arXiv:hep-th/0010216 v3 6 Dec 2000

IC/2000/162 hep-th/0010216

Thermodynamic Properties of a Quantum Group Boson Gas GL_{p,q}(2)

Ahmed Jellal^�

High Energy Physics Section the Abdus Salam International Centre for Theoretical Physics Strada Costiera 11, 34100 Trieste, Italy

Abstract An approach is proposed enabling to effectively describe the behaviour of a bosonic system. The approach uses the quantum group GL_{p,q}(2) formalism. In effect, considering a bosonic Hamiltonian in terms of the GL_{p,q}(2) generators, it is shown that its thermodynamic properties are connected to deformation parameters p and q. For instance, the average number of particles and the pressure have been computed. If p is fixed to be the same value for q, our approach coincides perfectly with some results developed recently in this subject. The ordinary results, of the present system, can be found when we take the limit p = q = 1.

PACS: 02, 03.65Fd, 51.30.+i Keywords: Deformations, grand partition function, average number of particles, pressure, equation of state

�E-mail: jellal@ictp.trieste.it { jellal@youpy.co.uk

1 Introduction

In the past few years, the application of the quantum groups [1, 2] in the study of the physical models has attracted several researchers. Indeed, many surprising results have appeared, which involve this mathematical background. For example, in quantum Hall effect [3], a fascinating relation between deformation parameter of U_q(sl(2)) and the socalled filling factor is established [4 − 10]. Furthermore, it is shown that the deformation gives some information about the statistics of anyon systems [11] and can solve some problems like Azbel-Hofstadter one [12 − 14].

Another kind of application has appeared recently. In effect, the thermodynamic properties of the fermions and bosons are investigated in the framework of the quantum groups. For this matter, we note the works developed in [15 − 17], where the author has obtained some more important results, like the generalization of the ordinary physical quantities of the fermions and bosons. Exactly, he has proved the role that quantum group SU_q(2) plays in the thermodynamic system at high temperature (T), corresponding to the case z = e^{βμ} ≪ 1, where β =^1_{kBT} , k_B Boltzman’s constant, and μ the chemical potential.

This paper is based on the comprehensive work of Ubriaco [17], which we refer to for a list of references concerning the history of this subject. Thus, we wish to extend the Ubriaco’s theory, developed in [17] concerning the bosonic gas, to cover some other interesting results. For this, we introduce a mathematical background. The latter includes that of quantum group GL_{p,q}(2). Otherwise, we are looking for the role that group, instead of SU_q(2), plays in the thermodynamic system at high temperature. Effectively, we show that it is possible to obtain the thermodynamic properties in terms of two deformation parameters p and q, when we work with the same case of temperature like in [17]. We mean at high temperature condition, namely z = e^{βμ} ≪ 1. Furthermore, we find the results derived in [17] just by limiting to the case p = q.

We shall present, in the next section, the quantum group SU_q(N)-bosons background and in particular case where N = 2. By this we mean a set of definitions and notations concerning the generators and R-matrix of SU_q(N). We shall especially insist on the terminology in use in our generalization. Section 3 is devoted to the description of the quantum group GL_{pij ,qij} (N)-bosons and especially the GL_{p,q}(2) one. In section 4, we introduce an explicit physical model. In effect, we consider a Hamiltonian, describing two bosonic types, in terms of the GL_{p,q}(2) generators. In that case, we present a new representation of the generators from which a new Hamiltonian is obtained. In order to control to what extent or new Hamiltonian, we compute in section 5 the thermodynamic properties like the average number of particles and the pressure. We conclude and give a brief comment on the extension of our methods to Bose-Einstein condensation (BEC) in the final section.

2 Quantum group SU_q(N)-bosons

In this section, we give a short review concerning the quantum group SU_q(N)-bosons, including the generators, R-matrix and some elementary properties. We begin by establishing the commutation relations of SU_q(N) as follows [17] Φ_jΦ̄_i = δ_{ij} + qR_{kijl}Φ̄_lΦ_k, Φ_lΦ_k = q^{−1}R_{jikl}Φ_jΦ_i, i, j = 1, 2, ..., N, (1) which generalize the ordinary ones

ϕ_iϕ^+_j − ϕ^+_j ϕ_i = δ_{ij}. (2)

δ_{ij} = 1 for i = j and 0 for i ≠ j. The R-matrix is [18] R_{jikl} = δ_{jk}δ_{il}(1 + (q − 1)δ_{ij} ) + (q − q^{−1})δ_{ik}δ_{jl}θ(j − i), (3) and the function θ(j − i) is given by θ(j − i) = 1 if j > i, 0 otherwise. (4)

With the help of the following linear transformation

Φ^0_i = N∑ j=1 T_{ij}Φ_i, (5)

it is shown that eqs.(1) are covariant under the SU_q(N) transformation. The matrix T_{ij} is the N-dimensional representation of the present group, which verifies the algebraic relations [19] RT_1T_2 = T_2T_1R, R_{12}R_{13}R_{23} = R_{23}R_{13}R_{12}, (6) where T_1 = T ⊗ 1 and T_2 = 1 ⊗ T ∈ V ⊗ V and (R_{23})_{ijk,i}0_j0_k0 = δ_{ii}0 R_{jk,j}0_k0 ∈ V ⊗ V ⊗ V . For a given unitary quantum group matrix T = a b c d and from RT T equation it is found [20] ab = q^{−1}ba, ac = q^{−1}ca, bc = cb, dc = qcd, db = qbd, da − ad = (q − q^{−1})bc, det_qT = ad − q^{−1}bc = 1, (7)

where q ∈ R and the adjoint matrix of T

T̄ = d −qb −q^{−1}c a , (8) are taken in to consideration.

The commutation relations generating the quantum group SU_q(2)-bosons are given by

Φ_2Φ̄_2 − q^2Φ̄_2Φ_2 = 1, Φ_1Φ̄_1 − q^2Φ̄_1Φ_1 = 1 + (q^2 − 1)Φ̄_2Φ_2, Φ_2Φ_1 = qΦ_1Φ_2, Φ_2Φ̄_1 = qΦ̄_1Φ_2, (9)

which can be obtained by replacing N = 2 in eqs.(1).

Having given some basic notions related to the quantum group SU_q(N)-bosons. Now we turn to generalize the above definitions and properties. For this matter, we introduce the multiparametric quantum group GL_{pij ,qij} (N) tools in the next section.

3 Quantum group GL_{pij ,qij} (N)-bosons

Let us remonte to another quantum group. In effect, we would like to establish a set of the background useful in the next, which leads to obtain a quantum group bosons. For this matter, we start by recalling GL_{pij ,qij} (N), i, j = 1, ..., N. The latter is defined by the commutation relations [21] R(T ⊗ 1)(1 ⊗ T ) = (1 ⊗ T )(T ⊗ 1)R, (10) which can be written otherwise R^{ik}_{rs}T^r_v T^s_w = T^k_f T^i_eR^{ef}_{vw}, (11) where k, r, s, v, w, e, f = 1, , ..., N and the R-matrix is [21] (R_{pij,qij} )^{ij}_{kl} = δ^i_kδ^j_l [δ^{ij} + θ(j − i) q_{ij} + θ(i − j) 1 p_{ij} ] + (1 − p^{−1}_{ij} q^{−1}_{ij} )δ^i_lδ^j_kθ(i − j). (12) The latter satisfies the Yang-Baxter equation R_{12}R_{13}R_{23} = R_{23}R_{13}R_{12}, (13) where the θ-function is given by Eq.(4). The inverse of R_{pij,qij} is (R_{pij ,qij} )^{−1} = R 1_{pij ,} 1_{qij} . (14) In this step, we would like to introduce a differential calculus for the reason which will appear in the next. To do this, we would like to remember a work of Schirrmacher done in [21]. In this reference, the author has constructed a differential calculus on the Ndimensional vector space associated to the multiparametric deformation of GL(N), which generalized the one-parameter differential calculus on the Manin plane [22]. Indeed, the cordinates x_i and the derivatives ∂_i verify the following relations x_ix_j = q_{ij}x_jx_i, ∂_i∂_j = p^{−1}_{ij} ∂_j∂_i, ∂_ix_i = 1 + p_{ij} q_{ij}x_i∂_i + (p_{ij} q_{ij} − 1) ∑N j=i+1 xj∂j, ∂_ix_j = p_{ij} x_j∂_i, ∂_jx_i = q_{ij}x_i∂_j,

(15) with i, j = 1, ..., N and i < j. We note two remarks. The first one, the above differential calculus is covariant under the GL_{pij,qij} (N) transformation. The second when N = 2, equations (15) coincide perfectly with two-parameter generalization of the Wess and Zumino differential calculus on the Manin plane [23].

Now we are looking for a realization of the quantum group bosons. To do this let us proceed as follows x_i −→ Φ̄_i, ∂_i −→ Φ_i. (16) These correspondences lead us to obtain Φ̄_iΦ̄_j = q_{ij}Φ̄_jΦ̄_i, Φ_iΦ_j = p^{−1}_{ij} Φ_j Φ_i, Φ_iΦ̄_i = 1 + p_{ij} q_{ij}Φ̄_iΦ_i + (p_{ij} q_{ij} − 1) ∑N j=i+1 Φ̄j Φj, Φ_iΦ̄_j = p_{ij}Φ̄_j Φ_i, Φ_jΦ̄_i = q_{ij}Φ̄_iΦ_j,

(17)

which generate the quantum group GL_{pij ,qij} (N)-bosons. The latter admits the following involution (Hermitian conjugation)

Φ_i −→ Φ̄_i, q_{ij} −→ p_{ij} . (18)

To reproduce eqs.(1), we can fix p_{ij} = q_{ij} = q.

Now we focus ourselves on the interesting case N = 2, q_{ij} = q and p_{ij} , which will be useful in the next of our study. Introducing these conditions in eqs.(17), we find the GL_{p,q}(2) commutation relations

Φ_1Φ_2 = p^{−1}Φ_2Φ_1, Φ_1Φ̄_1 = 1 + pqΦ̄_1Φ_1 + (pq − 1)Φ̄_2Φ_2, Φ_2Φ̄_2 = 1 + pqΦ̄_2Φ_2, Φ_1Φ̄_2 = pΦ̄_2Φ_1, Φ_2Φ̄_1 = qΦ̄_1Φ_2, Φ̄_1Φ̄_2 = qΦ̄_2Φ̄_1.

(19)

When p = q, these equations coincide perfectly with eqs.(9). The algebraic relations analogue to eqs.(7) can be obtained from eq.(11) ab = pba, ac = qca, pbc = qcb, cd = pdc, bd = qdb, ad − da = (p − q^{−1})bc, (20)

corresponding to the quantum group GL_{p,q}(2), where 0 ≤ q < ∞ and 0 ≤ p < ∞.

This concludes this section. In the next section we would like to analyse a physical model in the framework of the above tools. For this, we consider a bosonic Hamiltonian involving the generators of the quantum group GL_{p,q}(2).

4 GL_{p,q}(2)-boson model

Before going on, we would like to make a remark. Indeed, our approach is different from that known in the history of this subject, for example [24 − 27]. So, our main goal is to generalize the work done recently in [17]. For this matter, let us consider a Hamiltonian describing two types of bosons with the same energy like H = ∑ k ϵ_k(D̂_{1,k} + D̂_{2,k}), (21)

where the operators D̂_{1,k} and D̂_{2,k} are given by

D̂_{1,k} = Φ̄_{1,k}Φ_{1,k}, D̂_{2,k} = Φ̄_{2,k}Φ_{2,k}, (22)

and ϵ_k is the spectrum of energy, k = 0, 1, 2... We show that the following relations are satisfied for a given k D̂_2Φ_1 − Φ_1D̂_2 = 0, qD̂_1Φ_1 − p^{−1}Φ_1D̂_1 = 0.

(23)

The normalized states of the Hamiltonian eq.(21) can be built as follows

|d_1, d_2 >=

Φ̄^d2_2 Φ̄^d1_1 √ {d_1}_{p,q}!{d_2}_{p,q}! |0, 0 >, (24) where |0, 0 > is the ground state of H and we propose that the symbol {x}_{p,q} takes the form {x}_{p,q} = 1 − q^xp^x 1 − qp , (25) and {x}_{(p,q)}! is {x}_{p,q}! = {x}_{p,q}{x − 1}_{p,q}...1. (26) Our goal in the next section is to compute the thermodynamic properties of the above Hamiltonian. To do this, let us introduce a new representation. Indeed, we would like to establish a relation between the new operators and the old ones, namely the ordinary boson operators. In order to reply to this request, we propose the following representation for a given k Φ_2 = (ϕ^+_2 )^{−1}{D_2}_{p,q}, Φ̄_2 = ϕ^+_2 , Φ_1 = (ϕ^+_1 )^{−1}{D_1}_{p,q}p^{D2} , Φ̄_1 = ϕ^+_1 qD2.

(27)

where D_{1,k} = ϕ^+_{1,k}ϕ_{1,k}, D_{2,k} = ϕ^+_{2,k}ϕ_{2,k} and ϕ_i, ϕ^+_i are the ordinary boson operators. It easy to show that these equations satisfy the commutation relations given by eqs.(19). Furthermore, by using the last set of equations and eq.(23), we can rewrite the above Hamiltonian as follows H = ∑ k ϵ_k{D_{1,k} + D_{2,k}}_{p,q}. (28) Note that this representation led us to obtain an interacting Hamiltonian instead of the original one eq.(21).

Having obtained the Hamiltonian in terms of the ordinary boson operators, let us now calculate explicity its thermodynamic properties.

5 Thermodynamic properties

In this section, we are looking for the thermodynamic properties of the bosonic system descibed by the Hamiltonian eq.(28). To get these properties, we begin by evaluating the corresponding grand partition function. The latter can be written as follows

Z = T r exp[−βϵ_k(Φ̄_{1,k}Φ_{1,k} + Φ̄_{2,k}Φ_{2,k})] exp[βμ(ϕ̄_{1,k}ϕ_{1,k} + ϕ̄_{2,k}ϕ_{2,k})]. (29)

Using the above tools, we show that the last equation becomes Z = ∏ k ∞∑ d1_{,k} =0 ∞∑ d2_{,k} =0

exp[−βϵ_k{d_{1,k} + d_{2,k}}_{p,q}] exp[βμ(d_{1,k} + d_{2,k})], (30)

which can be written otherwise Z = ∏ k ∞∑ d_k=0

(d_k + 1) exp[−βϵ_k{d_k}_{p,q}]z^{dk} , (31)

where z = e^{βμ} is called the fugacity. It is clear that a direct computation of this equation is very hard. However, there is a limit case which leads to obtain the thermodynamic properties of eq.(28). For this, let us consider the limit z ≪ 1, which corresponds to the high temperature case. Then, taking into account this approximation, we can write eq.(31) as follows

ln Z =^{4πV}_{h3} ∫_∞ 0 p^2dp[2e^{−βϵ}z + (6e^{−βϵ{2}p,q} − 4e^{−2βϵ})^{z2}_2 + (24e^{−βϵ{3}p,q} − 36e^{−βϵ{2}p,q} + 8e^{−3βϵ})^{z3}_{3!} ...]. (32)

The manipulation of the integral in the 3-dimentional momentum space leads to

ln Z =^{4πV}_{h3} [^{√π}_2 (^{2m}_β )^{32} z + √ π(^{2m}_β )^{32} δ(p, q)z^2 + ...], (33)

where the function δ(p, q) is given by δ(p, q) = 1 4 [ 3 (1 + pq)^32 − 1 √ 2 ]. (34)

We note that when we take the limit p = q, we find for the grand function partition coincides with the one derived in ref.[17] concerning the boson gas.

Having obtained eq.(33), we return now to investigate the thermodynamic properties related to the bosonic system described by the above Hamiltonian. For these, we begin by the average number of particles. The latter is given by ⟨N⟩ = 1 β ( ∂lnZ ∂μ )_{T,V} . (35)

Using eq.(34), we find

⟨N⟩ =^{4πV}_{h3} [^{√π}_2 (^{2m}_β )^32 z + 2 √ π(^{2m}_β )^32 δ(p, q)z^2 + ...]. (36)

By inverting this equation, we prove that the fugacity can be written as z ≈ 1 2 ( h^2 2mπkT )^{32} ⟨N⟩ V − δ(p, q)( h^2 2mπkT )^3( ⟨N⟩ V )^2. (37)

In the same way, the pressure is related to the grand function partition by P = 1 β ( ∂lnZ ∂V )_{μ,T} . (38)

All calculations done, we get

P =^{4π}_{h3β} [^{√π}_2 (^{2m}_β )^{32} z + √ π(^{2m}_β )^{32} δ(p, q)z^2 + ...]. (39)

The above relations led us to obtain an equation of state like P V = kT ⟨N⟩(1 − δ(p, q)[( h^2 2mπkT )^{32} ⟨N⟩ V + ...]. (40) Note that this expression depends on deformation parameters p and q.

For a system of particles living in two dimension space, the above equation of state can be written as follows P V = kT ⟨N⟩[1 − η(p, q) h^2 2mπkT ⟨N⟩ A + ...], (41) where A is the surface in which confined the bosonic system and the function η(p, q) is η(p, q) = 2 − pq 4(1 + pq)

. (42)

Note that the last two equations are obtained in the same way as above for a 3-dimension space.

This analysis generalizes the bosonic results derived in ref.[17]. The latter can be found in the limit where p = q. Furthermore, for p = q = 1 we obtain the classical results, i.e. the thermodynamic properties of the ordinary bosons.

6 Conclusion

In this paper, we have investigated a bosonic system in the framework of the quantum group GL_{p,q}(2). To do this, we have first introduced a differential calculus. The latter leads us to obtain the multiparametric quantum group GL_{pij,qij} (N) and then the GL_{p,q}(2) one. Second, we have considered a bosonic Hamiltonian in terms of GL_{p,q}(2) generators. Subsequently, we have calculated the thermodynamic properties starting from the corresponding grand partition function. Therefore, we have shown, for example, that the average number of particles and the pressure depending on deformation parameters p and q. The equation of state is also obtained in this way. This task generalized the recent one [17] concerning the boson gas. The latter results are reproduced when we take the limit p = q in our analysis. Also the ordinary results can be found for the case where p = q = 1.

The low temperature case will be considered in a subsequent work [28]. This will include a study of the Bose-Einstein condensation (BEC) in the framework of the quantum group GL_{p,q}(2)-bosons.

Acknowledgment

A. Jellal is grateful to Prof. S. Randjbar-Daemi for the kind hospitality at the High Energy Section of the Abdus Salam International Centre for Theoretical Physics (AB- ICTP) while this work was being completed. It is a great pleasure for A. Jellal to thank Prof. G. Thompson for reading the present work.

References

[1] V.G. Drinfeld, Quantum Groups, Proc. Int. Congr. of Mathematics, ed A.M. Gleason (Providence, RI: American Mathematical Society, 1986)

[2] M. Jimbo, Lett. Math. Phys. 11 (1986) 247.

[3] P.E. Prange and S.M. Girvin, The Quantum Hall Effects, (New York, 1990) [4] I.I. Kogan, Int. J. Mod. Phys. A 9 (1994) 3889. [5] H.-T. Sato, Mod. Phys. Lett. A 9 (1994) 451. [6] D.F. Wang and C.Gruber, Phys. Lett. A 201 (1995) 257.

[7] M. Alimohammadi and A. Shafei Deb Abad, J. Phys. A: Math. Gen. 29 (1996) 551. [8] M. Alimohammadi and H. Mohseni Sadjadi, J. Phys. A: Math. Gen. 29 (1996) 5551. [9] Ö.F. Dayi, J. Phys. A: Math. Gen. 31 (1998) 3523. [10] A. Jellal, Int. J. Theor. Phys. 38 (1999) 1905. [11] A. Lerda and S. Sciuto, Nucl. Phys. B 401 (1993) 613-643.

[12] P.B. Weigmann and A.V.Zabrodin, Preprint cond-mat/9310017; condmat/9312088.

[13] L.D. Faddeev and R.M. Kashaev, Commun. Math. Phys. 169 (1995) 181. [14] Y. Hatsugai, M. Khomoto and Y.S. Wu, Phys. Rev. Lett. 73 (1994) 1134. [15] M.R. Ubriaco, Phys. Lett. A 219 (1996) 205. [16] M.R. Ubriaco, Mod. Phys. Lett. A 11 (1996) 2325. [17] M.R. Ubriaco, Phys. Rev. E 55 (1997) 291.

[18] J. Wess and B. Zumino, Nucl. Phys. B (Proc. Suppl.) 18 (1990) 302. [19] L.A. Tackhatajan, Adv. Stud. Pure Math. 19 (1989) 1.

[20] S. Vokos, B. Zumino and J. Wess, Symmetry in Nature (Scuala Normale Superiore Publ., Pisa, Italy, 1989).

[21] A. Schirrmacher, Z. Phys. C 50 (1991) 321.

[22] Yu. Manin, Commun. Math. Phys. 123 (1989) 163. [23] A. Schirrmacher, J. Wess and B. Zimino, Z. Phys. C 49 (1991) 317. [24] M. Chaichain et al, J. Phys. A: Math. Gen 26 (1994) 4017. [25] M.R. Kibler et al, Preprint cond-mat/9611042. [26] T. Alther and T. Grandou, Nucl. Phys. B102 (1993) 165.

[27] J.A. Tuszyunski, J.L. Rubin, J. Meyer and M. Kibler, Phys. Lett. A 175 (1993) 173. [28] A. Jellal, work in progress.