arXiv:hep-th/0008249 v3 26 Jan 2001

FTUV-00-1002 hep{th/0008249

SUPEREMBEDDING APPROACH and S-DUALITY. A unified description of superstring and super-D1-brane.

Igor Bandos

Institute for Theoretical Physics NSC Kharkov Institute of Physics and Technology Akademicheskaya 1, 61108, Kharkov, Ukraine and Departamento de Fisica Teorica, Facultad de Fisica, Universidad de Valencia, E-46100 Burjassot (Valencia), Spain e-mail: bandos@ific.uv.es, bandos@hep.itp.tuwien.ac.at

Abstract

It is proved that a basic superembedding equation for the 2-dimensional worldsheet superspace Σ^{(2|8+8)} embedded into D=10 type IIB superspace M^{(10|16+16)} provides a universal, S-duality invariant description of a fundamental superstring and super-D1-brane. We work out generalized action principle, obtain superfield equations of motion for both these objects and find how the S-duality transformations relate the superfield equations of superstring and super-D1-brane.

The superembedding of 6-dimensional worldsheet superspace Σ^{(6|16)} into the D=10 type IIB superspace M^{(10|16+16)} will probably provide a similar universal description for the set of type IIB super–NS5–brane, super-D5-brane and a Kaluza-Klein monopole (super-KK5-brane).

Key words: superstring, super-p-brane, superembedding, superfield, S-duality, supergravity.

PACs: 11.25-w, 11.30Pb, 04.65+e

1 Introduction

It is believed that type IIB superstring theory has SL(2, Z) S-duality symmetry [1, 2]. SL(2, R) symmetry had been found in the low energy limit provided by type IIB D = 10 supergravity theory [3, 4]. When nonperturbative BPS states including super-Dp-branes with p = 1, 3, 5, 7, 9 are considered, the Dirac charge quantization condition for the brane charges shall be taken into account. It reduces SL(2, R) down to SL(2, Z) which, thus, appears as a quantum S-duality group.

On the classical level, however, one can consider the continuous group SL(2, R). When superspace is flat this symmetry reduces down to SO(2) acting on Grassmannian coordinates of the flat superspace.

Among the BPS states are ones which are invariant under S-duality. A well known example is super–D3–brane [5, 6]. The analysis of the supergravity solution [7] and of the action in the second order approximation [8] indicates that Kaluza–Klein monopole 5-brane (super–KK5–brane) should be invariant as well. In distinction, the fundamental string and super-D1-brane as well as the type IIB NS5-brane and super-D5-brane are not invariant under SL(2, Z) group. The reason is that fundamental string is coupled minimally to the NS–NS (Neveu-Schwarz–Neveu-Schwarz) 2-form gauge field B_2 of type IIB supergravity, while super-D1-brane is coupled to the RR (Ramond-Ramond) gauge field C_2. The type IIB NS5 superbrane and super-D5-brane carry unit magnetic charges with respect to B_2 and C_2 fields. The classical S-duality symmetry SL(2, R) mixes B_2 and C_2 fields as well as RR and NS-NS charges.

The minimal irreducible multiplets of BPS states under the S-duality group SL(2, Z) are provided by families of so–called (p, q) strings ((1, 0) corresponds to the fundamental superstring and (0, 1) to the super-D1-brane) [9, 10] and (p, q) 5-branes [11]. An intensive search for an S-duality invariant universal description of SL(2, Z) multiplets of BPS states can be witnessed today [12, 13, 14, 15].

The Hamiltonian analysis and some related studies [6, 12] indicate that the (p, q) string can be associated with D1-brane action considered on the surface of Born–Infeld equation. Thus, a unified description of (p, q)–string is basically a universal description of fundamental superstring (super–NS1–brane) and Dirichlet superstring (super–D1–brane).

The main message of this article is that such a universal, S-duality invariant description of the sets of superbranes is provided by the superembedding approach [16, 17, 18, 19, 20, 21, 22, 23], [24, 25, 26, 27, 28, 29]. In this framework a 10-dimensional type IIB super- (D)p-brane is described by a worldsheet superspace Σ^{(p+1|16)} embedded into the target type IIB superspace M^{(10|32)}. The number of fermionic ’directions’ of the worldsheet superspace (= 16) is twice less than the one of the target superspace (= 32). And each of the fermionic directions is in one–to–one correspondence [16] with a parameter of κsymmetry [30] inherent to super-p-brane actions^1 or, equivalently, with a parameter of supersymmetry preserved by the BPS–state corresponding to the super-(D)p-brane.

The embedding is specified by the so–called geometrodynamical constraint or basic superembedding equation. Its form is universal: the superembedding condition implies that a pull–back of a bosonic supervielbein form of the target superspace on the worldvol-

1Note that there exists a possibility to introduce a worldsheet superspace with less number n of the fermionic dimensions Σ^{(p+1|n)}, n ≤ 8. Then the remaining (16 − n) κ-symmetries become nonmanifest gauge symmetries of a superfield action, which can be built in this case [18, 19, 31, 29].

ume superspace has vanishing projections on the fermionic worldvolume directions (see [16, 17, 20, 24, 26, 27, 29] and below). For branes in D = 10 type II superspaces the superembedding equation contains dynamical equations of motion among its consequences [22, 24, 25, 26]. Then the universal description of the superstring and super-D1-brane as well as of the set of super-D5-brane, type IIB super–NS5–brane and super-KK5-brane should occur if i) the natural worldvolume superspaces of these objects are of the same type: i.e. have the same number of bosonic and fermionic directions and the same worldvolume ’quantum numbers’ of the fermionic coordinates, ii) the equations of motion for all objects can be encoded in the same superembedding condition. The former item can be justified by studying the structure of the κ–symmetry of the superbranes.

An investigation of the universal description of different branes in the frame of superembedding approach will hopefully provide us with new insights in the structure of String/M–theory. In this paper we begin the above program by studying the universal, S-duality invariant description of the superstring and super-D1-brane.

1.1 Basic notations and short summary

The basic equation of the superembedding approach for the type IIB superstring specifies the embedding

Z^M = Ẑ^M (ζ) : X^m = X̂^m(ξ, η), Θ^{μ1} = Θ̂^{μ1}(ξ, η), Θ^{μ2} = Θ̂^{μ2}(ξ, η) (1.1)

of 2-dimensional worldsheet superspace

Σ^{(2|8+8)} : {(ζ^M )} = {(ξ^m, η^{+q}, η^{−q̇})}, m = 0, 1, q = 1, . . . , 8, q̇ = 1, . . . , 8 (1.2)

into the 10-dimensional type IIB superspace

M^{(10|16+16)} = {(X^m, Θ^{μ1}, Θ^{μ2})}, m = 0, . . . , 9, μ = 1, . . . , 16. (1.3)

It can be written in the form (see [16, 20, 21, 23, 24, 29] and refs. in [29]) Ê^a_{+q} ( Ẑ(ζ) ) = 0, Ê^a_{−q̇} ( Ẑ(ζ) ) = 0. (1.4)

Here E^a ≡ dZ^M E^a_M (Z) is the bosonic supervielbein form of the type IIB superspace and Ê^a ≡ dZ^M (ζ)Ê^a_M ( Ẑ(ζ) ) = e^{++}Ê^a_{++} + e^{−−}Ê^a_{−−} + e^{+q}Ê^a_{+q} + e^{−q̇}Ê^a_{−q̇} (1.5)

is its pull-back on the worldsheet superspace Σ^{(2|8+8)}. In Eq. (1.5)

e^A ≡ dζ^M e^A_M (ζ) = ( e^{++}, e^{−−}; e^{+q}, e^{−q̇} ) (1.6)

is an intrinsic supervielbein of the worldsheet superspace. It can be either subject to the supergravity constraints, or induced by the embedding [24, 25].

When the superembedding equations (1.4) are taken into account, the general decomposition of the pull-back of the bosonic vielbein form (1.5) reduces to Ê^a ≡ dZ^M (ζ)Ê^a_M ( Ẑ^M (ζ) ) = e^{++}Ê^a_{++} + e^{−−}Ê^a_{−−}. (1.7)

The superembedding equation for type IIB superstring puts the theory on the mass shell as it does for all the objects with more then 16 target space supersymmetries, such as D=11 supermembrane [24] (super-M2-brane), super-M5-brane [26] and type IIA superstring [22, 24]. However, as it was found in [24], the case of type IIB has a peculiarity. Namely, the equations of motion which follow from (1.7) contains a constant parameter a (see also [22] for D = 3). E.g., for the case of flat target type IIB superspace

E^a = Π^mδ^a_m , Π^m = dX^m − idΘ^{1μ}σ^m_{μν} Θ^{1ν} − idΘ^{2μ}σ^m_{μν}Θ^{2ν}, (1.8)

E^{α1} = dΘ^{1μ}δ^α_μ , E^{α2} = dΘ^{2μ}δ^α_μ (1.9)

the fermionic equations which follow from (1.7) can be written in the form ( ∇_{−−}Θ̂^{μ1} + a∇_{−−}Θ̂^{μ2} ) σ_{aμν}Ê^a_{++} = 0, ( ∇_{++}Θ̂^{μ2} − a∇_{++}Θ̂^{μ1} ) σ_{aμν}Ê^a_{−−} = 0, (1.10) while the fermionic equations for type IIB superstring are

∇_{−−}Θ̂^{μ1}σ_{aμν}Ê^a_{++} = 0, ∇_{++}Θ̂^{μ2}σ_{aμν}Ê^a_{−−} = 0 (1.11)

Eqs. (1.11) coincide with (1.10) only when the constant a vanishes.

On the other hand, if one uses an evident scale invariance of Eqs. (1.10) and multiplies them by^{1√}_{1+a2} , then he arrives at the equations related to Eqs. (1.11) by the SO(2) transformation of the Grassmann coordinates of the flat type IIB superspace [24] ( Θ̂^{μ1′} Θ̂^{μ2′} ) = (_1 √ 1+a2 a √ 1+a2

−^{a√}_{1+a2}^{1√}_{1+a2} ) ( Θ̂^{μ1} Θ̂^{μ2} ) ≡ ( Cos α Sin α −Sin α Cos α ) ( Θ̂^{μ1} Θ̂^{μ2} ) (1.12)

The SO(2) transformations (1.12) are not a symmetry of the action of type IIB superstring. They are the flat superspace image of the S-duality group SL(2, R). (We will make it apparent in Section 6). Nevertheless, SO(2) is an evident symmetry of the superembedding equation (1.4), (1.7).

Thus the solutions of the superembedding equation (1.10) with a ≠ 0, which are characterized by a superfield generalization of Eqs. (1.11) (see below), shall describe extended objects which are related to fundamental superstring by S-duality. As we will demonstrate in this paper, Eqs. (1.10) with a ≠ 0 are just the fermionic equations of motion for a super-D1-brane. The numerical parameter a is expressed through the onshell value of the gauge field strength of the super-D1-brane dA − B_2 = 1/2e^{++} ∧ e^{−−}F^{(0)} a = ± √ 1 + F^{(0)} 1 − F^{(0)}

, dF^{(0)} = 0. (1.13)

The ’scale’ √ 1 + a^2 of the parameter a is unessential when the equations are considered, while the SO(2) parameter (2α) is essentially in one–to–one correspondence with the on–shell value of the field strength Cos 2α = −F^{(0)}, Cos α ≡ a √ 1 + a^2 = ± √ 1 + F^{(0)} 2 . (1.14)

Sections 2–5 of the present paper are devoted to the proof of the above result. We motivate that the worldvolume superspace of a super-D1-brane is of the same type as the one of the fundamental superstring (1.2) and that the superembedding condition is the same as well (1.4). We obtain the explicit relation (1.13) between the parameter a and on-shell value of the generalized field strength of the worldvolume gauge field and justify the statement that the value of the field strength, the superembedding equation and the fermionic superfield equations specify the description of the super-D1-brane completely.

To this end we use the generalized action principle [25, 27, 32, 33, 34] for superstring and super-D1-brane. It is a brane counterpart of the group manifold action for supergravity [35]. The advantage of the generalized action [25] is that it produces the superembedding equations, (a superfield generalization of the) proper equations of motion and the worldvolume supergravity constraints in a universal manner. Moreover, it possesses a generalized κ–symmetry [33, 27, 34] and, hence, provides a bridge between the standard (Green-Schwarz—Dirac-Born-Infeld) formulation and the superembedding approach [24, 26, 29]. The κ–symmetry appears in the irreducible form and, thus, can be used to determine the properties of the worldsheet superspace necessary for the superembedding description of the superbranes.

1.2 Contents of the paper

For simplicity, in Sections 2,3,4,5 we restrict ourself by the case of flat target superspace, where the classical S-duality group SL(2, R) reduces to SO(2). Section 2 is devoted to the general solution of the superembedding equation. Lorentz harmonics (moving frame variables) are introduced here. In Section 3 and 4 we elaborate the generalized action principle and obtain superfield equations of motion for the superstring and super–D1– brane. The universal description of the superstring and super–D1–brane in the frame of the superembedding approach is considered in Section 5. The results for the general supergravity background are presented in Section 6. It is demonstrated that the SO(2) rotations which, together with super–Weyl transformations, relate super–D1–brane and superstring, are indeed the compensated rotations which appear when the classical S– duality group SL(2, R) acts on the unimodular matrix constructed from the axion and dilaton superfields. We also use the super–Weyl transformations to derive the expression for (p, q)–string tension [9]. Some useful formulae are collected in the Appendices.

2 General solution of superembedding equation. The

role of Lorentz harmonics.

2.1 Lorentz harmonics and superembedding equation

To obtain in a regular manner all the consequences of the superembedding equation (1.4) it is convenient to use its equivalent form [24] (see Appendix A)

Ê^I ≡ Ê^bU^I_b = 0, I = 1, . . . 8, (2.1) where U^I_a are 8 orthogonal and normalized 10-vector superfields

U^{aI} U^J_a = −δ^{IJ}. (2.2) Their set can be completed up to a basis of 10-dimensional (tangent) space, or, equivalently, to the Lorentz group valued matrix (moving frame matrix)

U^{(b)}_a = ( U^0_a , U^J_a , U^9_a ) ∈ SO(1, 9) ⇔ U^{(b)}_a U^{a(c)} = η^{(b)(c)} ≡

1 0 0 0 −δ^{IJ} 0 0 0 −1

(2.3)

by adding 2 orthogonal and normalized vectors U^0_a , U^9_a

U^{a0}U^0_a = 1, U^{a0}U^9_a = 0, U^{a9}U^9_a = −1. U^{a0}U^I_a = 0 = U^{a9}U^I_a . (2.4) It is convenient to replace the vectors U^0_a , U^9_a by their light–like combinations

U^{++}_a = U^0_a + U^9_a , U^{−−}_a = U^0_a − U^9_a (2.5)

U^{++}_a U^{++a} = 0, U^{−−}_a U^{−−a} = 0, U^{++}_a U^{−−a} = 2. and to define the moving frame matrix (2.3) by

U^{(b)}_a = ( U^{++}_a , U^{−−}_a , U^J_a ) ∈ SO(1, 9) ⇔ U^{(b)}_a U^{a(c)} = η^{(b)(c)} ≡

0 2 0 2 0 0 0 0 −δ^{IJ} (2.6)

Its elements can be recognized as Lorentz harmonics, introduced by Sokatchev [36].

The Lorentz rotation by matrix (2.6) provides us with the bosonic supervielbein forms Ê^{(a}0^) ≡ Ê^bU^{(a}0^)_b = ( Ê^{++}, Ê^{−−}, Ê^I ) , Ê^{±±} = Ê^aU^{±±}_b , Ê^I = Ê^aU^I_b (2.7)

adapted to the superembedding in the sense of Eq. (2.1). To adapt the complete supervielbein (more precisely, the pull-back of the supervielbein) to the superembedding, we need in the double covering of the Lorentz group valued matrix U (2.6). It is given by 16 × 16 matrix V^{(α} 0_{)α} = ( V^+_{αq} V^−_{αq̇} ) ∈ Spin(1, 9) (2.8) whose rectangular 16 × 8 blocks V^{+q}_α , V^{−q̇}_α (q = 1, . . . 8, q̇ = 1, . . . 8) are called spinor Lorentz harmonics [37, 38, 39, 24, 25] or spinor moving frame variables [39]. The claimed statement that (2.8) provides a double covering of the Lorentz rotation described by (2.6) can be expressed by the conditions of γ-matrix preservation^2

U^{(a)}_b σ^b_{αβ} = V^{(γ)}α σ^{(a)}_{(γ)(δ)}V^{(δ)}_β , (2.9)

With an appropriate SO(1, 1) ⊗ SO(8) invariant representation for D = 10 σ-matrices, the constraints (2.9) can be split into the set of the following covariant relations

U^{++}_a σ^a_{αβ} = 2V^+_{αq} V^+_{βq} , U^{++}_a σ̃^{aαβ} = 2V^{+α}_{q̇} V^{+β}_{q̇} , (2.10)

2The constraints (2.9) are certainly reducible. However, they are most convenient for calculations. The irreducible form of the constraints for spinor harmonics can be found in [38, 39].

U^{−−}_a σ^a_{αβ} = 2V^−_{αq̇} V^−_{βq̇} , U^{−−}_a σ̃^{aγβ} = 2V^{−γ}q V^{−β}q , (2.11)

U^I_a σ^a_{αβ} = 2V^+_{(αq} γ^I_{qq̇}V^−_{β)q̇} , U^I_a σ̃^{aγβ} = −2V^{−(γ}q γ^I_{qq̇}V^{+β)}_{q̇} , (2.12) which imply, in particular, that the spinor harmonics V^{+q}_α , V^{−q̇}_α can be treated as square roots from the light–like vectors U^{++}_a , U^{−−}_a .

The second equalities in Eqs. (2.10), (2.11), (2.12) involve the inverse Lorentz harmonics [39] V^{−α}_p V^+_{αq} = δ_{pq}, V^{−α}_p V^−_{αq̇} = 0, (2.13) V^{+α}_ṗ V^+_{αq} = 0, V^{+α}_ṗ V^−_{αq̇} = δ_{ṗq̇}.

The supervielbein adapted for the superembedding in the sense of Eq. (2.1) is (Ê^{(a}

0_) ; Ê^{(α}

0_{)1} , Ê^{(α} 0_{)2} ) = ( Ê^{++}, Ê^{−−}, Ê^I ; Ê^{+q1}, Ê^{−q̇1}, Ê^{+q2}, Ê^{−q̇2} ) , (2.14) where Ê^{+q1,2} = Ê^{α1,2}V^+_{αq} , Ê^{−q̇1,2} = Ê^{α1,2}V^−_{αq̇} . (2.15) For the case of flat type IIB superspace Eqs. (2.15) become Ê^{+q1,2} = dΘ̂^{μ1,2}V^+_{μq} , Ê^{−q̇1,2} = dΘ̂^{μ1,2}V^−_{μq̇} . (2.16)

The geometry of the worldsheet superspace can be specified by embedding in the following sense [25]. One can choose the bosonic components of the worldsheet supervielbein (1.6) to be equal to the E^{±±} components of the adapted supervielbein (2.14) (see Appendix A) Ê^{++} ≡ Ê^bU^{++}_b = e^{++}, Ê^{−−} ≡ Ê^bU^{−−}_b = e^{−−}. (2.17) The fermionic worldsheet supervielbein forms can be identified with 16 linear combinations of the pull-backs of target superspace fermionic forms (2.15). We make the choice e^{+q} = E^{+q1} = Ê^{α1}V^{+q}_α , e^{−q̇} = Ê^{−q̇2} = Ê^{α2}V^{−q̇}_α , (2.18) which will be motivated below by a study of the irreducible κ–symmetry. In the case of flat type IIB superspace the worldsheet spin connections and SO(8) gauge field can be identified with Cartan forms [39, 24, 25] ω ≡ 1 2 U^{−−}_a dU^{++a}, A^{IJ} ≡ U^I_a dU^{Ja} (2.19) while the remaining Cartan forms f^{±±I} ≡ U^{±±}_a dU^{Ia} (2.20) are covariant with respect to local SO(1, 1) × SO(8) transformations^3. This SO(1, 1) × SO(8) is an evident symmetry of the relations (2.1), (2.17), (2.18) which acts on the

3In general supergravity background one can define the worldsheet connections and covariant forms by adding to the expressions (2.19), (2.20) the supergravity spin connections w^b_a contracted with the harmonic vectors f̃^{±±I}_≡ f^{±±I} +(U wU )^{±±I}_≡ U^{±±}_a (dU^{Ia}+w^b_a U^I_b ), ω̃_≡ ω+ 1 2 (U wU )^{−−|++}, Ã^{IJ} = A^{IJ} +(U wU )^{IJ} Actually, this is a prescription for the construction of the ’gauge fields of nonlinear realization’ [40].

bosonic worldsheet supervielbein and vector harmonics as follows e^{±±′} = e^{±±}exp(±2β(ζ)), U^{±±′}_a = U^{±±}_a exp(±2β(ζ)), (2.21) U^I_a → U^{I′}_a = U^J_a O^{JI} , O^{JK}O^{IK} = δ^{IJ} . Such symmetry makes possible to consider the vectors U^{±±}_a , U^I_a (constrained by (2.6)) as homogeneous coordinates of the coset SO(1, 9) SO(1, 1) ⊗ SO(8) = { (U^{±±}_a , U^I_a ) } (2.22)

and to identify them with Lorentz harmonic variables [36].

The derivatives of the harmonic variables, which do not break the constraints (2.6) are expressed through the Cartan forms

DU^{++}_a ≡ dU^{++}_a − U^{++}_a ω = U^I_a f^{++I} , DU^{−−}_a ≡ dU^{−−}_a + U^{−−}_a ω = U^I_a f^{−−I} , (2.23)

DU^I_a ≡ dU^I_a + U^J_a A^{JI} = 1 2 U^{−−}_a f^{++I} + 1 2 U^{++}_a f^{−−I} . (2.24)

2.2 General solution of superembedding equation in flat type IIB superspace.

To investigate the consequences of the superembedding equation (2.1) one can study its integrability conditions [24]

Ê^I = 0 ⇒ dÊ^I ≡ dÊ^aU^I_a (ζ) + Ê^a ∧ dU^I_a (ζ) = 0. (2.25)

The integrability conditions for ’conventional constraints’ (2.17), (2.18) should determine the worldsheet torsion forms.

In the flat superspace Eq. (2.25) acquires the form

DÊ^I ≡ dÊ^I + Ê^J ∧ A^{IJ} = T̂^aU^I_a + 1 2 Ê^{++} ∧ f^{−−I} + 1 2 Ê^{−−} ∧ f^{++I} = (2.26)

= −i ( e^{+q} ∧ Ê^{−q̇1} − ie^{−q̇} ∧ Ê^{+q2} ) γ^I_{qq̇} + 1 2 Ê^{++} ∧ f^{−−I} + 1 2 Ê^{−−} ∧ f^{++I} = 0.

Note that the same equation occurs in curved type IIB superspace with the standard choice of torsion constraints

T^a ≡ DE^a ≡ dE^a − E^b ∧ w^a_b = −i(E^{α1} ∧ E^{β1} + E^{α2} ∧ E^{β2})σ^a_{αβ},

but with covariantized Cartan forms defined in Appendix B (f^{±±I} → f^{±±I} + U^{±±}wU^I , see also footnote 3).

Substituting the most general expression for the pull-backs of the fermionic supervielbein forms Ê^{−q̇1} and Ê^{+q2}

Ê^{−q̇1} = e^{+p}χ^{−−}_{pq̇} + e^{−ṗ}h^{q̇}_ṗ + e^{±±}Ψ^−_{±±q̇} , Ê^{+q2} = e^{+p}h^q_p + e^{−ṗ}χ^{++}_{ṗq} + e^{±±}Ψ^+_{±±q} (2.27) into (2.26), one finds the expression for f^{±±I} and the restrictions on the coefficient superfields χ, h, Ψ. Then the integrability conditions for Eqs. (2.27) as well as the Maurer Cartan equations

Df^{++I} ≡ df^{++I} − f^{++I} ∧ ω + f^{++J} ∧ A^{IJ} = 0, (2.28) Df^{−−I} ≡ df^{−−I} + f^{−−I} ∧ ω + f^{−−J} ∧ A^{IJ} = 0, (2.29) dω̃ = 1 2 f^{−−I} ∧ f^{++I} , (2.30)

F^{IJ} = dA^{IJ} + A^{IK} ∧ A^{KJ} = f^{−−[I} ∧ f^{++J]} (2.31)

shall be investigated^4. The calculations are simplified essentially due to the theorems about dependence of components of Eqs. (2.26), (2.27), (2.28)–(2.31) (see Appendix in Ref. [24] and refs. therein).

The complete investigation of the equations (2.26), (2.27), (2.28)–(2.31) for the case of flat target D = 10 type IIB superspace has been performed in [24]. For our consideration it is essential that, in the frame of the above mentioned assumptions (2.18), (2.19), the general solution of the superembedding equation for the fermionic forms is

Ê^{−q̇1} − aÊ^{−q̇2} = Ê^{++}Ψ^−_{++q̇}, Ê^{+q2} + aÊ^{+q1} = Ê^{−−}Ψ^+_{−−q}, (2.32)

where a is a constant parameter da = 0. In other words, the following fermionic equations are contained in the list of consequences of the superembedding equation (2.1)

Ê^{++} ∧ (Ê^{−q̇1} − aÊ^{−q̇2}) = 0, Ê^{−−} ∧ (Ê^{+2q} + aÊ^{+1q}) = 0 (2.33)

The bosonic equations of motion are specified completely by the fermionic equations and the superembedding condition [24].

To clarify the meaning of the numerical parameter a in the general solution (2.32) we are going to use the generalized action principle and obtain superfield equations of motion for the superstring and super-D1-brane.

3 Generalized action and superfield equations of mo-

tion for type IIB superstring

3.1 Generalized action

The generalized action for D=10 type IIB superstring is defined as an integral of a Lagrangian form L̂_2 over a bosonic surface M^2 embedded into the worldsheet superspace

4 Eqs. (2.28), (2.29), (2.30), (2.31) appear as integrability conditions for Eqs. (2.20), (2.19). Note that they give rise to a superfield generalization of the Peterson–Codazzi, Gauss and Rici equations of the surface theory. In curved superspace Eqs. (2.28)- (2.31) acquire the form (see Appendix B) Df̃^{±±I} = U^{a±±}R^b_a U^I_b , dω̃ = 1 2 f̃^{−−I}_∧ f̃^{++I} + 1 2 U^{a−−}R^ba U^{++}_b , F̃^{IJ} = f̃^{−−[I} ∧ f̃^{++J ]} + U^{aI} R^ba U^J_b .

S_{IIB} = ∫ M^2

L̂_2 = ∫ M^2 (1 2 e^{12 Φ(Ẑ)}Ê^{++} ∧ Ê^{−−} − B̂_2 ) . (3.1)

M^2 ∈ Σ^{(2|8+8)} : η^{+q} = η^{+q}(ξ^m), η^{−q̇} = η^{−q̇}(ξ^m). (3.2)

All the field variables entering the Lagrangian form L̂_2 should be considered as superfields, but taken on the bosonic surface (3.2). E.g. the embedding of M^2 into the target superspace is determined by

M^2 ∈ M^{(10|16+16)} : Z^M = Ẑ^M (ζ(ξ)) = Ẑ^M (ξ, η(ξ)) ⇔ X^m = X̂^m(ξ, η(ξ)), Θ^{μ1} = Θ̂^{μ1}(ξ, η(ξ)), Θ^{μ2} = Θ̂^{μ2}(ξ, η(ξ)). (3.3) The fermionic fields η^{+q}(ξ^m), η^{−q̇}(ξ^m) can be regarded as worldsheet Goldstone fermions [42]. As their kinetic term is absent in (3.1), the worldsheet supersymmetry is not broken. However, their presence is important, because it provides the possibility to treat the equations of motion derived from the action (3.1) as superfield equations [25] (see also below).

The Lagrangian form L̂_2 of type IIB superstring (3.1) is constructed from the pull– backs of the supervielbein forms of type IIB superspace (1.8), (1.9) and light–like vector Lorentz harmonics U^{++}_m (ζ), U^{−−}_m (ζ) (2.6). The first term is essentially the weight product of two bosonic supervielbeins from the adapted frame (2.7) while the second term contains the pull–back of NS-NS superform B_2 (B̂_2 =^1_2 dẐ^M (ζ) ∧ dZ^N (ζ)B_{NM} (Ẑ(ζ))) with the flat superspace value

B_2 = iΠ^m ∧ ( dΘ^1σ_mΘ^1 − idΘ^2σ_mΘ^2 ) + dΘ^1σ^mΘ^1 ∧ dΘ^2σ_mΘ^2. (3.4)

Φ̂ = Φ(Ẑ(ζ)) is the image of the dilaton superfield Φ(Z) on the worldsheet superspace. It vanishes in the flat type IIB superspace.

Thus, in flat superspace (1.8), (1.9), (3.4) the Lagrangian form of the generalized action (3.1) is

L̂_2 = 1 2 Ê^{++} ∧ Ê^{−−} − iΠ̂^m ∧ ( dΘ̂^1σ_mΘ̂^1 − idΘ̂^2σ̃_mΘ̂^2 ) + dΘ̂^1σ^mΘ̂^1 ∧ dΘ̂^2σ̃_mΘ̂^2. (3.5)

3.2 Variation of generalized action.

The variations of the generalized action (3.1), (3.5) can be derived easily with the use of the seminal formula for the Lee derivative

δL_2 = i_δdL_2 + d(i_δL_2) (3.6)

where the symbol i_δ is defined by i_δdZ^M ≡ δẐ^M . The derivatives of the harmonic variables shall be regarded as ones (2.23)–(2.24) which do not break the constraints (2.6). Thus

i_δdU^{++} ≡ δU^{++} = U^I i_δf^{++I} + U^{++}i_δω , i_δdU^{−−} ≡ δU^{−−} = U^I i_δf^{−−I} + U^{−−}i_δω , i_δdU^I ≡ δU^I = 1 2 U^{−−}i_δf^{++I} + 1 2 U^{++}i_δf^{−−I} − U^J i_δA^{JI} .

The contractions of the Cartan forms i_δω, i_δA^{IJ} , i_δf^{±±I} shall be considered as independent variations of the harmonic variables.

It is convenient to replace the basis of ’holonomic variations’ δẐ^M by

i_δE^{±±} = δẐ^M E^{±±}_M (Ẑ), i_δE^I = δẐ^M E^I_M (Ẑ), (3.7)

i_δE^{+q1,2} = δẐ^M E^{+q1,2}_M (Ẑ), i_δE^{−q̇1,2} = δẐ^M E^{−q̇1,2}_M (Ẑ).

In the flat superspace (1.8), (1.9) the basis (3.7) becomes

i_δE^{±±} ≡ i_δΠ^mU^{±±}_m , i_δE^I ≡ i_δΠ^mU^I_m, (3.8)

i_δE^{−q̇1} = δΘ^{μ1}V^{−q̇}_μ , i_δE^{+q2} = δΘ^{μ2}V^{+q}_μ ,

where i_δΠ^m ≡ δX^m − iδΘ^{1μ}σ^m_{μν}Θ^{1ν} − iδΘ^{2μ}σ^m_{μν} Θ^{2ν}.

3.3 Superfield equations of motion and gauge symmetries.

With the above notations (2.14), (2.15), (2.20) the equations of motion which follow from the generalized action (3.1) –(3.3) in the flat target superspace are

Ê^I ≡ Π̂^mU^I_m = 0, (3.9)

Ê^{++} ∧ Ê^{−q̇1} ≡ Π̂^m ∧ dΘ̂^{1μ}V^−_{μq̇} U^{++}_m = 0, (3.10)

Ê^{−−} ∧ Ê^{+2q} ≡ Π̂^m ∧ dΘ̂^{2μ}V^+_{μq} U^{−−}_m = 0, (3.11)

M̂^I_2 ≡ Ê^{−−} ∧ f^{++I} − Ê^{++} ∧ f^{−−I} − 4i ( Ê^{+q1} ∧ Ê^{−q̇1} − Ê^{+2q} ∧ Ê^{−2q̇} ) γ^I_{qq̇} = 0. (3.12)

The variations of the Goldstone fermions η^{+q}(ξ^m), η^{−q̇}(ξ^m) do not produce independent equations [25]. Thus Eqs. (3.9)–(3.12) are satisfied on any bosonic surface M^2 (3.2) in the worldsheet superspace Σ^{(2|16)} (1.2). As the set of all such bosonic surfaces covers the whole superspace Σ^{(2|16)}, one concludes that Eqs. (3.9)- (3.12) can be treated as superfield equations for the differential forms defined on the whole worldsheet superspace [25]. In this case all the field variables in (3.9)-(3.12) shall be treated as worldsheet superfields X̂ = X̂(ζ) = X̂(ξ, η), Θ̂^{1,2} = Θ̂^{1,2}(ζ) = Θ̂^{1,2}(ξ, η), U = U(ζ) = U(ξ, η) without restrictions to a bosonic surface. Thus the generalized action principle [25, 27] can be used as a dynamical basis for the superembedding approach [24, 25, 26, 29].

For our study it is especially important that Eqs. (3.10), (3.11) coincide with (2.33) taken with a = 0.

When the fermionic worldsheet coordinates (Goldstone fields) vanish η = 0, the set of equations (3.9)–(3.12) becomes equivalent to the standard equations of motion for the type IIB Green-Schwarz superstring [39]. In this case the basic fermionic forms can be decomposed on the bosonic ones

M^2_0 : E^{+q2} = E^{++}E^{+q2}_{++} + E^{−−}E^{+q2}_{−−} , E^{−q̇1} = E^{++}E^{−q̇1}_{++} + E^{−−}E^{−q̇1}_{−−} ,

and one can write Eqs. (3.10) in the form (1.11) with e^{±±} = E^{±±}.

The external derivative of the Lagrangian form can be used for derivation of Eqs. (3.9)–(3.12) and contains as well an information about local (gauge) symmetries of the superstring. In flat target superspace it is

dL̂^{IIB}_2 = −2iÊ^{++} ∧ Ê^{−q̇1} ∧ Ê^{−q̇1} + 2iÊ^{++} ∧ Ê^{+q2} ∧ Ê^{+q2} + 1 2 Ê^I ∧ M̂^I_2 + ∝ Ê^I ∧ Ê^J , (3.13)

where M̂^I_2 is defined in Eq. (3.12).

Eqs. (3.9)-(3.12) appear as a result of the variations with respect to i_δf^{±±I} , i_δE^{−q̇1} = δΘ^{μ1}V^{−q̇}_μ , i_δE^{+q2} = δΘ^{μ2}V^{+q}_μ and i_δE^I ≡ i_δΠ^mU^I_m. The remaining (super)field variations do not produce any nontrivial equations and, thus, can be identified with the parameters of local (gauge) symmetries of the model. Evident gauge symmetries of the action (3.1) are SO(1, 1) × SO(8) (i_δω, i_δA^{IJ}) and reparametrization (i_δE^{±±}). The parameters of the stringy κ–symmetry can be identified with the contractions of those fermionic forms which are absent in the first line of Eq. (3.13)

κ^{+q} ≡ i_δÊ^{+q1} = δΘ̂^{1μ}V^{+q}_μ , κ^{−q̇} ≡ i_δÊ^{−2q̇} = δΘ̂^{2μ}V^{−q̇}_μ . (3.14)

The second equalities of Eqs. (3.14) are vailed for the flat target superspace only. In this case the κ–symmetry transformations of the generalized action are defined by

δ_κΘ̂^{μ1}(ζ(ξ)) = κ^{+q}(ξ)V^{−μ}q (ζ(ξ)), δ_κΘ̂^{μ2}(ζ(ξ)) = κ^{−q̇}(ξ)V^{+μ}_{q̇} (ζ(ξ)). (3.15)

i_κΠ^m = 0 ⇔ δ_κX^m = iδ_κΘ^{1μ}σ^m_{μν}Θ^{1ν} + iδ_κΘ^{2μ}σ^m_{μν} Θ^{2ν}

and by the quite complicated transformations of harmonic variables

δ_κU^{±±}_m = U^I_mi_κf^{±±I} , δ_κU^I_m = 1 2 U^{++}_m i_κf^{−−I} + 1 2 U^{−−}_m i_κf^{++I} (3.16)

whose explicit form is unessential for our consideration^5.

In accordance with [16, 29], the worldsheet supersymmetry has to be in one–to–one correspondence with the κ–symmetry. Thus the parameters of the worldsheet supersymmetry ϵ should have the same SO(1, 1) × SO(8) ’quantum numbers’ as the parameters of the irreducible κ–symmetry. Moreover, on the bosonic surface M^2 (3.3) one should arrive at ϵ^{+q} = κ^{+q} + . . . , ϵ^{−q̇} = κ^{−q̇} + . . . . (3.17)

On the other hand, the parameters of the local worldsheet supersymmetry can be identified with contractions of the worldsheet fermionic supervielbein forms. Thus the ’quantum numbers’ (SO(1, 1) weight and SO(8) representation) of the fermionic worldsheet supervielbein are fixed by κ–symmetry as it is indicated in (1.6)

ϵ^{+q} = i_δe^{+q} = δζ^M e^{+q}_M ϵ^{−q̇} = i_δe^{−q̇} = δζ^M e^{−q̇}_M .

Moreover, the local supersymmetry transformations of the fermionic supervielbein

δe^{+q} = Di_δe^{+q} + i_δ(De^{+q}) = Dϵ^{+q} + . . . , δe^{−q̇} = Di_δe^{−q̇} + i_δ(De^{−q̇}) = Dϵ^{−q̇} + . . . (3.18)

5 To find δ_κ U^{±±}, δ_κU^I , one has to solve equation i_κ (dL_2) = 0 with respect to i_κ f^{−−I} , i_κ f^{++I} under the suppositions (3.15), i_κ ω = 0, i_κA^{IJ} = 0.

basically coincide with the κ–symmetry transformations of the induced supervielbein forms (2.18) lifted to the whole worldsheet superspace

δ_κe^{+q} = δ_κ(dΘ^{μ1}V^+_{μq} ) = Dκ^{+q} + . . . , δ_κe^{−q̇} = δ_κ(dΘ^{μ2}V^−_{μq̇} ) = Dκ^{−q̇} + . . . (3.19)

Thus the choice of proper fermionic supervielbein forms (1.6) is motivated by the irreducible κ–symmetry of the generalized action of type IIB superstring.

The main conclusions of our consideration in the present section are as follows:

• the superfield fermionic equations of motion (3.10) for type IIB superstring coincide with the general solution of the superembedding equations (2.33) taken with a = 0.

• the parameters of stringy κ–symmetry can be identified as in Eq. (3.14). This indicates that a half of Θ^1 and a half of Θ^2 (but not Θ^1 or Θ^2 completely) can be gauged away by the κ-symmetry in a component approach. In the superfield approach one can instead fix the gauge Θ^{+q1} ≡ Θ^{μ1}V^+_{μq} = η^{+q}, Θ^{−q̇2} ≡ Θ^{μ2}V^−_{μq̇} = η^{−q̇}. • The κ–symmetry determines the proper choice of the fermionic supervielbeine forms of the worldsheet superspace. In particular the forms induced by the embedding in accordance with Eqs. (2.18) are appropriate.

4 Super–D1–brane. Generalized action, superfield equations and gauge symmetries

The generalized action for super-D1-brane (Dirichlet superstring) has the form

S_{D1} = ∫ M^{1+1}

L̂^{D1}_2 = ∫ M^{1+1} 1 2 e^{− 12 Φ̂}Ê^{++} ∧ Ê^{−−} √ 1 − (F^{(0)})^2+ (4.1) + ∫ M^{1+1} [ Q_0 ( e^{− 12 Φ} ( dA − B̂_2 ) − 1 2 Ê^{++} ∧ Ê^{−−}F^{(0)} ) + Ĉ_2 + Ĉ_0(dA − B̂_2) ] , where, for simplicity, we put tension equal to unity T = 1 (as we did in Eq. (3.1) for the fundamental superstring). In (4.1) Ĉ_0 ≡ C_0 ( Ẑ(ξ, η(ξ)) ) is the axion superfield restricted to the surface M^2, Ĉ_2 is the pull-back of the RR superform and Q_0 = Q_0(ξ, η(ξ)) is a Lagrange multiplier superfield. The remaining notations are the same as in Section 3.

Eq. (4.1) can be obtained from the general formula of Ref. [27] by substitution F_{ab} = ϵ_{ab}F^{(0)} for the two–dimensional auxiliary tensor superfield. Then the Born-Infeld square root acquires the form √ −det(η_{ab} + F_{ab}) = √ 1 − (F^{(0)})^2, which indicates that the scalar superfield F^{(0)} lives in the interval −1 < F^{(0)} < 1.

Varying the generalized action (4.1) with respect to the auxiliary field F^{(0)} one finds the expression Q_0 = −e^{− 12 Φ̂}

F^{(0)} √ 1 − (F^{(0)})^2

, (4.2) for the Lagrange multiplier Q_0. The variation δQ_0 produces the superfield constraint for the 2-dimensional worldsheet gauge superfield

e^{− 12 Φ̂} ( dA − B̂_2 ) = 1 2 Ê^{++} ∧ Ê^{−−}F^{(0)}, (4.3)

while the variation of (a priori unconstrained) gauge superfield A = dζ^M (ξ)A_M (ζ(ξ)) results in the 2-dimensional Born-Infeld equation d ( Q_0e^{− 12 Φ̂} + Ĉ_0 ) = 0. (4.4)

In flat superspace (1.8), (1.9), where C_0 = 0, Φ = 0 and

C_2 = iΠ^m ∧ ( dΘ^2σ_mΘ^1 − iΘ^2σ_mdΘ^1 ) + (dΘ^1σ^mdΘ^1 − dΘ^2σ^mdΘ^2) ∧ Θ^2σ_mΘ^1, (4.5)

Eq. (4.4) reduces to dQ_0 = 0 ⇒ dF^{(0)} = 0. (4.6)

and implies that the field strength F^{(0)} of the worldsheet gauge field is a constant.

The variations of the harmonics (δU^{±±} = U^I i_δf^{±±I} ) result in the same superembedding equation as for the case of fundamental superstring

Ê^I ≡ Ê^aU^I_a = 0. (4.7)

If one considers the derivative of the Lagrangian form taken on the surface of algebraic and geometric equations (4.2), (4.3), (4.7) dL^{D1}_2 |_s, after some tedious but straightforward algebraic manipulations one finds that it contains only 16 of 32 independent fermionic forms Ê^{2+}_q , Ê^{1+}_q , Ê^{2−}_{q̇} , Ê^{1−}_{q̇} (see Appendix B), namely Ê^{2−}_{q̇} − √ 1 − F^{(0)} 1 + F^{(0)}

Ê^{1−}_{q̇} , Ê^{2+}_q + √ 1 + F^{(0)} 1 − F^{(0)}

Ê^{1+}_q . (4.8)

This is the reflection of the fermionic κ-symmetry on the level of Noether identities. The parameters of the κ-symmetry can be identified with the contractions of some linear combinations of the forms which are independent on (4.8). In particular we can define

κ̃^{1+q} = i_δÊ^{1+}_q , κ̃^{2−}_{q̇} = i_δÊ^{1−}_{q̇} , ⇔ κ̃^α = δẐ^MÊ^{α1}_M (Ẑ), (4.9)

In the case of flat target superspace Eq. (4.9) becomes κ̃^μ = δΘ̂^{μ1} and means that the Grassmann coordinate field Θ̂^{μ1} can be gauged away by κ–symmetry in a component approach or identified with Grassmann coordinate of the worldsheet superspace Θ^{μ1} = η^μ in the superfield approach.

On the other hand, the parameter of the irreducible κ–symmetry can be defined in the same way as in the case of type IIB superstring (3.14)

κ^{+q} ≡ i_δÊ^{+q1} = δΘ̂^{1μ}V^{+q}_μ , κ^{−q̇} ≡ i_δÊ^{−2q̇} = δΘ̂^{2μ}V^{−q̇}_μ .

Thus the worldsheet superspace with the geometry induced by embedding in accordance with Eqs. (2.17), (2.18), (2.19) is proper for the description of both the superstring and super-D1-brane.

5 Universal description of superstring and super-D1-

brane by superembedding. Flat type IIB super-

space.

In flat type IIB superspace the superfield generalization of the fermionic equations of motion of the super-D1-brane

Ê^{++} ∧ Ê^{2−}_{q̇} − √ 1 − F^{(0)} 1 + F^{(0)}

Ê^{1−}_{q̇} = 0, Ê^{−−} ∧ Ê^{2+}_q + √ 1 + F^{(0)} 1 − F^{(0)}

Ê^{1+}_q = 0, (5.1)

can be obtained as a result of variations i_δÊ^{2−}_{q̇} and i_δÊ^{2+}_q . The independent part of the superfield generalization of the bosonic coordinate equations of motion appears as a result of the variation with respect to i_δÊ^I = i_δΠ̂^mU^I_m and is

M^I_{2(D1)} ≡ Ê^{−−} ∧ f^{++I} − Ê^{++} ∧ f^{−−I} − 2iγ^I_{qq̇}F^{(0)} ( Ê^{2+}_q ∧ Ê^{2−}_{q̇} + Ê^{1+}_q ∧ Ê^{1−}_{q̇} ) − (5.2) −2iγ^I_{qq̇} √ 1 − (F^{(0)})^2 ( Ê^{2+}_q ∧ Ê^{1−}_{q̇} + Ê^{1+}_q ∧ Ê^{2−}_{q̇} ) = 0.

Eq. (5.2) can be obtained as a consequence of the superembedding equation (4.7) and the superfield fermionic equations (5.1) with constant F^{(0)}.

Now it is evident that the superfield fermionic equations of motion for the super-D1- brane (5.1) coincide with the general solution (2.33) (or (2.32)) of the superembedding equation (3.9) for a = √ 1 + F^{(0)} 1 − F^{(0)}

, da = 0. (5.3)

Note that a is a constant due to the 2-dimensional Born-Infeld equation (4.6).

Actually, the scale of the parameter a is unessential and the value of the field strength of the gauge field is in one–to–one correspondence with the value of an angle α which can be regarded as a parameter of the SO(2) symmetry (1.12) of the superembedding equation (1.7) Cosα = √ 1 + F^{(0)} 2 . (5.4)

which is the flat superspace image of the classical S-duality group SL(2, R). Thus we find that this SO(2) symmetry mix the fundamental superstring with super-D1-brane with all possible values of constant field strength of the gauge field.

More precisely, the map (5.4) corresponds to SO(2) transformations with the parameter α ∈ [−^π_2 ,^π_2 ], while the range α ∈ [^π_2 ,^{3π}_2 ], which corresponds to the solution of superembedding equation with negative a, relates superstring with anti–super–D1– brane whose action has opposite sign of the Wess–Zumino term with respect to (4.1) S¯_{D1} = S_{D1}|_{C2→−C2, C0→−C0} . Thus we arrive at Eqs. (1.13), (1.14). From the point of view of superembedding approach to super-D1-brane, the fundamental superstring and anti–superstring (with opposite NSNS charge S¯_I¯_I¯_B = S_{IIB}|_{B2→−B2} ) correspond to the nonproper limits of the value of the on–shell gauge field strength F^{(0)} = −1 and F^{(0)} = +1.

Hence we conclude that the superembedding equation (4.7), (or, equivalently, (1.4)) is S-duality invariant and provides a universal description of the fundamental type IIB superstring and super-D1-brane.

6 Universal description of superstring and super-D1- brane in general supergravity background.

6.1 Constraints and Weyl transformations

In general type IIB supergravity background the supervielbein E^A = ( E^a, E^{α1}, E^{α2} ) = dZ^M E^A_M (Z^M ), (6.1) is subject to the basic torsion constraints [4] T^a ≡ DE^a ≡ dE^a − E^b ∧ w^a_b = −i(E^{α1} ∧ E^{β1} + E^{α2} ∧ E^{β2})σ^a_{αβ} (6.2) where D = E^aD_a + E^{α1}D_{α1} + E^{α2}D_{α2} is covariant external derivative and w^a_b = E^cw^a_{cb} + E^{α1}w^a_{α1b} + E^{α2}w^a_{α2b} , w^{ab} = −w^{ab} (6.3) is the SO(1, 9) spin connection.

The basic constraint (6.2) is invariant under the local Weyl transformations E^a → E^{a′} = e^{2W} E^a, (6.4)

E^{α1} → E^{α1′} = e^W ( E^{α1} − iE^aσ̃^{αβ}a ∇_{β1}W ) , (6.5)

E^{α2} → E^{α1′} = e^W ( E^{α2} − iE^aσ̃^{αβ}a ∇_{β2}W ) , (6.6)

w^{ab} → (w^{ab})^′ = w^{ab} + 1 2 E^{[a}∇^{b]}W + 4(σ^{ab})^βα ( E^{α1}∇_{β1}W + E^{α2}∇_{β2}W ) + (6.7) +iE_c(σ̃^{abc})^{αβ} ( ∇_{α1}W ∇_{β1}W + ∇_{α2}W ∇_{β2}W ) with arbitrary superfield parameter W = W (Z). It is evidently invariant as well under the local SO(2) rotations of fermionic supervielbein forms.

When superbranes in supergravity background are considered, it is convenient to introduce a superfield generalizations for all tensor gauge fields involved into the supergravity supermultiplet. Using the string terminology, one can introduce [4, 43] the NSNS 2- form B_2 =^1_2 dZ^M ∧ dZ^N B_{NM} (Z), RR 2-form and 4-form C_2 =^1_2 dZ^M ∧ dZ^N C_{NM} (Z), C_4 =^1_{4!} dZ^{M 4} ∧ . . . ∧ dZ^{M 1} C_{M1...M4} (Z), as well as an axion superfield C_0(Z). The requirement of the κ–symmetry of the super–Dp–brane actions specifies the constraints on the NS-NS and RR field strengths [43]

H_3 ≡ dB_2 = −ie^{12 Φ}E^a ∧ (E^{α1} ∧ E^{α1} − E^{α2} ∧ E^{α2})σ_{a αβ}+ (6.8) + 1 4 e^{12 Φ}E^b ∧ E^a ∧ ( E^{α1}∇_{β1}Φ − E^{α2}∇_{β2}Φ ) (σ_{ab})^βα + 1 3! E^c ∧ E^b ∧ E^aH_{abc}(Z), R_1 = dC_0 = e^{−Φ}E^{α1}∇_{α2}Φ − e^{−Φ}E^{α2}∇_{α1}Φ + E^aR_a, (6.9)

R_3 = dC_2 − C_0dB_2 = 2ie^{− 12 Φ}E^a ∧ E^{α2} ∧ E^{β1}σ_{aαβ}+ (6.10) + 1 4 e^{− 12 Φ}E^b ∧ E^a ∧ ( E^{α1}∇_{α2}Φ + E^{α2}∇_{α1}Φ ) (σ_{ab})^βα + 1 3! E^c ∧ E^b ∧ E^aR_{abc}(Z),

R_5 = dC_4 − C_2 ∧ H_3 = 2i 1 3! E^c ∧ E^b ∧ E^a ∧ E^{α2} ∧ E^{β1}σ_{abc αβ} + . . . (6.11)

Actually, the constraints on the superforms of type IIB supergravity can be written in a manifestly SL(2, R) invariant manner [44]. The lack of manifest SL(2, R) invariance for the constraints (6.8) – (6.11) obtained from the consideration of super–Dp–brane actions reflects the fact that not all the super–Dp–branes are invariant under the S–duality.

6.2 Superfield equations in general supergravity background

In general supergravity background the generalized actions for superstring and super–D1– brane both produce the superembedding equation

Ê^I ≡ Ê^aU^I_a = 0. (6.12)

The superfield fermionic equations for type IIB superstring have the form

Ê^{++} ∧ ( Ê^{−q̇1} − i 8 Ê^{−−}(V ∇_1)^+_{q̇} Φ ) = 0, (6.13) Ê^{−−} ∧ ( Ê^{2+}_q − i 8 Ê^{++}(V ∇_2)^−_q Φ ) = 0, (6.14)

while for the super-D1–brane they are

Ê^{++} ∧

Ê^{2−}_{q̇} + √ 1 − F^{(0)} 1 + F^{(0)}

Ê^{1−}_{q̇}

− (6.15)

− i 4 Ê^{++} ∧ Ê^{−−} V^{+α}_{q̇} (F − 1 2 )∇_{α2}Φ − √ 1 − F^{(0)} 1 + F^{(0)}

(F + 1 2 )∇_{α1}Φ = 0,

Ê^{−−} ∧ Ê^{2+}_q − √ 1 + F^{(0)} 1 − F^{(0)}

Ê^{1+}_q

+ (6.16)

+ i 4 Ê^{−−} ∧ Ê^{++} V^{−α}_q (F + 1 2 )∇_{α2}Φ + √ 1 + F^{(0)} 1 − F^{(0)} (F − 1 2 )∇_{α1}Φ = 0. The complete form of the bosonic coordinate equations for the type IIB superstring (M^I_{2(IIB)} = 0) and super–D1-brane (M^I_{2(D1)} = 0) in general supergravity background can be found in Appendix B.

The Born–Infeld equation for super–D1–brane (4.4), (4.2) involves inputs from axion and dilaton. The general solution expresses the field strength F^{(0)} through a constant c and images of axion and dilaton superfields on the worldsheet superspace

F^{(0)}(ζ) =

(c + Ĉ_0)e^{Φ̂} √ 1 + (c + Ĉ_0)^2e^{2Φ̂}

, Ĉ_0 ≡ C_0 ( Ẑ(ζ) ) , Φ̂ ≡ Φ ( Ẑ(ζ) ) , c = const. (6.17) The superembedding equation (6.12) and the fermionic equations of motion (6.13), (6.14), or (6.15), (6.16) together with the Born–Infeld equation, specify the bosonic coordinate equations completely as they do in the case of the flat superspace. Thus to study the relation between super–D1–brane and superstring it is enough to investigate the relation between the fermionic equations (6.13), (6.14) and (6.15), (6.16).

6.3 Super–Weyl transformations of fermionic equations

Let us begin with an instructive observation about superstring fermionic equations (6.13), (6.14). They can be written in an equivalent form

Ê^{++} ∧ ( Ê^{α1} − i 8 Ê^aσ̃^{αβ}_a ∇_{β1}Φ ) V^−_{αq̇} = 0, (6.18) Ê^{−−} ∧ ( Ê^{α2} − i 8 Ê^aσ̃^{αβ}_a ∇_{β2}Φ ) V^+_{αq} = 0, (6.19)

where it becomes evident that these equations can be reduced to (3.10), (3.11) by super– Weyl transformations (6.4)–(6.7) with the superfield parameter W =^1_8 Φ(Z).

To find a proper super–Weyl transform for a simplification of the super–D1–brane equations, it is convenient to introduce a 10–dimensional composed scalar superfield

F (Z) =

(c + C(Z))e^{Φ(Z)} √ 1 + (c + C(Z))^2e^{2Φ(Z)}

, (6.20)

which can be used to write the solution (6.17) of the Born–Infeld equation (4.4), (4.2) in the form F^{(0)}(ζ) = F ( Ẑ(ζ) ) , (6.21)

In accordance with the constraints of type IIB supergravity (6.9), the spinor covariant derivatives of the axion C_0 superfield are expressed through the ones of the dilaton superfield Φ ∇_{α1}C_0 = e^{−Φ}∇_{α2}Φ, ∇_{α2}C_0 = −e^{−Φ}∇_{α1}Φ. (6.22)

Hence, the spinor covariant derivatives of the superfield F (6.20) have the form of SO(2) transformed Grassmann derivatives of dilaton superfield times a local scale 1 1 − F^2

∇_{α1}F = F ∇_{α1}Φ + √ 1 − F^2∇_{α2}Φ, (6.23) 1 1 − F^2 ∇_{α2}F = − √ 1 − F^2∇_{α1}Φ + F ∇_{α2}Φ.

Taking into account Eqs. (6.23) and performing some straightforward calculations one can find that the super–Weyl transformation (6.4)–(6.7) with the parameter

e^W = ( e^{−2Φ} + (c + C_0)^2

) 1_8

(6.24)

(supplemented with a trivial rescaling of the equations) can be used to recast Eqs. (6.15), (6.16) to

Ê^{++} ∧ ( √ 1 − F^{(0)} 2 ( Ê^{α1} − i 8 Ê^aσ̃^{αβ}_a ∇_{β1}Φ ) + (6.25)

+ √ 1 + F^{(0)} 2 ( Ê^{α2} − i 8 Ê^aσ̃^{αβ}_a ∇_{β2}Φ ) ) V^−_{αq̇} = 0,

Ê^{−−} ∧ ( − √ 1 + F^{(0)} 2 ( Ê^{α1} − i 8 Ê^aσ̃^{αβ}_a ∇_{β1}Φ ) + (6.26)

+ √ 1 − F^{(0)} 2 ( Ê^{α2} − i 8 Ê^aσ̃^{αβ}_a ∇_{β2}Φ ) ) V^+_{αq} = 0.

Eqs. (6.25), (6.26) are related with the superstring equations (6.13), (6.14) by SO(2) rotations with the parameter Cos α = √ 1 + F (Z) 2 . (6.27)

So, in general supergravity background the superstring and super–D1–brane are related by SO(2) transformations whose parameter is constructed from the 10–dimensional counterpart F (Z) of the generalized field strength F^{(0)} of the super–D1–brane gauge field in the same way as in the flat superspace. However, in distinction to the case of flat superspace, F^{(0)} is not constant, but is constructed from images of the axion and dilaton superfields on the worldsheet superspace (6.17). Thus the superstring and super–D1– branes are related by a local SO(2) rotations, but with the parameter (6.27) dependent on the superspace coordinates through the mediation of the axion and dilaton superfield only (6.20). Such rotation appears as a compensated SO(2) rotation [40, 41] when the SL(2, R) (classical S–duality group) acts on the matrix constructed form the axion and dilaton K = e^{12 Φ} ( e^{−Φ} C_0 0 1 ) ∈ SL(2, R) SO(2) (6.28)

Indeed, multiplying the matrix (6.28) by an element of global SL(2, R) group G = (_1 c (_1 γ + β ) β γ cγ ) ∈ SL(2, R) (6.29)

from the left, one arrives at the transformation low for axion and dilaton superfield

GK(Φ, C_0) = K(Φ^′, C^′_0)H(G, Φ, C_0), (6.30)

where H(G, Φ, C_0) = ( Cos 2α Sin 2α −Sin2α Cos 2α ) ∈ SO(2), (6.31) Cos 2α = − (c + C(Z))e^{Φ(Z)} √ 1 + (c + C(Z))^2e^{2Φ(Z)}

= −F (Z). (6.32)

Eqs. (6.30), (6.31), (6.32) describe an induced SO(2) = U(1) transformations acting on fields with U(1) charge equal to 2. The SO(2) rotation matrix acting on a doublet of fields which can be regarded as a complex field with U(1) charge 1 has the form ( Cos α Sin α −Sin α Cos α ) ∈ SO(2) (6.33)

with Cos α = √ 1 + Cos 2α 2 = √ 1 − F (Z) 2 . (6.34)

The matrix (6.33) describes SO(2) rotations of the fermionic supervielbein forms (cf. [44]) ( E^{α1′} E^{α2′} ) = ( Cos α Sin α −Sin α Cos α ) ( E^{α1} Êα2 ) (6.35)

and can be used to relate the super–D1–brane and superstring in the same manner as in the flat superspace.

To pass from super–D1–brane equations (6.25), (6.26) with the value of the field strength (6.17) to the superstring ones (6.18), (6.19) we need in the super–Weyl transformations (6.24) as well. They actually contain an important information. Indeed, if one performs such super–Weyl transformations in an action of 2–dimensional supersymmetric object in supergravity background, e.g. in the functional (4.1) taken on the surface of Born–Infeld equations (6.20), one arrives at the effective tension renormalized as follows

T^′(Z) = T √ e^{−2Φ} + (c + C_0)^2. (6.36) If one considers Eq. (6.36) in a constant axion and dilaton background Φ =< Φ >= const, C_0 =< C_0 >= const and remembers that the Dirac quantization condition requires that both constants T and cT are integer valued (see e.g. [46]) T = p ∈ Z, cT = q ∈ Z, (6.37)

one arrives at the famous formula for the (p, q) string tension [9] T_{p,q} = √ p^2e^{−2Φ} + (q + pC_0)^2. (6.38) Thus we can state that in general type IIB supergravity background • superstring and super–D1–brane are described in a universal manner by the superembedding equation (6.12).

• They are related by the super–Weyl transformations (6.24) and induced SO(2) rotations (6.35), whose parameter (6.34) is dependent on the worldsheet superspace coordinates through the mediation of the axion and dilaton superfields only (6.20). They are the compensating SO(2) rotations [40, 41] for SL(2, R) transformation (6.29) acting on the axion and dilaton superfields (6.30).

• Superstring equations appear as a singular limit F^{(0)} → −1 of the super–D1–brane equations.

• The super–Weyl transform (6.24) reproduces the correct formula for the (p, q) string tension (6.38).

7 Conclusion and outlook

In this paper we worked out the generalized action principle for the fundamental superstring and super-D1-brane and derived the superfield equations of motion. In such a way we have proved that the superembedding equation (3.9) (or, equivalently, (1.4)) which describes an embedding of the worldsheet superspace Σ^{(2|8+8)} with 2 bosonic and 16 fermionic directions into the D = 10 type IIB target superspace M^{(10|16+16)}, provides a universal, S-duality invariant description of the fundamental type IIB superstring and Dirichlet superstring (super-D1-brane).

In the case of flat target superspace the S-duality transformations manifest themselves in the SO(2) symmetry of the superembedding equation. This continuous symmetry and the Weyl rescaling mix the fundamental superstring with a set of super-D1-branes ’marked’ by a constant value of the (on-shell) field strength −1 ≤ F^{(0)} ≤ 1 of the worldvolume gauge field. The superstring with unit NSNS charge corresponds to the limiting value F^{(0)} = −1 of the gauge field strength.

We studied as well the case of general supergravity background and find that the SO(2) rotation related the super–D1–brane and superstring has a parameter determined by the value of a constant and the dilaton and axion superfields. This is a compensating SO(2) rotation for the S-duality SL(2, R) transformation acting on 2 × 2 unimodular matrix constructed from the axion and dilaton superfields. The super–Weyl transform, which should be used together with the SO(2) rotation on the way from the super–D1– brane to superstring, allows to reproduce the formula for (p, q) string tension (6.38) [9]. This supports the conclusion [12] that the (p, q) string can be associated with a D-brane action considered on the shell of Born–Infeld equation [12].

Note that one can not see any non–Abelian structure in such description, as it includes the description of just the bound state of p fundamental strings and q super-D1-branes, but not of the excitations over such bound state, which are described by non-Abelian SU(q) SYM theory in the linearized approximation [10]. We hope that en effective Lagrangian description of a system of q coincident super-Dp-branes interacting through an exchange by fundamental superstrings can be found by working out the recently proposed approach to the action of interacting superbrane systems [45].

The similar situation must occur for the superembedding equation, describing an embedding of the worldsheet superspace Σ^{(6|16)} with 6 bosonic and 16 fermionic directions into D = 10 type IIB target superspace M^{(10|16+16)}. It should provide a universal description of the super–D5–brane, type IIB super–NS5–brane and super–KK5–brane (a D=10 type IIB Kaluza–Klein monopole). Such a study is of a special interest because the complete supersymmetric action are still unknown for the latter objects (see [8] and refs. therein for the bosonic actions).

We conclude with the following observation. Let us consider a system of several non-intersecting super-D1-branes and fundamental superstrings. Such system certainly preserves supersymmetry and, thus can be described in term of worldsheet superspaces. It is intriguing that we can consider them as one, but multiply connected worldsheet superspace characterized by one universal superembedding equation (1.4) or, equivalently, (3.9). Such superspace has several connected components

Σ^{(2|16)} = ⊕_kΣ^{(2|16)}_k .

The solution of the Born-Infeld equation (4.6) dF^{(0)} = 0 (or, more generally, (4.4)) provides each of the connected components Σ^{(2|16)}_k with a specific value of the constant field strength of the worldvolume gauge field F^{(0)}_k (or c_k (6.20)).

Thus one superembedding equation describes actually the system of several nonintersecting super-D1-branes and superstrings on the mass shall. The number of branes coincides with the number of connected components the worldvolume superspace is split on. It is quite interesting to try to apply the superembedding approach for the system of several interacting branes: intersecting branes and/or open branes ending on other branes (see [28] for some results in this directions). However the problem one immediately meets is as follows. The language of worldvolume superspace used by the superembedding approach is certainly proper for a system which preserves supersymmetry. And this is not the case for the general system of interacting branes.

One of the possible ways is to develop the superembedding approach for the systems with ’soft supersymmetry breaking’, e.g. to incorporate somehow terms dependent explicitly on the Grassmann coordinate of the worldvolume superspace into the superembedding equations. On the other hand, the most physically interesting systems, which consist of several coincident D-branes interacting through exchange by fundamental superstrings, preserve the same amount of supersymmetry as the free branes. So, hopefully, one can find a description of such a system in a framework of some non-Abelian modification of the superembedding approach^6.

Acknowledgments

The author is grateful to D. Sorokin and M. Tonin for interest in this work and useful conversations. He thanks the Padova Section of INFN for the hospitality at the Padova University where a part of this work has been done. A partial support from Ukrainian GKNT grant 2.5.1/52 is acknowledged.

6An existence of such approach is indicated indirectly by recent results on an existence of a non– Abelian generalization of the κ–symmetry [47]. Note also a search for a noncommutative generalization of the background geometry [48].

Appendix A: Lorentz harmonics and equivalent forms of superembedding equations

As it was pointed out in Section 1.1, the superembedding equations (1.4) can be represented in the differential form notations as Eq. (1.7) [24] Ê^a ≡ dZ^M (ζ)Ê^a_M ( Ẑ^M (ζ) ) = e^{++}Ê^a_{++} + e^{−−}Ê^a_{−−}. (A.1) The bosonic forms e^{±±} of the worldsheet supervielbein (1.6) have not been specified by any conditions. Hence, the components Ê^a_{±±} have not been specified as well. The arbitrariness in the choice of e^{±±} includes, in particular, general linear transformations e^{++′} = αe^{++} + β^{++}_{−−} e^{−−}, e^{−−′} = β^{−−}_{++} e^{++} + ρe^{−−}, det ( α β^{++}_{−−} β^{−−}_{++} ρ ) ≠ 0, which imply the local GL(2, R) redefinition of the 10-vector fields Ê^a_{±±}(ζ) αÊ^{a′}_{++} + β^{−−}_{++}Ê^{a′}_{−−} = Ê^a_{++}, β^{++}_{−−}Ê^{a′}_{++} + ρÊ^{a′}_{−−} = Ê^a_{−−}. (A.2) These transformations can be used to achieve the light–likeness of both Ê^a_{++}(ζ) and Ê^a_{−−}(ζ) Ê^a_{++}η_{ab}Ê^b_{++} = 0, Ê^a_{−−}η_{ab}Ê^b_{−−} = 0, (A.3) as well as normalization conditions Ê^a_{++}η_{ab}Ê^b_{−−} = 1 2 . (A.4) The set of two light-like normalized vectors always can be completed up to the SO(1, 9) valued matrix

U^{(b)}_a = ( U^0_a , U^J_a , U^9_a ) = ( (Ê_{−−a} + Ê_{++a}), U^J_a , (Ê_{−−a} − Ê_{++a}) ) ∈ SO(1, 9). (A.5) To this end one introduces a set of 8 independent vectors U^{aI} , I = 1, . . . 8 which are orthogonal to Ê^{±±}_a and normalized Ê^a_{±±}U^I_a = 0, U^{aI} U^J_a = −δ^{IJ} . (A.6) For convenience we can denote Ê^{a′}_{++} ≡ 1 2 U^{a−−}, Ê^{a′}_{−−} ≡ 1 2 U^{a++}. (A.7) Than Eq. (A.5) acquires universal form (2.6)

U^{(b)}_a = ( U^0_a , U^J_a , U^9_a ) = ( 1 2 (U^{++}_a + U^{−−}_a ), U^J_m , 1 2 (U^{++}_a − U^{−−}_a ) ) ∈ SO(1, 9). (A.8)

Appendix B: On Superstring and super-D1-branes in curved superspace

Here we collect some useful formulae for superstring and super–D1–brane in general D = 10 type IIB supergravity background.

B1. Cartan forms and Maurer–Cartan equations in curved superspace

Cartan forms (2.20), (2.19) are invariant under the global Lorentz transformations of the vectors U^{±±}_a , U^I_a . However, when the superstring in curved superspace is considered, the harmonics are transformed by the local Lorentz group SO(1, 9)

SO(1, 9) : U^{a(b)′}(ζ) = U^{c(b)}(ζ)L^a_c (Ẑ(ζ)). (B.1)

whose action on the supervielbein of type IIB supergravity is defined by

E^{a′} = E^b(Z)L^a_b (Z), L^a_c η^{cd}L^b_d = η^{ab}, (B.2)

E^{α1,2′} = E^{β1,2}(Z)L^α_β (Z), L^α_γ σ̃^a_{αβ}L^β_δ = σ^b_{γδ}L^a_b (Z). (B.3)

Under the local SO(1, 9) group (B.1) the Cartan forms (2.19), (2.20) are transformed inhomogeneously. If we collect them in the antisymmetric (Lorentz algebra valued) matrix

Ω^{ab} ≡ U^a_mdU^{bm} =

0^{f ++J +f} �J 2 −^1_2 ω −^{f ++I+f} �I 2 A^{IJ} −^{f ++I−f} �I 2 1 2 ω^{f ++J−f} �J 2 0 (B.4)

then the transformation low can be written in a compact form

SO(1, 9) : Ω^{(a)(b)′} = Ω^{(a)(b)} + U^{c(a)}(L^{−1}dL)^d_c U^{(b)}_d . (B.5)

To construct the forms which are invariant under (B.1) one can add to the original definition (B.4) the supergravity spin connections w^b_a contracted with the harmonic vectors Ω̃^{(b)(a)} = Ω^{(a)(b)} + U^{(a)c}w^d_c U^{(b)}_d = U^{(a)c} ( dU^{(b)}_c + w^d_c U^{(b)}_d ) (B.6)

SO(1, 9) : Ω̃^{(b)(a)′} = Ω̃^{(b)(a)}.

(Actually this is a prescription for the construction of the so called ’gauge fields of nonlinear realization’ [40]).

Hence, the local Lorentz invariant coset vielbeine, SO(1, 1) and SO(8) connections are

f̃^{±±I} ≡ f^{±±I} + (UwU)^{±±I} ≡ U^{±±}_a (dU^{Ia} + w^b_a U^I_b ), (B.7) ω̃ ≡ ω + 1 2 (UwU)^{−−|++} = 1 2 U^{−−a}(dU^{++}_a + w^b_a U^{++}_b ), (B.8)

Ã^{IJ} = A^{IJ} + (UwU)^{IJ} ≡ U^{Ia}(dU^J_a + w^b_a U^J_b ), (B.9)

where f^{±±I} , A^{IJ} , ω are the original Cartan forms (2.20), (2.19).

The worldsheet covariant derivatives and, thus, the worldsheet superspace torsion can be defined with the use of the connections (B.8), (B.9) induced by embedding t^{++} = De^{++} ≡ de^{++} − e^{++} ∧ ω̃, (B.10) t^{−−} = De^{−−} = de^{−−} + e^{−−} ∧ ω̃, (B.11) t^{+q} = De^{+q} = de^{+q} − 1 2 e^{+q} ∧ ω̃ + e^{+p} ∧ Ã^{pq}, (B.12) t^{−q̇} = De^{−q̇} = de^{−q̇} + 1 2 e^{−q̇} ∧ ω̃ + e^{−ṗ} ∧ Ã^{ṗq̇} (B.13) where Ã^{pq} and Ã^{ṗq̇} are s- and c-spinor representations for SO(8) connection form Ã^{IJ} Ã^{pq} = 1 4 Ã^{IJ} γ^{IJ}_{pq}, Ã^{ṗq̇} = 1 4 Ã^{IJ}γ̃^{IJ}_{ṗq̇}. (B.14) In (B.14) γ^I_{pq̇} ≡ γ̃^I_{q̇p} are SO(8) Klebsh–Gordan coefficients γ^I_{qq̇}γ̃^J_{q̇p} + γ^J_{qq̇}γ̃^I_{q̇p} = δ^{IJ} δ_{qp}, γ̃^I_{q̇p}γ^J_{pṗ} + γ̃^J_{q̇p}γ^I_{pṗ} = δ^{IJ}δ_{q̇ṗ}, (B.15) γ^{IJ}_{qp} = 1 2 (γ^Iγ̃^J − γ^J γ̃^I )_{qp}, γ̃^{IJ}_{q̇ṗ} = 1 2 (γ̃^I γ^J − γ̃^J γ^I )_{q̇ṗ}.

The SO(1, 9)_L ⊗ [SO(1, 1) × SO(8)]_R covariant derivatives of the harmonic variables are defined with SO(1, 1) and SO(8) connections and are expressed through covariant forms f̃^{±±I} DU^{++}_a ≡ dU^{++}_a − U^{++}_a ω̃ + w^b_a U^{++}_b = U^I_a f̃^{++I} (B.16) DU^{−−}_a ≡ dU^{−−}_a + U^{−−}_a ω̃ + w^b_a U^{−−}_b = U^I_a f̃^{−−I} (B.17) DU^I_a ≡ dU^I_a + U^J_a Ã^{JI} + w^b_a U^I_b = 1 2 U^{−−}_a f̃^{++I} + 1 2 U^{++}_a f̃^{−−I} . (B.18) The covariant derivatives of spinor harmonics are

DV^+_{αq} ≡ dV^+_{αq} − V^+_{αq} ω̃ + V^+_{αp} Ã^{pq} + w^βα V^+_{βq} = 1 2 f̃^{++I} γ^I_{qq̇}V^−_{αq̇} (B.19)

DV^−_{αq̇} ≡ dV^−_{αq̇} + V^−_{αq̇} ω̃ + V^−_{αṗ} Ã^{ṗq̇} + w^βα V^−_{βq̇} = 1 2 f̃^{−−I} V^+_{αq} γ^I_{qq̇}. (B.20) The integrability conditions for Eqs. (B.16), (B.17), (B.18) indicate that the covariant Cartan forms satisfy the Maurer-Cartan equation dΩ̃^{(a)(b)} − Ω̃^{(a)(c)} ∧ Ω̃^{(b)}_{(c)} = U^{c(a)}R^d_c U^{(b)}_d . (B.21) It can be split on the following equations for the forms (B.7), (B.8), (B.9) Df̃^{++I} ≡ df̃^{++I} − f̃^{++I} ∧ ω̃ + f̃^{++J} ∧ A^{IJ} = U^{a++}R^b_a U^I_b , (B.22) Df̃^{−−I} ≡ df̃^{−−I} + f̃^{−−I} ∧ ω̃ + f̃^{−−J} ∧ A^{IJ} = U^{a−−}R^b_a U^I_b , (B.23) dω̃ = 1 2 f̃^{−−I} ∧ f̃^{++I} + 1 2 U^{a−−}R^b_a U^{++}_b , (B.24) dÃ^{IJ} + Ã^{IK} ∧ Ã^{KJ} = f̃^{−−[I} ∧ f̃^{++J]} + U^{aI} R^b_a U^J_b . (B.25)

B2. Superstring

The derivative of the Lagrangian form of the fundamental superstring in general type IIB supergravity background is

dL̂^{IIB}_2 = 2ie^{12 Φ̂}Ê^{++} ∧ Ê^{−q̇1} ∧ Ê^{−q̇1} − 2ie^{12 Φ̂}Ê^{++} ∧ Ê^{+q2} ∧ Ê^{+q2}+ (B.26) + 1 2 e^{12 Φ̂}Ê^{++} ∧ Ê^{−−} ∧ ( Ê^{1−}_{q̇} (V ∇_1)^+_{q̇} Φ + Ê^{2+}_q (V ∇_2)^−_q Φ ) + 1 2 e^{12 Φ̂}Ê^I ∧ M^I_2 + ∝ Ê^I ∧ Ê^J .

where M̂^I_{2 IIB} is the l.h.s. of the bosonic coordinate equation of motion for superstring in general type IIB supergravity background

M̂^I_{2 IIB} ≡ Ê^{−−} ∧ f̃^{++I} − Ê^{++} ∧ f̃^{−−I} + 4i ( Ê^{+q1} ∧ Ê^{−q̇1} − Ê^{+2}_q ∧ Ê^{−2}_{q̇} ) γ^I_{qq̇}− (B.27)

−Ê^{++} ∧ ( Ê^{−q̇1}γ^I_{qq̇}(V ∇_1)^−_q Φ − Ê^{−q̇2}γ^I_{qq̇}(V ∇_2)^−_q Φ ) − −Ê^{−−} ∧ ( Ê^{+q1}γ^I_{qq̇}(V ∇_1)^−_{q̇} Φ − Ê^{+q2}γ^I_{qq̇}(V ∇_2)^+_{q̇} Φ ) + + 1 2 Ê^{++} ∧ Ê^{−−} ( H_{abc}U^{++a}U^{−−b}U^{Ic}e^{− 12 Φ} − (U∇)^I Φ ) = 0.

Here (U∇)^I ≡ U^{Ia}∇_a ≡ U^{Ia}E^M_a (Ẑ)∂_M , (V ∇_2)^+_{q̇} ≡ V^{+α}_{q̇} ∇_{α2} ≡ V^{−α}_{q̇} E^M_{α2}(Ẑ)∂_M , (V ∇_1)^−_q ≡ V^{−α}_q ∇_{α1},

and f̃^{±±I} are Cartan forms (B.7).

B3. Super–D1–brane

After some algebraic manipulations (but without any use of the supergravity constraints) one can present the external derivative of the Lagrangian 2-form (4.1) as

dL̂^{D1}_2 = + e^{−Φ̂} √ 1 − (F^{(0)})^2 dL̂^{IIB}_2 + R̂_3 + e^{−Φ̂} √ 1 + F^{(0)} 1 − F^{(0)}

Ĥ_3+ (B.28)

+ 1 2 Ê^{++} ∧ Ê^{−−} ∧ ( e^{12 Φ̂}F^{(0)} R̂_1 − e^{− 12 Φ̂} √ 1 − (F^{(0)})^2 dΦ̂ ) + (dL^{D1}_2 )_g+ ∝ Ê^I ∧ Ê^J ,

where dL̂^{IIB}_2 is the external derivative of the Lagrangian 2–form of the fundamental superstring (B.26) and (dL^{D1}_2 )_g denotes the terms

(dL^{D1}_2 )_g = ( dQ_0 + e^{12 Φ̂}R̂_1 − 1 2 Q_0dΦ̂ ) ∧ [ e^{− 12 Φ} ( dA − B̂_2 ) − 1 2 Ê^{++} ∧ Ê^{−−}F^{(0)} ] + (B.29)

− Q_0 + e^{− 1}2^{Φ̂}F^{(0)} √ 1 − (F^{(0)})^2 [ 1 2 Ê^{++} ∧ Ê^{−−} ∧ dF^{(0)} + F^{(0)}e^{− 1}2^{Φ̂}dL^{IIB}_2 + (1 + F^{(0)})e^{− 1}2^{Φ̂}Ĥ_3 ] . which determine the dynamics of the gauge (super)field.

For the analysis of fermionic gauge symmetries and derivation of the fermionic equations (6.15), (6.16) it is sufficient to consider the derivative of the Lagrangian form dL^{D1}_2 |_s taken on the surface determined by the superembedding condition (4.7), the gauge field constraint (4.3) and the algebraic equation (4.2). (This means, in particular, that we can omit last two terms in Eq. (B.28)). After some straightforward but tedious algebraic manipulations with the use of supergravity constraints (6.2), (6.8), (6.9), (6.10) one obtains e^{12 Φ}dL^{D1}_2 |_s = (B.30) +i √ 1 + F^{(0)} 1 − F^{(0)}

Ê^{++} ∧

Ê^{2−}_{q̇} + √ 1 − F^{(0)} 1 + F^{(0)}

Ê^{1−}_{q̇} ∧ Ê^{2−}_{q̇} + √ 1 − F^{(0)} 1 + F^{(0)}

Ê^{1−}_{q̇} +

−i √ 1 − F^{(0)} 1 + F^{(0)} Ê^{−−} ∧ Ê^{2+}_q − √ 1 + F^{(0)} 1 − F^{(0)}

Ê^{1+}_q ∧ Ê^{2+}_q − √ 1 + F^{(0)} 1 − F^{(0)}

Ê^{1+}_q +

− 1 2 Ê^{++}∧Ê^{−−}∧ Ê^{2−}_{q̇} + √ 1 − F^{(0)} 1 + F^{(0)}

Ê^{1−}_{q̇} V^{+α}_{q̇} (F + 1 2 )∇_{α1}Φ − (F − 1 2 ) √ 1 + F^{(0)} 1 − F^{(0)}

∇_{α2}Φ

− 1 2 Ê^{++}∧Ê^{−−}∧ Ê^{2+}_q − √ 1 + F^{(0)} 1 − F^{(0)}

Ê^{1+}_q V^{−α}_q (F − 1 2 )∇_{α1}Φ + (F + 1 2 ) √ 1 − F^{(0)} 1 + F^{(0)}

∇_{α2}Φ . Bosonic coordinate equation of motion for super-D1-brane in general type IIB supergravity background reads

M̂^I_{2(D1)} ≡ 1 √ 1 − (F^{(0)})^2

M̂^I_{2(IIB)} + Ê^{++} ∧ Ê^{−−} ( U^{Ia}∇_aΦ − U^{Ia}R̂_ae^{Φ̂} ) − (B.31)

− 1 2 Ê^{++} ∧ Ê^{−−} √ 1 + F^{(0)} 1 − F^{(0)} e^{− 12 Φ̂}H_{abc} + e^{12 Φ̂}R_{abc} U^{++a}U^{−−b}U^{Ic} −

−4iγ^I_{qq̇} √ 1 + F^{(0)} 1 − F^{(0)}

Ê^{+q1} ∧ Ê^{−q̇1} − √ 1 + F^{(0)} 1 − F^{(0)}

Ê^{+2}_q ∧ Ê^{−2}_{q̇} + Ê^{+q1} ∧ Ê^{−q̇2} + Ê^{+q2} ∧ Ê^{−q̇1}

+Ê^{++} ∧ Ê^{−1}_{q̇} ∇_{α2}Φ + √ 1 + F^{(0)} 1 − F^{(0)}

∇_{α1}Φ + Ê^{−2}_{q̇} ∇_{α1}Φ − √ 1 + F^{(0)} 1 − F^{(0)}

∇_{α2}Φ γ^I_{qq̇}V^{−α}_q +

+Ê^{−−}∧ Ê^{+1}_q ∇_{α2}Φ + √ 1 + F^{(0)} 1 − F^{(0)}

∇_{α1}Φ

+ Ê^{+2}_q ∇_{α1}Φ − √ 1 + F^{(0)} 1 − F^{(0)}

∇_{α2}Φ γ^I_{qq̇}V^{+α}_{q̇} = 0.

References

[1] C. Hull and P.K. Townsend, Unity of Superstring Dualities, Nucl.Phys. B438 (1995) 109 (hep-th/9410167).

[2] E. Witten, String Theory Dynamics in Various Dimensions, Nucl.Phys. B433 (1995) 85 (hep-th/9503124).

[3] J. H. Schwarz, P.C. West, Symmetries and transformation properties of chiral N=2, D=10 supergravity, Phys.Lett. B126 (1983) 301;

J.H. Schwarz, Covariant Field Equations of Chiral N = 2 D = 10 supergravity, Nucl.Phys. B226 (1983) 269.

[4] P.S. Howe, P.C. West, The complete N = 2, d = 10 supergravity, Nucl.Phys. B238 (1984) 181-220.

[5] M. Aganagic, J. Park, C. Popescu, J.H. Schwarz, Dual D-brane actions, Nucl.Phys.

B496 (1997) 215 (hep-th/9702133).

[6] I. Oda, SL(2, Z) Self-duality of Super D3-brane Action on AdS_5 × S^5, JHEP 9810 (1998) 015.

T. Kimura, I. Oda, Duality of Super D-brane Actions in Type IIB Supergravity Background, Nucl.Phys. B551 (1999) 183-203 (hep-th/9811134); Duality of Super D-brane Actions in General Type IIB Supergravity Background, hep-th/9904019.

[7] C.M. Hull, Gravitational Duality, Branes and Charges, Nucl.Phys. B509 (1998) 216 (hep-th/9705162).

[8] E. Eyras, B. Janssen, Y. Lozano, 5-branes, KK-monopoles and T-duality, Nucl.Phys.

B531 (1998) 275-301 (hep-th/9806169);

E. Eyras, Brane dynamics in diverse backgrounds, Proefschrift, Cambridge, UK, 1999.

[9] J. Schwarz, An SL(2,Z) multiplet of type IIB superstrings, Phys.Lett. B360 (1995) 13; Err:B364 (1995) 252 (hep-th/9508143);

Superstring dualities, Nucl.Phys.Proc.Suppl. 49 (1996) 183 (hep-th/9509148).

[10] E. Witten, Bound States Of Strings And p-Branes, Nucl.Phys. B460 (1996) 335-350 (hep-th/9510135).

[11] J. X. Lu, Shibaji Roy, On the Construction of SL(2,Z) Type IIB 5-Branes, hepth/9812011;

M. Cederwall, U. Gran, M. Nielsen, B. E.W. Nilsson, (p,q) 5-Branes in Non-Zero B-Field, JHEP 0001 (2000) 037 (hep-th/9912106).

[12] M. Hatsuda, K. Kamimura, Covariant quantization of the super-D-string, Nucl.Phys.

B520 (1998) 493-512 (hep-th/9708001); B527 (1998) 381-401 (hep-th/9712068); B535 (1998) 499-511 (hep-th/9804087).

Y. Igarashi, K. Itoh, K. Kamimura, R. Kuriki, Canonical Equivalence between Super D-string and Type IIB Superstring, JHEP 9803 (1998) 002 (hep-th/9801118). I. Oda, Path Integral Equivalence between Super D-string and IIB Superstring, Phys.Lett. B430 (1998) 242-247 (hep-th/9802152); SL(2,Z) S-duality of Super Dstring Action in Type IIB Supergravity Background, hep-th/9810203.

[13] P.K. Townsend, Membrane tension and manifest IIB S-duality, Phys.Lett. B409 (1997) 131-135 (hep-th/9705160).

[14] M. Cederwall, P.K. Townsend, The manifestly SL(2,Z) covariant superstring, JHEP 09 (1997) 003 (hep-th9709002);

M. Cederwall, World-volume fields and background coupling of branes, Int.J.Theor.Phys. 38 (1999) 1147 (hep-th/9806151).

[15] M. Cederwall, A. Westerberg, World-volume fields, SL(2;Z) and duality: The type IIB 3-brane, JHEP 9802 (1998) 004 (hep-th/9710007);

A. Westerberg, N. Wyllard, Supersymmetric brane actions from interpolating dualisations, Nucl.Phys. B560 (1999) 683-715 (hep-th/9904117).

[16] D. Sorokin, V. Tkach, D.V. Volkov, Superparticles, twistors and Siegel symmetry, Mod.Phys.Lett. A4 (9189) 901-908.

[17] D.V. Volkov, A. Zheltukhin, On the equivalence of the Lagrangians of massless Dirac and supersymmetrical particles, Lett.Math.Phys. 17 (1989) 141–147; Lagrangians for massless particles and strings with local and global supersymmetry, Nucl.Phys. B335 (1990) 723.

[18] D. Sorokin, V. Tkach, D.V. Volkov, A. Zheltukhin, From the superparticle Siegel symmetry to the spinning particle proper time supersymmetry, Phys.Lett. B216 (1989) 302-306.

[19] N. Berkovits, Phys. Lett. 232B (1989) 184; 241B (1990) 497; Nucl. Phys. B350 (1991) 193; B358 (1991) 169; B379 (1992) 96; B395 (1993) 77.

[20] A. Galperin, E. Sokatchev, Phys. Rev. D46 (1992) 714-725 (hep-th/9203051).

[21] F. Delduc, A. Galperin, P. Howe and E. Sokatchev, Phys. Rev. D47 (1992) 587.

[22] A. Galperin and E. Sokatchev, Phys. Rev. D48 (1993) 4810-4820 (hep-th/9304046).

[23] P. Pasti, M.Tonin, Nucl.Phys. B418 (1993) 337.

E. Bergshoeff, E. Sezgin, Nucl.Phys. B422 (1994) 337.

[24] I. Bandos, P. Pasti, D. Sorokin, M. Tonin and D.V. Volkov, Superstrings and supermembranes in the doubly supersymmetric geometric approach, Nucl.Phys. B446 (1995) 79–119 (1995) (hep-th/9501113).

[25] I. Bandos, D. Sorokin and D. Volkov, On generalized action principle for superstrings and supermembranes, Phys.Lett. B352 (1995) 269 (hep-th/9502141).

[26] P.S. Howe, E. Sezgin, Superbranes, Phys.Lett. B390 (1997) 133-142 (hepth/9607227); Super-M5-brane, Phys.Lett. B394 (1997) 62-66, (hep-th/9611008); P.S. Howe, E. Sezgin, P.C. West, Covariant Field Equations of the M Theory Five- Brane, Phys.Lett. B399 49-59; B400 255-259 (hep-th/9702008).

[27] I. Bandos, D. Sorokin and M. Tonin, Generalized Action Principle and Superfield Equations of Motion for d=10 D-p-branes, Nucl.Phys. B497 (1997) 275-296.

[28] C.S. Chu, P.S. Howe, E. Sezgin, Strings and D-Branes with Boundaries, Phys.Lett.

B428 (1998) 59-67 (hep-th/9801202);

C.S. Chu, P.S. Howe, E. Sezgin, P.C. West, Open Superbranes, Phys.Lett. B429 (1998) 273-280 (hep-th/9803041).

[29] D. Sorokin, Superbranes and Superembedding, Phys.Repts. 329 (2000) 1-101 (hepth/9906142).

[30] J. A. de Azcarraga, J. Lukierski, Supersymmetric Particles With Internal Symmetries and Central Carges, Phys.Lett. B113 (1982) 170.

W. Siegel, Hidden local supersymmetry in the supersymmetric particle action, Phys.Lett. B128 (1983) 397.

[31] P. Pasti, D. Sorokin, M. Tonin, Superembeddings, partial supersymmetry breaking and superbranes, Preprint DFPD 00/TH/31, hep-th/0007048.

[32] I. Bandos, P. Pasti, D. Sorokin and M. Tonin, Superbrane actions and geometrical approach. In: ”Supersymmetry and Quantum field Theory” Proc. of the D. Volkov Memorial Seminar (Kharkov, January 5-7, 1997), Lectures Notes in Physics 509 (1998) pp.79-91 (hep-th/9705064).

[33] I. Bandos, Generalized action principle and geometric approach for superstrings and super–p–branes. In: Proc. Intern. Conf. ”Problems of Quantum Field Theory”, Alushta, Crimea, Ukraine, 13-18 May, 1996, Dubna 1997, pp. 324–328 (hepth/9608094);

I. Bandos, Superembedding approach and generalized action in String/M-theory. In: ”Supersymmetry and Quantum Symmetries”, Proc. of the International Seminar dedicated to the memory of V.I. Ogievetski, Dubna, Russia, 22-26 July 1997, Lectures Notes in Physics 524 (1999) 146-154 (hep-th/9807202).

[34] V. Akulov, I. Bandos, W. Kummer, V. Zima, D=10 super-D9-brane, Nucl.Phys.

B527 (1998) 61-94 (hep-th/9802032).

[35] Y. Nieman, T. Regge, Phys.Lett. B74 (1978) 31, Revista del Nuovo Cim. 1 1978 1;

R. D’Auria, P. Frè, T. Regge, Revista del Nuovo Cim. 3 (1980) 1; T. Regge, The group manifold approach to unified gravity, In: Relativity, groups and topology II, Les Houches, Session XL, 1983, Elsevier Science Publishers B.V., 1984, pp.933–1005;

L. Castellani, R. D’Auria, P. Frè, Supergravity and superstrings, a geometric perspective, World Scientific, Singapore, 1991 and references therein.

[36] E. Sokatchev, Phys.Lett. B169 (1987) 209; Class.Quantum Grav. 4 (1987) 237.

[37] I. A. Bandos, Sov.J.Nucl.Phys. 51 (1990) 906; JETP.Lett. 52 (1990) 205.

[38] A. Galperin, P. Howe and K. Stelle, Nucl.Phys. B368 (1992) 248;

A. Galperin, F. Delduc and E. Sokatchev, Nucl.Phys. B368 (1992) 143; A. Galperin, K. Stelle and P. Townsend Nucl.Phys. B402 (1993) 531.

[39] I. A. Bandos and A. A. Zheltukhin, JETP. Lett. 54 (1991) 421; Phys. Lett. B288 (1992) 77; Phys.Part.Nucl. 25 (1994) 453; Class.Quantum Grav. 12 (1995) 609.

[40] S. Colmen, J. Wess, B. Zumino, Structure of phenomenological Lagrangians 1, Phys.Rev. 177 (1969) 2239-2247; C. Callan, S. Colmen, J. Wess, B. Zumino, Structure of phenomenological Lagrangians 2, Phys.Rev. 177 (1969) 2248.

[41] D.V. Volkov, Phenomenological Lagrangians, ITP Preprint 1969, Sov.J.Part.Nucl. 4 (1973) 3.

[42] D.V. Volkov, V.P. Akulov, JETP. Lett 16 (1972) 438, Phys.Lett. B46 (1973) 109.

[43] M. Cederwall, A. von Gussich, B.E.W. Nilsson and A. Westerberg, The Dirichlet super-three-brane in ten-dimensional type IIB supergravity, Nucl.Phys. B490 (1997) 163–178 (hep-th/9610148);

M. Cederwall, A. von Gussich, B.E.W. Nilsson, P. Sundell and A. Westerberg, The Dirichlet super-p-branes in ten-dimensional type IIA and IIB supergravity, Nucl.Phys. B490 (1997) 179–201 (hep-th/9611159).

[44] G. Dall’Agata, K. Lechner, M. Tonin, D = 10, N = IIB supergravity: Lorentz- Invariant actions and dualities, JHEP 9807 (1998) 017 (hep-th/9806140).

[45] I. Bandos, W. Kummer, Current Density Distributions and a Supersymmetric Action for Interacting Brane Systems, Phys.Lett. B462 (1999) 254–264 (hep-th/9905144), I. Bandos, W. Kummer, Superstring ’ending’ on super-D9-brane: a supersymmetric action functional for the coupled brane system, Nucl.Phys. B565 (2000) 291-332 (hep-th/9906041);

I. Bandos, W. Kummer, On Action Functionals for Interacting Brane Systems, Preprint TUW-00-03, hep-th/0001149;

I. Bandos, Super-D0-branes at the endpoints of fundamental superstring: an example of interacting brane system, hep-th/0001150.

[46] I.V. Lavrinenko, H. Lü, C.N. Pope, K.S. Stelle, Superdualities, brane tensions and massive IIA/IIB duality, Nucl.Phys. B555 (1999) 201-227 (hep-th/9903057).

[47] E. Bergshoeff, M. de Roo, A. Sevrin, Towards a supersymmetric non-abelian Born- Infeld theory, hep-th/0010151; Non-abelian Born-Infeld and kappa-symmetry, hepth/0011018; On the supersymmetric non-abelian Born-Infeld action, hep-th/0011264. Talk presented by E. Bergshoeff at the International Conference SSQFT 2000 (Kharkov, July 25–29, 2000).

[48] R. Schiappa, Matrix Strings in Weakly Curved Background Fields, Preprint HUTP- 00/A012, hep-th/0005145, and refs. therein.