arXiv:hep-th/0007249 v3 5 Jun 2001

Bound state equation for 4 or more relativistic particles.

J. Bijtebier^� Theoretische Natuurkunde, Vrije Universiteit Brussel, Pleinlaan 2, B1050 Brussel, Belgium.

Email: jbijtebi@vub.ac.be

June 5, 2001

Abstract

We apply the 3D reduction method we recently proposed for the N-particle Bethe-Salpeter equation to the 4-particle case. We find that the writing of

the N ˘4 Bethe-Salpeter equation is not a straightforward task, owing to

the presence of mutually unconnected interactions, which could lead to an overcounting of some diagrams in the resulting full propagator. We overcome this difficulty in the N = 4 case by including three counterterms in the Bethe-Salpeter kernel. The application of our 3D reduction method to the resulting Bethe-Salpeter equation suggests us a modified 3D reduction method, which gives directly the 3D potential, without the need of writing the Bethe-Salpeter kernel explicitly. The modified reduction method is usable for all N:

PACS 11.10.Qr Relativistic wave equations.

PACS 11.10.St Bound and unstable states; Bethe-Salpeter equations. PACS 12.20.Ds Specific calculations and limits of quantum electrodynamics.

Keywords: Bethe-Salpeter equations. Salpeter’s equation. Breit’s equation.

Relativistic bound states. Relativistic wave equations.

�Senior Research Associate at the Fund for Scientific Research (Belgium).

Contents

1 Introduction. 2

2 Integrating propagator-based reduction for the N-body Bethe- Salpeter equation. 3

3 The four-body problem. 7 3.1 Bethe-Salpeter equation for four particles. . . . . . . . . . . . . . 7 3.2 3D reduction of the four-body Bethe-Salpeter equation. . . . . . 8

4 Bypassing the Bethe-Salpeter equation. 11

5 Conclusions 12

1 Introduction.

The Bethe-Salpeter equation [1, 2] is the usual tool for computing relativistic bound states [1-20]. The principal difficulty of this equation comes from the presence of N-1 (for N particles) unphysical degrees of freedom: the relative time-energy degrees of freedom. In a recent work [20], we built a 3D reduction of the two-fermion Bethe-Salpeter equation around an unspecified instantaneous approximation of the Bethe-Salpeter kernel, the difference with the exact kernel being corrected in a series of higher-order contributions to the final 3D potential. This potential being not explicitly hermitian, we performed a second symmetrizing series expansion at the 3D level. The result of the combination of both series gave us an hermitian potential which turned out to be independent of the starting instantaneous approximation, and was in fact a compact expression of the potential that Phillips and Wallace [19] compute order by order. We found that this 3D potential was also obtainable directly by starting with an approximation of the free propagator, based on integrals in the relative energies instead of the more usual δ−constraint (integrating propagator-based reduction). In this form, the method was easily generalizable to a system of N particles, consisting of any combination of bosons and fermions. Special cases of N=2 or 3-fermion systems were examined. Taking the retarded part of the full propagator at equal times, following Logunov and Tavkhelidze [4] (for two particles) and Kvinikhidze and Stoyanov [21] (for three particles) also leads to the same 3D equations.

For more detailed explanations about our integrating propagator-based reduction, about related problems like Lorentz covariance, cluster separability or continuum dissolution, or for comparisons with other approaches, we refer to our preceding work [20].

In the present work we test our reduction method in the four-body problem. The first step is of course the writing of the starting Bethe-Salpeter equation itself. It is an homogeneous equation for a Bethe-Salpeter amplitude, which is derived by identifying the residues of the bound state poles in the inhomogeneous Bethe-Salpeter equation for the full propagator G. The interactions are introduced via the Bethe-Salpeter kernel K, which is such that the inhomogeneous Bethe-Salpeter equation reproduces, by iterations, the full propagator G as deduced by the Feynman’s graphs method. The writing of the Bethe- Salpeter kernel K is straightforward in the two and three-body problems. In the four-body problem, however, we meet a new difficulty due to the mutual unconnectedness of the three pairs of two-body irreducible kernels (12)(34), (13)(24) and (14)(23): adding simply the six two-body irreducible kernels (plus the four irreducible three-body kernels and the irreducible four-body kernel) would lead to an overcounting of some graphs in the expansion of G. We would get for example the sequences of kernels (12)(34) and (34)(12), which are in fact a unique graph or part of graph (unlike sequences like (12)(23) and (23)(12) which are different). It is however not very difficult to correct this overcounting by including three counterterms in K. Computing then the first terms of the 3D potential by our 3D reduction method, we find that, at the often used approximation in which we keep only the two-body kernels, the (relative and total) energy-independent part of these kernels and the positive-energy part of the propagators, the final 3D potential is simply the sum of the six two-particle potentials.

It is clear that the difficulty of the overcounting of the sequences of unconnected kernels will not be so easily overcomed for N ≥ 5. This suggested us to modify our 3D reduction method in order to avoid the explicit writing of the Bethe-Salpeter kernel K. Our 3D potential is now written directly in a straightforward way for any number of particles, with simply the additional prescription of removing the duplicating diagrams which appear when N ≥ 4.

In section 2, we recall our 3D reduction method of [20] for the N-body Bethe- Salpeter equation. In section 3 we apply it to the four-body problem. In section 4 we suggest a general 3D reduction method starting directly from the expansion of the full propagator G, as given by Feynman graphs, without the need of writing explicitly the kernel K of the Bethe-Salpeter equation. Section 5 is devoted to conclusions.

2 Integrating propagator-based reduction for the N-body Bethe-Salpeter equation.

The inhomogeneous and homogeneous Bethe-Salpeter equations can be written

G = G^0 + G^0KG (1)

Φ = G^0K Φ (2) where G is the full propagator and Φ the Bethe-Salpeter amplitude. The free propagator G^0 for a system of f = 0, 1...N fermions and b = N-f bosons is

G^0 = G^0_1 ... G^0_f G^0_{f+1} ... G^0_N, (3)

the propagators of the fermion i and the boson j being respectively

G^0_i = 1 p_{i0} − h_i + iϵh_i β_i , (4)

G^0_j = 1 p^2_{j0} − E^2_j + iϵ = 1 2E_j ∑ σj σ_j p_{j0} − σ_jE_j + iϵσ_j , (5)

where p_i is the 4-momentum of particle i , and

h_i = ⃗α_i .⃗p_i + β_i m_i , E_i = (⃗p^2_i + m^2_i )^{12} , σ_j = ±1. (6)

We do not specify the reference frame in which we write noncovariant quantities like h_i or E_i. Our 3D reduction will in fact be frame-dependent. Practically, we shall choose the global rest frame. The kernel K will be chosen in such a way that equation (1) gives by iterations the usual expansion of G in terms of Feynman graphs. It is related to the kernel K^′ defined in the same way with the dressed propagators G = G^{′0} + G^{′0}K^′G (7) where G^{′0} is the product of the dressed propagators

G^{′0}_i = 1 γ_i · p_i − m_i − Σ_i + iϵ for a fermion, (8)

G^{′0}_i = 1 p^2_{i0} − E^2_i − Σ_i + iϵ for a boson, (9)

and Σ_i the renormalized self-energy function. The transfer of the self-energies from the propagator to the kernel is achieved with [20, 22]

K = K^′ + Σ, Σ = (G^0)^{−1} − (G^{′0})^{−1}. (10)

In the two-body problem K^′ is simply the sum of all irreducible Feynman graphs. In the three-body problem, it is

K^′ = K^′_{12} (G^{′0}_3 )^{−1} + K^′_{23} (G^{′0}_1 )^{−1} + K^′_{31} (G^{′0}_2 )^{−1} + K^′_{123} , (11)

where K^′_{ij} is the sum of the two-body (ij) irreducible Feynman graphs while K^′_{123} is the sum of the three-body connected irreducible Feynman graphs. In the four-body problem and beyond, there appear mutually unconnected kernels in the expression of K^′ (like K^′_{12} and K^′_{34} for example), and we shall have to be careful to avoid overcountings in the expansion of G (see next section).

In ref. [20], we built a 3D reduction of the two-fermion Bethe-Salpeter equation around an instantaneous approximation of the Bethe-Salpeter kernel, the difference with the exact kernel being corrected in a series of higher-order contributions to the final 3D potential. This potential being not explicitly hermitian, we performed a second symmetrizing series expansion at the 3D level. The result of the combination of both series turned out to be independent of the starting instantaneous approximation, and was also obtainable directly by starting with an approximation of the free propagator, based on integrals in the relative energies instead of the more usual δ−constraints. Furthermore, the method was easily generalizable to a system of N particles, consisting of any combination of bosons and fermions. In the present work, we shall however present our 3D reduction in yet another way. Let us first define the 3D free propagator ∫ dp_0 G^0(p_0) ≡ ∫ δ (P_0 − N∑ i=1 p_{i0}) dp_{10}...dp_{N0} G^0(p_{10}, ...p_{N0})

= (−2iπ)^{N−1} ω τ g^0 β (12)

with

g^0 = 1 P_0 − S + iϵP_0

, S = E (Λ^+ − Λ^−) , β = β_1...β_f , (13)

Λ^± = Λ^±_1 ... Λ^±_f , Λ^±_i = E_i ± h_i 2E_i , τ = Λ^+ + (−)^{f+1}Λ^− , (14)

E = N∑ i=1 E_i , ω = 2^b E_{f+1} ... E_N (15)

for f ≠ 0, so that

τ g^0 =

Λ^+ P_0 − E + iϵ + (−)^{f+1}

Λ^− P_0 + E − iϵ . (16)

When f = 0, (bosons only), we have no τ and no β (we can replace them by 1 in (12)) and

g^0 = 1 P_0 − E + iϵ − 1 P_0 + E − iϵ = 2E P^2_0 − E^2 + iϵ

. (17)

Let us now define a 3D full propagator in the τ^2 subspace, with τ g^0 as free limit: g = 1 (−2iπ)^{N−1} τ √ ω ∫ dp^′_0dp_0 G(p^′_0, p_0) β τ √ ω. (18)

The integrations with respect to the relative energies preserve the positions of the bound state poles of G (it can also be shown that the physical particleparticle, particle-bound state or bound state-bound state scattering amplitudes are also preserved [21, 20]). If we write G as G = G^0 + G^0 T G^0 , T = K( 1 − G^0K )^{−1} (19) we get g = τ g^0 + τ g^0 < T > τ g^0 (20) with the definition < A >= 1 (−2iπ)^{N−1} τ^2 √ ω g^0 ∫ dp^′_0dp_0 G^0(p^′_0)A(p^′_0, p_0)G^0(p_0) β τ^2 √ ω g^0

. (21)

To the 3D full propagator g we can associate the 3D equation ϕ = g^0 τ V ϕ (22) where V is such that g^{−1} = τ (g^0)^{−1} − V. (23) The comparison with (20) gives < T > = V (1 − τ g^0V )^{−1} (24) or, conversely V =< T > (1+τ g^0 < T >)^{−1} =< K(1−G^0K)^{−1} > ( 1+τ g^0 < K(1−G^0K)^{−1} >)^{−1} = < K(1−G^0K)^{−1}( 1+ > τ g^0 < K(1−G^0K)^{−1})^{−1} > = < K( 1−G^0K+ > τ g^0 < K)^{−1} > = < K( 1−G^RK)^{−1} > = < K^T > (25) with K^T = K(1 − G^RK)^{−1} = K + KG^RK + · · · (26) G^R = G^0 − G^I , G^I = > τ g^0 < (27) or, making the dependence on the relative energies explicit: G^R(p^′_0, p_0) = G^0(p_0) δ (p^′_0 − p_0) − G^I (p^′_0, p_0) (28) with G^I (p^′_0, p_0) = G^0(p^′_0) β τ ω (−2iπ)^{N−1} g^0 G^0(p_0). (29)

By substracting G^I from G^0, we remove the leading terms which come from the residues of the positive-energy poles of G^0. This ensures in principle the decreasing of the terms of the series (26).

The choice (18) of g as the integral of G between two τ operators defines our 3D reduction (in the two-body case it is also Phillips and Wallace’s reduction). A different approach, in the two-body case, the constraint approach, consists in defining < T > by fixing the relative-energy arguments of T (p^′_0, p_0), for example by putting one initial particle and one final particle on their positiveenergy mass shell [16]. There is no problem with this approach for N = 2. For N = 3, we should put two initial and two final particles on their positive-energy mass shell. For the two-body terms, this would give a constraint too much. This difficulty can be avoided by applying different constraints to the different terms of T [23, 24]. This leads to a set of coupled equations which can not, without approximations, be reduced to a single equation.

In [20], we derived equation (22) from the inhomogeneous Bethe-Salpeter equation (2), with the definition ϕ = τ √ ω ∫ dp_0 Φ(p_0) (30)

A simpler reduction method, which we shall adopt from now, can be obtained by keeping only the positive-energy part Λ^+ of τ. In this case, the equation obtained after the reduction of the Dirac spinors into Pauli spinors will be [20]

(P_0 − E ) φ = [_f ∏ i=1 √ 2 E_i E_i + m ] v [_f ∏ i=1 √ 2 E_i E_i + m ] φ. (31)

where v is the large-large part of V. This simpler reduction method can be defined by the choice of g as the integral of G, now between two positiveenergy projectors Λ^+ (instead of τ in (18)). This 3D full propagator is, in configuration space, the retarded part of G taken at equal times. It has been the starting point of a 3D reduction by Logunov and Tavkhelidze [4] (in the two-fermion case), followed by Kvinikhidze and Stoyanov [21] (three fermions) and Khvedelidze and Kvinikhidze [25] (four fermions).

3 The four-body problem.

In this section 3, we shall neglect, for simplicity, the radiative corrections (omitting thus the Σ^′s and all the primes in the expression of K).

3.1 Bethe-Salpeter equation for four particles.

For four particles, we have [26, 25, 27]

G^0 = G^0_1 G^0_2 G^0_3 G^0_4 (32)

K = K_{12,34} + K_{13,24} + K_{14,23}

+ K_{123} (G^0_4 )^{−1} + K_{124} (G^0_3 )^{−1} + K_{134} (G^0_2 )^{−1} + K_{234} (G^0_1 )^{−1} + K_{1234} , (33) with K_{12,34} = K_{12} (G^0_3 G^0_4 )^{−1} + K_{34} (G^0_1 G^0_2 )^{−1} − K_{12} K_{34} (34) and similarly for K_{13,24} and K_{14,23}. The three lines of (33) contain the two, three and four-body kernels respectively. The last term of (34) is a counterterm which has no equivalent in the two and three-body problems. If we write the expansion of G

G = G^0 + G^0 K G^0 + G^0 K G^0 K G^0 + · · · (35)

and collect the terms containing one K_{12} with one K_{34}, we get indeed

G = · · · − G^0K_{12}K_{34}G^0 + G^0K_{12}(G^0_3 G^0_4 )^{−1}G^0K_{34}(G^0_1 G^0_2 )^{−1}G^0

+ G^0K_{34}(G^0_1 G^0_2 )^{−1}G^0K_{12}(G^0_3 G^0_4 )^{−1}G^0 + · · · (36) Since K_{12} and K_{34} commute mutually, the two last terms of (36) correspond to the same graph which appears thus twice, while the first term is again the same graph with a minus sign. This mechanism works at all orders. The kernel K_{12,34} is indeed given by

K_{12,34} = (G^0 )^{−1} − (G_{12,34})^{−1} (37)

where G_{12,34} is the full propagator obtained by keeping only the interactions K_{12} and K_{34}. It factorizes into

(G_{12,34})^{−1} = (G_{12})^{−1}(G_{34})^{−1} = [ (G^0_1 G^0_2 )^{−1} − K_{12} ] [ (G^0_3 G^0_4 )^{−1} − K_{34} ] (38) so that (37) gives (34). This problem of commutating kernels was not present in the two and three-body problems. It has been easily overcomed here in the four-body problem. It will become much more complicated in the five-body problem and beyond [26, 27].

3.2 3D reduction of the four-body Bethe-Salpeter equation.

For definiteness we shall work on the Bethe-Salpeter equation for four fermions and perform the reduction based on the positive-energy part of g^0. Then:

Λ^+ g^0 =

Λ^+ P_0 − E + iϵ (39) < A > = 1 (−2iπ)^3 Λ^+(P_0 − E ) ∫ dp^′_0dp_0 G^0(p^′_0)A(p^′_0, p_0)G^0(p_0) β Λ^+(P_0 − E ) (40) and the 3D equation will be ϕ = g^0 V ϕ (41)

with V = < K^T > = < K > + < KG^RK > + · · · = < K > + < K(G^0− > g^0 <)K > + · · · = < K > + < KG^0K > − < K > g^0 < K > + · · · (42) We shall now compute the two and four-vertex terms, keeping only the twofermion kernels:

< K^T >^{(4)} = < K_{12,34} > + · · · (3 terms) + [ < K_{12,34} G^0K_{14,23} > − < K_{12,34} > g^0 < K_{14,23} > ] + · · · (6 terms) + [ < K_{12,34} G^0K_{12,34} > − < K_{12,34} > g^0 < K_{12,34} > ] +· · · (3 terms) (43) where

< K_{12,34} >=< K_{12} (G^0_3 G^0_4 )^{−1} > + < K_{34} (G^0_1 G^0_2 )^{−1} > − < K_{12} K_{34} > (44) < K_{12,34} G^0K_{14,23} >^{(4)} = < K_{12} (G^0_3 G^0_4 )^{−1}G^0K_{23} (G^0_1 G^0_4 )^{−1} >

+ < K_{12} (G^0_3 G^0_4 )^{−1}G^0K_{14} (G^0_2 G^0_3 )^{−1} > + < K_{34} (G^0_1 G^0_2 )^{−1}G^0K_{23} (G^0_1 G^0_4 )^{−1} >

+ < K_{34} (G^0_1 G^0_2 )^{−1}G^0K_{14} (G^0_2 G^0_3 )^{−1} > (45)

< K_{12,34} G^0K_{12,34} >^{(4)} = < K_{12} (G^0_3 G^0_4 )^{−1}G^0K_{12} (G^0_3 G^0_4 )^{−1} >

+ < K_{34} (G^0_1 G^0_2 )^{−1}G^0K_{34} (G^0_1 G^0_2 )^{−1} > + < K_{12} (G^0_3 G^0_4 )^{−1}G^0K_{34} (G^0_1 G^0_2 )^{−1} >

+ < K_{34} (G^0_1 G^0_2 )^{−1}G^0K_{12} (G^0_3 G^0_4 )^{−1} > (46)

The various terms of (44)-(46) are represented in figure 1. The two last terms of (46) are equal to < K_{12} K_{34} > . In the expansion of G this term will thus appear only once, with a plus sign.

Let us now examine the counterterms − < K > g^0 < K >, which could be represented by the 8 last graphs of figure 1, with a vertical line separating them into two parts. In the two and three-particle problems we have a cancellation between the corresponding contributions of < KG^0K > and of − < K > g^0 < K >, when the two-body kernels are approximated by (relative and total) energy independent kernels and the propagators by positiveenergy propagators. This cancellation of the leading terms leads in principle to a decreasing of the contributions of the higher-order terms of the series < K > + < KG^RK > + · · · . We shall check this cancellation here in (43) by assuming that the two-body kernels contain positive-energy projectors and are independent on the energies ( K_{ij} = Λ^+_i Λ^+_j K_{ij} β_iβ_j Λ^+_i Λ^+_j and is independent of p_{0ij}, P_{0ij} – we shall speak of the ”positive-energy instantaneous approximation”, although ”instantaneous” usually refers only to the independence on the two-body relative energy). It is then easy to verify that the cancellation occurs for the 4th to the 9th graphs of figure 1. We remain thus with

< K^T >^{(4)} = < K_{12} (G^0_3 G^0_4 )^{−1} > + < K_{34} (G^0_1 G^0_2 )^{−1} > + · · ·

+ < K_{12} K_{34} > − < K_{12} (G^0_3 G^0_4 )^{−1} > g^0 < K_{34} (G^0_1 G^0_2 )^{−1} > − < K_{34} (G^0_1 G^0_2 )^{−1} > g^0 < K_{12} (G^0_3 G^0_4 )^{−1} > + · · · (47) The two-vertex contributions become simply the sum of the six two-fermion potentials:

V = V_{12} + V_{34} + V_{13} + V_{24} + V_{14} + V_{23} , (48) V_{ij} = −2iπ β_iβ_j K_{ij} . (49) For < K_{12} K_{34} >, we have

< K_{12} K_{34} > = −1 2iπ ∫ dP_{120} dP_{340} δ (P_0 − P_{120} − P_{340})

(P_0 − E^′) [ 1 P_{120} − E^′_1 − E^′_2 + iϵ

V_{12} 1 P_{120} − E_1 − E_2 + iϵ ] [ 1 P_{340} − E^′_3 − E^′_4 + iϵ

V_{34} 1 P_{340} − E_3 − E_4 + iϵ ] (P_0 − E). (50)

Let us perform the integration with respect to P_{120} and close the integration path clockwise. We have to consider the poles at P_{120} = E_1 +E_2 and P_{120} = E^′_1+E^′_2. We obtain

< K_{12} K_{34} > =

P_0 − E^′ E_1 + E_2 − E^′_1 − E^′_2

V_{12} 1 P_0 − E_1 − E_2 − E^′_3 − E^′_4

V_{34}

+ V_{12} 1 E^′_1 + E^′_2 − E_1 − E_2

V_{34}

P_0 − E P_0 − E^′_1 − E^′_2 − E_3 − E_4

. (51)

Writing then

P_0 − E^′ = (P_0 − E_1 − E_2 − E^′_3 − E^′_4 ) + (E_1 + E_2 − E^′_1 − E^′_2 ) (52)

P_0 − E = (P_0 − E^′_1 − E^′_2 − E_3 − E_4 ) + (E^′_1 + E^′_2 − E_1 − E_2 ) (53) in (51), we see that the contributions of the first terms cancel mutually, so that we remain with

< K_{12}K_{34} >= V_{12}V_{34} [ 1 P_0 − E_1 − E_2 − E^′_3 − E^′_4 + 1 P_0 − E^′_1 − E^′_2 − E_3 − E_4 ] . (54) These two terms are cancelled by the two last terms of (47) respectively.

We have thus seen that, in the case of instantaneous positive-energy kernels, the contribution of the four-vertex terms vanishes, while the contribution of the two-vertex terms is simply the sum of the six two-fermion potentials. Let us now examine a typical set of six-vertex graphs, the ones which contain two K_{12} with one K_{34}. Their contributions to the potential are represented in figure 2, with a vertical line when G^0 is to be replaced by > g^0 < . After the mutual cancellations of some identical contributions, we obtain the corresponding contribution to < T >, minus the four graphs containing one > g^0 <, plus the three graphs containing two > g^0 < . Let us now consider again the case of instantaneous potentials with positive-energy propagators. We have shown above that, in a sequence K_{12} K_{34}, we must consider the two possible orders. Here, in a sequence K_{12} K_{12} K_{34}, it can be shown that we must consider the three possible orders, so that the first graph of figure 2, e.g., becomes equal to the sum of the three last ones. In figure 3, we expand the graphs of figure 2 in the case of instantaneous kernels with positive-energy propagators, and we see that the sum of the resulting graphs is zero.

4 Bypassing the Bethe-Salpeter equation.

In section 3, we presented a 3D reduction method for the N-body Bethe-Salpeter equation. The starting homogeneous equation was written in terms of a kernel K, which was designed to reproduce the full propagator G by iterations of the inhomogeneous equation. We have seen that the writing of this kernel K was straightforward for N = 2, 3, less straightforward for N = 4, and increasingly complicated for N ≥ 5. Our investigations on the N = 4 case in section 3 suggests us a possible way of avoiding the explicit writing of the Bethe-Salpeter equation. We saw in section 2 that the 3D potential is given by

V = < T (1 + G^I T )^{−1} > = < K(1 − G^RK )^{−1} > (55)

where G^R = G^0 − G^I, while K contain counter-terms in order to avoid the apparition of topologically identical diagrams in the expansion of T = K(1 − G^0K)^{−1}. It is however possible to adopt a simpler algorithm for T : T = [ K^{IR}(1 − G^0K^{IR})^{−1} ]_{SC} . (56)

By K^{IR} we denote the sum of the irreducible interactions (as (33-34) without the three counter-terms) and by SC (single counting), we mean that the diagrams which appear two or more times in the expansion of T must be kept only once. The 3D potential will then be written

V = < K^{IR}(1 − G^RK^{IR})^{−1} >^{SC} (57)

in which, after the expansion of the series and the splitting of G^R into G^0−G^I , we shall remove the duplicating diagrams. This makes the writing of the 3D potential as straightforward for N ≥ 4 as it was for N = 1 or 2. As an example in the four-particle case:

(K_{12}G^RK_{34} + K_{34}G^RK_{12})^{SC}

= (K_{12}G^0K_{34} + K_{34}G^0K_{12} − K_{12}G^I K_{34} − K_{34}G^I K_{12})^{SC}

= K_{12}G^0K_{34} − K_{12}G^I K_{34} − K_{34}G^I K_{12}. (58)

With positive-energy instantaneous interactions, the term in G^0 will be cancelled by the two terms in G^I .

The writing of the Bethe-Salpeter kernel could be done in a quite similar way: K = { T (1 + G^I T )^{−1} } GI→G0 = {[ K^{IR}(1 − [ G^0−G^I ] K^{IR})^{−1} ]_{SC} } GI →G0 . (59) Here, G^I is simply a temporary renaming of G^0, which indicates that terms like AG^I B and BG^I A must always be kept both. We know that K, unlike V, contain only a finite number of parts [27]. For N = 4, e.g., eqs. (33-34) show that K contains 11 subkernels (groups of irreducible graphs) in K^{IR} plus 3 counterterms, coming from the second order in K^{IR} (we get one of these counterterms by replacing G^I by G^0 in (58)).

The operator T is directly given by the Feynman graphs if we neglect the radiative corrections. If not, we can use

G^0 + G^0T G^0 = G = G^{′0} + G^{′0}T^′G^{′0} (60)

with G^{′0} = G^0 (1 − Σ G^0 )^{−1} = ∏ i G^0_i (1 − Σ_i G^0_i )^{−1}. (61)

The operators G and T^′ are directly given by the Feynman graphs. For T, we have T = Σ(1−G^0Σ)^{−1} + (1−ΣG^0)^{−1} T^′ (1−G^0Σ)^{−1}. (62)

5 Conclusions

In a previous work [20], we were in search of a 3D reduction method for the two-fermion Bethe-Salpeter equation based on an unspecified positive-energy instantaneous approximation of the Bethe-Salpeter kernel. We performed a series expansion around this approximation, followed by an integration on the relative energy and a second series expansion, at the 3D level, in order to render the resulting 3D potential symmetric. After combining both series, we found that we had in fact built a kind of propagator-based reduction, using an integration with respect to the relative energy, in full contrast with the usual constraining propagator-based reductions, which use constraints. Furthermore, this method was easily generalisable to systems consisting in any number of fermions and/or bosons.

In the present work, the increasing difficulty of writing the Bethe-Salpeter kernel for N ≥ 4 suggested us a direct way of writing the 3D potential without the need of first writing the Bethe-Salpeter kernel explicitly. This writing of the 3D potential is straightforward and valid for all N, with the simple prescription of removing the duplicating graphs which appear when N ≥ 4.,

References

[1] E.E. Salpeter and H.A. Bethe: Phys. Rev. 84 1232 (1951) [2] M. Gell-Mann and F. Low: Phys. Rev. 84 350 (1951) [3] E.E. Salpeter: Phys. Rev. 87 328 (1952) [4] A.A. Logunov and A.N. Tavkhelitze: Nuovo Cimento 29 380 (1963) [5] R. Blankenbecler and R. Sugar: Phys. Rev. 142 1051 (1966) [6] I.T. Todorov: Phys. Rev. D3 2351 (1971) [7] C. Fronsdal and R.W. Huff: Phys. Rev. D3 933 (1971) [8] A. Klein and T.S.H. Lee: Phys. Rev. D10 4308 (1974) [9] G.P. Lepage: Phys. Rev. A16 863 (1977); G.P. Lepage: Ph D dissertation, SLAC Report n 212 (1978); W.E. Caswell and G.P. Lepage: Phys. Rev. A18 810 (1978) [10] J.L. Gorelick and H. Grotch: Journ. Phys. G 3 751 (1977) [11] G.T. Bodwin, D.R. Yennie and M.A. Gregorio: Rev. Mod. Phys. 57 723 (1985) J.R. Sapirstein and D.R. Yennie, in Quantum Electrodynamics edited by T. Kinoshita (World Scientific, Singapore 1990) p.560.

[12] V.B. Mandelzweig and S.J. Wallace: Phys. Lett. B197 469 (1987) S.J. Wallace and V.B. Mandelzweig: Nucl. Phys. A503 673 (1989) [13] E.D. Cooper and B.K. Jennings: Nucl. Phys. A483 601 (1988) [14] J.H. Connell: Phys. Rev. D43 1393 (1991) [15] J. Bijtebier and J. Broekaert: Nucl. Phys. A612 279 (1997) [16] F. Gross: Phys. Rev. 186 1448 (1969); Phys. Rev. C26 2203 (1982).

F.Gross, J.W. Van Orden and K. Holinde: Phys. Rev. C45 2094 (1992)

[17] J. Bijtebier and J. Broekaert: Journal of Physics G 22 559, 1727 (1996) [18] H. Sazdjian: J. Math. Phys. 28 2618 (1987); 29 1620 (1988) [19] D.R. Phillips and S.J. Wallace: Phys. Rev. C54 507 (1996); Few-Body Systems 24 175 (1998) [20] J. Bijtebier: 3D reduction of the N-body Bethe-Salpeter equation (hepth/0004060). Submitted to Nucl. Phys. A.

[21] A.N. Kvinikhidze and D. Stoyanov: Theor. Math. Phys. 3 332 (1970) and 11 23 (1972).

[22] G. S. Adkins: Application of the bound state formalism to positronium, in W. Johnson, P. Mohr and J. Sucher eds. Relativistic, Quantum Electrodynamic, and Weak Interaction effects in Atoms, AIP Conference Proceedings 189 (New York 1989) [23] F. Gross: Phys. Rev. C26 2226 (1982) [24] A. Stadler, F. Gross, M. Frank: Phys. Rev. C56 2396 (1997) [25] A.M. Khvedelidze and A.N. Kvinikhidze: Theor.Math.Phys. 90 62 (1992). [26] K. Huang and H.A. Weldon: Phys. Rev D11 257 (1975). [27] S. Yokojima, M. Komachiya and R. Fukuda: Nucl. Phys. B390 319 (1993).