arXiv:hep-th/0009037 v3 4 Dec 2000

IC/2000/130 hep-th/0009037

Pair Production by a Constant External Field in Noncommutative QED

N. Chair^† and M.M. Sheikh-Jabbari

The Abdus Salam International Center for Theoretical Physics, Strada Costiera 11,Trieste, Italy E-mail: jabbari@ictp.trieste.it † Physics Department, Al-alBayt University, Mafraq-Jordan E-mail: N.Chair@rocketmail.com

abstract

In this paper we study QED on the noncommutative space in the constant electro-magnetic field background. Using the explicit solutions of the noncommutative version of Dirac equation in such background, we show that there are well-defined in and out -going asymptotic states and also there is a causal Green’s function. We calculate the pair production rate in this case. We show that at tree level noncommutativity will not change the pair production and the threshold electric field. We also calculate the pair production rate considering the first loop corrections. In this case we show that the threshold electric field is decreased by the noncommutativity effects.

1 Introduction

Noncommutative spaces naturally come about when one studies D-brane worldvolume theory in the B-field background [1]. Such noncommutative spaces can be characterized by the coordinate operators, X̂^μ, satisfying

[X̂_μ, X̂_ν ] = iθ_{μν}, (1.1)

where θ_{μν} is the noncommutative parameter and is of dimension of (length)^2 . The field theory formulated on these spaces, the noncommutative field theory, is then described by field operators which are functions of X̂. However, using the Weyl-Moyal correspondence [2, 3, 4] one can show that instead of operator valued functions, it is enough to take the corresponding commutative theory and replace the product of fields by the star product: (f ∗ g)(x) = exp( i 2 θ_{μν}∂_{x¯}∂_{y˚} )f(x)g(y)|_{x=y}, (1.2) where f and g are two arbitrary functions and assumed to be infinitely differentiable. Then, in order to quantize the theory one should specify the Hilbert space (or equivalently the measure, in the path integral formulation). Thanks to the properties of star product under the integral over the space-time, star product in the quadratic terms of the action can be removed, suggesting that the asymptotic states of free field theory can be consistently chosen the same as the corresponding commutative theory; i.e. perturbative Hilbert space of a noncommutative field theory is that of the commutative one [3]. However, this argument is true if, the conjugate momentum of the field is the same as its commutative counter-part, for which the definition of star product (1.2) implies that the time components of θ_{μν} , θ_{0i}, should be zero and hence, we will restrict ourselves only to these cases. In fact it has been shown that theories with time-like noncommutativity (θ_{0i} ≠ 0 , θ_{ij} = 0) are not unitary [5], however those with light-like noncommutativity lead to well-defined quantum theories [6].

Here, we investigate some more possible phenomenological aspects of noncommutative field theories, and in particular noncommutative version of QED. Some other phenomenological consequences of noncommutative standard model have been addressed in [7]. So, first we start with introduction of pure noncommutative gauge theories, then we add fermions and as usual, form of the interaction terms are fixed using the noncommutative gauge invariance.

Performing explicit calculations of two and three point functions, it has been shown that NCQED satisfies on-shell Ward identity and is renormalizable (at one loop) [4, 8, 9]. Studying effective interaction vertex it has been shown that [4]:

i) magnetic dipole moment of a noncommutative Dirac particle at one loop level has a spin independent part which is directly proportional to noncommutativity parameter, θ;

ii) any moving noncommutative Dirac particle shows electric dipole effects, which of course receives quantum corrections at one loop.

The behaviour of NCQED under discrete symmetries (C, P and T) have also been addressed and shown that for space-like noncommutativity (θ_{0i} = 0) the theory is parity preserving while CP violating. More precisely, under charge conjugation NCQED on R^4_θ is mapped into a NCQED on R^4_{−θ}. Also it has been shown that the theory preserves CPT [10]. Hence it is plausible to look for some generalization of the usual CPT theorem which is also true for the Lorentz non-invariant cases like the noncommutative Moyal plane [18].

In this paper we study pair production in NCQED by a constant electro-magnetic field background. The constant background has been previously considered in [11]. The peculiar feature of the constant electro-magnetic field is the appearance of gauge non-invariant quantities. This is due to the fact that the ”trace” which makes the operators to be gauge invariant, in the noncommutative case is replaced by the integration over the space-time, and besides the integration one should also neglect the surface terms at infinity, which of course is not true for the constant field strength case [11].

To find the pair production rate, we use Nikishov method which is based on explicit solutions of the corresponding Dirac equation [12, 13] (for a more recent review and more detailed references see also [14]).

Solving the noncommutative Dirac equation in the constant electro-magnetic field background we show that, similar to the commutative case, there are well-defined in and out going fermionic states and hence, there is also a well-behaved Green’s function. Having the proper states and propagator we work out the rate of pair production in the unit volume, unit time. In the tree level, we show that the noncommutative effects do not appear in the physical rate. As a result, at tree level, the threshold electric field for the pair production is not affected by noncommutative corrections.

In addition we perform the calculations considering the first loop effects on the magnetic dipole moment of electron in NCQED [4]. In this case we show that the threshold electric field receives some corrections due to noncommutativity.

2 NCQED, the action

In order to get the noncommutative Dirac equation coupled to NCU(1) theory, we first build the action:

i)Pure Gauge theory The action for the pure gauge theory is S = 1 4π ∫ F_{μν} ∗ F^{μν}d^4x = 1 4π ∫ F_{μν}F^{μν} d^4x , (2.1)

with F_{μν} = ∂_{[μ}A_{ν]} + ie{A_μ, A_ν}_{MB} . (2.2) In the above e is the gauge coupling constant and the MB stands for Moyal bracket defined as {f, g}_{MB} = f ∗ g − g ∗ f . One can show that the above action enjoys the noncommutative gauge transformations[1, 8]

A_μ → A^′_μ = U(x) ∗ A_μ ∗ U^{−1}(x) + i g U(x) ∗ ∂_μU^{−1}(x) , U(x) = exp ∗ (iλ), U^{−1}(x) = exp ∗ (−iλ) , (2.3) where exp ∗ (iλ(x)) ≡ 1 + iλ −^1_2 λ ∗ λ −^i_{3!} λ ∗ λ ∗ λ + ... , U(x) ∗ U^{−1}(x) = 1 .

(2.4)

Since here we are only interested in NCQED, we choose λ, A_μ to be in U(1) algebra. However, this can easily be extended to U(n) valued functions giving rise to NCU(n) theory.

ii)Fermionic Part Fermions can be added to the above gauge theory, developing the definition of ”covariant derivative”. In the NCQED, it has been shown that there are two different kinds of covariant derivatives related by charge conjugation. In other words, there are two different types of fermions which are mapped into each other by charge conjugation, hence they can be called positively or negatively charged fermions [8, 10]. The explicit form of the covariant derivative for the positively charged particles is

D^+_μ ψ(x) ≡ ∂_μψ(x) − ie(A_μ ∗ ψ)(x) , (2.5)

while for the particles with the negative charge it is D^−_μ ψ(x) ≡ ∂^μψ(x) + ie(ψ ∗ A_μ)(x) .

In this paper we only consider the D^+ case, and the other, D^− can be recovered by just sending θ to −θ. The fermionic part of NCQED action is then S_f = ∫ d^4xψ̄ ∗ (−iγ^μD^+_μ − m)ψ . (2.6) It is easy to verify that this action is also invariant under NCU(1) transformation defined by ψ → U ∗ ψ and (2.3). Using the definition of the covariant derivative one can verify that: {D^±_μ , D^±_ν }_{MB} = ∓ieF_{μν} . (2.7)

3 Pair production amplitude

To find the pair production rate, we solve the noncommutative Dirac equation, (−iγ^μ∂_μ − m)ψ + eγ^μA_μ ∗ ψ = 0 , (3.1) in the constant field background. Since there is a Lorentz transformation which maps constant electric and magnetic field ( ⃗E and ⃗B) into parallel ⃗E and ⃗B^∗, we only consider the parallel electric and magnetic fields here. We choose our x^3 axis to be along ⃗E. Then the corresponding A_μ field can be taken as A_μ = (0, 0, Bx_1, −Et) , (3.2) where t is the time coordinate (x^0). Inserting this A_μ into the Dirac equation we obtain (γ^μΠ_μ − m)ψ = 0 ; (3.3) Π_μ = −i∂_μ + eA_μ μ ≠ 2 , Π_2 = −i∂_2 + eBx_1 +^i_2 eB θ_{1j}∂_j .

(3.4)

Following the lines of [12, 13], it is more convenient to use the squared Dirac equation (for our conventions see the Appendix) (Π^2 + S − m^2)Ψ = 0 , (3.5)

�However, we note that this is not true for the cases in which both Lorentz-invariants, namely E^2 − B^2

and E · B, are zero. Hence our arguments is not covering those cases.

where S = − ie 2 γ^μγ^ν F_{μν} , (3.6) and with our choice the non-zero components of F are F_{30} = −F_{03} = E, F_{12} = −F_{21} = B . Then the fermion field, ψ, can be obtained as ψ = (m − Π_μγ^μ)Ψ . (3.7) In order to solve (3.5), first we find the eigenvectors and eigenvalues of matrix S: SΓ_i = s_iΓ_i , i = 1, 2, 3, 4 . (3.8) For our purpose it is enough to consider only two of these, e.g. i = 1, 2, which hereafter we will denote them by + and −: s_± = ±eB − ieE , (3.9) and Γ_+ = (1, 0, 1, 0) , Γ_− = (0, 1, 0, −1) .

Then, Ψ can be decomposed into the matrix part which is proportional to Γ_± and the functional part Ψ_± = Z_±(x) Γ_± , (3.10) where Z_± satisfy the equations (Π^2 + s_± − m^2)Z_± = 0 . (3.11) Noting that x^2, x^3 do not appear in the equation (3.11), we use the following ansatz for Z_±, Z_± = N exp(ip_2x_2 + ip_3x_3) F_±(x_1, t) . (3.12) Plugging this ansatz into (3.11), defining P_2 = p_2 − 1 2 eB θ_{1j}p_j , (3.13) eEτ^2 = (p_3 − eEt)^2 , (3.14) eBρ^2 = (P_2 + eBx_1)^2 , (3.15) and separating the variables, i.e. F_±(ρ, τ ) = χ_±(ρ) Φ_±(τ ) , we get ( ∂^2 ∂ρ^2 − ρ^2 ± 1)χ_± = K_±χ_± , (3.16) ( ∂^2 ∂τ^2 + τ^2 + i + λ_±)Φ_± = 0 , (3.17)

where K_± are constants and λ_± = m^2 − eBK_± eE . (3.18)

Eq. (3.16) is basically the Schroedinger equation for a harmonic oscillator, hence:

K_+ = 2(n + 1) , K_− = 2n , n = 0, 1, 2, ... , (3.19)

and χ_± can be written in terms of Hermite polynomials: χ_± = e^{− 1}2^{ρ2} H_n(ρ) . Solutions of eq. (3.17) are the parabolic-cylinder functions [15]

Φ_{1+} = D_ν (−(1 − i)τ )

Φ_{2+} = D_{ν∗}((1 + i)τ ) ; Φ_{1−} = D_{ν∗}(−(1 + i)τ )

Φ_{2−} = D_ν ((1 − i)τ )

, (3.20)

where ν = 1 2 (1 + iλ_±) . (3.21) Not all the above mentioned solutions, (3.20), are linearly independent; Φ_{i+} and Φ_{i−} form two complete sets. ¿From the asymptotic expansions of D_ν functions we observe that our Φ_{i±} are leading to some well-defined states as t → ±∞. Actually, Φ_{i+} are those with positive frequency solutions and Φ_{i−} with negative frequency, as t → ∞. These solutions are related through Φ_{1+} = βΦ_{2−} + ζΦ_{2+}

Φ_{2+} = β^∗Φ_{1−} + ζ^∗Φ_{1+} ,

(3.22)

with β = e^{iπν} , and −|β|^2 + |ζ|^2 = 1. Now that we have the final fermionic solution, the absolute probability for pair production is then, |β|^2 = e^{−πλ}. As it is seen the effects of noncommutativity has been totally disappeared in the final result but, still one should work out the pair production rate per unit volume, unit time. The family of our fermionic solutions is characterized by quantum numbers P_2, p_3, n and also ± sings, corresponding to two spin states. Hence to find the full rate one should sum over all these set of quantum numbers. In order to normalize our states (and also regularize our calculations) let us put our system in a box of sides L, then the average number of pairs produced is N̄ = ∫ dP_2dp_3 ∑ n (|β_+|^2 + |β_−|^2)

L^2 (2π)^2

. (3.23)

Since there is no explicit P_2, p_3 dependence in β’s, using eqs. (3.14), (3.15), integration over p_3 and P_2 can be replaced by [12, 14] ∫ dp_3 −→ eET , ∫ dP_2 −→ eBL , So altogether the pair production rate,^{N̄}_{L3T} , is

I_0(E, B) = αEB π exp(− πm^2 eE ) coth( πB E ) , (3.24)

which is exactly the same as the commutative results of [13, 14].

Here we should remind that in all the above manipulations, instead of the eigen-values of ∂ ∂x2 operator, p_2, we have used the P_2, which is the eigen-value for the ”physical” momenta along x_2 when we have a non-zero θ parameter. This ”physical” quantum number is actually counter-part of the x^′-coordinate system introduced in [11] and is not invariant under the NCU(1) gauge transformations. Then, as explained in [11], the extra factor arising in going from p_2 to P_2 frame can be absorbed in the normalization factor, N, in Eq.(3.12). Although we have not presented here the result (3.24) is invariant under the NCU(1) gauge transformations defined by (2.3) and (2.5), and E and B are the electric and magnetic components of (2.2).

All of the above calculations are done in the classical level. The quantum (loop) effects can also be included if we consider the anomalous magnetic moment of Dirac particles [16, 17]. In the usual QED, this can easily be done by replacing s_±, (3.9), with ±^g_2 eB − ieE, where g is the gyro-magnetic ratio. However, for the NCQED case as shown in [4], at one loop level Dirac particle will also show a spin independent magnetic moment. Taking this into account, the proper s_± for the NCQED at one loop level is

s_± = ± g 2 eB − ieE + eαγ_E 3π m^2⃗θ. ⃗B , (3.25) where g − 2 = α π and θ_i ≡ ϵ_{ijk}θ_{jk} , (3.26) and γ_E = γ_{Euller}. Inserting these values for s_± and repeating all the computations, the pair production rate up to first loop is

I_{1st loop} = αEB π exp[ − πm^2 eE (1 − eαγ_E 3π ⃗θ. ⃗B)] × cosh(^{πgB2E} ) sinh(^{πB}_E )

. (3.27)

The interesting point is that, the threshold electric field is reduced by the noncommutativity effects. This possible change in the threshold electric field due to noncommutativity can have important astrophysical and cosmological consequences, where we have a very strong magnetic field, e.g. for the neutron stars. This change in the pair production rate can be used to put some (lower) bound on θ.

For the pair annihilation without photon emission amplitude, since our theory is T violating, it is not the same as pair production rate. However, using the CPT invariance of the theory [10], this amplitude is related to that of the pair production by θ → −θ transformation.

The other comment we should make is that, here we only present the calculations for spin one-half particles. However, all of our discussions through the lines of [14] can be generalized to particles with arbitrary spin. As it is expected, at classical level, we obtain the commutative results, however at the one loop we expect to see the noncommutative effects. These effects are presumably the same as (3.27) but now the factor^1_{3π} in the term proportional to θ. ⃗B is replaced by the proper numeric factor.

Acknowledgements

N. C. would like to thank ICTP for hospitality where this work was done. The authors would also like to thank the anonymous referee for useful comments. The work of M.M. Sh-J. was partly supported by the EC contract no. ERBFMRX-CT 96-0090.

Appendix : The fl matrix conventions

In this paper we used the following conventions:

γ^0 = 1 0 0 −1 , γ^i = 0 σ^i −σ^i 0 ,

which lead to η_{μν} = diag(+1, −1, −1, −1) .

References

[1] N. Seiberg, E. Witten, ”String Theory and Noncommutative Geometry”, JHEP 09 (1999) 032, hep-th/9908142, and references therein.

[2] L. Alvarez-Gaume, S. R. Wadia, Gauge Theory on a Quantum Phase Space, hepth/0006219.

[3] A. Micu, M.M. Sheikh-Jabbari, Noncommutative Φ^4 Theory at Two Loops, hepth/0008057.

[4] I.F. Riad , M.M. Sheikh-Jabbari, Noncommutative QED and Anomalous Dipole Moments,hep-th/0008132, To appear in JHEP.

[5] J. Gomis, T. Mehen, Space-Time Noncommutative Field Theories And Unitarity, hepth/0005129.

M. Chaichian, A. Demichev, P. Presnajder, A. Tureanu, Space-Time Noncommutativity, Discreteness of Time and Unitarity, hep-th/0007156.

[6] N. Seiberg, L. Susskind, N. Toumbas, Space/Time Non-Commutativity and Causality, JHEP 0006 (2000) 044, hep-th/0005015.

O. Aharony, J. Gomis, T. Mehen, On Theories With Light-Like Noncommutativity, hep-th/0006236.

[7] I. Mocioiu, M. Pospelov, R. Roiban, Low energy Limits on the Antisymmetric Tensor Field Background on the Brane and on the Noncommutativity Scale , hepph/0005191.

[8] M. Hayakawa, Perturbative analysis on infrared and ultraviolet aspects of noncommutative QED on R^4, hep-th/9912167.

[9] C.P. Martin, F.R. Ruiz, Paramagnetic Dominance, the Sign of the Beta Function and UV/IR Mixing in Noncommutative U(1), hep-th/0007131.

[10] M.M. Sheikh-Jabbari, Discrete Symmetries (C, P, T) in Noncommutative Field Theories, Phys. Rev. Lett. 84 (2000) 5265, hep-th/0001167.

[11] L. Alvarez-Gaume, J.F. Barbon, Non-linear Vacuum Phenomena in NCQED, hepth/0006209.

[12] A.I. Nikishov, Pair Production by a Constant External Field, Sov. Phys. JETP 30, (1970) 660; Nucl. Phys. B21 (1970) 346.

[13] N.B. Narozhnyi, A.I. Nikishov, Theoretical and Mathematical Phys., 26 (1976) 9.

[14] S.I. Kruglov, Pair Production and Solutions of the Wave Equation for Particles with Arbitrary Spin, hep-ph/9908410.

[15] I. S. Gradshteyn, I. M. Ryzhik, Tables of Integrals, Series and Products, Academic Press, New York, 1980.

[16] R.F. O’Connell, Phys. Rev. Lett. 21 (1968) 397; Phys. Rev. 176 (1968) 1433. [17] W. Dittrich, W. Bauhoff, Lett. Nouvo Cimento, 30 (1981) 399. [18] M.M. Sheikh-Jabbari, Work in progress.