arXiv:hep-th/0009222 v2 3 Nov 2000

UWThPh-2000-11 October 2000

Schwinger terms in two-dimensional gravitation and Källén’s method^�

R.A. Bertlmann and E. Kohlprath^† Institut für Theoretische Physik, Universität Wien Boltzmanngasse 5, A-1090 Vienna, Austria

Abstract

We evaluate the gravitational Schwinger terms for the specific 2-dimensional model of Weyl fermions in a gravitational background field using a technique introduced by Källén and find a relation which connects the Schwinger terms with the linearized gravitational anomalies.

I. INTRODUCTION

The appearance of Schwinger terms [1] – [3] in the equal time commutators (ETC) of currents is an indication that the corresponding quantum field theory may have anomalies (for an introduction see Refs. [4] – [6]). These Schwinger terms (ST) show up as extensions in the canonical algebra of the ETC of the Gauss law operators (see e.g. Refs. [7] – [10]), and they have a cohomological [11], [12] and geometrical [13] – [16] interpretation. Within QFT the perturbative calculations using the Bjorken-Johnson-Low limit [17], [18] work quite successfully, however, not all of the familiar point splitting methods lead to the correct result [19] – [20]. Therefore it is of interest to shed some light onto the anomalous phenomena from a different point of view. We want to present in our paper a method which is computational quite easy and has interesting features. It has been originally introduced by Källén [21] and is related to the dispersion relation approach. Sýkora [10] has applied the method to compute the ST for currents in Yang-Mills theories. Our aim is to generalize this procedure to the case of gravitation, where the current is replaced by the energy-momentum tensor, and we perform the calculations in two dimensions. So we have to evaluate the vacuum expectation value of ETC of the energy-momentum tensors.

∗This work was partly supported by Austria-Czech Republic Scientific collaboration, project KON- TACT 1999-8.

†Supported by a Wissenschaftsstipendium der Magistratsabteilung 18 der Stadt Wien.

II. SCHWINGER TERMS

We start with the Lagrangian describing a Weyl fermion in a gravitational background field in two dimensions L = ieE^{aμ}ψ̄γ_a 1 2 ↔ Dμ P±ψ, P± = 1 ± γ_5 2 , (2.1)

where E^{aμ} is the inverse zweibein, e = |det e^a_μ| is the determinant of the zweibein and D_μ = ∂_μ + ω_μ is the covariant derivative with the spin connection ω_μ. Note that as gravity is only used as an external field we need not specify which theory of gravity we actually mean. The computation will be valid for any two dimensional model where gravity is described by a zweibein. (Remember in two dimensions Einstein’s gravity is only topological.) From Eq. (2.1) we obtain the following classical energy-momentum tensor

T_{μν} = : i 4 ψ̄ ( γ_μ^↔∂_ν +γ_ν^↔∂_μ ) P_±ψ : = 1 2 ( T^V_{μν} ± T^A_{μν} ) , (2.2)

where γ_μ(x) = e^a_μ(x)γ_a. We use the following conventions in two dimensions: g_{00} = −g_{11} = 1, ε^{01} = 1, γ^0 = σ^2, γ^1 = iσ^1 and γ_5 = γ^0γ^1 = σ^3, where σ^i are the Pauli matrices.

Using the relation

γ_μγ_5 = −ε_{μν} γ^ν , (2.3)

and the equations of motions we can express the pseudotensor part of the energy-momentum tensor by the pure tensor part (recall that the tensor is symmetric)

T^A_{μν} = −ε^λ_μ T^V_{λν} . (2.4)

In quantum field theory the energy-momentum tensors form an algebra which is generally not closed but has central extensions, socalled Schwinger terms. In two dimensions we have

[T_{00}(x), T_{00}(0)]_{ET} = i (T_{01}(x) + T_{01}(0)) ∂_1δ(x^1) + S_{0000} (2.5) [T_{01}(x), T_{01}(0)]_{ET} = i (T_{01}(x) + T_{01}(0)) ∂_1δ(x^1) + S_{0101} (2.6) [T_{00}(x), T_{01}(0)]_{ET} = i (T_{00}(x) + T_{00}(0)) ∂_1δ(x^1) + S_{0001} . (2.7)

The Schwinger terms S_{0000}, S_{0101}, S_{0001} are c-number terms and can therefore be determined by considering the vacuum expectation value of the ETC.

III. KÄLLÉN’S METHOD

To evaluate the vacuum expectation value of the ETC we work with a technique that has been introduced by Källén [21] and is closely related to the dispersive approach. This technique has been applied already by Sýkora [10] to compute the ST for currents in Yang-Mills theories. Our aim is to generalize this procedure to the case of gravitation, where the current is replaced by the energy-momentum tensor. In two dimensions we have the identity ε^λ_μ ε^τ_ρ = −g_{μρ}g^{λτ} + g^λ_ρg^τ_μ , (3.1) so that we find ⟨0|[T_{μν} (x), T_{ρσ}(0)]|0⟩ = 1 4 { ⟨0|[T^V_{μν} (x), T^V_{ρσ}(0)]|0⟩ +⟨0|[T^V_{ρν} (x), T^V_{μσ}(0)]|0⟩ − g_{μρ}⟨0|[T^{V λ}_ν (x), T^V_{λσ}(0)]|0⟩ ∓ε^λ_μ ⟨0|[T^V_{λν} (x), T^V_{ρσ}(0)]|0⟩ ∓ ε^λ_ρ ⟨0|[T^V_{μν} (x), T^V_{λσ}(0)]|0⟩ } . (3.2) So it is enough to consider the commutator of the pure tensor parts. Let us define the following pure tensor contribution F_{μνρσ} (x) := ⟨0|T^V_{μν} (x)T^V_{ρσ}(0)|0⟩. (3.3) By inserting a complete set of states |n⟩ with positive energy and momentum p_n and using the translation invariance we obtain F_{μνρσ} (x) = ∑ n ⟨0|T^V_{μν} (x)|n⟩⟨n|T^V_{ρσ}(0)|0⟩ = ∑ n ⟨0|T^V_{μν} (0)|n⟩⟨n|T^V_{ρσ} (0)|0⟩e^{−ipnx}. (3.4) We may write F_{μνρσ}(x) = ∫ d^2p e^{−ipx}G_{μνρσ} (p)θ(p^0), (3.5) where G_{μνρσ} (p) = ∑ n δ(p_n − p)⟨0|T^V_{μν} (0)|n⟩⟨n|T^V_{ρσ} (0)|0⟩. (3.6) From Lorentz covariance and symmetry we get the following decompositon into formfactors G_{μνρσ} (p) = p_μp_ν p_ρp_σG_1(p^2) + (p_μp_ν g_{ρσ} + p_ρp_σ g_{μν} )G_2(p^2) +(p_μp_ρg_{νσ} + p_μp_σg_{νρ} + p_ν p_ρg_{μσ} + p_ν p_σ g_{μρ})G_3(p^2) +g_{μν} g_{ρσ} G_4(p^2) + (g_{μρ}g_{νσ} + g_{μσ} g_{νρ})G_5(p^2) . (3.7) Making use of ∂^μT^V_{μν} (x) = 0 provides the Ward identity p^μG_{μνρσ} (p) = 0 that can be expressed by the formfactors in the following way p^2G_1 + G_2 + 2G_3 = 0 (3.8) p^2G_2 + G_4 = 0 (3.9) p^2G_3 + G_5 = 0. (3.10) Now let us explicitly evaluate G_{μνρσ} (p). As we are considering the energy-momentum tensor as a free (noninteracting) tensor – analogously to the case of free currents – we only need to sum up states that consist of one fermion-antifermion pair in Eq. (3.6). We get G_{μνρσ} (p) = ∫ dp_1 ∫ dp_2 ∑ s1 ∑ s2 δ(p − p_1 − p_2)⟨0|T^V_{μν} (0)|p_1, s_1; p_2, s_2⟩⟨p_1, s_1; p_2, s_2|T^V_{ρσ}(0)|0⟩.

(3.11) Let us assume that the fermions are described by a canonically quantized field with mass m. We then find with (/p − m)u(p) = 0 and (/p + m)v(p) = 0 G_{μνρσ} (p) = − 1 64π^2 ∫ dp_1 ∫ dp_2 ∑ s1 ∑ s2 δ(p − p_1 − p_2) m^2 E_{p1} E_{p2} ×(p_1 − p_2)_ν (p_1 − p_2)_σv̄^{(s2)}(p_2)γ_μu^{(s1)}(p_1)ū^{(s1)}(p_1)γ_ρv^{(s2)}(p_2)

+(μ ↔ ν) + (ρ ↔ σ) + ( μ ↔ ν ρ ↔ σ ) . (3.12)

Without the interchanges we call this G^{ni}_{μνρσ} (p).

We then use the completeness relations for the spinors and introduce the 0-component of the 2-momenta as integration variable to obtain G^{ni}_{μνρσ} = − 1 64π^2 ∫ d^2p_1d^2p_2 δ(p − p_1 − p_2)δ(p^2_1 − m^2)δ(p^2 − m^2)θ(p^0_1)θ(p^0_2)

×(p_1 − p_2)_ν (p_1 − p_2)_σ tr [ γ_μ(/p_1 + m)γ_ρ(/p_2 − m) ] . (3.13)

Integrating next over the first δ-function and evaluating the trace gives G^{ni}_{μνρσ} = − 1 32π^2 ∫ d^2p_1 δ(p^2_1 − m^2)δ((p − p_1)^2 − m^2)θ(p^0_1)θ(p^0 − p^0_1)

×(2p_1 − p)_ν (2p_1 − p)_σ [ p_{1μ}(p − p_1)_ρ + p_{1ρ}(p − p_1)_μ

−g_{μρ}p^λ_1 (p − p_1)_λ − g_{μρ}m^2 ] . (3.14)

If we compare this with the following amplitude T^{pv}_{μνρσ} (p) = i ∫ d^2xe^{ipx}⟨0|T [T^V_{μν} (x)T^V_{ρσ}(0)]|0⟩, (3.15) where “pv” stands for “pure vector” (representing the pure tensor contribution), we find G_{μνρσ} (p) = 1 2π^2 ImT^{pv}_{μνρσ}(p) . (3.16) So G_{μνρσ} (p) is proportional to the imaginary part of the amplitude. From G_{μνρσ} (p) we will determine the Schwinger terms whereas from ImT^{pv}_{μνρσ}(p) we find T^{pv}_{μνρσ} (p) due to dispersion relations (see Ref. [22]).

Using (2.2), (2.3) one then gets the full amplitude T_{μνρσ} (p) = i ∫ d^2xe^{ipx}⟨0|T [T_{μν} (x)T_{ρσ}(0)]|0⟩. (3.17) From the anomalous Ward identities p^μT_{μνρσ} (p) and g^{μν} T_{μνρσ}(p) then follow the linearized Einstein ⟨∂^μT_{μν} ⟩ and Weyl ⟨T^μ_μ⟩ anomalies respectively. (See Ref. [22] for details.) So in this approach relation (3.16) links the Schwinger terms to the gravitational anomalies.

The reader may note that the two-point function T_{μνρσ} (p) is dependent from the gravitational background field as the energy-momentum tensors in (2.2) depend on the zweibein. If we now introduce a linearized graviton and do perturbation theory by coupling it to the energy-momentum tensor, T_{μνρσ} (p) will give us the leading contribution to the gravitational anomalies. Independent of this linearization G_{μνρσ} (p) determines the full Schwinger terms in a gravitational background.

Using the expression

J_0 = ∫ d^2k δ(k^2 − m^2)δ ( (p + k)^2 − m^2 ) θ(−k^0)θ(k^0 + p^0) = 1 p^2 ( 1 − 4m^2 p^2

)_− 1_2

θ(p^2 − 4m^2) (3.18)

we can compute the formfactors (see Ref. [22], [23])

G_1(p^2) = − 1 4π^2

J_0 m^2 p^2 ( 1 − 4 m^2 p^2 ) (3.19)

G_2(p^2) = − 1 48π^2

J_0p^2 ( 1 − 8 m^2 p^2

+ 16 m^4 p^4 ) (3.20)

G_3(p^2) = 1 96π^2

J_0p^2 ( 1 + 4 m^2 p^2

− 32 m^4 p^4 ) (3.21)

G_4(p^2) = 1 48π^2

J_0p^4 ( 1 − 8 m^2 p^2

+ 16 m^4 p^4 ) (3.22)

G_5(p^2) = − 1 96π^2

J_0p^4 ( 1 + 4 m^2 p^2

− 32 m^4 p^4 ) . (3.23)

Now we consider the commutator ⟨0|[T^V_{μν} (x), T^V_{ρσ}(0)]|0⟩ = F_{μνρσ} (x) − F_{ρσμν} (−x) = ∫ d^2p e^{−ipx}ε(p^0)G_{μνρσ} (p) . (3.24) If we remove the mass, m → 0, that acted as an infrared cutoff, we get

G_1(p^2) = lim_{m→0} − 1 4π^2 m^2 p^4 ( 1 − 4m^2 p^2

)1_2 θ ( p^2 − 4m^2 ) = − 1 24π^2 δ(p^2) . (3.25)

From Eq. (3.24) we explicitly find

⟨0|[T^V_{00}(x), T^V_{00}(0)]|0⟩_{ET} = lim_{x0→0} − 1 24π^2 ∫ d^2p e^{−ipx}p^4_1 ε(p^0)δ(p^2) = 0 (3.26)

⟨0|[T^V_{11}(x), T^V_{11}(0)]|0⟩_{ET} = lim_{x0→0} − 1 24π^2 ∫ d^2p e^{−ipx}p^4_0 ε(p^0)δ(p^2) = 0 (3.27)

⟨0|[T^V_{00}(x), T^V_{11}(0)]|0⟩_{ET} = ⟨0|[T^V_{01}(x), T^V_{01}(0)]|0⟩_{ET}

= lim_{x0→0} − 1 24π^2 ∫ d^2p e^{−ipx}p^2_0p^2_1 ε(p^0)δ(p^2) = 0 (3.28)

⟨0|[T^V_{00}(x), T^V_{01}(0)]|0⟩_{ET} = lim_{x0→0} − 1 24π^2 ∫ d^2p e^{−ipx}p_0p^3_1 ε(p^0)δ(p^2) (3.29)

⟨0|[T^V_{01}(x), T^V_{11}(0)]|0⟩_{ET} = lim_{x0→0} − 1 24π^2 ∫ d^2p e^{−ipx}p^3_0p_1 ε(p^0)δ(p^2) . (3.30)

The first three expressions vanish because ε(p^0) is antisymmetric. To evaluate the next two we use the Pauli-Jordan function △(x) = 1 2π ∫ d^2p e^{−ipx}ε(p^0)δ(p^2) (3.31)

with the properties

∂^μ∂_μ△(x) = 0 (3.32) △(x)|_x0_{=0} = 0 (3.33) ∂_0△(x)|_x0_{=0} = −iδ(x^1) (3.34)

and we find

lim_{x0→0} − 1 24π^2 ∫ d^2p e^{−ipx}ε(p^0)p_0p_1p^2δ(p^2) = lim_{x0→0} − 1 12π ∂_0∂_1(∂^2_0 − ∂^2_1 )△(x) = 0 . (3.35)

So we conclude

⟨0|[T^V_{00}(x), T^V_{01}(0)]|0⟩_{ET} = ⟨0|[T^V_{01}(x), T^V_{11}(0)]|0⟩_{ET}

= lim_{x0→0} − 1 12π ∂^3_1 ∂_0△(x) = i 12π ∂^3_1 δ(x^1) . (3.36)

With Eq. (3.2) we finally obtain the Schwinger terms in the ETC of the energy-momentum tensors

⟨0|[T_{00}(x), T_{00}(0)]|0⟩_{ET} = ⟨0|[T_{11}(x), T_{11}(0)]|0⟩_{ET} = ∓ i 24π (∂_1)^3δ(x^1) (3.37)

⟨0|[T_{00}(x), T_{11}(0)]|0⟩_{ET} = ⟨0|[T_{01}(x), T_{01}(0)]|0⟩_{ET} = ∓ i 24π (∂_1)^3δ(x^1) (3.38)

⟨0|[T_{00}(x), T_{01}(0)]|0⟩_{ET} = ⟨0|[T_{01}(x), T_{11}(0)]|0⟩_{ET} = i 24π (∂_1)^3δ(x^1) . (3.39)

IV. CONCLUSION

We have calculated the ETC of the energy-momentum tensors by using a technique introduced by Källén [21]. Our result, Eqs. (3.37)–(3.39), agrees with the one of Tomiya [24] who works with a different method, essentially equivalent to the Bjorken-Johnson-Low limit, and in addition uses a cohomological approach. It also coincides with the result of Ebner, Heid and Lopes-Cardoso [25] who derive the ST directly from the gravitational anomaly. In our approach Eq. (3.16) is the basic relation. It shows clearly how the Schwinger terms, given by the quantity G_{μνρσ} , are connected with the gravitational anomalies, as the imaginary part Im T^{pv}_{μνρσ} determines the gravitational anomalies by means of dispersion relations [22]. We observe that it is just the formfactor G_1(p^2) which contributes to the ST due to its peculiar feature that it approaches a δ-function singularity at zero momentum squared when m → 0. This is the characteristic infrared feature of a dispersion relation approach. It should be noted, however, that this infrared singularity is of different nature as compared to the familiar infrared divergencies in flat space-time. The former arises from massless fermions whereas the later result from massless vector bosons.

The main physical implication of the Schwinger terms in the algebra of energy-momentum tensors is the following: If one chooses a specific two dimensional model for gravity, then some of the components of the energy-momentum tensor will be part of the constraints in the Hamiltonian formulation. (See e.g. Ref. [26]). The Schwinger terms in the energymomentum tensors will then lead to nontrivial Schwinger terms in the constraints giving an obstruction to a consistent quantization of the theory. The situation is very similar to Yang Mills theory, where the constraint is given by the Gauss law operator which is the generator of time independent gauge transformations. (See e.g. Refs. [7]- [20].)

REFERENCES

[1] J. Schwinger, Phys. Rev. 82 (1951) 664. [2] J. Schwinger, Phys. Rev. Lett. 3 (1959) 296. [3] T. Goto and I. Imamura, Prog. Theor. Phys. 14 (1955) 196.

[4] R. Jackiw, Field theoretic investigations in current algebra, Topological investigations of quantized gauge theories, in: Current Algebra and Anomalies, S.B. Treiman, R. Jackiw, B. Zumino and E. Witten (eds.), p.81, and p.211, World Scientific, Singapore (1985).

[5] R. Jackiw, Diverse Topics in Theoretical and Mathematical Physics, World Scientific, Singapore (1995).

[6] R.A. Bertlmann, Anomalies in Quantum Field Theory. International series of monographs on physics 91, Clarendon Press, Oxford (1996).

[7] J.M. Pawlowski, Phys. Rev. D 57 (1998) 1193. [8] R. Banerjee and S. Gosh, Z. Phys. C 41 (1988) 121. [9] C. Adam, Ann. Phys. 265 (1998) 198. [10] T. Sýkora, Czech. J. Phys. 49 (1999) 915. [11] L. Faddeev, Phys. Lett. 145B (1984) 81. [12] J. Mickelsson, Commun. Math. Phys. 97 (1985) 361. [13] A.J. Niemi and G.W. Semenoff, Phys. Rev. Lett. 55 (1985) 927. [14] C. Rupp, Berry phase, Schwinger term, and anomalies in quantum field theory, Diploma thesis at the University of Vienna (1998).

[15] C. Ekstrand and J. Mickelsson, Gravitational anomalies, gerbes, and Hamilton quantization, ESI preprint 780, hep-th/9904189.

[16] C. Ekstrand, Schwinger terms from external field problems, Ph.D. thesis at the Royal Institute of Technology, Stockholm (1999).

[17] J. Borken, Phys. Rev. 148 (1966) 1467.

[18] K. Johnson and F.E. Low, Prog. Theor. Phys. Suppl. 37-38 (1966) 74. [19] R.A. Bertlmann and T. Sýkora, Phys. Rev. D 56 (1997) 2236. [20] S.-G. Jo, Phys. Rev. D 35 (1987) 3179.

[21] G. Källén, Gradient terms in commutators of currents and fields, Lectures given at winter schools in Karpacz and Schladming, February and March 1968.

[22] R.A. Bertlmann and E. Kohlprath, Phys. Lett. B 480 (2000) 200, hep-th/0003172. [23] E. Kohlprath, Diffeomorphism anomaly and Schwinger terms in two dimensions, Diploma thesis at the University of Vienna (June 1999).

[24] M. Tomiya, Phys. Lett. 167B (1986) 411.

[25] M. Ebner, R.Heid and G. Lopes Cardoso, Z. Phys. C 37 (1987) 85. [26] J.E. Nelson and C. Teitelboim, Phys. Lett. 69B (1977) 81, Ann. Phys. 116 (1978) 86.