arXiv:hep-th/0010033 5 Oct 2000

Duality and quasiparticles in the Calogero-Sutherland model: Some exact results

Ivan Andrić and Larisa Jonke^∗ Theoretical Physics Division, Rudjer Bošković Institute, P.O. Box 180, HR-10002 Zagreb, CROATIA

Abstract

The quantum-mechanical many-body system with the potential proportional to the pairwise inverse-square distance possesses a strong-weak coupling duality. Based on this duality, particle and/or quasiparticle states are described as SU(1,1) coherent states. The constructed quasiparticle states are of hierarchical nature.

PACS numbers: 03.65.Nk 05.30.Pr 05.45.Yv

I. INTRODUCTION

The one-dimensional pairwise inverse-square distance interaction of N particles, and their generalizations under the name of Calogero-Sutherland-Moser models (CSMM) [1–3] have so far appeared in a variety of different physical contexts. They are related to the random matrix model [4] and the two-dimensional Yang-Mills theory [5]. They also represent an example of generalized exclusion statistics [6], and quantum spin chains with long-range

∗e-mail address: andric@thphys.irb.hr larisa@thphys.irb.hr interactions [7]. CSMM’s describe edge states in the quantum Hall system [8] and the Chern-Simons theory [9].

We still lack a local canonical field-theoretical formulation of CSMM’s [10], but a collective-field theory [11] can be established [12,13] in the large-N limit, and it connects CSMM’s with 2d gravity [14]. A deeper understanding of the models can be gained by exploring various solutions. CSMM’s are exactly solvable and integrable, both classically and quantum-mechanically. From the quantum Lax formulation [15] we can find infinitely many commuting conserved operators, and the underlying algebraic structure should reveal the large degeneracy structure of CSMM’s. Its eigenfunctions are known to be symmetric polynomials [16,17] but, to these days, the only explicit form have been the original wave functions found by Calogero [1]. In the collective-field formalism it has been found that there exist static solitons in the Bogomol’nyi limit and moving solitons as solutions of the equations of motion [18,19,13].

We would like to show that a specific CSMM on the line (called the Calogero- Moser model) with the Hamiltonian (h̄ = m = 1) given by H_{CM} = 1 2 N∑ i=1 p^2_i + λ(λ − 1) 2 N∑ i≠j 1 (x_i − x_j)^2 (1) admits a family of new solutions describing the quasiparticles. We shall construct the dynamics of quasiparticle states using the subgroup SU(1,1) [20] of the W_∞ algebra [15]. It has been conjectured [21] that Calogero scattering eigenfunctions are generalized coherent states related to the representations of SU(1,1). A proper treatment of the center-of-mass degrees of freedom is important in order to preserve the translational invariance of the model. Using the weak-strong coupling duality [22] between particles and quasiparticles, we can extend the coherent-state representation to the case with both particles and quasiparticles.

II. SU(1,1) ALGEBRA

Let us first construct the representation of a spectrum generating algebra for the Hamiltonian (1) as a generator. In fact, there is a larger symmetry group [15], but here we deal only with quasiparticles related to the subgroup SU(1, 1). It is convenient to extract

the Jastrow factor from the wave function and perform a similarity transformation of the

Hamiltonian into N∏ i<j (x_i − x_j)^{−λ}(−H_{CM} ) N∏ i<j (x_i − x_j)^λ = 1 2 N∑ i=1 ∂^2_i + λ 2 N∑ i≠j 1 x_i − x_j (∂_i − ∂_j). (2)

Owing to the translational invariance of the model we should introduce completely transla-

tionally invariant variables

ξ_i = x_i − X, ∂_{ξi}ξ_j = δ_{ij} − 1 N . (3)

Here we have introduced the center-of-mass coordinate X =^1_N ∑N i=1 x_i and its canonical

conjugate ∂_X = ∑N i=1 ∂_i = iP_{tot}. As an SU(1, 1) generator we take Hamiltonian with

eliminated center-of-mass degrees of freedom:

T_+(x, λ) = 1 2 N∑ i=1 ( ∂_i − 1 N ∂_X )_2 + λ 2 N∑ i≠j 1 x_i − x_j (∂_i − ∂_j) = 1 2 N∑ i=1 ∂^2_{ξi} + λ 2 N∑ i≠j 1 ξ_i − ξ_j (∂_{ξi} − ∂_{ξj} ). (4) Owing to the scale and special invariance we introduce two additional generators:

T_0(x, λ) = − 1 2 ( N∑ i=1 x_i∂_i − X∂_X + E_0 − 1 2 ) = − 1 2 ( N∑ i=1 ξ_i∂_{ξi} + E_0 − 1 2 ), T_−(x, λ) = 1 2 N∑ i=1 x^2_i − N 2 X^2 = 1 4N N∑ i≠j (x_i − x_j)^2 = 1 2 N∑ i=1 ξ^2_i , (5)

and, after performing some calculation, we can verify

[T_+, T_−] = −2T_0, [T_0, T_±] = ±T_±. (6)

This is the usual SU(1,1) conformal algebra [15,21], with the Casimir operator Ĉ = T_+T_− −

T_0(T_0 −1). In the definition (5) of the operator T_0 the constant E_0 is E_0 =^λ_2 N(N −1)+^N_2 for

consistency reasons, and −1/2 appears after removing the center-of-mass degrees of freedom.

After having established the representation of SU(1, 1) algebra, we show that the

Calogero solutions are completely determined assuming the zero-energy solutions are known:

T_+(x, λ)P_m(x_1, x_2, ..., x_N) = 0, T_0(x, λ)P_m(x_1, x_2, ..., x_N) = μ_mP_m(x_1, x_2, ..., x_N), μ_m = − 1 2 (m + E_0 − 1 2 ). (7) Calogero has proved that the functions P_m(x_1, x_2, ..., x_N) are scale- and translationally invariant homogeneous multivariable polynomials of degree m, written in the center-of-mass frame. There are no general explicit representations of these polynomials, except in the case including quasiparticles, which we derive below. Let us assume that a nonzero eigenstate of the operator T_+(x, λ) is of the general form Ψ(T_−, T_0, T_+)P_m(x_1, x_2, ..., x_N) = ∑ p,q,n c_{pqn}T^p_−T^q_0 T^n_+P_m(x_1, x_2, ..., x_N) = Ψ(T_−, T_0)P_m(x_1, x_2, ..., x_N) = Ψ_m(T_−)P_m(x_1, x_2, ..., x_N). (8) Using (6) we can derive the formula [T_+, f(T_−)] = T_−f^{′′}(T_−) − 2f^′(T_−)T_0. (9) Using (6) and the eigenvalue equation − T_+Ψ_m(T_−)P_m(x_1, x_2, ..., x_N) = EΨ_m(T_−)P_m(x_1, x_2, ..., x_N) (10) we obtain the Calogero solution (in his notation p = √ 2E, r^2 = 2T_−):

Ψ_m(T_−)P_m ∼ T^{(1−m−E0+1/2)/2} − Z_{m+E0−3/2}(2 √ ET_−)P_m(x_1, x_2, ..., x_N) ∼ r^{−(m+E0−3/2)}Z_{m+E0−3/2}(pr)P_m(x_1, x_2, ..., x_N). (11) We can also show that already at the first level the Calogero Hamiltonian (1) for symmetric wave function possesses a quasiparticle solution. For P_κ(ξ_i) = ∏N i ξ^κ_i , with κ = 1 − λ − 1/N, the equation T_+ N∏ i=1 ξ^κ_i Ψ_(T_−) = −E N∏ i=1 ξ^κ_i Ψ_(T_−) (12) has a Bessel function quasihole solution sitting at the origin of the Calogero system. Up to the 1/N correction for λ, this is the type of solution already found in the collective-field approach [18].

III. DUALITY

The Calogero-Sutherland model is a rare quantum-mechanical system where a strongweak coupling duality exists [22,16] relating various physical quantities for the constants of interaction λ and 1/λ. Depending on the parameters, the duality exchanges particles with quasiparticles. We show how to find a solution of the model with quasiparticles using duality relations. From the collective-field-theory approach to the problem we know that a wave function describing the holes (or lumps) has a prefactor of the form

V^κ(x − z) = N,M∏ i,α=1 (x_i − Z_α)^κ, α = 1, ...M, (13) where Z_α denotes M zeros of the wave function, describing positions of M quasiparticles. The duality is displayed by the following relations:

P_{tot}(x)V^κ(x − z) = −P_{tot}(z)V^κ(x − z), T_0(x, λ)V^κ(x − z) = { −T_0(z, κ^2 λ ) − 1 2 [κNM + ϵ_0(N, λ) + ϵ_0(M, κ^2 λ )] } V^κ(x − z), T_+(x, λ)V^κ(x − z) = − λ κ T_+(z, κ^2 λ ) + 1 + λ/κ 2 N,M∑ i,α κ(κ − 1) (x_i − Z_α)^2 V^κ(x − z), (14)

where the operator T_{0,±}(z,^{κ2}_λ ) denotes an operator with the same functional dependence on Z_α as that of the operator T_{0,±}(x, λ) on x_i, with the coupling constant λ changed into κ^2/λ. In addition to these duality relations we take that the center-of mass coordinates are identical, namely, X = Z, (Z =^1_M ∑M α=1 Z_α) at the end of calculations. The duality also places an interesting restriction on the number of quasiparticles M. Namely, the number of quasiparticles is dermined by the coupling constant λ and is proportional to the number of particles N: M = − λN κ . (15)

Here we have manifest duality: if we interchange particles and quasiparticles (N ↔ M), then λ goes to κ^2/λ. For κ = 1, the relation (15) was conjectured in Ref. [22]. Let us introduce new collective generators for the system of particles and quasiparticles:

T_+ = T_+(x, λ) + λ κ T_+(z, κ^2 λ ) − (λ + κ)(κ − 1) 2 N,M∑ i,α 1 (x_i − Z_α)^2 , T_0 = T_0(x, λ) + T_0(z, κ^2 λ ), T_− = T_−(x, λ) + κ λ T_−(z, κ^2 λ ). (16)

It can be easily checked that the above generators satify the SU(1, 1) conformal algebra. In terms of the generators (16), the duality relation (14) turns out to be a sufficient condition for solving the Calogero model with quasiparticles:

T_+V^κ(x − z) = 0, T_0V^κ(x − z) = −

(N + M)(κ + 1) − 2 4 V^κ(x − z). (17)

We interpret the operator T_+ as a Hamiltonian for a more general problem. After performing a similarity transformation of T_+, we obtain the master Hamiltonian for particles and quasiparticles, H(x, z) = − 1 2 N∑ i=1 ∂^2_i + λ(λ − 1) 2 N∑ i≠j 1 (x_i − x_j)^2 + λ 2κ M∑ α=1 ∂^2_α + κ^2 2λ ( κ^2 λ − 1 ) M ∑ α≠β 1 (Z_α − Z_β)^2 − 1 2 ( 1 + λ κ ) N,M ∑ i,α κ(κ − 1) (x_i − Z_α)^2

. (18)

We see that the quasiparticle mass is κ/λ, and the factor in front of the interaction term is κ(κ − 1)/2 times the inverse reduced mass of the particles and quasiparticles (remember that we set the particle mass to one). This is the second hierarchical level Hamiltonian with the solution for the given energy E = k^2/2 Ψ(x, z; k) = N∏ i<j (x_i − x_j)^λ M∏ α<β (Z_α − Z_β)^{κ2/λ}(kR)^{−b}Z_b(kR) N,M∏ i,α (x_i − Z_α)^κ, (19)

where the index of the Bessel function is b = κMN +E_0(N, λ)+E_0(M, κ^2/λ)−2. The solution has been found following the procedure outlined in Eqs.(8-11). To get more insight into the hierarchical Hamiltonian we can eliminate quasiparticle degrees of freedom by performing the appropriate derivatives in T_+ and putting Z_α = 0. The remaining equation is the Calogero first hierarchical level for quasiparticles situated at the origin (12).

IV. COHERENT STATES

Let us show that the Calogero solution (11) let in the operator form is a generalized Barut-Girardello coherent state of the SU(1, 1) group [20]. In this case the coherent state is defined as an eigenvector of the ”annihilation” operator T_+(x, λ). The Calogero solution (11) can be recast in the form of a coherent state by specifying the coefficients c_{pq0}:

Ψ(T_−, T_0) = ∞∑ p=0 E^p p! T^p_− p∏ i=1 F (T_0 − i + 1) = exp(ET_−F (T_0)). (20)

The operator A^+ ≡ T_−F (T_0) plays the role of a ”creation” operator and the function F (T_0) can be determined such that A^+ is the canonical conjugate of T_+(x, λ), i. e., [T_+, A^+] = 1. Using the SU(1, 1) algebra and demanding that the canonical commutation relation is valid for the zero energy solutions, we obtain

A^+ = T_−

−T_0 + 1 −^{m+E0−1/2}_2 Ĉ + T_0(T_0 − 1) . (21) Now, the translationally invariant Calogero eigenfunctions can be written as

Φ(x_1, x_2, ..., x_N) = exp( k^2 2 A^+)P_m(x_1, x_2, ..., x_N) ∼ (kr)^{−b}Z_b(kR)P_m(x_1, x_2, ..., x_N), (22) where Z_b is a Bessel function, b = m + E_0 −^3_2 , and r^2 = 2T_−.

Finnaly, following the steps outlined above, we construct the canonically conjugate operator A^+

A^+ = T_−

−T_0 + 2 −^{(N +M )}_2 (κ + 1) Ĉ + T_0(T_0 − 1) , (23) and then a coherent state of particles and quasiparticles follows as Ψ(x, z; k) = N∏ i<j (x_i − x_j)^λ M∏ α<β (Z_α − Z_β)^{κ2/λ} exp( k^2 2 A^+(x, z))V^κ(x − z). (24)

Applying the operator A^+ to V^κ we obtain the solution (19).

V. CONCLUSION

In summary, we have constructed the master Hamiltonian for particles and their dual quasiparticles. The solutions of this Hamiltonian in the operator form has been found to be generalized SU(1, 1) coherent states. Formally, this is also a solution to the Calogero two-family problem [1] with different masses and coupling constants. Owing to duality, the construction of the master Hamiltonian and its solutions are of hierarchical nature [23]. In fact, each new family represents a new hierarchical level and is obtained by introducing a new prefactor (in the wave function) and extending the SU(1, 1) generators by corresponding terms for quasiparticles. For example, the third family introduced by V^γ(z − y), where y represents positions of new quasiparticles, will have the mass κ/γ and the statistical factor^{γ2}_{κ2λ}. There are possible more complicated constructions owing to the fact that higher dynamical groups then SU(1, 1) exists for the Calogero model. We may observe that in many respects (duality, hierarchy, statistics) the CSMM very much resembles 2-dimensional quasiparticles appearing in the fractional quantum Hall effect. An interestiagn open question is how to formulate this hierarchy in field theory context.

ACKNOWLEDGMENT

This work was supported by the Ministry of Science and Technology of the Republic of Croatia under contract No. 00980103.

REFERENCES

[1] F. Calogero, J. Math. Phys. 10, 2191, 2197 (1969); J. Math. Phys. 12, 419 (1971). [2] B. Sutherland, Phys. Rev. A4, 2019 (1971); Phys. Rev. A5, 1372 (1972); Phys. Rev.

Lett. 34, 1083 (1975).

[3] J. Moser, Adv. Math. 16, 197 (1975).

[4] M. L. Mehta, Random Matrices, Revised Edition, Academic Press, New York, 1991; E.

Brézin, C. Itzykson, G. Parisi, and J. B. Zuber, Comm. Math. Phys. 59,35 (1978); B. D. Simons, P. A. Lee, and B. L. Altshuler, Phys. Rev. Lett. 48, 64 (1994).

[5] J. A. Minahan and A. P. Polychronakos, Phys. Lett B326, 288 (1994). [6] F. D. M. Haldane, Phys. Rev. Lett. 67, 937 (1991). [7] F. D. M. Haldane, Phys. Rev. Lett. 60, 635 (1988).

[8] N. Kawakami, Phys. Rev. Lett. 71, 275 (1993); H. Azuma and S. Iso, Phys. Lett B331, 107 (1994).

[9] I. Andrić, V. Bardek, and L. Jonke, Phys. Rev. D59, 107702 (1999). [10] G. Amelino-Camelia, Mod. Phys. Lett. A 11, 1861 (1996). [11] A. Jevicki and B. Sakita, Nucl. Phys. B165, 511 (1980). [12] I. Andrić, A. Jevicki, and H. Levine, Nucl. Phys. B215, 307 (1983). [13] D. Sen and R. K. Bhaduri, Ann. Phys. (N.Y.) 260, 203 (1997). [14] S. R. Das and A. Jevicki, Mod. Phys. Lett. A 5, 1639 (1990).

[15] G. Barucchi and T. Regge, Journ. Math. Phys. 18, 1149 (1977); M. A. Olshanetsky and A. M. Perelomov, Phys. Rep. 94, 313 (1983).

[16] R. P. Stanley, Adv. Math. 77, 76 (1989).

[17] N. Gurappa and P. K. Panigrahi, hep-th/9910123. [18] I. Andrić, V. Bardek, and L. Jonke, Phys. Lett B357, 374 (1995). [19] A. Jevicki, Nucl. Phys. B376, 75 (1992); A. P. Polychronacos, Phys. Rev. Lett. 74, 5153 (1995).

[20] A. M. Perelomov, Generalized Coherent States and Their Applications, Springer, Berlin, 1986.

[21] N. Gurappa, P. S. Mohanty, and P. K. Panigrahi, Phys. Rev. A 61, 034703 (2000). [22] M. Gaudin, Saclay preprint SPhT/92-158; J. A. Minahan and A. P. Polychronacos, Phys. Rev. B 50, 4236 (1994).

[23] F. D. M. Haldane, prl 51, 605 (1983); B. I. Halperin, prl 52, 1583 (1984), Erratum-ibid.

2390 (1984); B. Blok and X. G. Wen, Phys. Rev. B 42, 8133 (1990), ibid. 8337 (1990).