arXiv:hep-th/0008115 14 Aug 2000

On the harmonic superspace language adapted to the Gelfand-Dickeyalgebra of differential operators

M. HSSAINI, M . KESSABI, B. M AROUFI

UFR-HEP, Section Physique des Hautes Energies, Département de Physique

Faculté des sciences, B.P.1014, Rabat, Morocco* and

M.B.SEDRA ( *,+)

Laboratoire de Physiq ue T héorique et Appliquée (L.P.T .A.) Département de

Physiq ue, Faculté des sciences, B. P.133, Kénitra , Morocco

Abstract

Methods developed for the anal ysis of non-linear integrable models are used in the harmonic superspace (HS) framework. These methods, when applied to the HS, can lead to extract more information about the meaning of integrabilit yin non-linear ph ysical probl ems. Among the results obtained, we give the basic ingredients towards building in the HS language the analogue of the

G.D. al gebra of pseudo-differential operators. Some useful convention notations and al gebraic structures are also introduced to make the use of the harmonic superspace t echniques more accessible.

1. Introduction

As its well known, conformal s ymmetr yand its higher spin extensions have pla yed a central rol e in the studyof string d ynamics, statistical models of critical phenomena and more generall yin two dimensional conformal field theories (CFT) [1]. These are s ymmetries generated b yconformal spin s currents with 2 £ s . Some years ago, a new issue of possible extensions of the conformal symmetr yto hi gher conformal spins was opened by Zamolodchikov [2]. Among his results, was the discover yof a new algebra, W

3

, involving besides the usual spin-2 energymomentum tensor, a conformal spin-3 conserved current. This symmetry, which initiall ywas identified as the s ymmetr y of the critical three states Potts model, has also been realised as the gauge s ymmetr yof the so-cal led

W

3

- gravit y[3]. Since then higher spin extensions of the conformal s ymmetr yhave been studied intensivel yb yusing different methods: field theoreti cal, Lie al gebrai c, geometrical approach or again b yusing infinite matri ces. W

3

-algebras and their supers ymmetri c extensions are also known to arise from the second Hamiltonian structure of the generalised Kortewei g-de Vries (KdV) hierarch y[4]. A common feature of the hi gher spin extended al gebras is that the ycan be used to describe the underl ying sym m etries of non-linear integrable hierarchi es [5].

Methods developed for the anal ysis of integrable models can be also used to studyvarious important physical problems. Focussing for the moment one of the important field of applications, namel ythe h yper-Kahler metrics building program. This is an important question of h yper-Kahler geom etr y(which can be solved in a nice wa yin the harmonic superspace [6,7]) a subject much studied in modern theoretical ph ysics, more especiall yin connection with the theor yof gravitational instantons; moduli problems in monopole physics, string theor yand elsewhere [8,9,10].

Following a program alread ystarted in [11,12,13] and which consist in using the H.S. technologyto studyvarious ph ysical problems, we propose in the present work to build the ^huge al gebra~ of pseudo-differential operators defined on the sphere

) 1 (

) 2 (

2

U

SU

S = . Such operators will be called for simplicit yharmonic operators and are suspected to give rise to extended Lax operators.

To that purpose we shall follow the following steps. Introducing in (section 2) the ring of ^anal ytic~ harmonic functions, we focus in (section 3) to present the basic steps towards building, in the harmonic superspace l anguage, the analogue of the hi gher conform al spin algebra of pseudodifferential operators [14]. We show in particular that an yharmonic pseudo-differential operator is completel yspecified b yan ^harmonic wei ght~ D , two integers p and q = p + n, n>0, defining respectivel ythe lowest and hi ghest degrees and finall ya finite number of anal ytic harmonic fields belonging to the ring R.

We introduce the space of differential operators of fixed harmonic wei ght and fixed degrees. This space is refereed to as ) , ( q p

D

X . Then we consider the set of non-linear operators of fixed degrees but arbitrar yharmonic weight. Finall ywe build the desired space and present some points to discussion.

2. The Ring of harmonic functions

Let us fi rst consider the ring of functions, defined on the sphere

) 1 (

) 2 (

2

U

SU

S = , which are assumed to expand in series of the s ymmetrised product of harmonic variables ),( -+ uu as

) (

) ... ... (

] , [

.... ... ) (

1 1

1 1 m n

m n j j i i

j j i i m n

u u u u f u F - - + +

- +

= , (2.1) where we have introduced the convention notation [n+, m-] to describe respectivel ythe number of harmonic vari ables - + u u and in the symmet rised harmonic expansion Eq.(2.1) for arbitrar yintegers n and m. This equation yields among others to introduce an ^harmonic wei ght~ denoted b y D and which we define as

) , ( ) (

] , [

m n u F m n

= D

- +

, (2.2) and which count the number of - + u u and harmonic vari ables respectivel y. The coefficients

) ... .. ( 1 1 m n j j i i f are SU(2) tensors for which we can set

) 0 , 0 ( ) ... ... ( 1 1 = D m n j j i i f . (2.3)

The space of functions t ype Eq .(2.1) will be refereed hereafter to as

] , [ - + m n

R and the total ^ring~ is simpl ygiven b y

( )

*

] , [ ] , [

1 ,

) (

- + - +

³

+ Å = m n m n m n

R R R , (2.4) where * R stands for the dual space of R as we will discuss latter. We can also define the following product

,

)! 1 (

! ! ) (

) ( ) ( ) ( ), (

2

] , [

] , [

] , [

] , [ n k

m l

n

l k

n m l k

n m n m

n m f

u F u duF u F u F

d d

+ +

-

=

=

- +

- +

- +

- + ò

(2.5)

where we have used the ±u integration rules [6,7]

n

k m

l n

l k n m

n m n m

u u u u du d d

)! 1 (

! ! ) (

) ( ) (

] , [

] , [

+ +

-

=

- +

- + ò (2.6)

with

[ ] ) ( , ... ... 1 1 n m m m i i i i n m u u u u u + + - - + - + = (2.7)

and

) ... ... (

) ... ... ( 2

1 1

1 1

m n m n

j j i i j j i i f f f = (2.8)

The introduced product Eq .(2.5), shows then that the spaces ] , [ - + m n R and

] , [ - + n m

R are dual to each

other. Using dimensional arguments, it is not difficult to see that the product, in Eq .(2.5) carries

an harmonic weight D which we write for simplicity

[ ]

- + + + - º D ) ( , ) ( ) , ( n m n m . (2.9)

Note bythe wa ythat the technical definition Eq (2.9) have nothing to do with the following feature

[ ] [ ] [ ] - + + + - + - +

¹

) ( , ) ( , , ln k m l k n m

F F F (2.10)

which is a natural consequence of the standard reduction formulas [7]

- - + +

+ +

- + + - - + + + + =

) 1 ) ( ) (

... ... ... ... ...

2 1 1 ( 1 1 1 1 mn k i m m n i kkjj n m m

k j i k k j j u u u u u u u u u u u u e (2.11)

- - + +

+ +

- + - - - + + - - =

) 1 ) ( ) (

... ... ... ... ...

1 2 1 ( 1 1 1 mn j i m m n i kkjj n m n

k j i k k j j u u u u u u u u u u u u e (2.12)

Later on, we shall introduce a degrees pairing product ( , ) and a combined `scalar´ product , ,

built out of the harmonic weight product Eq.(2.5) and ( , ).

Furthermore, since the harmonic weight product get induces here, Eq .(2.4) can be written as

[ ]

[ ]

[ ]

- +

- +

³

Å Å = mn

n m

n m

R R R ,

,

1 ,

(2.13)

3.The algebra of harmonic pseudo-differential operators

3.1 The harmonic space ),(

] , [ q p

n m - +

X

To start, consider functions like

) 2 1 1 2 1 (

) 2 ... 1 2 ... 1 (

] 2 , 2 [ .... ... ) ( m j n i i

m j j n i i m n j u u u u f u F --+ + = - + (3.1)

which will be denoted hereafter to as

] 2 , 2 [ ] 2 , 2 [ ) ( - + - + = m n m n J u F (3.2)

These kinds of functions will playthe role of the anal ytic (conserved) fields, which are needed in

the construction of Lax operators. A typical example of the anal ytic fields Eq (3.2) is given b y

] ) 2 (, 2 [ ] ) 2 (, 2 [ ) ( - - + - - + = J u F suspected to define the analogue of the KdV field of conformal spin 2, in the

harmonic superspace language. The associated Lax operator (or harmonic KdV operator) is simply

given b y

[ ] - - + + + + = )2(,2 2 J D L (3.3) with D ++ =

-

+ ¶

u u . This KdV like operator is suspected also to playan important role in the stud y

of Liouville theor yformulated in harmonic superspace language. A natural generalisation of the

Lax operator Eq (3.3) is given b y

[ ]

[ ]

0 , ) (

0

- k) - q (b , k) q - (a q) (p,

- b , a

³ ³ = -++

-

=

+ + +

+ å

q p D J d k q p q

k

, (3.4)

where the

[ ] - k) - q (b , ) ( + + + - k q a J ´s are (1+q-p) anal ytic fields of harmonic weight D =((a- q+k)+, ( b+q-k)-

) and where the p and q, with q

¯ p are integers that we suppose positive for the moment.

A particular example of the harmonic general Lax operator Eq (3.4) is given bys etting a=- b=q as follows

[ ]

[ ]

0 , ) (

0

- (-k) , (k) q) (p,

- (-q) , q

³ ³ = -++

-

=

+

+

å q p D J d k q

p q k

, (3.5)

Using Eq (3.5) one can easilyrecover the form of the the harmonic KdV Lax operator, b ysetting just p=0 and q=2 namel y

[ ]

[ ] [ ] [ ] - (-2) , 2 - 1, 1 2 - 0 , 0 (0,2)

- 2) (- , 2

+ + + + + + +

+

+ + = J D J D J d , (3.6) which coincides with the KdV like operator Eq(3.3) once the following choices are done

[ ] [ ]

0 and 1 ) 1 ( , 1 0 , 0 = = --+ - + J J . (3.7)

On the other hand, the harmonic derivatives D ++ in Eq .(3.4) is considered in this anal ysis as an operator whose action on the anal ytic fields of the ring R is given b y

+ + + = ++ + + FD F D F D a ) ( (3.8) where a is some coefficient which we can explicitlydetermine. In order to derive explicit relations giving the action of the harmonic derivative D ++ and its higher power, on arbitrar yanal ytic functions (Leibnitz rules) we proceed as follows. First we recall the following useful relations [15],

1 for ... ...

1

1

... ...

1

) ( ) ( 1 1 1 1 1

³

+

= - - - + + - - + +

+ + -

n u u u u u m

u u u u

D m n n m n j j i i i j j i i

(3.9) which gives the action of the operation (D ++ ) -1 for symmetrised u variables. As shown also in [15], the operation (D ++ ) -1 allows in general, additional terms of the form (u + ) n -m for n ¯ m because the y are annihilated b y(D ++ ) -1 . Equation (3.9) is ver yimportant in the sense that it can leads, among others, to introduce pseudo-differential operators similarlyto the standard Gelfand-Dicke y formalism. This suspicion is motivated bythe fact that one have alwa ys

) ( ) (

1 u F u F

D

D =

+ +

+ + (3.10) for an yfunction F on which (D ++ ) -1 can operate, and that

) ( ) (

1 u G u G D

D

= + +

+ +

(3.11) for an yfunction G whose components all involve - u . In order to do that, one need now to extend the definition Eq (3.9) to the operator form. Using the convention notation (2.7) we have presented in sect .(2), one can rewrite Eq(3.9) as

[ ] [ ]

1 for

1

1 1

) 1 ( , ) 1 ( , ³

+

= -+ + - - +

+ +

n u m

u

D

m n m n (3.12) which means creating one harmonic variable - u and annihilating a variable + u when acting on the symmetrised product of mixed harmonic variables

[ ] - + m n u , . Having in mind to write Leibnitz rules for the harmonic derivatives in the operator form, we use Eq (3.9), the properties Eqs(3.10-11) and the following ansatz

[ ] [ ] [ ] + + - + - - + + - + + + + + = D ) ( ) 1 ( , ) 1 ( , ) 1 ( , mn m n m n um u m u D a , (3.13)

[ ] [ ] [ ]

+ +

- + - + + - - +

+ +

+

+

=

D

u m u m

u

D

m n m n m n

1

) (

1

1 1

, ) 1 ( , ) 1 ( , b , (3.14) where ) ( m a , ) ( m b are non vanishing coefficients depending onl yon the parameter index m. To determine these coefficients functions )( m a and ) ( m b we require furthermore that

[ ] [ ] - +

+ +

+ + - + + +

+ +

= mn m n u

D

D u D

D

, ,

1 1

. (3.15)

We find

1

2 1

+

+

+ =

+

+ m

m m

m a ab , (3.16 ) or simply

) 1 (

1

) 1 (

+

= - m m

b a . (3.17)

Eq (3.17) shows among others that the function )( m b can never take the value 1 as we can easil y check from Eq(3.16). We learn also from this equation that the knowledge of one of the coefficient functions induces naturallythe other. A simple choice consists for example in setting 1 = a which gives

) 1 (

1

1

+

- = m m

b . Next, we will not use such choice and we will work in the general case. On the other hand as shown in the ansatz Eqs (3.13-14), the harmonic derivatives (D ++ ) -1 and D ++ behave then as pseudo-differential operators with one as the inverse of the other b yvirtue of the constraint equation (3.15). The yare shown also to behave formall ylike objects of harmonic weights

[ ]

- + - = D - + + ) 1 ( , ) 1 ( ) ( 1 D , (3.18) and

[ ]

- - + = D ++ ) 1 ( , ) 1 ( D . (3.19)

Having extended the definition of the operation (D ++ ) -1 Eq (3.9) to the operator form Eq(3.14) and defining the action of its inverse (D ++ ) Eq(3.13), we are now in position to generalise the obtained result to higher power of these derivatives. Lengthy and straightforward algebraic manipulations lead to following important formulas

[ ] [ ] k k p m k p n k m j j j k p m

k p m

p k

m n p D u j j c k p u D k

) ( ) ( )... ( )! ( ) ( ) ( , ) (

...

1 1

0

,

2 1

+ + - + - + - +

£ £ £ £ £ + -

-

+

=

- + + + å å - = a a (3.20)

[ ] [ ] k k p m k p n k k p m j j j m

k p m m

p k

m n p

D

u j j c k p u

D k

)

1

( ) ( )... ( )! ( )

1

( ) ( , ) (

...

1 1

0

,

2 1

+ +

- + + + - -

- + £ £ £ £ £

- +

+

=

- +

+ +

å å - = b b (3.21)

Some remarks are in order. Note first that when setting p=1, one recovers in a natural wa ythe first leading relations of Eq .(3.20-21) namely Eqs(3.13-14) where the a ´s and b ´s coefficients are given by Eq.(3.17). Note also that the Leibnitz rules equations (3.20-21) formulated in the harmonic superspace language present some originalitycompared to the standard Leibnitz rules formulated in the complex plane. Indeed, recall that the latter´s are shown to incorporate in the case of negative powers of the derivatives z z ¶

¶ = ¶ terms which go to infinityas shown in the following non local expression k l l l k l l

l k z f c z f - -

- +

¥

=

- ¶ - = ¶ å

) ( ) ( ) ( ) (

1

0

. (3.22)

When trying to extend these standard formulas to the superspace harmonic language, we suspected to find relations for which the action of (D ++ ) -p on arbitrar yfunctions F( ± u ) contains terms governed b ythe following expansion rule

å ¥

= 0

...

l

As shown in Eq(3.21), there is no terms at infinity and so there is no trivial wa yto go from standard relations to the harmonic case. The Leibnitz rules

Eqs (3.20-21) give rise to local terms for both positive powers as well as for the negative powers of the harmonic derivatives. The harmonic case is then characterised b ythe local behaviour of its derivatives and contrar yto Eq (3.22) no non local derivative is shown to appear.

Furthermore the harmonic Leibnitz rules Eqs (3.20-21) can be written for arbitrar yfunctions belonging to the ring R as

[ ] [ ] k k p m k p n k t m t t t k p m

t

k p m

p k

k p j j i i

m n p D u c f F D k

m n

) ( ) ( ) ( , ) (

) ( .

...

). 1 ( 1

0

)! ( ) ... ... (

,

2 1

1 1

+ + - + - + - +

£ £ £ £ £ + -

-

+

=

-

- + + + å å = a a

(3.23)

[ ] [ ] k k p m k p n k t k p m t t t m

t

k p m m

p k

k p j j i i

m n p

D

u c f F

D k

m n

)

1

( ! )

1

( ) ( , ) (

) ( ...

...

) 1 ( 1

0

) ( ) ... ... (

,

2 1

1 1 + +

- + + + - -

- + £ £ £ £ £

- +

+

=

-

- +

+ +

å å = b b

(3.24) with

[ ] ) ( , ... ... 1 1 n m m m i i i i n m u u u u u + + - - + - + = as given in Eq.(2.7). To simplifymuch more these relations, let us introduce the following formal definition

[ ] [ ] - + - + - +

£ £ £ £ £ + -

-

+ -

- + - + - + å º )(,)(

) ( .

...

). 1 ( 1 )! ( ) ... ... (

) ( , ) (

2 1

1 1

k p m k p n k t m t t t k p m

t

k p m k p j j i i

k p m k p n u c f F k

m n

a a ,

(3.25) which gives

[ ] [ ] k

p k

k p m k p n m n p D F F D )( ) (

0

) ( , ) ( , ++

=

- + - + - + - + + + å º , (3.26)

[ ] [ ] k

p k

k p m k p n m n p

D

F F

D

)

1

( )

1

(

0

) ( , ) ( ,

+ +

=

- + + + - - - +

+ +

å º , (3.27) with

) , ( ) ( - + = D ++ p p D p . (3.28)

Now, having defined how acts the harmonic derivatives D ++ and its inverse (D ++ ) -1 on the ring R of functions F, we are in position to build Lax operators extending the ones of Eq (3.4) to negative values of the degrees quantum numbers (p, q). The latter´s are shown to have the following form

[ ]

[ ]

0 , ) (

0

2m , 2k (2p,2q)

- 2m , 2q

< £ = -++

-

=

- +

+

å q p D J kq

p q k

d . (3.29)

This configuration, which is a direct extension of Eq (3.4) is useful in the stud yof the algebraic structure of the space ),(

] , [

q p n m - +

X and its generalisation to the space ) , ( q p X . Note also that, in analogy with the anal ysis developed in [14], one can use another representation basis of harmonic pseudodifferential operators namel y, the Volterra-like representation. The latter is convenient in the derivation of the second Hamiltonian structure of generalised integrable hierarchies. Using

Eqs (3.4,28) one easilysee that operators with negative lowest degrees p and positive highest degrees q denoted ) , (

] , [

q p n m

D

- +

can split as

) , (

] , [

) , (

] , [

) , (

] , [

q p n m

q p n m

q p n m

d D

- + - + - +

+ = d . (3.30)

More generall yone have

) , 1 (

] , [

) , (

] , [

) , (

] , [

q k n m

k p n m

q p n m

d D +

- + - + - +

+ = d , (3.31) for an yintegers qk p £ £ .

3.2 The harmonic space ),(

] 0 , 0 [

q p

- +

X

This space defines a limiting case for the spaces of harmonic pseudo-differential operators, since it supposes to correspond to differential Lax operators of vanishing harmonic weights D .

The Leibnitz product

*

acts on the space ),(

] , [

q p n m - +

X , 0 ³ ³ p q as

*

) , (

] , [ 1 1

q p n m - +

X x

) , (

] , [ 2 2

q p n m - +

X ®

) 2 1 , 2 1 ( ) , (

) 2 , (

] , [

, n n m m n m

q p n m + + = - +

X , (3.32) upon performing the standard reduction formulas Eq(2.11). Eq (3.31) can be written in general as

*

) , (

1

q p

D

X x

) , (

2

q p

D

X ® , ) 2 , (

3

q p

D

X (3.33) where the total harmonic weight D

3

is given b y

2 1 3

D + D º D . (3.34)

On the other hand one learn from Eqs(3.27) that the space ),(

] , [

q p n m - +

X is not closed under the Leibnitz product

*

not under the commutator of two harmonic differential operators. Imposing the closure, one gets strong constraints on the integers m i

, n i

, p and q, namely

[ m i

+ , n i

-]=[0+ , 0-], 1 0 £ £ £ q p , i=1,2; (3.35)

The particular space ) , (

] 0 , 0 [

q p

- +

X satisfying the above constraints can exhibit then a Lie algebra structure provided that the Jacobi identityis fulfilled. Imposing to the Leibnitz product to be associative can ensure this. Note b ythe wa ythe important fact that associativit yin the space ) , (

] n , [

q p m - +

X is constrained to satisfythe standard reduction formulas Eqs .(2.11)., a propert ywhich is not, at first sight, eas yto require as shown for example in the ring of harmonic functions.

3.3 The harmonic algebra ),( qp X

So far we have seen that the closure of the commutator of higher harmonic differential operators imposes constraints on the harmonic weights and on the degrees. The restriction on the harmonic weight can be overcome b yusing a larger set of operators referred hereafter to as ) , ( q p X which is given b y q p , ) , (

] , [

,

) , ( £ X Å = X

- +

Î

q p n m

N n m

q p ,

(3.36)

The elements D

( p,q ) of this infinite dimensional space are differential operators with fixed degrees

( p,q) but arbitrar yharmonic weights. The yread as q p , ) , ( ) , (

] , [

,

) , ( £ =

- +

Î

å q p n m

N n m

q p D n m C D , (3.37) where onl ya finite number of the c(m)´s are not vanishing. Setting for example p=q=0, we get the tensor algebra ) 0 , 0 (

0

X = R discussed previously. As for the tensor spaces ),(

] , [

q p n m - +

X , the set ) , ( q p X ^ can~ exhibits a Lie algebra structure with respect to the commutator for 1 £ £ q p .

3.4 The huge Lie algebra of harmonic operators X

This is the algebra of harmonic differential operators of arbitrar yharmonic weight and arbitrar y degrees. It is obtained from the previous spaces b ysumming over all the allowed values of the degrees of the set ) , ( q p X . In some sense, it is the degree tensor algebra of ) , ( q p X namely

, ) , ( q p

q p X Å = X

£

(3.38)

Note that this infinite dimensional space is closed under the Leibnitz commutator without any constraint. Furthermore, a remarkable propert yof the space X is that it can splits into six infinite subalgebras given b y + - = D S ±

D

0 , , where , i

i i

, refer respectivel yto harmonic weights which can be negative, zero or positive and where ± stands for the degrees quantum number which can be positive or negative. These 6=3x2 subalgebras are suspected to relate to each other´s bysome conjugation relations with respect to the degrees and harmonic weights. Before going to describe these conjugation features, let us now define the residue operation in the harmonic superspace language. In analogywith standard definitions of the residue operations in pseudo-differential operators, one propose the following definition

0 , 1

) ( Re

+

+ + = i

i D s d , (3.39) showing that the residue operation ( + + º s s Re

Re ) exhibits, in the harmonic superspace language, adapted to this anal ysis, two positive U(1) charges as explicitlyshown in Eq(3.38). With this propert y, we see clearl ythat (R es.) carries a harmonic weight

[ ]

- - + = D ) 1 ( ) 1 ( , with respect to our convention notations. The principal consequence of this is the possibilityto define an harmonic degrees pairing product ( , ) built out of the residue operation as we will show now. Let

) , ( ) , (

] , [ ] , [

and s r q p d c b a

d

- + - +

d defines respectivel ytwo arbitrar ylocal differential and ^pseudo~-differential operators given b y å

=

+ + - + + - =

- +

q p i

i i b i a q p D X d b a

] ) ( , ) [( ) , (

] , [

(3.40) å

=

-

+ +

- + + - ÷ ø

ö ç è

æ

=

- +

s r i

j d j j c s r

D

Y d c

1

] ) ( , ) [( ) , (

] , [

d (3.41)

The residue operation applied to the Leibnitz product of ) , ( ) , (

] , [ ] , [

and s r q p d c b a

d

- + - +

d is shown to be

[ ] å å å

= =

- + + - + - + -

=

- + + -

- +

=

- + - +

q p i

s r j

k j i d k i j c

i k

i b i a j k

s r q p Y X d s d c b a

] ) ( , ) [(

0

] ) ( , ) [(

1 ,

) , ( ) , (

] , [ ] , [

* Re d d (3.42) where j i ,

d is the Kronecker index. Moreover Eq .(3.41) reads

[ ] å

=

- - - + + + - + + - =

- + - +

q p i

i d i c i b i a s r q p Y X d s d c b a

] ) 1 ( , ) 1 [( ] ) ( , ) [( ) , ( ) , (

] , [ ] , [

* Re d (3.43) which is a consistenc yalgebraic expression if one knows that the harmonic weight of the l.h.s. of

Eq.(3.42) is nothing but

[ ]

) ) 1 ( , ) 1 (( ) * (Re ) , ( ) , (

] , [ ] , [

- + + - + + + = D

- + - +

d b c a d s s r q p d c b a

d . (3.44) coinciding exactlywith that of the r.h.s. The previous algebraic computations show among others that the space ) , ( ) , ( to dual is s r q p X X , once the following constraints on the degrees quantum numbers are satisfied q+r+1=0 and p+s+1=0. (3.45)

Exploiting these results, one can then introduce the following harmonic degrees pairing product

[ ]

) , ( ) , (

0 , 1 0 , 1

) , ( ) , ( * Re ) , ( q p s r p s q r

q p s r d s d d d d d

+ + + +

= , (3.46) which leads to decompose the huge space X as

+ - X Å X = X (3.47) with

[ ]

) , (

0 0

r p p r p

+

³ ³

X Å Å = X + , (3.48)

[ ]

) 1 , 1 (

0 0

p r p r p

- - - - -

³ ³

X Å Å = X - . (3.49)

The + and ˘ down stairs indices carried b y + X and - X refer respectivel yto the positive and negative degrees.

Having introduced the harmonic weight product Eq .(2.5) as well as the harmonic degree product

Eq.(3.45), we are now in position to introduce a combined product , given b y

[ ]

] , [| ) , ( ) , (

] , [ 0 , 1 0 , 1

] , [| ) , ( ) , (

] , [

* Re , - +

- + + + + +

- +

- +

ò = absr q p b a p s q r

a b s r q p b a

d s du d d d d d (3.50) from which we see easilythat , , behaves as an object of harmonic weight D [ , ]=(

(1)+ , (-1)- ).

The combined `scalar´ product relation Eq .(3.49) leads then to conclude that the spaces ) , (

] , [

q p b a - +

X are dual to ] , [| ) 1 , 1 ( - + - - - - X ab p q . The total number of these spaces is 6=3x2 depending on the values of the harmonic weight which can be positive, zero or negative and on the values (+, -) of the degrees quantum numbers. Among these spaces we note that the ones for which the quantum numbers ( D and ( p ,q)) are positive with their dual having negative quantum numbers are ver yimportant in the construction of the Harmonic Gelfand Dicke yPoisson bracket similarl yas explicitlydone in [14].

To close this section, we summarise here bellow some algebraic properties that we have used in the previous anal ysis.

Harmonic Weight Degrees

) , (

] , [

q p a b - +

X (a+, b-) (p , q)

] 0 , 0 [ - +

X (0+, 0-) indefinite

) , ( q p X indefinite (p , q) p D + + ( p+,p-) (p , p) p

D

÷

÷ ø

ö ç

ç è

æ

+ +

1

((-p)+,(p)-) (-p, -p)

) 9 , 5 . 2 .( 2 1

,

Eq

D D

2 1

D - D - indefinite

Res. (1+,1-) indefinite

, (1+,1-) indefinite

4. Conclusion and discussion

Motivated bythe believe that HS methods can lead to more explore the world of integrable ph ysical problems, we have presented in this work the basic ingredients towards building in the harmonic superspace language the analogue of the GD algebra of pseudo-differential operators. This adaptation anal ysis necessitates at first sight to define the "ring" of anal ytic functions, which should describe the analogue of the standard conserved currents. In fact, using the results of [14], as well as the established harmonic superspace formulas Eqs (2.6,11,12), we was able to present the ring of harmonic functions, once some definitions and conventions notations are introduced. As a consequence of this construction, we have been able to describe also the space X of all harmonic

Lax differential operators characterised b yan harmonic weight D and two integers p and q describing respectivel ythe lowest and the highest degrees. The present analysis is important also in the sense that it can leads to incorporates standard pseudo-differential calculus into the area of H.S.

A lot of important and natural ph ysical problems can follow this analysis. Let us mention some of them.

1. Use the present anal ysis to discuss the general integrabilityprocedure of the following non linear differential equations on the sphere S 2

0

) (

4 4

=

¶

¶

+ ú û

ù ê ë

é

¶ ¶

¶

¶ - ¶

+

+

+ + +

+

+ + + + + q

V q

V q ,

0

) (

4 4

=

¶

¶

- ú û

ù ê ë

é

¶ ¶

¶

¶ + ¶

+

+

+ + +

+

+ + + + + q

V q

V q , where ),,( ± + + = u z z q q and its conjugates ),,( ± + + = u z z q q are complex fields defined on 2 x S C and where ),( 4 4 u q V V + + = is an interacting potential depending in general on + + q q , their derivatives and the ± u ´s. Recall that the solvabilityof these equations is one the major problems of hyper- Kahler metrics building program [6,7,11,12,13]

2. Write the KdV equation and its higher non-linear generalisations in the H.S. language and discuss its Hamiltonian structures and the connection with `conformal s ymmetr y´.

3. Construct the G.D. Poisson bracket suspected to describe the second Hamiltonian structure of

KdV integrable s ystems

4. Present a classification of `harmonic´ Lax operators and their various applications in ph ysical non linear problems.

Acknow ledgements

The authors would like to thank the PARS program N 372/98 CNR who supported this research work. One of the authors M.B.S. would like to thank the good hospitalit yof the Abdus-Salm IC TP where a big part of this work has been done. He acknowledges also the help of the office of associate and federation schemes and the scientific help of the high-energysection. M.B.S. would like also to acknowledge the constant help of the Facult yof Science at Kenitra and the Department of Physics.

References

[1] M. Green, J. Schwarz and E.Witten, Superstring

J. Mussardo, Phys. Rep.C, 218 (1992 )275-382

J. Goddard and D. Olive, Int. Jour. Mod. Phys. A2, 303(1986)

P. Ginsparg, Applied Conformal field Theor y, Les Houches Lectures (1988)

[2] A.B. Zamolodchikov, Teor . Math. Fiz . 65, 347 (1985)

V.A.Fateev and A.B. Zamolodchikov, Nucl . Phys. B304, 348(1988)

[3] K. Schoutens , A. Servin and P. Van Nieuvenhuizen , Phys . Lett . B 243, 245(1990)

[4] P. Mathieu, Phys . Lett . B 208 (1988) 101, Jour. Math. Phys. 29 (1988) 2499

I. Bakas , Phys . Lett . B 219 (1989), Commun. Math. Phys. 123, 627 (1989)

J.D. Smit , Commun . Math. Phys. 128, 1 (1990)

[5] See for instance : A.Das, Integrable models(World Scientific, Singapore 1989)

[6] A. Galperin, E. Ivanov, V. Ogievetskyand E. Sokatchev, JETP Lett 40 (1984 )919

A. Galperin, E. Ivanov ,S. Lalitzin, V. Ogievetskyand E. Sokatchev, Clas.Qua. Grav.1(1984)469

[7] A. Galperin , E. Ivanov , V. Ogievetsky and P.K. Townsend , Class.Quan . Grav . 3 (1984 )625

A. Galperin , E. Ivanov , V. Ogievetsk y and E. Sokatchev , Commun . Math. Phys. 103 (1986 )515

[8] L.Alvarez Gaume and D.Z.Freedman , Commun . Math. Phys. 80 (1981 )443

[9] N.J.Hitchin , A. Karlhede , U. Lindstrom and M.Rocek , Commun . Math. Phys. 108 (1987 )535

[10] G. W. Gibbons and N.S. Manton , Phys . Lett . B. 356 (1995 )32

G. W. Gibbons and P.R ychenkova, hep-th/9608085

[11] E.H.Saidi and M.B.Sedra , Mod. Phys. Lett A9(1994)3163

[12] M.B.Sedra , Nucl . Phys. B513(1998)709-722 , hep-th/9707145

[13] M. Hssaini, M. Kessabi, B. Maroufi, and M.B.Sedra,

Submitted for publication to Class. Quant . Grav/Ref/CQG/105184/Let.

[14] E.H.Saidi and M.B.Sedra , Jour. Math. Phys. V35, N6(1994)3190

[15]N. Ohta and H. Yamaguchi, Phys. Rev. D. V32 N8(1985)1954