arXiv:hep-th/0008131 v6 26 Jul 2001

Deconfinement and the Hagedorn Transition in String Theory

Shyamoli Chaudhuri^∗ Physics Department Penn State University University Park, PA 16802 (July 26, 2001)

We introduce a new definition of the thermal partition function in string theory. With this new definition, the thermal partition functions of all of the string theories obey thermal duality relations with a Kosterlitz-Thouless phase transition at the Hagedorn point. A β!β^2_C/β transformation maps the type I theory into a new string theory (type Ĩ) with thermal Dpbranes, spatial hypersurfaces supporting a p-dimensional finite temperature non-abelian Higgs-gauge theory for pˇ9. We demonstrate a continuous phase transition in the behavior of the static heavy quark-antiquark potential for small separations, r^2�<<α0, transitioning through a precise inverse power law at a critical temperature TD=TC r�/(2α0)^{1/2}π.

The asymptotic density of states obtained from the single string partition function displays an exponential rise at the Hagedorn temperature [1,2], argued in [3] to be a first order phase transition. It plays an important role in thermal string theory. Let us clarify a puzzling aspect of the standard wisdom of thermal string theory and the identification of T_H . Perturbative string theory is Lorentz invariant by construction, and all d+1 embedding coordinates are treated on an equal footing in the quantization [4]. The amplitudes of closed bosonic string theory compactified on a circle of radius R are invariant under the T-duality transformation, R→R^2_{sd}/R, with self-dual radius R_{sd}= √ α^′. Since T-duality is a bosonic symmetry, the identification of the self-dual radius holds independent of which string theory is under consideration: R_{sd} is identical for bosonic, type II, and heterotic strings. Consider the usual thermal prescription for closed bosonic string theory: analytically continue Minkowskian time, X^0_M , to the Euclidean thermal coordinate, X^0, compactifying on a circle of radius, β=1/T . It is difficult to justify an apparent absence of thermal duality [3] in the single string partition function. Given the underlying Lorentz invariance, one expects an invariance of the one-loop amplitude under β→4π^2α^′/β, identifying a self-dual temperature, T_{sd}=1/2πα^{′1/2}. The phases on either side of the self-dual point map into each other, behavior reminiscent of Kramers-Wannier thermal duality in the Ising model. Thus an exact invariance of the thermal free energy of closed bosonic string theory under a duality transformation of the form, β→β^2_C/β, implies a thermal duality relation [4]:^{F (T )}_{V T} =^T_{V T 2C} F (^{T 2C}_T ), where F (T ) is the thermal free energy, and T_C is the thermal self-duality temperature.

Explicit derivation from the single string partition function gives an exponential rise in the density of states at a characteristic temperature T_H [1]. T_H differs for each of the closed string theories due to the inequivalent contributions of their fermionic sectors [3]. The Hagedorn temperature of the bosonic string is found to lie below the self-dual temperature, at the Kosterlitz-Thouless (K-T) point: T_H =1/4πα^{′1/2} [1,4]. Thus a Hagedorn transition, characterized by an exponential divergence in the Gibbs free energy at T_H [1], would mask the duality transition, leading to the unfortunate conclusion that thermal duality is absent [3]. We will show that there is a simple resolution which leads to the conclusion that T_H is always coincident with the K-T temperature. Thermal duality is restored, and the Hagedorn transition is identified with the K-T transition: a continuous phase transition with a finite Gibbs free energy at T_H in a tachyon-free string theory.

The thermal partition function of a field or string theory can be interpreted as the orbifold, R^d/G_t, where G_t is the continuous group of time translations [3]. A discrete subgroup of importance is the Z_2 associated with time reversal invariance: X^0→−X^0, where X^0 is a circle of circumference β=1/T . “Time reversal invariance” is a symmetry with no natural physical analog within the thermal prescription [5]. We require it to be absent, defining the Euclidean path integral with thermal boundary conditions as the orbifold R^{d−1}×S^1/Z_2. The partition function of a compact boson at twice the self-dual radius, 2α^{′1/2}, precisely equals the partition function of the Z_2 orbifold at the self-dual radius, α^{′1/2} [6]. Defining the thermal bosonic string as compactification on the orbifold R^{25}×S^1/Z_2 identifies the temperature at which there is an exponential rise in the density of states as T^{orb}_H =1/π √ α^′, which coincides with the self-dual temperature of the orbifold, T^{orb}_C , and with the K-T point in the moduli space of a compact boson.

�shyamoli@phys.psu.edu

Remarkably, this is also true in the heterotic string theory with a Wilson line background at finite temperature. It leads to the high temperature thinning of the degrees of freedom in string theory postulated in [3]. We will find that the type II string is a special case requiring Ramond-Ramond backgrounds: there are no Yang-Mills gauge fields in the absence of a RR sector.

Note that the distinction between compactifying on an orbifold vs compactifying on a circle is a moot point for thermal field theories in the decoupling limit: the untwisted sector of field theory on S^1/Z_2 with infrared cutoff small compared to the mass of the lowest-lying “Kaluza-Klein” state is simply the zero momentum spectrum, the degrees of freedom of a field theory in one lower dimension. Not so for strings: the twisted sectors of the orbifold provide additional winding modes corresponding to strings wrapped around X^0, and the massive spectrum, with lowest-lying masses of order the string scale, 1/α^{′1/2}, contains both finite momentum and winding modes. Taking α^′ to zero decouples the massive states but the lowest lying winding modes can, and do, remain in the massless spectrum at specific β [4]. Thus, a thermal string theory in d dimensions is a d dimensional orbifold string theory exhibiting definite thermal duality relations.

The thermal self-duality of the closed bosonic string is easy to demonstrate. The thermal partition function, Z_{bos.}, of the critical bosonic closed string is to be identified with the Gibbs free energy of the orbifold R^{25}×S^1/Z_2 via the usual relation F (T )=−(T /V )lnZ [4]. Thus,

V_{25}lnZ_{bos.} =^1_2 V_{25} ∫ F |dτ |^2 2τ^2_2

(4π^2α^′)^{−25/2}τ^{−23/2}_2 |η(τ )|^{−48} [ ∑ n,m q^12^α

0_p2_L

2 q̄^12^α

0_p2_R

2 + |Θ_3Θ_4| + |Θ_2Θ_3| + |Θ_2Θ_4| ] , (1)

where q=e^{2πiτ} , p_{L(R)}=^{πn}_β ±^{wβ}_{πα0} , β is the interval length, and n, w, label, respectively, momentum and winding modes of the string in the thermal direction. The w=n=0 contribution to F is the vacuum cosmological constant. F is the fundamental domain of the torus [4] and the Jacobi theta functions, Θ_i(0, τ ), sum over the β independent twisted states. For a modular invariant spectrum, the τ_1 integral can be simply eliminated in Eq. (1) by imposing level-matching on the integrand. The result is interpreted as the partition function: an expansion in integer powers of qq̄=e^{−4πτ2} , the coefficient of the nth term giving the number of physical closed string states at mass level n. The asymptotic contribution of the partition function may be resummed using its invariance under the modular transformation, τ →−1/τ . Ignoring the twisted sectors for the moment, the leading term resulting from the resummation is of order e^{4π/τ2} , which can be expressed as an integral over a density for the closely spaced levels in the asymptotic mass spectrum with cut-off at positive M_0= ϵ(α^′)^{−1/2}:

e^{4π/τ2} = (4α^′τ_2)^{1/2} ∫_∞ M0 dM e^{−α0πτ2 M 2+4πα01/2 M} , (2) upto O(ϵe^{−ϵ2 πτ2} ) corrections. We infer the mass density, n(M )=e^{4πα01/2 M} . The closed string partition function displays a Hagedorn divergence at T_H =1/4πα^{′1/2}, where the integrand in Eq. (2) starts to diverge exponentially [1,4], a clearly distinguishable effect from the infrared divergence due to the tachyon with mass M^2=−1/α^′. Notice that a similar exponential divergence is obtained as a consequence of the tachyonic state in each (n,w) sector of the partition function, and a resummation can be carried out as shown above. However, we will find that in a tachyon-free string theory there is no exponential divergence in the Gibbs free energy, and hence no Hagedorn transition, despite an exponential rise in the asymptotic density of states. The reason is the modular invariance of the integrand in Eq. (1). As a consequence, the regime of modular parameter, τ , for which an exponentially rising density of states would dominate in the expression for the one-loop Gibbs free energy is, in fact, absent from the domain of integration, F.

Upon Poisson resummation of Eq. (1) and interchange of the dummy indices, w→n, the exact thermal partition function of the closed bosonic string is invariant under β→π^2α^′/β. The argument to the contrary given in [3] relies on an approximation to the single string partition function. Thermal duality relations are a simple consequence of Lorentz invariance together with the R→α^′/R spatial duality relations [4]. The partition function of the compact boson at temperature, 1/4πα^{′1/2}, or radius, 2α^{′1/2}, precisely equals the partition function of the Z_2 orbifold of the boson with radius α^{′1/2} [6,4]. The Hagedorn temperature of the closed bosonic string equals the inverse of the K-T circumference of a compact boson, coinciding also with the self-dual point of the S^1/Z_2 orbifold [6]. Thus, unlike the circle theory, the Hagedorn point for the orbifold coincides with the self-dual point. Note in passing that S^1/Z_2 coincides with the continuum limit of the critical 2d anisotropic Ashkin-Teller model [7], roughly identifying our β with the coupling λ in [7], where −1≤λ<∞, a measure of the thermal exponent of the spin model at fixed inverse temperature [6]. The S^1/Z_2 partition function at any β displays a Kramers-Wannier low-high temperature duality, an exact invariance under β→β^2_C /β. The appearance of Kramers-Wannier duality in the Ashkin-Teller model was first noted in [7]: the A-T model can be expressed as a pair of Ising models coupled by a four-spin interaction, each of which is self-dual.

Thus, for bosonic closed string theory, thermal duality holds with T_C =T_H , where F =f(T )+ρ_0, ρ_0 is the one-loop cosmological constant, and f(T ) is the thermal energy obtained by summing over contributions from the w,n≠0 modes [4]. An important consequence is the high temperature behavior, reminiscent of a 2d field theory and interpreted as evidence for a reduction in the degrees of freedom at high temperature, first found in [3] by rather different arguments: lim_{β→0} F (T )=^{T 2}_{T 2H} ρ_0, where we note, from Eq. (1), that the thermal contribution to the single string spectrum, f(T ), vanishes in the limit T →∞. That this result can be inferred directly from the thermal duality relation, replacing T_H with T_C , without use of the approximation in [3], was first pointed out in [4]. But the significance of an apparent discrepancy in the identification of Hagedorn and thermal self-duality points for the closed bosonic string appears to have been missed: on the c=1 orbifold line, these points actually coincide.

In finite temperature fermionic field theories, quantization proceeds subject to periodicity, X^0→X^0+wβ, w∈Z. Spacetime fermion modes transform with phase (−1)^w in the w-winding sector, and we sum over both antiperiodic and periodic world-sheet fermion sectors. A thermal type II string is defined as the theory R^9×S^1/Z_2, where the discrete subgroup is R_tS_δ [8]: the super-affine orbifold, S_δ =(−1)^{FS} e^{2πiδ} , with shift-vector, δ, given by 2π(2α^′)^{1/2}δ=^1_2 (β, −β), and with (−1)^{FS} acting as (−1) on the Neveu-Schwarz-Ramond (NS-R) sector, and as (+1) on NS-NS states in the supersymmetric n=w=0 sector. This is followed by time-reversal, R_t, acting as X^0→−X^0, ψ^0→−ψ^0. To recover the zero temperature limit correctly F_S must act as spacetime fermion number. The thermal duality radius at which the type IIA string is mapped to the type IIB string is α^{′1/2}, but the s-orbifold critical line intersects that of the compactified boson at radius (2α^′)^{1/2}, the free Fermi point with an enlarged SO(3) symmetry [8]. This corresponds to T_H =1/(8π^2α^′)^{1/2}, at which the partition function of either type II string on R^9×S^1 starts to diverge [2,3]. The s-orbifold partition function can be obtained from the formulae given in [8]: the result is tachyonic. It can be shown that analogous results hold for either heterotic string on R^9×S^1/Z_2 in the absence of background fields.

A tachyon instability at low temperatures in the type II thermal partition function is a signal that flat spacetime with vanishing background fields is a thermally unstable vacuum of a weakly-coupled superstring [9]. Flat and tachyonfree thermal vacua are easily demonstrated in the heterotic string, where the necessary Wilson-line backgrounds are perturbative [10,4]. Consider compactifying either E_8×E_8 or SO(32) heterotic string on R^8×S^1×S^1/Z_2. The (18, 2)- dimensional lattice, (q^I , α^{′1/2}p_L; α^{′1/2}p_R), can be parameterized as shown in [10,4]. Setting G_{99}=1, B^{09}=0, and choosing Wilson lines, R_9A^I_9=(1, 0^7, −1, 0^7), and R_9A^I_9=((^1_2 )^8, 0^8), respectively, in the E_8×E_8 and SO(32) theories, gives the thermal O(16)×O(16) heterotic string theory [11,4]. The thermal E_8×E_8 and SO(32) heterotic string theories are continuously connected in nine dimensions, with a unique stable and tachyon-free thermal background in d=9. The thermal partition function of this tachyon-free theory takes the form [11]:

V_9lnZ_H =

V_9 4 ∫ F d^2τ 4τ^2_2

(4π^2α^′)^{−9/2}Γ(R_9) τ^{9/2}_2 |η(τ )|^{16} ×{( Θ_4 η )^8(

Θ_2 η )^8(

Θ̄_3 η )^4(Γ^+ + Γ^−_δ ) − (

Θ_2 η )^8(

Θ_3 η )^8(

Θ̄_4 η )^4(Γ^+ + Γ^−_δ ) − (

Θ_3 η )^8(

Θ_4 η )^8(

Θ̄_2 η )^4(Γ^+ + Γ^−_δ ) + Z_{Rt} } (3)

A stable and tachyon-free thermal theory with gauge group E_8 in a distinct topological class [12] is obtained by modding out by the outer automorphism exchanging the two E_8 lattices, while implementing R_tS_δ . An early observation that a 9d nonsupersymmetric E_8 string theory is likely stable and tachyon-free appears in [13].

It is interesting how thermal duality manifests itself in an open and closed string theory. Open strings cannot wind in the compact thermal direction, but a β→β^2_C /β duality transformation maps the SO(32) type IB theory into a closed string theory defined on S^1/Z_2×R^9 with 32 thermal D9branes located at X̃^0=0, where X̃^0 is the dual thermal coordinate. The interval runs in the thermal direction. We refer to this theory as the type Ĩ string, not to be confused with the type I^′ string. Ordinarily, the worldvolume of a Dpbrane resulting from 9−p spatial T-dualities is (p, 1)-dimensional [4]; a thermal Dpbrane is a p-dimensional Euclidean hypersurface. The quantized spectrum of momentum modes in the IB theory: k^0=nπ/β, n∈Z, maps into a quantized spectrum of thermal winding modes in the dual theory: k̃^0=wβ/πα^′, w∈Z. Localized on the p-dimensional spatial hypersurface are the restricted degrees of freedom associated with a Yang-Mills gauge field in a physical (A^0=0) gauge. This is natural given the equality in finite temperature gauge theory of the Euclidean path integral with tr e^{−βH} as evaluated in a physical gauge [5]. An ordinary Dbrane fluctuates due to the coupling of open and closed string sectors; the thermal Dpbrane fluctuates in the transverse 9−p spatial Dirichlet directions. The collective coordinates for small fluctuations of the thermal Dbrane are scalar modes in a finite temperature Higgs-Yang-Mills field theory in p dimensions living on its worldvolume.

Consider compactifying the I^′ theory with 16 D8branes at each orientifold plane, X^{9′}=0, πR_9, on R^8×S^{1′}/Z_2×S^1/Z_2. This corresponds to turning on the background, −2πR_9A_9=((1)^8, 0^8), in the thermal IB theory with 32 D9branes [4]. The s-orbifold group acts as R_t(−1)^{FS} , and the partition function takes the form:

V_8lnZ_I0 =

N^2 2 V_8 ∫_∞ 0 dl(8π^2α^′l)^{−4}e^{−R2l/2πα0} η(l)^{−8}[( Θ_3 η )^4 − (

Θ_4 η )^4 + (

Θ_2 η )^4] { ∑ n∈Z q^12^{(α0p20 )} + Z_{Ω,Rt} } (4) where q=e^{−2πl}, p_0=nπ/β, β is the timelike interval length, and N =8. Z_{Ω,Rt} in Eq. (4) denotes the unoriented, and R_t-twisted sector, contributions. The first of the relative signs in the square brackets ensures absence of the tachyon, the second breaks supersymmetry [14]. Z_I0 is not invariant under thermal duality. Instead, taking β→β^2_C /β maps Eq. (4) into the partition function of the dual Ĩ^′ theory with 16 thermal D8branes at X̃^0=0, replacing momentum modes with thermal winding modes. The two sides of the thermal duality equation now refer to the partition functions of distinct theories: I^′ and Ĩ^′. T_Ĩ0 =(T^2_C /T^′_I ), is the temperature measured in the dual Ĩ^′ string theory. Eq. (4) is the partition function of the stable and tachyon-free thermal O(16)×O(16) string. Alternatively, introduce a wrapped Dstring in the X^9 direction in the presence of a half-integer quantized B^{89} field in the O(32) IB string [12], giving the stable and tachyon-free thermal E_8 theory. Its strong coupling dual is the thermal E_8 CHL heterotic orbifold. Thus, thermal duality links the low and high temperature behaviors of stable string theories both at zero, and at infinite, string (gauge) coupling.

Given our results, let us ask whether there is a phase transition separating confining (low T) and deconfining (high T) regimes of the nonabelian gauge theories embedded in thermal string theories. An order parameter signaling the breaking of the center of the gauge group at the deconfinement transition in finite temperature gauge theory is the expectation value of a temporal Wilson loop [15,16]. It was shown in [17] on general grounds that if the deconfining phase transition in a gauge theory is second-order, the heavy quark potential must take the scale-invariant form, V_Q¯_Q=−C/R, where C is a constant, independent of spacetime dimension. Using open string path integral techniques [18,14], we now show that both expectations prove correct for the gauge theories embedded in infrared finite string theories.

Consider a pair of timelike Wilson loops lying, respectively, on a D8brane and its image at either of the orientifold planes, with fixed spatial separation r_∗ in the X^{′9} direction. They represent the closed worldlines of static semiclassical heavy quark and antiquark joined by a stretched open string of length r^2_∗<R^2<<α^′: a stable I^′ flux tube in the presence of ∗F_{10} RR-flux [12]. The pair correlation function of Wilson lines with small spatial separation can be represented as an open string path integral [18,14]. The low temperature short distance behavior is dominated by the shortest thermal open string, or the n=1 mode, the leading contribution in the l→∞ expansion [14]. The separation r_∗ varies with the external field, F_{09}, and the result for arbitrary β is the static potential (compare with [14]):

V (r_∗) ∼ −2^3 1 r_∗ 1 ( 1 +^{2π2α0β2C}_{r2�β2}

)_{1/2} . (5)

For (r_∗/π(2α^′)^{1/2})β>>β_C , we expand in a power series in (^{2π2α0β2C}_{r2�β2} ). The leading correction of O(1/β^2r^3_∗) to an inverse power law is repulsive. For (r_∗/π(2α^′)^{1/2})β<<β_C , the potential approaches a constant independent of r_∗, asymptotig to zero at very high temperatures. The crossover between these behaviors occurs at β^2_D =2π^2α^′β^2_C /r^2_∗, where the potential is a precise inverse power law. The transition temperature, T_D=r_∗T_C /(2α^′)^{1/2}π, is lower than T_C =1/πα^{′1/2}. We infer a continuous phase transition to the confining regime β<<β_D along a critical boundary in the two-parameter phase space, (r_∗, β). Note that the ∗F_{10} flux confinement scale r_∗ is a measure of the string coupling, or dilaton gradient [12], so that the two-parameter phase space corresponds, roughly, to the familiar (g_{Y M} , β) phase space of finite temperature gauge theory. This motivates the challenging task of deciphering a possible map to the two-parameter phase diagram of the critical Ashkin-Teller model beyond the correspondence observed earlier along the critical line at fixed (spin model) inverse temperature [7].

Our results suggest that the self-dual non-abelian gauge theories embedded in renormalizable string theories can exhibit continuous deconfinement phase transitions. The phase boundary separating the confined and deconfined phases appears to intersect the g=0 axis at finite non-zero temperature T_D (compare with [16]). It has long been suspected that the deconfinement transition is washed out upon introduction of matter fermions in the gauge theory [15,16]. It would be extremely interesting to find direct evidence through an extension of our string analysis to thermal gauge theories with matter, and on Dpbranes with p<9.

Finally, we note that a β→β^2_C /β transformation maps the contribution of the n=1 mode to that of the w=1 winding mode in the Ĩ^′ theory, wrapping the X̃^0 interval. Thus, the high-temperature behavior of the pair correlator of temporal Wilson loops has been mapped to the low-temperature behavior of the pair correlator of localized objects at X̃^0=0 in the dual theory. This intriguing correspondence deserves further study.

Acknowledgements: This work was completed during inspiring visits at the Aspen Center for Physics in the Summers of 1999 and 2000. I thank S. Shenker, I. Klebanov, R. Shankar, M. Peskin, S. Coleman, B. Svetitsky, A. Shapere, C. Vafa, and E. Witten, for their interest and comments. I would like to record my indebtedness to Ken Wilson, Tung-Mow Yan, and Hikaru Kawai, for teaching me the fundamentals of gauge theory while a student at Cornell. This research is supported in part by the award of grant NSF-PHY-9722394 by the National Science Foundation under the auspices of the Career program. The meaning of the thermal partition function in string theory and the K-T phase transition at the Hagedorn point are further clarified in hep-th/0105110 and hep-th/0105244.

[1] R. Hagedorn, Nuovo Cim. Suppl. 3 (1965) 147. K. Huang and S. Weinberg, Phys. Rev. Lett. 25 (1970) 895. S. Fubini and G. Veneziano, Nuovo Cim. 64A (1969) 1640.

[2] K. Kikkawa and M. Yamasaki, Phys. Lett. B149 (1984) 357. J. Polchinski, Comm. Math. Phys. 104 (1986) 37. K. O’Brien and Chung-I Tan, Phys. Rev. D36 (1987) 1184. V.P. Nair, A. Shapere, A. Strominger, and F. Wilczek, Nucl. Phys. B287 (1987) 402. B. Sathiapalan, Phys. Rev. Lett. 58 (1987) 414. R. Brandenburger and C. Vafa, Nucl. Phys. B316 (1989) 391.

[3] J. Atick and E. Witten, Nucl. Phys. B310 (1988) 291.

[4] J. Polchinski, String Theory, Cambridge, 1998. Note erratum website, Ch.9, p.322, above eq.(9.8.18), and in eqs.(9.8.19), and (9.8.20).

[5] C. Bernard, Phys. Rev. D9 3312 (1974). [6] P. Ginsparg, Nucl. Phys. B295 (1988) 153.

[7] A.C. Brown and L. Kadanoff, Ann. Phys. 121 (1979) 318. M. Kohmoto, M. den Nijs, and L. Kadanoff, Phys. Rev. B24 5229 (1981).

[8] L. Dixon, P. Ginsparg, and J. Harvey, Nucl. Phys. B306 (1988) 470.

[9] Compare with the analogous argument for finite temperature quantum field theory in flat space given in D. Gross, L. Yaffe, and M. Perry, Phys. Rev. D25 (1982) 330.

[10] K.S. Narain, M. Sarmadi, and E. Witten, Nucl. Phys. B279 (1987) 369.

[11] L. Alvarez-Gaume, P. Ginsparg, G. Moore, and C. Vafa, Phys. Lett. B171 (1986) 155. L. Dixon and J. Harvey, Nucl.

Phys. B274 93 (1986). H. Kawai, D. Lewellen, and S.-H. H. Tye, Phys. Rev. D34 (1986) 3794. [12] S. Chaudhuri, Nucl. Phys. B591 (2000) 243. S. Chaudhuri and J. Polchinski, Phys. Rev. D52 (1995) 7168. [13] P. Ginsparg and C. Vafa, Nucl. Phys. B289 (1987) 414 (see appendix).

[14] S. Chaudhuri, Y. Chen, and E. Novak, Phys. Rev. D62 (2000) 026004. S. Chaudhuri and E. Novak, Phys. Rev. D62 (2000) 046002.

[15] A. Polyakov, Phys. Lett. B72 (1977) 477. L. Susskind, Phys. Rev. D20 2610 (1979). [16] B. Svetitsky and L. Yaffe, Nucl. Phys. B210 (1982) 423. [17] M. Peskin, Phys. Lett. B94 161 (1980).

[18] O. Alvarez, Nucl. Phys. B216 125 (1983). A. Cohen, G. Moore, P. Nelson, and J. Polchinski, Nucl. Phys. B267 (1986) 143.