arXiv:hep-th/0009233 v2 20 Oct 2001

IPM/P-2000/045 hep-th/0009233

Anomaly and Nonplanar Diagrams in Noncommutative Gauge Theories

Farhad Ardalan^a and Néda Sadooghi^b

Institute for Studies in Theoretical Physics and Mathematics (IPM) School of Physics, P.O. Box 19395-5531, Tehran-Iran and Department of Physics, Sharif University of Technology P.O. Box 11365-9161, Tehran-Iran Abstract

Anomalies arising from nonplanar triangle diagrams of noncommutative gauge theory are studied. Local chiral gauge anomalies for both noncommutative U(1) and U(N) gauge theories with adjoint matter fields are shown to vanish. For noncommutative QED with fundamental matters, due to UV/IR mixing a finite anomaly emerges from the nonplanar contributions. It involves a generalized ⋆-product of gauge fields.

PACS No.: 11.15.Bt, 11.10.Gh, 11.25.Db Keywords: Noncommutative Field Theory, Chiral Gauge Anomaly, Global Anomaly

aElectronic address: ardalan@theory.ipm.ac.ir bElectronic address: sadooghi@theory.ipm.ac.ir

1. Introduction Noncommutative geometry^1 has made a dramatic appearance in string theory recently^2 and has made noncommutative gauge theory^1 an active field of study. The various aspects of noncommutative Yang-Mills (NCYM) theory have been extensively studied^{3,4} and a number of novel phenomena discovered^{5,6,7,8}. Of special importance is a certain duality between ultraviolet (UV) and infrared (IR) behavior of nonplanar loop diagrams of NC-field theories and in particular NCYM theories, which manifests itself in the singularity of amplitudes in two limits of small noncommutativity parameter θ and large momentum cutoff Λ of the theory^7.

Recently Seiberg^9 has observed that NCYM theory appears as a manifestation of a matrix model and the underlying model forces the coupling of the matter to gauge fields to be in the adjoint representation of the noncommutative algebra. But then, it is known that only in the adjoint coupling there appear nonplanar diagrams and there is a chance of observing the UV/IR mixing^8.

Anomalies of NCYM have been studied in a number of papers^{10,11} and it has been found that for the fundamental and anti-fundamental fermion coupling, replacing the usual products by ⋆-products will give the anomaly modulo certain subtlties^{10}. This is because only planar diagrams appear in the triangle anomaly for this coupling. This result was also confirmed in the Fujikawa path integral method^{10,11}.

In this paper we study the effect of nonplanar diagrams on anomalies. We will find that nonplanar diagrams do not contribute to gauge anomalies. However, global symmetries reflect the unconventional behavior of the nonplanar diagrams in the form of a contribution to the global anomaly which involves a generalized ⋆-product.

In the first part of the paper, we will discuss the anomalies in gauge symmetry of the noncommutative U(1) and U(N) theories. Since we are interested in the effect of nonplanar integrals on the anomaly, the matter fields in both theories are taken to be in the adjoint representation. We will first calculate the chiral anomaly for U(1) theory where planar as well as nonplanar diagrams will appear. Both contributions to the triangle anomaly vanish. The chiral anomaly of U(N) theory with matter fields in the adjoint representation of both gauge group and the noncommutative algebra, is then calculated. Here also, planar as well as nonplanar contributions vanish. Hence both theories are free of gauge anomaly^c. In the ordinary commutative field theory no anomaly will appear when the group representation is real. In noncommutative the concept of a real representation does not obviously apply, since both gauge group and matter field coupling are in the adjoint representation.

In the second part of the paper, we discuss the global symmetry of the U(1) theory with matter fields in fundamental representation. There are three different currents, corresponding to three different local change of variables. We will discuss their global and local properties in two different cases of spacelike and timelike or lightlike noncommutativity. In a noncommutative theory containing fundamental matter fields, the triangle diagrams for the first current include only planar contributions and leads to the usual anomaly of the noncommutative U(1), calculated previously^{10}. The second current exhibits, due to the UV/IR mixing^7, a finite anomaly arising only from nonplanar diagrams. The result of the anomaly contains an unusual form of ⋆-product. These generalized ⋆-products appeared recently in some other works^{16,17,18,19}.

2. Chiral Gauge Anomaly, Adjoint Matter Fields

i) Noncommutative U(1) We follow the notation of Ref.^{10} and recall that the noncommutative (NC) gauge theory is characterized by the replacement of the familiar product of functions with the ⋆-product defined by:

f (x) ⋆ g (x) ≡ e iθμν 2 ∂ ∂ξμ ∂ ∂ζν f (x + ξ) g (x + ζ) | | | |_{ξ=ζ=0}, (2.1) where θ_{μν} is a real constant antisymmetric background, and reflects the noncommutativity of the

cWhen this study was almost done an article by C. P. Martin^{12} appeared, with the same result for U(N) theory calculated in a different manner.

coordinates

[x_μ, x_ν ] = iθ_{μν} . (2.2)

In NC-U(1) gauge theory the matter fields can couple to gauge fields in fundamental, anti-fundamen-

tal, or adjoint representation. The fundamental and anti-fundamental covariant derivatives are given by

D_μψ_L (x) ≡ ∂_μψ_L (x) + ig A_μ (x) ⋆ ψ_L (x) , and D_μψ (x) ≡ ∂_μψ_L (x) − igψ_L (x) ⋆ A_μ (x) , (2.3)

respectively. In the adjoint representation, it is defined by

D_μψ_L (x) ≡ ∂_μψ_L (x) + ig[A_μ (x) , ψ_L (x)]_⋆. (2.4)

Here, the left-handed fermions are given by ψ_L ≡ P_+ψ with P_+ ≡^1_2 (1 + γ_5) and ψ_L ≡ ψP_− with

P_− ≡^1_2 (1 − γ_5). Using these notations the corresponding fermionic action for NC-U(1) with matter

field in the adjoint representation is given by:

S_F [ψ, ψ] = ∫ d^Dx { iψ_α (x) ⋆ ∂_μψ_β (x) − gψ_α (x) ⋆ [A_μ (x) , ψ_β (x) ]_⋆ } (γ_μP_+)^{αβ} . (2.5)

This action is invariant under the following local ⋆-gauge transformations

ψ (x) → ψ^′ (x) = U (x) ⋆ ψ (x) ⋆ U^{−1} (x) , ψ (x) → ψ^′ (x) = U (x) ⋆ ψ (x) ⋆ U^{−1} (x) , (2.6)

and

A^′_μ (x) = U (x) ⋆ A_μ (x) ⋆ U^{−1} (x) − i g U (x) ⋆ ∂_μU^{−1} (x) . (2.7)

Here, U (x) ≡ ( e^{igα(x)} ) ⋆ and α (x) is an arbitrary function. The local current corresponding to the

above action is given by:

J_μ (x) ≡ −i (γ_μP_+)^{αβ} { ψ_α (x) , ψ_β (x) } ⋆ , (2.8)

where {ψ_α (x) , ψ_β (x)}_⋆ ≡ ψ_α (x) ⋆ ψ_β (x) + ψ_β (x) ⋆ ψ_α (x).

To study the gauge invariance and to determine the chiral anomaly we consider the three-point

function

Γ_{μλν} (x, y, z) ≡ ⟨ T (J_μ (x) J_λ (y) J_ν (z)) ⟩ . (2.9)

Contracting the fermionic fields gives two types of triangle diagrams [See Fig. 1]. The corresponding

Feynman integrals are given by:

Γ_{μλν} (x, y, z) = − +∞∫ −∞ d^4k_2 (2π)^4 d^4k_3 (2π)^4 d^4ℓ (2π)^4 e^{−i(k2 +k3 )x} e^{ik2y} e^{ik3 z}

× {[ Tr ( D^{−1} (ℓ − k_3) γ_μP_+D^{−1} (ℓ + k_2) γ_λD^{−1} (ℓ) γ_ν ) ] F_a (ℓ) + [ (k_2, λ) ↔ (k_3, ν) ] F_b (ℓ) } , (2.10)

where for massless fermions D (ℓ) ≡ ℓ/. The phase factors are

F_a (ℓ) = e^{i k2×k3} [ 1 − e^{2iℓ×k3} − e^{2iℓ×k2} + e^{2iℓ×(k3 +k2 )} ]

+e^{−i k2 ×k3} [ − 1 + e^{−2iℓ×k3} + e^{−2iℓ×k2} − e^{−2iℓ×(k2+k3 )} ] , (2.11a)

and F_b (ℓ) = −F_a (ℓ → −ℓ) . (2.11b)

Here p × q ≡^1_2 θ_{ησ} p^ηq^σ. Going through standard algebraic manipulations shows that the local gauge

invariance is intact despite the appearance of nonplanar integrals.

To determine the chiral anomaly of ∂^μΓ_{μλν} , we use dimensional regularization. Recall that in

the dimensional regularization, γ_5 is defined so that it anticommutes with γ_μ’s for μ = 0, 1, 2, 3

but commutes with them for other values of μ, and that the loop momenta have components in all

dimensions, whereas the external momenta k_2 and k_3 are only four dimensional. Using ℓ = ℓ_{||} + ℓ_⊥,

where ℓ_{||} has nonzero components in dimensions 0, 1, 2, 3 and ℓ_⊥ has nonzero components in the other

D − 4 dimensions, and the identity

(k/_2 + k/_3) P_+ = P_−D (ℓ + k_2) − D (ℓ − k_3) P_+ + γ_5ℓ/_⊥, (2.12a) in the corresponding integrals of diagram A and

(k/_2 + k/_3) P_+ = P_−D (ℓ + k_3) − D (ℓ − k_2) P_+ + γ_5ℓ/_⊥. (2.12b)

in the Feynman integral corresponding to the diagram B, we arrive at:

∂^μΓ_{μλν} = −i +∞∫ −∞ d^4k_2 (2π)^4 d^4k_3 (2π)^4 e^{−i(k2 +k3 )x} e^{ik2 y} e^{ik3 z} [ A_{λν} (k_2, k_3; θ) + R_{λν} (k_2, k_3; θ) ] , (2.13a)

where

A_{λν} (k_2, k_3; θ) ≡ +∞∫ −∞ d^Dℓ (2π)^D [ Tr ( D^{−1} (ℓ − k_3) γ_5ℓ/_⊥D^{−1} (ℓ + k_2) γ_λD^{−1} (ℓ) γ_ν ) F_a (ℓ) ]

+[ (k_2, λ) ↔ (k_3, ν) ]F_b (ℓ) , (2.13b)

and

R_{λν} (k_2, k_3; θ) ≡ ≡ +∞∫ −∞ d^Dℓ (2π)^D {[ Tr ( D^{−1} (ℓ − k_3) P_−γ_λD^{−1} (ℓ) γ_ν ) − Tr ( P_+D^{−1} (ℓ + k_2) γ_λD^{−1} (ℓ) γ_ν ) ] F_a (ℓ)

+ [ Tr ( D^{−1} (ℓ − k_2) P_−γ_ν D^{−1} (ℓ) γ_λ ) − Tr ( P_+D^{−1} (ℓ + k_3) γ_ν D^{−1} (ℓ) γ_λ ) ] F_b (ℓ) } . (2.13c)

The contributions of the planar phases to A_{λν} from Eq. (2.13b) vanish, because as we know from

ordinary commutative U(1) the contributions of both relevant triangle diagrams are equal due to Bose

symmetry. In the noncommutative U(1), the planar part of A_{λν} are just the same as their commutative

counterparts, except here these integrals are to be modified with corresponding planar phase factors,

which can be taken out of the integration. Hence in order to add the contributions of diagrams A

and B to A^{pl.}_{λν} only the planar phases have to be added together. The planar phase for the diagram

A turns out to be 2i sin (k_2 × k_3) whereas for the diagram B is −2i sin (k_2 × k_3) [see Eqs. (2.11a) and

(2.11b)]. Hence the planar contribution of B cancels the planar contribution of A.

For the nonplanar part the above argument does not go through and the calculation must be

performed explicitly. After appropriate shift of integration variables and using (2.11b) for nonplanar

phases, it can be shown that the contribution of diagram A cancels the contribution of diagram B, so that the nonplanar part of A_{λν} vanishes too. Hence, ∂^μΓ_{μλν} does not receive any anomalous

contribution from A_{λν} [Eq. (2.13b)].

The contribution of R_{λν} can also be shown not to contribute to anomaly. Noncommutative U(1)

with adjoint matter fields is therefore free of chiral gauge anomaly.

ii) Noncommutative U(N)

Let us introduce the matter fields in NC-U(N) with the covariant derivative:

D_μΨ_L (x) ≡ ∂_μΨ_L (x) + ig[A_μ (x) , Ψ_L (x)]_⋆, (2.14)

where A_μ ≡ A^a_μt^a, Ψ_L ≡ ψ^a_Lt^a and t^a, a = 0, · · ·N^2 − 1, are the generators of U(N) and ψ^a_L ≡ P_+ψ^a

and P_+ =^1_2 (1 + γ_5). It is given explicitly by

D_μψ^a_L ≡ ∂_μψ^a_L + ig 2 D^{abc}[A^b_μ, ψ^c_L]_⋆ − g 2 C^{abc}{A^b_μ, ψ^c_L}_⋆. (2.15) Here, we have used the identity 2t^at^b = D^{abc}t^c +iC^{abc}t^c, where the D^{abc} and C^{abc} are given by {t^a, t^b} ≡

D^{abc}t^c and [t^a, t^b] ≡ iC^{abc}t^c. Using the definitions (2.14) and (2.15) of the covariant derivative, the

fermionic action of this model is given by: S[ψ^a, ψ^a, A^a_μ] = +∞∫ −∞ d^4x (γ^μP_+)_{αβ} N [ i ( ψ^a_α (x) ⋆ ∂_μψ^a_β (x) )

− g 2 ( C^{abc}ψ^a_α (x) ⋆ {A^b_μ (x) , ψ^c_β (x)}_⋆ − iD^{abc}ψ^a_α (x) ⋆ [A^b_μ (x) , ψ^c_β (x) ]_⋆ ) ] , (2.16)

where Tr ( t^at^b ) = N δ^{ab} is used. This action is invariant under infinitesimal gauge transformations

δ_αΨ = −ig[Ψ (x) , α (x) ]_⋆, and δ_αΨ = +ig[α (x) , Ψ (x) ]_⋆, (2.17a) and δ_αA_μ(x) = −∂_μα(x) + ig[α (x) , A_μ (x) ]_⋆. (2.17b)

This can be established after a lengthy but straightforward calculation using the Jacobi identities

given in the Eq. (A.1) [See appendix A]. In this model the local current reads

J_μ (x) ≡ − i N { Ψ^α_L (x) , Ψ^β_L (x) } ⋆ (γ_μ)_{αβ} , (2.18a) where J_μ = J^a_μ t^a. The components of the current read

J^a_μ (x) = −i 2 ( D^{abc}{ψ^b_α (x) , ψ^c_ξ (x) }_⋆ + iC^{abc}[ψ^b_α (x) , ψ^c_ξ (x) ]_⋆ ) (γ_μP_+)^{ξα} . (2.18b)

To keep the calculation as short as possible we have used the following form of J^a_μ (x):

J^a_μ (x) = −i ( K^{abc}{ψ^b_α (x) , ψ^c_ξ (x) }_⋆ − iC^{abc}ψ^c_ξ (x) ⋆ ψ^b_α (x) ) (γ_μP_+)^{ξα} , (2.19)

where K^{abc} =^1_2 ( D^{abc} + iC^{abc} ) . Taking the commutative limit θ → 0 in both equation (2.18b) and

(2.19) and using the antisymmetry of Grassmann variables ψ and ψ leads to the usual definition of

the current:

J^a_μ = i ψ_ξ T^a ψ_α (γ_μP_+)^{ξα} = − ψ^c_ξC^{abc} ψ^b_α (γ_μP_+)^{ξα} ,

with T^a, T^a_{bc} = iC^{abc}, as the generators of U(N) in their adjoint representation.

To study local gauge invariance and to determine the local chiral anomaly for NC-U(N), we consider

the three-point function

Γ^{cf m}_{μλν} (x, y, z) = ⟨ T ( J^c_μ (x) J^f_λ (y) J^m_ν (z) ) ⟩ , (2.20)

where c, f, m = 0, 1, · · ·, N^2 − 1 are U(N) indices. The contribution of diagram A and B, involving

both planar and nonplanar phases, are given by [ Γ^{cf m}_{μλν} (x, y, z) ] A+B =

= +∞∫ −∞ d^4k_2 (2π)^4 d^4k_3 (2π)^4 d^4ℓ (2π)^4 e^{−i(k2 +k3 )x} e^{ik2 y}e^{ik3 z} { Tr ( D^{−1} (ℓ − k_3) γ_μP_+D^{−1} (ℓ + k_2) γ_λD^{−1} (ℓ) γ_ν )

× 8∑ j=1 [G^{cf m}_A ]_j f^j_A (ℓ) + [(k_2, λ) ↔ (k_3, ν)] 8∑ j=1 [G^{cf m}_B ]^j f^j_B (ℓ) } , (2.21)

where the group factors [G^{cf m}_{A/B}]_j , j = 1, · · ·, 8 and phases f^j_{A/B} (ℓ) , j = 1, · · ·, 8 are given in Table 1

and 2.

Carrying out standard calculations it can be shown that quantum corrections do not affect the

gauge invariance of noncommutative U(N) with adjoint matter fields. Next we calculate the anomaly of the theory. Going through standard current algebra analysis one can show that the anomalous part

of ∂^μΓ_{μλν} is given by A^{cf m}_{λν} (k_2, k_3, θ), whose planar and nonplanar parts are treated separately.

Using the Feynman parametrization procedure and the properties of dimensionally regularized γ_5,

the planar part of the anomaly reads:

[A^{cf m}_{λν} (k_2, k_3; θ) ]pl. = −i 8π^2 ε_{λναβ} k_{2α}k_{3β} × { e^{i k2×k3} ( [G^{cf m}_A ]_1 + [G^{cf m}_B ]_1 ) + e^{−i k2 ×k3} ( [G^{cf m}_A ]_8 + [G^{cf m}_B ]_8 ) } . (2.22)

After some group algebra, it can be shown that the group factors of both diagrams A and B cancel,

i.e. [G^{cf m}_A ]_1 + [G^{cf m}_B ]_1 = 0, and [G^{cf m}_A ]_8 + [G^{cf m}_B ]_8 = 0. Hence the planar part of the chiral anomaly

vanishes.

For the nonplanar part of the anomaly, although the Feynman integrals including the nonplanar

phases are naively convergent for finite values of the noncommutativity parameter θ, they have to be

dimensionally regularized, as they are IR divergent for small θ. Using

{(γ_⊥)_ξ , γ_μ} = 2δ_{ξμ} for μ = 0, 1, 2, 3, and [ (γ_⊥)_ξ , γ_5] = 0, (2.23)

which lead to Tr ( γ_5 (γ_⊥)_ξ γ_λγ_ν γ_α ) = 0, and after some Dirac algebra we arrive at:

[A^{cf m}_{λν} (k_2, k_3; θ) ]n.-pl. = −i +∞∫ −∞ d^Dℓ (2π)^D

{ Tr [ (ℓ/ − k/_3) γ_5ℓ/_⊥ (ℓ/ + k/_2) γ_λℓ/γ_ν ]

[ (ℓ + k_2)^2 ][ (ℓ − k_3)^2 ][ℓ^2] 7∑ j=2 [G^{cf m}_A ]_j f^j_A (ℓ)

+[ (k_2, λ) ↔ (k_3, ν) ] 7∑ j=2 [G^{cf m}_B ]_j f^j_B (ℓ) } . (2.24)

Next, we use the Feynman parametrization and make the shift ℓ → ℓ + P_a with P_a ≡ −k_2α_1 + k_3α_2

in the contribution of diagram A and ℓ → ℓ + P_b with P_b ≡ −P_a in the contribution of diagram B.

Using the identity f^j_A (ℓ → −ℓ + P_a) = f^j_B (ℓ + P_b), we arrive at expressions of the form

I_{ηξ} ≡ +∞∫ −∞ d^Dℓ (2π)^D ( ℓ_{||} ) η (ℓ_⊥)_ξ e^{−2iℓ×q} (ℓ^2 − Δ)^3 , and

I_ξ ≡ +∞∫ −∞ d^Dℓ (2π)^D (ℓ_⊥)_ξ e^{−2iℓ×q} (ℓ^2 − Δ)^3

. (2.25)

As we will show in Appendix A, these integrals vanish for any dimension. The main contribution comes therefore from [ A^{cf m}_{λν} (k_2, k_3; θ) ] n.-pl. = 8ε_{λναβ}k_{2α}k_{3β}

× 7∑ j=2 ( [G^{cf m}_A ]_j + [G^{cf m}_B ]_j

)^1∫ 0 dα_1 1−α_1∫

0 dα_2 +∞∫ −∞ d^Dℓ (2π)^D ℓ^2_⊥f^j_B (ℓ + k_2α_1 − k_3α_2)

(ℓ^2 − Δ)^3

, (2.26)

where Δ ≡ −k^2α_1 (1 − α_1) − k^2_3α_2 (1 − α_2) − 2k_2k_3α_1α_2. But, as it turns out, since the fermions are taken in the adjoint representation of the U(N) gauge group, the corresponding group factors in diagrams A and B cancel, i.e. [G^{cf m}_A ]_j + [G^{cf m}_B ]_j = 0, ∀j = 2, · · ·, 7.

Combining this with the previous result, we have shown that planar as well as nonplanar part of A^{cf m}_{λν} vanish. Hence U(N) chiral gauge theory with adjoint matter fields turns out to be free of chiral gauge anomaly.

In the next section we will discuss the global symmetry and calculate the global anomaly of U(1) with a current which express the invariance of the corresponding action with respect to usual global symmetry transformation of the theory.

3. Planar and Nonplanar Contributions to Anomaly in NC-U(1)

i) Classical Symmetries To check the global symmetry and classical current conservation laws for noncommutative U(1), let us briefly review the derivation of global currents in commutative gauge theories.

Consider the action S ≡ ∫ d^4x L ( ψ^ℓ, ∂_μψ^ℓ ) and a local transformation of fields

δ_αψ^ℓ = iα (x) F^ℓ (x) . (3.1) If the action is not invariant under this local transformation, but is invariant under the corresponding global transformations, then its variation will have to be of the form

δS = − ∫ d^4xJ^μ (x) ∂_μα (x) . (3.2)

Integrating by part leads to the conservation law

∂^μJ_μ (x) = 0, (3.3)

giving^d_{dt} Q = 0 with Q ≡ ∫ d^3x J_0 (x). In commutative field theory, there is one such conserved

current and one constant of motion for each independent infinitesimal symmetry transformation. This

is the content of the Noether’s first theorem. The current J_μ can be given explicitly, if the Lagrangian

density is also invariant under the global symmetry transformation corresponding to (3.1). Then

J_μ (x) ≡ −i ∂L ∂ (∂_μψ^ℓ (x))

F^ℓ (x) . (3.4)

Back to the noncommutative gauge theory, let us first consider the action

S_F [ψ, ψ, A_μ] = ∫ d^Dx { iψ_α (x) ⋆ ∂_μψ_β (x) − g ψ_α (x) ⋆ A_μ (x) ⋆ ψ_β (x) } (γ_μ)^{αβ} , (3.5)

for massless matter fields in the fundamental representation. The corresponding Lagrangian density

is invariant under global transformation

δ_αψ = iαψ (x) , and δ_αψ = iαψ (x) . (3.6)

Following the procedure presented above, it is now possible to define three different change of variables

similar to (3.1) in noncommutative field theory

I) δ_αψ_β = iψ_ξ (x) ⋆ α (x) , and δ_αψ_ξ = iα (x) ⋆ ψ_β (x) ,

II) δ_αψ_β = iα (x) ⋆ ψ_ξ (x) , and δ_αψ_ξ = iψ_β (x) ⋆ α (x) , III) δ_αψ_β = i 2 {α (x) , ψ_ξ (x) }_⋆, and δ_αψ_ξ = i 2 {α (x) , ψ_β (x) }_⋆, (3.7)

leading to three different vector currents

I) J_μ (x) = −iψ_β (x) ⋆ ψ_α (x) (γ_μ)^{αβ} , II) J^′_μ (x) = +iψ_α (x) ⋆ ψ_β (x) (γ_μ)^{αβ} , III) J^{′′}_μ (x) = − i 2 [ψ_β (x) , ψ_α (x) ]_⋆ (γ_μ)^{αβ} , (3.8)

respectively. Using the equation of motion ∂_μψγ^μ = igψγ^μ ⋆ A_μ, and γ^μ∂_μψ = −igA_μ ⋆ γ^μψ. (3.9) which follows from the corresponding Lagrangian to the action (3.5), it is possible to derive the following naive Ward identities for both J_μ(x) and J^′_μ(x) D^μJ_μ (x) = 0, and ∂^μJ^′_μ (x) = 0, (3.10) where D^μ = ∂^μ + ig[A^μ (x) , ·]_⋆ is the covariant derivative. The corresponding equation for J^{′′}_μ can be obtained by combining the above equations and reads: ∂^μJ^{′′}_μ (x) +^{ig}_2 [A^μ (x) , J_μ (x) ]_⋆ = 0.

To determine the local and global charachters of these currents and to define their conserved global charges, it is necessary to distinguish the different cases of spacelike and timelike as well as lightlike noncommutativity tensor θ_{μν} :

In the case of spacelike θ_{μν} , making use of the definition of ⋆-product and assuming trivial boundary conditions for f(x) and g(x) we obtain ∫ d^3x f (x) ⋆ g (x) = ∫ d^3x g (x) ⋆ f (x) . (3.11) Using then the relations given in Eq. (3.10), it can be shown that, all the currents from Eq. (3.8) lead to the same conserved charge Q, Q ≡ ∫ d^3x J_0 (x) , ∀J = J_μ, J^′_μ, J^{′′}_μ. (3.12) If, however, only one of the components of θ_{μ0}, μ = 1, 2, 3 is nonzero, the case for timelike or lightlike θ_{μν} -tensor, then Eq. (3.2) does not hold anymore. The relation ∂^μJ^′_μ = 0, Eq. (3.10), leads, as before, to a conserved charge Q^′ = ∫ J^′_0(x)d^3x, with ∂^0Q^′ = 0, (3.13) which is different from Q of Eq. (3.12). The vector current J_μ(x) is therefore a local one corresponding to a local gauge transformation of the theory described by the fundamental action of Eq. (3.5). It is the current which couples to A_μ in the action. By assuming the usual gauge transformation for the gauge fields (2.7) this action will then be gauge invariant under local transformation (I) of Eq. (3.7).

To complete the list of properties satisfied by different currents of noncommutative field theory, we add that the same continuity equation ∫ ∂^μJ_μ (x) dx_θ = 0 ∀J = J_μ, J^′_μ, J^{′′}_μ, (3.14) is valid for any arbitrary noncommutativity tensor θ_{μν} . This can be shown by integrating equations (3.10) over all noncommutative space-time coordinates, i.e. by definition over dx_θ, and using the definition of ⋆-product.

Similarly there are three different axial vector currents I) J_{μ,5} (x) = −iψ_β (x) ⋆ ψ_α (x) (γ_μγ_5)^{αβ} , II) J^′_{μ,5} (x) = +iψ_α (x) ⋆ ψ_β (x) (γ_μγ_5)^{αβ} , III) J^{′′}_{μ,5} (x) = − i 2 [ψ_β (x) , ψ_α (x) ]_⋆ (γ_μγ_5)^{αβ} , (3.15) resulting from the global axial invariance of the action (3.5) with respect to global axial transformation ∂_αψ = iαγ_5ψ. They are associated with local transformation similar to those given in Eq. (3.7). Similar conservation equations hold also for these axial vector currents.

The above facts about vector currents are not only valid for the action (3.5), where the matter fields in the fundamental representation are considered, they are also true when the matter fields are in the anti-fundamental or adjoint representation.

In Ref.^{10}, the global anomaly corresponding to the axial vector current J^′_{μ,5} was calculated in a theory formulated with anti-fundamental matter fields. It was shown that, only planar diagrams contribute to axial anomaly, that could be expressed by the usual commutative anomaly with the ordinary products replaced with noncommutative ⋆-products.

We will now calculate the anomaly corresponding to the axial vector current J_{μ,5} and J^′_{μ,5}, in a theory with fundamental matter fields, and find nonplanar contributions.

ii) Anomaly and Nonplanar Diagrams in NC-U(1) Let us consider the theory described by the action (3.5) and its corresponding current J_{μ,5}(x). To find the quantum corrections to the classical equation satisfied by this current, D^μJ_{μ,5}(x) = 0, the three-point function Γ_{μλν} (x, y, z) ≡ ⟨ T (J_{μ,5} (x) J_λ (y) J_ν (z)) ⟩ , (3.16) has to be considered. The Feynman integrals corresponding to the diagrams of Fig. 1 are given again by (2.10), where now P_+ has to be replaced by γ_5. Note that here there appear only planar phase factors F_a = e^{i k2 ×k3} , and F_b = e^{−i k2 ×k3} . (3.17) After a calculation similar to what which was performed in Ref.^{10}, the axial anomaly reads ⟨ D^μJ_{μ,5}(x) ⟩ = − g^2 16π^2 ε^{λναβ}F_{λν} (x) ⋆ F_{αβ}(x). (3.18) To obtain this result it is necessary to consider also the contributions of the diagrams shown in Fig. 2. Both diagrams turn out to be planar, so that no new effects will occur in this case. To obtain a ⋆-gauge invariant result an integration over noncommutative space-time coordinates has to be performed. This solution, however, seems to pick up only the zero momentum mode in the Fourier transformed of the above result. To obtain all Fourier modes, a straight Wilson line, with a length proportional to the noncommutativity parameter θ, must be attached to F_{μν} operators^{14}. In the expansion of the Wilson line in terms of the external gauge field A_μ, new terms appear which are higher order than those of Figs. 1 and 2. This is in contradistinction with the Adler-Bardeen’s theorem^{15} in commutative non-Abelian gauge theory, which states that no more diagrams than those in Figs. 1 and 2 are needed

to obtain a gauge invariant result for the anomaly.

As it was argued before, the noncommutative gauge theory has another conserved axial currents

J^′_{μ,5}. To calculate the quantum corrections consider

Γ̃_{μλν} (x, y, z) ≡ ⟨ T ( J^′_{μ,5} (x) J_λ (y) J_ν (z) ) ⟩ . (3.19)

Again the Feynman integrals corresponding to the diagrams of Fig. 1 are given by (2.10), where now

P_+ is replaced by γ_5. Note that here there appear only nonplanar phase factors depending on the

integration loop momenta ℓ

F_a(ℓ) = e^{i k2×k3 +2iℓ×(k2 +k3 )}, and F_b(ℓ) = e^{−i k2×k3 +2iℓ×(k2 +k3 )}. (3.20)

In order to study a possible UV/IR mixing in the nonplanar diagrams we have to go through an

appropriate regularization scheme. We do both dimensional and Pauli-Villars regularizations.

Using again the ’t Hooft procedure, with

(k/_2 + k/_3)γ_5 = −γ_5D(ℓ + k_3) − D(ℓ − k_2)γ_5 + 2γ_5ℓ/_⊥,

in the contribution of diagram (a) Fig. 1 to ∂^μΓ̃_{μλν} (x, y, z) and

(k/_2 + k/_3)γ_5 = −γ_5D(ℓ + k_2) − D(ℓ − k_3)γ_5 + 2γ_5ℓ/_⊥,

in the contribution of diagram (b) Fig. 1, to obtain

∂^μΓ̃_{μλν} = +∞∫ −∞ d^4k_2 (2π)^4 d^4k_3 (2π)^4 e^{−i(k2+k3 )x} e^{ik2 y} e^{ik3 z} [ A_{λν} (k_2, k_3; θ) + R_{λν} (k_2, k_3; θ) ] , (3.21a)

where

A_{λν} (k_2, k_3; θ) ≡ −2i +∞∫ −∞ d^Dℓ (2π)^D [ Tr ( D^{−1} (ℓ − k_3) γ_5ℓ/_⊥D^{−1} (ℓ + k_2) γ_λD^{−1} (ℓ) γ_ν ) F_a (ℓ) ]

+[ (k_2, λ) ↔ (k_3, ν) ]F_b (ℓ) , (3.21b) and

R_{λν} (k_2, k_3; θ) ≡ ≡ +i +∞∫ −∞ d^Dℓ (2π)^D {[ Tr ( D^{−1} (ℓ − k_3) γ_5γ_λD^{−1} (ℓ) γ_ν ) + Tr ( γ_5D^{−1} (ℓ + k_2) γ_λD^{−1} (ℓ) γ_ν ) ] F_a (ℓ)

+ [ Tr ( D^{−1} (ℓ − k_2) γ_5γ_ν D^{−1} (ℓ) γ_λ ) + Tr ( γ_5D^{−1} (ℓ + k_3) γ_ν D^{−1} (ℓ) γ_λ ) ] F_b (ℓ) } . (3.21c)

After appropriate shifts of integration variable the rest terms R_{λν} can be shown to vanish. The

anomalous part of ∂^μΓ̃_{μλν} is therefore given by A_{λν} , which consits only of nonplanar part. After a

straightforward calculation this is given by

A_{λν} = −16ε_{λναβ}k^α_2 k^β_3 1∫ 0 dα_1 1−α_1∫

0 dα_2 +∞∫ −∞ d^Dℓ (2π)^D ℓ^2_⊥ F_b (ℓ + k_2α_1 − k_3α_2) (ℓ^2 + Δ)^3

, (3.22)

where Δ ≡ k^2α_1 (1 − α_1)+k^2_3α_2 (1 − α_2)+2k_2k_3α_1α_2. To perform the ℓ-integration we use Eqs. (A.5)

and (A.13) [Appendix A],

I_1 ≡ +∞∫ −∞ d^Dℓ (2π)^D ℓ^2_⊥e^{±2iℓ×q} (ℓ^2 + Δ)^3 = (D − 4) D +∞∫ −∞ d^Dℓ (2π)^D ℓ^2e^{±2iℓ×q} (ℓ^2 + Δ)^3 = 1 ln Λ^2 [ 1 16π^2

E_1 (q, Δ) − q ∘ q 128π^2

E_2 (q, Δ) ] , (3.23a)

where

E_n (q, Δ) ≡ ∞∫ 0 dρ ρ^n exp [ − ρ Δ − q ∘ q 4 1 ρ ] . (3.23b)

with q ∘ q ≡ −q_σ θ_{ση} θ_{ηξ} q_ξ . In order to compare with the cut-off regularization method we have

replaced the factor D − 4 before the integral on the first line of the Eq. (3.23a) by^1_{ln Λ2} . Note that in

Eq. (3.23a) the integrals with the phases e^{+2iℓ×q} or e^{−2iℓ×q} yield the same result, because I_1 is even

under θ → −θ.

The functions E_n (q, Δ) , n = 1, 2, for large Λ_{ef f} can be approximated by^{7,13}

E_1 (q, Δ) = ∞∫ 0 dρ ρ exp [ − ρ Δ − 1 Λ^2eff. 1 ρ ] = + ln

Λ^2eff. Δ + O (1) .

E_2 (q, Δ) = ∞∫ 0 dρ ρ^2 exp [ − ρ Δ − 1 Λ^2eff. 1 ρ ] = Λ^2eff. − Δ ln

Λ^2eff. Δ + O (1) , (3.24) with 1 Λ^2eff. ≡ 1 Λ^2 + q ∘ q 4 . (3.25)

Now putting the expression from Eq. (3.23a) in the Eq. (3.22) we arrive at:

A_{λν} (k_2, k_3; θ, Λ) = − 2 π^2 ε_{λναβ} k^α_2 k^β_3 1∫ 0 dα_1 1−α_1∫

0 dα_2 cos [k_2 × k_3(1 − 2α_1 − 2α_2)],

× 1 ln Λ^2 [ E_1 (k_1, Δ) − k_1 ∘ k_1 8 E_2 (k_1, Δ) ] , (3.26)

where k_1 ≡ (k_2 + k_3). Replacing then this result in Eq. (3.21a) and using the relation ⟨J^′_{μ,5}(x)⟩ ≡ 1 2 ∫ d^4y d^4z Γ̃_{μλν} (x, y, z) A^λ(y) A^ν (z), we arrive at ⟨ ∂^μJ^′_{μ,5}(x) ⟩ = − 1 π^2 ε_{λναβ} +∞∫ −∞ d^4k_2 (2π)^4 k^α_2 A_λ(k_2) e^{−ik2 x} +∞∫ −∞ d^4k_3 (2π)^4 k^β_3 A_ν (k_3)e^{−ik3x}

× 1∫ 0 dα_1 1−α_1∫

0 dα_2 cos [k_2 × k_3(1 − 2α_1 − 2α_2)]

× 1 ln Λ^2 [ ln 1 1 Λ^2 +

(k_1 ∘k_1) 4 − ln Δ

− (k^1 ∘ k^1) 8 1 1 Λ^2 +

(k_1 ∘k_1) 4 − Δ ln 1 1 Λ^2 +

(k_1 ∘k_1) 4 + Δ ln Δ ] , (3.27)

where the integration over y and z is performed and E_i(q, Δ), i = 1, 2 are replaced from Eq. (3.24).

To discuss the UV/IR mixing effect, let us consider two different limits:

i) For^{k1 ∘k1}_4 >>^1_{Λ2} , the anomaly vanishes due to the factor^1_{ln Λ2} in front of the expression on the

third line of Eq. (3.27). Equivalently, we could first take the limit Λ → ∞ (or D → 4) and then θ → 0. ii) Considering the case^{k1 ∘k1}_4 <<^1_{Λ2} a finite anomaly arises due to IR singularity. Taking first the

limit θ → 0 and then Λ → ∞ (or D → 4) shows that there is only one nonvanishing contribution

from the factor

lim_{Λ→∞} 1 ln Λ^2 ln 1 1 Λ^2

= 1, (3.28) on the third line of the Eq. (3.27). All other terms can be neglected due to the small θ-parameter.

After integrating over α_1 and α_2, we arrive at: ⟨ ∂^μJ^′_{μ,5}(x) ⟩ = = − 1 2π^2 ε_{λναβ} ∫ k1 ∘k1 4 <<^1_{Λ2}

d^4k_2 (2π)^4 d^4k_3 (2π)^4

∂^λA^ν (k_2) e^{−ik2 x} sin (k_2 × k_3) k_2 × k_3 e^{−ik3 x} ∂^αA^β(k_3). (3.29)

Defining now a new (generalized) ⋆-product

f (x) ⋆^′ g (x) ≡ f (x) sin (_{θμν} 2 ← ∂ μ^→∂ ν ) θ^{μν} 2 ← ∂ μ^→∂ ν g (x) = f (x) g (x) − 1 3! × 4 θ^{μν} θ^{ρη}∂_μ∂_ρf (x) ∂_ν ∂_ηg (x) + · · · , (3.30)

equation (3.29) may be written in a more compact form as ⟨ ∂^μJ^′_{μ,5}(x) ⟩ = − 1 2π^2 ε_{λναβ} ∫ k1 ∘k1 4 <<^1_{Λ2}

d^4k_2 (2π)^4 d^4k_3 (2π)^4

∂^λA^ν (k_2) e^{−ik2 x} ⋆^′ e^{−ik3 x} ∂^αA^β (k_3). (3.31)

A product of this form appear also in the literature^{16,17,18}. Adding now the contribution of diagrams

from Fig. 2 we obtain: ⟨ ∂^μJ^′_{μ,5}(x) ⟩ = − 1 8π^2 ε_{λναβ} ∫ k1∘k1 4 <<^1_{Λ2}

d^4k_2 (2π)^4 d^4k_3 (2π)^4

F^{λν} (k_2) e^{−ik2 x} ⋆^′ e^{−ik3 x} F^{αβ}(k_3). (3.32)

As we have seen, taking the limit θ → 0 and Λ → ∞ do not commute. We conclude therefore that

the finite anomaly from nonplanar diagrams is due to UV/IR mixing^7.

In the Pauli-Villars regularization method, introducing the regulator mass M we obtain: [ ∂^μΓ̃_{μλν} ] reg.

= lim_{M →∞} −32M^2ε_{λναβ} +∞∫ −∞ d^4k_2 (2π)^4 d^4k_3 (2π)^4 e^{−i(k2 +k3 )x} e^{ik2y} e^{ik3 z} k^α_2 k^β_3

× 1∫ 0 dα_1 1−α_2∫

0 dα_2 cos [k_2 × k_3(1 − 2(α_1 + α_2))] +∞∫ −∞ d^4ℓ (2π)^4 e^{2iℓ×(k2 +k3 )} (ℓ^2 − Δ_M )^3

. (3.33)

Here, Δ_M ≡ M^2 − α_1(1 − α_1)k^2 − α_2(1 − α_2)k^2_3 − 2α_1α_2k_2k_3. The ℓ integration can be performed

using the same manipulations introduced in Appendix A: +∞∫ −∞ d^4ℓ (2π)^4 e^{2iℓ×k1} (ℓ^2 − Δ_M )^3 = 1 16π^2 ∞∫ 0 dρ e^{−ρΔM − k1 ∘k14ρ} . (3.34)

The Pauli-Villars regulated ∂^μΓ̃_{μλν} from Eq. (3.33) is therefore given by: [ ∂^μΓ̃_{μλν} (x, y, z) ] reg.

= lim_{M →∞} − 2 π^2 M^2ε_{λναβ} +∞∫ −∞ d^4k_2 (2π)^4 d^4k_3 (2π)^4 e^{−i(k2 +k3 )x} e^{ik2 y} e^{ik3 z} k^α_2 k^β_3

× 1∫ 0 dα_1 1−α_2∫

0 dα_2 cos [k_2 × k_3(1 − 2(α_1 + α_2))] ∞∫ 0 dρ e^{−ρM 2− k1 ∘k14ρ} , (3.35)

where for large enough Pauli-Villars mass, Δ_M appearing on the r.h.s. of Eq. (3.34) is replaced by M^2.^d Using now the approximation ∞∫ 0 dρ e^{−ρ M 2− k1 ∘k14ρ} ≈ 1 M^2 + k_1 ∘ k_1 4 (−1 + 2γ_E + ln

M^2(k_1 ∘ k_1) 4 ),

where γ_E is the Euler number, in the above equation we arrive at: [ ∂^μΓ̃_{μλν} (x, y, z) ] reg.

= lim_{M →∞} − 2 π^2 M^2ε_{λναβ} +∞∫ −∞ d^4k_2 (2π)^4 d^4k_3 (2π)^4 e^{−i(k2 +k3 )x} e^{ik2y} e^{ik3 z} k^α_2 k^β_3

× 1∫ 0 dα_1 1−α_2∫

0 dα_2 cos [k_2 × k_3(1 − 2(α_1 + α_2))] ( 1 M^2 + k_1 ∘ k_1 4 (−1 + 2γ_E + ln

M^2(k_1 ∘ k_1) 4 ) ) . (3.36)

It is easily seen, that the limits M → ∞ and θ → 0 do not commute. If we take the limit M → ∞ first and then θ → 0 the anomaly from nonplanar diagrams vanishes. If we consider the case^{k1 ∘k1}_4 <<^1_{M 2} , or equivalently take first the limit θ → 0 and then M → ∞, factor M^2 cancels on the r.h.s. of Eq. (3.36) and a finite anomaly appears. Then after performing the integration over parameters α_1 and α_2, we arrive at the same result for the anomaly of nonplanar diagrams as calculated by dimensional regularization [Eq. (3.29)]. Using the definition of generalized ⋆ product, Eq. (3.30), we obtain first Eq. (3.31) and finally after considering the contribution from the next higher loop orders (diagrams of Fig. 2), we arrive at the result given in Eq. (3.32).

Note that due to the ⋆^′-product, which is commutative but not associative, the last result from Eq. (3.32) is not ⋆-gauge invariant. To obtain a gauge invariant result, it is necessary to connect the operators F_{μν} to open Wilson-line using an appropriate path ordering^{17}.

dThe same expression appears also in^{19} and leads to the same ⋆^′ structure which we have obtained using dimensional regularization in the first version of this paper (hep-th/0009233).

4. Conclusion In this paper we have studied the effect of nonplanar diagrams on the gauge and global anomalies of noncommutative gauge theories. In the first part we studied the chiral gauge anomaly of U(1) and U(N) theories, with adjoint matter fields and found out, that both theories are free of such anomalies.

In the second part we studied global symmetries of the U(1) theory with fundamental matter field. Here we found a novel result, which can be extended to anti-fundamental and adjoint cases. Following the standard methods from commutative field theory, three different vector and axial vector currents were derived from three different local change of variables. We have shown that, for spacelike noncommutativity tensor θ_{μν} , all currents expressed the same global symmetry of the action and led to the same conserved charge. For timelike or lightlike noncommutativity, however, there was only one global vector current J^′_μ satisfying the Abelian naive Ward identity ∂^μJ^′_μ(x) = 0. The other vector current J_μ, which is at the same time the current coupled to the gauge field in the action, is associated with D^μJ_μ(x) = 0. Both axial vector currents J_{μ,5} and J^′_{μ,5} were shown to be anomalous. Using the result which was obtained in Ref.^{10}, we have shown that in a theory containing fundamental matter field, the global anomaly of J_{μ,5} arises from planar diagrams and has the same structure as in the commutative case with noncommutative ⋆-products replacing the usual products. The corresponding anomaly to J^′_{μ,5}, however, arises from nonplanar diagrams and has a structure involving new, generalized ⋆-product. The finite anomaly from nonplanar diagrams is a consequence of the UV/IR mixing^7.^e Using the same methods, it can easily be shown, that the third current of the theory J^{′′}_{μ,5} is also anomalous. Its anomaly arises from planar and nonplanar digrams and involves both ⋆- as well as ⋆^′-products.

Note that the final results of the anomaly from planar and nonplanar diagrams are not ⋆-gauge invariant. To restore the ⋆-gauge invariance, it is necessary to attach both operators F_{μν} and its dual to open, straight Wilson lines with a length proportional to the noncommutativity parameter θ.^{14,16,17,18}.

eRecently, our result is also confirmed by Intrilagator and Kumar^{19} in the more general context of string theory.

The zeroth order of the expansion of this Wilson line in orders of external gauge fields, corresponds to the results which we have reproduced by perturbative calculation of the diagrams from Figs. 1 and 2. Only after considering an infinite number of higher loop diagrams, arising from all higher order terms in the expansion of the Wilson lines, a gauge invariant result for the anomaly (from planar as well as nonplanar diagrams) can be achieved. This is in contradistinction with Adler-Bardeen’s theorem^{15} in the commutative gauge theories, which states that no more diagrams than those of Figs. 1 and 2 are needed to obtain a gauge invariant result for the anomaly of non-Abelian gauge theories.

5. Acknowledgments We would like to thank H. Arfaei and H. Yavartanoo for discussions.

Note added: After this work (hep-th/0009233) several studies on many different aspects of generalized ⋆-product appeared in Refs.^{16,17,18}.

Appendix A

The Jacobi Identities between the structure constants of U(N) are:

C^{abd}C^{dcm} + C^{cad}C^{dbm} + C^{bcd}C^{dam} = 0, D^{abd}D^{dcm} − D^{cad}D^{dbm} − C^{bcd}C^{dam} = 0, D^{abd}D^{dcm} + C^{cad}C^{dbm} − D^{bcd}D^{dam} = 0, C^{abd}C^{dcm} − D^{cad}D^{dbm} + D^{bcd}D^{dam} = 0, D^{abd}C^{dcm} + D^{cad}C^{dbm} + D^{bcd}C^{dam} = 0, C^{abd}D^{dcm} − C^{cad}D^{dbm} + D^{bcd}C^{dam} = 0, C^{abd}D^{dcm} − D^{cad}C^{dbm} − C^{bcd}D^{dam} = 0, D^{abd}C^{dcm} + C^{cad}D^{dbm} − C^{bcd}D^{dam} = 0, (A.1)

Nonplanar Integrals

Here we want to evaluate the integrals of the generic forms:

I_1 ≡ +∞∫ −∞ d^Dℓ (2π)^D ℓ^2_⊥e^{−2iℓ×q} (ℓ^2 + Δ)^3 ,

I_ξ ≡ +∞∫ −∞ d^Dℓ (2π)^D (ℓ_⊥)_ξ e^{−2iℓ×q} (ℓ^2 + Δ)^3 ,

I_{ηξ} ≡ +∞∫ −∞ d^Dℓ (2π)^D ( ℓ_{||} ) η (ℓ_⊥)_ξ e^{−2iℓ×q} (ℓ^2 + Δ)^3

, (A.2)

where q is an arbitrary external momentum and the integrations are over Euclidean integration vari-

ables. To evaluate the above integrals let us introduce the spherical coordinates in D dimensions. The

first four components are denoted by ℓ_{||} and the other ones by ℓ_⊥. We therefore have:

ℓ^2_⊥ ≡ ℓ^2 − 4∑ i=1 ℓ^2_i = ℓ^2 − ℓ^2 D−2∏ k=3 sin^2 θ_k . (A.3)

Using these notations the integral I_1 reads

I_1 = ∞∫ 0 d^4ℓ ℓ^{D−2}e^{−2iℓ×q} (ℓ^2 + Δ)^3 π∫ 0

(_{D−2} ∏ k=3 sin^k θ_kdθ_k − D−2∏ k=3 sin^{k+2} θ_kdθ_k ) , (A.4)

which turns out to be

I_1 = π^D2^{−2} Γ (D/2) D − 4 D ∞∫ 0 d^4ℓ ℓ^2e^{−2iℓ×q} (ℓ^2 + Δ)^3

. (A.5)

• For I_ξ and I_{ηξ} use

(ℓ_⊥)_ξ ≡ ℓ D−2∏ k=ξ−1 sin θ_k cos θ_{ξ−2}, for 5 ≤ ξ ≤ D, (A.6)

and get

I_ξ = ∫ d_4ℓℓ_{D−3}e_{−2iℓ×q} (ℓ^2 + Δ)^3 D−2∏ m=α−1 sin θ_m cos θ_{α−2} D−2∏ k=3 sin^k θ_kdθ_k

= ∫ d_4ℓℓ_{D−3}e_{−2iℓ×q} (ℓ^2 + Δ)^3 π∫ 0 α−3∏ k=3 sin^k θ_k π∫ 0 sin^{α−2} θ_{α−2} cos θ_{α−2}dθ_{α−2} 1∫ 0 D−2∏ k=α−1 sin^{k+1} θ_k dθ_k. (A.7)

Using^π ∫ 0 dθ_{α−2} sin^{α−2} θ_{α−2} cos θ_{α−2} = 0, for α = 5, · · ·, D we have I_ξ = 0. It is simply seen that I_{ηξ} = 0

for 1 ≤ η ≤ 4 and 5 ≤ ξ ≤ D.

• For

I_2 ≡ +∞∫ −∞ d^Dℓ (2π)^D ℓ^2e^{−2iℓ×q} (ℓ^2 + Δ)^3

, (A.8)

using the parametrization 1 ℓ^2 + Δ = ∞∫ 0 e^{−α}(^{ℓ2 +Δ})dα, (A.9)

we have

I_2 = ∑ ξ ∂^2 ∂z^2_ξ +∞∫ −∞ d^Dℓ (2π)^D ∞∫ 0 exp [ z_ηℓ_η − ℓ^2 (α_1 + α_2 + α_3) − Δ (α_1 + α_2 + α_3) − iq̃_ηℓ_η ] dα_1dα_2dα_3,

(A.10)

where q̃_η ≡ θ_{ησ}q_σ . Performing the ℓ-integration we obtain

I_2 = D 2 (2π)^{D/2} ∞∫ 0 dα_1dα_2dα_3 (α_1 + α_2 + α_3)^{D/2+1} exp [ (iq̃_η)^2 4 (α_1 + α_2 + α_3)

− Δ (α_1 + α_2 + α_3) ]

+ (iq̃_η)^2 4 (4π)^{D/2} ∞∫ 0 dα_1dα_2dα_3 (α_1 + α_2 + α_3)^{D/2+2} exp [ (iq̃_η)^2 4 (α_1 + α_2 + α_3)

− Δ (α_1 + α_2 + α_3) ] . (A.11)

Inserting

1 = ∞∫ 0 dρ δ ( ρ − 3∑ ℓ=1 α_ℓ ) , (A.12) on the r.h.s. of (A.11) and rescaling the Feynman parameters α_ℓ → ρα_ℓ for ℓ = 1, 2, 3, we arrive at:

I_2 = D 2 (4π)^{D/2} ∞∫ 0 dρ ρ^{D/2−1} exp [ − q ∘ q 4ρ − Δρ ] − q̃^2 4 (4π)^{D/2} ∞∫ 0 dρ ρ^{D/2} exp [ − q ∘ q 4ρ − Δρ ] , (A.13)

where q̃^2 ≡ q ∘ q ≡ −q_σ θ_{ση}θ_{ηξ} q_ξ. This is the result used in Eqs. (3.23a)-(3.23b).

Table 1 Phases Group factors f^1_A = e^{ik2 ×k3} [G^{cf m}_A ]_1 = +K^{abc}K^{daf} K^{bdm} − K^{abc}K^{daf} iC^{bdm} −K^{abc}iC^{daf} K^{bdm} − iC^{abc}K^{daf} K^{bdm} +K^{abc}iC^{daf} iC^{bdm} + iC^{abc}K^{daf} iC^{bdm} +iC^{abc}iC^{daf} K^{bdm} − iC^{abc}iC^{daf} iC^{bdm} f^2_A (ℓ) = e^{−ik2 ×k3 −2iℓ×k3} [G^{cf m}_A ]_2 = +K^{abc}K^{daf} K^{bdm} − K^{abc}K^{daf} iC^{bdm} f^3_A (ℓ) = e^{−ik2 ×k3 −2iℓ×(k2 +k3 )} [G^{cf m}_A ]_3 = −K^{abc}K^{daf} K^{bdm} + K^{abc}K^{daf} iC^{bdm} +K^{abc}iC^{daf} K^{bdm} − K^{abc}iC^{daf} iC^{bdm} f^4_A (ℓ) = e^{−ik2 ×k3 −2iℓ×k2} [G^{cf m}_A ]_4 = +K^{abc}K^{daf} K^{bdm} − K^{abc}iC^{daf} K^{bdm} f^5_A (ℓ) = e^{+ik2 ×k3 +2iℓ×k2} [G^{cf m}_A ]_5 = −K^{abc}K^{daf} K^{bdm} + K^{abc}K^{daf} iC^{bdm} +iC^{abc}K^{daf} K^{bdm} − iC^{abc}K^{daf} iC^{bdm} f^6_A (ℓ) = e^{+ik2 ×k3 +2iℓ×k3} [G^{cf m}_A ]_6 = −K^{abc}K^{daf} K^{bdm} + K^{abc}iC^{daf} K^{bdm} +iC^{abc}K^{daf} K^{bdm} − iC^{abc}iC^{daf} K^{bdm} f^7_A (ℓ) = e^{+ik2 ×k3 +2iℓ×(k2 +k3 )} [G^{cf m}_A ]_7 = +K^{abc}K^{daf} K^{bdm} − iC^{abc}K^{daf} K^{bdm} f^8_A = e^{−ik2 ×k3} [G^{cf m}_A ]_8 = −K^{abc}K^{daf} K^{bdm}

Table 2 Phases Group factors f^1_B = e^{ik2 ×k3} [G^{cf m}_B ]_1 = −K^{abc}K^{bdf} K^{dam} f^2_B (ℓ) = e^{−ik2 ×k3 +2iℓ×k3} [G^{cf m}_B ]_2 = −K^{abc}K^{bdf} K^{dam} + K^{abc}iC^{bdf} K^{dam} +iC^{abc}K^{bdf} K^{dam} − iC^{abc}iC^{bdf} K^{dam} f^3_B (ℓ) = e^{−ik2 ×k3 +2iℓ×(k2 +k3 )} [G^{cf m}_B ]_3 = +K^{abc}K^{bdf} K^{dam} − iC^{abc}K^{bdf} K^{dam} f^4_B (ℓ) = e^{−ik2 ×k3 +2iℓ×k2} [G^{cf m}_B ]_4 = −K^{abc}K^{bdf} K^{dam} + K^{abc}K^{bdf} iC^{dam} +iC^{abc}K^{bdf} K^{dam} − iC^{abc}K^{bdf} iC^{dam} f^5_B (ℓ) = e^{+ik2 ×k3 −2iℓ×k2} [G^{cf m}_B ]_5 = +K^{abc}K^{bdf} K^{dam} − K^{abc}iC^{bdf} K^{dam} f^6_B (ℓ) = e^{+ik2 ×k3 −2iℓ×k3} [G^{cf m}_B ]_6 = +K^{abc}K^{bdf} K^{dam} − K^{abc}K^{bdf} iC^{dam} f^7_B (ℓ) = e^{+ik2 ×k3 −2iℓ×(k2 +k3 )} [G^{cf m}_B ]_7 = −K^{abc}K^{bdf} K^{dam} + K^{abc}K^{bdf} iC^{dam} +K^{abc}iC^{bdf} K^{dam} − K^{abc}iC^{bdf} iC^{dam} f^8_B = e^{−ik2 ×k3} [G^{cf m}_B ]_8 = +K^{abc}K^{bdf} K^{dam} − K^{abc}K^{bdf} iC^{dam} −K^{abc}iC^{bdf} K^{dam} − iC^{abc}K^{bdf} K^{dam} +K^{abc}iC^{bdf} iC^{dam} + iC^{abc}K^{bdf} iC^{dam} +iC^{abc}iC^{bdf} K^{dam} − iC^{abc}iC^{bdf} iC^{dam}

6. References

1. A. Connes, Noncommutative Geometry (Academic Press, 1994).

A. Connes, M. R. Douglas, and A. Schwarz, JHEP 9902:003 (1998). M. R. Douglas, and N. A. Nekrasov, hepth/0106048.

2. M. R. Douglas, and C. Hull, JHEP 9802:008 (1998), hep-th/9711165.

F. Ardalan, H. Arfaei, and M.M. Sheikh-Jabbari, hep-th/9803067; JHEP 9902:016 (1999), hep-th/9810072; Nucl. Phys. B576, 578 (2000), hep-th/9906161.

Y.-K. E. Cheung and M. Krogh, Nucl. Phys. B528, 185 (1998).

C.-S. Chu, and P.-M. Ho, Nucl. Phys. B550, 151 (1999), hep-th/9812219; Nucl. Phys. B568, 447 (2000), hepth/9906192.

V. Shomerus, JHEP 9906:030 (1999), hep-th/9903205. N. Seiberg, and E. Witten, JHEP 9909:032 (1999), hep-th/9908142.

3. A. Gonzalez-Arroyo, and C. P. Korthals Altes, Phys. Lett. 131B, 396 (1983).

T. Filk, Phys. Lett. B376, 53 (1996).

C. P. Martin, and D. Sanchez-Ruiz, Phys. Rev. Lett. 83, 476 (1999), hep-th/9903077. M. M. Sheikh-Jabbari, JHEP 9906:015 (1999), hep-th/9903107.

T. Krajewski, and R. Wulkenhaar, Int. J. Mod. Phys. A15, 1011 (2000), hep-th/9903187,. I. Ya. Aref’eva, and I.V. Volovich, hep-th/9907114.

A. Hashimoto, and N. Itzhaki, Phys. Lett. B465, 142 (1999), hep-th/9907166. A. Armoni, Nucl. Phys. B593, 229 (2001), hep-th/0005208.

4. M. M. Sheikh-Jabbari, Phys. Lett. B455, 129 (1999), hep-th/9901080.

D. Bigatti, and L. Susskind, Phys. Rev. D62 0066004 (2000), hep-th/9908056. N. Ishibashi, S. Iso, H. Kawai, and Y. Kitazawa, Nucl. Phys. B573, 573 (2000), hep-th/9910004. I. Chepelev, and R. Roiban, JHEP 0005:037 (2000), hep-th/9911098.

I. Ya. Aref’eva, D. M. Belov, and A. S. Koshelev, Phys. Lett. B476, 431 (2000), hep-th/9912075. M. M. Sheikh-Jabbari, Phys. Rev. Lett. 84, 5265 (2000), hep-th/0001167. A. Rajaraman, and M. Rozali, JHEP 0004:033 (2000), hep-th/0003227. J. Gomis, K. Landsteiner, and E. Lopez, Phys. Rev. D62 105006 (2000), hep-th/0004115. J. Ambjorn, Y. M. Makeenko, J. Nishimura, and R. J. Szabo, JHEP 0005:023 (2000), hep-th/0004147. L. Bonora, M. Schnabl, M. M. Sheikh-Jabbari, and A. Tomasiello, Nucl. Phys. B589, 461 (2000), hep-th/0006091. I.F. Riad, and M. M. Sheikh-Jabbari, JHEP 0008:045 (2000), hep-th/0008132. L. Alvarez-Gaume, and J. L. F. Barbon, Int. J. Mod. Phys. A16, 1123 (2001), hep-th/0006209. L. Alvarez-Gaume, and S. R. Wadia, Phys. Lett. B501, 319 (2001), hep-th/0006219. B. Jurco, S. Schraml, P. Schupp, and J. Wess, Eur. Phys. J. C17, 521 (2000), hep-th/0006246. C. P. Martin, and F. Ruiz Ruiz, Nucl. Phys. B597, 197 (2001) hep-th/0007131.

M. Chaichian, A. Demichev, P. Presnajder, and A. Tureanu, Eur. Phys. J. C20, 767 (2001), hep-th/0007156. D. Kamani, hep-th/0008020.

A. Micu, and M. M. Sheikh-Jabbari, JHEP 0101:025 (2001), hep-th/0008057. S. R. Das, and S. J. Rey, Nucl. Phys. B590, 453 (2000), hep-th/0008042. A. M. Ghezelbash, and Sh. Parvizi, Nucl. Phys. B592, 408 (2001), hep-th/0008120. A. Dhar, and S. Wadia, Phys. Lett. B495, 413 (2000), hep-th/0008144.

A. H. Chamseddine, Commun. Math. Phys. 218, 283 (2001), hep-th/0005222; Phys. Lett. B504, 33 (2001), hepth/0009153.

5. N. Seiberg, L. Susskind, and N. Toumbas, JHEP 0006:021 (2000), hep-th/0005040.

R. Gopakumar, J. Maldacena, Sh. Minwalla, and A. Strominger, JHEP 0006:036 (2000), hep-th/0005048. J. Gomis, and Th. Mehen, Nucl. Phys. B591, 265 (2000), hep- th/0005129.

I. R. Klebanov, and J. Maldacena, Int. J. Mod. Phys. A16, 922 (2001) and Adv. Theor. Math. Phys. 4, 283 (2001), hep-th/0006085.

S.-J. Rey, and R. von Unge, Phys. Lett. B499, 215 (2001), hep-th/0007089. 6. N. Nekrasov, and A. Schwarz, Commun. Math. Phys. 198, 689 (1998).

R. Gopakumar, Sh. Minwalla, and A. Strominger, JHEP 0005:020 (2000), hep-th/0003160. K. Dasgupta, S. Mukhi, and G. Rajesh, JHEP 0006:022 (2000), hep-th/0005006. J. A. Harvey, P. Kraus, F. Larsen, and E. J. Martinec, JHEP 0007:042 (2000), hep-th/0005031. D. J. Gross, and N. A. Nekrasov, JHEP 0007:034 (2000), hep-th/0005204. E. Witten, hep-th/0006071.

D. P. Jatkar, G. Mandal, and S. R. Wadia, JHEP 0009:018 (2000) hep-th/0007078. V. Pasquier, hep-th/0007176.

O. J. Ganor, A. Y. Mikhailov, and N. Saulina, Nucl. Phys. B591, 547 (2000), hep-th/0007236. A. S. Gorsky, Y. M. Makeenko, and K. G. Selivanov, Phys. Lett. B492, 344 (2000) hep-th/0007247. C.-G. Zhou, hep-th/0007255.

U. Lindstrom, M. Rocek, and R. von Unge, JHEP 0012:004 (2000), hep-th/0008108.

7. Sh. Minwalla, M. Van Raamsdonk, and N. Seiberg, JHEP 0001:028 (2000), hep-th/9912072. 8. A. Matusis, L. Susskind, and N. Toumbas, JHEP 0012:002 (2000), hep-th/0002075. 9. N. Seiberg, JHEP 0009:003 (2000), hep-th/0008013.

10. F. Ardalan, and N. Sadooghi, Int. J. Mod. Phys. A16, 3151 (2001); hep-th/0002143. 11. P. Presnajder, J. Math. Phys. 41, 2789 (2000), hep-th/9912050.

J. M. Garcia-Bondia, and C. P. Martin, Phys. Lett. B479, 321 (2000), hep-th/0002171. L. Bonara, M. Schnabl, and A. Tomasiello, Phys. Lett. B485, 311 (2000), hep-th/0002210. E. F. Moreno, and F. A. Schaposnik, JHEP 0003:032 (2000).

12. C.P. Martin, hep-th/0008126.

13. M. Hayakawa, Phys. Lett. B478, 394 (2000), hep-th/9912167. 14. D. J. Gross, A. Hashimoto, and N. Itzhaki, hep-th/0008075. 15. S. L. Adler, and W. A. Bardeen, Phys. Rev. 182, 1517 (1969). 16. M. R. Garousi, Nucl. Phys. B579, 209 (2000), hep-th/9909214.

17. H. Liu, and J. Michelson, hep-th/0008205, hep-th/0101016, hep-th/0104139, hep-th/0107172. 18. D. Zanon, Phys. Lett. B504 101 (2001), hep-th/0009196; Phys. Lett. B502 265 (2001), hep-th/0012009.

T. Mehen and M.B. Wise, JHEP 0012:008 (2000), hep-th/0010204.

A. Dhar, and Y. Kitazawa, Phys. Rev. D63 125005 (2001), hep-th/0010256; JHEP 0102:004 (2001), hep-th/0012170; hep-th/0104021; hep-th/0106217.

A. Santambrogio, and D. Zanon, JHEP 0101:024 (2001), hep-th/0010275. H. Liu, hep-th/0011125.

S. R. Das, and S. P. Trivedi, JHEP 0102:046 (2001), hep-th/0011131.

M. Pernici, A. Santambrogio, and D. Zanon, Phys. Lett. B504, 131 (2001), hep-th/0011140. Y. Kiem, D. H. Park, and S. Lee, Phys. Rev. D63, 126006 (2001), hep-th/0011233.

Y. Okawa, and H. Ooguri, Nucl. Phys. B599, 55 (2001), hep-th/0012218; hep-th/0103124; Phys. Rev. D64, 046009 (2001), hep-th/0104036.

S. Mukhi and N. V. Suryanarayana, JHEP 0105:023 (2001), hep-th/0104045; hep-th/0107087. S. R. Das, S. Mukhi, and N. V. Suryanarayana, hep-th/0106024. Y. Kiem, S.-J. Rey, H.-T. Sato, and J.-T. Yee, hep-th/0106121, hep-th/0107106.

19. K. Intriligator, and J. Kumar, hep-th/0107199.

7. Figures

ℓ J_μ (x)

J_ν (z)

J_λ (y)

Diagram A + Diagram B

+ ℓ J_μ (x)

J_ν (z)

J_λ (y)

Figure 1: Triangle Diagrams for the gauge anomaly in the current J_μ (x) indicated by the dashed line. Each diagram is decorated by a set of planar and nonplanar phases. For U(N) chiral gauge theory the currents are to be replaced by J^c_μ (x) , J^f_λ (y) , and J^m_ν (z). For non-chiral U(1) gauge theory only J_μ (x) is to be replaced by the anomalous J_{μ,5} (x).

+

Figure 2: Higher loop diagrams contributing to anomaly.