arXiv:hep-th/0010061 9 Oct 2000

INTEGRABLE HIERARCHIES IN DONALDSON-WITTEN

AND SEIBERG-WITTEN THEORIES^∗

JOSÉ D. EDELSTEIN^† Lyman Laboratory of Physics Harvard University Cambridge, MA 02138, USA

MARTA GÓMEZ–REINO^‡ Departamento de Física de Partículas Universidade de Santiago de Compostela E-15706 Santiago de Compostela, Spain

Abstract. We review various aspects of integrable hierarchies appearing in N = 2 supersymmetric gauge theories. In particular, we show that the blowup function in Donaldson–Witten theory, up to a redefinition of the fast times, is a τ–function for a g-gap solution of the KdV hierarchy. In the case of four-manifolds of simple type, instead, the blowup function becomes a τ–function corresponding to a multisoliton solution. We obtain a new expression for the contact terms that links these results to the Whitham hierarchy formulation of Seiberg–Witten theories.

1. Introduction

The Seiberg–Witten ansatz for the low-energy effective action of N = 2 super Yang–Mills theories [1, 2] stands out as the only exact solution that is known at present in four-dimensional Quantum Field Theory. The quantum moduli space of vacua of the theory M is identified with the moduli space of an auxiliary hyperelliptic complex curve Σ, in such a way that there is a selected meromorphic differential dS –that induces a special geometry on Σ–, whose periods give the spectrum of BPS states. Interestingly enough, this solution has been shown to display remarkable nonperturbative phenomena such as quark confinement by monopole condensation, when a mass

∗ Invited Talk at the NATO Advanced Research Workshop Integrable Hierarchies and Modern Physical Theories, University of Illinois, Chicago, 22th-26th July 2000. Preprint numbers: HUTP-00/A040, US-FT/15-00

† edels@lorentz.harvard.edu
‡ marta@fpaxp1.usc.es

                                      arw-uic.tex; 9/10/2000; 15:34; p.1

term that breaks supersymmetry down to N = 1 is included. In the sake of definiteness and clarity, we will restrict our discussion to the case of N = 2 supersymmetric theories with gauge group SU(N) and without matter content [3, 4], though many of the results reviewed here can be appropriately generalized in different directions.

It was presently realized that the Seiberg–Witten solution could be reformulated, in an elegant and useful way, in terms of classical finitegap integrable systems, dS being a solution of their averaged (Whitham) dynamics [5]. The spectral curve of the integrable system Γ is identified with the auxiliary hyperelliptic curve Σ, and the effective prepotential of the supersymmetric gauge theory F(a^i, Λ) turns out to be given by the logarithm of the quasiclassical τ–function. In the case of pure gauge theory, for example, the corresponding integrable system is the periodic Toda chain [6, 7]. The quassiclasical Whitham hierarchy associated to adiabatic deformations of the integrable system naturally endowes moduli which, instead of being local invariants, evolve with respect to the slow times T_n [8]. The upshot of this formalism is a prepotential also depending on these new variables, F(a^i, T_n) [9, 10]. This prepotential is a deformation of the former in the sense that, roughly speaking, if we put T_1 = Λ and T_{n>1} = 0, the Seiberg–Witten prepotential is recovered.

The Whitham dynamics can be thought of as a sort of generalization of the Renormalization Group flow [11]. Aside from its intrinsic formal interest, it governs a relevant family of deformations of the Seiberg–Witten solution. In fact, it turns out that the slow times are dual to homogeneous combinations of higher Casimir operators, this revealing that they are the appropriate variables to be promoted to spurion superfields if one is interested in softly broken N = 2 supersymmetry by means of higher than quadratic N = 0 perturbations [12]. The lowest slow time can be identified with the quantum dynamical scale Λ of the supersymmetric gauge theory, and its uses as a spurion has been extensively studied in [13, 14]. Moreover, this formalism is also very fruitful when restricted to the original Seiberg– Witten variables; new equations arise that provide a powerful technique allowing to compute interesting quantities in the infrared such as instanton corrections up to arbitrary order [12, 15], and the strength of the coupling among different magnetic photons at the monopole singularities [16]. The Whitham hierarchy, and the details of its connection to four-dimensional N = 2 supersymmetric gauge theories, have been already the focus of many comprehensive reviews [17, 18, 19, 20] and books [21, 22].

There is another context, definitely less explored, where four-dimensio-nal N = 2 supersymmetric theories get involved with integrability. It is the case of topological field theories built out of twisted versions of N = 2 supersymmetric gauge theories [23]. Soon after the appearance of Ref.[1, 2],

arw-uic.tex; 9/10/2000; 15:34; p.2

Figure 1. Schematic picture of the different connections between four-dimensional

N = 2 supersymmetric gauge theories and integrable hierarchies.

it was realized that the Seiberg–Witten solution may be used to compute Donaldson invariants of a four-manifold X by counting solutions of Abelian monopole equations [24]. Furthermore, for manifolds with b^+_2 (X) = 1, a nontrivial contribution comes from each point of the Coulomb branch so that the path integral used as a generating function for Donaldson invariants acquires the form of a sort of integral over M (the so-called u-plane integral [25, 26]). The Whitham hierarchy formalism has been shown to provide an adequate conceptual framework to study several aspects of the behavior of the u-plane integral under blowup of a point p ∈ X. The contact terms corresponding to pairs of observables, for example, can be written as derivatives of the prepotential with respect to T_n variables [27, 28, 29]. On the other hand, these terms can be derived from the blowup function [30, 31], which is nothing but a factor appearing in the so-called blowup formula [32, 33] that relates the path integral in X with the one performed in the blownup manifold X̂. Furthermore, the blowup formula itself involves in a rather direct way the underlying integrable structure of the low-energy effective theory.

In previous remarks we have discussed a connection between integrability and four-dimensional supersymmetric gauge theories that heavily relies in the identification of the relevant geometrical data, and the uses of Whitham theory to study adiabatic deformations thereof. A rough pattern of these interrelations is given in Fig.1. In all known cases –that is, for

arw-uic.tex; 9/10/2000; 15:34; p.3

any gauge group and matter content–, the relevant integrable system has a finite number of degrees of freedom. There is, however, a different way in which integrability enters into the game of twisted N = 2 supersymmetric gauge theories. It emerges from a detailed analysis of the blowup formula under the light of the theory of hyperelliptic Kleinian functions. The main consequence of such investigation is that the blowup function in Donaldson–Witten theory, up to a redefinition of the fast times, is a τ–function for a g-gap solution of the KdV hierarchy [34]. For manifolds of the so-called simple type, the blowup function becomes the τ–function of a multisoliton solution of the hierarchy. As a corollary, the correlation functions involving the exceptional divisor on the blownup manifold are governed by the KdV hierarchy, this giving an intriguing connection with two-dimensional topological gravity [35]. The uses of the theory of hyperelliptic Kleinian functions also provides powerful techniques that further enhance our knowledge of contact terms and blowup functions. It is our purpose in this talk to present a short survey comprising these latest results.

2. Brief overview of Donaldson-Witten theory

Let X be a smooth, compact, oriented (for simplicity, we also assume that it is simply connected) four-manifold with Riemannian metric g, and let E → X be an SU(2) bundle. The degree s Donaldson polynomial, defined on the homology of X with rational coefficients, is given by [36] D_E(p, S) = ∑ 2n+4t=s d_{n,t} S^n p^t , (2.1)

where p ∈ H_0(X, Q^| ), S ∈ H_2(X, Q^| ), and s is the dimension of the moduli space of instantons on E. The numbers d_{n,t} are precisely given in terms of intersection theory on this moduli space [37].

It is useful to organize these polynomials within a generating function, by summing over all topological types of the bundle E with fixed second Stiefel–Whitney class, w_2(E),

Φ_X (p, S) = ∑ n,t≥0 d_{n,t} S^n n! p^t t! . (2.2)

The remarkable result obtained a decade ago by Witten [23] is that Φ_X(p, S) is the generating function for the correlators of observables in a twisted version of N = 2 super Yang–Mills theory,

Φ_X (p, S) = Z_X (p, S) = ⟨ exp[ p 2 Trϕ^2 + 1 2 ∫ S Tr(ϕF ) + · · ·] ⟩ X . (2.3)

arw-uic.tex; 9/10/2000; 15:34; p.4

Here, ϕ is the scalar field that belongs to the N = 2 vector multiplet and F is the Yang–Mills field strength. If b^+_2 (X) > 1, Φ_X is independent of g, thus defining topological invariants of the four-manifold X.

For gauge group SU(N), there is a family of N − 1 fundamental observables (that is, local BRST-invariant operators), O_k,

O_k = 1 k Trϕ^k + · · · , (2.4)

–whose vacuum expectation values, u_k = ⟨O_k⟩, are gauge invariant coordinates in M classifying the various vacua of the theory–, as well as b_2(X)(N − 1) topological descendants thereof, I_k(S_i),

I_k(S_i) = 1 k ∫ S_i Tr(ϕ^{k−1}F ) + · · · , (2.5)

where the dots stand for lower powers of ϕ in (2.4), and superpartner contributions in (2.5). So, the basic problem in Donaldson–Witten theory is to compute the generating function

Z_X (p_k, S_i) = ⟨ exp[ N∑ k=2 (p_kO_k +

b_2(X)∑ i=1 f_{k,i}I_k(S_i))] ⟩ X . (2.6)

Being metric independent, one can consider a uniparametric family of metrics g_t = t^2g_0, with fixed g_0, and focus on the limiting cases t → 0 and t → ∞. In the former case, the topological quantum field theory is in the ultraviolet, and thus weakly coupled, so perturbation theory is reliable. Conversely, when t → ∞ the correlation functions result from the infrared behavior of the theory, picking up contributions from every point in the moduli space of vacua. This amounts to an integral over the u-plane [25, 26, 27].

For simple type four-manifolds, the only non-vanishing contributions to this integral come from the maximal singularities of M. The infrared dynamics at those points is that of a weakly coupled theory of Abelian gauge fields and monopoles [1, 2, 38]. Hence, roughly speaking, Donaldson invariants can be computed in such cases just by counting monopole solutions [24].

The u-plane integral is performed by means of the Seiberg-Witten solution [25, 26, 27]. For each descent observable of the microscopic theory, I_k(S_i), there is a corresponding low energy operator Ĩ_k(S_i). However, it is not generically true that the product of two or more of these operators map to the analog product in the infrared description. Contact terms appear whenever any pair of the supporting two-cycles intersect [39, 25],

I_k(S_i)I_l(S_j) −→ Ĩ_k(S_i)Ĩ_l(S_j) + T_{k,l}(S_i ∩ S_j) . (2.7)

arw-uic.tex; 9/10/2000; 15:34; p.5

These terms are not deducible from the Seiberg-Witten solution. Their explicit form can be derived from the so-called blowup function [30, 31] by requiring both their duality invariance and semiclassical vanishment [25], T_{k,l} = − 1 2πi ∂_{τij} log Θ[⃗Δ,⃗0](0|τ) ∂u_k ∂a^i ∂u_l ∂a^j , (2.8)

where ⃗Δ = (1/2, . . ., 1/2). We will analyze in what follows the case of four-manifolds with b^+_2 (X) = 1.

Consider now the four-manifold X̂, obtained from X by blowing up a point p, X̂ = Bl_p(X). This means that there is a map π : X̂ → X that is the identity everywhere except at B = π^{−1}(p), where B ∈ H_2(X̂) such that B^2 = −1. B is called the class of the exceptional divisor. The homology of the blownup manifold is the direct sum H_2(X̂) = H_2(X) ⊕ ZZ · B. Thus, the twisted theory in X̂ has additional descent observables I_k(B) that must be included in the generating function. It is also possible to have a non- Abelian magnetic flux ⃗β through B of the form β^i = (C^{−1})^i_j n^j , where the n^j are arbitrary integers, and (C^{−1})^i_j is the inverse of the Cartan matrix [27]. The generating function of the twisted theory in the blownup manifold then reads Z_{X̂,⃗β}(p_k, S_i, B) = ⟨ exp[ N∑ k=2 (p_kO_k + t_kI_k(B) +

b_2(X)∑ i=1 f_{k,i}I_k(S_i))] ⟩ ^X,⃗β . (2.9)

The Donaldson invariants of X̂ are related to those of X, at least in the case in which the exceptional divisor has a small area. This is described by the so-called blowup formula [32, 33]. It is reflected in the u-plane integral, through the following relation between both generating functions: Z_{X̂,⃗β}(p_k, S_i) = ⟨ exp[ N∑ k=2 (p_kO_k +

b_2(X)∑ i=1 f_{k,i}I_k(S_i))] τ_{⃗β}(t_k|O_k) ⟩ X , (2.10)

where τ_{⃗β}(t_k|O_k) is the above mentioned blowup function. From the point of view of the original manifold, it should be a punctual defect. Thus, it is natural to expect it to be an infinite series of local operators [27], τ_{⃗β}(t_k|O_k) = ∑ ⃗n∈Z^{N−1}_+ t^{⃗n}B_{⃗n,⃗β}(O_2, . . ., O_N ) , (2.11)

where ⃗n = (n_2, · · ·, n_N ), t^{⃗n} ≡ t^{n2}_2 · · ·t^{nN}_N , and the n-th order term comes from those ⃗n with |⃗n| ≡ ∑ i n_i = n. By means of the u-plane integral, the blowup function can be written as [25, 26, 27]

τ_{⃗β}(t_i|u_k) = e^− ∑ k,l t_kt_lT_{k,l} Θ[⃗Δ, ⃗β](⃗ξ|τ) Θ[⃗Δ,⃗0](0|τ) , (2.12)

arw-uic.tex; 9/10/2000; 15:34; p.6

where

ξ_i = N∑ k=2 t_k 2π ∂u_k ∂a^i . (2.13)

We shall consider in this talk the case in which there is no non-Abelian magnetic flux through the exceptional divisor, ⃗β = ⃗0. In such a case, the quadratic contribution to the blowup function vanishes [29],

B_{⃗n,⃗0}(O_2, . . ., O_N ) = 0 , for |⃗n| = 2 . (2.14)

In SU(2), for example, the blowup function is nothing but an elliptic σ–function [32]. For higher rank theories, the answer should be some hyperelliptic generalization of the σ–function, as far as the blowup function is defined as a quotient of Θ–functions with a prefactor that renders it to be duality invariant; precisely the same features that characterize a σ–function.

3. Geometrical detour: Kleinian functions

The theory of hyperelliptic Kleinian functions was developed one century ago by Baker [40, 41, 42] and Bolza [43, 44, 45, 46], among others. A comprehensive modern survey is presented in Ref.[47]. We shall introduce in this section some of the algebro–geometric ingredients that will be relevant in the remainder of the talk. Let Σ be a hyperelliptic curve of genus g, which we write in the even form,

y^2 = f(x) = 2g+2∑ i=0 λ_ix^i = Q(x)R(x) . (3.15)

The last expression above provides a factorization of f(x) in two polynomials of degree g + 1. We will eventually be interested in the Seiberg–Witten setup, where

Q_{SW} (x) = P_N (x) − 2Λ^N , R_{SW} (x) = P_N (x) + 2Λ^N , (3.16a)

P_N (x) = x^N − N∑ k=2 u_kx^{N −k} . (3.16b)

Consider a symplectic basis of homology cycles, A^i, B_i ∈ H_1(Σ, ZZ), and a canonical basis of Abelian differentials of the first kind, dv_k = x^{g−k}dx/y, whose periods are

A^i_k = 1 2πi ∮ A^i dv_k , B_{ik} = 1 2πi ∮ B_i dv_k . (3.17)

It is well known that even and non-singular half-integer characteristics, [⃗α, ⃗β], are in one to one correspondence with the different factorizations of

arw-uic.tex; 9/10/2000; 15:34; p.7

f(x) as a product of Q(x) and R(x). In particular, for the Seiberg–Witten setup, it is precisely [⃗Δ,⃗0], the characteristic appearing in the blowup function when there is no non-Abelian magnetic flux through B. Now, in order to construct hyperelliptic σ–functions, it is also necessary to introduce a canonical basis of Abelian differentials of the second kind. This can be done by means of a Weierstrass polynomial, a function of two variables F (x_1, x_2) which is at most of degree g+1 both in x_1 and x_2, and satisfies the following conditions:

F (x_1, x_2) = F (x_2, x_1) , F (x_1, x_1) = 2f(x_1) , (3.18a) ( ∂F (x_1, x_2) ∂x_1 ) x_1=x_2

= f^′(x_2) . (3.18b)

Indeed, the following identity [47] d⃗v(x_1) · d⃗r(x_2) = − ∂ ∂x_2 ( y_2 x_1 − x_2 ) dx_1 2y_1 dx_2 +

F (x_1, x_2) 4(x_1 − x_2)^2 dx_1 y_1 dx_2 y_2

, (3.19)

implicitely defines such a basis, dr^k(x_2). An example of a Weierstrass polynomial that uses the factorization of the curve given above is

F (x_1, x_2) = Q(x_1)R(x_2) + Q(x_2)R(x_1) . (3.20)

The corresponding basis of Abelian differentials of the second kind, in the Seiberg–Witten setup, reads dr^j = 1 2 P^′_j (x)P_N (x) dx y , j = 1, · · ·, N − 1 . (3.21) Two different Weierstrass polynomials are always seen to be related by

F (x_1, x_2) − F̂ (x_1, x_2) = 4(x_1 − x_2)^2 g∑ i,j=1 d_{ij} x^{g−i}_1 x^{g−j}_2 , (3.22)

where d_{ij} is symmetric in i, j. Correspondingly, the relation between the two basis is dr^j = ^dr^j + g∑ k=1 d_{jk}dv_k . (3.23)

Given a basis of Abelian differentials of the second kind, one can define the analog of elliptic η–periods through η^{ki} = − 1 2πi ∮ A^i dr^k , η^{′k}_i = − 1 2πi ∮ B_i dr^k . (3.24)

arw-uic.tex; 9/10/2000; 15:34; p.8

Thus, the hyperelliptic σ-function with even and non-singular characteristic can be defined as [43, 44, 45, 46] σ^F [⃗α, ⃗β](⃗v) = exp{v_iκ^{il}v_l} Θ[⃗α, ⃗β]((2πi)^{−1}v_l(A^{−1})^l_i|τ) Θ[⃗α, ⃗β](0|τ) , (3.25)

where the (F –dependent) matrix κ is given by κ^{il} = 1 2 η^{ij}(A^{−1})^l_j . (3.26)

For fixed characteristic, σ–functions corresponding to different Weierstrass polynomials are related by σ^{F̂} [⃗α, ⃗β](⃗v) = exp 1 2 ∑ i,j d_{ij}v_iv_j σF [⃗α, ⃗β](⃗v) . (3.27)

Notice that all the ingredients defined so far enter in Eq.(3.25). As mentioned above, the σ–function is duality invariant; that is, invariant under the action of the modular group Sp(2g, ZZ). The exponential factor in (3.25) is choosen in such a way that it cancels the duality transformation properties of the quotient of Θ–functions.

The hyperelliptic Kleinian functions are nothing but derivatives of the σ–function: ζ^F_j [⃗α, ⃗β](⃗v) = ∂ ln σ^F [⃗α, ⃗β](⃗v) ∂v_j , (3.28a)

℘^F_{ij}[⃗α, ⃗β](⃗v) = − ∂^2 ln σ^F [⃗α, ⃗β](⃗v) ∂v_i∂v_j , (3.28b)

further indices denoting higher derivatives with respect to v_k. These functions satisfy differential equations that generalize Weierstrass’ cubic relation [47]. Furthermore, Kleinian functions that differ in their generating Weierstrass polynomial are related by ℘^{F̂}_{ij}(⃗v) = ℘^F_{ij}(⃗v) − d_{ij} , (3.29) regardless of the characteristic. It was already shown by Bolza [46] that ∑ i,j ℘^F_{ij} [⃗α, ⃗β](0)x^{g−i}_1 x^{g−j}_2 = F (x_1, x_2) − Q(x_1)R(x_2) − Q(x_2)R(x_1) 4(x_1 − x_2)^2 ,

where F is an arbitrary Weierstrass polynomial, and [⃗α, ⃗β] is the characteristic associated to the factorization y^2 = Q(x)R(x). Thus, it is evident that

arw-uic.tex; 9/10/2000; 15:34; p.9

℘^F_{ij}[⃗α, ⃗β](0) vanishes for the Weierstrass polynomial (3.20). This is precisely the quadratic contribution to the σ–function. Consequently, as an outcome of this approach, we can fully characterize the blowup function of SU(N) twisted N = 2 super Yang–Mills theories [34]:

▷ The blowup function of SU(N) Donaldson–Witten theory, in the absence of magnetic flux, is a hyperelliptic σ-function with Weierstrass polynomial F (x_1, x_2) = 2(P_N (x_1)P_N (x_2) − 4Λ^{2N}) and characteristic (⃗Δ,⃗0),

τ(t_k|u_j) = σ^F [⃗Δ,⃗0](it_{k+1}) . (3.30)

after identification of the Jacobian coordinates v_k with the times it_{k+1} (the reasons behind the latter name will be clear shortly).

An immediate corollary of this result is the following:

▷ The contact terms T_{k+1,l+1} are given by T_{k+1,l+1} = κ^{k,l} = − 1 8πi ∂u_{l+1} ∂a^i ∮ A^i P^′_k(x)P_N (x) dx y , (3.31)

where κ is the matrix introduced in (3.26), and we have used the explicit expression for dr^k given in (3.21).

In the remaining sections we will extract interesting consequences from these formulas. We will show, in particular, that this expression for the contact terms turns out to be very useful when considering the case of manifolds of simple type, where the only nonvanishing contributions to the u-plane integral come from those points of M with maximal number of mutually local massless monopoles. The coincidence of (3.31) with the standard result (2.8), can be shown by means of the Whitham equations (the Renormalization Group equations in the formalism of Ref.[11]) that express the derivatives of the moduli with respect to T_n –closely related to the contact terms–, in terms of A-periods of a different basis of Abelian differentials of the second kind [34].

4. The blowup function and the KdV hierarchy

In order to show our main result, i.e. that the blowup function satisfies the differential equations of the KdV hierarchy, we shall first analyze the effect of special linear transformations on it. To this end, it is extremely useful to introduce a tricky symbolic notation –widely used by Baker in the

arw-uic.tex; 9/10/2000; 15:34; p.10

nineteenth century [40, 41, 42]– for the geometrical data of the Seiberg– Witten solution. The hyperelliptic curve Σ can be written as y^2 = (α_1 + α_2x)^{2g+2} , (4.32) where, of course, α_1 and α_2 are not complex numbers. The only meaningful object is the combination thereof

λ_p = ( 2g + 2 p ) α^{2g+2−p} 1 α^p_2 , (4.33)

that renders (4.32) equal to (3.15). This notation allows us to introduce a quite interesting Weierstrass polynomial, the so-called (g + 1)–polar of the hyperelliptic curve, F̃ (x_1, x_2) = 2(α_1 + α_2x_1)^{g+1}(α_1 + α_2x_2)^{g+1} = 2 g+1∑ p,q=1 (g_{+1} p )(g_{+1} q ) (_2g_{+2} p+q ) λp_+q xp_1xq_2 , (4.34)

which is covariant with respect to an Sl(2, IR) transformation of the xcoordinates. Indeed, F̃ (x_1, x_2) = (c + dt_1)^{−g−1}(c + dt_2)^{−g−1}F̃ (t_1, t_2) , (4.35) under x = (a + bt)/(c + dt), bc − ad = 1. The hyperelliptic curve, in turn, becomes Y^2 = (β_1 + β_2t)^{2g+2} = 2g+2∑ i=0 ^λiti , (4.36) where Y = (c + dt)^{g+1} y, β_1 = cα_1 + aα_2, β_2 = dα_1 + bα_2. It is clear that, by these means, one can always drive the hyperelliptic curve into its canonical form, ^λ_{2g+2} = β^{2g+2}_2 = 0, ^λ_{2g+1} = β_1β^{2g+1}_2 = 4. The Abelian differentials of the first kind transform linearly, x^{g−i} dx y = (a + bt)^{g−i}(c + dt)^{i−1} dt Y ⇒ dv_i(x) = Λ^m_i dv̂_m(t) , (4.37)

where Λ^m_i is an invertible matrix. Their periods get modified accordingly, A^i_j = ^A^i_mΛ^m_j , B_{ij} = ^B_{im}Λ^m_j so that τ_{ij} = ^τ_{ij} . (4.38) Now, taking into account the covariance of F̃ , the transformation properties of the η–periods can be extracted –even without knowing the corresponding basis of Abelian differentials of the second kind–, ^ηij = Λ ik ηkj . (4.39)

arw-uic.tex; 9/10/2000; 15:34; p.11

Thus, a linear transformation of the times

^vl = (Λ^{−1}) ml vm , (4.40)

yields σ^{F̃} [⃗α, ⃗β](v_l)_{(x,y)} = σ^{F̃} [⃗α, ⃗β](^v_l)_{(t,Y )} , (4.41)

where F̃ denotes here the polar associated to the corresponding curves. After substituting v_l = Λ^m_l ^v_m, σ^F [⃗α, ⃗β](v_l)_{(x,y)} satisfies the same differential equations than σ^F [⃗α, ⃗β](^v_l)_{(t,Y )} with respect to the hatted times.

There is a third Weierstrass polynomial that plays an important rôle in our proof. Let us call it F̂ . It was introduced by Baker [40] a long time ago and revisited recently in Ref.[47]. It reads:

F̂ (x_1, x_2) = 2λ_{2g+2}x^{g+1}_1 x^{g+2}_2 +^g ∑ i=0 x^i_1x^i_2(2λ_{2i} + λ_{2i+1}(x_1 + x_2)) , (4.42)

and the corresponding basis of Abelian differentials of the second kind is dr^j = g+j∑ k=g+1−j (k + j − g) λ_{k−j+g+2} x^kdx 4y . (4.43)

As already mentioned above, hyperelliptic Kleinian functions satisfy differential equations which generalize those of the elliptic case like, for example, Weierstrass’ relation (℘^′(u))^2 = 4℘(u)^3 − g_2℘(u) − g_3. They were first studied by Baker in the case of genus two [42], and a generalization of his construction has been recently worked out [47]. The relevant differential equations are rather implicit. For the derivatives of ℘^{F̂}_{11} one can, however, write an explicit equation for arbitrary genus:

℘^{F̂}_{111i} = (6℘^{F̂}_{11} + λ_{2g})℘^{F̂}_{1i} + 1 4 λ_{2g+1}(6℘^{F̂}_{i+1,1} − 2℘^{F̂}_{i2} + 1 2 δ_{i1}λ_{2g−1}) + 1 2 λ_{2g+2}(6℘^{F̂}_{i+2,1} − 6℘^{F̂}_{i+1,2} + 2℘^{F̂}_{i3} − δ_{i1}λ_{2g−2} − 1 2 δ_{i2}λ_{2g−3}) . (4.44)

This equation, being of second order, is independent of the characteristic. It only shows up in the choice of initial conditions. A change in the Weierstrass polynomial amounts, after (3.29), to a v-independent shift. Let us now drive the curve to its canonical form by means of an Sl(2, IR) transformation. The equation above becomes

℘^{F̂}_{111i} = (6℘^{F̂}_{11} + ^λ_{2g})℘^{F̂}_{1i} + 6℘^{F̂}_{i+1,1} − 2℘^{F̂}_{2i} + 1 2 δ_{i1} ^λ_{2g−1} , (4.45)

arw-uic.tex; 9/10/2000; 15:34; p.12

where F̂ is the polar associated to the canonical curve. It is now easy to show that eq.(4.45) implies that the hyperelliptic Kleinian functions satisfy the equations of the KdV hierarchy [47]. Indeed, take U = 2℘_{11} +^1_6 ^λ_{2g}, put x ≡ v_1, and let t_i = v_i be the higher evolution times, so that ∂U ∂t_2 = 1 4 U^{′′′} − 3 2 UU^′ , (4.46)

where^′ denotes derivatives with respect to x. This is precisely the KdV equation. In fact, U is a g-gap solution of the KdV hierarchy. To see this, recall that the higher evolution equations of the hierarchy are (for a review, see Appendix A of Ref.[48]), ∂U ∂t_i = R^′_i(U, U^′, · · ·) , i ≥ 3 , (4.47)

where the functions in the right hand side are defined recursively,

R^′_{i+1} = 1 4 R^{′′′}_i − (U + ^λ_2g 12 )R^′_i − 1 2 U^′R_i . (4.48)

The blowup function (3.30) can be finally written as

τ(v_m = Λ^l_m ^v_l|O_i) = e ∑ ij c_{ij}^v_i^v_j σF̂ [⃗Δ,⃗0](^v l)_{(t,Y )} , (4.49)

where Λ is the appropriate transformation yielding the hyperelliptic curve canonical, and the c_{ij} are constants depending on the parameters of the Sl(2, IR) transformation and the moduli of the curve, that can be computed explicitly by comparison of σ–functions defined for different Weierstrass polynomials. We have thus arrived to the following result: U = −2 ∂^2 log τ ∂^v^2_1 + 4c_{11} + 1 6 ^λ_2g , (4.50)

is a g-gap solution of the KdV hierarchy. In other words, the blowup function is –up to a redefinition of the evolution times and a constant shift–, a τ–function of the KdV hierarchy.

The blowup function appears in the generating function of the correlators involving the exceptional divisor. Thus, a corollary of the above result is that these correlation functions on the manifold ^X are governed by the KdV hierarchy, and they have as initial conditions the generating function of the original manifold X. It is intriguing that the differential equations turn out to be essentially the same than those governing the correlation functions of two-dimensional topological gravity [35], though the blowup function –being a g-gap solution– lies far appart of these correlation functions in

arw-uic.tex; 9/10/2000; 15:34; p.13

the space of solutions of the KdV hierarchy. Finally, it is now clear that the differential equation originally used in the elliptic case [32], can be understood, under the light of these results, as the reduction of the KdV equation.

5. The blowup function for manifolds of simple type

We have already mentioned that the whole nontrivial contribution to the u-plane integral for manifolds of simple type comes from N maximal singularities of M. These singularities, where N − 1 mutually local monopoles get massless, are also known as N = 1 points because they are the confining vacua after breaking N = 2 down to N = 1. The curve Σ can be described in the vicinity of one of these points by Chebyshev polynomials (we set Λ = 1) [38] P_N (x) = 2 cos(N arccos x 2 ) , (5.51)

and the other N = 1 points are obtained from the former by means of the ZZ_N symmetry of the theory. From now on we will focus on this N = 1 point. There, the branch points of the curve become (single) e_1 = −e_{2g+2} = 2, and (double) e_{2k} = e_{2k+1} = ^ϕ_k = 2 cos ^θ_k, ^θ_k = (πk/N). The values of the Casimirs are given by the elementary symmetric polynomials of the eigenvalues 2 cos θ_i, θ_i = π(i − 1/2)/N. For example, u_2 = N, u_3 = 0, u_4 =^N_2 (3 − N), etc. The B–cycles surround the points ^ϕ_i clockwise, while the A–cycles become curves going from ^ϕ_i to 2 on the upper sheet and returning to ^ϕ_i on the lower sheet. The hyperelliptic curve becomes y = √ x^2 − 4 g∏ k=1 (x − ^ϕ_k) . (5.52)

Consider now the normalized magnetic holomorphic differentials,

ω^j = (B^{−1})^{kj}dv_k = − 2i sin ^θ_j √ x^2 − 4 (x − ^ϕ_j )

, (5.53)

that is, the canonical basis of Abelian differentials of the first kind with respect to the B–cycles, 1 2πi ∮ B_i ω^j = −res_{x=}^_{ϕi} ω^j = δ^j_i . (5.54)

We can explicitely compute the derivatives of the moduli with respect to the dual coordinates, ∂u_{ℓ+1} ∂a_{D,m} = 2i(−1)^ℓ sin ^θ_m E_{ℓ−1}( ^ϕ_{p≠m}) , (5.55)

arw-uic.tex; 9/10/2000; 15:34; p.14

where E_0 = 1, and E_j = ∑ i_1<···<i_j xi1 · · ·xij are the elementary symmetric

polynomials of degree j. Near the N = 1 points, the diagonal components of the magnetic couplings diverge, but the off-diagonal components are finite. The leading terms of the off-diagonal components have been investigated in Ref.[38], where an implicit expression for them was proposed in terms of an integral involving a scaling trajectory. In the framework of the Whitham hierarchy approach to four-dimensional N = 2 supersymmetric gauge theories, some nontrivial constraints arise on those terms, and an explicit expression satisfying the constraints was proposed [16]. We will now derive a very simple expression for the leading terms of the off-diagonal couplings. From the above considerations, it follows that

τ^{kℓ}_D = 1 πi ∫_2 ^ϕ_k ω^ℓ = 1 πi log γ_ℓ − γ_k γ_ℓ + γ_k

, k < ℓ , (5.56)

where γ_j = −i ^ϕj − 2 ^ϕj + 2 = tan πj 2N . (5.57)

This expression agrees with that conjectured in Ref.[16], as it was proved very recently by Braden and Marshakov [49].

In order to compute the contribution of the N = 1 points to the blowup function of simple type manifolds, we must first perform a duality transformation to the magnetic coordinates. Being duality invariant, the blowup function remains the same, except for the fact that everything has to be replaced by its dual. In particular, the characteristic dual to [⃗Δ,⃗0] is [⃗0, ⃗Δ]. In order to compute the contact terms, it is extremely useful to use the expression we derived before, say (3.31), adapted to the dual frame. We just have to compute the B–periods of the Abelian differentials of the second kind (3.21) at the N = 1 point. After the change of variables x = 2 cos θ,

dr^ℓ = iP^′_ℓ(θ) cot Nθ sin θ dθ , (5.58)

and their B–periods simply read

η^ℓ_k = res_{θ=θ̂k} dr^ℓ = i N P^′_ℓ( ^ϕ_k) sin ^θ_k . (5.59)

The contact terms are then given by T_{k,ℓ} = i 2N P^′_{k−1}( ^ϕ_m) sin ^θ_m ∂u_ℓ ∂a_{D,m} . (5.60)

We can now write the resulting expression for the blowup function. Notice first that the dual Θ–function vanishes at the N = 1 point. However, after

arw-uic.tex; 9/10/2000; 15:34; p.15

quotienting by Θ[⃗0, ⃗Δ](0|τ_D), we get a finite result. At the end of the day, the blowup function corresponding to simple type manifolds is given by

τ(t_i) = ∑ sp=±1 ∏ p<q ( γq − γp γ_q + γ_p )s_ps_q/_2 −1 exp { − ∑ k,ℓ t_kt_ℓT_{k,ℓ} }

· ∑ s_j=±1 ∏ p<q ( γq − γp γ_q + γ_p )s_ps_q/_2 exp { N∑ l=2 is_jt_l 2 ∂u_l ∂a_{D,j} } , (5.61)

with T_{k,ℓ} given above. It is, after a linear transformation of the times, a τ function for an (N − 1)–soliton solution of the underlying KdV hierarchy [34]. This is a simple consequence of the fact that quasi-periodic solutions of the KdV hierarchy become multisoliton solutions in the limit of maximal degeneracy of the underlying Riemann surface [50] (see also Ref.[49] for recent progress in this direction). Let us finally point out that, regardless of its apparently involved expression, the blowup function for simple type manifolds turns out to be, on general grounds, simplified. For example, in the case of SU(3), eq.(5.61) reads

τ_{SU (3)}(t_2, t_3) = 1 3 e^{− 12 t2−t23} { cosh( √ 3t_2) + 2 cosh( √ 3t_3) } . (5.62)

This fact was already observed in the elliptic case [32], and has to do with the degeneration of hyperelliptic functions into trigonometric ones.

An important consistency check of our expression for the blowup function can be made by considering the explicit expression of the Donaldson– Witten generating function for manifolds of simple type [27], which can be trivially extended to include more general descent operators [34]:

Z(p_k, f_k, S)^{N =1}_X = α^χβ^σ ∑ x_j ( N −1∏ j=1 SW (x_j)) ∏ j<k ( γk − γj γ_j + γ_k

)_{−(}x_j,x_{k)}/_2

· exp { N∑ k=2 ( p_ku_k − i 2 f_k ∂u_k ∂a_{D,j} (S, x_j) ) + S^2 ∑ k,l f_kf_lT_{k,l} } , (5.63)

where the values of the B–periods and contact terms are those given in (5.55) and (5.60), and α and β are universal constants that only depend on N. Only the contribution of one of the N = 1 points is recorded in the equation above, those of the other points following from ZZ_N symmetry. For each i = 1, · · ·, N − 1, the sum over x_i is over all the Seiberg–Witten basic classes of the manifold X [24], whose Seiberg–Witten invariants are denoted by SW (x_j). ( , ) denotes the product in (co)homology. After a blowup, every basic class x of X leads to basic classes x ± B in ^X, where latter x

arw-uic.tex; 9/10/2000; 15:34; p.16

really denotes the pullback to ^X of the basic class of X. The Seiberg–Witten invarians are SW (x ± B) = SW (x). If we now consider Z(p_k, f_k, S)^{N =1}^_X , we will have to substitute x_i → x_i + s_iB in (5.63), with s_i = ±1. The sum over basic classes of ^X factorizes into a sum over the x_i and a sum over the s_i. Taking into account that (x, B) = 0 for any cohomology class x pulled back from X to ^X, and that B^2 = −1, eq.(5.63) gets an extra factor under blowup that agrees with (5.61) [34]. This is a crucial nontrivial consistency check of the whole set of results presented in this talk, since, when using (5.63), we have to rely on properties of the Seiberg–Witten invariants, while the blowup function (5.61) was derived by means of the u-plane integral.

6. Final remarks

An important aspect of blowup functions [25, 26, 27] is that they must admit an expansion of the form (2.11), whose coefficients are polynomials in the local observables of the topological field theory. In the case of SU(2), this is rather explicit from the theory of elliptic functions. As recently shown in Ref.[34], it turns out that an elegant and powerful recursive method to perform this expansion in the case of SU(N) –up to arbitrary order in the times–, follows from the theory of hyperelliptic Kleinian functions [43, 44, 45, 46]. For example, in the case of SU(3), the outcoming result is [34]

τ_{SU (3)}(t_i|u_i) = 1 −

Λ^6 12 [ u_2t^4_3 + 6t^2t^2_3 ] − Λ^6 360 [ 3t^6_2 − 15u_2t^4_2t^2_3 − 60u_3t^3_2t^3

− 15u^2t^2t^4_3 − 12u_2u_3t_2t^5_3 − u^3_2t^6_3 + 3u^2_3t^6_3 − 12Λ^6t^6_3 ] + · · · . (6.64)

A further consistency check comes from duality invariance of the blowup function: this expansion coincides with (5.62) when u_2 = 3 and u_3 = 0.

The theory of hyperelliptic Kleinian functions has shown to be an appropriate framework to address many aspects of the blowup formulas and the u-plane integral, like contact terms and the relation with integrable hierarchies. It would be very interesting to work out the details for theories including massive hypermultiplets and/or other gauge groups. In massive theories, for example, whose Whitham formulation was worked out in [51], the magnetic flux through the class of the exceptional divisor turns out to be fixed by topological constraints, this giving a nonzero value of ⃗β in the blowup function [25, 52].

Another direction to explore is the relation between the hyperelliptic Kleinian functions and the theory of the prepotential. The blowup function gives a natural set of Abelian differentials of the second kind –which differs from the one given in [11]–, and we know from general principles that such

arw-uic.tex; 9/10/2000; 15:34; p.17

a set is one of the basic ingredients in the construction of a Whitham hierarchy [8]. It would be very interesting to develop this relation in general, at least for hierarchies associated to hyperelliptic curves. This would further clarify the relations between blowup functions in generalizations of Donaldson–Witten theory, and the construction of Whitham hierarchies for supersymmetric N = 2 theories.

Acknowledgements

We would like to thank Marcos Mariño and Javier Mas for gratifying collaborations leading to the results discussed here. J.D.E. wishes to thank Henrik Aratyn and Alexander Sorin for their kind invitation to present these results in such an enthusiastic environment, and for their delightful hospitality. The work of J.D.E. has been supported by the Argentinian National Research Council (CONICET) and by a Fundación Antorchas grant under project number 13671/1-55.

References

1. Seiberg, N. and Witten, E. (1994) Electric–magnetic duality, monopole condensation, and confinement in N=2 supersymmetric Yang–Mills theory, Nucl. Phys. B 426, 19–52 [Erratum Nucl. Phys. B 430, 485–486].

2. Seiberg, N. and Witten, E. (1994) Monopoles, duality and chiral symmetry breaking in N=2 supersymmetric QCD, Nucl. Phys. B 431, 484–550.

3. Klemm, A., Lerche, W., Theisen, S. and Yankielowicz, S. (1995) Simple singularities and N=2 supersymmetric Yang–Mills theory, Phys. Lett. B 344, 169–175.

4. Argyres, P.C. and Faraggi, A.E. (1995) The vacuum structure and spectrum of N=2 supersymmetric SU(N) gauge theory, Phys. Rev. Lett. 74, 3931–3935.

5. Gorsky, A., Krichever, I.M., Marshakov, A., Mironov, A. and Morozov, A. (1995) Integrability and Seiberg–Witten exact solution, Phys. Lett. B 355, 466–474.

6. Martinec, E. and Warner, N.P. (1996) Integrable systems and supersymmetric gauge theory, Nucl. Phys. B 459, 97–112.

7. Nakatsu, T. and Takasaki, K. (1996) Whitham-Toda hierarchy and N=2 supersymmetric Yang–Mills theory, Mod. Phys. Lett. A 11, 157–168.

8. Krichever, I.M. (1994) The τ-function of the universal Whitham hierarchy, matrix models and topological field theories, Comm. Pure Appl. Math. 47, 437–475.

9. Itoyama, H. and Morozov, A. (1996) Integrability and Seiberg–Witten theory: curves and periods, Nucl. Phys. B 477, 855–877.

10. Itoyama, H. and Morozov, A. (1997) Prepotential and the Seiberg–Witten theory, Nucl. Phys. B 491, 529–573.

11. Gorsky, A., Marshakov, A., Mironov, A. and Morozov, A. (1998) RG equations from Whitham hierarchy, Nucl. Phys. B 527, 690–716.

12. Edelstein, J.D., Mariño, M. and Mas, J. (1999) Whitham hierarchies, instanton corrections, and soft supersymmetry breaking in N=2 SU(N) super Yang–Mills theory, Nucl. Phys. B 541, 671–697.

13. Álvarez–Gaumé, L., Distler, J., Kounnas, C. and Mariño, M. (1996) Softly broken N=2 QCD, Int. J. Mod. Phys. A 11, 4745–4777.

arw-uic.tex; 9/10/2000; 15:34; p.18

14. Álvarez-Gaumé, L. and Mariño, M. (1997) More on softly broken N=2 QCD, Int.

J. Mod. Phys. A 12, 975–1002.

15. Edelstein, J.D., Gómez–Reino, M. and Mas, J. (1999) Instanton corrections in N=2 supersymmetric theories with classical gauge groups and fundamental matter hypermultiplets, Nucl. Phys. B 561, 273–292.

16. Edelstein, J.D. and Mas, J. (1999) Strong coupling expansion and the Seiberg– Witten–Whitham equations, Phys. Lett. B 452, 69–75.

17. Marshakov, A. and Mironov, A. (1998) Seiberg–Witten systems and Whitham hierarchies: a short review, hep-th/9809196.

18. Edelstein, J.D. and Mas, J. (1999) N=2 supersymmetric Yang–Mills theories and Whitham integrable hierarchies, in H. Falomir, R.E. Gamboa–Saraví and F.A. Schaposnik (eds.), Trends in Theoretical Physics II, American Institute of Physics, New York, pp.195–212.

19. Takasaki, K. (1999) Whitham deformations and τ–functions in N=2 supersymmetric gauge theories, Prog. Theor. Phys. Suppl. 135, 53–74.

20. Carroll, R. (2000) Various aspects of Whitham times, Acta Applicandae Mathematicae 60, 225–316.

21. Marshakov, A. (1999) Seiberg–Witten theory and integrable systems, World Scientific, Singapore.

22. Braden, H.W. and Krichever, I.M. (eds.), (2000) Integrability: the Seiberg–Witten and Whitham equations, Gordon and Breach Science Publishers.

23. Witten, E. (1988) Topological quantum field theory, Comm. Math. Phys. 117, 353– 386.

24. Witten, E. (1994) Monopoles and four-manifolds, Math. Res. Letters 1, 769–796. 25. Moore, G. and Witten, E. (1997) Integration over the u-plane in Donaldson theory, Adv. Theor. Math. Phys. 1, 298–387.

26. Mariño, M. and Moore, G. (1998) Integrating over the Coulomb branch in N=2 gauge theory, Nucl. Phys. B (Proc. Suppl.) 68, 336–347.

27. Mariño, M. and Moore, G. (1998) The Donaldson–Witten function for gauge groups of rank larger than one, Commun. Math. Phys. 199, 25–69.

28. Takasaki, K. (1999) Integrable hierarchies and contact terms in u-plane integrals of topologically twisted supersymmetric gauge theories, Int. J. Mod. Phys. A 14, 1001–1014.

29. Mariño, M. (1999) The uses of Whitham hierarchies, Progr. Theor. Phys. Suppl.

135 (1999) 29–52.

30. Losev, A., Nekrasov, N. and Shatashvili, S. (1998) Issues in topological gauge theory, Nucl. Phys. B 534, 549–611.

31. Losev, A., Nekrasov, N. and Shatashvili, S. (1998) Testing Seiberg–Witten solution, in L. Baulieu, et al. (eds.), Strings, branes and dualities, Kluwer Academic Publishers, Cargese, pp. 359–372.

32. Fintushel, R. and Stern, R.J. (1996) The blowup formula for Donaldson invariants, Ann. Math. 143 (1996) 529–546.

33. Göttsche, L. and Zagier, D. (1996) Jacobi forms and the structure of Donaldson invariants for four-manifolds with b+ = 1”, alg-geom/9612020.

34. Edelstein, J.D., Gómez–Reino, M. and Mariño, M. (2000) Blowup formulae in Donaldson–Witten theory and integrable hierarchies, Adv. Theor. Math. Phys. 4, in press, hep-th/0006113.

35. Witten, E. (1991) Two-dimensional topological gravity and intersection theory on the moduli space, Surveys in Diff. Geom. 1, 243–310.

arw-uic.tex; 9/10/2000; 15:34; p.19

36. Donaldson, S.K. and Kronheimer, P.B. (1990) The Geometry of four-manifolds, Oxford University Press, Oxford.

37. Donaldson, S.K. (1990) Polynomial invariants for smooth four-manifolds, Topology 29, 257–315.

38. Douglas M.R. and Shenker, S.H. (1995) Dynamics of SU(N) supersymmetric gauge theory, Nucl. Phys. B 447, 271–296.

39. Witten, E. (1994) Supersymmetric Yang–Mills theory on a four-manifold, J. Math.

Phys. 35, 5101–5135.

40. Baker, H.F. (1897) Abel’s theorem, Cambridge University Press, Cambridge. 41. Baker, H.F. (1898) On the hyperelliptic σ–functions, Amer. J. Math. 20, 301–384. 42. Baker, H.F. (1907) An introduction to the theory of multiply periodic functions, Cambridge University Press, Cambridge.

43. Bolza, O. (1895) On the first and second logarithmic derivatives of hyperelliptic σ–functions, Amer. J. Math. 17, 11–36.

44. Bolza, O. (1899) The partial differential equations for the hyperelliptic Θ and σ– functions, Amer. J. Math. 21, 107–125.

45. Bolza, O. (1899) Proof of Brioschi’s recursion formula for the expansion of the even σ–function of two variables, Amer. J. Math. 21, 175–190.

46. Bolza, O. (1900) Remarks concerning the expansions of the hyperelliptic σ– functions, Amer. J. Math. 22, 101–112.

47. Buchstaber, V.M., Enolskii, V.Z. and Leykin, D.V. (1997) Kleinian functions, hyperelliptic Jacobians, and applications, in S.P. Novikov and I.M. Krichever (eds.), Reviews in Mathematics and Mathematical Physics 10:2, 1–125.

48. Di Francesco, P., Ginsparg, P. and Zinn-Justin, J. (1995) 2D gravity and random matrices, Phys. Rept. 254 (1995) 1–133.

49. Braden, H.W. and Marshakov, A. (2000) Singular phases of Seiberg–Witten integrable systems: weak and strong coupling, hep-th/0009060.

50. Belokolos, E.D., Bobenko, A.I., Enolskii, V.Z., Its, A.R. and Matveev, V.B. (1994) Algebro–geometric approach to nonlinear integrable equations, Springer-Verlag, Berlin, 1994.

51. Edelstein, J.D., Gómez–Reino, M., Mariño, M. and Mas, J.(2000) N=2 supersymmetric gauge theories with massive hypermultiplets and the Whitham hierarchy, Nucl. Phys. B 574, 587–619.

52. Edelstein, J.D., Gómez–Reino, M. and Mariño, M., to appear.

arw-uic.tex; 9/10/2000; 15:34; p.20