arXiv:hep-th/0009131 17 Sep 2000

TOWARDS COVARIANT MATRIX THEORY

Djordje Minic^1

1 Caltech-USC Center for Theoretical Physics, Department of Physics and Astronomy, University of Southern California, Los Angeles, CA 90089-0484

We review an approach towards a covariant formulation of Matrix theory based on a discretization of the 11d membrane. Higher dimensional algebraic structures, such as the quantum triple Nambu bracket, naturally appear in this approach. We also discuss a novel geometric understanding of the space-time uncertainty relation which points towards a more geometric formulation of Matrix theory.

1 Introduction: Matrix vs. Membrane

Matrix theory [1] is conjectured to be M-theory in the infinite momentum frame. In this article we review an approach [2] towards a covariant formulation of Matrix theory based on a suitable discretization of the 11-dimensional membrane [3]. Recall that Matrix theory uses N × N Hermitian matrices to represent the transverse coordinates (and their super-partners) of N D0- branes X^i (i = 1, 2, . . . , 9) [4]. The statistics of D0-branes are encoded in the U(N) gauge symmetry (t = X^+ =light-cone time) X^i → UX^iU^{−1}. The number N of D0-branes is connected to the longitudinal momentum P^+ in the light-like direction by P^+ =^N_R where R = g_sℓ_s is the compactified radius in the X^− direction.

What should be the structure of a covariant Matrix theory? We expect at least: a) a generalization of the matrix algebra and the emergence of higher symmetry, b) the appearance of R (and perhaps N) as dynamical variables, c) a formulation of holography [5] from the “bulk” point of view.

At present, the only guiding principle in trying to search for such a structure is that a covariant version of Matrix theory should reduce to Matrix theory if the light-cone gauge is chosen, and that it should possess 11-dimensional (super) Poincaré invariance in the R → ∞ limit. We also expect the covariant version of Matrix theory to describe many-body interactions of 11-dimensional (super)gravitons. Time is only globally defined in Matrix theory, so its covariant version should be a quantum mechanical theory invariant under world-line reparametrizations [6]. Finally, the elusive transverse five-brane should be explicitly present in such a covariant formulation.

In attempting to formulate a covariant version of Matrix theory, it is tempting to try to discretize the 11-dimensional world-volume membrane theory. This is natural from the point of view of the correspondence between 2-dimensional area preserving diffeomorphisms (APD) of the light-cone membrane and the Goldstone-Hoppe large N limit [7] of the U(N) symmetry of Matrix theory. In particular, the membrane world volume is invariant under 3-dimensional volume preserving diffeomorphisms (VPD). Thus one might expect that a discretized membrane theory should be formulated in terms of discretized VPD [2]. We are therefore lead to the following pictorial correspondence

matrices/commutators $ 2D surface U(N) $ 2D APD + triple Nambu bracket $ 3D volume

? $ 3D VPD

since the two indices of N × N matrices in Matrix theory simply correspond to the discretized Fourier indices on the membrane, and the triple Nambu bracket generates 3-dimensional VPD.

In this article we first review the formal quantization problem of 3-dimensional VPD, which underlies the covariantization approach presented in [2], and then discuss its physical content embodied in the space-time uncertainty relation [8].

2 Classical and Quantum Nambu Brackets

Consider a three-dimensional space parametrized by {x^i}. The three-dimensional VPD on this space are described by a differentiable map x^i → y^i(x) such that {y^1, y^2, y^3} = 1 where, by definition, {A, B, C} ≡ ϵ^{ijk}∂_iA∂_jB∂_kC (1) is the Nambu triple bracket [9], which satisfies [10, 11, 12]

1. Skew-symmetry

{A_1, A_2, A_3} = (−1)^{ϵ(p)}{A_{p(1)}, A_{p(2)}, A_{p(3)}}, (2) where p(i) is the permutation of indices and ϵ(p) is the parity of the permutation, 2. Derivation {A_1A_2, A_3, A_4} = A_1{A_2, A_3, A_4} + {A_1, A_3, A_4}A_2, (3) 3. Fundamental Identity (FI-1) [11, 12] {{A_1, A_2, A_3}, A_4, A_5} + {A_3, {A_1, A_2, A_4}, A_5} +{A_3, A_4, {A_1, A_2, A_5}} = {A_1, A_2, {A_3, A_4, A_5}}. (4) The three-dimensional VPD involve two independent functions. Let these functions be denoted by f and g. The infinitesimal three-dimensional VPD generator is then given as D(f, g) ≡ ϵ^{ijk}∂_if∂_jg∂_k ≡ D^k(f, g)∂_k. (5) The volume-preserving property is nothing but the identity ∂_k(ϵ^{ijk}∂_if∂_jg) = 0. Given an arbitrary scalar function X(x^i), the three-dimensional VPD act as D(f, g)X = {f, g, X}. (6) Apart from the issue of global definition of the functions f and g, we can represent an arbitrary infinitesimal volume-preserving diffeomorphism in this form. On the other hand, if the base three-dimensional space {x^i} is mapped into a flat Euclidean target space of dimension d + 1 whose coordinates are X^α (α = 0, 1, 2, . . . , d), the induced infinitesimal volume element is dσ ≡ q{X^α, X^β, X^γ}^2dx^1dx^2dx^3. (7) The volume element is of course invariant under the general three-dimensional diffeomorphisms. The triple product {X^α, X^β, X^γ } is also “invariant” under the VPD. More precisely, it transforms as a scalar. Namely, {Y^α, Y^β, Y^γ } − {X^α, X^β, X^γ } = ϵD(f, g){X^α, X^β, X^γ } + O(ϵ^2) (8) for Y = X + ϵD(f, g)X. This is due to the Fundamental Identity FI-1 which shows that the operator D(f, g) acts as a derivation within the Nambu bracket. For fixed f and g, we can define a finite transformation by X(t) ≡ exp(tD(f, g)) → X = ∞X_{n=0} tn_{n!{f, g, {f, g, {. . . , {f, g, {f, g, X}} . . . , }}}} (9) which satisfies the Nambu “equation of motion” [9] d dt X(t) = {f, g, X(t)}. (10) The Nambu bracket is preserved under this evolution equation.

Notice that in the case of the usual Poisson structure, the algebra of twodimensional area preserving diffeomorphisms is given by [D(f_1), D(f_2)] = D(f_3) (11) where f_3 = {f_1, f_2} and D(f)X = {f, X}. It turns out that the threedimensional analogue [2] of the commutator algebra D(A_{[1})D(A_{2]}) = D({A_1, A_2}) (12) can be written using the quantum triple Nambu commutator [9] [A, B, C]_N ≡ ABC − ACB + BCA − BAC + CAB − CBA (13) as follows [2] D(A_{[1}, A_2)D(A_{3]}N , B) = 2D({A_1, A_2, A_3}, B), (14) or equivalently

D(B_{[1}, B_2)D(A_{[1}, A_2)D(A_{3]}N , B_{3]}N ) = 4D({A_1, A_2, A_3}, {B_1, B_2, B_3}). (15) Both relations are equivalent to the Fundamental Identity. This result suggests that there is a new kind of symmetry based on a new composition law whose infinitesimal algebra is given by the triple commutator (13). It was conjectured in [2] that this symmetry is related to the gauge transformations that are not of the Yang-Mills type.

We turn now to the properties of the quantum Nambu bracket. What do we mean by a quantum triple Nambu bracket? In general we want an object [F, G, W ] which satisfies the properties analogous to the classical Nambu bracket {f, g, w} as listed above. (Here f, g, w are functions of three variables, and the nature of F, G, W is left open for the moment.) Thus [F, G, W ] is expected to satisfy [10, 11, 12]

1. Skew-symmetry [A_1, A_2, A_3] = (−1)^{ϵ(p)}[A_{p(1)}, A_{p(2)}, A_{p(3)}], (16)

2. Derivation

[A_1A_2, A_3, A_4] = A_1[A_2, A_3, A_4] + [A_1, A_3, A_4]A_2, (17)

3. Fundamental Identity (F.I.)

[[A_1, A_2, A_3], A_4, A_5] + [A_3, [A_1, A_2, A_4], A_5] +[A_3, A_4, [A_1, A_2, A_5]] = [A_1, A_2, [A_3, A_4, A_5]]. (18)

An explicit matrix realization of the quantum Nambu bracket, which is skew-symmetric and obeys the Fundamental Identity was given in [2]. The construction proceeds as follows: Define a totally antisymmetric triple bracket of three matrices A, B, C as [A, B, C] ≡ (trA)[B, C] + (trB)[C, A] + (trC)[A, B]. (19) Then tr[A, B, C] = 0, and if C = 1, [A, B, 1] = N[A, B], where N is the rank of square matrices. This bracket is obviously skew-symmetric and it can be shown to obey the Fundamental Identity [2]. Consider the following “gauge transformation” δA ≡ i[X, Y, A], (20) where the factor i is introduced for Hermitian matrices. This transformation represents an obvious quantum form of the three-dimensional volume preserving diffeomorphisms. By the definition of the triple bracket, the generalized gauge transformation takes the following explicit form

δA = i ([(trX)Y − (trY )X, A] + (trA)[X, Y ]) . (21)

If trA_i = 0, i = 1, ...n, then tr(A_1A_2 . . . A_n) is gauge invariant. The gauge transformation (21) indicates that a bosonic Hermitian matrix A can be transformed into a form proportional to the unit N × N matrix as long as trA ≠ 0. In other words, since the gauge transformation is traceless, one can show that A →^1_N (trA)1_{N ×N} .

The triple quantum Nambu bracket can also be represented in terms of three-index objects or cubic matrices [2]. These objects might be relevant for the description of the five-brane degrees of freedom.

The explicit example of the quantum Nambu bracket presented above does not satisfy the derivation property. Hence, this form of the quantum Nambu bracket does not completely parallel the form of the classical Nambu bracket. For example, the classical triple Nambu bracket of three functions f, g, h of three variables τ, σ_1, σ_2 can be obviously rewritten as {f, g, w} = ḟ{g, w} + ġ{w, f} + ẇ{f, g} where ḟ = ∂_τ f and {f, g} = ∂_{σ1} f∂_{σ2} g − ∂_{σ2} f∂_{σ1} g. If we try to extrapolate our previous definition of the quantum Nambu bracket in terms of τ -dependent square matrices to [F, G, W ] = Ḟ [G, W ] + Ġ[W, F ] + Ẇ [F, G] where Ḟ = ∂_τ F , one can show that such [F, G, W ] does not satisfy the Fundamental Identity.

Finally, we note that the formal quantization problem of Nambu brackets was solved using the Zariski deformation quantization, based on factorization of polynomials in several real variables [10]. Unfortunately, a matrix relization of this quantization procedure is not known. Thus a discretized version of the 11-dimensional membrane based on the triple Nambu bracket is still unavailable.

To make progress, one should perhaps consider (in the N → ∞ limit), instead of Hermitian N × N matrices, selfadjoint operators on a Hilbert space, as is customary in Connes’ quantized calculus, and apply this machinery to the Polyakov action for the 11-dimensional membrane following [13].

3 Space-Time Uncertainty Relation and Geometry of M-theory

In a variety of contexts in perturbative and non-perturbative string theory the following space-time uncertainty relation [8] appears δT δX ∼ α^′. (22) Here δT and δX measure the appropriate longitudinal and transverse spacetime distances. Although eq. (22) is nothing but the usual energy-time uncertainty relation applied to string theory, in which δE ∼ δX/l^2_s, this relation appears in different ways in different aspects of string theory. In perturbative string theory the space-time uncertainty relation stems from conformal symmetry [8]. In non-perturbative string/M theory, the space-time uncertainty relation captures the essential features of the physics of D-branes as well as the properties of holography [5] and the UV/IR relation [14]. Eq. (22) is true in Matrix theory if X^a → λX^a, t → λ^{−1}t, provided the longitudinal distance is identified with the global time of Matrix theory and provided the string coupling constant is simultaneously rescaled g_s → λ^3g_s. The spacetime uncertainty relation hence leads readily to the well known characteristic space-time scales in M-theory [15].

The string theory space-time uncertainty relation can also be understood as a limit of a space-time uncertainty relation in M-theory [8]. In Matrix theory eq. (22) can be rewritten as δT δX_T ∼ l^3_p/R where δX_T and δT respectively measure transverse spatial and time directions. Note that the uncertainty for the longitudinal direction in physical processes that involve individual D0- branes is δX_L ∼ R. Thus δT δX_T δX_L ∼ l^3_p. (23) This is the space-time uncertainty relation in M-theory. Note that this “triple” relation naturally invokes the form of the triple Nambu bracket, discussed in section 2, thus providing another physical motivation for the covariantization approach of [2].

Here we want to comment on the geometrical structure underlying the space-time uncertainty relation which points towards a more geometric formulation of Matrix theory.

Recall the remarkable fact that the projective Hilbert space P, defined as the set of rays of the Hilbert space H, for any quantum mechanical system is a Kähler manifold [16]. States of a quantum mechanical system are represented as points of this manifold. The Schrödinger dynamical evolution is represented by the symplectic flow generated by a Hamiltonian function. The distance along a given curve in the projective Hilbert space is given by the Fubini-Study metric. In particular, the infinitesimal distance defined by the line element of the Fubini-Study metric is proportional to the energy-time uncertainty [16]!

Let us apply this beautiful geometric formulation of quantum mechanics to a very particular quantum mechanics of gravity - Matrix theory. By reinterpreting the space-time uncertainty as the energy-time uncertainty, we have the claim: the space-time uncertainty in Matrix theory measures the infinitesimal distance along a given curve in the projective Hilbert space of Matrix theory.

Recall that the Hilbert space of Matrix theory can be represented in terms of block diagonal N ×N Hermitian matrices (at large N), according to [1]. This fact offers a tantalizing possibility that the kinematical set-up as described by the geometric formulation of quantum mechanics [16] can be naturally generalized in the case of quantum mechanics of gravity: the points of the symplectic manifold of that quantum mechanics can be turned into matrices and the Hamiltonian formulation of the Schrödinger evolution can be generalized to incorporate a non-Abelian structure!

Obviously, a geometrical reinterpretation of Matrix theory is called for in view of the geometric meaning of the space-time uncertainty relation. One possible geometric interpretation might be provided by an M-theoretic generalization of the geometric formulation of perturbative string theory as presented some years ago in [17]. One particularly striking result of that work was that the equations of motion for the massless fields of the closed string theory were obtained from the existence of a reparametrization invariant symplectic structure on the loop space. This was a geometric reinterpretation of the usual requirement of conformal invariance in perturbative string theory.

It is natural to conjecture that the equations of motion of the 11-dimensional supergravity follow from the existence of a U(∞) invariant simplectic structure of the appropriate Kähler manifold associated with the projective Hilbert space of Matrix theory. This statement would be the Matrix theory analogue of the requirement of conformal invariance in perturbative string theory.

We hope to address these fascinating issues in detail elsewhere. Acknowledgements. It is my pleasure to thank V. Balasubramanian, T. Banks, I. Bars, R. Corrado, M. Douglas, J. Gomis, R. Gopakumar, T. Hübsch, R. Leigh, N. Nekrasov, S. Shenker, L. Smolin and E. Witten and especially my collaborators H. Awata, M. Li and T. Yoneya for many interesting discussions. This work is supported in part by DOE grant DE-FG03-84ER40168.

[1] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, Phys. Rev. D55 (1997) 5112.

[2] H. Awata, M. Li, D. Minic and T. Yoneya, hep-th/9906248; D. Minic, hep-th/9909022.

[3] E. Bergshoeff, E. Sezgin and P. K. Townsend, Phys. Lett. 189B (1987) 75; Ann. Phys. 185 (1988) 330; B. de Wit, J. Hoppe and H. Nicolai, Nucl. Phys. B305 (1988) 545 and references therein.

[4] J. Polchinski, Phys. Rev. Lett. 75 (1995) 4724; E. Witten, Nucl. Phys.

B460 (1996) 335.

[5] G. ’t Hooft, Class. Quant. Grav. 11 (1994) 621, gr-qc/9310006; L.

Susskind, J. Math. Phys. 36 (1995) 6377, hep-th/9409089.

[6] H. Awata and D. Minic, JHEP04 (1998) 006; K. Fujikawa and K.

Okuyama, Phys. Lett. B411 (1997) 261; L. Smolin, Phys. Rev. D57 (1998) 6216.

[7] J. Goldstone, unpublished; J. Hoppe, MIT Ph.D. thesis, 1982 and in “Proc. Int. Workshop on Constraint’s Theory and Relativistic Dynamics”,

G. Longhi and L. Lusanna, eds. (World Scientific, 1987); J. Hoppe, Int. J. Mod. Phys. A4 (1989) 5235; I. Bars, Nucl. Phys. B343 (1990) 398; D. Fairlie, P. Fletcher and C. Zachos, J. Math. Phys. 31 (1990) 1088.

[8] T. Yoneya, Mod. Phys. Lett. A4 (1989) 1587. See also T. Yoneya, in “Wandering in the Fields”. K. Kawarabayashi and A. Ukawa, eds. (World Scientific, 1987) pp.419; and T. Yoneya, in “Quantum String Theory”, N. Kawamoto and T. Kugo, eds. (Springer, 1988) pp.23; T. Yoneya, Prog. Theor. Phys. 97 (1997) 949; T.Yoneya, hep-th/0004074; M. Li and T. Yoneya, Phys. Rev. Lett. 78 (1997) 1219; M. Li and T. Yoneya, hepth/9806240; D. Minic, Phys. Lett. B442 (1998) 102; C. S. Chu, P. M. Ho and Y. C. Kao, hep-th/9904133.

[9] Y. Nambu, Phys. Rev. D7 (1973) 2405.

[10] G. Dito, M. Flato, D. Sternheimer and L. Takhtajan, Comm. Math. Phys.

183 (1997) 1.

[11] L. Takhtajan, Comm. Math. Phys. 160 (1994) 295.

[12] V. T. Filipov, Sib. Math. Jour. 26 no. 6 (1985) 126; M. Flato and C.

Fronsdal, unpublished; See also, J. Hoppe, Helv. Phys. Acta 70 (1997) 302.

[13] A. Connes, “Noncommutative Geometry”, (Academic Press, 1994), pp.338.

[14] L. Susskind and E. Witten, hep-th/9805114; A. W. Peet and J. Polchinski, hep-th/9809022.

[15] M. R. Douglas, D. Kabat, P. Pouliot and S. H. Shenker, Nucl. Phys. B485 (1997) 85.

[16] See for example, T. W. Kibble, Comm. Math. Phys. 65 (1979) 189; J.

Anandan and Y. Aharonov, Phys. Rev. Lett. 65 (1990) 1697; A. Ashtekar and T. A. Schilling, gr-qc/9706069 and references therein.

[17] M. J. Bowick and S. G. Rajeev, Nucl. Phys. B293 (1987) 348; Phys. Rev.

Lett. 58 (1987) 535.