arXiv:hep-th/0008120 v2 14 Oct 2000

hep-th/0008120 IPM/P2000/026

Gauged Noncommutative Wess-Zumino-Witten Models

Amir Masoud Ghezelbash^{∗,†,1}, Shahrokh Parvizi^{†,2}

∗Department of Physics, Az-zahra University, Tehran 19834, Iran.

†Institute for Studies in Theoretical Physics and Mathematics, P.O. Box 19395-5531, Tehran, Iran.

Abstract We investigate the Kac-Moody algebra of noncommutative Wess-Zumino-Witten model and find its structure to be the same as the commutative case. Various kinds of gauged noncommutative WZW models are constructed. In particular, noncommutative U(2)/U(1) WZW model is studied and by integrating out the gauge fields, we obtain a noncommutative non-linear σ-model.

1 amasoud@theory.ipm.ac.ir 2 parvizi@theory.ipm.ac.ir

1 Introduction

Noncommutative field theory has emerged from string theory in certain backgrounds [1, 2, 3, 4]. The noncommutativity of space is defined by the relation,

[x^μ, x^ν] = iθ^{μν} (1.1)

where θ^{μν} is a second rank antisymmetric real constant tensor. The function algebra in the noncommutative space is defined by the noncommutative and associative Moyal ⋆-product,

(f ⋆ g)(x) = e^{i2 θμν ∂∂ξμ ∂∂ην} f(ξ)g(η)|_{ξ=η=x} . (1.2)

A noncommutative field theory is simply obtained by replacing ordinary multiplication of functions by the Moyal ⋆-product. An interesting field theory whose noncommutative version would be of interest is the WZW model. In [5], a noncommutative non-linear σ-model has been studied and an infinite dimensional symmetry is found. They also derived some properties of noncommutative WZW model. In [6], the βfunction of the U (N ) noncommutative WZW model was calculated and found to be the same as that of ordinary commutative WZW model. Hence, the conformal symmetry in certain fixed points is recovered. In [7] and [8], the derivation of noncommutative WZW action from a gauge theory was carried out. The connection between noncommutative two-dimensional fermion models and noncommutative WZW models was studied in [9, 10].

In this letter, we study the noncommutative two-dimensional field theory of WZW model and its gauged versions. In section 2, we calculate the current Kac-Moody algebra of the noncommutative WZW model and find that the structure and central charge of the algebra are the same as commutative WZW model. In section 3, we construct different versions of gauged noncommutative WZW models. As an example, we consider the axial gauged U (2) WZW model by its diagonal U (1) subgroup. The obtained gauged action contains infinite derivatives in its ⋆ structure and hence is a nonlocal field theory. Integration over the gauge fields requires solving an integral equation which we solve by perturbative expansion in θ. The result is a noncommutative non-linear σ-model, which may contains singular structures or a black hole.

2 The Current Algebra of Noncommutative WZW Model

The action of the noncommutative WZW model is [7]:

S(g) = k 4π ∫ Σ d^2z T r( g^{−1} ⋆ ∂g ⋆ g^{−1} ⋆ ¯∂g ) − k 12π ∫ M T r( g^{−1} ⋆ dg )^3_⋆, (2.1)

where M is a three-dimensional manifold whose boundary is Σ, and g is a map from Σ (or from its extension M ) to the group G. We assume that the coordinates (z, z̄) on the worldsheet Σ are noncommutative but the extended coordinate t on the manifold M commutes with others:

[z, z̄] = θ, [t, z] = [t, z̄] = 0. (2.2)

We define the group-valued field g by,

g = e^{iπa Ta}_⋆ = 1 + iπ^aT_a + 1 2 (iπ^aT_a)^2_⋆ + · · · , (2.3)

where the T_a’s are the generators of group G.

Inserting the ⋆-product of two group elements in the eq. (2.1), we find the noncommutative Polyakov- Wiegmann identity,

S(g ⋆ h) = S(g) + S(h) + 1 16π ∫ d^2zT r(g^{−1} ⋆ ¯∂g ⋆ ∂h ⋆ h^{−1}), (2.4)

which is the same as ordinary commutative identity with products replaced by ⋆-products.

Using the Polyakov-Wiegmann identity, we can show that the action (2.1) is invariant under the following transformations: g(z, z̄) → h(z) ⋆ g(z, z̄) ⋆ h̄(z̄). (2.5) The corresponding conserved currents are,

J(z) = k 2π ¯∂g ⋆ g^{−1}, J̄(z̄) = k 2π g^{−1} ⋆ ∂g. (2.6)

By use of the equations of motion, we can show that these currents are indeed conserved, ¯∂J(z) = ∂J̄ (z̄) = 0. (2.7)

We quantized this model by using Poisson brackets. To illustrate this method, consider the following arbitrary

action which is first order in time derivative,

S = ∫ dtA_i(ϕ) ⋆ dϕ^i dt , (2.8)

Under the infinitesimal change of fields ϕ^i → ϕ^i + δϕ^i, one can calculate the variation of the action [11],

δS = ∫ dtF_{ij} ⋆ δϕ^i ⋆ dϕ^j dt , (2.9)

in which F_{ij} = ∂_iA_j − ∂_jA_i. The Poisson bracket of any two dynamical variables X and Y in the phase

space can be written as,

[X, Y ]_{P B} = ∑ i,j F^{ij} ∂X ∂ϕ^i ∂Y ∂ϕ^j , (2.10)

where F^{ij} is the inverse of F_{ij}. The advantage of the above method is that no explicit introduction of

coordinates and momentum is necessary. Now, consider the case for the action (2.1), whose variation under

g → g + δg leads to, δS = k 2π ∫ dσ∂τ T r(g^{−1} ⋆ δg ⋆ d dσ (g^{−1} ⋆ dg dτ )). (2.11)

Let (g^{−1} ⋆ δg) = (g^{−1} ⋆ δg)^aT_a and (g^{−1} ⋆^{dg}_{dτ} ) = (g^{−1} ⋆^{dg}_{dτ} )^bT_b, where T_a and T_b are the group generators.

So one can introduce (g^{−1} ⋆ δg)^a and (g^{−1} ⋆^{dg}_{dτ} )^b as δϕ^i and^{dϕj}_{dτ} in (2.9), respectively. Therefore the F_{ab} can

be read as, F_{ab} = δ_{ab} k 2π d dσ (2.12)

and its inverse is, F^{ab} = δ^{ab} 2π k ( d dσ )^{−1} (2.13)

Now in (2.10) we take X ≡^{2π}_k J_a = T r(T_a^{dg}_{dσ} ⋆ g^{−1}) and Y ≡^{2π}_k J_b = T r(T_b^{dg}_{dσ0} ⋆ g^{−1}). To find the^{∂X}_{∂ϕi}^{∂Y}_{∂ϕj}

term, we can evaluate the variation of X and Y ,

δXδY = δϕ^iδϕ^j ∂X ∂ϕ^i ∂Y ∂ϕ^j , (2.14)

then drop the δϕ^iδϕ^j. After some algebra one can find,

[X, Y ] = 2π k iδ(σ − σ^′)T r[T_a, T_b] dg dσ ⋆ g^{−1} + 2π k iδ^′(σ − σ^′)T r(T_aT_b), (2.15) or, [J_a(σ), J_b(σ^′)] = δ(σ − σ^′)if^c_{ab}J_c(σ) + k 2π iδ^′(σ − σ^′)δ_{ab}, (2.16) and a similar relation holds for commutation of J̄’s.

Note that in the above commutation relation, θ does not appear, and it is just as commutative ordinary affine algebra with the same central charge. The absence of θ has been expected, since the currents are holomorphic by equations of motion and hence commutative in the sense of ⋆-product.

Constructing the energy momentum tensor is also straightforward, T (z) = 1 k + N : J_i(z)J_i(z) : + 1 k : J_0(z)J_0(z) :, (2.17) where J_i’s are SU (N ) currents and J_0 is the U (1) current corresponding to the subgroups of U (N ) = U (1) × SU (N ). Again the products in (2.17) are commutative because of holomorphicity of the currents. So the Virasoro algebra is also the same as usual standard form and its central charge is unchanged, c = kN^2 + N k + N . (2.18)

3 Gauged Noncommutative WZW Models

In this section, we want to gauge the chiral symmetry (2.5) as, g(z, z̄) → h_L(z, z̄) ⋆ g(z, z̄) ⋆ h_R(z, z̄). (3.1) where h_L and h_R belong to H some subgroup of G. For finding the invariant action under the above transformation we need to add gauge fields terms to the action (2.1) as follows, S(g, A, Ā) = S(g) + S_A + S¯_A + S_2 + S_4, (3.2) where, S(g) is the action (2.1) and, S_A = k 4π ∫ d^2z T r( A_L ⋆ ¯∂g ⋆ g^{−1} ) S¯_A = k 4π ∫ d^2z T r( Ā_R ⋆ g^{−1} ⋆ ∂g ) S_2 = k 4π ∫ d^2z T r( Ā_R ⋆ A_L ) S_4 = k 4π ∫ d^2z T r( Ā_R ⋆ g^{−1} ⋆ A_L ⋆ g ). (3.3)

Gauge transformations for the gauge fields are, A_L → h_L ⋆ (A_L + d) ⋆ h^{−1}_L , A_R → h^{−1}_R ⋆ (A_R + d) ⋆ h_R. (3.4) Using the Polyakov-Wiegmann identity (2.4), one can find,

S(g^′ ) = S(h_L ⋆ g ⋆ h_R) = S(h_L) + S(g) + S(h_R) + k 4π ∫ d^2zT r{g^{−1}h^{−1}_L ∂h_Lg ¯∂h_Rh^{−1}_R + g^{−1}∂g ¯∂h_Rh^{−1}_R + h^{−1}_L ∂h_L ¯∂gg^{−1}}_⋆, (3.5) where { }_⋆ means all products inside brackets are ⋆-products. The gauge fields terms (3.3), under (3.1) and (3.4) transform as, S_A → S^′_A = S_A + k 4π ∫ d^2zT r{A_L(h^{−1}_L ¯∂h_L + g ¯∂h_Rh^{−1}_R g^{−1}) −∂h_Lh^{−1}_L ¯∂h_Lh^{−1}_L − h^{−1}_L ∂h_L ¯∂gg^{−1} − h^{−1}_L ∂h_Lg ¯∂h_Rh^{−1}_R g^{−1}}_⋆ S¯_A → S^′_Ā = S¯_A + k 4π ∫ d^2zT r{Ā_R(∂h_Rh^{−1}_R + g^{−1}h^{−1}_L ∂h_Lg) + ¯∂h_Rh^{−1}_R g^{−1}h^{−1}_L ∂h_Lg + ¯∂h_Rh^{−1}_R g^{−1}∂g + h^{−1}_R ¯∂h_Rh^{−1}_R ∂h_R}_⋆ S_2 → S^′_2 = k 4π ∫ d^2zT r{h^{−1}_R Ā_Rh_Rh_LA_Lh^{−1}_L + h^{−1}_R Ā_Rh_Rh_L∂h^{−1}_L +h^{−1}_R ¯∂h_Rh_LA_Lh^{−1}_L + h^{−1}_R ¯∂h_Rh_L∂h^{−1}_L }_⋆ S_4 → S^′_4 = S_4 + k 4π ∫ d^2zT r{−h^{−1}_R g^{−1}h^{−1}_L ∂h_Lg ¯∂h_R −g^{−1}h^{−1}_L ∂h_LgĀ_R + h^{−1}_R g^{−1}A_Lg ¯∂h_R}_⋆. (3.6) To find an invariant action S(g, A, Ā), we have to choose constraints on the subgroup elements h_L and h_R. The first consistent choice is, h_R = h^{−1}_L ≡ h, (3.7) and yields to following transformations, g → g^′ = h^{−1} ⋆ g ⋆ h A → A^′ = h^{−1} ⋆ (A ⋆ h + ∂h) Ā → Ā^′ = h^{−1} ⋆ (Ā ⋆ h + ¯∂h). (3.8)

The corresponding invariant action, called vector gauged WZW action, is, S_V (g, A, Ā) = S(g) + S_A − S¯_A + S_2 − S_4

= S(g) + k 2π ∫ d^2zT r{A ¯∂gg^{−1} − Āg^{−1}∂g + AĀ − g^{−1}AgĀ}_⋆. (3.9) The second choice is to take h_L = h_R ≡ h with h belonging to an Abelian subgroup of G. In this case we find the following gauge transformations, g → g^′ = h ⋆ g ⋆ h A → A^′ = h ⋆ (A ⋆ h^{−1} + ∂h^{−1}) Ā → Ā^′ = h^{−1} ⋆ (Ā ⋆ h − ¯∂h), (3.10)

with the so called axial gauged WZW action,

S_A(g, A, Ā) = S(g) + S_A + S¯_A + S_2 + S_4 = S(g) + k 2π ∫ d^2zT r{A ¯∂gg^{−1} + Āg^{−1}∂g + AĀ + g^{−1}AgĀ}_⋆. (3.11) There are some other choices for the gauged transformations, which can be constructed obviously as the commutative case [12], however they are less common and we will not discuss them here.

By integrating out the A and Ā from the actions (3.9) and (3.11), in principle, we find the effective actions as noncommutative non-linear σ-models. We take here the noncommutative gauged axial U (2) WZW action (3.11), gauged by the subgroup U (1) diagonally embedded in U (2). The group element of U (2) is, g = a_1 a_2 a_3 a_4

, (3.12)

with the following constraints,

a_1 ⋆ a^†_1 + a_2 ⋆ a^†_2 = 1, a_3 ⋆ a^†_3 + a_4 ⋆ a^†_4 = 1, a_1 ⋆ a^†_3 + a_2 ⋆ a^†_4 = 0. (3.13)

The gauge parts of the action (3.11) is, S_{gauge} = k 2π ∫ d^2z{A ∑ i ¯∂a_i ⋆ a^†_i + ∑ i a^†_i ⋆ ∂a_iĀ + 2AĀ + ∑ i A ⋆ a_i ⋆ Ā ⋆ a^†_i }, (3.14) To illustrate the integrating over the gauge fields A and Ā, we consider abbreviated notations as follows, ∫ DADĀe^{−Sgauge} = ∫ DADĀe^− ∫_{d2z(A⋆O⋆Ā+b⋆Ā+A⋆b̄)}

= ∫ DADĀe^− ∫_{d2z}(_{(A+b0)⋆O⋆(Ā+b̄0 )−b0⋆O⋆b̄0}) , (3.15) where

b^′ ⋆ O = b, (3.16)

O ⋆ b̄^′ = b̄. (3.17)

The result of integration would be,

e^{−Seff} = (det O)^{−1/2}e ∫_{d2zb0⋆b̄} e^{−S(g)}. (3.18)

By comparing eq. (3.15) with (3.14), b and b̄ could be read as follows,

b = k 2π ∑ i a^†_i ⋆ ∂a_i b̄ = k 2π ∑ i ¯∂a_i ⋆ a^†_i , (3.19)

and O can be read from quadratic terms of gauge fields A and Ā in (3.14). In fact by using the Fourier

transformation of Moyal ⋆-products of functions,

f_1(x) ⋆ f_2(x) ⋆ · · · ⋆ f_n(x) = ∫ f_1(p_1)f_2(p_2) · · · f_n(p_n)e^i ∑ i<j p_i∧p_j ei ∑_i p_ixdp 1dp_2 · · · dp_n, (3.20)

the explicit Fourier transform of O is as follows,

O(p_1, p_2) = 2e^{i(p1∧p2 )}δ(p_1 + p_2) + ∫ a_i(p_3)a^†_i (p_4)e^{i(p1 ∧p2+p1 ∧p3 +p1 ∧p4+p2 ∧p4 +p3 ∧p4+p3 ∧p2 )}

×δ(p_1 + p_2 + p_3 + p_4)dp_3dp_4. (3.21)

To find b^′, we need to inverse the O operator in (3.16), and this is equivalent to solve Fourier transform of

(3.16) which is an integral equation as follows,

2b^′(p) + ∫ b^′(p − p_1 − p_2)a_i(p_1)a^†_i (p_2)e^{−i(p∧p2 +p1 ∧p+p2 ∧p1 )}dp_1dp_2 = b(p), (3.22)

where b(p) = i ∫ a^†_i (p − p_1)a_i(p_1)p_1e^{ip∧p1} dp_1. (3.23)

To solve eq. (3.22), we expand the b^′ and exponential factors in terms of θ,

b^′(p) = b^′_0(p) + θb^′_1(p) + θ^2b^′_2(p) + · · · . (3.24)

In zero-th order of θ, one finds, b^′_0(z, z̄) = 1 4 a^†_i ∂a_i, (3.25) and in first order of θ, b^′_1(z, z̄) = 1 4 (+4∂∂a_i ¯∂a^†_i − 4 ¯∂∂a_i∂a^†_i ). (3.26) In obtaining the above expressions, we have used the unitarity conditions (3.13) and the equations of motion (2.7). The effective action arising from the ∫ d^2zb^′ ⋆ b̄ term in eq. (3.18) could be found as a power series in θ, S_{eff} = S(g) + 1 2 T r ln(O) + S^{(0)}_{eff} + θS^{(1)}_{eff} + · · · , (3.27) in which^3

S^{(0)}_{eff} = − k 8π ∫ d^2za^†_i ∂a_i ¯∂a_ja^†_j S^{(1)}_{eff} = − k 8π ∫ d^2z ( (∂a^†_i ∂a_i + a^†_i ∂∂a_i)( ¯∂ ¯∂a_ja^†_j + ¯∂a_j ¯∂a^†_j ) + a^†_i ∂a_i(∂ ¯∂a_j ¯∂a^†_j − ¯∂ ¯∂a_j ∂a^†_j ) −( ¯∂∂a_i∂a^†_i − ∂∂a_i ¯∂a^†_i ) ¯∂a_ka^†_k ) . (3.28)

By looking at equations (3.25), (3.26) and (3.28), we suggest the following exact forms for b^′(z, z̄) and S_{eff} ,

b^′(z, z̄) = 1 4 ∂a_i ⋆ a^†_i S_{eff} = S(g) + 1 2 T r ln(O) − k 8π ∫ d^2z∂a_i ⋆ a^†_i ⋆ ¯∂a_j ⋆ a^†_j . (3.29)

We have to fix the gauge freedom by a gauge fixing condition on a_i’s. Under infinitesimal axial gauge transformations (3.10), we find, a^′_i = a_i + a_i ⋆ ϵ + ϵ ⋆ a_i, (3.30) in which ϵ is the infinitesimal parameter of the gauge transformation. We can find ( at least perturbatively in θ ) some ϵ such that ℜ(a^′_1) = 0 and one may take this relation as the gauge fixing condition. It is worth mentioned that the U (2)/U (1) model after applying all conditions gives us a three dimensional non-linear noncommutativre σ-model.

3The term 1

2 Tr ln(O) gives the noncommutative effective action for dilaton field.

4 Conclusions

We found current algebra and energy-momentum tensor of noncommutative WZW models are the same as corresponding quantities in commutative WZW models. By gauging the chiral symmetry of noncommutative WZW model, we showed that different gauge actions could be constructed. After integrating out the gauge fields from the axial gauged noncommutative WZW model , we observed that the final result is a perturbative noncommutative non-linear σ-model. In general, integrating over the quadratic action demands inversing the quadratic operator O, but the inversion of operators in noncommutative space is not obvious and it is natural to find an infinite series ( in powers of θ ) for the σ-model action, however, we suggested an exact form for the effective action containing ⋆-products. Applying the gauge condition will reduce this effective action to a σ-model on a three dimensional noncommutative target space. The geometrical study of this target space which may contains singular structure will be interesting.

Acknowledgement

We would like to thank F. Ardalan and V. Karimipour for useful discussions.

References

[1] A. Connes, M. R. Douglas and A. Schwarz, JHEP 02 (1998) 003. [2] Y. -K. E. Cheung and M. Krogh, Nucl. Phys. B528 (1998) 185. [3] N. Seiberg and E. Witten, JHEP 09 (1999) 032.

[4] F. Ardalan, H. Arfaei and M. M. Sheikh-Jabbari, JHEP 02 (1999) 016.

[5] L. Dabrowski, T. Krajewski and G. Landi, ”Some Properties of Non-linear σ-Models in Noncommutative Geometry”, hep-th/0003099.

[6] K. Furuta and T. Inami, ”Ultraviolet Property of Noncommutative Wess-Zumino-Witten Model”, hepth/0004024.

[7] E. F. Moreno and F. A. Schaposnik, JHEP 03 (2000) 032.

[8] C. S. Chu, ”Induced Chern-Simons and WZW Action in Noncommutative Spacetime”, hep-th/0003007. [9] C. Nunez, K. Olsen, R. Schiappa, JHEP 07 (2000) 030.

[10] E. F. Moreno and F. A. Schaposnik, ”Wess-Zumino-Witten and Fermion Models in Noncommutative Space”, hep-th/0008118.

[11] E. Witten, Commun. Math. Phys. 92 (1984) 455. [12] A. Chamseddin, Phys. Lett. B275 (1992) 63.