arXiv:hep-th/0008124 v2 1 Aug 2001

Induced gravity with complex metric field

W.F. Kao^∗ Institute of Physics, Chiao Tung University, Hsinchu, Taiwan

The possible existence of a complex metric tensor field is studied. We show that an effective scalar field is induced by an overall phase component of the complex metric tensor. The corresponding gauge field is shown to be a tachyon. Possible implications of this scalar field to the no hair theorem in a spherically symmetric space is also analyzed. We also study its impact on the evolution of the early universe.

PACS numbers: 04.20.-q; 04.20.Cv; 04.70.Bw; 98.80.Cq;

I. INTRODUCTION

It is known that the metric tensor field associated with a general Riemannian space [1] is real by construction. Recently, the complex extension of the Einstein gravity for the non-commutative gravity [2] has attracted lots of attention. The complex metric may or may not be realized by our physical nature. It is, however, interesting by itself to investigate the possible existence of a complex counterpart for the real metric field in curved space [2]. In this paper, we will take a different approach and extract a simple phase factor out of this extended complex metric field. We will hence study the possible impact of this phase field.

One can simply generalize the real metric field to a complex metric field by assuming g_{μν} = g_{μν} +iγ_{μν} = g_{μν} exp[iθ_{μν} ] with both g_{μν} and γ_{μν} indicating real symmetric tensor fields. The invariant length can be defined solely by the modulus, g_{μν} of the complex metric field g_{μν}, i.e. ds^2 ≡ g_{μν} dx^μdx^ν. In addition, the inverse metric g^{μν} can be defined as the inverse of the matrix g where (g)_{μν} ≡ g_{μν} . In another word, we define g^{μν} by g^{μν}g_{να} = δ^μ_α with δ^μ_α the Kroneker delta.

If we define the spin connection as the original Christoffel symbol with g_{μν} replaced by g_{μν}, one expects that the effective linearized real Lagrangian density for the complex metric tensor field associated with the Einstein-Hilbert action − √ gR should read L = 1 4 h^{μν}∂^2h_{μν} (1)

when one choose the Einstein gauge Re [∂_μh^{μν}] = 0. Here we have assumed the expansion g_{μν} = η_{μν} + h_{μν} against the Minckowski background. Note further that one can only perform gauge (coordinate) transformation with four parameters in 4-dimensional real space. Therefore, one can only take care of four of the graviton fields when a gauge is chosen. In order to treat the complex metric theory similar to the real metric theory, one would have to extend the real spacetime to a complex spacetime. This is however not our approach.

In order to work on a real-valued Lagrangian density, one would have to take the real part of the complex Einstein- Hilbert Lagrangian as the effective Lagrangian. The real part consists, however, of an original graviton field and another ghost field with a negative kinetic energy term according to Eq. (1). Hence it appears that a straightforward generalization of the complex-extension of the graviton field will not bring in much physical impact.

On the other hand, it is comparably easy to extract information about a real scalar field associated with the common phase factor ϕ of the phase factors by assuming θ_{μν} = ϕ for all μ, ν. In another word, we propose to work on a simple generalization of the metric tensor by assuming g_{μν} = g_{μν} + iγ_{μν} = g_{μν} exp[iϕ] for all μ, ν. To be more specifically, we will assume that θ_{μν} = ϕ for all μ, ν. The resulting effective Lagrangian can be shown to give − √ gR = − √ g exp[iϕ] [R + 3 2 ∂_μϕ∂^μϕ]. (2) One can take the effective Lagrangian as the real part of Eq. (2) by averaging it with its complex conjugate. The final result reads

�email:wfgore@cc.nctu.edu.tw

L_{eff} ≡ 1 2 [− √ gR + c.c.] = − √ g cos ϕ [R + 3 2 ∂_μϕ∂^μϕ]. (3) Note that the effective Lagrangian is invariant under a discrete transformation ϕ → ϕ + 2nπ for all n ∈ Z. In addition, we will assume that the scalar field is bounded in a cycle around some minimum ϕ_0 by, for example, |ϕ − ϕ_0| < π/2. In fact, we need to ensure that the gravitational constant related to cos ϕ remains finite for all era when this effective theory is in charge. One also notes that the coefficient of the inverse of the gravitational constant 1/G ∼ cos ϕ → 1 − ϕ^2/2 if ϕ is close to zero. The theory in this limit has been the focus of recent activities [3].

A more detailed investigation shows that the overall common phase field ϕ associated with the complex metric field resembles the Weyl’s measuring field [4–6]. In fact, this ϕ field behaves similar to the imaginary extension of the Weyl’s original idea. Therefore, one can introduce the associated gauge transformation by ϕ_θ = ϕ + θ such that g^θ_{μν} = g_{μν} exp[iθ]. There then requires the existence of a gauge field associated with this phase transformation such that A^θ_μ = A_μ + ∂_μθ. One must also replace all derivative in the real action with covariant derivative, namely, ∂_μg_{αβ} → ∇_μg_{αβ} ≡ (∂_μ − iA_μ)g_{αβ}. The real Hilbert-Einstein action from Eq. (2) can then be shown to give an effective quadratic interaction term of the following form 3A_μA^μ/2. This introduces a negative mass-square term for the gauge field A_μ. Hence the associated gauge field is a tachyon. This indicates that the gauge extension from this method does not appear to be helpful unless a tachyon is in need. But the effective theory without gauge extension still provides a natural source of the scalar field one is looking for.

For the fermionic part, one would have L_ψ ≡ 1 2 [ √ g(−iΨ̄γ^μD_μΨ) + c.c.] = √ g { exp[i 3 2 ϕ] [−iψ̄γ^μD_μψ + 9 4 ∂_μϕJ^μ] + c.c. } (4) by writing Ψ = exp[i3ϕ/2]ψ for any spin 1/2 spinor field ψ. Here D_μψ ≡ (∂_μ +^1_2 σ^{bc}e^ν_b D_μe_{νc})ψ, with e^μ_a denoting the vierbein such that e^μ_a e^ν_b η^{ab} = g^{μν} [1]. Here a, b, c denote flat space indices. Moreover, J^μ ≡ iψ̄γ^μψ is the charged current for the fermion field ψ.

One remarks here that by writing Ψ = exp[i3ϕ/2]ψ, one simply splits the fermionic field into the product of a phase factor and a physical fermionic field. We do this because there is no clear guideline for us to do the separation. The only difference will be on the coefficient of the last term in Eq. (4) if we choose, for example, Ψ = exp[ikϕ]ψ for k ≠ 3/2. In fact the coefficient will be k + 3/4 instead of 9/4. In addition, the choice k = 3/2 we made make the extracted phase factor behave similar to a complex generalization of the Weyl theory. To be more specifically, Ψ_{Λ,θ} = Ψ exp[3(Λ + iθ)/2] under a combined complex Weyl transformation g^{Λ,θ}_{μν} = g_{μν} exp[(2Λ + iθ)] [4–6]. .

Note further that the last term is a derivative coupling that has been used in the study of π-N scattering [7] if a chiral current J^5_μ is present. This kind of chiral interaction will also be induced when a γ^5 coupling is present in the fermionic Lagrangian L_ψ. Note that the γ^5 matrix is defined to be a pseudo scalar by γ^5 ≡ ϵ_{μναβ}γ^μγ^ν γ^αγ^β /4!. Therefore, the complex extension of the γ^5 matrix does not contain any phase field (ϕ) contribution. Hence, one can directly add chiral term in above fermionic equations. Note again that he coefficient of the derivative coupling term will be different if we choose, for example, Ψ = exp[ikϕ/2]ψ. The similarity shown above indicates that there is something important hidden in the complex metric extension of the Einstein theory.

One can put it in another way by saying that the scalar filed can be recombined to act as a phase component of the complex graviton field. Nonetheless, we expect that the resulting scalar field can be an alternative for the physical evolution of our early universe. In order to learn more about the impact of this model, we will study a few simple models both in a spherically symmetric space and in a homogeneous and isotropic Friedmann-Robertson-Walker (FRW) space [1,8] .

One knows that many symmetries may not be realized by nature in the low energy regime [4,5]. Hence, we will introduce an effective symmetry breaking potential V (ϕ) to the system. In short, one will be working with the following model:

L_{eff} = − √ g cos ϕ [R + 3 2 ∂_μϕ∂^μϕ] − V. (5) One can show that the equation of motion becomes

cos ϕ G_{μν} + (g_{μν} D^2 − D_μ∂_ν ) cos ϕ = 3 2 ∂_μϕ∂_ν ϕ cos ϕ − 1 2 g_{μν} [ 3 2 (∂ϕ)^2 cos ϕ + V ] (6)

sin ϕ [R + 3 2 (∂ϕ)^2] + 3D^μ(cos ϕ∂_μϕ) = V_ϕ (7)

Here G_{μν} ≡ g_{μν}R/2 − R_{μν} denotes the Einstein tensor. One can also derive the following equation from eliminating the R-term in the trace of the g_{μν} -equation and the ϕ equation. The result is quite similar to the conventional constraint equation in the scale invariant theory [5]:

D^2ϕ = 1 3 [V_ϕ cos ϕ + 2V sin ϕ]. (8)

Note that a symmetry breaking potential of the form V = V (cos ϕ) will be introduced in the course of proving the nohair theorem for a spherically symmetric space. Hence we will denote V^′ = ∂V (cos ϕ)/∂ cos ϕ and V_ϕ = ∂V (cos ϕ)/∂ϕ respectively from now on throughout the rest of this paper. In addition, we will assume that the scalar field is bounded in a cycle around a minimum ϕ_0 by, for example, |ϕ − ϕ_0| < π/2. This is to ensure that the gravitational constant related to cos ϕ remains finite for all era when this effective theory is in charge. Following Ref. [5], we will assume a class of symmetry breaking potential as scaling potential if the potential V satisfies the inequality (cos ϕ−cos ϕ_0)[V^′ cos ϕ−2V ] > 0 for some constant ϕ_0, and for all ϕ. One can show that the no-hair theorem holds for this scalar field ϕ under the effect of this sort of scaling potential. Indeed, the proof is quite similar to the proof shown in Ref. [5]. The spherically symmetric metric is given by ds^2 ≡ g_{μν} dx^μdx^ν = − exp[2A(r)]dt^2 + exp[2B(r)]dr^2 + r^2dΩ in this paper. To be more specifically, one can show that 3 ∫_∞ rH drr^2 exp[A − B] sin ϕϕ^{′2} + ∫_∞ rH drr^2 exp[A + B] sin ϕ[cos ϕ − cos ϕ_0][V^′ cos ϕ − 2V ] = 0. (9)

Note that both integrands are positive (negative) provided that sin ϕ > 0 (< 0). Hence, both integrands have to be vanishing throughout all space exterior to the event horizon at r = r_H where exp[A − B]|_rH = 0. Therefore, one shows that the no-hair theorem holds for all scaling potentials provided that sin ϕ is bounded from approaching zero. Note that one can show that the symmetry breaking potential V_4 = (cos ϕ − cos ϕ_0)^2 and cos^2 ϕ ln[cos^2 ϕ/ cos^2 ϕ_0] − (cos^2 ϕ − cos^2 ϕ_0) are all scaling potentials. In these models one can easily constrain the scalar field from touching zeros of sin ϕ. One also notes that in the limit ϕ ∼ 0 and ϕ_0 ∼ 0, the potential V_4 = (cos ϕ − cos ϕ_0)^2 reduces to the standard symmetry breaking potential (ϕ^2 − ϕ^2_0)^2/4. Hence the symmetry breaking potential V_4 introduced here is nothing more than a simple generalization of the standard ϕ^4 SSB potential.

On the other hand, one has

H^2_0 cos ϕ_0 ∼ V (ϕ_0)/6 (10) sin ϕ_0 [2H^2_0] + cos ϕ_0 3H_0ϕ̇_0/2 = −V_ϕ/6 (11)

in the FRW space under slow rollover approximation such that H_0 ≫ |ϕ̇_0| and H_0|ϕ̇_0| ≫ |ϕ̈_0|. Here the FRW metric is given by ds^2 = −dt^2 + a^2(t)[dr^2/(1 − k/r^2) + r^2dΩ] with H ≡ ȧ/a the Hubble parameter. In addition, H = H_0 denotes a de Sitter space. Assuming that sin ϕ_0 ∼ 0, one can show that H^2_0 ∼ V (ϕ_0)/6 and ϕ̇ ∼ −V_ϕ/9H_0. This is similar to the ordinary gravity system studied in the literature.

In summary, one has shown that a class of complex metric field induces a phase field that behaves very much the way conventional scalar field. The generalization of this work to a more general form is still under investigation. The model studied here is a generalization of the Weyl’s conformal theory. The associated gauge field for the phase symmetry is, however, a tachyon. Therefore, the gauge symmetry corresponding to the phase generalization of the real metric field may not be gauged unless tachyon is in need. We extract, however, the effective real action from the bosonic sector and study its implication to the no-hair theorem and inflationary universe. It is shown that, as long as the scalar field one introduced is bounded to a single cycle of the corresponding cosine functional, this effective theory behaves similar to a conventional induced gravity model. Further applications to other fields of interest will be presented in a sequel to this paper.

II. ACKNOWLEDGMENTS

This work was supported in part by NSC under the contract number NSC88-2112-M009-001.

[1] S. Weinberg, “Gravitation And Cosmology” (Wiely, New York, 1972); C.W. Misner, K. Thorne and T.A. Wheeler, “Gravitation” (Freeman, SF, 1973); T. Eguchi, P.B. Gilkey and A.J. Hanson, Phys. Rep. 66 (1980) 213; N.D. Birrell and P.C.W. Davies, Quantum Fields in Curved Space, (Cambridge University Press, Cambridge, 1982). E.W. Kolb and M.S. Turner, Ann. Rev. Nucl. Part. Sci. 33 (1983) 645; Robert M. Wald, “General Relativity”, (Univ. of Chicago Press, Chicago, 1984); E.W. Kolb and M.S. Turner, “The Early Universe” (Addison-Wesley, 1990);

[2] Anton Kapustin, Alexander Kuznetsov, Dmitri Orlov, hep-th/0002193; P. Hoxha, R.R. Martinez-Acosta, C.N. Pope, hepth/0005172; Ali H. Chamseddine, hep-th/0005222; Moncy V. John, K. Babu Joseph, Class. Quantum Grav. 14, 1115 (1997); M. Cvetic, H. Lu, C.N. Pope,hep-th/0007109; J. W. Moffat,hep-th/0007181;

[3] F.S. Accetta and P. Romanelli, Phys. Rev. D41, 3024 (1990); J.W. Lee, S. Koh, C. Park, A.J. Sin and C.H. Lee, Phys. Rev.

D61, 027301, (2000);

[4] A. Zee, Phys. Rev. Letts. 42 (1979) 417; 44 (1980) 703; L. Smolin, Nucl. Phys. B160 (1979) 253; [5] W.F. Kao, Shi-Yuun Lin and Tzuu-Kang Chi, Phys. Rev. D53, 1955, (1996); W.F. Kao, W.B. Dai, Shang Yuun Wang, Tzuu-Kang Chi and Shi-Yuun Lin, Phys. Rev. D53, 2244, (1996); W.F. Kao, Phys. Rev. D61, 044004, (2000);Phys. Rev. D61, 047501, (2000);

[6] W.F. Kao, C.M. Lai, CTU preprint (1993); W.F. Kao, hep-th/0003153, Phys. Rev. D, to appear ;hep-th/0003206, Phys.

Rev. D, to appear;

[7] L.H. Ryder, Quantum Field theory, (Cambridge Univ. Press, Cambridge, 1992); [8] S. Gulkis, P.M. Lubin, S.S. Meyer and R.F. Silverberg, Scientific American (1990) 132;

[9] A.H. Guth, Phys. Rev. D. 23, 347, (1981); E.W. Kolb and M.S. Turner, Ann. Rev. Nucl. Part. Sci. 33(1983) 645; F.S.

Accetta, D.J. Zoller and M.S. Turner, Phys Rev. D 31 3046 (1985); A.S. Goncharov, A.D. Linde and V.F. Mukhanov, Int. J. Mod. Phys. A2 561 (1987); W.F. Kao and U. Pen, Phys. Rev. D 44, 3974 (1991). W.F. Kao, Phys. Rev D46 5421 (1992); D47 3639 (1993); J. GarciaBellido, A. Linde, D. Wands, Phys. Rev. D54 6040, 1996; Li-Xin Li, J. Richard Gott, III, Phys.Rev. D58 (1998) 103513; Andrei Linde, Misao Sasaki, Takahiro Tanaka, Phys.Rev. D59 (1999) 123522; H. P. de Oliveira and S. L. Sautu, Phys. Rev. D 60, 121301 (1999) ; Jai-chan Hwang, Hyerim Noh, Phys. Rev. D60 123001 (1999); Anupam Mazumdar, hep-ph/9902381; Panagiota Kanti, Keith A. Olive, Phys.Rev. D60 (1999) 043502; Phys.Lett. B464 (1999) 192; E. J. Copeland, Anupam Mazumdar, N. J. Nunes,Phys.Rev. D60 (1999) 083506; Jae-weon Lee, Seoktae Koh, Chanyong Park, Sang Jin Sin, Chul H. Lee, ep-th/9909106; Daniel J. H. Chung, Edward W. Kolb, Antonio Riotto, Igor I. Tkachev, hep-ph/9910437;