arXiv:hep-th/0010107 13 Oct 2000

Jacobson generators, Fock representations

and statistics of sl(n + 1)

T.D. Palev^† International Centre for Theoretical Physics, 34100 Trieste, Italy

J. Van der Jeugt^‡ Department of Applied Mathematics and Computer Science, University of Ghent, Krijgslaan 281-S9, B-9000 Gent, Belgium.

Corresponding author : J. Van der Jeugt. Tel : ++32 9 2644812. Fax : ++32 9 2644995. E-mail : Joris.VanderJeugt@rug.ac.be

Running title : Quantum statistics of sl(n + 1)

Abstract

The properties of A-statistics, related to the class of simple Lie algebras sl(n + 1),

n 2 Z+ (Palev, T.D.: Preprint JINR E17-10550 (1977); hep-th/9705032), are further

investigated. The description of each sl(n + 1) is carried out via generators and their relations (see eq. (2.5)), first introduced by Jacobson. The related Fock spaces W_p,

p 2 N, are finite-dimensional irreducible sl(n + 1)-modules. The Pauli principle of the

underlying statistics is formulated. In addition the paper contains the following new results: (a) The A-statistics are interpreted as exclusion statistics; (b) Within each W_p operators B(p)^±_1 , . . ., B(p)^±_n , proportional to the Jacobson generators, are introduced. It is proved that in an appropriate topology (Definition 2) lim_{p→∞} B(p)^±_i = B^±_i , where B^±_i

are Bose creation and annihilation operators; (c) It is shown that the local statistics of the degenerated hard-core Bose models and of the related Heisenberg spin models is p = 1 A-statistics.

1 Introduction

During the last two decades quantum statistics became a field of increasing interest among field theorists and condensed matter theorists. Various new statistics were suggested, leading to generalizations or deviations from some of the first principles in quantum physics, such as the Heisenberg commutation relations, the Pauli exclusion principle and the commutativity of space-time.

The literature on the subject is vast, especially in the part related to quantum groups [10, 36, 13, 50, 80]. In a paper entitled “Twisted Second Quantization” [68] Pusz and Woronowicz

yPermanent address : Institute for Nuclear Research and Nuclear Energy, Boul. Tsarigradsko Chaussee 72, 1784 Sofia, Bulgaria; E-mail : tpalev@inrne.bas.bg

zE-mail : Joris.VanderJeugt@rug.ac.be.

introduced multimode deformed Bose creation and annihilation operators (CAOs), covariant under the action of the quantum group U_q[sl(n)] (for n pairs of them). Another deformation with commuting modes of CAOs was proposed in [48]; the link between them was established in [43]. A third deformation, which for one mode of CAOs was known for many years [8], the so called quon algebra [23], was defined as an associative algebra, subject to relations a^−_i a^+_j −qa^+_j a^−_i = δ_{ij} . This generalization (note that no relations among only creation operators or among only annihilation operators are required) was in the origin of a model proposed for a verification of small violations of Bose-Fermi statistics in quantum field theory (QFT) [24]. The quon statistics, which in the classification of Doplicher, Haag and Roberts [9] belongs to the class of “infinite statistics”, was studied by several authors [20] from different points of view (see [25] for further discussions and references).

Recently string theory was also involved in discussions on quantum statistics, the latter related to its prediction that Heisenberg’s uncertainty principle has to be corrected at distances of order of the Plank length k_P = 10^{−32} cm. Consequently there emerges an absolute minimum uncertainty in the measuring of any length [78]. These predictions motivated several authors to search for model independent arguments, leading to the same conclusions as string theory does (we refer to [16] for a survey on the subject). In particular it has been shown that the above results can be reproduced on a purely kinematical level with appropriate deformations of the Heisenberg commutation relations [49, 40, 33, 1], i.e., of canonical quantum statistics. In all such cases the coordinates do not commute at small distances, a result which is consistent with the spirit of non-commutative geometry [7].

Turning to condensed matter physics we refer to anyons, “particles” with fractional statistics (FS) in two-dimensional (2D) systems [46]. The theoretical studies of this and other noncanonical statistics were strongly pushed forward after the discovery of the fractional quantum Hall effect (FQHE) in two-dimensional electron gases [76]. Its theoretical explanation led Laughlin [45] to the conclusion that there exist quasiparticles carrying fractional electric charges. The statistics of these particles (we write “particles” for the elementary excitations, the “quasiparticles”, when no confusion can arise) also turned out to be fractional statistics [32].

A further breakthrough in the area of quantum statistics was marked with the 1991 paper of Haldane [29], who proposed a generalized version of the Pauli exclusion principle. For only one kind of identical particles this new statistics, now called (fractional) exclusion statistics (ES), asserts that the change Δd in the dimension d of the single-particle Hilbert space is defined via the relation Δd = −g · ΔN. (1.1)

Here ΔN is an allowed increase of the number of particles. The constant g is called an exclusion statistics parameter.

In [81] Wu proposed an “integral form” compatible with Haldane’s definition (1.1) :

d(N) = n − g(N − 1). (1.2)

In (1.2) N − 1 is the number of particles already accommodated in the system, d(N) is the dimension of the single-particle space, namely the number of the orbitals, where an additional N^{th} particle can be “loaded”, holding the distribution of the initial N − 1 particles fixed;

n = d(1) is the number of orbitals available for the first particle. Eq. (1.2) holds for all admissible values of N.

Contrary to Bose or Fermi statistics the orbitals of an ES may not be filled independently of each other. An essential difference of ES in comparison to fractional statistics is that in general the former is defined for any space dimension. Initially ES was defined for finitedimensional single-particle Hilbert spaces [29]. The generalization to infinite-dimensional cases is due to Murthy and Shankar [53]. In [81] Wu extended the meaning of species. His definition allows different species indices to refer to particles of the same kind but with different quantum numbers.

In [29] Haldane has shown that when applied to FQHE, ES leads to the same predictions as FS does (see also [37]). The validity of ES was tested on several other examples : spinon excitations in a spin-^1_2 quantum antiferromagnetic chain (with nearest neighbor-exchange or with inverse-square exchange between all sites) [29]; anyon gas and anyons in a strong magnetic field (confined to the first Landau level) [81, 53, 47]; particles in 1D Luttinger liquid [53]; Calogero-Sutherland models [27].

The discovery of the Yangian Y (SU_N )-symmetry of SU_N quantum chains with inversesquare exchange [30] (generalizations of the S =^1_2 Haldane-Shastry spin chains [28]) casted a bridge between exclusion statistics and the (SU_N )_1 Wess-Zumino-Witten (rational) conformal field theories, providing a new, alternative, description of these theories (see [31] for a broader review on the subject). Instead of primary chiral fields, the fundamental fields in this picture are “free” SU_N -spinon fields, namely fields which interact only via statistical interaction [72]. The statistics is encoded in the generalized “commutation” relations between the creation and the annihilation operators, namely between the Fourier modes of the fields. As a result the single particle Fock states are occupied in such a way that the corresponding statistics is an exclusion statistics (we refer to [73] for further details, remarks and additional references).

Despite of the fact that ES is defined for any space dimension, so far it was applied and tested only within 1D and 2D models. In the present paper we show that particular kinds of ES, called A-statistics, can exists in spaces with any dimension.

Our approach to quantum statistics is strongly influenced by the ideas of Wigner, outlined in his 1950’s work “Do the equations of motion determine the quantum mechanical commutation relations?” [79]. This was the first paper where it was clearly indicated that the canonical quantum statistics may, in principle, be generalized in a logically consistent way. Wigner demonstrated this on the example of a one-dimensional oscillator with a Hamiltonian (m = ω = ~ = 1) H =^1_2 (p^2 + q^2). Abandoning the requirement [p, q] = −i, Wigner was searching for all operators q and p, such that the “classical” equations of motion ṗ = −q, q̇ = p are identical with the Heisenberg equations ṗ = −i[p, H], q̇ = −i[q, H]. Apart from the canonical solution he found infinitely many other solutions. Let √ 2B^±_1 = q ∓ ip. It turns out [62] that all these different operators satisfy one and the same triple relation, namely (1.3) below with i = j = k = 1, (see the end of this Introduction for the notation) : [{B^ξ_i , B^η_j }, B^ε_k] = δ_{ik}(ε − ξ)B^η_j + δ_{jk}(ε − η)B^ξ_i , i, j, k ∈ N, ξ, η, ε = ±, ± 1. (1.3) The operators B^±_i , i = 1, 2, . . . are para-Bose (pB) operators, discovered by Green [21] three years later as a possible generalization of statistics of tensor fields in QFT. Thus the infinitely many different solutions found by Wigner were in fact the Fock representations of one pair of para-Bose operators.

It is known that the linear span of all operators B^ξ_i , {B^η_j , B^ε_k} is a Lie superalgebra [58] isomorphic to the orthosymplectic Lie superalgebra osp(1/2n) for i, j, k = 1, . . . , n and ξ, η, ε = ± [15]. The para-Bose operators constitute a basis in the odd subspace of this superalgebra and generate it. Consequently the representation theory of n pairs of pB operators is completely equivalent to the representation theory of osp(1/2n). Hence Wigner found all Fock representations of osp(1/2) long before Lie superalgebras (and supersymmetry) became of interest in physics and even before they were introduced in mathematics.

Similarly, any n pairs of para-Fermi CAOs F^±_1 , F^±_2 , . . . , F^±_n [21], defined by relations

[[F^ξ_i , F^η_j ], F^ε_k ] = 1 2 δ_{jk}(ε − η)^2F^ξ_i − 1 2 δ_{ik}(ε − ξ)^2F^η_j , i, j, k ∈ N, ξ, η, ε = ±, ± 1, (1.4) generate the Lie algebra so(2n + 1) [39, 70]. The key observation here is that both so(2n + 1) and osp(1/2n) belong to class B of the basic Lie superalgebras in the classification of Kac [38]. Hence parastatistics (and in particular Bose and Fermi statistics) appear as particular Fock representations of Lie superalgebras from one and the same class, the Lie superalgebras of class B. In this sense Green’s parastatistics could be called B-(para)statistics.

The clarification of the mathematical structure, hidden in parastatistics, provides a natural background for further searches of new quantum statistics. One such possibility is to consider deformations of parastatistics, namely deformations of so(2n + 1) and osp(1/2n) in the sense of quantum groups. We refer to [65] for discussions and results along this line.

In another approach, initiated in [59], it was shown that to each infinite class A, B, C and D of simple Lie algebras there corresponds quantum statistics. Examples from classes A and B of proper Lie superalgebras are also available. We have in mind Wigner quantum systems (WQSs) [62]. Some such systems possess quite unconventional physical features. As an example we mention the (n + 1)-particle WQS, based on the Lie superalgebra sl(1/3n) from class A [64]. This WQS exhibits a quark-like structure : the composite system occupies a small volume V around the centre of mass and no particles can be extracted out of V . Moreover the geometry within V is noncommutative. Another example is the osp(3/2) WQS from class B [63]. It leads to a picture where two spinless point particles, “curling” around each other, produce an orbital (internal angular) momentum 1/2, a result which cannot be obtained in canonical quantum mechanics.

The present paper is also in the frame of quantum statistics. We study further the (microscopic) properties of A-statistics, introduced in [59] (see also [60]), namely the statistics of Lie algebras A_n ≡ sl(n + 1), n = 1, 2, . . .. Since Refs. [59] and [60] are not available as journal publications, we review the main issues of A-statistics in Sections 2 and 3, omitting most of the proofs.

We begin (Section 2) by recalling how the Lie algebra sl(n + 1) can be described via generators a^±_1 , . . . , a^±_n and triple relations, see (2.5). To the best of our knowledge such generators were introduced for the first time by Jacobson [35] in the more general context of Lie triple systems. For this reason we refer to a^±_1 , . . . , a^±_n as Jacobson generators (JGs). The latter provide an alternative to the Chevalley description of sl(n + 1).

The Fock modules of the Jacobson generators, extended also to gl(n + 1)-modules, are defined and classified in Section 3. It is shown how they can be selected out of all irreducible gl(n + 1)-modules on the ground of natural physical requirements, see Definition 1. All Fock modules W_p are finite-dimensional and are labelled by one positive integer p ∈ N. Within W_p each generator a^+_i (resp. a^−_i ) is interpreted as an operator creating (resp. annihilating) a “particle” in a state i. The Pauli principle for A-statistics is also formulated (Corollary 3).

In Section 4 we argue that A-statistics can be interpreted as a particular kind of exclusion statistics [29].

Next, in Section 5, representation dependent creation and annihilation operators B(p)^±_i = a^±_i / √ p (i = 1, . . . , n) in W_p are defined. We prove that in an appropriate topology lim_{p→∞} B(p)^±_i

= B^±_i , where B^±_1 , . . . , B^±_n are Bose creation and annihilation operators. The operators B(p)^±_1 , . . . , B(p)^±_n possess also other Bose-like properties. For these reasons B(p)^±_1 , . . . , B(p)^±_n are referred to as quasi-Bose operators (of order p), the representations of sl(n + 1) and gl(n + 1) in W_p as quasiboson representations and the statistics as quasi-Bose statistics.

The Jacobson CAOs a^±_1 , . . . , a^±_n are “bosonized” in Section 6. These operators are expressed via n pairs of Bose CAOs B^±_1 , . . . , B^±_n . The related realization of gl(n + 1) in W_p turns to be the known Holstein-Primakoff realization [56].

In Section 7 we point out that the p = 1 quasi-Bose operators (coinciding in this case with the p = 1 representation of the JGs) can also be of more general interest. On the example of a two-leg S = 1/2 Heisenberg spin ladder we show that the Bose realization of the Hamiltonian [19, 75] together with the restrictions selecting the physical subspace actually means that the Bose operators related to each site have to be replaced by quasi- Bose operators of order p = 1. This conclusion is of a more general nature. It holds for any hard-core Bose model [14], since the p = 1 quasibosons are hard-core bosons (Proposition 5).

The final Section 8 is devoted to some conclusions and discussions. Throughout the paper we use the following abbreviations and notation (some of them standard) :

JGs – Jacobson generators;

CAOs – creation and annihilation operators;

UEA – universal enveloping algebra;

N – all positive integers; Z+ – all non-negative integers; [a, b] = ab − ba, {a, b} = ab + ba; ⊕, ˙⊕ – direct sum of linear spaces and Lie algebras, respectively.

2 Jacobson generators of sl(n + 1)

The sl(n + 1)-statistics, including n = ∞, was introduced in [59] (see also [60]) as an alternative way for quantization of spinor fields in quantum field theory. Refs. [59] and [60] are not available as journal publications. Therefore here and in Section 3 we outline the main features of this statistics in somewhat more details.

In order to define the Jacobson generators, it is convenient to consider A_n ≡ sl(n + 1) as a subalgebra of the Lie algebra gl(n + 1). The universal enveloping algebra U[gl(n + 1)] of the latter can be defined as an associative algebra with unity of the Weyl generators {e_{ij} |i, j = 0, 1, . . . , n} subject to the relations [e_{ij} , e_{kl}] = δ_{jk} e_{il} − δ_{il}e_{kj} . (2.1) Then gl(n + 1) is a subalgebra of U[gl(n + 1)], considered as a Lie algebra, with generators e_{ij} , i, j = 0, 1, . . . , n and commutation relations (2.1).

The Cartan subalgebra H^′ of gl(n + 1) has a basis h_i ≡ e_{ii}, i = 0, 1, . . . , n. Let h^0, h^1, . . . , h^n be the dual basis, h^i(h_j ) = δ_{ij} . The root vectors of both gl(n + 1) and sl(n + 1) are e_{ij} , i ≠ j = 0, 1, . . . , n. The root of each e_{ij} is h^i − h^j . Then sl(n + 1) = span{e_{ij} , e_{ii} − e_{jj} |i ≠ j = 0, 1, . . . , n}. (2.2) The Jacobson generators (JGs) of sl(n + 1) are part of the Weyl generators, namely

a^+_i = e_{i0}, a^−_i = e_{0i}, i = 1, . . . , n. (2.3)

The correspondence with their roots reads

a^±_i ↔ ∓(h^0 − h^i), i = 1, . . . , n, (2.4)

and therefore the JGs a^+_i (a^−_i ) are negative (positive) root vectors with respect to the natural ordering h^0, h^1, . . . , h^n. Since any other root is a sum of the roots of a^−_j and a^+_i , namely

h^i − h^j = (h^0 − h^j ) − (h^0 − h^i), i ≠ j = 1, . . . , n,

the JGs (2.3) generate A_n in the sense of a Lie algebra.

From (2.1) and (2.3) one derives the triple relations

(a) [[a^+_i , a^−_j ], a^+_k ] = δ_{kj} a^+_i + δ_{ij} a^+_k , (b) [[a^+_i , a^−_j ], a^−_k ] = −δ_{ki}a^−_j − δ_{ij} a^−_k , (2.5) (c) [a^+_i , a^+_j ] = [a^−_i , a^−_j ] = 0.

On the contrary, setting e_{ij} − δ_{ij} e_{00} = [a^+_i , a^−_j ], one derives from (2.5) the commutation relation between all sl(n + 1) generators e_{ij} , e_{ii} − e_{jj} , i ≠ j = 0, 1, . . . , n. The description of A_n by means of the generators (2.3) and the relations (2.5) was already given in a paper by Jacobson [35]; therefore, the elements a^±_i are referred to as Jacobson generators of A_n.

The above description of sl(n + 1) via generators and relations is a particular case of describing Lie algebras via Lie triple systems (LTSs), initiated by Jacobson [35] and further developed to the Z_2-graded case by Okubo [57]. Let us be more concrete. By definition [35] a Lie triple system L is a subspace of an associative algebra U, so that L is closed under the ternary operation ω : L ⊗ L ⊗ L → L defined as ω(a ⊗ b ⊗ c) = [[a, b], c], a, b, c ∈ L. The definiton of a Lie supertriple system (equivalent to the definition in [57]) is similar. The difference is that L is a Z_2-graded subspace of an associative superalgebra U and the commutators in the definition of ω are replaced by supercommutators.

The JGs of sl(n + 1) are closely related to the above definition. More precisely, let L_{sl} be the linear span of the generators (2.3) and U_{sl} be the associative unital algebra of the JGs subject to the relations (2.5). Then L_{sl} is a subspace of U_{sl}. Moreover ω : L_{sl} ⊗L_{sl} ⊗L_{sl} → L_{sl} as a consequence of (2.5). Hence L_{sl} is a Lie triple system with a basis consisting of the JGs (2.3) and U_{sl} is the UEA of sl(n + 1). Similarly, the linear span L_{pf} of para-Fermi CAOs F^±_1 , F^±_2 , . . . , F^±_n together with the associative algebra U_{pf} of these operators (subject to the relations (1.4)) is another example of a LTS. Hence the para-Fermi operators F^±_1 , . . . , F^±_n could be called JGs of so(2n + 1). In the same spirit the para-Bose operators B^±_1 , . . . , B^±_n are JGs of osp(1/2n).

From a purely algebraic point of view the Jacobson generators provide an alternative to the Chevalley description of sl(n + 1), so(2n + 1) and osp(1/2n). The JGs of so(2n + 1) and osp(1/2n) however (contrary to the Chevalley generators) have a direct physical significance. These operators extend the canonical Fermi and Bose statistics to the more general parastatistics. Below we proceed to show that the JGs of sl(n + 1) also introduce a new quantum statistics, different from Bose and Fermi statistics and their generalization – parastatistics. This statistics is intrinsically related to class A of simple Lie algebras in the same way as the para-Fermi statistics is related to class B of simple Lie algebras.

Typically the “commutation relations” between the creation and the annihilation operators (or the related position and momentum operators in case of finite degrees of freedom) are derived from (more precisely, are required to be consistent with) the main quantization equation [H, a^±_i ] = ±ε_ia^±_i , (2.6)

where H is the Hamiltonian and i replaces all indices that may appear (momentum, spin, charge, etc.). In quantum field theory (2.6) expresses the translation invariance of the field (in infinitesimal form). In quantum mechanics the same equation appears as a compatibility condition (in the sense of Wigner [79]) between the Heisenberg equations of motion and the classical equations, if the system has a classical analogue (for more details see [62, 55]). There are certainly several other conditions to be satisfied (Galilean or relativistic invariance, causality, etc.; we refer to [64] for discussions in case of noncanonical quantum mechanics). The possibility for choosing different statistics essentially depends upon the way one represents the Hamiltonian H. We are going to illustrate this on the example of para-Fermi statistics.

Consider a nonrelativistic free field locked in a finite volume. In the case of a Fermi field the Hamiltonian Ĥ is written in a normal-product form

Ĥ = ∑ i ε_if^+_i f^−_i , (2.7)

so that the energy of the vacuum is zero. Here f^+_i (f^−_i ) are Fermi creation (annihilation) operators : {f^ξ_i , f^η_j } =^1_4 (ξ − η)^2δ_{ij} , ξ, η = ± or ±1. Then (2.6) holds,

[Ĥ, f^±_i ] = ±ε_if^±_i , (2.8)

and each f^ξ_i can be interpreted as an operator creating (ξ = +) or annihilating (ξ = −) a particle, i.e. a fermion with energy ε_i. Eq. (2.8) is not fulfilled however, if the Fermi operators in (2.7) are replaced by para-Fermi operators (1.4) : for H = ∑ i ε_iF^+_i F^−_i the equation

[H, F^±_i ] = ±ε_iF^±_i (2.9)

does not hold. Why? In order to answer this question using proper Lie algebraic language assume that the sum in (2.7) is finite (finite number of Fermi oscillators),

Ĥ = n∑ i=1 ε_if^+_i f^−_i . (2.10)

This is only an intermediate step. The considerations below remain valid for n = ∞. Recall now that any n pairs of Fermi CAOs generate a particular Fermi representation of the Lie algebra so(2n + 1) ≡ B_n, whereas the para-Fermi operators F^±_1 , . . . , F^±_n are (representation independent) generators of so(2n + 1) [39, 70]. Eq. (2.8) is not preserved, when passing to other representations of B_n, because H is not an element from B_n and hence [H, F^±_i ] in the LHS of (2.9) is not a representation independent commutator. This observation suggests also the answer : one has to rewrite (2.10) in a representation independent form. In order to achieve this, represent (2.10) in the following identical form :

Ĥ = 1 2 n∑ i=1 ε_i([f^+_i , f^−_i ] + {f^+_i , f^−_i }). (2.11)

Consider the Lie algebra generated from f^±_1 , . . . , f^±_n and {f^+_i , f^−_i }. Since {f^+_i , f^−_i } = 1, we obtain a representation of the Lie algebra B_n ˙⊕I, where I is the one-dimensional center. Now Ĥ ∈ B_n ˙⊕I and therefore the commutation relations (2.8) hold for any other representation of B_n ˙⊕I. In other words, if we substitute f^±_i → F^±_i and {f^+_i , f^−_i } → p̂ in (2.11), i.e. set H = 1 2 n∑ i=1 ε_i([F^+_i , F^−_i ] + p̂), (2.12)

where p̂ is a generator of the center I, then the quantization condition (2.8) will be fulfilled for any representation of B_n ˙⊕I and in particular for the para-Fermi operators (1.4) : [H, F^±_i ] = ±ε_iF^±_i . The requirement p̂|0⟩ = p|0⟩, p ∈ N (and F^−_i F^+_j |0⟩ = δ_{ij}p|0⟩, F^−_i |0⟩ = 0), leads to a representation with an order of the (para)statistics p [22]. Then the energy of the vacuum is also zero.

We shall now apply a similar approach for the algebra A_n. Let E_{ij} , i, j = 0, 1, . . . , n, be a square matrix of order (n + 1) with 1 on the intersection of the i^{th} row and the j^{th} column and zeros elsewhere, i.e., (E_{ij} )_{kl} = δ_{ik}δ_{jl}, i, j = 0, 1, . . . , n. (2.13) The map π : e_{ij} → E_{ij} , i, j = 0, 1, . . . , n, gives a representation of gl(n + 1) (usually referred to as the defining representation). Its restriction to A_n gives a representation of A_n. The operators A^+_i = E_{i0}, A^−_i = E_{0i}, i = 1, 2, . . . , n satisfy the triple relations (2.5). Set

Ĥ = n∑ i=1 ε_iA^+_i A^−_i . (2.14)

Then [Ĥ, A^±_i ] = ±ε_iA^±_i . (2.15)

Hence A^ξ_i can be interpreted as an operator creating (ξ = +) or annihilating (ξ = −) a particle (quasiparticle, excitation) with energy ε_i for any i = 1, . . . , n. The representation π is an analog of the Fermi representation of para-Fermi statistics.

The commutation relations (2.15) do not hold for other representations of A_n. In order to extend the class of admissible representations we rewrite the Hamiltonian (2.14), like in the Fermi case, in the following identical form

Ĥ = n∑ i=1 ε_i([A^+_i , A^−_i ] + E_{00}). (2.16)

The Lie algebra generated from the operators A^±_1 , . . . , A^±_n and E_{00} is gl(n + 1) = A_n ˙⊕I (in the representation π). Since Ĥ ∈ gl(n + 1) (in this representation), (2.15) also holds for any other representation of gl(n + 1). In other words the Hamiltonian H = n∑ i=1 ε_i([a^+_i , a^−_i ] + e_{00}) = n∑ i=1 ε_i([a^+_i , a^−_i ] + h_0) (2.17)

satisfies (2.6) for any other representation of gl(n + 1).

One may argue that expression (2.17) is not satisfactory, because the Hamiltonian H is not a function of the Jacobson generators only. Below, in Corollary 1, we show that within every irreducible representation H can be written as a function of the JGs. Here we note that [a^+_i , a^−_i ] + e_{00} = h_i and therefore the Hamiltonian (2.17) can be represented manifestly as an element from the Cartan subalgebra of gl(n + 1) : H = n∑ i=1 ε_ih_i. (2.18)

3 Fock representations of sl(n + 1)

We proceed to outline those representations of the Jacobson generators, which possess the main features of Fock space representations in ordinary quantum theory. In order to distinguish between the abstract generators and their representations, the JGs a^±_1 , . . . , a^±_n , considered as operators in a certain A_n-module W , are called (Jacobson) creation and annihilation operators of A_n (abbreviated also as Jacobson CAOs of A_n, A_n-CAOs, A-CAOs or simply CAOs).

Definition 1 Let a^ξ_1, . . . , a^ξ_n be Jacobson creation (ξ = +) and annihilation (ξ = −) operators. The A_n-module W is said to be a Fock space of the algebra A_n if it is a Hilbert space, so that the following conditions hold :

1. Hermiticity condition (A^∗ denotes the operator conjugate to A)

(a^+_i )^∗ = a^−_i , i = 1, . . . , n. (3.1)

2. Existence of vacuum. There exists a vacuum vector |0⟩ ∈ W such that a^−_i |0⟩ = 0, i = 1, . . . , n. (3.2) 3. Irreducibility. The representation space W is spanned on vectors

a^+_{i1} a^+_{i2} · · · a^+_{im} |0⟩, m ∈ Z_+. (3.3)

The Fock space of A_n is also said to be an A_n-module of Fock, a Fock module of the A-operators or simply a Fock space.

Assume that W is a Fock space. Condition (3.1) asserts that any Fock representation is unitarizable with respect to this star operation, considered as an antilinear antiinvolution on A_n. It is known that all such representations are realized in direct sums of finite-dimensional irreducible A_n-modules. Then (3.3) yields that any Fock module is a finite-dimensional irreducible A_n-module.

We list a few propositions, proofs of which can be found in [59, 60].

Proposition 1 The A_n-module W is a Fock space if and only if it is an irreducible finitedimensional module with a highest weight Λ such that

a^−_i a^+_j x_Λ = 0 i ≠ j = 1, . . . , n. (3.4)

The vacuum |0⟩ is unique (up to a multiplicative constant) and can be identified with the highest weight vector x_Λ in W |0⟩ = x_Λ.

Recall that the Hamiltonian H, see (2.18), does not belong to A_n. It is an element from gl(n + 1). In order to define H as an operator in W , we extend each Fock module to an irreducible gl(n+1)-module. To this end we define the action of the gl(n+1) central element (also gl(n + 1) Casimir operator) h_0 + h_1 + . . . + h_n in W , setting

(h_0 + h_1 + . . . + h_n)x = px ∀x ∈ W, (3.5)

where p can be any number.

The next proposition classifies the Fock spaces. Unless otherwise stated, the roots and the weights are represented by their coordinates in the basis h^0, h^1, . . . , h^n, i.e., λ = ∑_n i=0 l_ih^i ≡ (l_0, l_1, . . . , l_n). Proposition 2 The irreducible gl(n + 1)-module W_p is a Fock space, so that the energy of the vacuum is zero (H|0⟩ = 0), if and only if its highest weight (namely the weight of |0⟩) is Λ = ph^0 ≡ (p, 0, . . . , 0), i.e., if h_0|0⟩ = p|0⟩, h_i|0⟩ = 0, i = 1, . . . , n, (3.6) where p is an arbitrary positive integer.

From (2.3) and (3.5) h_0 + h_1 + · · · + h_n = p, h_0 − h_i = [a^−_i , a^+_i ], i = 1, . . . , n, which yields

h_0 = 1 n + 1

(p + n∑ i=1 [a^−_i , a^+_i ]), h_i = 1 n + 1 ( p + n[a^+_i , a^−_i ] − n∑ k≠i=1 [a^+_k , a^−_k ] ) (3.7)

The last result shows that within any Fock module the Weyl generators e_{ij} can be expressed as functions of a^±_1 , . . . , a^±_n . In view of this we say that a^±_1 , . . . , a^±_n are Jacobson CAOs of both sl(n + 1) and of gl(n + 1).

An immediate consequence of (2.17) and (3.7) is the following

Corollary 1 Within every Fock module W_p the Hamiltonian (2.17) can be expressed entirely via the Jacobson creation and annihilation operators : H = 1 n + 1 n∑ i=1 ε_i ( p + n[a^+_i , a^−_i ] − n∑ k≠i=1 [a^+_k , a^−_k ] ) . (3.8)

From (3.4), (3.6) and (3.7) one concludes :

Corollary 2 The Fock module W_p with a highest weight Λ = (p, 0, . . . , 0) is completely defined by the relations a^−_i a^+_j |0⟩ = δ_{ij} p|0⟩, a^−_k |0⟩ = 0, p ∈ N, i, j, k = 1, . . . , n. (3.9)

The above two conditions are the same as in the case of Green’s parastatistics of order p [21]. Therefore p is referred to as an order of A_n-statistics (or A-statistics). The conclusion is that like in parastatistics the Fock spaces are labelled by a positive integer p ∈ N. The representations corresponding to different orders of statistics have different highest weights and are therefore inequivalent.

Taking into account the second relation a^−_k |0⟩ = 0 in (3.9), one can also define the Fock module W_p by means of the relations [a^−_i a^+_j ]|0⟩ = δ_{ij} p|0⟩, a^−_k |0⟩ = 0, p ∈ N, i, j, k = 1, . . . , n. (3.10) In view of this A-statistics and its Fock representations can be formulated in a somewhat more mathematical terminology. The latter is based on the observation that the linear span of all generators [a^−_i a^+_j ], a^−_i , i, j = 1, . . . , n, is a subalgebra A of gl(n + 1) (which contains as subalgebra also gl(n) = span{[a^−_i a^+_j ]|i, j = 1, . . . , n}). Equations (3.10) define one-dimensional representations of A, spanned on the vacuum |0⟩. Therefore the Fock modules W_p can be defined as those irreducible finite-dimensional gl(n + 1)-modules, which are induced from trivial one-dimensional modules of A via eqs. (3.10). Then p labels the different, inequivalent one-dimensional modules of A.

On the other hand one can define A-statistics by means of the triple relations (2.5). Then eqs. (3.9) define completely the Fock modules W_p. All calculations can be carried out without even mentioning the underlying Lie algebraic structure of A-statistics (which is usually the case for parastatistics).

Let W_p be a Fock space with order of statistics p. From (3.3) and the fact that the creation operators commute with each other one concludes that W_p is a linear span of vectors (a^+_1 )^{l1} (a^+_2 )^{l2} · · · (a^+_n )^{ln}|0⟩, l_1, . . . , l_n ∈ Z_+. The correspondence weight ↔ weight vector is one to one :

(a^+_1 )^{l1} (a^+_2 )^{l2} · · · (a^+_n )^{ln} |0⟩ ↔ (p − n∑ k=1 l_k, l_1, l_2, . . . , l_n), (3.11)

i.e. all weight subspaces are one-dimensional.

Proposition 3 Let W_p be an A_n-module of Fock with order of statistics p. The vector

(a^+_1 )^{l1} (a^+_2 )^{l2} · · · (a^+_n )^{ln} |0⟩ (3.12)

is not zero if and only if l_1 + l_2 + · · · + l_n ≤ p. (3.13)

The proof is a consequence of the properties of the roots in any finite-dimensional irreducible A_n-module W . If Λ = (L_0, L_1, . . . , L_n) is the highest weight in W , then for any other weight λ = (l_0, l_1, . . . , l_n) the following inequality holds :

l_{i0} + l_{i1} + · · · + l_{im} ≤ L_0 + L_1 + · · · + L_m, (3.14)

where i_0 ≠ i_1 ≠ . . . , ≠ i_m = 0, 1, . . . , n and m = 0, 1, . . . , n. Equation (3.14) is an equality for m = n. If W_p is a Fock space, L_0 + L_1 + . . . + L_m = p.

Proposition 3 can be proved also by a direct, but rather long computation. One verifies that the infinite-dimensional module Ŵ_p spanned on all vectors (3.12) with l_1, . . . , l_n being arbitrary non-negative integers contains an invariant subspace V_p spanned on all vectors (3.12) with l_1 + l_2 + . . . + l_n > p. Then W_p is the factor module Ŵ_p/V_p and all vectors (3.12), subject to (3.13) are (representatives of) the basis vectors in W_p = Ŵ_p/V_p.

We proceed to recall how one defines a metric in W_p, so that it is a Hilbert space and the hermiticity condition (3.1) holds. Consider the vectors

(a^+_1 )^{l1}(a^+_2 )^{l2} · · · (a^+_n )^{ln} |0⟩, l_1 + l_2 + · · · + l_n ≤ p (3.15)

from W_p. All such vectors have different weights. Consequently they are linearly independent and can be considered as a basis in W_p. Define a Hermitian form ( , ) on W_p in the usual way (for quantum theory), postulating (in addition to a^−_i |0⟩ = 0, see (3.2)) : (a) (|0⟩, |0⟩) ≡ ⟨0|0⟩ = 1, (b) ⟨0|a^+_i = 0, i = 1, . . . , n, (3.16) (c) ( (a^+_1 )^{m1} (a^+_2 )^{m2} · · · (a^+_n )^{mn} |0⟩, (a^+_1 )^{l1} (a^+_2 )^{l2} · · · (a^+_n )^{ln}|0⟩ ) = ⟨0|(a^−_n )^{mn} · · · (a^−_2 )^{m2} (a^−_1 )^{m1} (a^+_1 )^{l1} (a^+_2 )^{l2} · · · (a^+_n )^{ln} |0⟩.

With respect to this form the vectors (3.15) are orthogonal. Moreover, ( (a^+_1 )^{l1} (a^+_2 )^{l2} · · · (a^+_n )^{ln} |0⟩, (a^+_1 )^{l1} (a^+_2 )^{l2} · · · (a^+_n )^{ln} |0⟩ ) = p! (p − ∑_n j=1 l_j )! n∏ i=1 l_i! > 0. (3.17)

Therefore all vectors |p; l_1, . . . , l_n⟩ = √ (p − ∑_n j=1 l_j )! p! (a^+_1 )^{l1} . . . (a^+_n )^{ln} √ l_1!l_2! . . . l_n!

|0⟩, l_1 + l_2 + · · · + l_n ≤ p (3.18)

constitute an orthonormal basis in W_p, i.e. ( , ) is a scalar product. Then by construction the hermiticity condition (3.1) holds too.

The transformation of the basis (3.18) under the action of the Jacobson CAOs reads :

a^+_i |p; l_1, . . . , l_i, . . . , l_n⟩ = (l_i + 1)(p − n∑ j=1 l_j ) |p; l_1, . . . , l_{i−1}, l_i + 1, l_{i+1} . . . , l_n⟩,(3.19)

a^−_i |p; l_1, . . . , l_i, . . . , l_n⟩ = l_i(p − n∑ j=1 l_j + 1) |p; l_1, . . . , l_{i−1}, l_i − 1, l_{i+1} . . . , l_n⟩. (3.20)

Moreover, h_0|p; l_1, l_2, . . . , l_n⟩ = (p − n∑ i=1 l_i)|p; l_1, l_2, . . . , l_n⟩, (3.21) h_i|p; l_1, l_2, . . . , l_n⟩ = l_i|p; l_1, l_2, . . . , l_n⟩, i = 1, . . . , n. (3.22) Let us consider in some more detail the p = 1 representation. Denote by b^±_i the Jacobson CAOs a^±_i in this representation. In this particular case the representation space W_1 is (n + 1)-dimensional with a basis

|1; l_1, . . . , l_n⟩, l_1 + · · · + l_n ≤ 1, (3.23)

i.e. at most one of the labels l_1, . . . , l_n in |1; l_1, . . . , l_n⟩ is equal to 1 and all other are zeros. Then (3.19)-(3.20) reduces to b^+_i |1; l_1, . . . , l_{i−1}, l_i, l_{i+1}, . . . , l_n⟩ = (1 − l_i)|1; l_1, . . . , l_{i−1}, l_i + 1, l_{i+1}, . . . , l_n⟩, b^−_i |1; l_1, . . . , l_{i−1}, l_i, l_{i+1}, . . . , l_n⟩ = l_i|1; l_1, . . . , l_{i−1}, l_i − 1, l_{i+1}, . . . , l_n⟩. (3.24)

The matrix elements of b^+_i and b^−_i , in the basis ordered as |1; 0, 0, 0, . . . , 0⟩, |1; 1, 0, 0, . . . , 0⟩, |1; 0, 1, 0, . . . , 0⟩, |1; 0, 0, 1, . . . , 0⟩, . . ., |1; 0, 0, 0, . . . , 1⟩ are the same as those of the Weyl generators E_{i0} and E_{0i} in the defining (n + 1)-dimensional matrix representation, see (2.13). Hence the p = 1 representation is the same as the defining representation and one can think of the operators b^±_i as of matrices,

E_{i0} = b^+_i , E_{0i} = b^−_i , i = 1, . . . , n. (3.25)

From here and (3.7) (with p = 1) one can express also the rest of the Weyl generators (2.13) via p = 1 Jacobson creation and annihilation operators :

E_{00} = 1 n + 1

(1 − n∑ i=1 [b^+_i , b^−_i ]), E_{ij} = [b^+_i , b^−_j ] + δ_{ij} n + 1

(1 − n∑ k=1 [b^+_k , b^−_k ]), i, j = 1, . . . , n. (3.26)

4 The Pauli principle for A-statistics

The results obtained so far justify the terminology used. Equations (2.18) and (3.6) yield H|p; l_1, . . . , l_i, . . . , l_n⟩ = n∑ i=1 l_iε_i|p; l_1, . . . , l_i, . . . , l_n⟩. (4.1) Therefore the state |p; l_1, . . . , l_i, . . . , l_n⟩ can be interpreted as a many-particle state with l_1 particles on the first orbital, l_2 particles on the second orbital, etc. For reasons that will become clear soon, we refer to these particles as quasibosons (of order p). The operator h_i, i = 1, . . . , n, see (3.22), is the number operator for the quasibosons on the i^{th} orbital, whereas N̂ = h_1 + · · · + h_n counts all quasibosons, accommodated in the state |p; l_1, . . . , l_i, . . . , l_n⟩.

Since, see (3.19), a^+_i |p; l_1, . . . , l_i, . . . , l_n⟩ ∼ |p; l_1, . . . , l_{i−1}, l_i + 1, l_{i+1}, . . . , l_n⟩, if n∑ i=1 l_i < p, (4.2)

the operator a^+_i creates a quasiboson on the i^{th} orbital, a particle with energy ε_i, if the state contains less than p quasibosons. On the other hand, a^+_i |p; l_1, . . . , l_{i−1}, l_i, l_{i+1}, . . . , l_n⟩ = 0, if ∑_n i=1 l_i = p, i.e. no more than p quasibosons can be accommodated. Similarly, if l_i > 0, a^−_i “kills” a quasiboson with energy ε_i. Therefore, reformulating Proposition 3, one obtains :

Corollary 3 (Pauli principle for A-statistics) Let W_p be a Fock space of A_n, corresponding to an order of statistics p. Within W_p all states containing no more than p quasibosons, namely all states |p; l_1, . . . , l_i, . . . , l_n⟩ with 0 ≤ n∑ i=1 l_i ≤ p, (4.3)

are allowed. There are no states accommodating more than p particles.

Let us consider, as an example, A-statistics of order p = 4 with n = 6 orbitals (for instance with 6 different energy levels). From (4.3), it follows that there is no restriction on the number of quasibosons to be accommodated on a certain orbital as long as the total number of particles in any configuration does not exceed p. Hence, the following three states or configurations are allowed (the orbitals, for instance the energy levels, are represented by lines, and the quasibosons by dots) :

(a) (b) (c)

s s

s s s s

s s s s

Note that the last two configurations (b) and (c) are already “saturated” in the sense that no more quasibosons can be added, since the total number of particles is already equal to p = 4. The following two configurations correspond to forbidden states :

(d) (e)

s s s s s

s s s s s

None of the states (d) and (e) is allowed since the total number of particles in the configuration exceeds p = 4.

This example clearly illustrates the accommodation properties of A-statistics of order p. Because of this “exclusion principle”, A-statistics can be interpreted as a special case of exclusion statistics in the sense of Wu [81]. We recall that

d(N) = n − g · (N − 1). (4.4)

This should be interpreted as follows : let n be the total number of orbitals that are available for the first particle, and suppose N − 1 particles are already accommodated in the configuration, then d(N) expresses the dimension of the single-particle space for the N^{th} particle (or the number of orbitals where the N^{th} particle can be “loaded”). Bose statistics has g = 0, and Fermi statistics has g = 1.

If one accepts the natural assumption that (4.4) should hold for all admissible values of N, i.e. one does not require (4.4) to be applicable for values of N which the system cannot accommodate, then A-statistics is a particular case of exclusion statistics, also with g = 0 : d(N) = n, ∀ N ∈ {1, 2, . . . , p}. (4.5) A-statistics is similar to Bose statistics in the sense that there is no restriction on the number of particles on an orbital. The main difference comes from the fact that the total configuration should contain no more than p particles. This is one of the reasons (see also next Section 5) to refer to A-statistics as quasi-Bose statistics and to the particles as quasibosons.

If one drops the condition for N to be an admissible value, one cannot satisfy equation (4.4). Indeed, (4.4) with g = 0, does not hold for N = p + 1, since d(p + 1) = 0 [51, 52].

5 Quasi-Bose creation and annihilation operators

In the present section we show first approximately and then in a strict sense that A-statistics can be viewed as a good finite-dimensional approximation to Bose statistics for large values of order of statistics p. The terminology finite-dimensional approximation comes to remind that the Fock spaces W_p of A-statistics are finite-dimensional linear spaces, whereas any Bose Fock space is infinite-dimensional.

Introduce new, representation dependent, creation and annihilation operators

B(p)^±_i = a^±_i √ p , i = 1, . . . , n, p ∈ N, (5.1) in W_p. The transformations following from (3.19)-(3.20) read :

B(p)^+_i |p; l_1, . . . , l_i, . . . , l_n⟩ = √ (l_i + 1)(1 − ∑_n k=1 l_k p ) |p; l_1, . . . , l_i + 1, . . . , l_n⟩, (5.2)

B(p)^−_i |p; l_1, . . . , l_i, . . . , l_n⟩ = √ l_i(1 + 1 − ∑_n k=1 l_k p ) |p; l_1, . . . , l_i − 1, . . . , l_n⟩. (5.3) Consider the above equations for values of the order of statistics p, which are much greater than the number of accommodated quasibosons, namely l_1 + l_2 + · · · + l_n ≪ p. In this approximation one obtains : B(p)^−_i |p; l_1, . . . , l_{i−1}, l_i, l_{i+1}, . . . , l_n⟩ ≃ √ l_i |p; l_1, . . . , l_{i−1}, l_i − 1, l_{i+1}, . . . , l_n⟩, B(p)^+_i |p; l_1, . . . , l_{i−1}, l_i, l_{i+1}, . . . , l_n⟩ ≃ √ l_i + 1 |p; l_1, . . . , l_{i−1}, l_i + 1, l_{i+1} . . . , l_n⟩, (5.4)

which yields (an approximation to) the Bose commutation relations :

[B(p)^+_i , B(p)^+_j ] = [B(p)^−_i , B(p)^−_j ] = 0, (exact commutators), (5.5) [B(p)^−_i , B(p)^+_j ] ≃ δ_{ij} , if l_1 + l_2 + · · · + l_n ≪ p. (5.6)

Since for l_1 + l_2 + · · · + l_n ≡ ∑ k l_k ≪ p (p − ∑ k l_k)! p! p P_{k lk = p} p − ∑ k l_k + 1 p p − ∑ k l_k + 2 . . . p p ≃ 1, in a first approximation (3.18) reduces also to the well known expressions for the orthonormed basis in a Fock space of n pairs of Bose creation and annihilation operators : |p; l_1, . . . , l_n⟩ = (B(p)^+_1 )^{l1} · · · (B(p)^+_n )^{ln} √ l_1!l_2! · · · l_n!

|0⟩. (5.7)

The conclusion is that the representations of B(p)^±_i in (finite-dimensional) state spaces W_p with large values of p, restricted to states with a small amount l_1 + l_2 + · · · + l_n ≪ p of accommodated quasibosons, provide a good approximation to Bose creation and annihilation operators [59, 60]. This is another reason to refer to the operators B(p)^±_i as quasi-Bose creation and annihilation operators (of order p).

In the remaining part of this section we will prove that in the limit p → ∞ the quasi-Bose operators reduce to Bose creation and annihilation operators. To this end we proceed to introduce first an appropriate topology.

Let W be a Hilbert space with an orthonormed basis |l_1, . . . , l_i, . . . , l_n⟩ ≡ |L⟩, ∀ l_1, . . . , l_n ∈ Z_+. (5.8) Whenever possible we write |L⟩ as an abbreviation for |l_1, . . . , l_i, . . . , l_n⟩ and denote by |L⟩_{±i} a vector obtained from |L⟩ by replacing l_i with l_i ± 1, namely |L⟩_{±i} = |l_1, . . . , l_{i−1}, l_i ± 1, l_{i+1}, . . . , l_n⟩. (5.9) The space W consists of all vectors Φ = ∞∑ l1=0 · · · ∞∑ ln=0 c(l_1, . . . , l_n)|l_1, . . . , l_n⟩ ≡ ∑ L c(L)|L⟩, (5.10) where c(l_1, . . . , l_n) ≡ c(L) are complex numbers such that ∞∑ l1=0 · · · ∞∑ ln=0 |c(l_1, . . . , l_n)|^2 ≡ ∞∑ l1,...,ln=0 |c(l_1, . . . , l_n)|^2 ≡ ∑ L |c(L)|^2 < ∞, (5.11)

and this is in fact the square of the Hilbert space norm (|Φ|_0)^2 of Φ.

Embed the sl(n + 1)-module W_p in W via an identification of the basis vectors |p; l_1, . . . , l_i, . . . , l_n⟩ ≡ |l_1, . . . , l_i, . . . , l_n⟩ ≡ |L⟩ ∀ l_1 + . . . + l_n ≤ p. (5.12) In order to turn the entire space W into an sl(n + 1)-module, so that the restriction on W_p ⊂ W coincides with (5.2)-(5.3), we set :

B(p)^+_i Φ = ∑ l1+···+ln≤p c(L) √ (l_i + 1)(1 − ∑_n k=1 l_k p ) |L⟩_i, (5.13)

B(p)^−_i Φ = ∑ l1+···+ln≤p c(L) √ l_i(1 + 1 − ∑_n k=1 l_k p ) |L⟩_{−i}, (5.14)

where Φ is any vector (5.10) from W and ∑ l1+···+ln≤p is a sum over all possible l1, . . . , ln ∈ Z+

such that l_1 + · · · + l_n ≤ p. Note that the sums in (5.13)-(5.14) are finite.

The transformation of the basis, following from (5.13)-(5.14), reads : B(p)^+_i |L⟩ = √ (l_i + 1)(1 − ∑_n k=1 l_k p ) |L⟩_i, ∀ L such that n∑ k=1 l_k ≤ p, (5.15)

B(p)^−_i |L⟩ = √ l_i(1 + 1 − ∑_n k=1 l_k p ) |L⟩_{−i}, ∀ L such that n∑ k=1 l_k ≤ p, (5.16)

B(p)^±_i |L⟩ = 0, ∀ L such that n∑ k=1 l_k > p. (5.17)

The relations (5.15)-(5.16) are the same as (5.2)-(5.3) (via the identification (5.12)).

Since the quasi-Bose operators B(p)^±_i take values in a finite-dimensional subspace of W , see (5.13)-(5.14), they are bounded and hence continuous linear operators in W . In view of this, see (5.10), B(p)^±_i Φ = B(p)^±_i ∑ L c(L)|L⟩ = ∑ L c(L)B(p)^±_i |L⟩ and therefore (5.13)- (5.14) are a consequence of (5.15)-(5.17).

Next we proceed to define n pairs of Bose operators B^±_i , i = 1, . . . , n, in W . It is known that such operators cannot be realized as bounded operators in W (so that the corresponding position and momentum operators are selfadjoint operators in W ; see, for instance, [69] or [12]). Therefore care has to be taken about the common domain of definition Ω of the Bose operators. Following [2] we set Ω to be a dense subspace of W (with respect to the Hilbert space topology), consisting of all vectors (5.10) for which the series

(|Φ|_r)^2 = ∞∑ l1,...,ln=0 (1 + n∑ k=1 l_k)^r|c(l_1, . . . , l_n)|^2 (5.18)

is convergent for any r = 0, 1, 2, . . .. Then the relations B^−_i |L⟩ = √ l_i |L⟩_{−i}, B^+_i |L⟩ = √ l_i + 1 |L⟩_i, (5.19)

define a representation of n pairs of bosons B^±_1 , . . . , B^±_n , namely of operators, which satisfy the relations

[B^−_i , B^+_j ] = δ_{ij} , [B^+_i , B^+_j ] = [B^−_i , B^−_j ] = 0, i, j = 1, . . . , n, (5.20)

in Ω (with Ω being a common domain of definition for all them). In terms of these operators

(|Φ|_r)^2 = (Φ, (1 + n∑ k=1 B^+_k B^−_k )^rΦ). (5.21)

The norms |Φ|_r, r = 0, 1, 2, . . . , turn Ω into a countably normed topological space (which can be viewed also as a metric space [18]). All balls

B(Φ_0; r, ϵ) = {Φ ∈ Ω | |Φ − Φ_0|_r < ϵ}, ∀ Φ_0 ∈ Ω, ∀ r ∈ Z_+, ∀ ϵ > 0, (5.22)

constitute a basis of open sets in the countably normed topological space Ω, whereas the balls (5.22) with a fixed r yield a basis in Ω, viewed as a | · |_r-normed topological space. Clearly any | · |_r-normed topology (r-normed topology) is weaker than the countably normed topology (cn-topology).

From now on we restrict the domain of definition of all quasi-Bose operators (5.1) to be Ω. The fact that each quasi-Bose operator maps Ω into a finite-dimensional subspace of Ω, see (5.13)-(5.14), indicates that each such operator is a bounded and hence a continuous linear operator with respect to the r-normed topology for any r ∈ Z_+. A similar property however does not hold for the Bose creation and annihilation operators (5.19). These operators are not continuous with respect to any of the r-normed topologies in Ω. Therefore, if ∑_∞ i=1 Φ_i = Φ converges in the sense of a certain r-normed topology, for instance in the Hilbert space topology (r = 0), one cannot in general use relations like B^±_i ∞∑ i=1 Φ_i = ∞∑ i=1 B^±_i Φ_i. (5.23)

One of the advantages of the cn-topology is that it avoids the above difficulties. Here are some of the properties of this topology, which will be relevant for the rest of the exposition [2] :

• Ω is stable under the action of any polynomial of Bose operators,

P (B^±_1 , . . . , B^±_n )Ω ⊂ Ω; (5.24)

• Any polynomial of Bose CAOs is a continuous linear operator in Ω with respect to the cn−topology; (5.25)

• The scalar product in Ω is continuous with respect to the convergence defined by the cn-topology. (5.26)

As a consequence, (5.23) holds for any series ∑_∞ i=1 Φ_i which converges in the cn-topology;

moreover (5.26) yields ( ∑_∞ i=1 Φ_i, Ψ) = ∑_∞ i=1(Φ_i, Ψ). The relevance of the cn-topology however goes far beyond the above considerations. This topology, called nuclear topology, is of prime importance in the theory of generalized functions [18, 17], and their applications in quantum theory (see, for instance [2]).

Let P be the set of all linear operators in Ω defined everywhere in Ω, which are continuous in the cn-topology. With respect to the usual operations between operators P is an associative algebra [18]. According to (5.25) the Bose operators belong to P. The quasi-Bose operators (5.1) (with domain of definition restricted to Ω) also belong to P. Indeed B(p)^±_i are bounded and hence continuous operators in Ω with respect to any rnormed topology. Let B(Φ_0; r, ϵ) be an arbitrary open ball in the cn−topology, see (5.22). B(Φ_0; r, ϵ) is an open ball also in the r-normed topology. Therefore the inverse image O = [B(p)^±_i ]^{−1}B(Φ_0; r, ϵ) of B(Φ_0; r, ϵ) is an open set in the r-normed topology. Since the latter is weaker than the cn-topology, O is an open set also in the cn-topology. Thus, the inverse image O = [B(p)^±_i ]^{−1}B(Φ_0; r, ϵ) of any open ball (i.e. of any open set from the basis) in the cn-topology is an open set with respect to the same topology. Therefore B(p)^±_i is a continuous operator in the cn-topology.

Introduce a topology on P in a way similar to the strong topology in the algebra B(H) of all bounded linear operators on a Hilbert space H [54]. Let Φ_1, . . . , Φ_s be s different elements from Ω and ϵ be a positive number. A strong neighborhood U(A_0; Φ_1, . . . , Φ_s; ϵ) of the operator A_0 ∈ P is (defined as) the set of all operators A ∈ P, which satisfy the inequalities |(A − A_0)Φ_k|_0 < ϵ, ∀ k = 1, . . . , s. (5.27)

Definition 2 A strong topology on P is the topology with a basis of open sets consisting of all possible strong neighborhoods U(A_0; Φ_1, . . . , Φ_s; ϵ) (namely the collection of strong neighborhoods, corresponding to any A_0 ∈ P, to any ϵ > 0, to any s ∈ N and to any sequence Φ_1, . . . , Φ_s of different elements from Ω).

Proposition 4 In the strong topology lim_{p→∞} B(p)^±_i = B^±_i , i = 1, . . . , n. (5.28)

Proof. In order to prove that (5.28) holds it is sufficient to show that every strong neighborhood U(B^±_i ; Φ_1, . . . , Φ_s; ϵ) of B^±_i contains all elements of the sequence B(1)^±_i , B(2)^±_i , . . . apart from a finite number of them. Since U(B^±_i ; Φ_1, . . . , Φ_s; ϵ) = ∩^s_{k=1}U(B^±_i ; Φ_k; ϵ), it is sufficient to show that for any neighborhood U(B^±_i ; Φ; ϵ) there exists an integer N such that B(p)^±_i ∈ U(B^±_i ; Φ; ϵ) for any p > N or, which is the same, see (5.27), that |(B(p)^±_i − B^±_i )Φ|_0 < ϵ, ∀ p > N. (5.29) The above equation has to hold for any Φ and any ϵ. In general N depends on Φ and ϵ, N = N(Φ, ϵ). The fact that B^+_i − B(p)^+_i is a continuous linear operator in Ω is essential since relations like (5.23) can be used. The latter together with (5.13)-(5.14) and (5.19) yields :

(B^+_i − B(p)^+_i )Φ = ∑ l1+···+ln<p c(L)( √ l_i + 1 ( 1 − √ 1 − ∑ k l_k p ) |L⟩_i + ∑ l1+···+ln≥p c(L)( √ l_i + 1|L⟩_i. (5.30)

The continuity of the scalar product with respect to the cn-topology and the fact that all terms in the RHS of (5.30) are orthogonal to each other yield :

(|(B^+_i − B(p)^+_i )Φ|_0)^2 = ∑ l1+···+ln<p |c(L)|^2(l_i + 1) ( 1 − √ 1 − ∑ k l_k p )_2

+ ∑ l1+···+ln≥p |c(L)|^2(l_i + 1).

Let ϵ > 0. Select p_0 ∈ N to be fixed. For any p > p_0

(|(B^+_i − B(p)^+_i )Φ|_0)^2 = ∑ l1+···+ln≤p0 |c(L)|^2(l_i + 1) ( 1 − √ 1 − ∑ k l_k p )_2

+ ∑ p0<l1+···+ln<p |c(L)|^2(l_i + 1) ( 1 − √ 1 − ∑ k l_k p )_2 + ∑ l1+···+ln≥p |(1 + l_i)c(L)|^2

< ∑ l1+···+ln≤p0 |c(L)|^2(l_i + 1) ( 1 − √ 1 − ∑ k l_k p )_2 + ∑ l1+···+ln>p0 |(1 + l_i)c(L)|^2. (5.31)

Since the partial sums of ∑_∞ l1,...,ln=0(1 + li)|c(L)| 2 constitute an increasing sequence of positive numbers, which is restricted from above, ∑_∞ l1,...,ln=0(1 + li)|c(L)| 2 ≤ |Φ|_1, the series ∑_∞ l1,...,ln=0(1 + li)|c(L)| 2 converges. Choose p_0 such that ∑ l1+...+ln>p0 (1 + li)|c(L)| 2 <^{ϵ2}_2 .

Then for any p > p_0

(|(B^+_i − B(p)^+_i )Φ|_0)^2 < ∑ l1+···+ln≤p0 |c(L)|^2(l_i + 1) ( 1 − √ 1 − ∑ k l_k p )_2 + ϵ^2 2 < ∑ l1+···+ln≤p0 |c(L)|^2(l_i + 1) ( 1 − √ 1 − p_0 p )_2 + ϵ^2 2 < d ( 1 − √ 1 − p_0 p )_2 + ϵ^2 2 ,(5.32)

where d = ∑ l1+···+ln≤p0 |c(L)| 2(l_i + 1) is a constant. Clearly there exists N ∈ N such that d ( 1 − √ 1 −^{p0}_p

)_2

<^{ϵ2}_2 for any p > N. Hence for every ϵ > 0 there exists a positive integer N such that |(B^+_i − B(p)^+_i )Φ|_0 < ϵ, ∀p > N, i.e. (5.29) holds.

In a similar way one proves that lim_{p→∞} B(p)^−_i = B^−_i . This completes the proof.

6 Bosonization of A-statistics

A simple comparison of (3.19)-(3.20) with (5.19) suggests that the Jacobson CAOs of any order p can be bosonized, namely that they can be expressed as functions of Bose CAOs B^±_1 , . . . , B^±_n , see (5.20). Indeed, taking into account that B^+_i B^−_i ≡ N_i is a number operator for bosons in a state i, N_i|L⟩ ≡ N_i|l_1, . . . , l_i, . . . , l_n⟩ = l_i|l_1, . . . , l_i, . . . , l_n⟩, i = 1, . . . , n, (6.1) one rewrites (3.19) as : a^+_i |L⟩ = (l_i + 1)(p − n∑ k=1 N_k + 1) |L⟩_i. In view of (5.19) the latter can also be represented as a^+_i |L⟩ = p + 1 − n∑ k=1 N_k B^+_i |L⟩ = B^+_i p − n∑ k=1 B^+_k B^−_k |L⟩. (6.2)

Since (6.2) holds for any |L⟩,

a^+_i = B^+_i p − n∑ k=1 B^+_k B^−_k , i = 1, . . . , n. (6.3)

In a similar way one derives from (3.20) :

a^−_i = p − n∑ k=1 B^+_k B^−_k B^−_i , i = 1, . . . , n. (6.4)

Evidently also, see (3.21),

h_0 = p − n∑ k=1 B^+_k B^−_k . (6.5)

Note that the entire Fock space W is reducible with respect to the Jacobson CAOs. Its finitedimensional “physical” subspace W_p, see (5.12), is a simple (= irreducible) gl(n + 1)-module and within this module (a^+_i )^∗ = a^−_i holds.

After simple calculations and taking into account that a^+_i = e_{i0}, a^−_i = e_{0i}, i = 1, . . . , n, see (2.3), one can express all Weyl generators {e_{ij}|i, j = 0, 1, . . . , n} of gl(n + 1) via n pairs of Bose operators : (a) e_{ij} = B^+_i B^−_j , i, j = 1, . . . , n, (b) e_{i0} = B^+_i p − n∑ k=1 B^+_k B^−_k , e_{0i} = p − n∑ k=1 B^+_k B^−_k B^−_i , i = 1, . . . , n, (6.6)

(c) e_{00} = p − n∑ k=1 B^+_k B^−_k ,

where, we recall, p is any positive integer, p ∈ N.

The above bosonization of gl(n + 1) is not unknown. Up to a choice of notation it is the same as the so-called Holstein-Primakoff (H-P) realization of gl(n + 1) [56], initially introduced for sl(2) [34, 11]. Note that (6.6a) alone gives the known Jordan-Schwinger realization of gl(n) via n pairs of Bose operators.

7 Other applications : a two-leg S = 1/2 quantum Heisenberg ladder

In the present section we show that the Jacobson CAOs may also be of more general interest. We demonstrate this on the example of a two-leg S = 1/2 Heisenberg spin ladder [19, 75], where the Jacobson CAOs of order p = 1 appear in a natural way. The considerations below hold however for several other Heisenberg spin models (examples include lattice models with dimerization [71, 4, 5], two-layer Heisenberg models [6, 42, 74]) and more generally for any hard-core Bose model [14] with degenerated orbitals per site (as for instance in [82, 44]).

The Hamiltonian of the model reads:

Ĥ = ∑ i (JŜ^+_i Ŝ^+_{i+1} + JŜ^−_i Ŝ^−_{i+1} + J_⊥Ŝ^+_i Ŝ^−_i ). (7.1)

Here Ŝ^±_i ≡ (Ŝ^±_{1i}, Ŝ^±_{2i}, Ŝ^±_{3i}) are two commuting spin-1/2 vector operators “sitting” on site i of the chain ± and the Hamiltonian is a scalar with respect to the total spin operator Ŝ = ∑_i(Ŝ^+_i + Ŝ^−_i ) : [Ŝ^±_{αi}, Ŝ^±_{βi}] = i ∑ γ ϵ_{αβγ}Ŝ^±_{γi}, [Ŝ^+_{αi}, Ŝ^−_{βj} ] = 0, [Ĥ, Ŝ] = 0. (7.2)

Every local state space W_i related to site i is 4-dimensional with a basis | ↑, ↑⟩, | ↑, ↓⟩, | ↓, ↑⟩, | ↓, ↓⟩ and W = W_1 ⊗ W_2 ⊗ . . . ⊗ W_N is the global state space of the system (in the case of a ladder with N sites). The notation is standard : if A is any operator in W_i, then the corresponding to it operator in W is denoted as A_i, where A_i ≡ id_1 ⊗ . . . ⊗ id_{i−1} ⊗ A ⊗ id_{i+1} ⊗ . . . ⊗ id_N . If the system is in a disordered phase ( J_⊥ ≫ J) its state is well described with the bond operator representation of spin operators [3, 71], which is a particular kind of bosonization :

Ŝ^±_{αi} = 1 2 (±B^−_{αi} ± B^+_{αi} − iϵ_{αβγ}B^+_{βi}B^−_{γi}), α, β, γ = 1, 2, 3. (7.3) Here B^±_{1i}, B^±_{2i}, B^±_{3i} are three pairs of Bose CAOs related to site i and the vectors |0⟩_i, B^+_{1i}|0⟩_i, B^+_{2i}|0⟩_i, B^+_{3i}|0⟩_i constitute another basis in W_i.

The treatment of the model in terms of bosonic operators is advantageous because of the simpler commutation rules of Bose statistics. It rises however certain problems. As mentioned above, any local state space W_i is 4-dimensional, whereas the local Bose Fock space Φ_i is infinite-dimensional. Moreover W_i is not invariant in Φ_i with respect to the Bose CAOs (and, as a result, with respect to the local spin operators (7.3)). The physical state space W is not an invariant subspace of the global Fock space Φ = Φ_1 ⊗ Φ_2 ⊗ . . . ⊗ Φ_N with respect to the Hamiltonian (7.1).

Various approaches have been proposed in order to overcome the problem. Following [71], additional scalar bosons s^±_i were introduced in [19]. Then the physical states are those which satisfy an additional constraint s^+_i s_i + ∑ α B^+_{iα}B_{iα} = 1. Another way is to keep the realization (7.3) but to introduce “by hands” a fictitious infinite on-site repulsion between the “bosons” [42] (first proposed in [14] for a nondegenerate case). This forbids configurations with two or more bosons accommodated on one and the same site. The latter leads to the “hard-core” condition B^±_{αi}B^±_{βi} = 0, i.e. the hard-core bosons are not quite bosons, since they satisfy fermionic-like conditions.

A third approach was worked out in [3] (see also [4, 5, 6]). It proposes the Bose operators B^±_{αi} in (7.3) to be replaced throughout by new operators b^±_{αi} as follows :

B^+_{αi} → b^+_{αi} = B^+_{αi} 1 − 3∑ β=1 B^+_{βi}B^−_{βi}, B^−_{αi} → b^−_{αi} = 1 − 3∑ β=1 B^+_{βi}B^−_{βi} B^−_{αi}. (7.4)

A simple comparison with (6.3), (6.4) indicates that

• The Bose operators related to site i, i.e. B^±_{1i}, B^±_{2i}, B^±_{3i}, are replaced by p = 1 Jacobson CAOs (or, which is the same, by p = 1 quasi-Bose operators),

B(1)^±_{αi} ≡ b^±_{αi}, α = 1, 2, 3, (7.5)

in their Holstein-Primakov realization. Consequently (Proposition 3) the hard-core condition b^+_{αi}b^+_{βi} = 0 holds;

• The Jacobson CAOs from different sites commute :

[b^ξ_{αi}, b^η_{βj}] = 0, if i ≠ j for any ξ, η = ± and α, β = 1, 2, 3. (7.6)

It is essential that the substitution (7.4) does not change the commutation relations (7.2) between the new spin operators S^±_{αi} = 1 2 (±b^−_{αi} ± b^+_{αi} − iϵ_{αβγ}b^+_{βi}b^−_{γi}), α, β, γ = 1, 2, 3, (7.7) and the corresponding new Hamiltonian H = ∑ i (JS^+_i S^+_{i+1} + JS^−_i S_{i+1}^− + J_⊥S^+_i S^−_i ). (7.8)

Moreover each local state space W_i is an invariant subspace of Φ_i with respect to the Jacobson CAOs and hence with respect to any function of them (in particular with respect to the spin operators (7.7)). The Hamiltonian (7.8) is also a well defined operator in W .

The conclusion is that replacing throughout the model the Bose operators with p = 1 Jacobson CAOs b^±_{αi}, which commute at different sites (see (7.6)), one obtains directly the physical state space and the correct expressions for the spin operators and the Hamiltonian. There is no need to introduce either a fictitious infinite-dimensional repulsion or additional relations. All these requirements are already encoded in the properties of the Jacobson CAOs.

Let us point out that the above results can be also derived from the following proposition, which is of independent interest.

Proposition 5 Let B^±_α , α = 1, . . . , n, be n pairs of Bose CAOs with a Fock space F and a basis (5.8). Denote by F_1 the subspace of F linearly spanned on the vacuum and all “single-particle” states,

F_1 = span{|l_1, . . . , l_n⟩| l_1 + · · · + l_n ≤ 1}. (7.9)

Let P be a projection operator of F onto F_1 : P|l_1, . . . , l_n⟩ = { |l_1, . . . , l_n⟩, if l_1 + · · · + l_n ≤ 1; 0, if l_1 + · · · + l_n > 1.

(7.10)

Then the operators PB^±_α P, α = 1, . . . , n, considered as operators in F_1, are p = 1 Jacobson CAOs, PB^±_α P = B(1)^±_α ≡ b^±_α , α = 1, . . . , n. (7.11)

Proof. One verifies directly that (2.5) and (3.24) hold.

Coming back to the two-leg spin ladder model, introduce a projection operator P_w = P_1 ⊗ P_2 ⊗ . . . ⊗ P_N of Φ onto W , where each P_i projects Φ_i onto W_i according to (7.10) with n = 3. The projector P_w provides an alternative way for writing down the expressions for the spin operators (7.7) and the Hamiltonian (7.8). Instead of using the substitution (7.4), one can set: H = P_wĤP_w, S^±_{αi} = P_iŜ^±_{αi}P_i, i = 1, . . . , N. (7.12) The operator P_w is a Bose analogue of the Gutzwiller projection operators [26], extensively used in the t-J models in order to exclude the double occupation of fermions at each site (see, for instance [77] where a similar problem, a t-J two-leg ladder is investigated).

8 Concluding remarks

From a mathematical point of view the JGs a^±_1 , . . . , a^±_n provide a new description of the Lie algebra sl(n+1) in terms of generators and relations (2.5), based on the concept of Lie triple systems. For the same reason any n pairs of parafermions (resp. parabosons) can be called Jacobson generators of the orthogonal Lie algebra so(2n + 1) (resp. of the orthosymplectic Lie superalgebra osp(1/2n)). The JGs provide an alternative to the Chevalley descriptions of these Lie (super)algebras.

From a physical point of view the interest in the JGs of sl(n + 1) stems from the observation that they indicate the possible existence of a new quantum statistics. Indeed, we have seen that within each Fock space W_p the operator a^+_i (resp. a^−_i ) can be interpreted as an operator creating (resp. annihilating) a particle, a quasiboson in a state i (in particular with an energy ε_i).

In many respects the quasibosons behave as bosons. Similar as for bosons, the quasibosons can be distributed along the orbitals in an arbitrary way as far as the number of accommodated particles M does not exceed p. The number of different states of M ≤ p quasibosons is the same as for bosons (the M-particle subspaces of quasibosons and bosons have one and the same dimension). There is however one essential difference : quasiboson systems of order p can accommodate at most p particles.

In order to use a proper Lie algebraic language we have restricted our considerations to finite-dimensional Lie algebras. In other words, we were studying systems with a finite number n of orbitals. Such systems certainly do exist. Examples are the local state spaces of spin systems (in particular the example considered in Section 7), su(n) lattice models etc. Nevertheless it is natural to ask whether A-statistics can be extended to incorporate infinitely many orbitals as this is usual in quantum theory. The answer to this question is positive and it is in fact evident from the results we have obtained so far. First of all the description of sl(n + 1) via generators (2.3) and relations (2.5) is well defined for n = ∞, namely for sl(∞). Secondly, any Fock module W_p as given in Corollary 2 and in particular equations (3.9) are also well defined for n = ∞. In this case any W_p is an irreducible sl(∞) module, generated out of the vacuum by means of the Jacobson creation operators. Therefore each state |p; l_1, . . . , l_i, . . .⟩ contains no more than a finite number of nonzero entries l_i. Moreover due to Proposition 3 the physical state space is a linear span of all vectors |p; l_1, . . . , l_i, . . .⟩ with l_1 + l_2 + · · · + l_i + · · · ≤ p. (8.1)

All such states constitute an (orthonormal) basis in W_p. They transform according to the same relations (3.19)-(3.20) with n = ∞. It is straightforward to verify that any sl(∞) module W_p is a Fock space in the sense of Definition 1. Finally, the Pauli principle (Corollary 3) remains valid also for n = ∞ : despite of the infinitely many available orbitals, the infinitely many places to be occupied by the quasibosons, the system cannot accommodate more than p particles.

The indices labelling the CAOs in QFT do not constitute a countable set. For instance the Bose CAOs a(p)^± of a scalar field are labelled by the momentum of the particle, which takes values in R^3. Also in this case the above considerations remain valid, but now, as in the canonical Bose case, the CAOs are operator valued distributions (and δ_{ij} is δ(i − j)).

More generally, the indices labelling the CAOs can take values in spaces of any dimension. Therefore A-statistics is not restricted to 1D or 2D spaces only.

We should point out that within A-statistics the main quantization equation (2.6) does not determine uniquely the creation and annihilation operators. The Jacobson generators (2.3) yield one possible solution of (2.6). For another possible choice (a causal Astatistics), we refer to [61].

The quasi-Bose operators B(p)^±_1 , . . . , B(p)^±_n , introduced in Section 5 can be used as an approximation, in fact a good approximation, to Bose statistics for values of the order of statistics p, which is much bigger than the number of accommodated particles. An additional advantage of the quasi-Bose CAOs of any order p is that they are bounded linear operators, defined everywhere in the Fock space W_p. This property avoids the rather delicate questions of whether the operators under consideration can be defined on a common domain of definition Ω, so that any polynomial of them is also well defined in Ω.

The “opposite” to p → ∞ case, namely the p = 1 Jacobson CAOs (or, which is the same, the p = 1 quasi-Bose operators) turns out to be of interest too. We have illustrated this on a particular example from condensed matter physics. The p = 1 quasiboson representation appears naturally in lattice Bose models with infinitely strong repulsion between the particles, which forbids configurations with more than one particle per site. One can speculate that representations with order of statistics p could be of interest in pictures where no more that p particles can be accommodated on each site of the lattice.

For applications of quasiboson representations in nuclear theory we refer to [51]. As indicated there, the p = 1 quasi-Bose operators reduce to Klein-Marshalek algebras [41], which are extensively used in nuclear physics.

One way to enlarge the class of statistics studied here is to deform the relations (2.5) or, which is the same, to deform sl(n + 1) so that the main quantization equation (2.6) remains unaltered. The possibility for such deformations stems from the observation that the commutation relations between the Cartan elements (the Hamiltonian is a Cartan element, see (2.18)) and the root vectors (the Jacobson generators are root vectors, see (2.4)) remain unaltered upon quantum deformations (q-deformations). Therefore the problem actually is to express the known q-deformations of sl(n + 1) via deformed Jacobson generators. This is the first step. The second step will be to define the Fock representations and to write down the deformed analogue of (3.19)-(3.20). Partial results in this respect were already announced [66, 67].

Acknowledgments

One of us (T.D. Palev) is grateful to Prof. Randjbar-Daemi for the kind hospitality at the High Energy Section of ICTP. Constructive discussions with Dr. N.I. Stoilova are greatly acknowledged. This work was supported by the Grant Φ-910 of the Bulgarian Foundation for Scientific Research, and by Grant PST.CLG.976865 of NATO.

References

[1] Adler, S.L., Kempf, A: Corrections to the emergent canonical commutation relations arising in the statistical mechanics of Matrix models. J. Math. Phys. 39, 5083-5097 (1998) [hepth/9709106];

Adler, R.J., Santiago, D.I.: On gravity and the uncertainty principle. Mod. Phys. Lett. A 14, 1371-1381 (1999) [gr-qc/9904026].

[2] Bogoliubov, N.N., Logunov, A.A., Todorov, I.T.: Introduction to Axiomatic Quantum Field Theory. Reading, MA: Benjamin, 1975.

[3] Chubukov, A.V.: A difference in the properties of one-dimensional antiferromagnets with integer and half-integer spins. Zh. Èksper. Teoret. Fiz. 49, 108-111 (1989) (in Russian); JETP Lett. 49, 129-132 (1989).

[4] Chubukov, A.V.: Spontaneous dimerization in quantum-spin chains. Phys. Rev. B 43, 3337- 3344 (1991).

[5] Chubukov, A.V., Jolicoeur, T.: Dimer stability region in a frustrated quantum Heisenbergantiferromagnet. Phys. Rev. B 44, 12050-12053 (1991).

[6] Chubukov, A.V., Morr, D.K.: Phase-transition, longitudinal spin fluctuations, and scaling in a 2-layer antiferromagnet. Phys. Rev. B 52, 3521-3532 (1995).

[7] Connes, A.: Noncommutative Differential Geometry. Inst. Hautes Études Sci. Publ. Math.

62, 257-360 (1985);

Connes, A.: Essays on physics and noncommutative geometry. In: D.G. Quillen, G.B. Segal, S.T. Tsou (eds.) The interface of mathematics and particle physics, pp. 9-48. Oxford: Clarendon Press, 1990;

Connes, A., Lott, J.: Particle models and noncommutative geometry. Nucl. Phys. B Proc. Supp. 18 B, 29-47 (1991).

[8] Coon, D.D., Baker, M., Yu, S.: Operator formulation of a dual multiparticle theory with nonlinear trajectories. Phys. Rev. D 5, 1429 (1972);

Aric, M., Coon, D.D.: Hilbert spaces of analytic-functions and generalized coherent states. J. Math. Phys. 17, 524-527 (1976);

Kuryshkin, V.V.: Opérateurs quantiques généralizés de création et d’annihilation. Ann. Fond. Louis de Broglie 5, 111-125 (1980);

Jannussis, A., Brodimas, G., Sourlas, D., Zisis, V.: Remarks on the q-quantization. Lett. Nuovo Cimento 30, 123-127 (1981).

[9] Doplicher, S., Haag, R., Roberts, J.: Local observables and particle statistics. I. Commun.

Math. Phys. 23, 199-230 (1971).

[10] Drinfeld, V.G.: Quantum groups. In: Proceedings of the International Congress of Mathematicians, pp. 798-820. Providence: Amer. Math. Soc., 1987; Hopf algebras and the quantum Yang-Baxter equation. Sov. Math. Dokl. 32, 254-258 (1985).

[11] Dyson, F.J.: General theory of spin-wave interactions. Phys. Rev. 102, 1217-1230 (1956).

[12] Emch, G.G.: Algebraic Methods in Statistical Mechanics and Quantum Field Theory. New- York: Wiley-Interscience, 1972.

[13] Faddeev, L.D., Reshetikhin, N. Yu., Takhtajan, L.A.: Quantization of Lie groups and Lie algebras. In: Kashiwara, M., Kawai, T. (eds.) Algebraic Analysis. I, pp. 129-139. Boston: Academic Press, 1988.

[14] Fisher, M.P.A., Weichman, P.B., Grinstein, G., Fisher, D.S.: Boson localization and the superfluid-insulator transition. Phys. Rev. B 40, 546-570 (1989).

[15] Ganchev, A.Ch., Palev, T.D.: A Lie superalgebraic interpretation of the para-Bose statistics.

J. Math. Phys. 21, 797-799 (1980); Preprint JINR P2-11941 (1978) (in Russian).

[16] Garay, L.J.: Quantum-gravity and minimum length. Int. J. Mod. Phys. A 10, 145-165 (1995).

[17] Gel’fand, I.M., Vilenkin, N.Ya.: Generalized functions. Vol. 4. Applications of harmonic analysis. New York: Academic Press, 1964.

[18] Gel’fand, I.M., Shilov, G.E.: Generalized functions. Vol. 2. Spaces of fundamental and generalized functions. New York: Academic Press, 1968.

[19] Gopalan, S., Rice, T.M., Sigrist, M.: Spin ladders with spin gaps – a description of a class of cuprates. Phys. Rev. B 49, 8901-8910 (1994).

[20] Govorkov, A.B.: Can the Pauli principle be deduced with local quantum-field theory. Phys.

Lett. A 137, 7-10 (1989); Does the existence of antiparticles forbid violations of statistics. Mod. Phys. Lett. A 7, 2383-2388 (1992); The existence of antiparticles seems to forbid violations of statistics. Physica A 203, 655-670 (1994);

Zagier, D.: Realizability of a model in infinite statistics. Commun. Math. Phys. 147, 199-210 (1992);

Bozejko, M., Speicher, R.: An example of a generalized Brownian-motion. Commun. Math. Phys. 137, 519-531 (1991);

Fivel, D.I.: Interpolation between Fermi and Bose statistics using generalized commutators. Phys. Rev. Lett. 65, 3361-3364 (1990); erratum, ibid. 69, 2020 (1992); Speicher, R.: Generalized statistics of macroscopic fields. Lett. Math. Phys. 27, 97-104 (1993).

[21] Green, H.S.: A generalized method of field quantization. Phys. Rev. 90, 270-273 (1953).

[22] Greenberg, O.W., Messiah, A.M.L.: Selection rules for parafields and the absence of para particles in nature. Phys. Rev. B 138, 1155-1167 (1965).

[23] Greenberg, O.W.: Particles with small violations of Fermi or Bose statistics. Phys. Rev. D 43, 4111-4120 (1991).

[24] Greenberg, O.W.: Example of infinite statistics. Phys. Rev. Lett. 64, 705-708 (1990);

Mohapatra, R.N.: Infinite statistics and a possible small violation of the Pauli principle. Phys. Lett. B 242, 407-411 (1990).

[25] Greenberg, O.W.: Small Violations of Statistics [quant-ph/9903069]; Theories of violation of statistics [hep-th/0007054].

[26] Gutzwiller, M.: Effect of correlation on the ferromagnetism of transition metals. Phys. Rev.

Lett. 10, 159-162 (1963); Effect of correlation on the ferromagnetism of transition metals. Phys. Rev. A 134, 923-941 (1964); Correlation of electrons in a narrow s band. Phys. Rev. A 137, 1726-1735 (1965).

[27] Ha, Z.N.C.: Exact dynamical correlation-functions of Calogero-Sutherland model and onedimensional fractional statistics. Phys. Rev. Lett. 73, 1574-1577 (1994); Isakov, S.B.: Statistical-mechanics for a class of quantum statistics. Phys. Rev. Lett. 73, 2150- 2153 (1994);

Bernard, D., Yong-She Wu: A Note on Statistical Interactions and the Thermodynamic Bethe Ansatz. In: Ge, Mo-Lin and Wu Yong-Shi (eds.) New Developments of Integrable Systems and Longed-Ranged Interaction Models, p. 10. Singapore: World Scientific, 1995 [condmat/9404025];

Murthy, M.V.N., Shankar, R.: Thermodynamics of a one-dimensional ideal-gas with fractional exclusion statistics. Phys. Rev. Lett. 73, 3331-3334 (1994);

Li, D.P., Ouvry, S.: Haldanes fractional statistics and the Riemann-Roch theorem. Nucl. Phys. B 430, 563-576 (1994);

Fukui, T., Kawakami, N.: Haldanes fractional exclusion statistics for multicomponent systems. Phys. Rev. B 51, 5239-5243 (1995);

Polychronakos, A.P.: Solitons and fractional statistics. Nucl. Phys. B Proc. Suppl. 45A, 81-87 (1996);

Dasnières de Veigy, A., Ouvry, S.: One-dimensional statistical-mechanics for identical particles – the Calogero and anyon cases. Mod. Phys. Lett. B 9, 271-283 (1995).

[28] Haldane, F.D.M.: Exact Jastrow-Gutzwiller resonating-valence-bond ground-state of the spin 1/2 antiferromagnetic Heisenberg chain with 1/r^2 exchange. Phys. Rev. Lett. 60, 635-638 (1988);

Shastry, B.S.: Exact solution of an s=1/2 Heisenberg antiferromagnetic chain with long-ranged interactions. Phys. Rev. Lett. 60, 639-642 (1988).

[29] Haldane, F.D.M.: Fractional statistics in arbitrary dimensions – a generalization of the Pauli principle. Phys. Rev. Lett. 67, 937-940 (1991).

[30] Haldane, F.D.M., Ha, Z.N.C., Talstra, J.C., Bernard, D., Pasquier, V.: Yangian symmetry of integrable quantum chains with long-range interactions and a new description of states in conformal field-theory. Phys. Rev. Lett. 69, 2021-2025 (1992).

[31] Haldane, F.D.M.: Physics in the ideal semion gas : spinons and quantum symmetries of the integrable Haldane-Shastry spin chain. In: Okiji, A., Kawakami, N. (eds.) Proceedings of the 16th Taniguchi Symposium on Condensed Matter Physics, Kashikojima, Japan, 1993. Berlin: Springer , 1994 [cond-mat/9401001].

[32] Halperin, B.I.: Statistics of quasiparticles and the hierarchy of fractional quantized Hall states.

Phys. Rev. Lett. 52, 1583-1586 (1984);

Arovas, D., Schriefferer, J.R., Wilczek, F.: Fractional statistics and the quantum Hall-effect. Phys. Rev. Lett. 53, 722-723 (1984).

[33] Hinrichsen, H., Kempf, A.: Maximal localization in the presence of minimal uncertainties in positions and in momenta. J. Math. Phys. 37, 2121-2137 (1996) [hep-th/9510144].

[34] Holstein, T., Primakoff, H.: Field dependence of the intrinsic domain magnetisation of a ferromagnet. Phys. Rev. 58, 1098-1115 (1940).

[35] Jacobson, N.: Lie and Jordan triple systems. Amer. J. Math. 71, 149-170 (1949).

[36] Jimbo, M.: A q-difference analogue of U(g) and the Yang-Baxter equation. Lett. Math. Phys.

10, 63-69 (1985); A q-analogue of U(gl(N +1)), Hecke algebra, and the Yang-Baxter equation. 11, 247-252 (1986).

[37] Johnson, M.D., Canright, G.S.: Haldane fractional statistics in the fractional quantum Hall effect. Phys. Rev. B 49 , 2947-2950 (1994).

[38] Kac, V.G.: Lie superalgebras. Adv. Math. 26, 9-96 (1977).

[39] Kamefuchi, S., Takahashi, Y.: A generalization of field quantization and statistics. Nucl. Phys.

36, 177-206 (1962).

[40] Kempf, A.: Uncertainty relation in quantum mechanics with quantum group symmetry. J.

Math. Phys. 35, 4483-4496 (1994) [hep-th/9311147]; On quantum field theory with nonzero minimal uncertainties in positions and momenta. J. Math. Phys. 38, 1347-1372 (1997) [hepth/9602085]; Non-pointlike particles in harmonic oscillators. J. Phys. A: Math. Gen. 30, 2093- 2101 (1997) [hep-th/9602085].

[41] Klein, A., Marshalek, E.R.: Boson realizations of Lie algebras with applications to nuclear physics. Rev. Mod. Phys. 63, 375-558 (1991); A new derivation of the Marshalek-Okubo realization of the shell-model algebra SO(2ν + 1) for even and odd systems with ν singleparticle levels. Z. Phys. A 329, 441-449 (1988).

[42] Kotov, V.N., Sushkov, O., Weihong, Z., Oitmaa, J.: Novel approach to description of spinliquid phases in low-dimensional quantum antiferromagnets. Phys. Rev. Lett. 80, 5790-5793 (1998).

[43] Kulish, P.P., Damaskinsky, E.V.: On the q oscillator and the quantum algebra su_q(1, 1). J.

Phys. A: Math. Gen. 23, L415-L419 (1990).

[44] Laio, A., Santoro, G., Tosatti, E.: Interacting hard-core bosons and surface preroughening.

Phys. Rev. B 58, 13151-13162 (1998).

[45] Laughlin, R.B.: Anomalous quantum Hall-effect – an incompressible quantum fluid with fractionally charged excitations. Phys. Rev. Lett. 50, 1395-1398 (1983).

[46] Leinaas, J.M., Myrheim, J.: Theory of identical particles. Nuovo Cimento 37B, 1-23 (1977);

Wilczek F.: Magnetic-flux, angular-momentum, and statistics. Phys. Rev. Lett. 48, 1144-1146 (1982); Quantum-mechanics of fractional-spin particles. Phys. Rev. Lett. 49, 957-959 (1982).

[47] Li, D., Ouvry, S.: Haldanes fractional statistics and the Riemann-Roch theorem. Nucl. Phys.

B 430, 563-576 (1994).

[48] Macfarlane, A.J.: On q-analogues of the quantum harmonic oscillator and the quantum group SU(2)_q. J. Phys. A: Math. Gen. 22, 4581-4588 (1989);

Biedenharn, L.C.: The quantum group SU_q(2) and a q-analogue of the boson operators. J. Phys. A: Math. Gen. 22, L873-L878 (1989);

Sun, C.P., Fu, H.C.: The q-deformed boson realisation of the quantum group SU(n)_q and its representations. J. Phys. A: Math. Gen. 22, L983-L986 (1989).

[49] Maggiore, M.: A generalized uncertainty principle in quantum-gravity. Phys. Lett. B 304, 65-69 (1993); The algebraic structure of the generalized uncertainty principle. Phys. Lett. B 319, 83-86 (1993); Quantum groups, gravity, and the generalized uncertainty principle. Phys. Rev. D 49, 5182-5187 (1994).

[50] Manin, Yu. I.: Quantum Groups and Non-Commutative Geometry. Montreal: Publications Centre de Recherches Mathematiques, University of Montreal, 1988.

[51] Meljanac, S., Stojić, M., Mileković, M. : On parastatistics defined as triple operator algebras.

Mod. Phys. Lett. A 13, 995-1005 (1998) [q-alg/9712017].

[52] Meljanac, S., Mileković, M., Stojić, M.: Exclusion statistics, operator algebras and Fock space representations. J. Phys. A: Math. Gen. 32, 1115-1130 (1999) [math-ph/9812003].

[53] Murthy, M.V.N., Shankar, R.: Haldane exclusion statistics and 2nd virial-coefficient. Phys.

Rev. Lett. 72, 3629-3633 (1994).

[54] Naĭmark, M.A.: Normed algebras. Groningen: Wolters-Noordhoff, 1972.

[55] Ohnuki, Y., Kamefuchi, S.: Quantum Field Theory and Parastatistics. Berlin: Springer, 1982.

[56] Okubo, S.: Algebraic identities among U(n) infinitesimal generators. J. Math. Phys. 16, 528- 535 (1975).

[57] Okubo, S.: Parastatistics as Lie-supertriple systems. J. Math. Phys. 35, 2785-2803 (1994).

[58] Omote, M., Ohnuki, Y., Kamefuchi, S.: Fermi-Bose similarity. Progr. Theor. Phys. 56, 1948- 1964 (1976).

[59] Palev, T.D.: Lie algebraical aspects of the quantum statistics (in Bulgarian). Habilitation thesis. Inst. Nuclear Research & Nucl. Energy, Sofia, 1976.

[60] Palev, T.D.: Lie algebraical aspects of quantum statistics. Unitary quantization (Aquantization). Preprint JINR E17-10550 (1977) [hep-th/9705032].

[61] Palev, T.D.: A causal A-statistics. C. R. Acad. Bulgare Sci. 32, 159-161 (1979); Causal Astatistics. I. General properties. Rep. Math. Phys. 18, 117-128 (1980); Causal A-statistics. II. Lowest order representation. Rep. Math. Phys. 18, 129-136 (1980).

[62] Palev, T.D.: Noncanonical quantization of two particles interacting via harmonic potential.

Comm. JINR E2-81-419 (1981); Wigner approach to quantization. Noncanonical quantization of two particles interacting via a harmonic potential. J. Math. Phys. 23, 1778-1784 (1982); On dynamical quantization. Czech. J. Phys. B 32, 680-687 (1982).

[63] Palev, T.D., Stoilova, N.I.: Wigner quantum oscillators. osp(3/2) oscillators. J. Phys. A: Math.

Gen. 27, 7387-7401 (1994) [hep-th/9405125].

[64] Palev, T.D., Stoilova, N.I.: Many-body Wigner quantum systems. J. Math. Phys. 38, 2506- 2523 (1997) [hep-th/9606011].

[65] Palev, T.D.: A q-deformation of the parastatistics and an alternative to the Chevalley description of U_q[osp(2n + 1/2m)]. Commun. Math. Phys. 196, 429-443 (1998).

[66] Palev, T.D., Parashar, P.: An alternative to the Chevalley description of U[sl(n + 1)] and U_q[sl(n + 1)]. Lett. Math. Phys. 43, 7-19 (1998) [q-alg/9608024].

[67] Palev, T.D., Stoilova, N.I., Van der Jeugt, J.: Fock representations of the superalgebra sl(n +

1jm), its quantum analogue Uq[sl(n + 1jm)] and related quantum statistics. J. Phys. A: Math.

Gen. 33, 2545-2553 (2000).

[68] Pusz, W., Woronowicz, S.L.: Twisted second quantization. Rep. Math. Phys. 27, 231-257 (1989); Pusz, W.: Twisted canonical anticommutation relations. Rep. Math. Phys. 27, 349- 360 (1989).

[69] Reed, M., Simon, B.: Methods of Modern Mathematical Physics. I. Functional Analysis. New York: Academic Press, 1972.

[70] Ryan, C., Sudarshan, E.C.G.: Representations of parafermi rings. Nucl. Phys. 47, 207-211 (1963).

[71] Sachdev, S., Bhatt, R.N.: Bond-operator representation of quantum spins – mean-field theory of frustrated quantum Heisenberg antiferromagnets. Phys. Rev. B 41, 9323-9329 (1990).

[72] Schoutens, K.S.: Yangian symmetry in conformal field-theory. Phys. Lett. B 331, 335-341 (1994) [hep-th/9401154];

Bernard, D., Pasquier, V., Serban, D.: Spinons in conformal field-theory. Nucl. Phys. B 428, 612-628 (1994) [hep-th/9404050];

Bouwknegt, P., Ludwig, A.W.W., Schoutens, K.: Spinon bases, Yangian symmetry and fermionic representations of Virasoro characters in conformal field-theory. Phys. Lett. B 338, 448-456 (1994) [hep-th/9406020].

[73] Schoutens, K.: Exclusion statistics in conformal field theory spectra. Phys. Rev. Lett. 79, 2608-2611 (1997);

Bouwknegt, P., Schoutens, K.: Exclusion statistics in conformal field theory – Generalized fermions and spinons for level-1 WZW theories. Nucl. Phys. B 574, 501-537 (1999) [hepth/9810113].

[74] Shevchenko, P.V., Sandvik, A.W., Sushkov, O.P.: Double-layer Heisenberg antiferromagnet at finite temperature: Brueckner theory and quantum Monte Carlo simulations. Phys. Rev. B 61, 3475-3487 (2000).

[75] Sushkov, O.P., Kotov, V.N.: Bound states of magnons in the S=1/2 quantum spin ladder.

Phys. Rev. Lett. 81, 1941-1944 (1998).

[76] Tsui, D.C., Störmer, H.L., Gossard, A.C.: Two-dimensional magnetotransport in the extreme quantum limit. Phys. Rev. Lett. 48, 1559-1562 (1982);

Störmer, H.L., Chang, A., Tsui, D.C., Hwang, J.C.M., Gossard, A.C., Wiegmann, W.: Fractional quantization of the Hall-effect. Phys. Rev. Lett. 50, 1953-1956 (1983).

[77] Tsunetsugu, H., Troyer, M., Rice, T.M.: Pairing and excitation spectrum in doped t-J ladders.

Phys. Rev. B 49, 16078-16081 (1994).

[78] Veneziano, G.: A stringy nature needs just 2 constants. Europhys. Lett. 2, 199-204 (1986);

Amati, D., Ciafaloni, M., Veneziano, G.: Superstring collisions at Planckian energies. Phys. Lett. B 197, 81-88 (1987); Classical and quantum-gravity effects from Planckian energy superstring collisions. Int. J. Mod. Phys. A 3, 1615-1661 (1988); Can spacetime be probed below the string size. Phys. Lett. B 216, 41-47 (1989); Higher-order gravitational deflection and soft bremstralung in Planckian energy superstring collisions. Nucl. Phys. B 347, 550-580 (1990); Gross, D.J., Mende, P.F.: The high-energy behavior of string scattering-amplitudes. Phys. Lett. B 197, 129-134 (1987); String theory beyond the Planck scale. Nucl. Phys. B 303, 407- 454 (1998);

Konishi, K., Paffuti, G., Provero, P.: Minimum physical length and the generalized uncertainty principle in string theory. Phys. Lett. B 234, 276-284 (1990).

[79] Wigner, E.P.: Do the equations of motion determine the quantum mechanical commutation relations. Phys. Rev. 77, 711-712 (1950).

[80] Woronowicz, S.L.: Twisted SU(2) group. An example of a noncommutative differential calculus. Publ. Res. Inst. Math. Sci. 23, 117-181 (1987); Compact matrix pseudogroups. Commun. Math. Phys. 111, 613-665 (1987).

[81] Wu, Y.-S.: Statistical distribution for generalized ideal-gas of fractional-statistics particles.

Phys. Rev. Lett. 73, 922-925 (1994).

[82] Ziegler, K.: Dilute system of hard-core bosons – a soluble limit. Physica A 208, 177-190 (1994).