anomalous h is not. The above conclusion is the one-loop result. From the NSVZ beta function (1.1) and the relation between β_{rst} and the anomalous dimension γ^r_s given in (6.2.21), we conclude that to all orders in the couplings g and Y there exists a fixed surface of the renormalization group flow provided that the matter representation is chosen so that 3dimGC(G) − TrC(T ) = 0 and g, Y are such that γ^r_s = 0. Therefore, an important feature of four dimensional superconformal field theory has been revealed: there exists a space of continuously connected conformal field theories and their central charges are universal, i.e. c and c^′ are constants, independent of the couplings in this space. Such quantities are called invariants of a four-dimensional superconformal field theory. The third quantity contained in the OPE, the anomalous dimension h is, as stated above, not an invariant of a four-dimensional superconformal field theory, it actually manifests the inequivalence of the continuously connected four-dimensional superconformal field theories in this space. These may be the essential features of a superconformal field theory in four dimensions [48].

6.3 Possible existence of a four-dimensional c-theorem

The c-theorem was proposed by Zamolodchikov in the context of two-dimensional conformal quantum field theory [37]. Its main idea is to define an appropriate function c(g) on the space of the couplings, which monotonically decreases along the trajectory of the renormalization group flow from the UV region to the IR one. At the fixed point g = g_f of the beta function, β(g_f ) = 0, the c function c(g_f ) should be equal to the central charge of the Virasoro algebra of the resulting two-dimensional conformal field theory. Since this theorem can show how the dynamical degrees of freedom are lost along the trajectory of the renormalization group flow from the UV region to the IR region, a theorem, if it exists in four dimensions, will be quite helpful to understand the dynamical mechanisms of some non-perturbative phenomena such as confinement and chiral symmetry breaking. The search for a four-dimensional c-theorem began immediately after the invention of the two-dimensional c-theorem. It was first suggested by Cardy that a c-function in the four-dimensional case should depend on the expectation value of the trace of the energymomentum tensor of a quantum field in a curved space-time, integrated over a 4-dimensional sphere S^4 with constant radius [40] C = N ∫ S4 ⟨T^μ_μ⟩ √ gd^4x. (6.3.1)

Here N is a positive numerical factor and its value depends on the normalization of the cfunction. In a curved background space-time, the trace ⟨T^μ_μ⟩ takes the following general form, ⟨T^μ_μ⟩ = −aG + bF + d2R + eB, (6.3.2) where G = 1/4(ϵ^{μνσρ}ϵ_{αβγδ}R^{αβ}_{μν})^2 = ( ~R_{μνλρ})^2 is the Euler topological number density, R is the Riemann scalar curvature, F = C^{μνσρ}C_{μνσρ} with C_{μνσρ} the Weyl tensor, which in a general n-dimensional space-time can be expressed in terms of the Riemann curvature, C_{μνσρ} = R_{μνσρ} − 2 n − 2 (g_{μσ}R_{νρ} − g_{μρ}R_{νσ} − g_{νσ}R_{ρμ} + g_{νρ}R_{σμ}) + 2 (n − 1)(n − 2) (g_{μσ}g_{νρ} − g_{μρ}g_{νσ}) R. (6.3.3) The last term in (6.3.2) represents the contribution from other external background fields. For example, in a background gauge field A^a_μ, B = F^a_{μν} F^{aμν} [39]. The coefficients a and b in (6.3.2) have an universal meaning and they have been calculated [41], a = 1 360(4π)^2 ( N_0 + 11N_{1/2} + 62N_1 ) , b = 1 120(4π)^2 ( N_0 + 6N_{1/2} + 12N_1 ) . (6.3.4)

One can see that the coefficient b is just the central charge c given in (6.2.1). The coefficient d has no universal meaning and its value can be defined at will by introducing a local counterterm proportional to the integral R^2, so it is renormalization scheme dependent coefficient.

A four-dimensional c-theorem was first attempted in the SU(N_c) gauge theory coupled to N_f massless Dirac fermions in the fundamental representation by choosing the coefficient a of the Euler number density to be the c-function [40]. If the flavour number N_f is sufficiently small, the theory is asymptotically free and g = 0 is the UV fixed point. At g→0, the particle spectrum contains N^2_c − 1 gauge bosons and N_cN_f fermions. In the low energy case, the theory will be strongly coupled, g→∞ is the IR fixed point. The chiral symmetry SU_L(N_f )×SU_R(N_f ) breaks to SU_V (N_f ) due to quark condensation, yielding N^2_f − 1 Goldstone bosons. Therefore, at the UV fixed point

c_{UV} = lim_{g→0} c(g) = 1 360(4π)^2 [ 62(N^2_c − 1) + 11N_cN_f ] , (6.3.5)

and at the IR fixed point

c_{IR} = lim_{g→∞} c(g) = 1 360(4π)^2 ( N^2_f − 1 ) . (6.3.6)

(6.3.5) and (6.3.6) show that the requirement of a c-theorem, c_{UV} − c_{IR} > 0, is not satisfied identically.

Later it was proposed by Osborn et al. [41] that one can directly choose a coefficient a in the trace anomaly as a c-function even away from the fixed point and modify it to satisfy the renormalization group flow equation. This scheme is an exact analogue of Zamolodchikov’s procedure in two dimensions. This c-function can reduce to the coefficient a of the trace anomaly when approaching the critical point [39]. However, the monotonically decrease of the c-function along the trajectory of renormalization flow cannot be explicitly shown.

Another attempt was to define a c-function by using the spectral representation of the twopoint correlator of the energy-momentum tensor and constructing a reduced spectral density for the spin-0 intermediate state [42]. The concrete steps are as follows. First work out the spectral representation of two-point correlator of energy-momentum tensors in n-dimensional (Euclidean) space-time, ⟨T_{μν}(x)T_{σρ}(0)⟩ = ⟨T_{μν} (x)T_{σρ}(0)⟩_{s=0} + ⟨T_{μν}(x)T_{σρ}(0)⟩_{s=2} = A_n [∫_∞ 0 dμc^{(0)}(μ)Π^{(0)}_{μν,σρ}(∂)G(x, μ) + ∫_∞ 0 dμc^{(2)}(μ)Π^{(2)}_{μν,σρ}(∂)G(x, μ) ] , (6.3.7)

where

A_n = 2π^{n/2} 2^{n−1}Γ(n/2)(n + 1)(n − 1)^2

, (6.3.8)

and s = 0, 2 denotes spin. G(x, μ) = ∫ dnx (2π)^n e^{ip·x} p^2 + μ^2 = 1 2π ( μ 2π|x| )_(n_{−2)}/_2

K_{(n−2)/2}(μ|x|) (6.3.9)

is the two-point correlator of the fields involved. Lorentz covariance and the conservation of the energy-momentum tensor determine that there are only two possible Lorentz structures for the intermediate states: s = 0 and s = 2. The tensors Π^{(s)}μν,σρ are, respectively,

Π^{(2)}_{μν,σρ}(∂) = 1 Γ(n − 1) [ n − 1 2 (π_{μσ}π_{νρ} + π_{μρ}π_{σν} + π_{μν} π_{ρσ}) − π_{μν} π_{ρσ} ] , Π^{(0)}_{μν,σρ}(∂) = 1 Γ(n)

Π_{μν} π_{σρ}, π_{μν} = ∂_μ∂_ν − 2δ_{μν} . (6.3.10)

Away from criticality, owing to the UV divergence, the spectral density must be scale dependent, c^{(s)}(μ) = c^{(μ)}(μ, Λ). The analysis shows that the candidate for c-function should be the “reduced” spin-0 spectral density [42], c(μ, Λ) = c^{(0)}(μ, Λ)/μ^{n−2}, and this indeed satisfies

lim_{Λ→0} c(μ, Λ) = (c_{UV} − c_{IR})δ(μ)≡Δc^{(0)}δ(μ). (6.3.11)

This c-function candidate indeed monotonically decreases along the trajectory of the renormalization group flow from short distance to short distance and becomes stationary at the fixed point, but its physical meaning at the fixed points is not clear. It has only been checked that in free scalar and spinor field theories, c(μ, Λ) coincides with the coefficients a of the trace anomaly (6.3.2).

The above attempts at establishing a four dimensional c-theorem imply that if the c-function exists it will reduce to the coefficients a or b of the trace anomaly at the fixed points.

The new non-perturbative results make it possible to test a c-theorem in four-dimensional supersymmetric gauge theory [45]. The introduction in Sects. 3.4, 4.1 and 4.2 shows that the particle spectrum of N = 1 supersymmetric QCD in the IR region can be deduced, hence a theorem can be explicitly checked for most of the ranges of N_f and N_c. The analysis supports the existence of a four-dimensional c-theorem [45]. At the UV fixed point the theory is a free theory with a particle spectrum composed of N^2_c − 1 vector supermultiplets and 2N_fN_c scalar supermultiplets. Since for a free theory the c-function reduces to the sum of the central charges carried by the free fields, one has in the UV fixed point

c_{UV} = (N^2_c − 1)c_V + 2N_f N_cc_S, (6.3.12)

where c_S and c_V are central charges corresponding to the scalar and vector supermultiplets. At the IR fixed point, the low energy dynamics of the theory depends heavily on the relative number of N_f and N_c and one must perform the analysis according to different values of N_f and N_c. First, considering the N_f = 0 case, the low-energy pure supersymmetric Yang-Mills theory is strongly coupled, the gluons and gluoninos condensate into massive colour singlets and hence they develop a mass gap [51], so the IR theory contains only the vacuum state. Consequently,

c_{IR} = 0. (6.3.13)

For 0 < N_f < N_c, the dynamically generated superpotential erases all the vacua and the particle spectrum is not clear. For N_f = N_c, there exists a smooth moduli space described by the expectation values of N^2_f meson supermultiplet operators M^i_j, the baryon B and antibaryon superfield operators ~B with the constraint (3.4.52), det M − B ~B = Λ^{2Nc}, so that at the IR fixed point, there are N^2_f + 2 − 1 massless scalar superfields, since the quantum fluctuations must satisfy the constraint. Thus we get

c_{IR} = (N^2_f + 1)c_S. (6.3.14)

For N_f = N_c +1, the quantum moduli space has singularities associated with additional massless particles. The maximum number of massless particles is at the origin of the moduli space, there are N^2_f free massless mesons and 2N_f free massless baryons. Their contribution to the central charge is

c_{IR} = (N^2_f + 2N_f )c_S. (6.3.15)

In the range N_c + 2≤N_f ≤3/2N_c, the low energy theory is effectively described by a magnetic SU(N_f − N_c) gauge theory with N_f magnetic quarks, N_f magnetic antiquarks and N^2_f mesons. All these particles are free at the IR fixed point and hence the central charge is

c_{IR} = [(N_f − N_c)^2 − 1]c_V + [2N_f(N_f − N_c) + N^2_f ]c_S. (6.3.16)

In the range 3/2N_c≤N_f ≤3N_c, the IR region is described by a superconformal field theory, and can be parametrized equivalently by the magnetic or electric variables. However, both versions of the theory are interacting theories, the one-loop results (6.3.2) and (6.3.4) for the trace anomaly are not enough to extract the central charge c_{IR}. A technique of computing exactly the trace anomaly and hence c_{IR} for these interacting superconformal field theories will be introduced in next section. In the range N_f ≥3N_c, the theory ceases to be asymptotically free, the particle spectrum at the UV fixed point is not clear and hence the central charge at the UV fixed point cannot be calculated. The above known central charges at the IR and UV fixed points all give

c_{UV} − c_{IR} > 0. (6.3.17)

This hints at the possible existence of a c-theorem for a supersymmetric gauge theory.

More explicit and concrete evidence for the existence of a four dimensional c-theorem was provided by calculating exactly the renormalization group flows of the central charges of N = 1 supersymmetric QCD in the conformal window 3/2N_c≤N_f ≤3N_c [36]. The explicit formula for the flows of the trace anomaly coefficients were given. It was shown that the coefficient a of the Euler number density in the trace anomaly (6.3.2) is always monotonically decreasing a_{UV} − a_{IR} > 0. This is a strong support for the existence of a four-dimensional c-theorem in N = 1 supersymmetric gauge theory. The following section will give a detailed introduction.

6.4 Non-perturbative central functions and their renormalization group flows

A quantitative investigation of the existence of a four dimensional c-theorem was made by working out the explicit non-perturbative formula for the renormalization group flow of the central functions. The central functions are the central charges away from the conformal criticality [44]. If an asymptotic gauge theory has a non-trivial infrared fixed point, at which the theory becomes an interacting conformal field theory, then the quantum field theory away from criticality can be regarded as a radiative interpolation between a pair of four dimensional conformal field theories. To extract certain non-perturbative information about this quantum field theory, one should first identify relevant physical quantities and observe their renormalization group flow from the UV fixed points to the IR ones. As stated in previous sections, at the fixed points, the c-functions coincide with the central charges. These central charges are the coefficients of the leading terms in the operator product expansion of the various conserved quantities in the fixed points. In the conformal window 3N_c/2 < N_f < 3N_c of N = 1 supersymmetric QCD, the NSVZ β-function shows that the theory has a non-trivial IR fixed point, where the theory admits an equivalent dual magnetic description but with strong/weak coupling exchanged. In the following, we shall review the derivation of the renormalization group flow of the non-perturbative central functions associated with the various conserved quantities developed in Ref. [36]. The explicit non-perturbative formula for the central functions shows that the appropriate candidate for the c-function should depend on the coefficient of the Euler term in the trace anomaly.

In a supersymmetric gauge theory, several facts help to determine non-perturbatively the renormalization group flow of the central functions. First, the energy-momentum tensor T_{μν}(x) and the R_0-current R_{0μ}(x) lie in the same supermultiplet, so do the trace anomaly T^μ_μ and the anomalous divergence of the R_0-current, ∂_μR^μ_0 . This fact makes the coefficients of the trace anomaly and ∂_μR^μ_0 relevant. Secondly, if one introduces external source fields for the flavour current j_μ(x) and the energy-momentum tensor T_{μν}(x), the trace anomaly has a close relation with the two-point correlators ⟨j_μ(x)j_ν(y)⟩ and ⟨T_{μν}(x)T_{λρ}(y)⟩ and their central charges. Finally, the anomalous divergence of the R_0-current can be exactly calculated at an infrared fixed point through ’t Hooft anomaly matching. As shown in Eq. (6.1.10), the R_0-current can be combined with the Konishi current to an (internal) anomaly-free R-current, and the combination coefficient of the Konishi current is just the numerator of the NSVZ β-function. Thus at the IR fixed point the R_0-current will coincide with the (internal) anomaly-free R-current, whereas the ’t Hooft anomalies for this internal anomaly-free R-currents can be calculated in the whole energy range from only the one-loop triangle diagram. Therefore, the ’t Hooft anomalies of the R_0-current can be exactly determined at the IR fixed point. In the UV region, g = 0 must be the UV fixed point due to asymptotic freedom, so all the anomalies can be computed in the context of a free field theory. We are going to show the non-perturbative derivation of the renormalization group flow of the central functions.

The N = 1 supersymmetric QCD has the anomaly-free global symmetry SU_L(N_f )×SU_R(N_f ) ×U_B(1)×U_R(1). The fermionic parts of flavour currents corresponding to SU_L(N_f )×SU_R(N_f ) ×U_B(1) given in Sect. 3 are rewritten in four-component form [36],

j^A_μ = 1 2 ψγ_μ(1 − γ_5)t^Aψ, ~j^A_μ = 1 2 ~ψγμ(1 − γ_5)tA ~ψ,

j^5_μ = 1 2N_c ( ψγ_μγ_5ψ − ~ψγ_μγ_5 ~ψ ) . (6.4.1)

If written in two-component form they are the θθ component of the current superfields Q^†t^AQ, ~QtA ~Q† and (Q†Q + ~Q ~Q†), respectively; tA and tA being the generators of SU(Nf) in the fundamental and conjugate fundamental representation. The anomaly-free R-symmetry current is the combination (6.1.10) of the anomalous Konishi current and the R_0-current, and the fermionic parts of their four-component forms are

K_μ = 1 2 ψγ_μγ_5ψ + 1 2 ~ψγμγ_5 ~ψ, R_0μ = 1 2 λ^aγ_μγ_5λ^a − 1 2 ( ψγ_μγ_5ψ + ~ψγ_μγ_5 ~ψ ) . (6.4.2)

Note that in (6.4.1) and (6.4.2) the flavour and colour indices carried by the quarks are suppressed.

Let j_μ denote one of the flavour currents listed in (6.4.1). The conservation of the current, the dimensional analysis and the renormalization effects restrain the two-point correlator of j_μ to be of the form ⟨j_μ(x)j_ν(y)⟩ = 1 (2π)^4 ( ∂_μ∂_μ − ∂^2δ_{μν} ) b[g(1/x)] x^4

. (6.4.3)

Since j_μ is conserved at quantum level, it has no anomalous dimension. As a consequence, the Callan-Symanzik equation [ μ ∂ ∂μ + β(g) ∂ ∂g ] ⟨j_μ(x)j_ν(y)⟩ = 0 (6.4.4)

and the β-function β[g(μ)] = μdg(μ)/dμ determine that the function b depends only on the running coupling g(1/x). At the UV and IR fixed points of the renormalization group flow, g_{UV} and g_{IR}, the following limits exist: b_{UV} ≡ lim_{x→0} b[g(1/x)] = b[g_{UV} ], b_{IR} ≡ lim_{x→∞} b[g(1/x)] = b[g_{IR}]. (6.4.5)

To determine the renormalization flow b_{UV} − b_{IR}, we first consider the correlation function (6.4.3) to any order in perturbation theory, and then make reasonable arguments to extract the all orders result. In perturbation theory, one unavoidable result is the emergence of UV divergences. To regulate all the sub-divergences contained in b[g(1/x)], we first expand the function b[g(1/x)] to any finite order of g, b[g(1/x)] = ∑ n≥0 b_n[g(μ)]t^n, t≡ ln(xμ), (6.4.6)

where b_n[g(μ)] is a polynomial in g(μ). Evaluating Eq.(6.4.6) at x = 1/μ gives

b[g(μ)] = b_0[g(μ)]. (6.4.7)

(6.4.3) and the Callan-Symanzik equation (6.4.4) yield μ ∂b[g(1/x)] ∂μ = 0, β(g) db_n(g) dg + (n + 1)b_{n+1}(g) = 0,

b_{n+1}(g) = − β(g) n + 1 db_n(g) dg . (6.4.8)

Eq.(6.4.8) shows that all b_n(g) with n≥1 can be expressed in terms of β(g), b_0(g) and its derivatives. However, when inserting (6.4.6) into (6.4.3), one can easily see that at short distance t^n/x^4 is too singular to have a Fourier transform in momentum space. This is actually the reflection of the UV divergence in coordinate space. With a newly developed regularization method in coordinate space called differential regularization [119], the overall divergence near x = 0 can be regulated as follows [36, 44]:

[ln(xμ)]^n x^4 = − n! 2^{n+1}

∂^2 n∑ k=0 2^kt^{k+1} (k + 1)!x^2

− a_nδ^{(4)}(x). (6.4.9)

The fully regulated form factor of the correlator (6.4.3) thus becomes b[g(1/x)] x^4 = − ∑ n b_n[g(μ)] [ n! 2^{n+1}

∂^2 n∑ k=0 2^kt^{k+1} (k + 1)!x^2

+ a_nδ^{(4)}(x) ] . (6.4.10)

Consequently, the scale derivative of b[g(1/x)]/x^4 can be written as the sum of the local contribution of the k = 0 term plus a non-local term proportional to β(g) due to Eq. (6.4.8), μ ∂ ∂μ b[g(1/x)] x^4

= 2π^2~b[g(μ)]δ^{(4)}(x) + β[g(μ)]∂^2 [ F (x) x^2 ] , (6.4.11)

where ~b[g(μ)] = ∑ n b_n[g(μ)] n! 2^n

, (6.4.12)

and F (x) is the sum of all the terms with k≥1 in the scale derivative. In particular, with Eq. (6.4.8), the scale derivative of ~b[g(μ)] yields a differential equation for ~b[g(μ)] [36], β(g) d~b(g) dg + 2~b(g) = 2b(g). (6.4.13)

Eq. (6.4.13) means that the functions b[g(μ)] and ~b[g(μ)] coincide at the fixed points of the renormalization group flow. This result is an important step towards the non-perturbative determination of the renormalization flow of the b-function. It should be emphasized that Eqs. (6.4.8)—(6.4.13) were derived within perturbation theory, but they can be regarded as non-perturbative results [36].

The function ~b[g(μ)] turns out to be the coefficient e of the external field part of the trace anomaly (6.3.2). This can be easily shown by writing down the generating functional for the current correlation function (6.4.3),

e^{−Γ[Bμ]} = ∫ [dφ]e^{−S[φ]+i} ∫ d4xj^μ(x)Bμ(x), (6.4.14) where φ denotes all the fields appearing in the functional integral including the ghost fields associated with gauge fixing. B_μ is the external field coupled to the flavour current j_μ listed in (6.4.1). Since the action of the scale derivative is equal to the insertion of the trace of the energy-momentum tensor with zero momentum, i.e. the insertion of ∫ d^4xT^μ_μ [101],

∂_αd^α = T^α_α = β(g) ∂Γ ∂g = μ ∂Γ ∂μ , (6.4.15)

we have μ ∂ ∂μ e^{−Γ} = ∫ [dφ]e^{−S[φ]+i} ∫ d4xj^μ(x)Bμ(x) ∫ d^4z [ − 3N_c − N_f (1 − γ) 32π^2

(F^a_{μν})^2 + 1 4 q(B_{μν} )^2 ] , (6.4.16)

where the general from of the trace anomaly of N = 1 supersymmetric gauge theory plus an external anomaly was used:

T^μ_μ = −

3N_c − N_f (1 − γ)

32π^2

(F^a_{μν} )^2 + 1 4 q(B_{μν} )^2, (6.4.17) q being a coefficient needing to be determined. On the other hand, the scale derivative of the flavour current correlator (6.4.3) gives μ ∂ ∂μ ⟨j_μ(x)j_ν(y)⟩ = ⟨j_μ(x)j_ν(y) ∫ d^4zθ^μ_μ(z)⟩ = μ ∂ ∂μ [ δ iδB_μ(x) δ iδB_ν(y) e^{−Γ} ]

= δ^2 δB_μ(x)δB_ν(y) ∫ [dφ]e^{−S[φ]+i} ∫ d4xj^μ(x)Bμ(x) ∫ d^4z [ − 3N_c − N_f (1 − γ) 32π^2

(F^a_{μν} )^2 + 1 4 q(B_{μν} )^2 ]

= q(∂_μ∂_ν − δ_{μν} 2)δ^{(4)}(x) −

3N_c − N_f (1 − γ) 32π^2 ⟨J_μ(x)J_ν(y) ∫ d^4z(F^a_{μν} )^2⟩. (6.4.18)

Comparing the above equation with (6.4.11), one can immediately identify the coefficients of their local terms up to contributions O(β[g(μ)]) which will vanish at the fixed points, q = 1 8π^2

~b[g(μ)] + O(β[g(μ)]). (6.4.19)

The renormalization group flow of ~b[g(μ)], can be computed from the anomalous divergence ∂_μR^μ_0 , which lies in the same supermultiplet with the trace anomaly and hence their coefficients should be identical. In particular, as shown in Eq. (6.1.10), the R^μ_0 -current can be combined with the Konishi current to form an (internal) anomaly-free R-current. The (external) anomalous divergence ⟨∂_μR^μ⟩ can be calculated exactly from the one-loop triangle diagram ⟨R_μ(x)j_ν(y)j_ρ(z)⟩. Note that ’t Hooft anomaly matching holds only for the correlator ⟨R_μ(x)j_ν(y)j_ρ(z)⟩, not for ⟨R_{0μ}(x)j_ν(y)j_ρ(z)⟩ or ⟨K_μ(x)j_ν(y)j_ρ(z)⟩. This is because R_{0μ}(x) and K_μ(x) have internal anomalies, so in the higher order triangle diagrams, there will arise socalled “rescattering graphs” [114] containing an internal triangle diagram in which the axial vector current will communicate with a pair of gluons due to the internal anomaly coming from the sub-fermionic triangle diagram. This will produce higher order non-local contributions to the chiral anomaly. In view of this, the expectation values of the anomalous divergence of R_μ, R_{0μ} and K_μ in the presence of the external field B_μ coupled to the flavour current j_μ are as the following: ⟨∂^μR_μ⟩≡ 1 48π^2 sB^{μν} ~B_{μν} , ⟨∂^μR_{0μ}⟩ = − 1 48π^2 ~b[g(μ)]Bμν ~Bμν + · · ·, ⟨∂^μK_μ⟩ = − 1 48π^2 ~k[g(μ)]Bμν ~Bμν + · · ·. (6.4.20) The omitted terms in ⟨∂^μR_{0μ}⟩ denote the non-local contributions proportional to the internal anomaly β[g(μ)]F_{μν} ~F^{μν} . There is a similar non-local contribution to ⟨∂^μK_μ⟩, which will cancel the corresponding terms of ⟨∂^μR_{0μ}⟩ in the linear combination (6.1.10) and leads to ⟨∂^μR_μ⟩. In fact, these non-local contributions are irrelevant for the following analysis since their local terms are of the order O (β[g(μ)]); The quantity s is a constant independent of the renormalization scale.

The combination of (6.1.10) and (6.4.20) implies that the external anomaly coefficients satisfy the relation ~b[g(μ)] + ( 1 − 3N_c N_f − γ[g(μ)] ) ~k[g(μ)] = −s. (6.4.21)

This relation holds along the whole trajectory of the renormalization group flow since s is independent of the renormalization scale. For an asymptotically free supersymmetric gauge theory, g = 0 is the UV fixed point and the anomalous dimension γ(g_{UV} ) vanish at the UV fixed point. Consequently, ~b_{UV} and ~k_{UV} can be calculated from the one-loop triangle diagrams ⟨R_0JJ⟩ and ⟨KJJ⟩ in the context of a free field theory. The coincidence of Eq. (6.4.21) at scale μ and in the UV limit gives ~b[g(μ)] = bUV + γ[g(μ)]~kUV − ( 1 − 3N_c N_f − γ[g(μ)] ) ( ~b[g(μ)] − ~kUV ) . (6.4.22)

As for the IR aspect, in the conformal window 3N_c/2 < N_f < 3N_c, the theory flows to a nontrivial fixed point g_⋆. The vanishing of the NSVZ β-function gives the exact infrared limit value of the anomalous dimension,

γ_{IR} = 1 − 3N_c N_f . (6.4.23)

Then, at the IR fixed point, Eq. (6.4.22) becomes:

b_{IR} − b_{UV} = γ_{IR}~k_{UV} . (6.4.24)

Furthermore, based on the observation that the gaugino does not contribute to the flavour current correlator, and that the quark and antiquark contribution to the combination R_{0μ} + K_μ cancels, we obtain in the UV limit,

⟨∂^μR_{0μ}⟩ + ⟨∂^μK_μ⟩ = 0. (6.4.25)

This equation together with (6.4.20) yields

b_{UV} = −~k_{UV} . (6.4.26)

The calculation of the one-loop ⟨∂^μR_μ(x)j^5_ν(y)j^5_ρ(z)⟩ gives b_{UV} = 2N_f /N_c. (6.4.23), (6.4.24) and (6.4.26) lead to b_{IR} = 6. The total renormalization group flow of the central function b from the UV limit to the IR fixed point is thus obtained, b_{UV} − b_{IR} = 6 ( N_f 3N_c − 1 ) . (6.4.27)

One can easily see that this flow is always negative in the whole conformal window, 3N_c/2 < N_f < 3N_c, This contradicts the c-theorem and hence the b-function is excluded from being a candidate for a c-function.

In the magnetic theory, the four-component form of the flavour currents corresponding to the global symmetry SU(N_f)_q×SU(N_f)~_q×U_B(1)×U_R(1) is ~jAqμ = 1 2 ψ_qγ_μ(1 − γ_5)t^Aψ_q, ~j^A~_{qμ} = 1 2 ~ψ ~qγμ(1 − γ^5)t A ~ψ ~q ~j^5μ = 1 N_f − N_c ( 1 2 ψ~_qγ_μγ_5ψ~_q − 1 2 ~ψ ~qγμγ^5 ~ψ ~q ) . (6.4.28)

The anomaly-free magnetic R-current is given by the combination (6.1.15), where the fourcomponent form of the Konishi current and the original R-current are

K_μ = K^q_μ + K^M_μ ; K^q_μ = 1 2 ψ_qγ_μγ_5ψ_q + 1 2 ~ψ ~qγμγ^5 ~ψ ~q, K^M_μ = 1 2 ψ_M γ_μγ_5ψ_M , ~R_{0μ} = 1 2 λ^aγ_μγ_5λ^a − K_μ. (6.4.29)

The flavour interaction superpotential W_f = fq^{ri}M_{ij} ~q^j_r makes the analysis of the identification of the external trace anomaly coefficient e with the central function b quite complicated, since now b is a function of both g(1/x) and f(1/x). However, the same analysis as in the electric theory shows that they indeed coincide at the fixed points [36].

The derivation of the renormalization group flow of the central function ~b in the magnetic flavour current correlator is similar to the electric theory, and the difference is only in the Konishi current part. The combination (6.1.15) and the matrix elements of the external anomaly equations ⟨∂^μ ~R_μ⟩ = 1 48π^2 ~sBμν ~Bμν , ⟨∂^μ ~R_{0μ}⟩ = − 1 48π^2 ~b[g(μ), f(μ)]Bμν ~Bμν + · · ·, ⟨∂^μK^q_μ⟩ = − 1 48π^2 ~k^(q^)[g(μ), f(μ)]Bμν ~Bμν + · · ·, ⟨∂^μK^M_μ ⟩ = − 1 48π^2 ~kM [g(μ), f(μ)]Bμν ~Bμν + · · · (6.4.30) as well as the scale independence of ~s, lead to the relation ~b = ~bUV + γq~k^(q^) UV + γ_M ~k^{(M )}_{UV} + (2γ_q + γ_M ) ( ~k^(M^) − ~k^(M^) UV )

− [ 1 − 3(N_f − N_c) N_f ] ( ~k^(q^) − 2~k^(M^) − ~k^(q^) UV + 2~k^{(M )}_{UV} ) , (6.4.31)

where, as in the case of the electric theory, a quantity with subscript UV means that it is evaluated from the lowest order triangle diagrams at high energy, while the other quantities are defined at an arbitrary renormalization scale μ.

At the IR fixed point, the vanishing of the β-functions for both the gauge magnetic coupling and the Yukawa coupling gives γ^{IR}_q = − 1 2 γ^{IR}_M = 1 −

3(N_f − N_c) N_f . (6.4.32)

The above anomalous dimensions and the relation (6.4.31) lead to the renormalization group flow ~bIR − ~bUV = γIR q ~k^(q^) UV + γ^{IR}_M ~k^{(M )}_{UV} . (6.4.33)

Eq. (6.4.33) is the non-perturbative formula for the flow of the central function of the flavour currents in the magnetic theory. For the baryon number current listed in (6.4.28), the one-loop triangle diagram ⟨~j^5_μj_ν j_ρ⟩ and ⟨∂^μ ~R_{0μ}⟩ + ⟨∂^μK_μ⟩ = 0 in the UV limit yield ~bUV = −~k^(q^) UV = 2N_c N_f − N_c , ~k^{(M )}_{UV} = 0. (6.4.34)

(6.4.33) and (6.4.34) determine that b_{IR} = 6. Therefore, the flow of the central function of the baryon number current is ~bIR − ~bUV = 6 [ 1 − N_f 3(N_f − N_c) ] = 2 2N_f − 3N_c N_f − N_c . (6.4.35)

This flow is again positive throughout the whole conformal window of the magnetic theory, 3(N_f − N_c)/2 < N_f < 3(N_f − N_c) (i.e. 3N_c/2 < N_f < 3N_c). Moreover, the central functions in the electric and magnetic theories have the same IR values, b_{IR} = ~b_{IR} = 6. The above results are actually an inevitable outcome of the electric-magnetic duality in the conformal window. They can be regarded as support for Seiberg’s electric-magnetic duality conjecture.

Having verified explicitly that the central functions of the flavour currents are not suitable candidates for the c-function, we turn to the gravitational central functions [44]. These central functions are contained in the operator product expansion of the energy-momentum tensor T_{μν}. The conservation of T_{μν} implies that the two-point correlator of the energy-momentum tensor should be of the form [44]: ⟨T_{μν}(x)T_{ρσ}(0)⟩ = − 1 48π^4 Π_{μνρσ} c[g(1/x)] x^4 + π_{μν} π_{ρσ} f[ln(xμ), g(1/x)] x^4

, (6.4.36)

where π_{μν} = ∂_μ∂_ν − δ_{μν} 2 and Π_{μνρσ} is the transverse traceless spin 2 projective tensor, the n = 4 case given in Eq. (6.3.10) Π_{μνρσ} = 2π_{μν} π_{ρσ} − 3 (π_{μρ}π_{νσ} + π_{μσ}π_{νρ}) , Π^μ_{μρσ} = Π^ρ_{μνρ} = 0, ∂^μΠ_{μνρσ} = ∂^νΠ_{μνρσ} = ∂^ρΠ_{μνρσ} = ∂^σΠ_{μνρσ} = 0. (6.4.37)

With a non-local redefinition [44]

T_{μν} = T_{μν}(x) + 1 3 1 2^{πμνT ρρ, (6.4.38)} one can get the two-point correlator of the energy-momentum tensor with an improved trace property and a simple correlator: ⟨T_{μν}(x)T_{ρσ}(0)⟩ = − 1 48π^4 Π_{μνρσ} c[g(1/x)] x^4

. (6.4.39)

As for the flavour current, the central function c[g(1/x)] is connected to the coefficient of the Weyl tensor part of the gravitational anomaly. For N = 1 supersymmetric QCD, we introduce the background metric g_{μν} (x) for the energy-momentum tensor T_{μν} (x) and the external U(1) gauge field V_μ for the R_{0μ}-current. According to the general form (6.3.2) of the trace anomaly in the presence of external fields, the trace anomaly at the fixed point is ⟨T^μ_μ⟩ = ~c 16π^2 C_{μνρσ}C^{μνρσ} − a 16π^2 ~Rμνρσ ~Rμνρσ + ~c 16π^2

V_{μν} V^{μν} , (6.4.40)

where V_{μν} = ∂_μV_ν − ∂_ν V_μ is the field strength of V_μ. The coefficients of (C_{μνρσ})^2 and (V_{μν})^2 are identical since ∂^μR_{0μ} and the trace anomaly are in the same supermultiplet. The coefficient of the Euler number density is an independent constant [39].

The renormalization group flow of the c-function and the a-function can be determined using a similar technique as in the flavour current case. First, the c- and a-functions in the UV limit can be calculated in a free field theory due to the asymptotic freedom. In a free supersymmetric gauge theory with N_v vector and N_χ chiral supermultiplets, the central function c at the UV fixed point is given by (6.2.2) and the a-function is [39, 118], a_{UV} = 1 48 (9N_v + N_χ) . (6.4.41)

For N = 1 supersymmetric QCD, N_v = N^2_c − 1 and N_χ = 2N_cN_f . Off criticality there will arise internal trace anomaly terms in ⟨T^μ_μ⟩, but they are proportional to the β function for gauge coupling, β[g(μ)], and hence give no contribution to the flow. The central charges thus depend on the running gauge coupling, c = c[g(μ)], a = a[g(μ)]. The next step is still to resort to the R_{0μ} anomaly since the coefficient of the ∂^μR_{0μ} is connected to the trace anomaly coefficient. In particular, ∂^μR_{0μ} can be exactly evaluated in the IR region. In the presence of the background gravitational field and the external gauge field coupled to the R_0-current, the external field part of the ∂^μR_{0μ} anomaly is of the following general form: ∂^μR_{0μ} = (uc + va) R^{μνρσ} ~R_{μνρσ} + (rc + sa) V^{μν} ~V_{μν}, (6.4.42) where u, v, r and t are universal (or model independent) coefficients, and they can be calculated in the UV limit from free field theory due to asymptotic freedom. With the observation that gauginos and quarks have opposite R-charges, +1 and −1, respectively uc_{UV} +va_{UV} and rc_{UV} + sa_{UV} can be evaluated from the triangle diagrams ⟨R_0T T ⟩ and ⟨R_0R_0R_0⟩, respectively: uc_{UV} + va_{UV} = 3N_v − N_χ 24π^2 , rc_{UV} + sa_{UV} = 27N_v − N_χ 24π^2

. (6.4.43)

With the values of c_{UV} and a_{UV} given in (6.4.41), it can be easily found that ⟨∂^μ ( √ gR_{0μ})⟩_{UV} = c_{UV} − a_{UV} 24π^2 R^{μνρσ} ~R_{μνρσ} + 5a_{UV} − 3c_{UV} 9π^2

V^{μν} ~V_{μν} . (6.4.44)

The same procedure as for deriving Eq. (6.4.19) shows that off criticality the coefficient ~c[g(μ)] of (Wμνρσ)^2 and (Vμν)^2 in the trace anomaly (6.4.40) is related to the central function c[g(μ)] as

~c[g(μ)] = c[g(μ)] + O[β(g)]. (6.4.45)

So they coincide at the fixed points of the renormalization group flow. The anomaly coefficients of the terms in ∂^μR_{0μ} appear as the combination c − a and 5a − 3c. The renormalization group flow of ~c[g(μ)] − a[g(μ)] and 5a[g(μ)] − 3~c[g(μ)] can be determined in the same way as deriving Eq. (6.4.27). First, the triangle axial gravitational anomalies ⟨RT T ⟩, ⟨R_0T T ⟩ and ⟨KT T ⟩ give ⟨∂_μ( √ gR^μ)⟩ = 1 12π^2 s_1ϵ^{μνλρ}R_{μνσδ}R^{σδ}_{λρ}, ⟨∂_μ( √ gR^μ_0 )⟩ = 1 12π^2 (~c[g(μ)] − a[g(μ)]) ϵ^{μνλρ}R_{μνσδ}R^{σδ}_{λρ} + · · ·, ⟨∂_μ( √ gK^μ)⟩ = 1 12π^2 k[g(μ)]ϵ^{μνλρ}R_{μνσδ}R^{σδ}_{λρ} + · · ·, (6.4.46) where the omitted are the non-local O[β(g(μ))] terms coming from the internal anomaly. In the UV limit, the quantities k[g(μ)] and ~c[g(μ)] − a[g(μ) can be calculated exactly from the one-loop triangle diagrams, ⟨R_0T T ⟩_{UV} and ⟨KT T ⟩_{UV} [36], k_{UV} = − 1 16 N_χ = − 1 8 N_f N_c, c_{UV} − a_{UV} = − 1 16 ( N_v − 1 3 N_χ ) = − 1 16 ( N^2_c − 1 − 2 3 N_f N_c ) . (6.4.47)

The scale independence of s_1 and the combination Eq. (6.1.10) lead to ~c[g(μ)] − a[g(μ)] = cUV − aUV + 1 3 γ[g(μ)]k_{UV} − 1 3 ( 1 − 3N_c N_f − γ[g(μ)] ) (k[g(μ)] − k_{UV} ) . (6.4.48)

The non-perturbative formula for 5a − 3c can be obtained from the triangle diagram ⟨R_0R_0R_0⟩. Eq. (6.4.2) shows that the fermionic part of the R_0-current is contributed by the gaugino, the left- and right-handed quarks, all of which are Majorana spinors, and these three contributions have the same form Ψγ_μγ_5Ψ/2. The amplitude of the triangle diagram formed by three identical axial currents composed of Majorana spinors has a Bose symmetry. A calculation in the UV limit yields [120] ∂ ∂z_ρ ⟨J_μ(x)J_ν(y)J_ρ(z)⟩_{UV} = − 1 12π^2 ϵ_{μνλρ} ∂ ∂x_λ ∂ ∂y_ρ δ^{(4)}(x − z)δ^{(4)}(y − z) ≡ 16 9 C_{μν}(x, y, z), C_{μν} (x, y, z) = C_{νμ}(y, x, z). (6.4.49) With Eq.(6.4.49), rewriting the combination (6.1.10) as R_{0μ} = R_μ +(γ −γ_{IR})K_μ/3 and considering the various Bose symmetric contributions of gaugino and quarks to the anomalous divergence of the triangle ⟨R_0R_0R_0⟩, one can write down the following anomaly equations [36]: ∂ ∂z_ρ ⟨R_{0μ}(x)R_{0ν}(y)R_{0ρ}(z)⟩ = (5a [g(μ)] − 3c [g(μ)]) C_{μν} (x, y, z), ∂ ∂z_ρ ⟨R_μ(x)R_ν(y)R_ρ(z)⟩ = s_2C_{μν} (x, y, z), ∂ ∂z_ρ [⟨R_μ(x)R_ν(y)K_ρ(z)⟩ + ⟨K_μ(x)R_ν(y)R_ρ(z)⟩ +⟨R_μ(x)K_ν(y)R_ρ(z)⟩] = 3k_1 [g(μ)] C_{μν} (x, y, z), ∂ ∂z_ρ [⟨R_μ(x)K_ν(y)K_ρ(z)⟩ + ⟨K_μ(x)K_ν(y)S_ρ(z)⟩ +⟨K_μ(x)R_ν(y)K_ρ(z)⟩] = 3k_2 [g(μ)] C_{μν} (x, y, z), ∂ ∂z_ρ ⟨K_μ(x)K_ν(y)K_ρ(z)⟩ = k_3 [g(μ)] C_{μν} (x, y, z), (6.4.50)

where the coefficient s_2 stays constant along the trajectory of the renormalization group flow since the R_μ-current is internal anomaly-free. The above Bose symmetric anomaly equation and the combination (6.1.10) yield

5a − 3c = s_2 + k_1 (γ − γ_{IR}) + 1 3 (γ − γ_{IR})^2 k_2 + 1 27 (γ − γ_{IR})^3 k_3. (6.4.51)

In the UV limit, the coefficients of the triangle anomaly involved in (6.4.50) can be exactly calculated in a free theory,

γ_{UV} = 0, k_{1UV} = 9 16 N_χ ( N_c N_f )_2 , k_{2UV} = − 9 16 N_χ N_c N_f , k_{3UV} = 9 16 N_χ, N_χ = 2N_f N_c. (6.4.52)

Thus Eq. (6.4.52) becomes

5a_{UV} − 3c_{UV} = s_2 − k_{1UV} γ_{IR} + 1 3 γ^2_{IR}k_{2UV} − 1 27 γ^3_{IR}k_{3UV} . (6.4.53)

Eqs. (6.4.51) and (6.4.53) give 5a[g(μ)] − 3c[g(μ)] = 5a_{UV} − 3c_{UV} + h, h≡γ_{IR}k_{1UV} − 1 3 k_{2UV} γ^2_{IR} + 1 27 k_{3UV} γ^3_{IR} + k_1 [g(μ)] (γ − γ_{IR}) + 1 3 k_2 [g(μ)] (γ − γ_{IR})^2 + 1 27 k_3 [g(μ)] (γ − γ_{IR})^3 . (6.4.54)

With Eqs. (6.4.48) and (6.4.54), the non-perturbative formula for the central functions turns out to be

c = c_{UV} + 5 6 (γ − γ_{IR}) k [g(μ)] + 5 6 γ_{IR}k_{UV} + 1 2 h, a = a_{UV} + 1 2 (γ − γ_{IR}) k [g(μ)] + 1 2 γ_{IR}k_{UV} + 1 2 h. (6.4.55)

Evaluating c[g(μ)] and a[g(μ)] at the IR fixed point, we get the renormalization group flow of the central charges, c_{IR} − c_{UV} = 5 6 γ_{IR}k_{UV} + 1 2 γ_{IR}k_{1UV} − 1 6 γ^2_{IR}k_{2UV} + 1 54 γ^3_{IR}k_{3UV} = N_cN_f 48 γ_{IR} 9 ( N_c N_f )_2 + 3 N_c N_f − 4 ,

a_{IR} − a_{UV} = 1 2 γ_{IR}k_{UV} + 1 2 γ_{IR}k_{1UV} − 1 6 γ^2_{IR}k_{2UV} + 1 54 γ^3_{IR}k_{3UV} = − N_cN_f 48 γ^2_{IR} ( 2 + 3 N_c N_f ) . (6.4.56)

In deriving (6.4.56) we have used the values listed in (6.4.47) and (6.4.52).

In fact, the values of the central functions at both the UV and IR fixed points can be calculated directly. Since the NSVZ β-function vanishes at the IR fixed point, the combination (7.1.10) shows that R_{0μ} and R_μ coincide at the IR fixed point. Because the anomaly-free R_μ has one-loop exact external anomalies and the coefficients are scale independent, the IR values of the external R_μ anomaly coefficients must be equal to the UV ones. This fact means ∂ ∂z_ρ ⟨R_{0μ}(x)R_{0ν}(y)R_{0ρ}(z)⟩_{IR} = ∂ ∂z_ρ ⟨R_μ(x)R_ν(y)R_ρ(z)⟩_{IR} = ∂ ∂z_ρ ⟨R_μ(x)R_ν(y)R_ρ(z)⟩_{UV} . (6.4.57)

Using R^{UV}_μ = R_{0μ} + (1 − 3N_c/N_f )K_μ with R_{0μ} and K_μ given in (6.4.2) and considering the relative contributions from the gaugino and quarks, one can find [36] 5a_{IR} − 3c_{IR} = 9 16 Nv − Nχ ( N_c N_f )_3 = 9 16 N^2c − 1 − 2NcNf ( N_c N_f )_3 . (6.4.58)

Calculating ∂/∂z_ρ⟨R_μ(x)R_ν(y)R_ρ(z)⟩ in the UV limit as in free field theory, we obtain: 5a_{UV} − 3c_{UV} = 9 16 ( N^2_c − 1 − 2 27 N_cN_f ) . (6.4.59)

Applying a similar procedure to the axial gravitational triangle diagram ⟨T T R⟩, we find: c_{IR} − a_{IR} = 1 16 ( N^2_c − 1 + 2 ) = 1 16 ( N^2_c + 1 ) ; c_{UV} − a_{UV} = − 1 16 ( N^2_c − 1 − 2 3 N_f N_c ) . (6.4.60)

The values of the central functions at the fixed points are thus fixed: c_{IR} = 1 16 7 ( N^2_c − 1 ) − 9N_cN_f ( N_c N_f )_3 + 5 = 1 16 ( 7N^2_c − 2 − 9

N^4_c N^2_f ) ,

a_{IR} = 3 16 2 ( N^2_c − 1 ) − 3N_cN_f ( N_c N_f )_3 + 1 = 3 16 ( 2N^2_c − 1 − 3

N^4_c N^2_f ) ; c_{UV} = 1 24 [ 3(N^2_c − 1) + 2N_f N_c ] , a_{UV} = 1 48 [ 9(N^2_c − 1) + 2N_f N_c ] . (6.4.61)

It can be easily checked that the flow equation (6.4.56) is satisfied with the above explicit values for the central charges. In a similar way, the flow of central charges in the dual magnetic theory can be worked out: ~cIR − ~cUV = 1 24 ( 1 − 3 2 N_c N_f ) ( 9 N^3_c N_f − 6N^2_c + 6N^2_f + N_cN_f ) ,

~aIR − ~aUV = − 1 12 ( 1 − 3 2 N_c N_f )_2 ( 3N^2_c + 4N_cN_f + 3N^3_f ) . (6.4.62)

The result given in Eqs. (6.4.56) and (6.4.62) shows that the flow of the c-function can be both positive and negative. For example, in the electric theory, c_{IR} − c_{UV} is negative near the lower edge of the conformal window, N_f ∼3N_c/2, but positive near the upper edge, N_f ∼3N_c, while in the magnetic theory c_{IR} − c_{UV} is positive in the entire conformal window. Thus there is no c-theorem for this c-function in supersymmetric gauge theory. However, the flow of the central charge function a always satisfies a_{IR}−a_{UV} < 0 for both the electric and magnetic theories in the whole range of the conformal window. This fact seems to suggest the existence of an “a-theorem”, i.e. a suitable c-function would be the coefficient of the Euler term of the trace anomaly. In Sect. 6.3 we have already introduced the partial quantitative result obtained by Bastianelli that both c_{IR} − c_{UV} and a_{IR} − a_{UV} are negative [45]. Now the explicit non-perturbative formula shows that the c-theorem is only applicable to the a-function. This coincides with the initial choice made by Cardy [40].

7 Concluding remarks

7.1 A brief history of electric-magnetic duality

The status of QCD as a true theory describing strong interaction has been generally accepted for more than 20 years. Due to the property of asymptotic freedom, its predictions at small distances such as deep inelastic scattering processes can be calculated and coincide with the results of experimental tests. However, its description for the low energy dynamics of quarks is not clear yet. It is well known that the remarkable strong interaction phenomena at low energy are colour confinement and chiral symmetry breaking [121], but the mechanisms for both of them are still not fully understood. Although some phenomenological models have been proposed, the final truth should be determined by an exact solution of QCD. However, with the present methods, it is impossible to find an exact quantum action of QCD since it is a highly non-linear theory. Perturbative calculations become invalid at low-energy due to the strong coupling. Therefore, understanding the non-perturbative dynamics of strong interaction theory is a big problem awaiting to be solved.

Duality has provided a possibility to tackle this problem since it relates the strong coupling in one theory to the weak coupling in another theory. The other feature of duality is that it interchanges fundamental quanta in the theory with the solitons of its dual theory. It has long been known that such a duality relation really occurs in two-dimensional relativistic quantum field theories. Based on Skyrme’s conjecture, Coleman and Mandelstam found that the bosonic sine-Gordon model is completely equivalent to the massive Thirring model [122, 123]. The strong and weak coupling in these two theories are exchanged and the solitons of the sine-Gordon theory corresponds to the fundamental fermions of the massive Thirring model.

The search for duality in four-dimensional gauge theory has a long history. It was noticed early one, that classical electrodynamics, formulated in terms of field strengths, possesses an electric-magnetic duality symmetry, if magnetic charges and currents are introduced as sources. The quantum theory of magnetic charges was found by Dirac [124]. He found the famous quantization condition ensuring the consistency of the quantum mechanics of a magnetically charged particle moving in an electromagnetic field. This quantization condition implies that the electric-magnetic duality, if it exists, exchanges strong and weak couplings.

However a consistent quantum field theory with magnetic monopoles was not found until after more than 40 years. In 1974, ’t Hooft [65] and Polyakov [66] independently found finite energy classical solutions in the Georgi-Glashow model and that they can be interpreted as monopoles. At large distance, this classical solution behaves as a Dirac monopole. Furthermore, another kind of soliton solutions carrying both electric charge and magnetic charge (dyon) was found by Julia and Zee [69]. In the Prasad-Sommerfield limit, the explicit analytic solutions for the magnetic monopole and the dyon were worked out. In this limit the classical masses of the magnetic monopole and dyon saturate the Bogomol’nyi bound and hence such monopole and dyon solutions are called BPS solutions [74]. A comparison of the classical masses and charges of the BPS monopoles with those of the fundamental quantum particles such as the massive gauge bosons and Higgs particles produced by spontaneously symmetry breaking in the Georgi-Glashow model [74] shows that the whole particle spectrum including the BPS magnetic monopoles is invariant under electric-magnetic duality provided that the BPS monopoles are interchanged with the massive gauge vector bosons [7]. This observation motivated the Montonen-Olive duality conjecture that there should exist a dual description of the Georgi-Glashow model where the elementary gauge particles should be BPS magnetic monopoles and they should form a gauge triplet together with the photon, while the massive magnetic bosons should behave as “electric monopoles”. This conjecture was further reinforced by the fact that two very different calculations for the long-range force between the massive gauge bosons (done by computing the lowest order Feynman diagrams contributed by photon and Higgs particle exchange [7]), and that between the BPS magnetic monopoles ( a calculation due to Manton [125]) yielded identical results. Later Witten considered the strong CP violation effects (i.e. including a θ-term) in the Georgi-Glashow model and found that the θ-term shifts the allowed values of the electric charge in the monopole sector [126]. As a consequence, Montonen-Olive duality was extended from Z_2 to SL(2, Z) duality since the θ-parameter and the coupling constant of the theory can be combined into one complex parameter.

However, the Montonen-Olive conjecture suffers from several serious drawbacks. First, owing to the Coleman-Weinberg mechanism [127], a non-zero scalar potential will be generated by quantum corrections even if the classical potential vanishes, consequently, the classical mass formula will be modified. Thus there is no reason to believe that the electric-magnetic duality of the whole particle spectrum is not broken by radiative corrections through a renormalization of the Bogomol’nyi bound. Secondly, it is well known that the massive gauge bosons have spin one, while the magnetic monopoles are spherical symmetric solutions and should have spin zero. Thus although the mass spectrum is invariant under duality, the quantum states and quantum numbers in two dual theories do not match. In addition, there is the difficulty to test this conjecture since the duality relates weak to strong coupling and we know very little about solutions of four dimensional strongly coupled theory. Fortunately supersymmetry provides a way to circumvent these problems.

The main physical motivation to introduce supersymmetry is to solve the gauge hierarchy problem [128], To some extent, it prevents the generation of quantum corrections to the mass terms and provides a naturalness to mass relations in quantum field theory. In (extended) supersymmetric gauge theories with central charges, the supersymmetry has another effect: the Bogomol’nyi bound is a property of some representations of the supersymmetry algebra. Due to the work of Witten and Olive [129], the physical meaning of the central charges was made clear: they are precisely the electric and magnetic charges. Thus supersymmetry protects the Bogomol’nyi bound against quantum corrections, guaranteeing that the bound is true both at the classical and the quantum levels. The main reason for this is that the BPS mass formula is a necessary condition for the existence of the short representations of the supersymmetry algebra. A typical example with a non-vanishing central charge is N = 2 supersymmetric Yang-Mills theory, which is obtained by the dimensional reduction of N = 1 supersymmetric Yang-Mills theory in six dimensions and whose bosonic part is just the Georgi-Glashow model [130]. So the supersymmetric generalization of the BPS magnetic monopole and dyon solutions can be naturally obtained. Observing the massive supermultiplets arising out of higgsing this model, one can see that they are only four-fold degenerate and not sixteen-fold degenerate as usually expected from the representation of supersymmetry algebra realized on massive particle states. This fact indicates that the central charge of N = 2 supersymmetry saturates the bound. Nevertheless, this also shows that the states in the short massive supermultiplet have spin 1/2 and 0, but not spin 1, or 1/2 and 1, but not 0. Thus N = 2 supersymmetric Yang-Mills theory is not an appropriate theory admitting Montonen-Olive duality. This obstacle is surmounted in N = 4 supersymmetric Yang-Mills theory, which can be obtained through a dimensional reduction of ten-dimensional N = 1 supersymmetric Yang-Mills theory [8]. This model also admits the Higgs mechanism and has BPS monopole solutions. The massive vector multiplets naturally saturate the Bogomol’nyi bound. However, in this model, thanks to the larger supersymmetry, the short supermultiplet containing the BPS states and the one containing the massive vector bosons are isomorphic, both of them have spin s = 0, 1/2 and 1 states. Further, the N = 4 theory possesses another remarkable feature: the β-function vanishes identically [105]. This means that the gauge coupling is a genuine constant and does not run. This property not only makes the relation between the couplings of the electric and magnetic theories generally valid, but also present a first non-trivial superconformal field theory in four dimensions, since the trace of the energy momentum tensor is measure of conformal symmetry and it is proportional to the β function [22].

This is far from the end of the duality story. After more than a decade, Seiberg and Witten, in two papers [1, 2] which already have become classical, based on the general form of the low-energy Wilson effective action of N = 2 supersymmetric Yang-Mills theory [3], made the conjecture that there exists an effective electric-magnetic duality in N = 2 supersymmetric Yang- Mills theory. Further using this conjecture they determined the explicit instanton coefficients appearing in the low-energy effective action and the whole structure of quantum vacua. The results of Seiberg and Witten were supported by explicit instanton calculations and hence this duality conjecture is convincing. As a consequence, Seiberg-Witten’s work set off a new upsurge in the search for dualities in quantum field theory [131].

In addition, in an exciting development Seiberg found that if the numbers of colours and flavours satisfy 3N_c/2 < N_f < 3N_c, the N = 1 supersymmetric SU(N_c) QCD has a definite infrared fixed point, where the theory becomes an interacting superconformal field theory. A duality also then arises in the IR fixed point. Moreover, a series of non-perturbative results including those in SO(N_c) and Sp(2n_c) gauge theories have been obtained [11, 14, 15, 16]. N = 1 supersymmetric theories have the possibility for practical physical applications after breaking the supersymmetry. Therefore, a confirmation of N = 1 duality would be remarkably significant.

7.2 Possible application of non-perturbative results and duality of N = 1 supersymmetric QCD to non-supersymmetric case

To conclude this report, we mention some possible physical applications of Seiberg’s N = 1 duality. A natural expectation is that we can get some understanding on the non-perturbative aspects of ordinary QCD from the exact results of supersymmetric QCD deformed by breaking the supersymmetry. It was first investigated in Ref. [132] how to extend Seiberg’s exact results on supersymmetric QCD to nonsupersymmetric models by considering the effects of soft supersymmetry breaking terms. In the electric theory a soft breaking term is composed of the mass terms of squark fields and the gaugino:

L_{SB} = −m^2_Q(ϕ^{∗r}_{Qi}ϕ_{Qri} + ϕ^{∗r}~_{Qi}ϕ ~_{Qri}) + m_gλ^aλ^a + m^⋆_gλ^aλ^a. (7.1)

This term can be rewritten in a superfield form:

L_{SB} = ∫ d^4θM_Q(Q^†e^{gV} Q + ~Qe^{−gV} ~Q^†) − ∫ d^2θM_gTr(W^αW_α) − ∫ d^2θM^∗_g Tr(W_{α̇}W^{α̇}), (7.2)

where M_Q is a vector superfield whose D-component equals −m^2_Q and M_g (M^∗_g ) is a chiral (anti-chiral) superfield whose F -component equals m_g (m^∗_g). At the low energy, there are many possible gauge invariant soft supersymmetry breaking terms that can be built from the meson M and baryons, B and B̃. For the case N_f ≤N_c + 1, the soft term (precisely speaking, the first order expansion of soft supersymmetry breaking terms near the origin of moduli space) was proposed to be [132],

L_{SB} = ∫ d^4θ [ C_M M_QTr(M^†M) + C_BM_Q(B^†B + ~B^† ~B) + C_MM(M, B, ~B) + h.c. ]

− [∫ d^2θM_g⟨Tr (W^αW_α)⟩ + h.c. ] , (7.3)

where C_M , C_B and C_M are normalization constant coefficients, M(M, B, B̃) is a function of the composite chiral superfield and is invariant under the global symmetry SU_L(N_f ) ×SU_R(N_f ) ×U_B(1) ×U_R(1). The expectation value ⟨Tr (W^αW_α)⟩ in (7.3) should be understood as a combination of the various chiral superfields appearing in the low energy effective Lagrangian which has the same quantum numbers as Tr (W^αW_α). The rationale in introducing this soft breaking term lies in that ⟨S⟩≡−⟨Tr (W^αW_α)⟩ exists in the low-energy effective Lagrangian of supersymmetric gauge theory [98]. As pointed out in Ref. [132], the soft breaking terms in (7.3) are not the most general terms that can be written down. There are term of higher order in the fields, suppressed by powers of Λ, of the form Tr(M^†M)^{2(n+1)}/Λ^{2n}, Tr(B^†B)^{2(n+1)}/Λ^{2n} and Tr( ~B^† ~B)^{2(n+1)}/Λ^{2n}. However, (7.3) may be true near the origin of the moduli space ⟨M⟩ = ⟨B⟩ = ⟨ ~B⟩ = 0, thus the vacuum under consideration with the above soft breaking terms is the one near the origin of the moduli space. For the range N_f ≥N_c + 2, as seen in Sect. 4.1, the theory has a dual description and the composite superfield is effectively replaced by the dual magnetic quarks. Correspondingly, near the origin of the moduli space, ⟨M⟩ = ⟨q⟩ = ⟨q̃⟩ = 0, the soft breaking term is

~L_{SB} = ~CM m^2M Tr(ϕ^† M ϕ_M ) + C_qm^2_q(ϕ^†_qϕ_q + ϕ^†~_qϕ~_q), (7.4)

where ~C_M and C_q are normalization coefficients. With these soft breaking terms at the fundamental and composite field levels, it is found that in the case of N_f < N_c, the standard vacuum of ordinary QCD with both confinement and chiral symmetry breaking can be obtained. However, when N_f ≥N_c, some strange phenomena arise: there appear new vacua with spontaneously broken baryon number for N_f = N_c and a vacuum state with unbroken chiral symmetry for N_f > N_c, These exotic vacua contain massless composite fermions and especially, in some cases dynamically generated gauge bosons. This indicates that it is not straightforward to obtain a complete understanding of non-perturbative QCD starting from supersymmetric QCD. However one encouraging result is that Seiberg’s electric-magnetic duality seems to persist in the presence of small soft supersymmetry breaking.

In fact, due to the existence of the superpotential W = q_iM^i_j ~q^j in the dual magnetic theory, the Lagrangian (7.4) does not exhaust all the possible soft breaking terms. Another trilinear interaction term (called A-term) is allowed by soft supersymmetry breaking [133] ~L^′_{SB} = hϕqiϕiMjϕj ~q, (7.5) where the trilinear coupling h is introduced as a free parameter. Note that this A-term, like the gaugino mass term, breaks the R-symmetry. The effects of (7.5) on the phases of the range N_f ≥N_c + 1, the vacuum structure and the fate of duality in the soft breaking N = 1 supersymmetric QCD was investigated in Refs. [134, 135]. With the inclusion of (7.5), the whole scalar potential containing the soft breaking term is: V (ϕ_q, ϕ~_q, ϕ_M ) = 1 k_T Tr ( ϕ_qϕ^†_qϕ^†~_qϕ~_q ) + 1 k_T Tr ( ϕ_qϕ_M ϕ^†_M ϕ^†_q + ϕ^†~_qϕ^†_M ϕ_M ϕ~_q )

+ ~g^2 2 ( Trϕ^†_q ~T^aϕ_q − Trϕ~_q ~T^aϕ^†~_q )_2 + m^2_qTr(ϕ^†_qϕ_q) + m^2~_qTr(ϕ^†~_qϕ~_q)

+ m^2_M Tr(ϕ^†_M ϕ_M ) − ( hTrϕ_{qi}ϕ^i_{Mj}ϕ^j~_q + h.c. ) , (7.6)

where ~T^a is the generator of the magnetic gauge group SU(N_f − N_c) and ~g is the gauge coupling constant. The third term is the D-term of the magnetic gauge theory. k_q, k_M are the normalization parameters for q, ~q and M so that their kinetic terms (Kähler potentials) take the canonical form [132, 133] K(q, ~q, M) = k_qTr ( q^†e~^g~^V q + ~qe^−~^g ~^V ~q^† ) + k_M ( M^†M ) . (7.7)

The phase structure can be revealed by analyzing the minimum of the above scalar potential. With the assumption that h is real, the minimum of the potential can be obtained along the diagonal direction ϕ^r_{qi} = { ϕ_{q(i)}δ^r_i i, r = 1, · · ·, N_f − N_c 0 i = N_f − N_c + 1, · · ·, N_f , ϕ^r~_{qi} = { ϕ~_{q(i)}δ^r_i i, r = 1, · · ·, N_f − N_c 0 i = N_f − N_c + 1, · · ·, N_f , ϕ^i_{Mj} = { ϕ_{M (i)}δ^i_j , i, j = 1, · · ·, N_f − N_c 0 i, j = N_f − N_c + 1, · · ·, N_f . (7.8)

It is found that the trilinear term plays an important role in the realization of the broken phase and leads to a rich vacuum structure [134, 135].

• In the direction ϕ_{q(i)} = q and ϕ~_{q(i)} = 0 (or ϕ_{q(i)} = 0 and ϕ~_{q(i)} = q), the vacuum expectation value ⟨ϕ_{M (i)}⟩ = 0. If m^2_q < 0 (or m^2~_q < 0), the scalar potential will be unbounded from below [134] and the theory becomes unphysical. If m^2_q > 0 (or m^2~_q > 0), the scalar potential has the minimum V = 0 at q = 0 and thus the theory is in the gauge and chiral symmetric phase.

• In the flat direction of the D-term, ϕ_{q(i)} = ϕ~_{q(i)} = X_i. A broken phase arises when the solution of the expectation value equation G [ ⟨ϕ_{M (i)}⟩ ] = ( 2 k_q ⟨ϕ_{M (i)}⟩ − h ) f(⟨ϕ_{M (i)}⟩) − 2 k_M m^2_M ⟨ϕ_{M (i)}⟩ = 0 (7.9)

satisfies the following inequalities f(⟨ϕ_{M (i)}⟩)≡ 2 k_q ⟨ϕ_{M (i)}⟩^2 − 2h⟨ϕ_{M (i)}⟩ + m^2_q + m^2~_q≤0. (7.10)

Otherwise, the theory will be in a (gauge and chiral) symmetric phase. (7.9) requires that the soft breaking parameters should satisfy

h^2≥ 2 k_q ( m^2_q + m^2~_q ) , (7.11)

having then a non-trivial solution: h − √ h^2 − 2(m^2_q + m^2~_q)/k_q 2/k_q ≤⟨ϕ_{M (i)}⟩≤ h + √ h^2 − 2(m^2_q + m^2~_q)/k_q 2/k_q . (7.12)

The sufficient condition for the existence of a broken phase is that the local maximum point of G [ ⟨ϕ_{M (i)}⟩ ] should be within the region (7.12) and further at that point the value of of G [ ⟨ϕ_{M (i)}⟩ ] should not be negative. This requires

1 3 h^2 +

2m^2_M 3k_M − 2 3 m^2_q + m^2~_q k_q 3 − ( m^2_M k_M h )_2 ≥0. (7.13)

Depending on the ratio ρ≡2m^2_M /(m^2_q + m^2~_q)k_q/k_M , the phase structure in these D-flat directions can present various patterns [134]. For example, in the phase diagram labelled by (h^2, (m^2_q + m^2~_q)/2), when ρ = 1, the theory has only a chiral symmetry breaking phase and an unbroken phase if all m^2_q, m^2~_q and m^2_M are positive, whereas when ρ = 20, e.g., the theory presents two unbroken phases and two kinds of broken chiral symmetry phases. In addition, in this direction, if all m^2_q, m^2~_q and m^2_M are negative, the scalar potential is still unbounded from below and hence the theory becomes unphysical.

We still use the ’t Hooft anomaly matching to check the survival of duality in the presence of the trilinear term. Since the trilinear term violates the R-symmetry explicitly, it can be checked that in the unbroken phase the ’t Hooft anomalies SU_{L(R)}(N_f )^3 and SU_{L(R)}(N_f )^2U_B(1) still match as in the supersymmetric limit. This seems to imply the existence of Seiberg’s duality in this phase after soft supersymmetry breaking with the inclusion of the trilinear term. In the broken phase, the situation will become complicated since a large symmetry breaking takes place. However, there is a simple case where conclusions can be drawn. It should be first emphasized that when adding the soft supersymmetry breaking terms we break the global flavour symmetry SU_L(N_f −N_c)×SU_R(N_f −N_c) into SU_L(N_f −N_c −1)×U_L(1)×SU_R(N_f −N_c)×U_R(1) breaking terms [133]. Assume that in the dual magnetic theory the first flavour has soft scalar masses m_{q1} and m~_{q1}, different from the other N_f − 1 flavours, m_q and m~_q and that only m_{q1} and m~_{q1} satisfy the conditions (7.12) and (7.13) for the broken phase. In this case only the vacuum expectation values ⟨ϕ_{q(1)}⟩ = ⟨ϕ~_{q(1)}⟩ = X_1 and ⟨ϕ_{M (1)}⟩ do not vanish. Consequently, the following gauge symmetry breaking occurs, SU(N_f − N_c)−→SU(N_f − N_c − 1). (7.14) Furthermore, the other N_f − 1 flavours of the dual magnetic quarks and (N_f − 1)^2 singlet fermion components ψ_M remain massless. Thus the resulting theory has the global symmetry SU_L(N_f − 1)×SU_R(N_f − 1)×U_B′(1), under which massless dual quarks, ψ_q, ψ~_q and the singlet fermion ψ_M transform as (N_f , 0, N_c/(N_f −N_c −1)), (0, N_f, −N_c/(N_f −N_c −1)) and (N_f , N_f , 0), respectively.

Now let us consider the corresponding electric theory. The soft breaking Lagrangian consisting only of the mass terms of squarks and gaugino is (7.1). If at the supersymmetry breaking scale, the flavour symmetry is broken in the same way as in the magnetic theory, i.e. the remaining global flavour symmetry is SU_L(N_f − 1)×SU_R(N_f − 1), then nothing can prevent the appearance of the superpotential W_1 = M_1Q^1· ~Q_1. Consequently, a soft breaking term corresponding to this superpotential can be added to (7.1). Especially, a B-term, −M^2_BQ^1· ~Q_1 can also arise as a soft breaking term. Thus the (mass)^2 matrix of the first flavour of squarks, ϕ_Q1 and ϕ ~_{Q1} can be written as follows,

M^2_{11} = ( m^2_{Q1} + M^2_1 −M^2_B −M^2_B m^2~_{Q1} + M^2_1 ) . (7.15)

If det(M^2_{11}) > 0, the potential minimum corresponds to ⟨ϕ_Q1 ⟩ = ⟨ϕ ~_{Q1} ⟩ = 0 and the gauge symmetry SU(N_c) remains unbroken. In this case it can be checked that the ’t Hooft anomalies SU_{L(R)}(N_f − 1)^3 and SU_{L(R)}(N_f − 1)^2U_B(1) match with those in the magnetic theory, SU_{L(R)}(N_f − 1)^3 and SU_{L(R)}(N_f − 1)^2U_B′ (1). This seems to suggest that the N = 1 duality remains after supersymmetry breaking with a trilinear term even in the broken phase.

In the case that det(M^2_{11}) < 0 and m^2_{Q1} + m^2~_{Q1} + 2M^2_1 > 2|M^2_B|, the squarks ϕ_Q1 and ϕ ~_{Q1} will acquire the vacuum expectation values and the gauge symmetry is broken to SU(N_c − 1). This case seems to correspond to the dual magnetic theory with the scalar potential unbounded from below and hence the duality disappears [134].

It was further shown that the trilinear soft breaking term plays an important role in determining the vacuum structure in the cases N_f ≤N_c + 1 [135]. In particular, for the range N_f = N_c + 1, the trilinear term is just the flavour interaction among the scalar components of the baryon and mesons, ~L_{SB} = h^′ϕBiϕi Mjϕ^j_B. (7.16)

The chiral symmetry can be broken if |h^′| is sufficiently large. This is completely different from the case that the soft breaking Lagrangian is only composed of mass terms of superpartners[132, 133], where the chiral symmetry is always preserved for N_f = N_c + 1.

Overall, the duality should have physical applications in exploring non-perturbative dynamics, but ahead of us there is still a long way to go.

Acknowledgments:

The financial support of the Academy of Finland under the Project No. 37599 and 163394 is greatly acknowledged. W.F.C is partially supported by the Natural Sciences and Engineering Council of Canada.

References

[1] N. Seiberg and E. Witten, Nucl. Phys. B426 (1994) 19; (E) 430 (1994) 485. [2] N. Seiberg and E. Witten, Nucl. Phys. B431 (1994) 484. [3] N. Seiberg, Phys. Lett. B206 (1988) 75.

[4] B. de Wit, M.T. Grisaru and M. Roček, Phys. Lett. B374 (1996) 297; A. Pickering and P.C. West, Phys. Lett. B383 (1996) 54.

[5] I.L. Buchbinder, E.I. Buchbinder, S.M. Kuzenko and B.A. Ovrut, Phys. Lett. B417 (1998) 61; S.V. Ketov, Phys. Rev. D57 (1998) 1277.

[6] M. Chaichian, W.F. Chen and C. Montonen, Nucl. Phys. B537 (1999) 161. [7] C. Montonen and D. Olive, Phys. Lett. B72 (1977) 117. [8] H. Osborn, Phys. Lett. B83 (1979) 321.

[9] G. ’t Hooft, in A. Zichichi (ed.): High Energy Physics. Proceedings of the EPS International Conference, Palermo (Italy) 23-28 June 1975. Editrice Compositori, Bologna 1976, p. 1225; Nucl. Phys. B190[FS3] (1981) 455.

[10] S. Mandelstam, Phys. Rep. 23 (1976) 145. [11] N. Seiberg, Phys. Rev. D49 (1994) 6857.

[12] K. Intriligator, R.G. Leigh and N. Seiberg, Phys. Rev. D50 (1994) 1092. [13] K. Intriligator and N. Seiberg, Nucl. Phys. B431 (1994) 551. [14] N. Seiberg, Nucl. Phys. B435 (1995) 129.

[15] K. Intriligator and N. Seiberg, Nucl. Phys. B444 (1995) 125.

[16] K. Intriligator and N. Seiberg, Lectures in Supersymmetric Gauge Theories and Electric- Magnetic Duality, Nucl. Phys. (Proc. Suppl.) 55B (1997) 157; hep-th/9509066; Phases of N = 1 Supersymmetric Gauge Theories and Electric-Magnetic Triality, Talk given in String 95, hep-th/9506084.

[17] J. Wess and B. Zumino, Phys. Lett. B49 (1974) 52. [18] S. Ferrara, J. Iliopoulos and B. Zumino, Nucl. Phys. B77 (1974) 413. [19] M. Grisaru, M. Roček and W. Siegel, Nucl. Phys. B159 (1979) 429.

[20] V. Novikov, M. Shifman, A. Vainshtein and V. Zakharov, Nucl. Phys. B229 (1983) 407. [21] M. Shifman and A. Vainshtein, Nucl. Phys. B296 (1988) 445.

[22] R. Crewther, Phys. Rev. Lett. 28 (1972) 1421; M. Chanowitz and J. Ellis, Phys. Lett.

B40 (1972) 397; S.L. Adler, J.C. Collins and A. Duncan, Phys. Rev. D15 (1977) 1712; J.C. Collins, A. Duncan and S.D. Joglekar, Phys. Rev. D16 (1977) 438; N.K. Nielsen, Nucl. Phys. B120 (1977) 212.

[23] C.G. Callan, S. Coleman and R. Jackiw, Ann. Phys. (N.Y.) 59 (1970) 42. [24] G.C. Rossi and G. Veneziano, Phys. Lett. B138 (1984) 195.

[25] For a review, see D. Amati, K. Konishi, Y. Meurice, G.C. Rossi and G. Veneziano, Phys.

Rep. 162 (1988) 169; G. Shore and G. Veneziano, Int. J. Mod. Phys. A1 (1986) 499. [26] S. Ferrara and B. Zumino, Nucl. Phys. B87 (1975) 207. [27] For a review, see M.F. Sohnius, Phys. Rep. 128 (1985) 39.

[28] T.E. Clark, O. Piguet and K. Sibold, Nucl. Phys. B159 (1979) 1; Nucl. Phys. B172 (1980) 201.

[29] K. Konishi, Phys. Lett. B135 (1984) 439. [30] E. Witten, Nucl. Phys. B188 (1981) 513. [31] E. Witten, Nucl. Phys. B202 (1982) 253.

[32] I. Affleck, M. Dine and N. Seiberg, Nucl. Phys. B241 (1984) 493. [33] I. Affleck, M. Dine and N. Seiberg, Nucl. Phys. B256 (1987) 557. [34] N. Seiberg, The Power of Holomorphy - Exact Results in 4D SUSY Field Theories, Talk given at Particles, Strings, and Cosmology (PASCOS 1994), Syracuse, New York, May, 1994; hep-th/9408013.

[35] For a review, see: M. Dine, Issues in Dynamical Supersymmetry Breaking, hep-th/9503035. W. Skiba, Mod. Phys. Lett. A12 (1997) 737. S. Thomas, Recent Developments in Dynamical Supersymmetry Breaking, in the proceedings of International Workshop on Perspectives of Strong Coupling Gauge Theories (SCGT 96), Nagoya, Japan, November, 1996; hep-ph/9801007. G.F. Giudice and R. Rattazzi, Phys. Rep. 322 (1999) 419.

[36] D. Anselmi, D.Z. Freedman, M.T. Grisaru and A.A. Johansen, Nucl. Phys. B526 (1998) 543; D. Anselmi, J. Erlich, D.Z. Freedman, and A.A. Johansen, Phys. Rev. D57 (1998) 7570.

[37] A.B. Zamolodchikov, JETP Lett. 43 (1986) 730. [38] I. Jack, Nucl. Phys. B253 (1985) 323. [39] M.J. Duff, Class. Quantum. Grav. 11 (1994) 1387.

[40] J.L. Cardy, Phys. Lett. B215 (1988) 749.

[41] H. Osborn, Phys. Lett. B222 (1989) 97; I. Jack and H. Osborn, Nucl. Phys. B343 (1990) 647.

[42] A. Cappeli, D. Friedan and J. Latorre, Nucl. Phys. B352 (1991) 616; D.Z. Freedman, J.I.

Latorre and X. Vilasis, Mod. Phys. Lett. A6 (1991) 531; A. Cappelli, J.I. Latorre and X. Vilasis-Cardona, Nucl.Phys. B376 (1992) 510.

[43] S. Forte and J.I. Latorre, Nucl.Phys. B535 (1998) 709; Realization of Symmetries and The c-therem, Presented at Workshop on the Exact Renormalization Group, Faro, Portugal, September, 1998, hep-th/9811121.

[44] D. Anselmi, JHEP 9805 (1998) 005. [45] F. Bastianelli, Phys. Lett. B369 (1996) 249.

[46] D.Z. Freedman and H. Osborn, Phys.Lett. B432 (1998) 353. [47] D. Anselmi, M.T. Grisaru and A.A. Johansen, Nucl. Phys. B491 (1997) 221. [48] D. Anselmi, D.Z. Freedman, M.T. Grisaru and A.A. Johansen, Phys. Lett. B394 (1997) 329.

[49] M. Shifman, Non-perturbative Dynamics in Supersymmetric Gauge Theory, Prog. Part.

Nucl. Phys. 39 (1997) 1; hep-th/9704414.

[50] M. Shifman and A. Vainshtein, Instantons versus Supersymmetry: Fifteen Years Later, in ITEP Lectures in Particle Physics and Field Theory, Vol. 2, page 485, edited by M. Shifman (World Scientific,ingapore, 1999); hep-th/9902108.

[51] M.E. Peskin, Duality in Supersymmetric Yang-Mills Theory, Lectures given at Theoretical Advanced Study Institute in Elementary Particle Physics (TASI 96): Fields, Strings, and Duality, Boulder, June 1996; hep-th/9702094.

[52] G. Mack and A. Salam, Ann. Phys. 53 (1969) 174. [53] J. Erdmenger and H. Osborn, Nucl. Phys. B483 (1997) 431. [54] G. Mack, Comm. Math. Phys. 55 (1977) 1.

[55] C. Itzykson and J.B. Zuber, Quantum Field Theory (McGraw-Hill, New York, 1980). [56] J. Wess and B. Zumino, Phys. Lett. B37 (1971) 95.

[57] S. Pokorski, Gauge Field Theory (Cambridge University Press, Cambridge, 1987). [58] G. ’t Hooft, Naturalness, Chiral Symmetry and Spontaneous Chiral Symmetry Breaking, in Recent Developments in Gauge Theories, Cargèse 1979, eds. G. ’t Hooft et al. (Plenum Press, New York, 1980).

[59] Y. Frishman, A. Schwimmer, T. Banks and S. Yankielowicz, Nucl. Phys. B177 (1981) 157.

[60] S. Coleman and B. Grossman, Nucl. Phys. B203 (1982) 205. [61] A.D. Dolgov and V.I. Zakharov, Nucl. Phys. B27 (1971) 525. [62] K.G. Wilson, Phys. Rev. D10 (1974) 2445.

[63] M. Chaichian and N.F. Nelipa, Introduction to Gauge Field Theories, Sect.13.2.2 (Springer- Verlag, 1984).

[64] S. Weinberg, The Quantum Theory of Fields, Volume II, Sect. 21.6 (Cambridge University Press, 1996).

[65] G. ’t Hooft, Nucl. Phys. B79 (1974) 276. [66] A. Polyakov, JETP Lett. 20 (1974) 194. [67] G. ’t Hooft, Nucl. Phys. B190 [FS3] (1981) 455.

[68] A. Kronfeld, G. Schierholz and U.J. Wiese, Nucl. Phys. B 293 (1987) 461; S. Hioki, S.

Kitahara, S. Kiura, Y. Matsubara, O. Miyamura, S. Ohno and T. Suzuki, Phys. Lett. B272 (1991) 326.

[69] B. Julia and A. Zee, Phys. Rev. D11 (1975) 2227. See also R. Rajaraman, Solitons and Instantons, Sect. 3.5 (North-Holland, 1982).

[70] E. Witten, Phys. Lett. B86 (1979) 283.

[71] J. Cardy and E. Rabinovici, Nucl. Phys. B205 [FS5] (1982) 1; J. Cardy, Nucl. Phys. B205 (1982) 17.

[72] P. Osland and T.T. Wu, Z. Phys. C55 (1992) 569.

[73] J.F. Donoghue, E. Golowich and B. R. Holstein, Dynamics of the Standard Model (Cambridge University Press, 1992).

[74] P. Goddard and D.I. Olive, Rep. Prog. Phys. 41 (1978) 1357.

[75] A.V. Manohar, Effective Field Theory, Lectures given at 35th International University School of Nuclear and Particle Physics: Perturbative and Nonperturbative Aspects of Quantum Field Theory, Schladming, Austria, March, 1996; hep-th/9606022.

[76] C. Vafa and E. Witten, Nucl. Phys. B234 (1984) 173.

[77] E. Witten, Nucl. Phys. B160 (1979) 57; Nucl. Phys. B223 (1983) 422; Nucl. Phys. B223 (1983) 433.

[78] O. Aharony, Phys. Lett. B351 (1995) 220.

[79] J.D. Lykken, Introduction to Supersymmetry, Lecture given at Theoretical Advanced Study Institute in Elementary Particle Physics (TASI 96): Fields, Strings, and Duality, June, 1996; hep-th/9612114.

[80] D. Amati, G.C. Rossi and G. Veneziano, Nucl. Phys. B249 (1985) 1.

[81] S.P. de Alwis, Remarks on Supersymmetric Effective Action and Supersymmetry Breaking,

hep-th/9508053.

[82] W.J. Zakrzewski, Low Dimensional Sigma Models (Adam Hilger, 1990).

[83] D. Kutasov, A. Schwimmer and N. Seiberg, Nucl. Phys. B459 (1996) 455.

[84] K. Intriligator, Phys. Lett. B336 (1994) 409.

[85] D. Kutasov, Phys. Lett. B351 (1995) 230.

[86] D. Kutasov and A. Schwimmer, Phys. Lett. B354 (1995) 315.

[87] K. Intriligator, N. Seiberg and S. Shenker, Phys. Lett. B342 (1995) 152.

[88] T. van Ritbergen, A.N. Schellekens and J.A.M. Vermaseren, Int. J. Mod. Phys. A14 (1999) 41. [89] N. Dorey, V.V. Khoze and M.P. Mattis, Phys. Rev. D54 (1996) 2921; 7832; Phys. Lett.

B388 (1996) 324; B390 (1997) 205. K. Ito and N. Sasakura, Mod. Phys. Lett. A12 (1997) 205; Nucl. Phys. B484 (1997) 141.

[90] See for example A. Bilal, Duality in N = 2 SUSY Yang-Mills Theory: A Pedagogical Introduction to the Work of Seiberg and Witten; hep-th/9601007. C. Gomez and R. Hernandez, Electric-Magnetic Duality and Effective Field Theories, Lectures given at Advanced School on Effective Theories, June, 1995; hep-th/9510023. S.V. Ketov, Fortsch. Phys. 45 (1997) 237. P. Di Vecchia, Duality in N = 2, N = 4 Supersymmetric Gauge Theories, Lectures given at Les Houches Summer School in Theoretical Physics, Session 68: Probing the Standard Model of Particle Interactions, 1997; hep-th/9608090. L. Alvarez-Gaumé and S.F. Hassan, Fortsch. Phys. 45 (1997) 159.

[91] See for example, M. Green, J. Schwarz and E. Witten, Superstring theory, Vol. I. (Cambridge University Press, 1987).

[92] R. Flume, M. Magro, L. O’Raifeartaigh, I. Sachs and O. Schnetz, Nucl. Phys. B494 (1997) 331.

[93] A. Klemm, W. Lerche, S. Yankielowicz and S. Theisen, Phys. Lett. B344 (1995) 169; A.

Klemm, W. Lerche and S. Theisen, Int. J. Mod. Phys. A11 (1996) 1929.

[94] K. Ito and S.K. Yang, Picard-Fuchs Equations and Prepotentials in N = 2 Supersymmetric QCD, in Proceedings of Frontiers in Quantum Field Theory, P. 331, 1995;

hep-th/9603073.

[95] H.M. Farkas and I. Kra, Riemann Surfaces (Springer-Verlag, Berlin, 1980).

[96] Z.X. Wang and D.R. Guo, Special Functions, Chapter 8 (World Scientific, Singapore, 1989).

[97] P.C. West, Introduction to supersymmetry and supergravity (World Scientific, Singapore, 1986).

[98] G. Veneziano and S. Yankielowicz, Phys. Lett. B113 (1982) 231; T. Taylor, G. Veneziano and S. Yankielowicz, Nucl. Phys. B218 (1983) 493.

[99] K. Intriligator and P. Pouliot, Phys. Lett. B353 (1995) 471. [100] M. Maru and S. Kitakado, Mod. Phys. Lett. A12 (1997) 6911.

[101] M.E. Peskin and D.V. Schroeder, An Introduction to Quantum Field Theory (Addison- Wesley Publishing Company, Reading, 1995).

[102] E. Witten, Phys. Lett. B117 (1982) 324.

[103] D. Finnell and P. Pouliot, Nucl. Phys. B453 (1995) 225.

[104] For a review see: C. Lucchesi and G. Zoupanos, Fortsch. Phys. 45 (1997) 129;

hep-ph/9604216.

[105] M.T. Grisaru, M. Roček and W. Siegel, Phys. Rev. Lett. 45 (1980) 1063; Nucl. Phys.

B183 (1981) 141; A. Parkes and P.C. West, Nucl. Phys. B222 (1983) 269. M. F. Sohnius and P.C. West, Phys. Lett. B100 (1981) 245.

[106] P.S. Howe, K.S. Stelle and P.C. West, Phys. Lett. B124 (1983) 55; P.S. Howe and K.S.

Stelle, Int. J. Mod. Phys. A4 (1989) 1971.

[107] S.L. Adler and W.A. Bardeen, Phys. Rev. 182 (1969) 1517.

[108] T.E. Clark, O. Piguet and K. Sibold, Nucl. Phys. B143 (1978) 445; Nucl. Phys. B172 (1980) 201; O. Piguet and K. Sibold, Nucl. Phys. B196 (1982) 428; Nucl. Phys. B196 (1982) 447.

[109] D.R.T. Jones, Phys. Lett. B123 (1983) 45; D.R.T. Jones and L. Mezincescu, Phys. Lett.

B136 (1984) 242, B138 (1984) 293; D.R.T. Jones, L. Mezincescu and P. West, Phys. Lett. B151 (1985) 219.

[110] M.T. Grisaru and P. West, Nucl. Phys. B254 (1985) 249; M.T. Grisaru, B. Milewski and D. Zanon, Phys. Lett. B157 (1985) 174; Nucl. Phys. B266 (1986) 589.

[111] P. Breitenlohner, D. Maison and K. Stelle, Phys. Lett. B134 (1984) 63. [112] V.A. Novikov, M.A. Shifman, A.I. Vainshtein and V.I. Zakarov, Phys. Lett. B157 (1985) 169.

[113] M.A. Shifman and A.I. Vainshtein, Nucl. Phys. B277 (1986) 456. [114] A.A. Ansel’m and A.A. Johansen, Sov. Phys. JETP. 69 (1989) 670. [115] I.I. Kogan, M. Shifman and A. Vainshtein, Phys. Rev. D53 (1996) 4526 (E) Phys. Rev.

D59 (1999) 109903.

[116] D. Anselmi, M.T. Grisaru and A. Johansen, Nucl. Phys. B491 (1997) 221. [117] A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Nucl. Phys. B241 (1984) 333.

[118] S.M. Christensen and M.J. Duff, Phys. Lett. B76 (1978) 571. [119] D.Z. Freedman, K. Johnson and J.I. Lattore, Nucl. Phys. B371 (1992) 353. [120] J. Erlich and D.Z. Freedman, Phys. Rev. D55 (1997) 6522. [121] C. G. Callan, R. Dashen and D.J. Gross, Phys. Rev. D16 (1977) 2526. [122] S. Coleman, Phys. Rev. D11 (1975) 2088. [123] S. Mandelstam, Phys. Rev. D11 (1975) 3026. [124] P.A.M. Dirac, Proc. Roy. Soc. A133 (1931) 60.

[125] N.S. Manton, Nucl. Phys. B126 (1977) 525; Phy. Lett. B110 (1982) 54. [126] E. Witten, Phys. Lett. B86 (1979) 283.

[127] S. Coleman and E. Weinberg, Phys. Rev. D7 (1973) 1888.

[128] For a review see: M. Dine, Supersymmetry Phenomenology (with a Broad Brush), hep-ph/9612389; M. Drees, An Introduction to Supersymmetry, Lectures given at Inauguration Conference of the Asia Pacific Center for Theoretical Physics (APCTP), Seoul, Korea, June, 1996; hep-th/9611409.

[129] E. Witten and D. Olive, Phys. Lett. B78 (1978) 97. [130] A. D’Adda, R. Horsley and P. Di Vecchia, Phys. Lett. B76 (1978) 298. [131] H.C. Cheng and Y. Shadmi, Nucl. Phys. B531 (1998) 125; K. Lee and P. Yi, Nucl. Phys.

B520 (1998) 157; R. Tatar, Phys. Lett. B419 (1998) 99; J. Brodie, Nucl. Phys. B478 (1996) 123; E. Poppitz, Y. Shadmi and S.P. Trivedi, Nucl. Phys. B480 (1996) 125; P. Pouliot and M.J. Strassler, Phys. Lett. B375 (1996) 175.

[132] O. Aharony, J. Sonnenschein, M.E. Peskin and S. Yankielowicz, Phys. Rev. D52 (1995) 6157; Duality and Other Exotic Gauge Dynamics in Softly Broken Supersymmetric QCD, Talk presented at International Workshop on Supersymmetry and Unification of Fundamental Interactions (SUSY 95) Palaiseau, France, May, 1995; hep-th/9509165.

[133] E. D’ Hoker, Y. Mimura and N. Sakai, Phys. Rev. D54 (1996) 7724. [134] M. Chaichian, W.F. Chen and T. Kobayashi, Phys. Lett. B432 (1998) 120. [135] M. Chaichian and T. Kobayashi, Phys. Lett. B442 (1998) 192.