arXiv:hep-th/0011032 6 Nov 2000

BULGARIAN ACADEMY OF SCIENCES Institute for Nuclear Research and Nuclear Energy

Plamen Lubenov Bozhilov

NULL P -BRANES

DISSERTATION submitted for obtaining the educational and scientific degree ”doctor”

Scientific supervisor: Prof. Dimitr Tz. Stoyanov

Sofia, 2 000

Contents

1 INTRODUCTION 3 1.1 Brief Overview of String Theory . . . . . . . . . . . . . . . . . . 3 1.1.1 Massless States of Bosonic Strings . . . . . . . . . . . . . . . . 7 1.1.2 Massless States of Type II Superstrings . . . . . . . . . . . . . 8 1.1.3 Open Superstring: Type I String . . . . . . . . . . . . . . . . 10 1.1.4 Heterotic Strings . . . . . . . . . . . . . . . . . . . . . . . . . 11 1.1.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 1.2 String Compactifications . . . . . . . . . . . . . . . . . . . . . . . 13 1.2.1 Toroidal Compactifications . . . . . . . . . . . . . . . . . . . . 15 1.2.2 Compactifications on K3 . . . . . . . . . . . . . . . . . . . . . 16 1.2.3 Calabi-Yau Threefolds . . . . . . . . . . . . . . . . . . . . . . 18 1.3 Solitons in String Theory . . . . . . . . . . . . . . . . . . . . . . 19 1.3.1 Magnetically Charged States . . . . . . . . . . . . . . . . . . . 21 1.3.2 String Solitons . . . . . . . . . . . . . . . . . . . . . . . . . . 23 1.3.3 D-Branes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 1.4 From M-Theory to Tensionless Strings . . . . . . . . . . . . . . 26

2 APPEARANCE OF THE NULL BRANES 28 2.1 Compactifications . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 2.2 High Energy Limit . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 2.3 Gravity and Cosmology . . . . . . . . . . . . . . . . . . . . . . . . 36 2.3.1 The Null String Approach . . . . . . . . . . . . . . . . . . . . 37 2.3.2 Null Branes in Cosmology . . . . . . . . . . . . . . . . . . . . 38

3 CLASSICAL AND QUANTUM PROPERTIES

OF THE NULL BRANES 40

4 TENSIONLESS BRANES AND THE NULL STRING CRITICAL DIMENSION 77 4.1 Classical theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.2 Quantization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 4.3 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5 NULL BRANES IN CURVED

BACKGROUNDS 86 5.1 Classical formulation . . . . . . . . . . . . . . . . . . . . . . . . . 86 5.2 Null membranes in D=4 . . . . . . . . . . . . . . . . . . . . . . . 88 5.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92 5.4 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

6 D=10 CHIRAL NULL SUPER p-BRANES 98 6.1 Lagrangian formulation . . . . . . . . . . . . . . . . . . . . . . . . 98 6.2 Hamiltonian formulation . . . . . . . . . . . . . . . . . . . . . . . 101 6.3 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

7 CONCLUSIONS 110

8 ACKNOWLEDGEMENTS 112

9 Appendix A 113

10 Appendix B 114

1 INTRODUCTION

In the attempt to unify all the forces present in Nature, which entails having a consistent quantum theory of gravity, superstring theories seem promising candidates. The evidence that string theories could be unified theories is provided by the presence in their massless spectrum of enough particles to account for those present at low energies, including the graviton [1].

String theory is by now a vast subject with almost three decades of active research contributing to its development. During the last few years, our understanding of string theory has undergone a dramatic change. The key to this development is the discovery of duality symmetries, which relate the strong and weak coupling limits of different string theories (S-duality). These symmetries not only relate apparently different string theories, but give us a way to compute certain strong coupling results in one string theory by mapping it to a weak coupling result in a dual string theory (for recent review on non-perturbative string theory see for instance [2]).

Our main aim here is the description and further investigation of the properties of the so called null or tensionless branes. To explain how these extended objects appear and why it is worthwhile to learn more about them, we first will give a brief introduction to the related notions in string theory following mainly [3].

1.1 Brief Overview of String Theory

String theory is a description of dynamics of objects with one spatial direction, which we parameterize by σ, propagating in a space parameterized by x^μ. The worldsheet of the string is parameterized by coordinates (τ, σ) where each τ = constant denotes the string at a given time. The amplitude for propagation of a string from an initial configuration to a final one is given by sum over world-sheets which interpolate between the two string configurations weighed by exp(iS), where S ∝ ∫ dτ dσ ∂_J x^μ∂^J x^νg_{μν} (x) (1.1)

where g_{μν} is the metric on space-time and J runs over the τ and σ directions. Note that by slicing the world-sheet we will get configurations where a single string splits to a pair or vice versa, and combinations thereof.

If we consider propagation in flat space-time where g_{μν} = η_{μν} the fields x^μ on the world-sheet, which describe the position in space-time of each bit of string, are free fields and satisfy the 2 dimensional equation

∂_J ∂^J x^μ = (∂^2_τ − ∂^2_σ)x^μ = 0.

The solution of which is given by x^μ(τ, σ) = x^μ_L(τ + σ) + x^μ_R(τ − σ). In particular notice that the left- and right-moving degrees of freedom are essentially independent. There are two basic types of strings: Closed strings and Open strings depending on whether the string is a closed circle or an open interval respectively. If we are dealing with closed strings the left- and right-moving degrees of freedom remain essentially independent but if are dealing with open strings the left-moving modes reflecting off the left boundary become the right-moving modes–thus the leftand right-moving modes are essentially identical in this case. In this sense an open string has ‘half’ the degrees of freedom of a closed string and can be viewed as a ‘folding’ of a closed string so that it looks like an interval.

There are two basic types of string theories, bosonic and fermionic. What distinguishes bosonic and fermionic strings is the existence of supersymmetry on the world-sheet. This means that in addition to the coordinates x^μ we also have anticommuting fermionic coordinates ψ^μ_{L,R} which are space-time vectors but fermionic spinors on the worldsheet whose chirality is denoted by subscript L, R. The action for superstrings takes the form S = ∫ ∂_Lx^μ∂_Rx^μ + ψ^μ_R∂_Lψ^μ_R + ψ^μ_L∂_Rψ^μ_R.

There are two consistent boundary conditions on each of the fermions, periodic (Ramond sector) or anti-periodic (Neveu-Schwarz sector) (note that the coordinate σ is periodic).

A natural question arises as to what metric we should put on the world-sheet. In the above we have taken it to be flat. However in principle there is one degree of freedom that a metric can have in two dimensions. This is because it is a 2 × 2 symmetric matrix (3 degrees of freedom) which is defined up to arbitrary reparametrization of 2 dimensional space-time (2 degrees of freedom) leaving us with one function. Locally we can take the 2 dimensional metric g_{JK} to be conformally flat g_{JK} = exp(ϕ)η_{JK} .

Classically the action S does not depend on ϕ. This is easily seen by noting that the properly coordinate invariant action density goes as √ |g|g^{JK} ∂_J x^μ∂_Kx^νη_{μν} and is independent of ϕ only in D = 2. This is rather nice and means that we can ignore all the local dynamics associated with gravity on the world-sheet. This case is what is known as the critical string case which is the case of most interest. It turns out that this independence from the local dynamics of the world-sheet metric survives quantum corrections only when the dimension of space is 26 in the case of bosonic strings and 10 for fermionic or superstrings. Each string can be in a specific vibrational mode which gives rise to a particle. To describe the totality of such particles it is convenient to go to ‘light-cone’ gauge. Roughly speaking this means that we take into account that string vibration along their world-sheet is not physical. In particular for bosonic string the vibrational modes exist only in 24 transverse directions and for superstrings they exist in 8 transverse directions.

Solving the free field equations for x, ψ we have ∂_Lx^μ = ∑ n α^μ_{−n}e^{−in(τ +σ)} ψ^μ_L = ∑ n ψ^μ_{−n}e^{−in(τ +σ)} (1.2)

and similarly for right-moving oscillator modes α̃^μ_{−n} and ψ̃^μ_{−n}. The sum over n in the above runs over integers for the α_{−n}. For fermions depending on whether we are in the R sector or NS sector it runs over integers or integers shifted by 1/2 respectively. Many things decouple between the left- and right-movers in the construction of a single string Hilbert space and we sometimes talk only about one of them. For the open string Fock space the left- and right-movers mix as mentioned before, and we simply get one copy of the above oscillators.

A special role is played by the zero modes of the oscillators. For the x-fields they correspond to the center of mass motion and thus α_0 gets identified with the left-moving momentum of the center of mass. In particular we have for the center of mass x = α_0(τ + σ) + α̃_0(τ − σ), where we identify (α_0, α̃_0) = (P_L, P_R).

Note that for closed string, periodicity of x in σ requires that P_L = P_R = P which we identify with the center of mass momentum of the string.

In quantizing the fields on the strings we use the usual (anti)commutation relations [α^μ_n, α^ν_m] = nδ_{m+n,0}η^{μν} {ψ^μ_n, ψ^ν_m} = η^{μν} δ_{m+n,0}. We choose the negative moded oscillators as creation operators. In constructing the Fock space we have to pay special attention to the zero modes. The zero modes of α should be diagonal in the Fock space and we identify their eigenvalue with momentum. For ψ in the NS sector there is no zero mode so there is no subtlety in construction of the Hilbert space. For the R sector, we have zero modes. In this case the zero modes form a Clifford algebra {ψ^μ_0 , ψ^ν_0 } = η^{μν}.

This implies that in these cases the ground state is a spinor representation of the Lorentz group. Thus a typical element in the Fock space looks like α^{Lμ1}_{−n1} ....ψ^{Lμk}_{−nk} ...|P_L, a⟩ ⊗ α^{Rμ1}_{−m1} ....ψ^{Rμk}_{−mr} ...|P_R, b⟩, where a, b label spinor states for R sectors and are absent in the NS case; moreover for the bosonic string we only have the left and right bosonic oscillators.

It is convenient to define the total oscillator number as sum of the negative oscillator numbers, for left- and right- movers separately. N_L = n_1 + ... + n_k + ..., N_R = m_1 + ... + m_r + .... The condition that the two dimensional gravity decouple implies that the energy momentum tensor annihilate the physical states. The trace of the energy momentum tensor is zero here (and in all compactifications of string theory) and so we have two independent components which can be identified with the left- and right- moving hamiltonians H_{L,R} and the physical states condition requires that

H_L = N_L + (1/2)P^2_L − δ_L = 0 = H_R = N_R + (1/2)P^2_R − δ_R, (1.3)

where δ_{L,R} are normal ordering constants which depend on which string theory and which sector we are dealing with. For bosonic string δ = 1, for superstrings we have two cases: For NS sector δ = 1/2 and for the R sector δ = 0. The equations (1.3) give the spectrum of particles in the string perturbation theory. Note that P^2_L = P^2_R = −m^2 and so we see that m^2 grows linearly with the oscillator number N, up to a shift:

(1/2)m^2 = N_L − δ_L = N_R − δ_R. (1.4)

1.1.1 Massless States of Bosonic Strings

Let us consider the left-mover excitations. Since δ = 1 for bosonic string, (1.4) implies that if we do not use any string oscillations, the ground state is tachyonic 1/2m^2 = −1. This clearly implies that bosonic string by itself is not a good starting point for perturbation theory. Nevertheless in anticipation of a modified appearance of bosonic strings in the context of heterotic strings, let us continue to the next state.

If we consider oscillator number N_L = 1, from (1.4) we learn that excitation is massless. Putting the right-movers together with it, we find that it is given by α^μ_{−1}α̃^ν_{−1}|P ⟩.

What is the physical interpretation of these massless states? The most reliable method is to find how they transform under the little group for massless states which in this case is SO(24). If we go to the light cone gauge, and count the physical states, which roughly speaking means taking the indices μ to go over spatial directions transverse to a null vector, we can easily deduce the content of states. By decomposing the above massless state under the little group of SO(24), we find that we have symmetric traceless tensor, anti-symmetric 2-tensor, and the trace, which we identify as arising from 26 dimensional fields g_{μν} , B_{μν} , ϕ (1.5) the metric, the anti-symmetric field B and the dilaton. This triple of fields should be viewed as the stringy multiplet for gravity. The quantity exp[−ϕ] is identified with the string coupling constant. What this means is that a world-sheet configuration of a string which sweeps a genus g curve, which should be viewed as g-th loop correction for string theory, will be weighed by exp(−2(g − 1)ϕ). The existence of the field B can also be understood (and in some sense predicted) rather easily. If we have a point particle it is natural to have it charged under a gauge field, which introduces a term exp(i ∫ A) along the world-line. For strings the natural generalization of this requires an anti-symmetric 2-form to integrate over the world-sheet, and so we say that the strings are charged under B_{μν} and that the amplitude for a world-sheet configuration will have an extra factor of exp(i ∫ B). Since bosonic string has tachyons we do not know how to make sense of that theory by itself.

1.1.2 Massless States of Type II Superstrings

Let us now consider the light particle states for superstrings. We recall from the above discussion that there are two sectors to consider, NS and R, separately for the left- and the right-movers. As usual we will first treat the left- and right-moving sectors separately and then combine them at the end. Let us consider the NS sector for left-movers. Then the formula for masses (1.3) implies that the ground state is tachyonic with 1/2m^2 = −1/2. The first excited states from the left-movers are massless and corresponds to ψ^μ_{−1/2}|0⟩, and so is a vector in space-time. How do we deal with the tachyons? It turns out that summing over the boundary conditions of fermions on the world-sheet amounts to keeping the states with a fixed fermion number (−1)^F on the world-sheet. Since in the NS sector the number of fermionic oscillator correlates with the integrality/half-integrality of N, it turns out that the consistent choice involves keeping only the N =half-integral states. This is known as the GSO projection. Thus the tachyon is projected out and the lightest left-moving state is a massless vector.

For the R-sector using (1.3) we see that the ground states are massless. As discussed above, quantizing the zero modes of fermions implies that they are spinors. Moreover GSO projection, which is projection on a definite (−1)^F state, amounts to projecting to spinors of a given chirality. So after GSO projection we get a massless spinor of a definite chirality. Let us denote the spinor of one chirality by s and the other one by s^′.

Now let us combine the left- and right-moving sectors together. Here we run into two distinct possibilities: A) The GSO projections on the left- and right-movers are different and lead in the R sector to ground states with different chirality. B) The GSO projections on the left- and right-movers are the same and lead in the R sector to ground states with the same chirality. The first case is known as type IIA superstring and the second one as type IIB. Let us see what kind of massless modes we get for either of them. From NS⊗NS we find for both type IIA,B NS ⊗ NS → v ⊗ v → (g_{μν} , B_{μν} , ϕ) From the NS ⊗ R and R ⊗ NS we get the fermions of the theory (including the gravitinos). However the IIA and IIB differ in that the gravitinos of IIB are of the same chirality, whereas for IIA they are of the opposite chirality. This implies that IIB is a chiral theory whereas IIA is non-chiral. Let us move to the R⊗ R sector. We find IIA : R ⊗ R = s ⊗ s^′ → (A_μ, C_{μνρ})

IIB : R ⊗ R = s ⊗ s → (χ, B^′_{μν} , D_{μνρλ}), (1.6) where all the tensors appearing above are fully antisymmetric. Moreover D_{μνρλ} has a self-dual field strength F = dD = ∗F . It turns out that to write the equations of motion in a unified way it is convenient to consider a generalized gauge fields A and B in the IIA and IIB case respectively by adding all the fields in the RR sector together with the following properties: i) A(B) involve all the odd (even) dimensional antisymmetric fields. ii) the equation of motion is dA = ∗dA. In the case of all fields (except D_{μνλρ}) this equation allows us to solve for the forms with degrees bigger than 4 in terms of the lower ones and moreover it implies the field equation d ∗ dA = 0 which is the familiar field equation for the gauge fields. In the case of the D-field it simply gives that its field strength is self-dual.

1.1.3 Open Superstring: Type I String

In the case of type IIB theory in 10 dimensions, we note that the left- and right-moving degrees of freedom on the worldsheet are the same. In this case we can ‘mod out’ by a reflection symmetry on the string; this means keeping only the states in the full Hilbert space which are invariant under the left-/right-moving exchange of quantum numbers. This is simply projecting the Hilbert space onto the invariant subspace of the projection operator P =^1_2 (1 + Ω) where Ω exchanges left- and rightmovers. Ω is known as the orientifold operation as it reverses the orientation on the world-sheet. Note that this symmetry only exists for IIB and not for IIA theory (unless we accompany it with a parity reflection in spacetime). Let us see which bosonic states we will be left with after this projection. From the NS-NS sector B_{μν} is odd and projected out and thus we are left with the symmetric parts of the tensor product NS − NS → (v ⊗ v)_{symm.} = (g_{μν} , ϕ). From the R-R sector since the degrees of freedom are fermionic from each sector we get, when exchanging left- and right-movers an extra minus sign which thus means we have to keep anti-symmetric parts of the tensor product R − R → (s ⊗ s)_{anti−symm.} = B̃_{μν}. This is not the end of the story, however. In order to make the theory consistent we need to introduce a new sector in this theory involving open strings. This comes about from the fact that in the R-R sector there actually is a 10 form gauge potential which has no propagating degree of freedom, but acquires a tadpole. Introduction of a suitable open string sector cancels this tadpole.

As noted before the construction of open string sector Hilbert space proceeds as in the closed string case, but now, the left-moving and right-moving modes become indistinguishable due to reflection off the boundaries of open string. We thus get only one copy of the oscillators. Moreover we can associate ‘Chan-Paton’ factors to the boundaries of open string . To cancel the tadpole it turns out that we need 32 Chan-Paton labels on each end. We still have two sectors corresponding to the NS and R sectors. The NS sector gives a vector field A_μ and the R sector gives the gaugino. The gauge field A_μ has two additional labels coming from the end points of the open string and it turns out that the left-right exchange projection of the type IIB theory translates to keeping the antisymmetric component of A_μ = −A^T_μ , which means we have an adjoint of SO(32). Thus all put together, the bosonic degrees of freedom are

(g_{μν} , B̃_{μν}, ϕ) + (A_μ)_{SO(32)}.

We should keep in mind here that B̃ came not from the NS-NS sector, but from the R-R sector.

1.1.4 Heterotic Strings

Heterotic string is a combination of bosonic string and superstring, where roughly speaking the left-moving degrees of freedom are as in the bosonic string and the right-moving degrees of freedom are as in the superstring. It is clear that this makes sense for the construction of the states because the left- and right-moving sectors hardly talk with each other. This is almost true, however they are linked together by the zero modes of the bosonic oscillators which give rise to momenta (P_L, P_R). Previously we had P_L = P_R but now this cannot be the case because P_L is 26 dimensional but P_R is 10 dimensional. It is natural to decompose P_L to a 10+16 dimensional vectors, where we identify the 10 dimensional part of it with P_R. It turns out that for the consistency of the theory the extra 16 dimensional component should belong to the root lattice of E_8 × E_8 or a Z_2 sublattice of SO(32) weight lattice. In either of these two cases the vectors in the lattice with (length)^2 = 2 are in one to one correspondence with non-zero weights in the adjoint of E_8 × E_8 and SO(32) respectively. These can also be conveniently represented (through bosonization) by 32 fermions: In the case of E_8 × E_8 we group them to two groups of 16 and consider independent NS, R sectors for each group. In the case of SO(32) we only have one group of 32 fermions with either NS or R boundary conditions.

Let us tabulate the massless modes using (1.4). The right-movers can be either NS or R. The left-moving degrees of freedom start out with a tachyonic mode. But (1.4) implies that this is not satisfying the level-matching condition because the right-moving ground state is at zero energy. Thus we should search on the leftmoving side for states with L_0 = 0 which means from (1.4) that we have either N_L = 1 or (1/2)P^2_L = 1, where P_L is an internal 16 dimensional vector in one of the two lattices noted above. The states with N_L = 1 are 16 ⊕ v, where 16 corresponds to the oscillation direction in the extra 16 dimensions and v corresponds to vector in 10 dimensional spacetime. States with (1/2)P^2_L = 1 correspond to the non-zero weights of the adjoint of E_8 × E_8 or SO(32) which altogether correspond to 480 states in both cases. The extra 16 N_L = 1 modes combine with these 480 states to form the adjoints of E_8 ×E_8 or SO(32) respectively. The right-movers give, as before, a v ⊕ s from the NS and R sectors respectively. So putting the left- and right-movers together we finally get for the massless modes (v ⊕ Adj) ⊗ (v ⊕ s).

Thus the bosonic states are (v ⊕ Adj) ⊗ v which gives (g_{μν} , B_{μν}, ϕ; A_μ), where the A_μ is in the adjoint of E_8 × E_8 or SO(32). Note that in the SO(32) case this is an identical spectrum to that of type I strings.

1.1.5 Summary

To summarize, we have found 5 consistent strings in 10 dimensions: Type IIA with N = 2 non-chiral supersymmetry, type IIB with N = 2 chiral supersymmetry, type I with N=1 supersymmetry and gauge symmetry SO(32) and heterotic strings with N=1 supersymmetry with SO(32) or E_8 × E_8 gauge symmetry. Note that as far as the massless modes are concerned we only have four inequivalent theories, because heterotic SO(32) theory and Type I theory have the same light degrees of freedom. In discussing compactifications it is sometimes natural to divide the discussion between two cases depending on how many supersymmetries we start with. In this context we will refer to the type IIA and B as N = 2 theories and Type I and heterotic strings as N = 1 theories.

1.2 String Compactifications

So far we have only talked about superstrings propagating in 10 dimensional Minkowski spacetime. If we wish to connect string theory to the observed four dimensional spacetime, somehow we have to get rid of the extra 6 directions. One way to do this is by assuming that the extra 6 dimensions are tiny and thus unobservable in the present day experiments. In such scenarios we have to understand strings propagating not on ten dimensional Minkowski spacetime but on four dimensional Minkowski spacetime times a compact 6 dimensional manifold K. In order to gain more insight it is convenient to consider compactifications not just to 4 dimensions but to arbitrary dimensional spacetimes, in which case the dimension of K is variable.

The choice of K and the string theory we choose to start in 10 dimensions will lead to a large number of theories in diverse dimensions, which have different number of supersymmetries and different low energy effective degrees of freedom. In order to get a handle on such compactifications it is useful to first classify them according to how much supersymmetry they preserve. This is useful because the higher the number of supersymmetry the less the quantum corrections there are.

If we consider a general manifold K we find that the supersymmetry is completely broken. This is the case we would really like to understand, but it turns out that string perturbation theory always breaks down in such a situation; this is intimately connected with the fact that typically cosmological constant is generated by perturbation theory and this destabilizes the Minkowski solution. For this reason we do not even have a single example of such a class whose dynamics we understand. Instead if we choose K to be of a special type we can preserve a number of supersymmetries.

For this to be the case, we need K to admit some number of covariantly constant spinors. This is the case because the number of supercharges which are ‘unbroken’ by compactification is related to how many covariantly constant spinors we have. To see this note that if we wish to define a constant supersymmetry transformation, since a space-time spinor, is also a spinor of internal space, we need in addition a constant spinor in the internal compact directions. The basic choices are manifolds with trivial holonomy (flat tori are the only example), SU(n) holonomy (Calabi-Yau n-folds), Sp(n) holonomy (4n dimensional manifolds), 7-manifolds of G_2 holonomy and 8-manifolds of Spin(7) holonomy. The case mostly studied in physics involves toroidal compactification, SU(2) = Sp(1) holonomy manifold (the 4-dimensional K3), SU(3) holonomy (Calabi-Yau 3-folds). Calabi-Yau 4-folds have also recently appeared in connection with F-theory compactification to 4 dimensions [4, 5, 6, 7, 2]. The cases of Sp(2) holonomy manifolds (8 dimensional) and G_2 and Spin(7) end up giving us compactifications below 4 dimensions.

1.2.1 Toroidal Compactifications

The space with maximal number of covariantly constant spinors is the flat torus T^d. This is also the easiest to describe the string propagation in. The main modification to the construction of the Hilbert space from flat non-compact space in this case involves relaxing the condition P_L = P_R because the string can wrap around the internal space and so X does not need to come back to itself as we go around σ. In particular if we consider compactification on a circle of radius R we can have

(P_L, P_R) = ( n 2R + mR, n 2R − mR). Here n labels the center of mass momentum of the string along the circle and m labels how many times the string is winding around the circle. Note that the spectrum of allowed (P_L, P_R) is invariant under R → 1/2R. All that we have to do is to exchange the momentum and winding modes (n ↔ m). This symmetry is a consequence of what is known as T -duality [8].

If we compactify on a d-dimensional torus T^d it can be shown that (P_L, P_R) belong to a 2d dimensional lattice with signature (d, d). Moreover this lattice is integral, self-dual and even. Evenness means, P^2_L −P^2_R is even for each lattice vector. Self-duality means that any vector which has integral product with all the vectors in the lattice sits in the lattice as well. It is an easy exercise to check these condition in the one dimensional circle example given above. Note that we can change the radii of the torus and this will clearly affect the (P_L, P_R). Given any choice of a d-dimensional torus compactifications, all the other ones can be obtained by doing an SO(d, d) Lorentz boost on (P_L, P_R) vectors. Of course rotating (P_L, P_R) by an O(d) × O(d) transformation does not change the spectrum of the string states, so the totality of such vectors is given by SO(d, d) SO(d) × SO(d). Some Lorentz boosts will not change the lattice and amount to relabeling the states. These are the boosts that sit in O(d, d; Z) (i.e. boosts with integer coefficients), because they can be undone by choosing a new basis for the lattice by taking an integral linear combination of lattice vectors. So the space of inequivalent choices are actually given by SO(d, d) SO(d) × SO(d) × O(d, d; Z). The O(d, d; Z) generalizes the T-duality considered in the 1-dimensional case.

1.2.2 Compactifications on K3

The four dimensional manifold K3 is the only compact four dimensional manifold, besides T^4, which admits covariantly constant spinors. In fact it has exactly half the number of covariantly constant spinors as on T^4 and thus preserves half of the supersymmetry that would have been preserved upon toroidal compactification. More precisely the holonomy of a generic four manifold is SO(4). If the holonomy resides in an SU(2) subgroup of SO(4) which leaves an SU(2) part of SO(4) untouched, we end up with one chirality of SO(4) spinor being unaffected by the curvature of K3, which allows us to define supersymmetry transformations as if K3 were flat (note a spinor of SO(4) decomposes as (2, 1) ⊕ (1, 2) of SU(2) × SU(2)).

There are a number of realizations of K3, which are useful depending on which question one is interested in. Perhaps the simplest description of it is in terms of orbifolds. This description of K3 is very close to toroidal compactification and differs from it by certain discrete isometries of the T^4 which are used to (generically) identify points which are in the same orbit of the discrete group. Another description is as a 19 complex parameter family of K3 defined by an algebraic equation.

Consider a T^4 which for simplicity we take to be parametrized by four real coordinates x_i with i = 1, ..., 4, subject to the identifications x_i ∼ x_i + 1. It is sometimes convenient to think of this as two complex coordinates z_1 = x_1 + ix_2 and z_2 = x_3 + ix_4 with the obvious identifications. Now we identify the points on the torus which are mapped to each other under the Z_2 action (involution) given by reflection in the coordinates x_i → −x_i, which is equivalent to z_i → −z_i.

Note that this action has 2^4 = 16 fixed points given by the choice of midpoints or the origin in any of the four x_i. The resulting space is singular at any of these 16 fixed points because the angular degree of freedom around each of these points is cut by half. Put differently, if we consider any primitive loop going ‘around’ any of these 16 fixed point, it corresponds to an open curve on T^4 which connects pairs of points related by the Z_2 involution. Moreover the parallel transport of vectors along this path, after using the Z_2 identification, results in a flip of the sign of the vector. This is true no matter how small the curve is. This shows that we cannot have a smooth manifold at the fixed points.

When we move away from the orbifold points of K3 the description of the geometry of K3 in terms of the properties of the T^4 and the Z_2 twist become less relevant, and it is natural to ask about other ways to think about K3. In general a simple way to define complex manifolds is by imposing complex equations in a compact space known as the projective n-space CP^n. This is the space of complex variables (z_1, ..., z_{n+1}) excluding the origin and subject to the identification (z_1, ..., z_{n+1}) ∼ λ(z_1, ..., z_{n+1}) λ ≠ 0. One then considers the vanishing locus of a homogeneous polynomial of degree d, W_d(z_i) = 0 to obtain an n − 1 dimensional subspace of CP^n. An interesting special case is when the degree is d = n + 1. In this case one obtains an n − 1 complex dimensional manifold which admits a Ricci-flat metric. This is the case known as Calabi-Yau. For example, if we take the case n = 2, by considering cubics in it

z^3_1 + z^3_2 + z^3 + az_1z_2z_3 = 0

we obtain an elliptic curve, i.e. a torus of complex dimension 1 or real dimension 2. The next case would be n = 3 in which case, if we consider a quartic polynomial in CP^3 we obtain the 2 complex dimensional K3 manifold:

W = z^4_1 + z^4_2 + z^4_3 + z^4 + deformations = 0.

There are 19 inequivalent quartic terms we can add. This gives us a 19 dimensional complex subspace of 20 dimensional complex moduli of the K3 manifold. Clearly this way of representing K3 makes the complex structure description of it very manifest, and makes the Kahler structure description implicit.

Note that for a generic quartic polynomial the K3 we obtain is non-singular. This is in sharp contrast with the orbifold construction which led us to 16 singular points. It is possible to choose parameters of deformation which lead to singular points for K3. For example if we consider

z^4_1 + z^4_2 + z^4_3 + z^4 + 4z_1z_2z_3z_4 = 0

it is easy to see that the resulting K3 will have a singularity (one simply looks for non-trivial solutions to dW = 0).

There are other ways to construct Calabi-Yau manifolds and in particular K3’s. One natural generalization to the above construction is to consider weighted projective spaces where the z_i are identified under different rescalings. In this case one considers quasi-homogeneous polynomials to construct submanifolds.

1.2.3 Calabi-Yau Threefolds

Calabi-Yau threefolds are manifolds with SU(3) holonomy. The compactification on manifolds of SU(3) holonomy preserves 1/4 of the supersymmetry. In particular if we compactify N = 2 theories on Calabi-Yau threefolds we obtain N = 2 theories in d = 4, whereas if we consider N = 1 theories we obtain N = 1 theories in d = 4.

If we wish to construct the Calabi-Yau threefolds as toroidal orbifolds we need to consider six dimensional tori, three complex dimensional, which have discrete isometries residing in SU(3) subgroup of the O(6) = SU(4) holonomy group. A simple example is if we consider the product of three copies of T^2 corresponding to the Hexagonal lattice and mod out by a simultaneous Z_3 rotation on each torus (this is known as the ‘Z-orbifold’). This Z_3 transformation has 27 fixed points which can be blown up to give rise to a smooth Calabi-Yau.

We can also consider description of Calabi-Yau threefolds in algebraic geometry terms for which the complex deformations of the manifold can be typically realized as changes of coefficients of defining equations, as in the K3 case. For instance we can consider the projective 4-space CP^4 defined by 5 complex not all vanishing coordinates z_i up to overall rescaling, and consider the vanishing locus of a homogeneous degree 5 polynomial

P_5(z_1, ..., z_5) = 0.

This defines a Calabi-Yau threefold, known as the quintic three-fold. This can be generalized to the case of product of several projective spaces with more equations. Or it can be generalized by taking the coordinates to have different homogeneity weights. This will give a huge number of Calabi-Yau manifolds.

1.3 Solitons in String Theory

Solitons arise in field theories when the vacuum configuration of the field has a non-trivial topology which allows non-trivial wrapping of the field configuration at spatial infinity around the vacuum manifold. These will carry certain topological charge related to the ‘winding’ of the field configuration around the vacuum configuration. Examples of solitons include magnetic monopoles in four dimensional non-abelian gauge theories with unbroken U(1), cosmic strings and domain walls. The solitons naively play a less fundamental role than the fundamental fields which describe the quantum field theory. In some sense we can think of the solitons as ‘composites’ of more fundamental elementary excitations. However as is well known, at least in certain cases, this is just an illusion. In certain cases it turns out that we can reverse the role of what is fundamental and what is composite by considering a different regime of parameter. In such regimes the soliton may be viewed as the elementary excitation and the previously viewed elementary excitation can be viewed as a soliton. A well known example of this phenomenon happens in 2 dimensional field theories. Most notably the boson/fermion equivalence in the two dimensional sine-Gordon model, where the fermions may be viewed as solitons of the sine-Gordon model and the boson can be viewed as a composite of fermion-anti-fermion excitation. Another example is the T-duality we have already discussed in the context of 2 dimensional world sheet of strings which exchanges the radius of the target space with its inverse. In this case the winding modes may be viewed as the solitons of the more elementary excitations corresponding to the momentum modes. As discussed before R → 1/R exchanges momentum and winding modes. In anticipation of generalization of such dualities to string theory, it is thus important to study various types of solitons that may appear in string theory.

As already mentioned solitons typically carry some conserved topological charge. However in string theory every conserved charge is a gauge symmetry. In fact this is to be expected from a theory which includes quantum gravity. This is because the global charges of a black hole will have no influence on the outside and by the time the black hole disappears due to Hawking radiation, so does the global charges it may carry. So the process of formation and evaporation of black hole leads to a non-conservation of global charges. Thus for any soliton, its conserved topological charge must be a gauge charge. This may appear to be somewhat puzzling in view of the fact that solitons may be point-like as well as string-like, sheet-like etc. We can understand how to put a charge on a point-like object and gauge it. But how about the higher dimensional extended solitonic states? Note that if we view the higher dimensional solitons as made of point-like structures the soliton has no stability criterion as the charge can disintegrate into little bits.

Let us review how it works for point particles (or point solitons): We have a 1-form gauge potential A_μ and the coupling of the particle to the gauge potential involves weighing the world-line propagating in the space-time with background A_μ by Z → Zexp(i ∫ γ A), where γ is the world line of the particle. The gauge principle follows from defining an action in terms of F = dA: S = ∫ F ∧ ∗F, (1.7) where ∗F is the dual of the F , where we note that shifting A → dϵ for arbitrary function ϵ will not modify the action.

Suppose we now consider instead of a point particle a p-dimensional extended object. In this convention p = 0 corresponds to the case of point particles and p = 1 corresponds to strings and p = 2 corresponds to membranes, etc. We shall refer to p-dimensional extended objects as p-branes (generalizing ‘membrane’). Note that the world-volume of a p-brane is a p+1 dimensional subspace γ_{p+1} of space-time. To generalize what we did for the case of point particles we introduce a gauge potential which is a p + 1 form A_{p+1} and couple it to the charged p + 1 dimensional state by Z → Zexp(i ∫ γ_{p+1} A_{p+1}).

Just as for the case of the point particles we introduce the field strength F = dA which is now a totally antisymmetric p+2 tensor. Moreover we define the action as in (1.7), which possesses the gauge symmetry A → dϵ where ϵ is a totally antisymmetric tensor of rank p.

1.3.1 Magnetically Charged States

The above charge defines the generalization of electrical charges for extended objects. Can we generalize the notion of magnetic charge? Suppose we have an electrically charged particle in a theory with space-time dimension D. Then we measure the electrical charge by surrounding the point by an S^{D−2} sphere and integrating ∗F (which is a D − 2 form) on it, i.e.

Q_E = ∫ S^D�^2 ∗F. Similarly it is natural to define the magnetic charge. In the case of D = 4, i.e. four dimensional space-time, the magnetically charged point particle can be surrounded also by a sphere and the magnetic charge is simply given by

Q_M = ∫ S^2 F. Now let us generalize the notion of magnetic charged states for arbitrary dimensions D of space-time and arbitrary electrically charged p-branes. From the above description it is clear that the role that ∗F plays in measuring the electric charge is played by F in measuring the magnetic charge. Note that for a p-brane F is p + 2 dimensional, and ∗F is D − p − 2 dimensional. Moreover, note that a sphere surrounding a p-brane is a sphere of dimension D − p − 2. Note also that for p = 0 this is the usual situation. For higher p, a p-dimensional subspace of the space-time is occupied by the extended object and so the position of the object is denoted by a point in the transverse (D − 1) − p dimensional space which is surrounded by an S^{D−p−2} dimensional sphere.

Now for the magnetic states the role of F and ∗F are exchanged: F ↔ ∗F. To be perfectly democratic we can also define a magnetic gauge potential Ã with the property that dÃ = ∗F = ∗dA. In particular noting that F is a p + 2 form, we learn that ∗F is an D − p − 2 form and thus Ã is an D − p − 3 form. We thus deduce that the magnetic state will be an D − p − 4-brane (i.e. one dimension lower than the degree of the magnetic gauge potential Ã). Note that this means that if we have an electrically charged p-brane, with a magnetically charged dual q-brane then we have

p + q = D − 4. (1.8)

This is an easy sum rule to remember. Note in particular that for a 4-dimensional space-time an electric point charge (p = 0) will have a dual magnetic point charge (q = 0). Moreover this is the only space-time dimension where both the electric and magnetic dual can be point-like.

Note that a p-brane wrapped around an r-dimensional compact object will appear as a p − r-brane for the non-compact space-time. This is in accord with the fact that if we decompose the p + 1 gauge potential into an (p + 1 − r) + r form consisting of an r-form in the compact direction we will end up with an p + 1 − r form in the non-compact directions. Thus the resulting state is charged under the left-over part of the gauge potential. A particular case of this is when r = p in which case we are wrapping a p-dimensional extended object about a p-dimensional closed cycle in the compact directions. This will leave us with point particles in the non-compact directions carrying ordinary electric charge under the reduced gauge potential which now is a 1-form.

1.3.2 String Solitons

From the above discussion it follows that the charged states will in principle exist if there are suitable gauge potentials given by p + 1-forms. Let us first consider type II strings. Recall that from the NS-NS sector we obtained an anti-symmetric 2- form B_{μν} . This suggests that there is a 1-dimensional extended object which couples to it by

exp(i ∫ B). But that is precisely how B couples to the world-sheet of the fundamental string. We thus conclude that the fundamental string carries electric charge under the antisymmetric field B. What about the magnetic dual to the fundamental string? According to (1.8) and setting d = 10 and p = 1 we learn that the dual magnetic state will be a 5-brane. Note that as in the field theories, we expect that in the perturbative regime for the fundamental fields, the solitons be very massive. This is indeed the case and the 5-brane magnetic dual can be constructed as a solitonic state of type II strings with a mass per unit 5-volume going as 1/g^2_s where g_s is the string coupling. Conversely, in the strong coupling regime these 5-branes are light and at infinite coupling they become massless, i.e. tensionless 5-branes [9].

Let us also recall that type II strings also have anti-symmetric fields coming from the R-R sector. In particular for type IIA strings we have 1-form A_μ and 3-form C_{μνρ} gauge potentials. Note that the corresponding magnetic dual gauge fields will be 7-forms and 5-forms respectively (which are not independent degrees of freedom). We can also include a 9-form potential which will have trivial dynamics in 10 dimensions. Thus it is natural to define a generalized gauge field A by taking the sum over all odd forms and consider the equation F = ∗F where F = dA. A similar statement applies to the type IIB strings where from the R-R sector we obtain all the even-degree gauge potentials (the case with degree zero can couple to a “−1-brane” which can be identified with an instanton, i.e. a point in space-time). We are thus led to look for p-branes with even p for type IIA and odd p for type IIB which carry charge under the corresponding RR gauge field. It turns out that surprisingly enough the states in the elementary excitations of string all are neutral under the RR fields. We are thus led to look for solitonic states which carry RR charge. Indeed there are such p-branes and they are known as D-branes [10, 11], as we will now review.

1.3.3 D-Branes

In the context of field theories constructing solitons is equivalent to solving classical field equations with appropriate boundary conditions. For string theory the condition that we have a classical solution is equivalent to the statement that propagation of strings in the corresponding background would still lead to a conformal theory on the worldsheet of strings, as is the case for free theories.

In search of such stringy p-branes, we are thus led to consider how could a pbrane modify the string propagation. Consider an p + 1 dimensional plane, to be identified with the world-volume of the p-brane. Consider string propagating in this background. How could we modify the rules of closed string propagation given this p + 1 dimensional sheet? The simplest way turns out to allow closed strings to open up and end on the p + 1 dimensional world-volume. In other words we allow to have a new sector in the theory corresponding to open string with ends lying on this p + 1 dimensional subspace. This will put Dirichlet boundary conditions on 10 − p − 1 coordinates of string endpoints. Such p-branes are called D-branes, with D reminding us of Dirichlet boundary conditions. In the context of type IIA,B we also have to specify what boundary conditions are satisfied by fermions. This turns out to lead to consistent boundary conditions only for p even for type IIA string and p odd for type IIB. This is a consequence of the fact that for type IIA(B), leftright exchange is a symmetry only when accompanied by a Z_2 spatial reflection with determinant -1(+1). Moreover, it turns out that they do carry the corresponding RR charge [12].

Quantizing the new sector of type II strings in the presence of D-branes is rather straightforward. We simply consider the set of oscillators as before, but now remember that due to the Dirichlet boundary conditions on some of the components of string coordinates, the momentum of the open string lies on the p + 1 dimensional world-volume of the D-brane. It is thus straightforward to deduce that the massless excitations propagating on the D-brane will lead to the dimensional reduction of N = 1, U(1) Yang-Mills from d = 10 to p + 1 dimensions. In particular the 10 − (p + 1) scalar fields living on the D-brane, signify the D-brane excitations in the 10 − (p + 1) transverse dimensions. This tells us that the significance of the new open string subsector is to quantize the D-brane excitations.

An important property of D-branes is that when N of them coincide we get a U(N) gauge theory on their world-volume. This follows because we have N^2 open string subsectors going from one D-brane to another and in the limit they are on top of each other all will have massless modes and we thus obtain the reduction of N = 1 U(N) Yang-Mills from d = 10 to d = p + 1.

Another important property of D-branes is that they are BPS states. A BPS state is a state which preserves a certain number of supersymmetries and as a consequence of which one can show that their mass (per unit volume) and charge are equal. This in particular guarantees their absolute stability against decay.

If we consider the tension of D-branes, it is proportional to 1/g_s, where g_s is the string coupling constant. Note that as expected at weak coupling they have a huge tension. At strong coupling their tension goes to zero and they become tensionless.

We have already discussed that in K3 compactification of string theory we end up with singular limits of manifolds when some cycles shrink to zero size. What is the physical interpretation of this singularity?

Suppose we consider for concreteness an n-dimensional sphere S^n with volume ϵ → 0. Then the string perturbation theory breaks down when ϵ << g_s, where g_s is the string coupling constant. If we have n-brane solitonic states such as D-branes then we can consider a particular solitonic state corresponding to wrapping the nbrane on the vanishing S^n. The mass of this state is proportional to ϵ, which implies that in the limit ϵ → 0 we obtain a massless soliton. An example of this is when we consider type IIA compactification on K3 where we develop a singularity. Then by wrapping D2-branes around vanishing S^2’s of the singularity we obtain massless states, which are vectors. This in fact implies that in this limit we obtain enhanced gauge symmetry. Had we been considering type IIB on K3 near the singularity, the lightest mode would be obtained by wrapping a D3-brane around vanishing S^2’s, which leaves us with a string state with tension of the order of ϵ [13], [14]. This kind of regime which exists in other examples of compactifications as well is called the phase with tensionless strings [15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34].

We could consider higher dimensional D-branes wrapping around the vanishing cycles and obtain tensionless p-branes with p > 1, but in such cases by dimensional analysis one can see that the relevant mass scale would be smallest for the smallest dimension D-brane.

1.4 From M-Theory to Tensionless Strings

M-theory is the hypothetical unification of several types of 10-dimensional strings [35, 36]. Its low-energy effective description is the 11-dimensional supergravity, and some valuable information can be extracted from its classical solutions. The basic dynamical objects of the M-theory are the 2-brane, which is electrically charged under the 3-form gauge field, and its magnetic dual, the 5-brane. The dynamics governing the M-brane interactions is by no means well-understood. Some of its features may be inferred, however, from compactification to string theory, where the RR charged p-branes have a remarkably simple description in terms of the D-branes [37, 12, 11].

The D-branes are objects on which the fundamental strings are allowed to end. There is evidence that a similar phenomenon takes place in M-theory: the fundamental 2-branes are allowed to have boundaries on the solitonic 5-branes [38, 15]. Thus, the 5-brane is the D-object of M-theory. The boundary of a 2-brane is a string, and the resulting boundary dynamics appears to reduce to a kind of string theory defined on the 5 + 1 dimensional world-volume. This picture has a number of interesting implications. Consider, for instance, two parallel 5-branes with a 2-brane stretched between them [15]. The two boundaries of the 2-brane give rise to two strings, lying within the first and second 5-branes respectively. The tension of these strings may be made arbitrarily small as the 5-branes are brought close together. In particular, it can be made much smaller than the Planck scale, which implies that the effective 5 + 1 dimensional string theory is decoupled from gravity [13]. While it is not clear how to describe such a string theory in world sheet terms, it has been suggested that its spectrum is given by the Green-Schwarz approach [39] (5+1 is one of the dimensions where the Green-Schwarz string is classically consistent). In the limit of coincident 5-branes, we seem to find a theory of tensionless strings. These strings carry (0, 4) supersymmetry in 5 + 1 dimensions. Strings with (0, 2) supersymmetry were explored from several different points of view in refs. [17, 18, 19] for example.

2 APPEARANCE OF THE NULL BRANES

In the previous section we saw on examples how tensionless strings and branes may appear in modern string theory. Here we are going to consider these and other cases in some details.

2.1 Compactifications

In [15] it is shown that many of the p-branes of type II string theory and D = 11 supergravity can have boundaries on other p-branes. The rules for when this can and cannot occur are derived from charge conservation. For example it is found that membranes in D = 11 supergravity and IIA string theory can have boundaries on fivebranes. The boundary dynamics are governed by the self-dual D = 6 string. A collection of N parallel fivebranes contains N(N − 1)/2 self-dual strings which become tensionless as the fivebranes approach one another.

In [16] the author analyzes M-theory compactified on (K3×S^1)/Z_2 where the Z_2 changes the sign of the three form gauge field, acts on S^1 as a parity transformation and on K3 as an involution with eight fixed points preserving SU(2) holonomy. At a generic point in the moduli space the resulting theory has as its low energy limit N = 1 supergravity theory in six dimensions with eight vector, nine tensor and twenty hypermultiplets. The gauge symmetry can be enhanced (e.g. to E_8) at special points in the moduli space. At other special points in the moduli space tensionless strings appear in the theory.

In [17] T-duality is used to extract information on an instanton of zero size in the E_8 × E_8 heterotic string. The authors discuss the possibility of the appearance of a tensionless anti-self-dual non-critical string through an implementation of the mechanism suggested by Strominger of two coincident 5-branes [15]. It is argued that when an instanton shrinks to zero size a tensionless non-critical string appears at the core of the instanton. It is further conjectured that appearance of tensionless strings in the spectrum leads to new phase transitions in six dimensions in much the same way as massless particles do in four dimensions.

The paper [18] discusses the singularities in the moduli space of string compactifications to six dimensions with N = 1 supersymmetry. Such singularities arise from either massless particles or non-critical tensionless strings. The points with tensionless strings are sometimes phase transition points between different phases of the theory. These results appear to connect all known N = 1 supersymmetric six-dimensional vacua.

Heterotic strings on R^6 × K3 generically appear to undergo some interesting new phase transition at that value of the string coupling for which the one of the six-dimensional gauge field kinetic energies changes sign. An exception is the E_8 × E_8 string with equal instanton numbers in the two E_8’s, which admits a heterotic/heterotic self-duality. In [19] the dyonic string solution of the six-dimensional heterotic string is generalized to include non-trivial gauge field configurations corresponding to self-dual Yang-Mills instantons in the four transverse dimensions. It is found that vacua which undergo a phase transition always admit a string solution exhibiting a naked singularity, whereas for vacua admitting a self-duality the solution is always regular. When there is a phase transition, there exists a choice of instanton numbers for which the dyonic string is tensionless and quasi-anti-self-dual at that critical value of the coupling. For an infinite subset of the other choices of instanton number, the string will also be tensionless, but all at larger values of the coupling.

Phase transitions in M-theory and F -theory are studied in [20]. In M-theory compactification to five dimensions on a Calabi-Yau, there are topology-changing transitions similar to those seen in conformal field theory, but the non-geometrical phases known in conformal field theory are absent. At boundaries of moduli space where such phases might have been expected, the moduli space ends, by a conventional or unconventional physical mechanism. The unconventional mechanisms, which roughly involve the appearance of tensionless strings, can sometimes be better understood in F -theory.

When N five-branes of M-theory coincide, the world-volume theory contains tensionless strings, according to Strominger’s construction. This suggests a large N limit of tensionless string theories. For the small E_8 instanton theories, the definition would be a large instanton number. An adiabatic argument suggests [21] that in the large N limit an effective extra uncompactified dimension might be observed. In [21] a kind of “surface-equations” are also proposed and might describe correlators in the tensionless string theories. In these equations, the anti-self-dual two forms of 6D and the tensionless strings enter on an equal footing.

In [22] the authors argue for the existence of phase transitions in 3+1 dimensions associated with the appearance of tensionless strings. The massless spectrum of this theory does not contain a graviton: it consists of one N = 2 vector multiplet and one linear multiplet, in agreement with the light-cone analysis of the Green-Schwarz string in 3 + 1 dimensions. In M-theory the string decoupled from gravity arises when two 5-branes intersect over a three-dimensional hyperplane. The two 5-branes may be connected by a 2-brane, whose boundary becomes a tensionless string with N = 2 supersymmetry in 3 + 1 dimensions.

A class of four dimensional N=1 compactifications of the SO(32) heterotic/type I string theory which are destabilized by nonperturbatively generated superpotentials are described in [23]. In the type I description, the destabilizing superpotential is generated by a one instanton effect or gaugino condensation in a nonperturbative SU(2) gauge group. The dual, heterotic description involves destabilization due to world-sheet instanton or half world-sheet instanton effects in the two cases. The analysis performed, also suggests that the tensionless strings which arise in the E_8 × E_8 theory in six dimensions when an instanton shrinks to zero size should, in some cases, have supersymmetry breaking dynamics upon further compactification to four dimensions.

In the article [24] the appearance of tensionless strings in M-theory is examined. These tensionless strings are subsequently interpreted in a string theory context. In particular, tensionless strings appearing in M-theory on S^1, M-theory on S^1/Z_2, and M-theory on T^2 are examined. An interpretation is given for the appearance of such strings in a string theory context. Then the appearance of some tensionless strings in string theory is examined. Subsequently the author interprets these tensionless strings in a M-theory context.

In [25] F-theory [4] on elliptic threefold Calabi-Yau near colliding singularities is studied. It is demonstrated that resolutions of those singularities generically correspond to transitions to phases characterized by new tensor multiplets and enhanced gauge symmetry. These are governed by the dynamics of tensionless strings.

The work [26] is devoted to the examination of different aspects of Calabi–Yau four-folds as compactification manifolds of F-theory, using mirror symmetry of toric hypersurfaces. A discussion is given on the physical properties of the space-time theories, for a number of examples which are dual to E_8 × E_8 heterotic N = 1 theories. Non-critical strings of various kinds, with low tension for special values of the moduli, lead to interesting physical effects. A complete classification is given of those divisors in toric manifolds that contribute to the non-perturbative fourdimensional superpotential; the physical singularities associated to it are related to the appearance of tensionless strings. In some cases non-perturbative effects generate an everywhere non-zero quantum tension leading to a combination of a conventional field theory with light strings hiding at a low energy scale related to supersymmetry breaking.

Type IIB strings compactified on K3 have a rich structure of solitonic strings, transforming under SO(21, 5, Z). In [14] the BPS tension formula for these strings is derived, and their properties, in particular, the points in the moduli space where certain strings become tensionless are discussed. By examining these tensionless string limits, the authors shed some further light on the conjectured dual M-theory description of this compactification.

In [27] the authors study critical points of the BPS mass Z, the BPS string tension Z_m, the black hole potential V and the gauged central charge potential P for M-theory compactified on Calabi-Yau three-folds. They first show that the stabilization equations for Z (determining the black hole entropy) take an extremely simple form in five dimensions as opposed to four dimensions. The stabilization equations for Z_m are also very simple and determine the size of the infinite AdS_3-throat of the string. The black hole potential in general exhibits two classes of critical points:

supersymmetric critical points which coincide with those of the central charge and non-supersymmetric critical points. Then the discussion is generalized to the entire extended Kähler cone encompassing topologically different but birationally equivalent Calabi-Yau three-folds that are connected via flop transitions. The behavior of the four potentials is examined to probe the nature of these phase transitions. It is found that V and P are continuous but not smooth across the flop transition, while Z and its first two derivatives, as well as Z_m and its first derivative, are continuous. This in turn implies that supersymmetric stabilization of Z and Z_m for a given configuration takes place in at most one point throughout the entire extended Kähler cone. The corresponding black holes (or string states) interpolate between different Calabi-Yau three-folds. At the boundaries of the extended Kähler cone electric states become massless and/or magnetic strings become tensionless.

In [28] it is shown how Higgs mechanism for non-abelian N = 2 gauge theories in four dimensions is geometrically realized in the context of type II strings as transitions among compactifications of Calabi-Yau threefolds. This result and Tduality are used for a further compacitification on a circle to derive N = 4, D = 3 dual field theories. This reduces dualities for N = 4 gauge systems in three dimensions to perturbative symmetries of string theory. Moreover, the dual of a gauge system always exists but may or may not correspond to a lagrangian system. In particular the conjecture of Intriligator and Seiberg is verified that an ordinary gauge system is dual to compacitification of exceptional tensionless string theory down to three dimensions.

In [29] using geometric engineering in the context of type II strings, the authors obtain exact solutions for the moduli space of the Coulomb branch of all N = 2 gauge theories in four dimensions involving products of SU gauge groups with arbitrary number of bi-fundamental matter for chosen pairs, as well as an arbitrary number of fundamental matter for each factor. Asymptotic freedom restricts the possibilities to SU groups with bi-fundamental matter chosen according to ADE or affine ADE Dynkin diagrams. It is found that in certain cases the solution of the Coulomb branch for N = 2 gauge theories is given in terms of a three dimensional complex manifold rather than a Riemann surface. A new stringy strong coupling fixed points are studied, arising from the compactification of higher dimensional theories with tensionless strings. Applications are considered to three dimensional N = 4 theories.

In [30] an analysis is made of the world-volume theory of multiple Kaluza-Klein monopoles in string and M- theory by identifying the appropriate zero modes of various fields. The results are consistent with supersymmetry, and all conjectured duality symmetries. In particular for M-theory and type IIA string theory, the low energy dynamics of N Kaluza-Klein monopoles is described by supersymmetric U(N) gauge theory, and for type IIB string theory, the low energy dynamics is described by a (2,0) supersymmetric field theory in (5+1) dimensions with N tensor multiplets and tensionless self-dual strings.

In [31] it is shown that six-dimensional supergravity coupled to tensor and Yang- Mills multiplets admits not one but two different theories as global limits, one of which was previously thought not to arise as a global limit and the other of which is new. The new theory has the virtue that it admits a global anti-self-dual string solution obtained as the limit of the curved-space gauge dyonic string, and can, in particular, describe tensionless strings. It is speculated that this global model can also represent the world-volume theory of coincident branes.

Certain properties of six-dimensional tensionless E-strings (arising from zero size E_8 instantons) are studied in [32]. In particular, it is shown that n E-strings form a bound string which carries an E_8 level n current algebra as well as a left-over conformal system with c = 12n − 4 − 248n/(n + 30), whose characters can be computed. Moreover, it is shown that the characters of the n-string bound state are captured by N = 4 U(n) topological Yang-Mills theory on K3/2.

Novel 3+1 dimensional N = 2 superconformal field theories with tensionless BPS string solitons are believed to arise when two sets of M5 branes intersect over a 3+1 dimensional hyperplane. A DLCQ (discrete light-cone quantization) description [2] of these theories is derived in [33] as supersymmetric quantum mechanics on the Higgs branch of suitable four dimensional N = 1 supersymmetric gauge theories. This formulation allows one to determine the scaling dimensions of certain chiral primary operators in the conformal field theories.

In [34] N = 2 superconformal theories defined on a 3 + 1 dimensional hyperplane intersection of two sets of M5 branes are considered. These theories have tensionless BPS string solitons. A dual supergravity formulation is used to deduce some of their properties via the AdS/CFT correspondence [40, 41].

In [42] N = 1 four dimensional gauge theories are studied as the world-volume theory of D4-branes between NS 5-branes. A mechanism is proposed for enhanced chiral symmetry in the brane construction which is associated with tensionless threebranes in six dimensions. This mechanism can be explained as follows. As is, by now well known, quantization of open strings lead to massless hypermultiplets whenever two D-branes (which break to 1/4 of the supersymmetry) meet in space. It is not known however what are the states which get massless when a D brane meets a NS brane. The analysis performed in [42] predicts that the states are vector multiplets. The only virtual states which end on both a NS brane and a D6 brane are D4 branes. There is no other brane which has this property. Thus we can have virtual open D4- branes which have three-brane boundaries which propagate on the world-volume of the D6 and NS branes. When these two branes touch, the tension of the three-branes vanishes. The world-volume of the D4-branes consists of 0123 and a real line in the 456 space which connects the NS and D6 branes. A supersymmetric configuration which is consistent with the supersymmetries in this problem implies that the D6 and NS branes will have identical 45 positions and different x^6 positions. This gives a special case to the point where in the field theory the masses are zero and chiral symmetry is expected. Thus one may predict that quantization of tensionless threebranes in six dimensions gives rise to massless vector multiplet in six dimensions.

A simple proof is given in [43] of the known S-duality of heterotic string theory compactified on a T^6. Using this S-duality the tensions for a class of BPS 5-branes in heterotic string theory on a S^1 is calculated. One of these, the Kaluza-Klein monopole, becomes tensionless when the radius of the S^1 is equal to the string length. Then the question of stability of the heterotic NS 5-brane with a transverse circle is studied. It turns out that for large radii the NS 5-brane is absolutely stable.

2.2 High Energy Limit

The characteristic scale of string theory is given by the string tension T_1 = (2πα^′)^{−1}. At energies of the order of √ T_1 or higher, string physics truly distinguishes itself from point particle physics and various high energy limits have been studied to gain insight into the elusive physical basis of the theory. One may view the high energy limit of string theory as a zero tension limit, since only the energy measured in string units, E/ √ T_1, is relevant. There are different ways of taking the limit T_1 → 0 in the full theory. A natural choice is to take T_1 → 0 in the string action. One may than ask if the resulting null string can be quantized and if interactions can be introduced. All this applies also to the higher dimensional string generalizations - the null p-branes of different kind.

Another reason for studying the zero tension limit of p-branes is the duality between strings and 5-branes [9]. As we have already discussed in the Introduction, the string theory admits 5-branes as solitonic solution, and vice versa, the 5-brane theory admits strings as solitonic solutions. Moreover, the 5-brane tension T_5 and the string tension T_1 are related through a Dirac type quantization rule

κ^2T_1T_5 = nπ,

where κ is the gravitational constant and n is an integer. We see from this relation that the small tension region of 5-branes is related to the large tension region of strings, so studying the zero tension limit of p-branes could actually teach us more about strings.

A further reason why it could be interesting to study such tensionless extended objects is the appearance of null Dp-branes in the high energy limit. As is known, static and moving Dp-branes can either be perceived as space-like hyper-surfaces on which open strings can end, or they can equivalently be described by Dp-brane boundary states into which closed strings can disappear. Dp-branes are characterized by a tension T_{Dp} (≠ 0) which can be computed by considering the exchange of closed strings between two Dp-branes [12]. Because of this non-vanishing tension these branes are either static, or they move with velocities which are less than the speed of light. A natural problem to pose is whether it is possible to extend the notion of Dp-branes above to also include Dp-branes which move at the speed of light, or equivalently Dp-branes which have a vanishing tension T_{Dp} = 0, i.e. tensionless Dp-branes.

The expression for T_{Dp} in terms of the inverse of the fundamental string tension 2πα^′, and the string coupling g_s, is given by

T_{Dp} = (2π)^{−(p−1)/2}g^{−1}_s (2πα^′)^{−(p+1)/2} ≡ (2π)^{−(p−1)/2}g^{−1}_s T_p, (2.9)

where p ≥ 0 is the number of space-like directions in the brane. When this expression is extrapolated to arbitrarily large values of g_s, T_{Dp} can attain values which are arbitrarily close to zero. Hence, in the strongly coupled regime Dp-branes become light states (since their masses M_{Dp} behaves as M_{Dp} ∼ g^{−1}_s ), and when g_s = ∞ the Dp-branes will become tensionless. This behaviour lies at the very foundation of M(atrix)-theory [44].

2.3 Gravity and Cosmology

The investigations in the domain of classical and quantum string propagation in curved space-times are relevant for the physics of quantum gravitation as well as for the understanding of the cosmic string models in cosmology [45].

As we have already mention, strings are characterized by an energy scale √ T_1.

The frequencies of the string modes are proportional to T_1 and the length of the string scales with 1/ √ T_1. The gravitational field provides another length scale, the curvature radius of the space-time R_c. For a string moving in a gravitational field a useful parameter is the dimensionless constant C = R_c √ T_1. Large values of C imply weak gravitational field ( the metric does not change appreciably over distances of the order of the string length). We may reach large values of C by letting T_1 → ∞. In this limit the string shrinks to a point. In the opposite limit, small values of C, we encounter strong gravitational fields and it is appropriate to consider T_1 → 0, i.e. null or tensionless strings.

It turns out that the concept of null strings also appear in the strong coupling limit of two dimensional gravity [46]. The gravitational constant κ is the analog of the Regge slope (α 0 ) and when κ → ∞, 2 dimensional quantum gravity can be understood as a tensionless string theory embedded in a two-dimensional target space. The temporal coordinate of the target space play the role of the time and the wave function can be interpreted as in standard quantum mechanics.

2.3.1 The Null String Approach

The string equations of motion and constraints in curved space-time are highly nonlinear and, in general, not exactly solvable. There are different methods available to solve the string equations of motion and constraints in curved space-times (for a review see for example [47]). These are the string perturbation approach, the null string approach, the τ -expansion, and the construction of global solutions (for instance by solitonic and inverse scattering methods). A general approximation method is the null string approach [48]. In such approach the string equations of motion and constraints are systematically expanded in powers of c (the speed of light in the world-sheet). This corresponds to a small string tension expansion. At zeroth order, the string is effectively equivalent to a continuous beam of massless particles labeled by the world-sheet spatial parameter σ. The points on the string do not interact between them but they interact with the gravitational background.

In [49] quantum bosonic strings in strong gravitational fields are studied. Within the systematic expansion introduced in [48] one obtains to zeroth order the null string , while the first order correction incorporates the string dynamics. This formalism is applied to quantum null strings in de Sitter space-time. After a reparametrization of the world-sheet coordinates, the equations of motion are simplified. The quantum algebra generated by the constraints is considered, ordering the momentum operators to the right of the coordinate operators. No critical dimension appears. It is anticipated however that the conformal anomaly will appear when the first order corrections proportional to string tension T_1 are introduced.

The classical dynamics of a bosonic string in the D–dimensional Friedmann– Robertson–Walker (with k = 0) and Schwarzschild backgrounds is investigated in

[50]. This is done by making a perturbative development in the string coordinates around a null string configuration. The background geometry is taken into account exactly.

The dynamics of a string near a Kaluza-Klein black hole is studied in [51]. Solutions to the classical string equations of motion are obtained using the world sheet velocity of light as an expansion parameter, i.e. the null string expansion. The electrically and magnetically charged cases are considered separately. Solutions for string coordinates are obtained in terms of the world-sheet coordinate τ . It is shown that the Kaluza-Klein radius increases/decreases with τ for electrically/magnetically charged black hole.

The tension as a perturbative parameter in the nonlinear string equations of motion in curved space-times is also considered in [52, 53, 54, 55].

2.3.2 Null Branes in Cosmology

In general, in any cosmological model based on string theory, one has to face a regime of strong coupling and large curvatures when approaching the big-bang singularity. In the strong coupling regime, D-branes are the fundamental players. D-branes may give new insight into the understanding of the cosmological evolution of the Universe at early epochs. The authors of [56] analyze the dynamics of Dbranes in curved backgrounds and discuss the parameter space of M-theory as a function of the coupling constant and of the curvature of the Universe. They show that D-branes may be efficiently produced by gravitational effects. Furthermore, in curved spacetimes the transverse fluctuations of the D-branes develop a tachyonic mode and when the fluctuations grow larger than the horizon, the branes become tensionless and break up. This signals a transition to a new regime. They also comment on possible implications for the so-called brane world scenario, where the Standard Model gauge and matter fields live inside some branes while gravitons live in the bulk.

The paper [57] considers the dynamics of null bosonic p-branes in curved spaces. It is shown that their motion equations can be linearized and exactly solved (in the case of Robertson-Walker space-time with k = 0, i.e. with flat space-like section) in contrast to the case of tensile p-branes. It is found that the perfect fluid of null pbranes is an alternative dominant source of gravity in the Hilbert-Einstein equations for D-dimensional Friedmann universe with flat space-like section. This work is a generalization for p > 1 of the results obtained earlier in [58].

3 CLASSICAL AND QUANTUM PROPERTIES OF THE NULL BRANES

Until now we learn how null branes of different dimension may appear in the context of contemporary string theory and in the connected with it theory of gravity and cosmology. At the same time, this explains why we are interested in more careful investigation of the classical and quantum properties of such extended relativistic objects.

In this section we begin the description of different models for tensionless pbranes. The particular case p = 1, i.e. the tensionless strings, which is much more studied by now, will not be considered here. We will concentrate our attention on the known results about the general case.

A Lagrangian which could describe under certain conditions null bosonic branes in D-dimensional Minkowski space-time was first proposed in [59]. An action for a tensionless p-brane with space-time supersymmetry was first given in [60, 61]. Since then, other types of actions and Hamiltonians (with and without supersymmetry) have been introduced and studied in the literature [62, 63, 64, 65, 66, 67, 68, 69]. Owing to their zero tension, the world-volume of the null p-branes is a light-like, (p + 1)-dimensional hypersurface, imbedded in the Minkowski space-time. Correspondingly, the determinant of the induced metric is zero. As in the tensile case, the null brane actions can be written in reparametrization and space-time conformally invariant form. However, their distinguishing feature is that at the classical level they may have any number of global space-time supersymmetries and be κ-invariant in all dimensions, which support Majorana (or Weyl) spinors. At the quantum level, they are anomaly free and do not exhibit any critical dimension, when appropriately chosen operator ordering is applied [70, 62, 63, 66, 71]. The only exception are the tensionless branes with manifest conformal invariance, with critical dimension D = 2 for the bosonic case and D = 2 − 2N for the spinning case, N being the number of world-volume supersymmetries [66].

Let us mention also the paper [72], which is devoted to the construction of field theory propagators of null strings and p-branes, as well as the corresponding spinning versions.

Almost all of the above investigations deal with free null branes moving in flat background (a qualitative consideration of null p-brane interacting with a scalar field has been done in [63]). The interaction of tensionless membranes (p = 2) with antisymmetric background tensor field in four dimensional Minkowski space, described by means of Wess-Zumino-like action, is studied in [73]. The resulting equations of motion are integrated exactly.

To our knowledge, the only papers till now devoted to the classical dynamics of null p-branes (p ≥ 2) moving in curved space-times are [57, 74, 75, 76].

In [57], the null p-branes living in D-dimensional Friedmann-Robertson-Walker space-time with flat space-like section (k = 0) have been investigated. The corresponding equations of motion have been solved exactly. It was argued that an ideal fluid of null p-branes may be considered as a source of gravity for Friedmann- Robertson-Walker universes.

In [74], the classical mechanics of the null branes in a gravity background was formulated. The Batalin-Fradkin-Vilkovisky (BFV) approach in its Hamiltonian version was applied to the considered dynamical system. Some exact solutions of the equations of motion and of the constraints for the null membrane in general stationary axially symmetric four dimensional gravity background were found. The examples of Minkowski, de Sitter, Schwarzschild, Taub-NUT and Kerr space-times were considered. Another exact solution, for the Demianski-Newman background, can be found in [75].

The article [76] considers null bosonic p-branes moving in curved space-times and a method for solving their equations of motion and constraints, which is suitable for string theory backgrounds is developed. As an application, an explicit exact solution for the ten dimensional solitonic five-brane gravity background is given.

Now, we are going to describe in more detail the results of works on null p-branes previous to ours.

To begin with, let us write down the Lagrangian density for the bosonic p-brane given in [59]: L = S_{μ0μ1...μp} (ξ)Σ^{μ0μ1...μp}(ξ), ξ = (ξ^0, ξ^1, ..., ξ^p). (3.10) Here Σ^{μ0μ1...μp}(ξ) = ϵ^{J0J1...Jp}∂_{J0} x^{μ0} ∂_{J1} x^{μ1} ...∂_{Jp}x^{μp} , ϵ being the p-dimensional Levi-Civita symbol. In (3.10), the totally antisymmetric tensor S_{μ0μ1...μp} (ξ) is restricted to lie on a single orbit of SO(1, d)_0 in the space of p + 1 dimensional antisymmetric tensors. For suitable choices of the orbits for S(ξ), one expects (3.10) to describe physically sensible p-dimensional objects including null ones.

In [60, 61], an action (3.18) for a space-time supersymmetric null p-brane is proposed in the following form

S_p = C ∫ d^{p+1}ξdet (w^μ_J w^ν_Kη_{μν} ) /2E, (3.11) w^μ_J = ∂_J x^μ − iθ̄γ^μ∂_J θ, (J, K = 0, 1, ..., p), where E(ξ) is a Lagrange multiplier. It is argued there that this action should possess Siegel κ-invariance [77] in any space-time dimension and for any number of supersymmetries, contrary to the tensionful superstrings and super p-branes.

In the paper [72], field theory propagators for null strings and p-branes, as well as for their generalizations to the spinning case are constructed by analogy with the massless relativistic particles. The propagator for the bosonic null p-brane is given by G_b (x_2(σ), x_1(σ)) = ∫ Dν(σ)ν(σ)^{−D/2} exp ( − ∫ d^pσ (Δx)^2 2ν(σ) ) , x^μ(τ, σ) = x^μ(τ_1) + Δx^μ Δτ (τ − τ_1) + Y^μ(τ, σ), σ = ( σ^1, ..., σ^p )

where x_1 and x_2 are the initial and final brane configurations. The corresponding propagator for the spinning null p-brane is obtained to be

G_s (x_2(σ), x_1(σ)) = ∫ Dν(σ)ν(σ)^{−1−D/2}γ^μΔx_μ(σ) exp ( − ∫ d^pσ (Δx)^2 2ν(σ) ) , where γ^μ are the D-dimensional Dirac matrices, realizing the zero modes of the fermionic constraints. G_b and G_s satisfy the equation

∂^2G = δ (x_2 − x_1) ,

∂^2 being the (p + 1)-dimensional d’alembertian, as can be easily checked explicitly.

Let us now describe the main results obtained in [62]. These are: 1. It is proven that the null spinning p-brane is a system of rank 1. 2. An explicit expression for the propagator in the momentum space is found. 3. The question is discussed about how the critical dimensions are modified if the boundary conditions are changed.

4. It is argued that the functional diffusion equation is not modified when fermionic corrections are considered.

Now we are going to briefly explain how these results are obtained. The hamiltonian constraints for the spinning p-brane can be written as

T_0 = η^{μν} p_μp_ν = 0, T_j = p_ν ∂_jx^ν + i 2 p∑ J=0 Γ^μ_J ∂_jΓ_{Jμ} = 0, S_J = Γ^μ_J p_μ = 0, J = (0, j). Here Γ^μ_J (ξ) are real variables and transform as spinors in the world-volume and as vectors in space-time. It is also supposed that they satisfy the Clifford algebra

{Γ^μ_J (σ_1) , Γ^ν_K (σ_2)} = iδ_{JK}η^{μν} δ^p (σ_1 − σ_2) .

As a consequence, the corresponding canonical Hamiltonian turns out to be

H_c = ∫ d^pσ(N^J T_J + iλ̄^J S_J ) = 0,

where N^J and λ̄^J are Lagrange multipliers.

The constraints T_J , S_J are first class and satisfy the algebra

[T_0(σ_1), T_j(σ_2)] = −[T_0(σ_1) + T_0(σ_2)]∂_jδ^p(σ_1 − σ_2), [T_j(σ_1), T_k(σ_2)] = [δ^l_jT_k(σ_1) + δ^l_kT_j(σ_2)]∂_lδ^p(σ_1 − σ_2), [T_0(σ_1), T_0(σ_2)] = 0,

[S_J (σ_1), T_0(σ_2)] = 0, [S_J (σ_1), T_k(σ_2)] = 1 2 [S_J (σ_1) + 2S_J (σ_2)] ∂_kδ^p(σ_1 − σ_2), {S_J (σ_1), S_K(σ_2)} = 2iδ_{JK}T_0(σ_1)δ^p(σ_1 − σ_2).

Then the proper time gauge [78] is chosen

Ṅ_0 = 0, N_j = 0, λ̇_0 = 0, λ_j = 0

and the author proceed with applying the BFV formalism [79, 80, 81, 82]. Correspondingly, the following extended phase space is introduced

(p_μ, x^μ, Γ^μ_J ) ⊕ ( Π_J , N^J , ρ_J , λ^J ) ⊕ ( η_J , P̄^J , η̄_J , P^J , C_J , b̄^J , C̄_J , b^J ) , where (Π_J , ρ_J ) are the canonical momenta associated with the Lagrange multipliers (N^J , λ^J ) while the dynamics remains unchanged provided we impose Π_J and ρ_J as new constraints, i.e.

Π_J = 0, ρ_J = 0.

The variables (η_J , η̄_J ) and (C_J , C̄_J ) represent anticommuting and commuting ghosts respectively, with (P̄^J , P^J , b̄^J , b^J ) as their conjugated momenta.

Using the constraint algebra, the Becchi-Rouet-Stora-Tyutin (BRST) charge is obtained to be Ω = ∫ d^pσ[η^JT_J + C^J S_J + P^J Π_J + b^J ρ_J + P̄_0 ( ∂_jη^0η^j + 1 2 η^0∂_jη^j )

+ P̄_j ( ∂_kη^jη^k + ∂_kη^kη^j + η^k∂_kη^j ) − P̄_0 ( ∂_jη^jC^0 + 1 2 η^j∂_jC^0 − iC^0C^0 − iC_jC^j )

− b̄_0 ( ∂_jη^jC^0 + 1 2 η^j∂_jC^0 ) − b̄_k ( ∂_jη^jC^k − 1 2 ∂_kC^jη^k ) + b̄_0 ( ∂_jC^0η^j + 1 2 C^0∂_jη^j )

− 1 2 b̄_kη^j ∂_jC^k + b̄_j∂_kη^kη^j + b̄_jC^k∂_kη^j].

This result means that the null spinning p-brane is a system of rank 1.

In the BFV formalism, the gauge fixing appears associated with the choice of the gauge fermion Ψ, which in [62] is taken to be Ψ = ∫ d^pσ [ P_J N^J + b̄_J λ^J + 1 ε N^jη̄_j + 1 ε λ^jC̄_j ] , (3.12) where ε is an arbitrary parameter that is set to zero at the end of the calculations.

In order to integrate the expression (3.12) one can impose the following boundary conditions

x^μ_1 (σ, τ_1) = x^μ(σ), x^μ_2 (σ, τ_2) = x^μ_2 (σ), Γ^μ_J (σ, τ_1) + Γ^μ_J (σ, τ_2) = 2γ^μ_J (σ), (3.13) η_J (σ, τ_1) = η_J (σ, τ_2) = 0, η̄_J (σ, τ_1) = η̄_J (σ, τ_2) = 0, C_J (σ, τ_1) = C_J (σ, τ_2) = 0, C̄_J (σ, τ_1) = C̄_J (σ, τ_2) = 0.

Using the Fradkin-Vilkovisky theorem, after some calculations, one obtains Z = ∫ Dμ exp (iS_{eff} ) = ∫ ∏ σ dp^μ(σ) ∫ d^pσγ_{μ0}(σ)p^μ(σ) exp (i ∫ d^pσp^μΔx_μ(σ)) ∫ d^pσp^2(σ)

, (3.14)

which is the propagator for a null spinning p-brane in the momentum space. In receiving (3.14), it is supposed that

Γ^μ_J (σ, τ ) = γ^μ_J (σ) + ψ^μ_J (σ, τ ),

where ψ^μ_J is a quantum fluctuation that fulfils antiperiodic boundary conditions

ψ^μ_J (σ, τ_1) + ψ^μ_J (σ, τ_2) = 0,

in accordance with (3.13).

The expression (3.14) shows that the spectrum of the null spinning p-brane is continuous, so that this model has no critical dimensions. However, a note of caution is necessary: the change of boundary conditions, or equivalently the change of the operator ordering, may introduce critical dimensions. More precisely, if we modify the boundary conditions within the ordering prescription for the operators proposed in [83, 84], the critical dimensions that appear for the bosonic null p-branes for example are D = 5p + 8 p .

We note that this is in disagreement with the result in [85] for tensile p-branes, which is D = 5p + 8 p (p + 1) ,

contrary to the author’s claim.

Finally, it is pointed out in [62] that it is possible to show that the functional diffusion equation for the null spinning p-brane reads ∂G [M, M_0] ∂V = δ^2G [M, M_0] δx^2(σ) , where V is the world-volume, G [M, M_0] is the propagator and M, M_0 represent the final and initial configurations of the null spinning p-brane respectively.

Now we turn to the considerations devoted to tensionless branes made in the review article [63]. The results of [70, 86, 87, 88, 89] are contained there, so we will not pay separate attention to them. As a matter of fact, [88] and [89] are extended versions of [86, 87].

We start with the bosonic null p-brane case. The corresponding action may be represented in the following simple, reparametrization invariant form [61]

S_{0,p} = 1 2 ∫ d^{p+1}ξ det(∂_J x^μ∂_Kx_μ) E , (3.15)

where E(τ, σ) is a hyper-sheet density which plays the role of Lagrange multiplier. The action (3.15) is invariant under the following (infinitesimal) conformal transformations δ_Dx^μ = −λx^μ, δ_DE = −2(p + 1)λE, δ_cx^μ = −c^μx^2 − 2(cx)x^μ, δ_cE = −4(p + 1)(cx)E. For comparison, we write down also the action for the tensile brane in a form in which the limit T = (α^′)^{−(p+1)/2} → 0 can be taken

S_p = 1 2 ∫ d^{p+1}ξ [ | det(∂_J x^μ∂_Kx_μ)| E + 1 (α^′)^{p+1} E ] . (3.16)

After substitution of the general solution E = ( (α^′)^{p+1}| det(∂_J x^μ∂_Kx_μ)|

)_1/_2

of the equation of motion for E into the action (3.16), the latter takes the Dirac- Nambu form

S^′_p = −1 (α^′)^{(p+1)/2} ∫ d^{p+1}ξ √ | det(∂_J x^μ∂_Kx_μ)|. (3.17)

The action (3.15) is characterized by the following constraints

T_0 ≡ η^{μν}p_μp_ν ≈ 0, T_j ≡ p_ν ∂_jx^ν ≈ 0,

which originate from the arbitrariness in the choice of the world-volume parametrization. Their (equal τ ) Poisson bracket algebra reads

{T_0(σ_1), T_0(σ_2)} = 0, {T_0(σ_1), T_j(σ_2)} = −[T_0(σ_1) + T_0(σ_2)]∂_jδ^p(σ_1 − σ_2), {T_j(σ_1), T_k(σ_2)} = T_j(σ_2)∂^2_k δ^p(σ_1 − σ_2) − (1 ↔ 2, j ↔ k) .

Let us suppose that there exists a scalar field φ(x), with vacuum expectation value (VEV) ⟨φ⟩ ∝ M_{P lanck} = ( hc G )_1/_2 ≈ 10^{19}GeV/c^2 in four dimensional space-time. Then free p-branes and null p-branes may be considered as the theories corresponding to different vacuum states of p-brane interacting with a background scalar field φ(x). The corresponding action in 4-dimensions may be chosen in the form

S_p = γ_p 2 ∫ d^{p+1}ξ [ det(∂_J x^μ∂_Kx_μ) E + λEφ^{2p+2} − 1 α^′ Eφ^{2p} + . . . ] , (3.18)

where λ is dimensionless coupling constant. Here the scalar field potential has been chosen in such a way that it coincide with the Higgs potential ∝ λφ^4 − μ^2φ^2 when p = 1.

The VEV’s ⟨φ⟩ corresponding to different extreme of the potential energy of the field φ are given by the following expressions

⟨φ⟩_0 = 0, (3.19) ⟨φ⟩_± = ± ( p (p + 1)λα^′ )_1/_2

. (3.20)

The equality (3.19) describes the symmetric phase and the equality (3.20) describes the phase with broken conformal and discrete (φ → −φ) symmetries. In the neighborhood of the solution (3.19), the action (3.18) coincides with the null p-brane action (3.15). Correspondingly, in the neighborhood of the solution (3.20), the action (3.18) coincides with the p-brane action (3.17) after the exclusion of the auxiliary field E. This qualitative consideration may be viewed as an illustration of a possible mechanism producing nonzero tension for the null p-brane. This mechanism is similar to the Higgs mechanism and rebuilds the tensionless branes into the Dirac-Nambu p-branes with tension ∝ ⟨φ⟩^{p+1}.

Now let us consider the BRST quantization of the null p-brane theory and reproduce the result obtained in [63] that there is no critical dimensions.

At first, one studies the equations of motion generated by the action (3.15). The determinant G̃ ≡ det G̃_{JK} of the induced world-volume metric G̃_{JK}

G̃_{JK} = ∂_J x^μ∂_Kx_μ = ẋ^μẋ_μ ẋ^μ∂_kx_μ ∂_jx^μẋ_μ G_{jk} , G_{jk} = ∂_jx^μ∂_kx_μ (3.21) in the integrand of S_{0,p} may be presented in the form G̃ = Gẋ^μΠ^ν_μẋ_ν, G = det G_{jk}, (3.22)

where the matrix Π^ν_μ is defined by the relations Π^ν_μ = δ^ν_μ − ∂_jx_μ ( G^{−1} )jk ∂_kx^ν, Π^λ_μΠ^ν_λ = Π^ν_μ. (3.23) The representation (3.22) follows from the well known relation for the determinant of a block matrix det A C B D = det ( A − BD^{−1}C ) det D. From the variation of the action (3.15) with respect to x^μ and E, one receives the equations of motion 2 [ ∂ ∂τ p^τ_λ + ∂ ∂σ^l p^l_λ ] = 0, (3.24) G [ ẋ^2 − (ẋ_μ∂_jx^μ) ( G^{−1} )jk (∂_kx^νẋ_ν ) ] = 0, (3.25) where

p^τ_λ = G E [ ẋ_λ − ∂_jx_λ ( G^{−1} )jk (∂_kx^νẋ_ν) ] , p^l_λ = ẋ^2 2E δG δ∂_lx^λ − (ẋ^μ∂_kx_μ) 2E ( G^{−1} )kj (∂_jx^νẋ_ν ) δG δ∂_lx^λ + 2 ( G^{−1} )kl Gẋ_λ + G (ẋ_μ∂_jx^μ) δ (G^{−1})^{jk} δ∂_lx^λ . If we fix p gauge degrees of freedom from (p+1) ones contained in the reparametrization symmetry group by the following gauge conditions

ẋ_μ∂_jx^μ = 0, (3.26)

then the equations (3.24), (3.25) take a more simple form ∂ ∂τ ( G E ẋ_λ ) = 0, Gẋ^2 = 0. (3.27)

The momentum density of null p-brane in the gauge (3.26) equals to

p_λ = G E ẋ_λ (3.28)

and p_λ = 0 if G = 0, so the solution G = 0 of equations (3.27) corresponds to trivial dynamics. That is why one chooses G ≠ 0 and equations (3.27) become equivalent to the equations ∂ ∂τ (G E ẋ_λ ) = 0, ẋ^2 = 0. (3.29)

Taking into account that additional gauge condition may be added to (3.26) the authors choose this condition in the form ∂ ∂τ ( G E ) = 0. (3.30)

Then the equations of motion (3.29) take a linear form

ẍ^μ = 0, ẋ^2 = 0. (3.31)

Of course, the variation of the action (3.15) have to be supplemented with appropriate boundary conditions for open or closed null p-branes. In what follows, the discussion is restricted to the closed case only.

The following step is the quantization of null bosonic p-brane. In order to simplify the technical aspects of the BRST-quantization procedure, the gauge condition G E = γ_p = const (3.32) is used instead of (3.30). This gauge gives the possibility to consider the minimal extension of the original phase space. It may be constructed by extending the initial phase space with the canonically conjugated Grassmannian ghost pairs (η^J , P_J ) for the constraints T_J .

So, the classical BRST charge [79, 80, 90, 82] for the closed null p-brane in the minimal sector has the following form [70]

Ω^{min} = ∫ d^pσ{T_0η^0 + T_jη^j + P_0[(∂_jη^0)η^j − η^0(∂_jη^j)] − P_kη^j(∂_jη^k)}. (3.33) It is easy to see that the BRST charge (3.33) satisfy the equation {Ω^{min}, Ω^{min}} = 0. (3.34) In the quantum case the charge Ω^{min} transforms into the quantum BRST operator Ω̂min. Then the nilpotency condition ( Ω̂^{min} )_2

= 0 (3.35) ought to be fulfilled for the self consistency of the quantum theory. However, anomalies can appear in the right hand side of equation (3.35) as a result of quantum ordering process. Taking into account the point-like character of the first equation in (3.31) for the null p-brane it is natural to choose the initial data for ordinary phase space variables q̂_0 and p̂_0 as the ”physical variables” in terms of which quantum ordering must be done. Remind that in the string case quantum ordering in terms of the creation and annihilation oscillator operators a and a^† is more preferable as a consequence of the oscillator character of the string equation of motion ẍ^μ(τ, σ) − x^{′′μ}(τ, σ) = 0. Thus one chooses the q̂_0p̂_0-ordering in the BRST generator Ω̂^{min}. This ordering does not give rise to anomalous terms in the calculation of ( Ω̂min )_2

. As a consequence, the quantum nilpotency condition is satisfied.

Let us discuss the case of q̂p̂-ordering, which is formulated in terms of the hole operators of phase variables. Actually, Ω̂^{min} contains only such combinations of the canonically conjugated operators q̂ and p̂, for which the ordering is preserved in the process of the anticommutator {Ω̂^{min}, Ω̂^{min}} calculation, and it is not difficult to prove this [63].

After transition from q̂, p̂ to their initial data q̂_0, p̂_0 the considered quantum q̂_0, p̂_0-ordering also will be conserved. To clear up this statement it is enough to analyze the equations of motion for the ghost sector only, because the equations for x̂^μ and p̂_μ are linear ones. The BRST-invariant Hamiltonian which generates these equations of motion depends on the choice of the gauge fermion Ψ, which in the minimal sector has the general form Ψ = ∫ d^pσ ( λ^0 2 P_0 − ζ^kP_k ) . Using the arbitrariness in the choice of the Lagrange multipliers λ^0 and ζ^k, they are chosen in [63] as

λ^0 = γ^{−1}_p , ζ^k = 0, ⇒ Ψ_0 = 1 2γ_p ∫ d^pσP_0. The corresponding Hamiltonian is obtained to be

H_{Ψ0} = − 1 2γ_p ∫ d^pσ ( p^μp_μ + P_0∂_kη^k ) . The equations of motion ḟ = {f, H_{Ψ0} } generated by H_{Ψ0} have the form

ẋ^μ = 1 γ_p p^μ, ṗ^μ = 0, η̇^0 = 1 2γ_p ∂_kη^k, η̇^k = 0, Ṗ_0 = 0, Ṗ_k = 1 2γ_p ∂_kP_0.

The general solution of this system of equations is

x^μ(τ, σ) = x^μ_0 (σ) + τ γ_p p^μ_0 (σ), p_μ(τ, σ) = p_{0μ}(σ), η^0(τ, σ) = η^0 (σ) + τ 2γ_p ∂_kη^k_0 (σ), P_0(τ, σ) = P_{00}(σ), η^k(τ, σ) = η^k_0 (σ), P_k(τ, σ) = P_{0k}(σ) + τ 2γ_p ∂_kP_0.

We see that the transition from the q̂, p̂ variables to their initial data q̂_0, p̂_0 is a linear transformation. Owing to this fact the proof of nilpotency condition for Ω̂min carried out in the terms of q̂p̂-ordering does not change after transition to q̂_0p̂_0-ordering.

Here in [63] the conclusion is drown that the critical dimensions are absent in the null bosonic p-brane theory and this theory is quantum mechanically self consistent in flat space-time of arbitrary dimension. However, it is noted that the question about presence or absence of a critical dimension in the quantum theory essentially depends on the choice of initial operator set in terms of which the procedure of operator ordering is defined.

Finally, let us describe the dynamics of null p-brane in the light cone gauge. At first we note that in the gauge (3.26) the induced metric G̃_{JK} takes the form

G̃_{JK} (ξ) = 0 0 0 G_{JK} (ξ)

. (3.36)

The representation is invariant under diffeomorphisms σ^j (τ^′, σ^′) = σ^j (σ^′) . (3.37) The gauge condition (3.32), which linearizes the null p-brane equations of motion, is conserved under the diffeomorphism transformations τ (τ^′, σ^′) = a (σ^′) + τ^′ det ( ∂σ^j(σ^′) ∂σ0^k ) . (3.38) The equations of motion ẍ^μ = 0 are invariant under the transformations (3.37) and (3.38). Therefore, it is possible to use the gauge symmetry (3.37), (3.38) for fixing light-cone gauge condition defined as x^+(τ, σ) = cτ, c = p^+_0 γ = P^+_0 N_pγ , P^+_0 = ∫ d^pσp^+_0 (σ). (3.39) This gauge condition is conserved under the diffeomorphisms (3.37) and (3.38) restricted by the condition τ^′ = τ . We see that the gauge conditions (3.26), (3.32) and (3.39) are characterized by a residual gauge symmetry comprising the so called area-preserving transformations, which are defined by the infinitesimal relations δτ = 0, δσ^{j1} = ε^{j1j2...jp} ∂_{j2} Λ_{j3...jp} .

In the light-cone gauge, the general solution of (3.31) is

x^m(τ, σ) = x^m_0 (σ) + p^m_0 (σ)γ^{−1}_p τ, (m = 1, ..., D − 1) x^−(τ, σ) = x^−_0 (σ) + N_p 2γP^+_0 p^2_{0m}(σ)

p^−_0 (σ) = N_p 2P^+_0 p^2_{0m}(σ).

Then for the mass operator of null p-brane defined by the relation

M^2 ≡ P^μ_0 P_{0μ} ≡ 2P^+_0 P^−_0 − P^2_{0m}, P_{0μ} = ∫ d^pσp_{0μ}(σ) we get the representation

M^2 = N_p ∫ d^pσp^2_{0m}(σ) − (∫ d^pσp_{0m}(σ) )_2 . It can be shown that M^2 ≥ 0 and it is independent on the center of mass variables q_{0m}, P_{0m}.

The canonical Hamiltonian in the light-cone gauge has the form H_{lc} = P^+_0 γN_p ∫ d^pσp^−_0 (σ) = 1 2γ ∫ d^pσp^2_{0m}(σ) = 1 2γN_p [ p^2_{0m}(σ) + M^2 ] . (3.40)

The eigenfunctions Ψ_{|k0m;{kma}>} associated with the Hamiltonian (3.40) are generalized ”plane waves” Ψ_{|k0m;{kma}>} = exp ( i ∑ a k_{ma}x^a_m ) = exp (ik_{0m}q_{0m}) exp i ∑ a≠0 k_{ma}x^a_m , (3.41)

which describe the coherent motion of infinite number of quasi particles. Here the index a marks a complete orthonormal basis of functions Y_a(σ) on the (null) p-brane [63, 91, 92]. The physical subspace can be extracted from the set of vectors (3.41) by the annihilation conditions ∑ a,b≠0 f^{de}_{abc}x^a_mP^b_mΨ^{phys} = 0. Then, supposing that there exist nonzero solutions of the above equalities, it is not difficult to show that the spectrum of null p-brane is continuous [63].

Now we turn to the null super p-brane case in four dimensions [63]. The dynamics of null super p-brane is described by the action (3.11). However, the covariant quantization in this formulation is a very complicated problem because of an infinite reducibility of the fermionic constraints analogous to those of the superstring. In order to covariantly quantize the null super p-brane theory in D = 4, a new twistorlike Lorentz harmonic formulation has been proved to be effective [86, 87]. It uses the Lorentz harmonic superspace

z^M = (x^μ, θ^α_A, θ̄^{α̇A}; v^∓_α , v̄^±_{α̇} ), α = 1, 2; A = 1, ..., N as a target space. This space is an extension of the usual (N-extended) superspace (x^μ, θ^α_A, θ̄^{α̇A}) obtained by adding the commuting spinor variables (v^∓_α , v̄^±_{α̇} ), which coincide with the Newman-Penrose diades [93] in four dimensions. In this formulation, the action for null super p-brane theory is S_{0,p} = − 1 2 ∫ d^pξϱ^{(−|+)J} v^−_α v̄^+_{α̇} ω^{α̇α}_J , (3.42) where ϱ^{(−|+)J} is a world-volume density, ω^{α̇α}_J = σ̃^{α̇α}_μ ( ∂_J x^μ − i∂_jθ^α_Aσ^μ_{αα̇}θ̄^{α̇A} + iθ^α_Aσ^μ_{αα̇}∂_Jθ̄^{α̇A} ) ≡ ω^μ_J σ̃^{α̇α}_μ is the invariant Cartan form for ordinary superspace and v^∓_α , v̄^±_{α̇} are restricted by the conditions Ξ(τ, σ) ≡ v^{α−}(τ, σ)v^+_α (τ, σ) − 1 = 0, Ξ̄(τ, σ) ≡ v̄^{α̇+}(τ, σ)v̄^−_{α̇} (τ, σ) − 1 = 0.

The action (3.42) is invariant under the following local κ-transformations δθ_{αA} = ip_{αα̇}κ̄^{α̇}_A, δθ̄^A_{α̇} = −iκ^{αA}p_{αα̇}, δx_{αα̇} = 2 ( κ^{βA}p_{βα̇}θ_{αA} + θ̄^A_{α̇} p_{αγ̇}κ̄^{γ̇}_A ) , δϱ^J = 0, δv^∓_α = 0, δv̄^±_{α̇} = 0, where p_{αα̇} = ϱ^0(τ, σ)v^−_α v̄^+_{α̇} is the momentum density of null super p-brane.

The variation of the action (3.42) with respect to x^μ, θ^{αA}, θ̄^{α̇A}, v^−_α and v̄^+_{α̇} leads to the equations ∂_J ( ϱ^J v^−_α v̄^+_{α̇} ) = 0 or ṗ_{αα̇} = ∂_j ( ϱ^jv^−_α v̄^+_{α̇} ) , ϱ^J ∂_J θ_{αA} = ζ_A(τ, σ)v^−_α , ϱ^J ∂_Jθ̄^A_{α̇} = ζ̄^A(τ, σ)v̄^+_{α̇} , ϱ^J ω_{Jαα̇} = e(τ, σ)v^−_α v̄^+_{α̇} or ω_{0αα̇} = e (ϱ^0)^2 p_{αα̇} − ϱ^j ϱ^0 ω_{jαα̇}. Finally, the ϱ^J -variation generates the constraints

v^−_α v̄^+_{α̇} ω^{α̇α}_J ≈ 0 or p_{αα̇}p^{α̇α} ≈ 0, p_{αα̇}ω^{α̇α}_j ≈ 0.

The arbitrary functions ϱ^J (τ, σ), ζ_A(τ, σ), ζ̄^A(τ, σ) and e(τ, σ) in the above equations show the invariance of the action (3.42) under reparametrizations and κtransformations.

It can be proved [86, 87, 63] that the presence of the auxiliary variables v^∓_α , v̄^±_{α̇} and ϱ^{(−|+)J} in (3.42) does not increase the number of physical degrees of freedom and the formulations (3.11), (3.42) for null super p-brane theory are equivalent at the classical level.

However, the harmonics v^∓_α and their complex conjugated v̄^±_{α̇} play an exceptional role in the Lorentz covariant division of null super p-brane constraints into irreducible once of first and second class. This is carried out by projecting the Grassmann constraints D^A_α = −π^A_α + ip_{αα̇}θ̄^{α̇A} into first class D^{−A} = v^{α−}D^A_α and second class D^{+A} = v^{α+}D^A_α constraints.

In terms of the coordinates (z^M , ϱ^{(−|+)J} ) and their conjugated momenta (p_M , p^ϱ_J ) = (p_μ, π^A_α , π̄_{α̇A}; p^±_α , p̄^∓_{α̇} , p^ϱ_J ), the first class constraints

Y_Λ = (Y_Λ0, T_j) = ( D^{−A}, D̄^+_A , p^{+−}, p^ϱ_j , ∇^0, ¯∇^0, ∇^{−2}, ¯∇^{+2}, T_j )

of null super p-brane theory have the form D^{−A} ≡ v^{α−}D^A_α ≡ v^{α−} ( −π^A_α + ip_{αα̇}θ̄^{α̇A} ) ≈ 0, p^{+−} ≡ v^{α−}σ^μ_{αα̇}p_μ ≈ 0, p^ϱ_j ≈ 0, ∇^0 ≡ v^{α+}p^−_α − v^{α−}p^+_α + ϱ^{0(−|+)}p^ϱ_J ≈ 0, ∇^{−2} ≡ v^{α−}p^−_α ≈ 0, T_j ≡ 1 2 ω^{αα̇}_j p_{αα̇} + ( ∂_jθ^α_AD^A_α + ∂_jv^{α∓}p^±_α + c.c. ) − ∂_jϱ^{0(−|+)}p^ϱ_J ≈ 0, and complex conjugated to D^{−A}, ∇^0, ∇^{−2} constraints D̄^+_A , − ¯∇^0, ¯∇^{+2} (Remark: there are obvious mistakes in the expressions for ∇^0 and T_j). They form the following Poisson bracket algebra (we list the nonzero brackets only) {T_j(σ_1), T_k(σ_2)} = T_j(σ_2)∂^2_kδ^p(σ_1 − σ_2) − (1 ↔ 2, j ↔ k) , {T_j(σ_1), Y_Λ0(σ_2)} = −Y_Λ0(σ_1)∂^2_j δ^p(σ_1 − σ_2), {∇^0(σ_1), Y_Λ0(σ_2)} = q_R (Y_Λ0) δ^p(σ_1 − σ_2), (3.43) { ¯∇^0(σ_1), Y_Λ0(σ_2)} = q_L (Y_Λ0) δ^p(σ_1 − σ_2), {D^{−A}(σ_1), D̄^+_B(σ_2)} = −2ip^{+−}δ^A_Bδ^p(σ_1 − σ_2), where q_{L,R} (Y_Λ0) are the charges of Y_Λ0 under U_{L,R}(1) symmetry groups.

The constraints p^{+−} and T_j correspond to reparametrization symmetry of the action (3.42), D^{−A} and D̄^+_A describe the fermionic κ-symmetry, whereas ∇^0 and ¯∇^0 are related to the local U_L(1) × U_R(1) ∼= SO(1, 1) × SO(2) symmetry and ∇^{−2}, ¯∇^{+2} are connected with the local shifts of v^{α+} and v̄^{α̇−}.

The second class constraints S_f in the twistor-like formulation (3.42) appear to be the pairs Ξ ≈ 0, χ ≡ v^{α−}p^+_α + v^{α+}p^−_α + ϱ^0p^ϱ_0 ≈ 0, Ξ̄ ≈ 0, χ̄ ≈ 0, D^{+A} ≡ v^{α+}D^A_α ≡ v^{α+} ( −π^A_α + ip_{αα̇}θ̄^{α̇A} ) ≈ 0, D̄^{−A} ≡ v̄^{α̇−}D̄_{α̇A} ≡ v̄^{α̇−} (π̄_{α̇A} − iθ^α_Ap_{αα̇}) ≈ 0, ∇^{+2} ≡ v^{α+}p^+_α ≈ 0, p^{−−} ≡ −v^{α−}σ^μ_{αα̇}v̄^{α̇−}p_μ ≈ 0,

¯∇^{−2} ≡ v̄^{α̇−}p̄^−_{α̇} ≈ 0, p^{++} ≡ −v^{α+}σ^μ_{αα̇}v̄^{α̇+}p_μ ≈ 0,

p^ϱ_0 ≈ 0 , ϱ^{0(−|+)} − p^{(−|+)} ≡ ϱ^{0(−|+)} − v^{α+}σ^μ_{αα̇}v̄^{α̇−}p_μ ≈ 0.

The Poisson bracket matrix of the constraints S_f may be transformed to blockdiagonal form if certain redefinitions are performed. The following step is to use the method for conversion of second class constraints into effective first class abelian A_f ones [94, 95, 96]. The conversion procedure suggests the introduction of new additional set of canonically conjugated variables (q^R, p_R), so that any definite pair of the original second class constraints corresponds to some pair of the newly introduced phase space variables. Now the transition from the initial first class constraints Y_Λ to the effective ones Ỹ_Λ, depending also on (q^R, p_R), must be done. However, it turns out that the resulting algebra essentially complicates the evaluation procedure for the BRST generator Ω. For this reason, a new set of effective first class constraints Ỹ_Λ have been introduced in [63]. Their algebra coincides with the original Y_Λ algebra (3.43) with the exception of the Poisson brackets

{ ~∇^{−2}(σ_1), ~¯ ∇^{+2}(σ_2)} = E(σ_1)δ^p(σ_1 − σ_2),

where E = i 2J [ D̃^{−A} ~D̄^+_A + 2 i ~p̃^{+−} ( ~∇^0 + ~¯∇^0 )]

is a first class constraint (Remark: the quantity J is not defined in [63]). As a result, the total algebra of the effective first class constraints for null super p-brane is found to be

{A_f , A_g} = 0, {Ỹ_Λ, A_f } = 0, {Ỹ_Λ, Ỹ_Σ} = C^Π_{ΛΣ}Ỹ_Π + E_{ΛΣ}, (3.44)

with the same structure constants C^Π_{ΛΣ} as in the original algebra (3.43) and

E_{ΛΣ} = [ δ_{Ỹ Λ, ~∇}�2 δ_{Ỹ Σ, ~¯∇}+2 − (Λ ↔ Σ) ] E.

The classical BRST charge for the algebra (3.44) in the minimal sector equals to Ω_{min} = Ω^′ + A_f c^{′′f} with Ω^′ defined as

Ω^′ = ∫ d^pσ[Y^{Mod}_Λ c^Λ − 2iπ^{+−}c^+_Ac̄^{−A} − i J ( π^0 + π̄^0 ) ~p̃^{+−}ζ^{+2}ζ̄^{−2} (3.45) + ( i 4J p^{−A} ~¯ D + Aζ^{+2}ζ̄^{−2} + c.c. ) + ( 1 2J π^{+−}p̄^+_Ac̄^{−A}ζ^{+2}ζ̄^{−2} + c.c. ) ]. The modified constraints Y^{Mod}_Λ entering into (3.45) coincide with Ỹ_Λ except the constraints T^{Mod}_j , ∇^{0Mod}, ¯∇^{0Mod}.

In order to construct the quantum BRST operator Ω̂_{min} = Ω̂^′ + Â_f ĉ^{′′f},

a generalized q̂p̂-ordering is chosen in [63]. The term ”generalized” means that one may include some momentum variables into a q̂-set and some coordinate variables into a p̂-set. Then, in analogy with the bosonic null p-brane case, it is proven that this ordering is preserved in the process of computation of the anticommutator {Ω̂^′, Ω̂^′} and this leads to the fulfillment of the condition (Ω̂^′)^2 = 0. This consideration permits to the authors of [63] to conclude that the null super p-brane theories are self-consistent in D = 4.

A number of classically equivalent actions for p-branes are derived and their tensionless limits are discussed in [64, 65]. The starting point is the Nambu-Goto- Dirac world-volume action S = T ∫ d^{p+1}ξ √ −detγ_{JK} (3.46) where X^μ = X^μ(ξ) and γ_{JK} ≡ ∂_J X^μ∂_KX^ν η_{μν} (3.47) is the metric induced on the world-volume from the Minkowski space-time metric η_{μν} . The generalized momenta derived from the Lagrangian in (3.46) are P_μ = T √ −γγ^{J0}∂_J X_μ. (3.48) where γ^{JK} is the inverse of γ_{JK} . They satisfy the constraints P^2 + T^2γγ^{00} = 0

P_μ∂_aX^μ = 0, a = 1, ..., p. (3.49) Here γ ≡ detγ_{JK}. As usual for a diffeomorphism invariant theory, the naive Hamiltonian vanishes and the total Hamiltonian consists of the sum of the constraints (3.49) multiplied by Lagrange multipliers, which we shall call λ and ρ^a:

H = λ(P^2 + T^2γγ^{00}) + ρ^aP · ∂_aX (3.50)

The phase space action thus becomes

S^{P S} = ∫ d^{p+1}ξ { P · Ẋ − λ(P^2 + T^2γγ^{00}) − ρ^aP · ∂_aX } . (3.51)

One integrates out the momenta to find the configuration space action S^{CS} = 1 2 ∫ d^{p+1}ξ 1 2λ { Ẋ^2 − 2ρ^aẊ^μ∂_aX_μ + ρ^aρ^b∂_bX^μ∂_aX_μ − 4λ^2T^2γγ^{00} } . (3.52)

For p = 1, the following identification may be done g^{JK} = −1 ρ ρ − ρ^2 + 4λ^2T^2

, (3.53)

which leads to the usual Weyl invariant tensile string action S = − 1 2 T ∫ d^2ξ √ −gg^{JK} ∂_J X^μ∂_KX^ν η_{μν} . (3.54)

For p > 1 it is not possible to directly identify the geometric fields in (3.52). One first has to rewrite it as S^{CS} = 1 2 ∫ d^{p+1}ξ { h^{JK} γ_{JK} 2λ − 2λT^2G(p − 1) + 2λT^2GG^{ab}γ_{ab} } , (3.55)

where h^{JK} = 1 − ρ^a −ρ^a ρ^aρ^b (3.56)

is a rank 1 auxiliary matrix and G_{ij} is a p-dimensional auxiliary metric with determinant G. (Integrating out G_{ij} one recovers (3.52).) Now the identification g^{JK} = 1 4 T^{−2}λ^{−2}G^{−1} −1 ρ^a ρ^a − ρ^aρ^b + 4λ^2T^2GG^{ab}

(3.57) produces the usual p-brane action involving the world-volume metric g_{JK}: S = − 1 2 T ∫ d^{p+1}ξ √ −g { g^{JK} ∂_J X^μ∂_KX^ν η_{μν} − (p − 1) } . (3.58)

The identification (3.57) tells us the transformation properties of the Lagrange multipliers. Note that for p = 0, 1 the auxiliary metric G_{ij} never appears in (3.55), and the configuration space action is the usual manifestly reparametrization invariant massive point-particle action and reparametrization invariant tensile string action respectively.

It is clear from the above procedure that we may take the limit T → 0 anywhere between (3.50) and (3.57). The identification (3.57) will differ in that limit, however. The metric density T √ −gg^{JK} becomes degenerate and gets replaced by a rank 1 matrix which can be written as V^J V^K in terms of the vector density V^J V^J ↔ 1 √ 2λ (1, ρ^a). (3.59)

In fact, using this prescription the T → 0 limit of the p-brane action is S = ∫ d^{p+1}ξV^J V^K∂_J X^μ∂_KX^ν η_{μν} . (3.60)

Another type of null bosonic p-brane action is given in [65] S = ∫ d^{p+1}ξ ( Δ · P − 1 2 V (ξ)P · P ) , where Δ^{μ0...μp} is the following antisymmetric space-time tensor Δ^{μ0...μp} = 1 [(p + 1)!]^{1/2} ϵ^{J0...Jp}∂_{J0} x^{μ0} . . . ∂_{Jp} x^{μp} and P_{μ0...μp} are totally antisymmetric ”generalized momenta” satisfying the constraint P^2 = −T^2.

The quantization of different types of tensionless p-branes is also discussed in [66]. Now we are going to describe the results of this paper. The constraints are written there in the form

ϕ^{−1}(σ_1, . . . , σ_p) = P^μP_μ(σ_1, . . . , σ_p) = 0 L^α(σ_1, . . . , σ_p) = P^μ∂_αX_μ(σ_1, . . . , σ_p) = 0,

Note that the greek index α runs from 1 to p. In Fourier modes the constraints read (for simplicity closed p-branes are considered) ϕ^{−1}_{m1,...,mp} =^1_2 +∞∑ k_1,...,kp=−∞ p_{m1−k1,...,mp−kp} · p_{k1,...,kp} = 0, (3.61)

L^α_{m1,...,mp} = −i +∞∑ k_1,...,kp=−∞ k_αp_{m1−k1,...,mp−kp} · x_{k1,...,kp} = 0 (3.62) and they satisfy the following algebra [ ϕ^{−1}_{m1,...,mp} , L^α_{n1,...,np} ] = (m_α − n_α)ϕ^{−1}_{m1+n1,...,mp+np} , (3.63) [ L^α_{m1,...,mp} , L^β_{n1,...,np} ] = m_βL^α_{m1+n1,...,mp+np} − n_αL^β_{m1+n1 ,...,mp+np} +A^{αβ}(m_1, . . . , m_p)δ_{m1+n1} . . . δ_{mp+np} . (3.64) The right hand side of equation (3.64), when m_1 + n_1 = . . . = m_p + n_p = 0, is expressed in terms of L^α_{0,...,0}. But this operator is not well defined since it depends on the different orderings of x^μ_{m1,...,mp} and p^μ_{m1,...,mp} . Taking into account this ambiguity the possible central extensions in the right hand side of the commutators (3.64) are included. The values of these central extensions are constrained by the Jacobi identities and the antisymmetry of the commutators. It is found that for p > 1

A^{αβ}(m_1, . . . , m_p) = A^{αβ}(m_α, m_β) =^1_2 ( m_βd^α + m_αd^β ) , where d^α are constants.

In order to clarify the implications of the last relation one takes α = β in (3.64). Then [ L^α_{m1,...,mp} , L^α_{n1,...,np} ] = (m_α − n_α)L^α_{m1+n1,...,mp+np} + m_αd^αδ_{m1+n1} . . . δ_{mp+np} . The corresponding relation for the string (p = 1) is

[L_m, L_n] = (m − n)ϕ^L_{m+n} + (d_3m^3 + d_1m)δ_{m+n}.

Thus one finds that in the case of the tensionless p-branes with p > 1, the central extensions in the algebra of the constraints become ”smoother” since their cubic terms have to vanish due to the Jacobi identities. It is interesting to note that the same cancellation will also occur in the case of the usual p-branes. The constraints L^α are not modified by the nonzero tension and so the results obtained here for the subalgebra (3.64) are also valid for the tensile p-brane.

The investigation of the quantum theory of this model within the framework of a BRST quantization requires the introduction of new operators. To every constraint, one introduces a ghost pair c^A_{m1,...,mp} , b^A_{m1,...,mp} , A ∈ {−1, L_α}, that is fermionic. The generator of BRST transformations, the BRST charge is found to be Q = ∑ k_1,...,kp ϕ^{−1}_{−k1,...,−kp} c^{−1}_{k1,...,kp} + p∑ α=1 ∑ k_1,...,kp L^α_{−k1,...,−kp} c^{Lα}_{k1,...,kp} − p∑ α=1 ∑ k_1,...,kp ∑ l_1,...,lp (k_α − l_α)c^{−1}_{−k1,...,−kp} c^{Lα}_{−l1,...,−lp} b^{−1}_{k1+l1,...,kp+lp} −^1_2 p∑ α,β=1 ∑ k_1,...,kp ∑ l_1,...,lp k_βc^{Lα}_{−k1,...,−kp} c^{Lβ}_{−l1,...,−lp} b^{Lα}_{k1+l1,...,kp+lp} +^1_2 p∑ α,β=1 ∑ k_1,...,kp ∑ l_1,...,lp l_αc^{Lα}_{−k1,...,−kp} c^{Lβ}_{−l1,...,−lp} b^{Lβ}_{k1+l1,...,kp+lp} . (3.65)

The classical nilpotency, Q^2 = 0, is guaranteed by construction. To check the nilpotency of the quantum Q =^1_2 (Q + Q^†), which is constructed to be hermitian, one uses the extended constraints ϕ̃^I_{m1,...,mp} . These are BRST invariant extensions of the original constraints and they satisfy the same algebra as the original ones for first rank systems. They are defined by the equation ϕ̃^I_{m1,...,mp} ≡ {b^I_{m1,...,mp} , Q},

We can now calculate the BRST anomaly using the method described in [97]. There it is shown that

Q^2 =^1_2 ∑ I,J ∑ m_1,...,mp d̃^{IJ}_{m1,...,mp} c^I_{m1,...,mp} c^J_{−m1,...,−mp} ,

where d̃^{IJ} are the central extensions of the extended constraints algebra. This means that

Q^2 =^1_2 ∑ α d̃^αm_βc^Lα_{m1,...,mp} c^{Lβ}_{−m1,...,−mp} . (3.66)

The exact values of d̃^α depend on the vacuum and ordering we use. The simplest and safest method to determine these constants is to calculate the vacuum expectation value of the commutators (3.64) for the extended constraints.

According to arguments presented in [64], the vacuum suitable for tensionless strings is not one annihilated by the positive modes of the operators but one annihilated by the momenta

p^μ_m|0⟩_p = 0 ∀m. (3.67)

In the case of the tensionless p-brane, the vacuum is defined also by (3.67) in [66].

Following the prescription of [98], one takes the ket states to be built from our vacuum of choice, |0⟩_p, and the bra states to be built from_x⟨0| satisfying_x⟨0|0⟩_p = 1.

For the vacuum (3.67) and from the requirement that the BRST charge (3.65) should annihilate the vacuum, one obtains further requirements on the ghost part of the vacuum. Doing this one finds that the vacuum has to satisfy the following conditions p^μ_{m1,...,mp} |0⟩ = b^{−1}_{m1,...,mp} |0⟩ = 0, ⟨0|x^μ_{m1,...,mp} = ⟨0|c^{−1}_{m1,...,mp} = 0. The expectation value of the commutator (3.64) is ⟨ 0 | | | [ L̃^α_{m1,...,mp} , L̃^α_{−m1,...,−mp} ]| | 0 ⟩ = 2m_α ⟨ 0 | | |L̃^α_{0,...,0} | | | 0 ⟩ + m_αd̃^α ⇒ 0 = 2m_αa^α_L + m_αd̃^α ⇒ d̃^α = −2a^α_L (3.68)

where a^α_L ≡ ⟨ 0 | | |L̃α_{0,...,0} | | | 0 ⟩ . But for a hermitian BRST charge Q one will has

a^α_L = −^1_2 (D + 1 + p) +∞∑ kα=−∞ k_α ∑ k_1,...,k_α�_1,k_{α+1},...,kp 1 = 0.

Thus from the relations (3.66) and (3.68) one deduces that the BRST charge is nilpotent for any space-time dimension D. So in the theory of tensionless p-branes, just as in the theory of tensionless strings the critical dimension is absent and the theory is quantum mechanically consistent for any dimension D.

If we choose the vacuum to be annihilated by the positive modes, as is the case for the usual string, the commutators (3.64) will give ⟨ 0 | | | [ L̃^α_{m1,...,mp} , L̃^α_{−m1,...,−mp} ]| | 0 ⟩ = 2m_α ⟨ 0 | | |L̃^α_{0,...,0} | | | 0 ⟩ + m_αd̃^α ⇒ [(D − 25 − p)m^3_α − (D − 1 − p)m_α] ∑ k_1,...,k_α�_1,k_{α+1},...,kp 1 6 = 2m_αa^α_L + m_αd̃^α ⇒ D = 25 + p. (3.69)

This results agrees with the critical dimension of D = 27 for the membrane (p = 2) which was given in [85], and can be generalized to the case of null spinning p-brane [66] D = 100 + 4p − 22N 4 + N

, (3.70)

N being the number of world-volume supersymmetries.

The isomorphism C_{D−1,1} ≃ O(D, 2) for D ≥ 3 makes it possible to construct a theory in two extra dimensions such that the previous model corresponds to a particular gauge fixing of the latter and the conformal symmetry is manifest and linearly realized. This conformal tensionless p-brane action can be given by S = ∫ d^{p+1}ξ{V^a(∂_a + W_a)X^AV^b(∂_b + W_b)X_A + ΦX^AX_A}, (3.71)

where A = 0, . . . , d + 1 and the new metric has the form

η_{AB} = η_{μν} 0 0 0...0 1 0 0...0 0 − 1 .

W_a is the gauge field for scale transformations and Φ is a Lagrange multiplier field.

We can check that by imposing two gauge fixing conditions P^+ = 0, X^+ = 1 the generators of the Lorentz transformations in the extended space become the generators of the conformal group in the original space. Thus rotations in the extended space correspond to conformal transformations in the original space.

Going to the Hamiltonian formulation we find in exactly the same manner that the Hamiltonian is again a linear combination of the constraints. In addition to the original constraints (3.61)-(3.62) we will have two new ones which in Fourier modes can be written as follows ϕ^1_{m1,...,mp} =^1_2 +∞∑ k_1,...,kp=−∞ x_{m1−k1,...,mp−kp} · x_{k1,...,kp} = 0, (3.72) ϕ^0_{m1,...,mp} =^1_2 +∞∑ k_1,...,kp=−∞ p_{m1−k1,...,mp−kp} · x_{k1,...,kp} = 0. (3.73) The constraint algebra with the central extensions included, for p > 1, will be given by [ ϕ^{−1}_{m1,...,mp} , ϕ^1_{n1,...,np} ] = −2iϕ^0_{m1+n1,...,mp+np} − 2icδ_{m1+n1} . . . δ_{mp+np} , (3.74) [ ϕ^{−1}_{m1,...,mp} , ϕ^0_{n1,...,np} ] = −iϕ^{−1}_{m1+n1,...,mp+np} , (3.75) [ ϕ^{−1}_{m1,...,mp} , L^α_{n1,...,np} ] = (m_α − n_α)ϕ^{−1}_{m1+n1 ,...,mp+np} , (3.76) [ ϕ^1_{m1,...,mp} , ϕ^0_{n1,...,np} ] = iϕ^1_{m1+n1,...,mp+np} , (3.77) [ ϕ^1_{m1,...,mp} , L^α_{n1,...,np} ] = (m_α + n_α)ϕ^1_{m1+n1,...,mp+np} , (3.78) [ ϕ^0_{m1,...,mp} , L^α_{n1,...,np} ] = m_αϕ^0_{m1+n1,...,mp+np} + cm_αδ_{m1+n1} . . . δ_{mp+np} , (3.79) [ L^α_{m1,...,mp} , L^β_{n1,...,np} ] = m_βL^α_{m1+n1,...,mp+np} − n_αL^β_{m1+n1,...,mp+np} +^1_2 ( m_βd^α − n_αd^β ) δ_{m1+n1} . . . δ_{mp+np} . (3.80) With the constraint algebra at hand one finds the BRST charge to be Q = ∑ k_1,...,kp [ ϕ^{−1}_{−k1,...,−kp} c^{−1}_{k1,...,kp} + p∑ α=1 L^α_{−k1 ,...,−kp} c^{Lα}_{k1,...,kp} +ϕ^0_{−k1,...,−kp} c^0_{k1,...,kp} + ϕ^1_{−k1,...,−kp} c^1_{k1,...,kp} ] + ∑ k_1,...,kp ∑ l_1,...,lp [ 2ic^{−1}_{−k1,...,−kp} c^1_{−l1,...,−lp} b^0_{k1+l1,...,kp+lp} +ic^{−1}_{−k1,...,−kp} c^0_{−l1,...,−lp} b^{−1}_{k1+l1,...,kp+lp} − ic^1_{−k1,...,−kp} c^0_{−l1,...,−lp} b^1_{k1+l1,...,kp+lp} −^1_2 p∑ α,β=1 k_βc^{Lα}_{−k1,...,−kp} c^{Lβ}_{−l1,...,−lp}b^{Lα}_{k1+l1,...,kp+lp} +^1_2 p∑ α,β=1 l_αc^{Lα}_{−k1,...,−kp} c^{Lβ}_{−l1,...,−lp} b^{Lβ}_{k1+l1,...,kp+lp} − p∑ α=1 (k_α − l_α)c^1_{−k1,...,−kp} c^{Lα}_{−l1,...,−lp} b^1_{k1+l1,...,kp+lp} − p∑ α=1 (k_α − l_α)c^{−1}_{−k1,...,−kp} c^{Lα}_{−l1,...,−lp} b^{−1}_{k1+l1,...,kp+lp}

− p∑ α=1 k_αc^0_{−k1,...,−kp} c^{Lα}_{−l1,...,−lp}b^0_{k1+l1,...,kp+lp} ] . (3.81)

Again one can check the nilpotency of Q with the use of the extended constraints. They satisfy the same algebra as the original constraints. The only thing that remains now is to calculate the values of the constants d̃^α, α = 1, . . . , p and c̃ for the vacuum and ordering introduced previously. In this case, the condition p^A_{m1,...,mp} |0⟩ = 0 together with the requirement that the BRST charge (3.81) should annihilate the vacuum gives the following consistency conditions ∀m_1, . . . , m_p p^A_{m1,...,mp} |0⟩ = c^1_{m1,...,mp} |0⟩ = b^{−1}_{m1,...,mp} |0⟩ = 0, ⟨0|x^A_{m1,...,mp} = ⟨0|c^{−1}_{m1,...,mp} = ⟨0|b^1_{m1,...,mp} = 0. In the same way as was done previously, one finds that d̃^α = 0. The value of c̃ is found by calculating the expectation value of the commutator ⟨0| [ϕ̃^0_{m1,...,mp} , ϕ̃^L_{−m1,...,−mp} ] |0⟩. This gives ⟨0| [ϕ̃^0_{m1,...,mp} , ϕ̃^L_{−m1,...,−mp} ] |0⟩ = m_α ⟨ 0 | |ϕ̃0_{,...,0} | | 0 ⟩ + c̃m_α ⇒ 0 = m_αa_0 + c̃m_α = 0 ⇒ c̃ = −a_0. But for a Hermitian BRST charge Q we will have

α_0 ≡ ⟨0| ϕ̃^0 |0⟩ = − i 4 [D − 2] ∑ k_1,...,kp 1 .

The BRST charge is nilpotent when all the constants d̃_a and c̃ are equal to 0. In particular we must have

c̃ = 0 ⇒ D = 2.

Thus one finds a critical dimension of D = 2 for all the tensionless conformal pbranes. It should be stated here that the result is valid for p ≠ 0 since the quantum theory of the conformal particle is consistent in any dimension.

The above results can be easily generalized to the case of the conformal tensionless spinning p-brane. Using the techniques presented here, one finds for the p-brane a negative critical dimension D = 2 − 2N, ∀p ≥ 1, N, being the number of supersymmetries. Again this result is valid for p ≠ 0 since for the conformal spinning particle the same analysis reveals consistency in any dimension.

The first work on the classical dynamics of tensionless branes (p > 1) in curved background is [57] (unpublished). Because of this, we will consider the results obtained in it in some detail.

The action for null p-branes in a cosmological background G_{MN} (x) may be written as S = ∫ d^{p+1}ξ det(∂_μx^M G_{MN} (x) ∂_νx^N ) E(τ, σ^n) , (3.82) (M, N = 0, ..., D − 1), (m, n = 1, ..., p), where E(τ, σ^n) is a (p + 1) –dimensional world-volume density. The determinant g of the induced null p-brane metric g_{μν}

g_{μν} = ∂_μx^M G_{MN} (x) ∂_νx^N = ẋ^A G_{AB} (x) ẋ^B ẋ^A G_{AB}(x) ∂_nx^B ∂_mx^A G_{AB}(x) ẋ^B ĝ_{mn}(x) ,

ĝ_{mn}(x) = ∂_mx^A G_{AB}(x) ∂_nx^B, may be presented in a factorized form

g = ẋ^M Π̃_{MN}(x) ẋ^N ĝ, ĝ = det ĝ_{mn},

where point denotes differentiation with respect to τ . The matrix Π̃_{MN} = G_{MN} − G_{MB} ∂_mx^B ĝ^{−1mn} ∂_nx^L G_{LN} has the properties of a projection operator. Therefore, the action (3.82) can be written in the following form: S = ∫ d^{p+1}ξ ẋ^M Π̃_{MN}(x) ẋ^N ĝ E(τ, σ^n) .

The variation of this action with respect to E generates the degeneracy condition for the induced metric g_{μν} g = det g_{μν} = 0, which separates the class of (p + 1) –dimensional isotropic geodesic hypersurfaces characterized by the null volume. In the gauge ẋ^M G_{MN} ∂_mx^N = 0; ( ĝ E )_• = 0 one finds the equations of motion and constraints in the following form ẍ^M + Γ^M_{P Q} ẋ^P ẋ^Q = 0 ẋ^M G_{MN} ẋ^N = 0, ẋ^M G_{MN} ∂_mx^N = 0 (3.83) Now consider the case of D-dimensional Friedmann universe with k = 0 (flat spatial section) described by the metric form ds^2 = G_{MN} dx^M dx^N = (dx^0)^2 − R^2(x^0) dx^iδ_{ik}dx^k. (3.84) It is convenient to transform equations (3.83) to the conformal time x̃^0(τ, σ^n) , defined by dx^0 = C(x̃^0)dx̃^0, C(x̃^0) = R(x^0), x̃^i = x^i (3.85) In the gauge of conformal time, the metric (3.84) is presented in the conformal-flat form ds^2 = C(x̃^0)η_{MN} dx̃^M dx̃^N , η_{MN} = diag(1, −δ_{ij}) (3.86) with Christoffel symbols Γ̃^M_{P Q}(x̃) Γ̃^M_{P Q}(x̃) = C^{−1}(x̃)[δ^M_P ~∂_QC + δ^M_Q ~∂_P C − η_{P Q} ~∂^M C]. (3.87) Taking into account the relations (3.85), (3.87), one can transform equations (3.83) to the form ¨x̃^M + 2C^{−1}Ċ ˙x̃^M = 0 η_{MN} ˙x̃^M ˙x̃^N = 0, η_{MN} ˙x̃^M ∂_mx̃^N = 0.

The first integration of these equations leads to the following first order equations H^∗C^2 ˙x̃^0 = ψ^0(σ^1, σ^2, .., σ^p), H^∗C^2 ˙x̃^i = ψ^i(σ^1, σ^2, .., σ^p), (3.88) the solutions of which have the form τ = H^∗ψ^{−1}_0 ∫ t to dt R(t), (3.89) x^i(τ, σ^1, σ^2, .., σ^p)) = H^{∗−1}ψ^i ∫ τ 0 dτ R^{−2}(t), where H^∗ is a metric constant with dimension L^{−1} , t_0 ≡ x^0(0, σ^1, σ^2, .., σ^p), and x^i(0, σ^1, σ^2, .., σ^p)) , ψ^M (σ^n) are the initial data. The solution (3.89) for the space world coordinates x^i(t)(i = 1, ..., D − 1) as a function of the cosmic time t = x^0 , may be written in the equivalent form as

x^i(t, σ^1, σ^2, .., σ^p) = x^i(t_0, σ^1, σ^2, .., σ^p) + ν^i(σ^1, σ^2, .., σ^p) ∫ t to dt R^{−1}(t), where ν^i(σ^n) ≡ ψ^{−1}_0 ψ^i. The explicit form of the solutions (3.89) allows to transform the constraints (3.86) into those for the Cauchy initial data: ν^i(σ^m)ν^k(σ^n)δ_{ik} = 1, (3.90) ∂_mx^0(0, σ^m) = R(x^0(0, σ^m) ν^i(σ^n)δ_{ik}∂_mx^k(0, σ^m), (3.91) where ν^k(σ^1, σ^2, .., σ^p) = ψ^iψ^{−1}_0 . Note that the constraints (3.90) and (3.91) produce additional constraints , which are their integrability conditions ∂_m(ν_i(σ^n)∂_nx^i(0, σ^l)) − ∂_n(ν_i(σ^n)∂_mx^i(0, σ^l)) = 0.

Now one can show that the null p-branes may be considered as dominant gravity sources of the Friedmann universes. To this end, one assumes that the perfect fluid of these null p-branes is homogenious and isotropic. The energy density ρ(t) and the pressure p(t) of this fluid and its energy -momentum ⟨T_{MN} ⟩ are connected by the standard relations ⟨T_0^0⟩ = ρ(t), ⟨T_i^j⟩ = −p(t)δ_i^j = − δ_i^j D − 1 A R^D(t) , (3.92)

The tensor ⟨T_{MN} ⟩ is derived from the momentum–energy tensor T_{MN} of a null p-brane by means of its space averaging when a set of null p-branes is introduced instead of a separate null p-brane. The energy -momentum tensor T^{MN} (x) of null p-brane is defined by the variation of the action (3.82) with respect to G_{MN} (x)

T^{MN}(X) = 1 πγ^∗√_{|G|} ∫ dτ d^pξ ẋ^Mẋ^N δ^D(X^M − x^M ) (3.93)

After the substitution of the velocities x̃^m (3.88) and subsequent integration with respect to τ , the non-zero components of T_{MN} (3.93) take the following form

T^{00}(X) = 1 πγ^∗H^∗ R^{−D}(t) ∫ dτ d^pξ ψ_0(σ^m)δ^{D−1}(X^i − x^i(τ, σ^m)),

T^{ik}(X) = 1 πγ^∗H^∗ R^{−(D+2)} ∫ dτ d^pξ{ν^i(σ)ν^k(σ)ψ_0(σ)δ^{D−1} ( X^i − x^i(τ, σ^m) ) , where the time dependence in T^{MN} is factorized and accumulated in the scale factor R(t). The constraint ν^i(σ^m)ν^k(σ^n)δ_{ik} = 1 gives rise to the following relation between the components of the tensor ⟨T_{MN} ⟩

T r T = T_0^0 + G_{ij} T^{ij} = 0.

As a result of the space averaging, one finds the non-zero components of ⟨T_{MN} ⟩ to be equal to

⟨T_0^0⟩ = ρ(t) = A R^D(t) , ⟨T_i^j⟩ = −p(t)δ_i^j, (3.94) where A is a constant with dimension L^{−D} . The equations (3.94) show that the equation of state of null p-branes fluid is just the equation of state for a gas of massless particles

⟨T r T ⟩ = ⟨T_M^M ⟩ = 0 ⇐⇒ ρ = (D − 1)p. (3.95)

Now assume that the fluid of null p-branes is a dominant source of the Friedmann- Robertson-Walker (FRW) gravity (3.84). For the validity of the last conjecture it is necessary that the Hilbert-Einstein (HE) equations

R_M^N = 8πG_D⟨T_M^N ⟩ (3.96) with non-zero Ricci tensor R_M^N components defined by G_M^N (3.84)

R_0^0 = − D − 1 R d^2R dt^2 ,

R_i^k = −δ_i^k 1 R d^2R dt^2 + D − 2 R^2 ( dR dt )_2

should contain the tensor ⟨T_M^N ⟩ (3.92) as a source of the FRW gravity. Moreover, the constraints (3.94), i.e. ρR^D − A = 0, must be an integral of motion for the HE system (3.96). It is actually realized because d dt (ρR^D) = − D − 2 16πG_D R^{D−1} dR dt R_M^M = 0, since the trace R_M^M ∼ ⟨T_M^M ⟩ = 0 (see (3.95)). In view of this fact it is enough to consider only one equation of the system (3.96) ( 1 R dR dt )_2 = 16πG_D (D − 1)(D − 2) A R^D (3.97)

which defines the scale factor R(t) of the FRW metric (3.84). Note that when D = 4, the equation (3.97) transforms into the well-known Friedmann equation for the energy density in the radiation dominated universe with k = 0 . The solutions of equation (3.97) are R_I (t) = [q(t_c − t)]^{2/D}, t < t_c, R_{II} (t) = [q(t − t_c)]^{2/D}, t > t_c, where q = [4πG_DA/(D − 1)(D − 2)]^{1/2} and t_c is a constant of integration which is a singular point of the metric. The solution R_I describes the stage of negatively accelerated contraction of D-dimensional FRW universe. The second solution R_{II} describes the stage of negatively accelerated expansion of the FRW universe from a state with space volume equal to ”zero”. Thus we see that the perfect fluid of noninteracting null p-branes may be considered as an alternative source of the gravity in FRW universes with k = 0 .

Now let us give the Hamiltonian for null p-brane theory in curved space-time in this formulation. The canonical momentum of null p-brane P_M conjugated to its world coordinate x^M is P_M = 2E^{−1} ĝ Π̃_{MN} (x) ẋ^N .

Then one finds the following primary constraints G_{MN} ∂_mx^N P^M = 0 .

The Hamiltonian density produced by the action functional (3.82) is H_0 = 1 4 E ĝ^{−1}G^{MN} P_M P_N . The condition for conservation of the primary constraint P_{(E)} = 0, where P_{(E)} is the canonical momentum conjugated to E, generates the following condition Ṗ_{(E)} = ∫ d^pξ {H_0, P_{(E)}} = − 1 4ĝ G^{MN} P_M P_N = 0.

The latter produces a secondary constraint G^{MN} P_M P_N = 0.

Additional constraints do not appear, so the total Hamiltonian of null p-brane is given by H = ∫ d^pξ [λ^m(G_{MN} ∂_mx^N P^M ) + E 4ĝ G^{MN} P_M P_N + ωP_{(E)}], This hamiltonian and the reparametrization constraints may be used for the quantization of null p-branes in a curved space-time.

Finally, let us consider the interaction of null bosonic membranes (p = 2) with antisymmetric tensor field T_{μνλ} in four space-time dimensions [73].

In the general case of null p-brane living in D-dimensional space, the interaction with the antisymmetric field T_{μν...λ} may be introduced in the action as follows [73] S = ∫ dξ^{p+1} [ det(∂_J x^μ∂_Kx_μ) 2E − λ̃ϵ^{J1...Jl} ∂_{J1} x^{μ1} . . . ∂_{Jl} x^{μl} T_{μ1...μl} ] . (3.98) In the gauge ẋ^ν ∂_jx_ν = 0, E = e(σ^j) det(∂_jx^μ∂_kx_μ), one obtains from (3.98) the equations ẍ_ν + λϵ^{J1...Jl} ∂_{J1} x^{μ1} . . . ∂_{Jl} x^{μl} ∂_{[ν}T_{μ1...μl]} = 0, ẋ^2 = 0, where ∂_{[ν}T_{μ1...μl]} ≡ ∂_νT_{μ1...μl} − ∂_{μ1} T_{νμ2...μl} − . . . − ∂_{μl} T_{μ1...μl}�_{1ν} ≠ 0. From now on, we restrict ourselves to the particular case D = 4, p = 2. The world vector x^μ of the null membrane interacting with the field T_{λμν} which is dual to the vector field T_κ (T_{λμν} = T^κϵ_{κλμν} ) is defined as ẋ^μẋ_μ = 0, ẋ^μ∂_jx_μ = 0, (j = 1, 2), (3.99) ẍ_κ + λϵ_{κμνλ}∂_J x^μ∂_Kx^ν∂_Lx^λϵ^{JKL}∂_ρT^ρ(x) = 0, λ = e(σ^j)λ̃. (3.100) At first, we consider equation (3.99) and using the isotropic character of ẋ^ν present this vector, as well as the vectors ∂_jx^ν which are orthogonal to ẋ^ν, in the spinor form ẋ_A˙_A = u_Aū˙_A, ∂_1x_A˙_A = u_Av̄˙_A + v_Aū˙_A, (3.101) ∂_2x_A˙_A = u_Aw̄˙_A + w_Aū˙_A.

The spinor basis used in (3.101) is defined as ∂_J x^μ = − 1 2 (σ̃^μ)^{ȦA} ∂_J x_A˙_A, ∂_J x_A˙_A = σ^μ_{AȦ}∂_J x_μ.

In the spinor basis, it is evident that the representation (3.101) is the general solution of (3.99), because u^Au_A = 0 = ū˙_Aū˙_A, u^A = ϵ^{AB}u_B, ū^Ȧ = ϵ^{ȦḂ}ū˙_B, ϵ^{AB} = −ϵ^{BA}, ϵ^{12} = 1.

After solving two of three integrability conditions (∂_jx^ν)^. = ∂_jẋ^ν, one finds the following representations for the spinors u^A, v^A, w^A:

u_A = exp [ r(τ, σ^j) ] α_A(σ^j), ū˙_A = exp [ r̄(τ, σ^j) ] ᾱ˙_A(σ^j), v_A = exp (−r̄) { β_A(σ^j) + ∫ τ 0 dτ̃ [ ∂_1u_A + iμ(τ̃ , σ^j)u_A ] exp(r̄) } , (3.102) w_A = exp (−r̄) { γ_A(σ^j) + ∫ τ 0 dτ̃ [ ∂_2u_A + iν(τ̃ , σ^j)u_A ] exp(r̄) } . Using (3.102), we conclude that the vectors ∂_J x_A˙_A constrained by the equation (3.99) can be presented in the form ẋ_A˙_A = R(τ, σ^j)α_Aᾱ˙_A, R ≡ ∫ τ 0 dτ̃ exp(r + r̄), ∂_1x_A˙_A = (α_Aβ̄˙_A + β_Aᾱ˙_A) + ∂_1 (Rα_Aᾱ˙_A) , (3.103) ∂_2x_A˙_A = (α_Aγ̄˙_A + γ_Aᾱ˙_A) + ∂_2 (Rα_Aᾱ˙_A) .

The last integrability condition ∂_1(∂_2x^ν) = ∂_2(∂_1x^ν ) may be written in the form ∂_1 (α_Aγ̄˙_A + γ_Aᾱ˙_A) = ∂_2(α_Aβ̄˙_A + β_Aᾱ˙_A). (3.104) In particular, equation (3.104) has the solution β_A = ∂_1α_A, γ_A = ∂_2α_A, which generates the following world vector x^μ(τ, σ^j) = [ 1 + R(τ, σ^j) ] (ᾱσ^μα) + q^μ. (3.105) If we introduce the vectors a^μ = −^1_2 (ᾱσ^μα) and b^μ(σ^j) composed of the spinors α_A, β_A, γ_A and satisfying the following relations a^μa_μ = 0, a^ν∂_jb_ν = 0, (3.106) the general solution of (3.99) may be written in the form x^μ(τ, σ^j) = R(τ, σ^j)a^μ(σ^j) + b^μ(σ^j). (3.107)

Taking into account the invariance of (3.99) under world-volume reparametrizations defined by the relations τ → τ̃ (τ, σ^j), σ^j → σ̃^j(σ^k), one can choose R as a new proper time: τ̃ = R.

In the new coordinates (R, σ^j), the general solution (3.107) takes the form of the general solution of free null membrane equations of motion. Hence, the null membrane interactions with the T_{λμν} field can be compensated by the reparametrizations of its world-volume. The R-function is defined by the left hand side of (3.100), which may be written in the following form

ẍ_μ − 6λΩ_μ∂_ν T^ν = 0,

where Ω_μ is the four-vector of an element of the light-like volume

Ω^λ = − 1 8 ẋ_A˙_A∂_1x_B˙_B∂_2x_C˙_C ϵ^{λμνρ}σ̃^{ȦA}_μ σ̃^{ḂB}_ν σ̃^{ĊC}_ρ ,

written in the spinor basis. Ω_μ can be presented also in the form

Ω^λ = i 4 [ ϵ^{AB}ϵ^{ȦĊ} ( σ̃^λ )ḂC − ϵ^{AC}ϵ^{ȦḂ} ( σ̃^λ )ĊB] ẋ_A˙_A∂_1x_B˙_B∂_2x_C˙_C . (3.108)

When equations (3.103) for ∂_J x_A˙_A are substituted into (3.108), one finds that the four-vector Ω^λ is collinear to the light-like vector a^λ(σ^j)

Ω^λ = − 1 2 Ṙ ( AR^2 + BR + D ) a^λ(σ^j), (3.109)

where the coefficients A(σ^j), B(σ^j) and D(σ^j ) are defined as A(σ^j) = i [(α · β) (ᾱ · γ̄) − c.c.] , B(σ^j) = i [(α · ∂_1α) (ᾱ · γ̄) − (ᾱ · ∂_2ᾱ) (α · β) − c.c.] , D(σ^j) = i [(α · ∂_1α) (ᾱ · ∂_2ᾱ) − c.c.] . Taking into account the equations (3.103)-(3.107) and (3.109), one finds that (3.100) is reduced to the single equation for the function R R̈ + 3λṘ ( AR^2 + BR + D ) ∂_νT^ν(R, a^μ, b^ρ) = 0, which can be integrated. Its general solution may be presented as τ = ∫ dR f(R) + C̃_2(σ^j), f(R) = −λ ∫ dR ( AR^2 + BR + D ) ∂_νT^ν(R, a^μ, b^ρ) + C̃_1(σ^j).

In the particular case when T_{μνλ} = x^ρϵ_{ρμνλ}, this solution is expressed by the table integral

λτ + C_2(σ^j) = − 1 4 ∫ dR 1 2 AR^3 +^1_2 BR^2 + DR + C_1(σ^j)

. (3.110)

The relation (3.110) establishes a connection between the old proper time τ and the new one R. The usage of the new world-volume coordinates τ̃ = R, σ^j leads to the exclusion of the field T_{λμν} from equations (3.99), (3.100) in the considered particular case.

4 TENSIONLESS BRANES AND THE NULL STRING CRITICAL DIMENSION

In this section we perform BRST quantization of the null bosonic p-branes using different types of operator ordering. It is shown that one can or can not obtain critical dimension for the null string (p = 1), depending on the choice of the operator ordering and corresponding vacuum states. When p > 1, operator orderings leading to critical dimension in the p = 1 case are not allowed. Admissible orderings give no restrictions on the dimension of the embedding space-time. The results described here are obtained in the paper [71].

4.1 Classical theory

To begin with, we first write down the Hamiltonian for the null p-branes living in D-dimensional Minkowski space-time. It can be cast in the form: H = ∫ d^pσ ( μ^0φ_0 + μ^jφ_j ) , where μ^0, μ^j are Lagrange multipliers being arbitrary functions of the time parameter τ and volume coordinates σ^1, ..., σ^p . The constraints φ_0, φ_j are defined by the equalities:

φ_0 = p^μp_μ, φ_j = η_{μν} p^μ∂_jx^ν.

Here x^μ and p_μ are canonically conjugated coordinates and momenta and η_{μν} = diag(−1, 1, ..., 1). φ_0 and φ_j obey the Poisson bracket algebra {φ_0(σ_1), φ_0(σ_2)} = 0, {φ_0(σ_1), φ_j(σ_2)} = [φ_0(σ_1) + φ_0(σ_2)]∂_jδ^p(σ_1 − σ_2), (4.111) {φ_j(σ_1), φ_k(σ_2)} = [δ^l_jφ_k(σ_1) + δ^l_kφ_j(σ_2)]∂_lδ^p(σ_1 − σ_2), which means, that they are first class quantities. The Dirac consistency conditions [108] {φ_0, H} ≈ 0 , {φ_j, H} ≈ 0, do not place any restrictions on the Lagrange multipliers μ^0, μ^j .

Following the BFV-BRST method for quantization of constrained systems [79, 80, 81, 82], we now introduce for each constraint φ_0, φ_j a pair of anticommuting ghost variables (η^0, P_0), (η^j, P_j) respectively, which are canonically conjugated. Then the BRST charge is Q = ∫ d^pσ{φ_0η^0 + φ_j η^j + P_0[(∂_jη^j )η^0 + (∂_jη^0)η^j] + P_k(∂_jη^k)η^j} and it has the property {Q, Q}_{pb} = 0 where {., .}_{pb} is the Poisson bracket in the extended phase space (x^ν, p_μ; η^0, P_0; η^j, P_k).

In the new phase space, the constraints are given by the following brackets: φ^{tot}_0 = {Q, P_0}_{pb} = φ_0 + 2P_0∂_jη^j + (∂_jP_0)η^j = φ_0 + φ^{gh}_0 , φ^{tot}_j = {Q, P_j}_{pb} = φ_j + 2P_0(∂_jη^0) + (∂_jP_0)η^0 + P_j ∂_kη^k + P_k(∂_jη^k) + (∂_kP_j )η^k = φ_j + φ^{gh}_j and they are first class. The BRST invariant Hamiltonian is H_χ = {Q, χ}_{pb} , {Q, H_χ}_{pb} = 0, where χ is arbitrary, anticommuting, gauge fixing function. We choose χ = Λ^0 ∫ d^pσP_0 + Λ^j ∫ d^pσP_j, Λ^0, Λ^j − const and obtain: H_χ = ∫ d^pσ[Λ^0φ^{tot}_0 + Λ^jφ^{tot}_j ]. (4.112) Let us note that additional set of canonically conjugated ghosts (η̄_0, P̄^0), (η̄_j, P̄^j ) must be added if we wish to write down the corresponding BRST invariant Lagrangian. If so, Q and χ have to be modified as follows Q̃ = Q + ∫ d^pσ(M_0P̄^0 + M_jP̄^j ), χ̃ = χ + ∫ d^pσ [ η̄_0(χ^0 + ρ_0 2 M^0) + η̄_j(χ^j + ρ_{(j)} 2 M^j) ] , where M_0, M_j are the momenta, canonically conjugated to μ^0 and μ^j respectively, χ^0 and χ^j are gauge fixing conditions [99, 100] for φ_0 and φ_j, ρ_0 and ρ_{(j)} are parameters. All the above results in the Lagrangian density (∂_τ = ∂/∂τ ): L_{χ̃} = L + L_{GF} + L_{GH} , where L = (1/4μ^0)(∂_τ x − μ^j∂_jx)^2, the gauge fixing part is L_{GF} = 1 2ρ_0

(∂_τ μ^0 − χ^0)(∂_τ μ_0 − χ_0) + 1 2ρ_{(j)}

(∂_τ μ^j − χ^j)(∂_τ μ_j − χ_j) and the ghost part is L_{GH} = −∂_τη̄_0∂_τ η^0 − ∂_τη̄_j∂_τ η^j + μ^0[2∂_τη̄_0∂_jη^j + (∂_j∂_τη̄_0)η^j] +μ^j [2∂_τη̄_0∂_jη^0 + (∂_j∂_τη̄_0)η^0 + ∂_τ η̄_k∂_jη^k + ∂_τ η̄_j∂_kη^k + (∂_k∂_τ η̄_j)η^k] + ∫ d^pσ^′{η̄_0(σ^′)[{φ_0, χ^0(σ^′)}_{pb}η^0 + {φ_j, χ^0(σ^′)}_{pb}η^j] +η̄_j(σ^′)[{φ_0, χ^j(σ^′)}_{pb}η^0 + {φ_k, χ^j(σ^′)}_{pb}η^k]}.

Let us now go back to the Hamiltonian picture. The Hamiltonian (4.112) leads to equations of motion with the following general solution for the bosonic variables x^ν = y^ν(z) + 2g(τ )p^ν (z), p_ν = p_ν (z), and for the ghosts [101] η^0 = ζ^0(z) + g(τ )∂_jη^j (z), P_0 = P_0(z), η^j = η^j(z), (4.113) P_j = Π_j(z) + g(τ )∂_jP_0(z).

Here y^ν , p_ν, ζ^0, P_0, η^j and Π_j are arbitrary functions of the variables z^j , z^j = Λ^jτ + σ^j and g(τ ) = Λ^0τ.

On the solutions (4.113) the BRST charge Q takes the form [101] Q^S = ∫ d^pz{ϕ_0ζ^0 + ϕ_jη^j + P_0[(∂_jη^j)ζ^0 + (∂_jζ^0)η^j ] + Π_k(∂_jη^k)η^j}, where ϕ_0 = p^2(z) , ϕ_j = p_ν (z)∂_jy^ν(z). Now the constraints are ϕ^{tot}_0 (z) = {Q^S, P_0(z)}_{pb} , ϕ^{tot}_j (z) = {Q^S, Π_j(z)}_{pb}, and they are connected with φ^{tot}_0 , φ^{tot}_j by the equalities φ^{tot}_0 (z) = ϕ^{tot}_0 (z) , φ^{tot}_j = ϕ^{tot}_j (z) + g(τ )∂_jϕ^{tot}_0 (z). From now on, we confine ourselves to the case of periodic boundary conditions when our phase-space variables admit Fourier series expansions. Let us denote the Fourier components of y^ν, p^ν , ζ^0, P_0, η^j and Π_j with x^ν_k, p^ν_k, c_k, b_k, c̄^j_k and b̄_{j,k} respectively. For the zero modes of p^ν and x^ν, we introduce the notations P^μ = (2π)^pp^μ_0 , q^ν = −i (2π)^p x^ν_0 .

Then we have the following non-zero Poisson brackets: {P^μ, q^ν}_{pb} = −η^{μν} , {p^μ_k , x^ν_n}_{pb} = −iη^{μν}δ_{k+n,0}, {c_k, b_n}_{pb} = −iδ_{k+n,0}, {c̄^j_k, b̄_{k,n}}_{pb} = −iδ^j_kδ_{k+n,0}. (4.114) The Fourier expansions for the constraints ϕ^{tot}_0 and ϕ^{tot}_j are

ϕ^{tot}_0 (z) = 1 (2π)^p ∑ m∈Z^p C^{tot}_m e^{−imz}, ϕ^{tot}_j (z) = 1 (2π)^p ∑ m∈Z^p D^{tot}_{j,m}e^{−imz}. Here C^{tot}_n = i{Q^S, b_n}_{pb} = C_n + C^{gh}_n , D^{tot}_{j,n} = i{Q^S, b̄_{j,n}}_{pb} = D_{j,n} + D^{gh}_{j,n}, (4.115) where Q^S = ∑ n∈Z^p {[C_n + (1/2)C^{gh}_n ]c_{−n} + [D_{j,n} + (1/2)D^{gh}_{j,n}]c̄^j_{−n}}, C_n = (2π)^p ∑ k∈Z^p p^ν_kp_{ν,n−k}, D_{j,n} = − ∑ k∈Z^p (n_j − k_j )p^ν_kx_{ν,n−k}, (4.116) C^{gh}_n = ∑ k∈Z^p (n_j − k_j )b_{n+k}c̄^j_{−k}, D^{gh}_{j,n} = ∑ k∈Z^P [(n_j − k_j )b_{n+k}c_{−k} + (δ^l_jn_k − δ^l_kk_j)b̄_{l,n+k}c̄^k_{−k}]

Using expressions (4.114)-(4.116), one obtains the algebra of the total generators (4.115) {C^{tot}_n , C^{tot}_m }_{pb} = 0, {C^{tot}_n , D^{tot}_{j,m}}_{pb} = −i(n_j − m_j)C^{tot}_{n+m}, (4.117) {D^{tot}_{j,n}, D^{tot}_{k,m}}_{pb} = −i(δ^l_jn_k − δ^l_km_j)D^{tot}_{l,n+m}. 4.2 Quantization

Going to the quantum theory according to the rule i{., .}_{pb} → (anti)commutator, we define Q^S by introducing the renormalized operators (α, β_j are constants) C^{tot}_n = C_n + C^{gh}_n − αδ_{n,0} , D^{tot}_{j,n} = D_{j,n} + D^{gh}_{j,n} − β_jδ_{n,0} (4.118) and postulating [101]

Q^S = ∑ n∈Z^p : {[C_n + (1/2)C^{gh}_n − αδ_{n,0}]c_{−n} +[D_{j,n} + (1/2)D^{gh}_{j,n} − β_jδ_{n,0}]c̄^j_{−n}} :, where :...: represents operator ordering and operator ordering in C_n, ..., D^{gh}_{j,n} is also assumed.

Let us turn to the question about the critical dimensions which might appear in the model under consideration. As is well known, the critical dimension arises as a necessary condition for nilpotency of the BRST charge operator. In turn, this is connected with the vanishing of the central charges in the quantum constraint algebra. Because of that, we are going to find out the central terms which appear in our quantum gauge algebra for different values of p (the most general form of central extension, which is compatible with the Jacobi identities is written in the Appendix).

We start with the case p = 1, which corresponds to a closed string. In this case j = k = 1 and one defines the operator ordering with respect to p^ν_{−n}, ..., c̄_{−n} and p^ν_n, ..., c̄_n, (n > 0), so that p^ν_{−n} | 0 >= ... = c̄_{−n} | 0 >= 0, < 0 | p^ν_n = ... =< 0 | c̄_n = 0.

We call this ordering ”string − like”. Using the explicit expressions for the constraints (4.116), one obtains that central terms appear in the commutators [D_n, D_m], [D^{gh}_n , D^{gh}_m ] and they are respectively

c = (D/6)(n^2 − 1)nδ_{n+m,0} , c^{gh} = −(1/3)(13n^2 − 1)nδ_{n+m,0}.

Therefore, the quantum constraint algebra has the form [C^{tot}_n , C^{tot}_m ] = 0, [C^{tot}_n , D^{tot}_m ] = (n − m)C^{tot}_{n+m} + 2αnδ_{n+m,0}, [D^{tot}_n , D^{tot}_m ] = (n − m)D^{tot}_{n+m} + (1/6)[(D − 26)n^2 + (12β − D + 2)]nδ_{n+m,0}.

This means that the conditions for the nilpotency of the BRST charge operator Q^S are (D − 26)n^2 + (12β − D + 2) = 0 , α = 0,

which leads to the well known result D = 26, β = 2. Obviously, this reproduces one of the basic features of the quantized tensionful closed bosonic string - its critical dimension.

Going to the case p > 1, one natural generalization of the creation and annihilation operators definition is

p^ν_n | 0 >_j = 0,_j < 0 | p^ν_{−n} = 0, for p∑ j=1 n_a > 0

and analogously for the operators x^ν_n, ..., c̄^j_n. However, it turns out that such definition does not agree with the Jacobi identities for the quantum constraint algebra (except for p = 1). That is why, we introduce the creation (+) and annihilation (−) operators as follows [101]

p^ν_n = (1/ √ 2)(p^{ν+}_n + p^{ν−}_{−n}), ..., c̄^j_n = (1/ √ 2)(c̄^{j+}_n + c̄^{j−}_{−n}) (4.119)

and respectively new vacuum states p^{ν−}_n | vac >= ... = c̄^{j−}_n | vac >= 0 , < vac | p^{ν+}_n = ... =< vac | c̄^{j+}_n = 0.

This choice of the creation and annihilation operators corresponds to the representation of all phase-space variables p^ν , ..., c̄^j as sums of frequency parts which are conjugated to each other and satisfy the same equation of motion as the corresponding dynamical variable.

By direct computation one shows that with operator product defined with respect to the introduced creation and annihilation operators (4.119) (we shall refer to as ”normal ordering”), a central extension of the algebra of the gauge generators (4.118) does not appear, i.e. α = 0, β_j = 0. Consequently, the BRST charge operator Q^S is automatically nilpotent in this case and there is no restriction on the dimension of the background space-time for p > 1.

The impossibility to introduce a string − like operator ordering when p > 1 leads to the problem of finding those operator orderings which are possible for p = 1 as well as for p > 1. First of all, we check the consistency of the (already used for p > 1) normal ordering for p = 1. It turns out to be consistent, but now critical dimension for the null string does not appear. The same result - absence of critical dimension for every value of p, one obtains when uses the so called particle − like operator ordering. Now the ket vacuum is annihilated by momentum-type operators and the bra vacuum is annihilated by coordinate-type ones:

p^μ_n | 0 >_M = b_n | 0 >_M = b̄_n | 0 >_M = 0, C < 0 | x^μ_n =_C < 0 | c_n =_C< 0 | c̄_n = 0 , ∀n ∈ Z^p.

Further, we check the case when W eyl ordering is applied. Now it turns out, that in the null string case (p = 1) this leads to critical dimension D = 26, but for the null brane (p > 1) this ordering is inconsistent, as was the string − like one.

As a final result, we checked four types of operator orderings. Two of them are valid for the string as well as for the brane and then we do not receive any critical dimension. The other two types of orderings give critical dimension D = 26 for the string and are not applicable for the brane. Our opinion is that the right operator ordering is the one applicable for all p = 1, 2, .... In other words, our viewpoint is that neither null strings nor null branes have critical dimensions. The same point of view is presented in [66].

Let us discuss in more details the impossibility to introduce at p > 1 an operator ordering which at p = 1 gives critical dimension. This is connected with the fact that the constraint algebra, as is shown in the Appendix A, does not possess nontrivial central extension when p > 1 (see also [102], [66]). As a matter of fact, the string critical dimension appears in front of n^3, i.e. in the non-trivial part of the constraint algebra central extension, which can not be taken away by simply redefining the generators D_n, in contrast to the trivial part ∼ n. Because of the nonexistence of non-trivial central extension when p > 1, any critical dimension arising is impossible in view of the Jacobi identities. Therefore, if the quantum null brane constraint algebra is given by (up to trivial central extensions) [C^{tot}_n , C^{tot}_m ] = 0, [C^{tot}_n , D^{tot}_{j,m}] = (n_j − m_j)C^{tot}_{n+m}, [D^{tot}_{j,n}, D^{tot}_{k,m}] = (δ^l_jn_k − δ^l_km_j)D^{tot}_{l,n+m}, then the latter has no critical dimension and exists in any D-dimensional space-time, when embedding of the p + 1- dimensional world-volume of the p-brane is possible.

Finally, note that in each of the p subalgebras (at fixed j) of the constraint algebra, one can obtain non-trivial central extension and consequently - critical dimension (see Appendix A). For example, taking string −like or W eyl ordering, one derives D = 25 + p. The same critical dimensions are obtained also in [66]. However, the considered quantum dynamical system is described by the full constraint algebra, where only trivial central extensions are possible.

4.3 Comments

The observation, that there is an operator ordering which is valid ∀p ∈ Z_+ and another one, which is admissible only for p = 1 [101], leads to the problem of finding those orderings which are possible for every positive integer value of p. We applied here four types of operator orderings and we establish that two of them (normal and particle − like orderings) are admissible ∀p ∈ Z_+, but the other two

(string − like and W eyl orderings) are admissible only for p = 1. The fact that the latter two orderings lead to the appearance of critical dimension, and the former two do not, is a consequence of the constraint algebra property to have non-trivial central extension only for p = 1. On the other hand, the obtained nontrivial central extensions of the Virasoro type for some of it subalgebras, provide an explanation why the critical dimensions D = 25 + p, p = 1, 2, ... [66], re-derived here, can emerge. However, our claim is that the critical dimensions appearing in the subalgebras, must not be considered as such for the given model as a whole. The model is represented by the full constraint algebra, which does not possess non-trivial central extension for p ≥ 2. This leads us to the proposition of the rule: the right operator orderings in the case of null string (p = 1) are those which are also admissible in the p > 1 case.

5 NULL BRANES IN CURVED BACKGROUNDS

In this section, we consider null bosonic p-branes moving in curved spacetimes. Some exact solutions of the classical equations of motion and of the constraints for the null membrane in general stationary, axially symmetric, four dimensional gravity background are found. The results considered here are obtained in [74].

5.1 Classical formulation

The action for the bosonic null p-brane in a D-dimensional curved space-time with metric tensor g_{μν} (x) can be written in the form: S = ∫ d^{p+1}ξL, L = V^J V^K∂_J x^μ∂_Kx^ν g_{μν} (x),(5.120) ∂_J = ∂/∂ξ^J , ξ^J = (ξ^0, ξ^j ) = (τ, σ^j), J, K = 0, 1, ..., p , j, k = 1, ..., p , μ, ν = 0, 1, ..., D − 1. It is an obvious generalization of the flat space-time action given in [65].

To prove the invariance of the action under infinitesimal diffeomorphisms on the world-volume (reparametrizations), we first write down the corresponding transformation law for the (r,s)-type tensor density of weight a δ_εT^{J1...Jr} K_1...Ks[a] = LεT J_1...Jr K_1...Ks[a] = ε L∂_LT^{J1...Jr}_{K1...Ks}[a] + T^{J1...Jr}_{KK2...Ks}[a]∂_{K1}ε^K + ... + T^{J1...Jr}_{K1...Ks}�_{1K}[a]∂_{Ks}ε^K (5.121) − T^{JJ2...Jr} K_1...Ks [a]∂Jε J_1 − ... − T J1...Jr�1J K_1...Ks [a]∂Jε Jr + aT^{J1...Jr}_{K1...Ks}[a]∂_Lε^L, where L_ε is the Lie derivative along the vector field ε. Using (5.121), one verifies that if x^μ(ξ), g_{μν} (ξ) are world-volume scalars (a = 0) and V^J (ξ) is a world-volume (1,0)- type tensor density of weight a = 1/2, then ∂_J x^ν is a (0,1)-type tensor, ∂_J x^μ∂_Kx^ν g_{μν} is a (0,2)-type tensor and L is a scalar density of weight a = 1. Therefore, δ_εS = ∫ d^{p+1}ξ∂_J (ε^J L) and this variation vanishes under suitable boundary conditions.

The equations of motion following from (5.120) are: ∂_J ( V^J V^K ∂_Kx^λ ) + Γ^λ_{μν} V^J V^K∂_J x^μ∂_Kx^ν = 0, V^J ∂_J x^μ∂_Kx^νg_{μν} (x) = 0, where Γ^λ_{μν} is the connection compatible with the metric g_{μν} (x): Γ^λ_{μν} = 1 2 g^{λρ}(∂_μg_{νρ} + ∂_νg_{μρ} − ∂_ρg_{μν} ). For the transition to Hamiltonian picture it is convenient to rewrite the Lagrangian density (5.120) in the form (∂_τ = ∂/∂τ, ∂_j = ∂/∂σ^j): L = 1 4μ^0 g_{μν} (x)(∂_τ − μ^j ∂_j)x^μ(∂_τ − μ^k∂_k)x^ν , (5.122) where V^J = (V^0, V^j ) = ( − 1 2 √ μ^0 , μ^j 2 √ μ^0 ) . Now the equation of motion for x^ν takes the form: ∂_τ [ 1 2μ^0 (∂_τ − μ^k∂_k)x^λ ] − ∂_j [ μ^j 2μ^0 (∂_τ − μ^k∂_k)x^λ ] (5.123) + 1 2μ^0

Γ^λ_{μν} (∂_τ − μ^j ∂_j)x^μ(∂_τ − μ^k∂_k)x^ν = 0.

The equations of motion for the Lagrange multipliers μ^0 and μ^j which follow from (5.122) give the constraints :

g_{μν} (x)(∂_τ − μ^j∂_j)x^μ(∂_τ − μ^k∂_k)x^ν = 0, (5.124) g_{μν} (x)(∂_τ − μ^k∂_k)x^μ∂_j x^ν = 0.

In terms of x^ν and the conjugated momentum p_ν they read: T_0 = g^{μν} (x)p_μp_ν = 0 , T_j = p_ν ∂_jx^ν = 0. (5.125)

The Hamiltonian which corresponds to the Lagrangian density (5.122) is a linear combination of the constraints (5.125) : H_0 = ∫ d^pσ(μ^0T_0 + μ^j T_j).

They satisfy the following (equal τ ) Poisson bracket algebra {T_0(σ_1), T_0(σ_2)} = 0, {T_0(σ_1), T_j(σ_2)} = [T_0(σ_1) + T_0(σ_2)]∂_jδ^p(σ_1 − σ_2), (5.126) {T_j(σ_1), T_k(σ_2)} = [δ^l_jT_k(σ_1) + δ^l_kT_j(σ_2)]∂_lδ^p(σ_1 − σ_2), σ = (σ^1, ..., σ^p). The equalities (5.126) show that the constraint algebra is the same for flat and for curved backgrounds. Consequently, one can apply the BFV-BRST approach in exactly the same way as in the previous section.

5.2 Null membranes in D=4

Here we confine ourselves to the case of membranes moving in a four dimensional, stationary, axially symmetric gravity background of the type ds^2 = g_{00}(dx^0)^2 + g_{11}(dx^1)^2 + g_{22}(dx^2)^2 + g_{33}(dx^3)^2 + 2g_{03}dx^0dx^3, (5.127) g_{μν} = g_{μν} (x^1, x^2).

We will work in the gauge μ^0, μ^j = constants, in which the equations of motion (5.123) and constraints (5.124) for the membrane (j, k = 1, 2) have the form:

(∂_τ − μ^j ∂_j)(∂_τ − μ^k∂_k)x^λ + Γ^λ_{μν} (∂_τ − μ^j ∂_j)x^μ(∂_τ − μ^k∂_k)x^ν = 0. (5.128) g_{μν} (x)(∂_τ − μ^j ∂_j)x^μ(∂_τ − μ^k∂_k)x^ν = 0, (5.129) g_{μν} (x)(∂_τ − μ^k∂_k)x^μ∂_jx^ν = 0.

To establish the correspondence with the null geodesics we note that if we introduce the quantities u^ν(x) = (∂_τ − μ^j ∂_j)x^ν, (5.130) the equations of motion (5.128) can be rewritten as u^ν(∂_ν u^λ + Γ^λ_{μν} u^μ) = 0.

Then it follows from here that u^2 does not depend on x^ν . In this notations, the constraints are:

g_{μν} u^μu^ν = 0 , g_{μν} u^μ∂_jx^ν = 0.

Taking into account the metric (5.127), one can write the equations of motion (5.128) and the constraint (5.129) in the form: (∂_τ − μ^j ∂_j)u^0 + 2 ( Γ^0_1u^0 + Γ^0_{13}u^3 ) (∂_τ − μ^j ∂_j)x^1 + +2 ( Γ^0_2u^0 + Γ^0_{23}u^3 ) (∂_τ − μ^j ∂_j)x^2 = 0, (∂_τ − μ^j∂_j)(∂_τ − μ^k∂_k)x^1 + Γ^1_1(∂_τ − μ^j∂_j)x^1(∂_τ − μ^k∂_k)x^1 + +2Γ^1_2(∂_τ − μ^j ∂_j)x^1(∂_τ − μ^k∂_k)x^2 + Γ^1_{22}(∂_τ − μ^j∂_j)x^2(∂_τ − μ^k∂_k)x^2 + +Γ^1_{00}(u^0)^2 + 2Γ^1_{03}u^0u^3 + Γ^1_{33}(u^3)^2 = 0, (∂_τ − μ^j∂_j)(∂_τ − μ^k∂_k)x^2 + Γ^2_{11}(∂_τ − μ^j∂_j)x^1(∂_τ − μ^k∂_k)x^1 + (5.131) +2Γ^2_{12}(∂_τ − μ^j ∂_j)x^1(∂_τ − μ^k∂_k)x^2 + Γ^2_2(∂_τ − μ^j∂_j)x^2(∂_τ − μ^k∂_k)x^2 + +Γ^2_{00}(u^0)^2 + 2Γ^2_{03}u^0u^3 + Γ^2_{33}(u^3)^2 = 0, (∂_τ − μ^j ∂_j)u^3 + 2 ( Γ^3_{01}u^0 + Γ^3_{13}u^3 ) (∂_τ − μ^j ∂_j)x^1 + +2 ( Γ^3_{02}u^0 + Γ^3_{23}u^3 ) (∂_τ − μ^j ∂_j)x^2 = 0, g_{11}(∂_τ − μ^j ∂_j)x^1(∂_τ − μ^k∂_k)x^1 + g_{22}(∂_τ − μ^j∂_j)x^2(∂_τ − μ^k∂_k)x^2 + +g_{00}(u^0)^2 + 2g_{03}u^0u^3 + g_{33}(u^3)^2 = 0, g_{11}(∂_τ − μ^k∂_k)x^1∂_jx^1 + g_{22}(∂_τ − μ^k∂_k)x^2∂_jx^2 + +(g_{00}∂_jx^0 + g_{03}∂_jx^3)u^0 + (g_{03}∂_jx^0 + g_{33}∂_jx^3)u^3 = 0, where the notation introduced in (5.130) is used. To simplify these equations, we use the ansatz x^0(τ, σ) = f^0(z^1, z^2) + t(τ ), x^1(τ, σ) = r(τ ) , x^2(τ, σ) = θ(τ ), (5.132) x^3(τ, σ) = f^3(z^1, z^2) + φ(τ ),

z^j = μ^j τ + σ^j,

where f^0, f^3 are arbitrary functions of their arguments.

After substituting (5.132) in (5.131), we receive (the dot is used for differentiation with respect to the affine parameter τ ):

u̇^0 + [( g^{00}∂_1g_{00} + g^{03}∂_1g_{03} ) u^0 + ( g^{00}∂_1g_{03} + g^{03}∂_1g_{33} ) u^3 ] ṙ (5.133) + [( g^{00}∂_2g_{00} + g^{03}∂_2g_{03} ) u^0 + ( g^{00}∂_2g_{03} + g^{03}∂_2g_{33} ) u^3 ] θ̇ = 0, 2g_{11}r̈ + ∂_1g_{11}ṙ^2 + 2∂_2g_{11}ṙθ̇ − ∂_1g_{22}θ̇^2 (5.134) −[∂_1g_{00}(u^0)^2 + 2∂_1g_{03}u^0u^3 + ∂_1g_{33}(u^3)^2] = 0, 2g_{22}θ̈ + ∂_2g_{22}θ̇^2 + 2∂_1g_{22}ṙθ̇ − ∂_2g_{11}ṙ^2 (5.135) −[∂_2g_{00}(u^0)^2 + 2∂_2g_{03}u^0u^3 + ∂_2g_{33}(u^3)^2] = 0, u̇^3 + [( g^{33}∂_1g_{03} + g^{03}∂_1g_{00} ) u^0 + ( g^{33}∂_1g_{33} + g^{03}∂_1g_{03} ) u^3 ] ṙ (5.136) + [( g^{33}∂_2g_{03} + g^{03}∂_2g_{00} ) u^0 + ( g^{33}∂_2g_{33} + g^{03}∂_2g_{03} ) u^3 ] θ̇ = 0, g_{11}ṙ^2 + g_{22}θ̇^2 + g_{00}(u^0)^2 + 2g_{03}u^0u^3 + g_{33}(u^3)^2 = 0, (5.137) (g_{00}∂_jf^0 + g_{03}∂_jf^3)u^0 + (g_{03}∂_jf^0 + g_{33}∂_jf^3)u^3 = 0. (5.138)

If we choose

f^0(z^1, z^2) = f^0(w) , f^3(z^1, z^2) = f^3(w),

where w = w(z^1, z^2) is an arbitrary function of z^1 and z^2, then the system of equations (5.138) reduces to the single equation ( g_{00} df^0 dw + g_{03} df^3 dw ) u^0 + ( g_{03} df^0 dw + g_{33} df^3 dw ) u^3 = 0. (5.139)

To be able to separate the variables u^0, u^3 in the system of differential equations (5.133), (5.136) with the help of (5.139), we impose the following condition on f^0(w) and f^3(w)

f^0(w) = C^0f[w(z^1, z^2)] , f^3(w) = C^3f[w(z^1, z^2)], where C^0, C^3 are constants, and f(w) is an arbitrary function of w. Then the solution of (5.133), (5.136) and (5.139) is [103] (C_1 = const): u^0(τ ) = −C_1 ( C^0g_{03} + C^3g_{33} ) exp(−H), u^3(τ ) = +C_1 ( C^0g_{00} + C^3g_{03} ) exp(−H), (5.140) H = ∫ ( g^{00}dg_{00} + 2g^{03}dg_{03} + g^{33}dg_{33} ) . The condition for the compatibility of (5.140) with (5.134), (5.135) and (5.137) is: u^0(τ ) = −C_1 ( C^0g_{03} + C^3g_{33} ) h^{−1} = −C_1 ( C^3g^{00} − C^0g^{03} ) = ṫ(τ ), u^3(τ ) = +C_1 ( C^0g_{00} + C^3g_{03} ) h^{−1} (5.141) = −C_1 ( C^3g^{03} − C^0g^{33} ) = φ̇(τ ), h = g_{00}g_{33} − g^2_{03}.

On the other hand, from (5.135) and (5.137) one has:

ṙ^2 = −g^{11} [ C^2_1 G h + g^{22} ( g^2_2θ̇^2 )] (5.142) = g^{11} { C^2_1 [2C^0C^3g^{03} − (C^3)^2g^{00} − (C^0)^2g^{33}] − g^{22}(g^2_2θ̇^2) } , g^2_2θ̇^2 = C_2 + C^2_1 θ∫ dθh^{−2} [ g_{22}G ∂h ∂θ − h ∂g_{22}G ∂θ ] , (5.143) G = (C^0)^2g_{00} + 2C^0C^3g_{03} + (C^3)^2g_{33}.

In obtaining (5.143), we have used the gauge freedom in the metric (5.127), to impose the condition [104]: ∂_2 ( g_{22} g_{11} ) = 0.

As a final result we have x^0 = C^0f[w(z^1, z^2)] + t(τ ), x^1 = r(τ ), x^2 = θ(τ ), x^3 = C^3f[w(z^1, z^2)] + φ(τ ), where ṫ(τ ), ṙ(τ ), θ̇(τ ), φ̇(τ ) are given by (5.141), (5.142), and (5.143).

In the particular case when x^2 = θ = θ_0 = const, one can integrate to obtain the following exact solution of the equations of motion and constraints for the null membrane in the gravity background (5.127): x^0(τ, σ^1, σ^2) = C^0f[w(z^1, z^2)] + t_0 ± r∫ r_0 dr ( C^3g^{00} − C^0g^{03} ) W^{−1/2}, x^3(τ, σ^1, σ^2) = C^3f[w(z^1, z^2)] + φ_0 (5.144) ± r∫ r_0 dr ( C^3g^{03} − C^0g^{33} ) W^{−1/2},

C_1(τ − τ_0) = ± r∫ r_0 drW^{−1/2}, W = g^{11} [ 2C^0C^3g^{03} − ( C^3

)_2

g^{00} − ( C^0

)_2

g^{33} ] , t_0, r_0, φ_0, τ_0 − constants. 5.3 Examples

Here we give some examples of solutions of the type received in the previous section. To begin with, let us start with the simplest case of Minkowski space-time. The metric is

g_{00} = −1, g_{11} = 1, g_{22} = r^2, g_{33} = r^2 sin^2 θ, and equalities (5.141), (5.142), (5.143) take the form: ṫ = C_1C^3, ṙ^2 = (C_1C^3)^2 −

C_2 r^2 , r^4θ̇^2 = C_2 −

(C_1C^0)^2 sin^2 θ , φ̇ =

C_1C^0 r^2 sin^2 θ . When θ = θ_0 = const, the solution (5.144) is: x^0(τ, σ^1, σ^2) = C^0f[w(z^1, z^2)] + t_0 ∓ C^3 r∫ r_0 dr [(C^3)^2 − (C^0)^2r^{−2} sin^{−2} θ_0]^{1/2} , x^3(τ, σ^1, σ^2) = C^3f[w(z^1, z^2)] + φ_0 ∓

C^0 sin^2 θ_0 r∫ r_0 dr r^2[(C^3)^2 − (C^0)^2r^{−2} sin^{−2} θ_0]^{1/2} ,

C_1(τ − τ_0) = ± r∫ r_0 dr [(C^3)^2 − (C^0)^2r^{−2} sin^{−2} θ_0]^{1/2} . Our next example is the de Sitter space-time. We take the metric in the form g_{00} = − ( 1 − kr^2 ) , g_{11} = ( 1 − kr^2 )_{−1} , g_{22} = r^2, g_{33} = r^2 sin^2 θ, where k is the constant curvature. Now we have ṫ = C^1C^3 1 − kr^2 , ṙ^2 = (C_1C^3)^2 + C_2(k − r^{−2}), r^4θ̇^2 = C_2 −

(C_1C^0)^2 sin^2 θ , φ̇ =

C_1C^0 r^2 sin^2 θ , and the corresponding solution (5.144) is:

x^0(τ, σ^1, σ^2) = C^0f[w(z^1, z^2)] + t_0 ∓ C^3 r∫ r_0 dr (1 − kr^2)[(C^3)^2 + (C^0)^2(k − r^{−2}) sin^{−2} θ_0]^{1/2} , x^3(τ, σ^1, σ^2) = C^3f[w(z^1, z^2)] + φ_0 ∓ C^0 sin^2 θ_0 r∫ r_0 dr r^2[(C^3)^2 + (C^0)^2(k − r^{−2}) sin^{−2} θ_0]^{1/2} ,

C_1(τ − τ_0) = ± r∫ r_0 dr [(C^3)^2 + (C^0)^2(k − r^{−2}) sin^{−2} θ_0]^{1/2} . Now let us turn to the case of Schwarzschild space-time. The corresponding metric may be written as g_{00} = −(1 − 2Mr^{−1} ) , g_{11} = (1 − 2Mr^{−1})^{−1}, g_{22} = r^2 , g_{33} = r^2 sin^2 θ, where M is the Schwarzschild mass. The equalities (5.141), (5.142) and (5.143) read ṫ = C^1C^3 1 − 2Mr^{−1} , ṙ^2 = (C_1C^3)^2 −

C_2 r^2

(1 − 2Mr^{−1}), r^4θ̇^2 = C_2 −

(C_1C^0)^2 sin^2 θ

, (5.145) φ̇ =

C_1C^0 r^2 sin^2 θ . When θ = θ_0 = const, one obtains from (5.144)

x^0(τ, σ^1, σ^2) = C^0f[w(z^1, z^2)] + t_0 ∓ C^3 r∫ r_0 dr (1 − 2Mr^{−1})[(C^3)^2 − (C^0)^2r^{−2}(1 − 2Mr^{−1}) sin^{−2} θ_0]^{1/2} , x^3(τ, σ^1, σ^2) = C^3f[w(z^1, z^2)] + φ_0 ∓ C^0 sin^2 θ_0 r∫ r_0 dr r^2[(C^3)^2 − (C^0)^2r^{−2}(1 − 2Mr^{−1}) sin^{−2} θ_0]^{1/2} ,

C_1(τ − τ_0) = ± r∫ r_0 dr [(C^3)^2 − (C^0)^2r^{−2}(1 − 2Mr^{−1}) sin^{−2} θ_0]^{1/2} . For the Taub-NUT space-time we take the metric as g_{00} = − δ R^2

, g_{11} =

R^2 δ , g_{22} = R^2, g_{33} = R^2 sin^2 θ − 4l^2 δ cos^2 θ

R^2

, g_{03} = −2l δ cos θ R^2 , δ(r) = r^2 − 2Mr − l^2 , R^2(r) = r^2 + l^2, where M is the mass and l is the NUT-parameter. Now we have from (5.141), (5.142) and (5.143): ṫ = C^1 R^2 [ C^3 ( R^4 δ + 4l^2 ) − 2l sin^2 θ ( C^0 cos θ + 2C^3l ) ] , R^4ṙ^2 = ( C_1C^3

)_2 (

R^4 + 4l^2δ ) − C_2δ, R^4θ̇^2 = C_2 −

C^2_1 sin^2 θ [( C^0

)_2 + ( 2C^3l

)_2

+ 4C^0C^3l cos θ ] , φ̇ =

C_1 R^2 sin^2 θ ( C^0 + 2C^3l cos θ ) . In the Taub-NUT metric the solution (5.144) is x^0(τ, σ^1, σ^2) = C^0f[w(z^1, z^2)] + t_0 ± r∫ r_0 dr [ C^3 ( R^4δ^{−1} + 4l^2 ) − 2l sin^{−2} θ_0 ( C^0 cos θ_0 + 2C^3l )] U^{−1/2}(r), x^3(τ, σ^1, σ^2) = C^3f[w(z^1, z^2)] + φ_0 ± 1 sin^2 θ_0 r∫ r_0 dr ( C^0 + 2C^3l cos θ_0 ) U^{−1/2}(r),

C_1(τ − τ_0) = ± r∫ r_0 drR^2U^{−1/2}(r), where U(r) = ( C^3

)_2 (

R^4 − 4l^2δ cot^2 θ_0 ) − δ sin^{−2} θ_0 [( C^0

)_2

+ 4C^0C^3l cos θ_0 ] . Finally, we consider the Kerr space-time with metric taken in the form g_{00} = − ( 1 − 2Mr ρ^2 ) , g_{11} = ρ^2 Δ , g_{22} = ρ^2 , g_{33} = ( r^2 + a^2 +

2Ma^2r sin^2 θ ρ^2 ) sin^2 θ, g_{03} = −

2Mar sin^2 θ ρ^2 , where ρ^2 = r^2 + a^2 cos^2 θ , Δ = r^2 − 2Mr + a^2, M is the mass and a is the angular momentum per unit mass of the Kerr black hole. With this input in equations (5.141), (5.142) and (5.143), we have: ṫ = C^1

Δρ^2 [ C^3(r^2 + a^2)^2 − C^3a^2Δ sin^2 θ − 2C^0Mar ] , ρ^4ṙ^2 = C^2_1 [ (C^3)^2(r^2 + a^2)^2 − 4C^0C^3Mar + (C^0)^2a^2 ] − C_2Δ, ρ^4θ̇^2 = C_2 − C^2_1 ( (C^0)^2 sin^2 θ

+ (C^3)^2a^2 sin^2 θ )

φ̇ =

C_1 Δρ^2 ( C^0Δ sin^2 θ

+ 2C^3Mar − C^0a^2 ) . In this case, the exact solution (5.144) takes the form: x^0(τ, σ^1, σ^2) = C^0f[w(z^1, z^2)] + t_0 ± r∫ r_0 drΔ^{−1} { 2C^0Mar − C^3 [ (r^2 + a^2)ρ^2_0 + 2Ma^2r sin^2 θ_0 ]} V^{−1/2}(r), x^3(τ, σ^1, σ^2) = C^3f[w(z^1, z^2)] + φ_0 (5.146)

± 1 sin^2 θ_0 r∫ r_0 drΔ^{−1} [ C^0 ( 2Mr − ρ^2_0 ) − 2C^3Mar sin^2 θ_0 ] V^{−1/2}(r),

C_1(τ − τ_0) = ± r∫ r_0

drρ^2_0V^{−1/2}(r),

V (r) = ( C^0

)_2 (

a^2 − Δ sin^{−2} θ_0 ) − 4C^0C^3Mar + ( C^3 )_2 [( r^2 + a^2

)_2

− a^2Δ sin^2 θ_0 ] , ρ^2_0 = r^2 + a^2 cos^2 θ_0.

5.4 Comments

In the previous subsection we restrict ourselves to some particular cases of the generic solution (5.144) and did not pay attention to the existing possibilities for obtaining solutions in the case θ ≠ const in the considered examples.

Obviously, the examples given in the previous subsection do not exhaust all possibilities contained in the metric (5.127) [105]. On the other hand, in different particular cases of this type of metric, there exist more general brane solutions. They will be not considered here. We only mention that in the gauge μ^k = const,

x^ν (τ, σ) = x^ν(μ^kτ + σ^k)

is an obvious nontrivial solution of the equations of motion and of the constraints (5.123), (5.124) depending on D arbitrary functions of p variables for the null p-brane in arbitrary D-dimensional gravity background.

From the results of the previous subsection, it is easy to extract the corresponding formulas for the null string case simply by putting σ^1 = σ, μ^1 = μ, σ^2 = μ^2 = 0. For example, our equalities (5.145) coincide with the ones obtained in [106] for the null string moving in Schwarzschild space-time after identification:

E = C_1C^3, L = C_1C^0, L^2 + K = C_2.

Moreover, our solution (5.146) in the case p = 1, generalizes the solution given in [103]. The latter corresponds to fixing the arbitrary function f(w) to a linear one and fixing the gauge to μ = 0, i.e.

f[w(μ^1τ + σ^1, μ^2τ + σ^2)] → f(μτ + σ) = μτ + σ, with μ = 0.

6 D=10 CHIRAL NULL SUPER p-BRANES

Here we consider a model for tensionless super p-branes with N chiral supersymmetries in ten dimensional flat space-time. After establishing the symmetries of the action, we give the general solution of the classical equations of motion in a particular gauge. In the case of a null superstring (p=1) we find the general solution in an arbitrary gauge. Then, using a harmonic superspace approach, the initial algebra of first and second class constraints is converted into an algebra of Lorentz-covariant, BFV-irreducible, first class constraints only. The corresponding BRST charge is as for a first rank dynamical system. This section is based on the papers [67, 68, 69].

6.1 Lagrangian formulation

We define our model for D = 10 N-extended chiral tensionless super p-branes by the action: S = ∫ d^{p+1}ξL , L = V^J V^KΠ^μ_J Π^ν_Kη_{μν} , (6.147)

Π^μ_J = ∂_J x^μ + i N∑ A=1 (θ^Aσ^μ∂_J θ^A) , ∂_J = ∂/∂ξ^J , ξ^J = (ξ^0, ξ^j ) = (τ, σ^j), diag(η_{μν} ) = (−, +, ..., +), J, K = 0, 1, ..., p , j, k = 1, ..., p , μ, ν = 0, 1, ..., 9. Here (x^ν, θ^{Aα}) are the superspace coordinates, θ^{Aα} are N left Majorana-Weyl spacetime spinors (α = 1, ..., 16 , N being the number of the supersymmetries) and σ^μ are the 10-dimensional Pauli matrices (our spinor conventions are given in the Appendix B). Actions of this type are first given in [107] for the case of tensionless superstring (p = 1, N = 1) and in [65] for the bosonic case (N = 0).

The action (6.147) has an obvious global Poincaré invariance. Under global infinitesimal supersymmetry transformations, the fields θ^{Aα}(ξ), x^ν (ξ) and V^J (ξ) transform as follows: δ^{Aα}_η = η^{Aα} , δ_ηx^μ = i ∑ A (θ^Aσ^μδ_ηθ^A) , δ_ηV^J = 0.

As a consequence δ_ηΠ^μ_J = 0 and hence also δ_ηL = δ_ηS = 0.

Using (5.121), one verifies that if x^μ(ξ), θ^{Aα}(ξ) are world-volume scalars (a = 0) and V^J (ξ) is a world-volume (1,0)-type tensor density of weight a = 1/2, then Π^ν_J is a (0,1)-type tensor, Π^ν_J Π_{Kν} is a (0,2)-type tensor and L is a scalar density of weight a = 1. Therefore, δ_εS = ∫ d^{p+1}ξ∂_J (ε^J L) and this variation vanishes under suitable boundary conditions.

Let us now check the κ-invariance of the action. We define the κ-variations of θ^{Aα}(ξ), x^ν(ξ) and V^J (ξ) as follows:

δ_κθ^{Aα} = i(Γκ^A)^α = iV^J ( ̸Π_J κ^A)^α, δ_κx^ν = −i ∑ A (θ^Aσ^νδ_κθ^A), (6.148) δ_κV^K = 2V^KV^L ∑ A (∂_Lθ^Aκ^A). Therefore, κ^{Aα}(ξ) are left Majorana-Weyl space-time spinors and world-volume scalar densities of weight a = −1/2.

From (6.148) we obtain: δ_κ(Π^ν_J Π_{Kν}) = −2i ∑ A [∂_J θ^A ̸Π_K + ∂_Kθ^A ̸Π_J ]δ_κθ^A and δ_κL = 2V^J Π^ν_J Π_{Kν}[δ_κV^K − 2V^KV^L ∑ A (∂_Lθ^Aκ^A)] = 0.

The algebra of kappa-transformations closes only on the equations of motion, which can be written in the form:

∂_J (V^J V^KΠ_{Kν} ) = 0, V^J V^K(∂_J θ^A ̸Π_K)_α = 0, V^J Π^ν_J Π_{Kν} = 0. (6.149) As usual, an additional local bosonic world-volume symmetry is needed for its closure. In our case, the Lagrangian, and therefore the action, are invariant under the following transformations of the fields:

δ_λθ^A(ξ) = λV^J ∂_J θ^A, δ_λx^ν(ξ) = −i ∑ A (θ^Aσ^νδ_λθ^A), δ_λV^J (ξ) = 0.

Now, checking the commutator of two κ-transformations, we find:

[δ_{κ1} , δ_{κ2} ]θ^{Aα}(ξ) = δ_κθ^{Aα}(ξ) + terms ∝ eqs. of motion, [δ_{κ1} , δ_{κ2} ]x^ν(ξ) = (δ_κ + δ_ε + δ_λ)x^ν(ξ) + terms ∝ eqs. of motion, [δ_{κ1} , δ_{κ2} ]V^J (ξ) = δ_εV^J (ξ) + terms ∝ eqs. of motion.

Here κ^{Aα}(ξ), λ(ξ) and ε(ξ) are given by the expressions: κ^{Aα} = −2V^K ∑ B [(∂_Kθ^Bκ^B_1 )κ^{Aα}_2 − (∂_Kθ^Bκ^B_2 )κ^{Aα}_1 ], λ = 4iV^K ∑ A (κ^A_1 ̸Π_Kκ^A_2 ) , ε^J = −V^J λ.

We note that Γ_{αβ} = (V^J ̸Π_J )_{αβ} in (6.148) has the following property on the equations of motion Γ^2 = 0.

This means, that the local κ-invariance of the action indeed eliminates half of the components of θ^A as is needed.

For transition to Hamiltonian picture, it is convenient to rewrite the Lagrangian density (6.147) in the form (∂_τ = ∂/∂τ, ∂_j = ∂/∂σ^j): L = 1 4μ^0 [ (∂_τ − μ^j ∂_j)x + i ∑ A θ^Aσ(∂_τ − μ^j ∂_j)θ^A ]_2

, (6.150) where V^J = (V^0, V^j ) = ( − 1 2 √ μ^0 , μ^j 2 √ μ^0 ) . The equations of motion for the Lagrange multipliers μ^0 and μ^j which follow from (6.150) give the constraints (p_ν and p^A_{θα} are the momenta conjugated to x^ν and θ^{Aα}): T_0 = p^2 , T_j = p_ν ∂_jx^ν + ∑ A p^A_{θα}∂_jθ^{Aα}. (6.151) The remaining constraints follow from the definition of the momenta p^A_{θα}: D^A_α = −ip^A_{θα} − ( ̸pθ^A)_α. (6.152)

6.2 Hamiltonian formulation

The Hamiltonian which corresponds to the Lagrangian density (6.150) is a linear combination of the constraint (6.151) and (6.152): H_0 = ∫ d^pσ[μ^0T_0 + μ^jT_j + ∑ A μ^{Aα}D^A_α ] (6.153) It is a generalization of the Hamiltonians for the bosonic null p-brane and for the N-extended Green-Schwarz superparticle.

The equations of motion which follow from the Hamiltonian (6.153) are:

(∂_τ − μ^j∂_j)x^ν = 2μ^0p^ν − ∑ A (μ^Aσ^νθ^A), (∂_τ − μ^j∂_j)p_ν = (∂_jμ^j)p_ν , (∂_τ − μ^j∂_j)θ^{Aα} = iμ^{Aα}, (∂_τ − μ^j ∂_j)p^A_{θα} = (∂_jμ^j)p^A_{θα} + (μ^A ̸p)_α. (6.154) In (6.154), one can consider μ^0, μ^j and μ^{Aα} as depending only on σ = (σ^1, ..., σ^p), but not on τ as a consequence from their equations of motion.

In the gauge when μ^0, μ^j and μ^{Aα} are constants, the general solution of (6.154) is x^ν(τ, σ) = x^ν(z) + τ [2μ^0p^ν (z) − ∑ A (μ^Aσ^νθ^A(τ, σ))], = x^ν(z) + τ [2μ^0p^ν (z) − ∑ A (μ^Aσ^νθ^A(z))] p_ν (τ, σ) = p_ν (z), θ^{Aα}(τ, σ) = θ^{Aα}(z) + iτ μ^{Aα}, (6.155) p^A_{θα}(τ, σ) = p^A_{θα}(z) + τ (μ^Aσ^ν)_αp_ν (z), where x^ν(z), p_ν (z), θ^{Aα}(z) and p^A_{θα}(z) are arbitrary functions of their arguments z^j = μ^j τ + σ^j.

In the case of null strings (p = 1), one can write explicitly the general solution of the equations of motion in an arbitrary gauge: μ^0 = μ^0(σ), μ^1 ≡ μ = μ(σ), μ^{Aα} = μ^{Aα}(σ). This solution is given by

x^ν(τ, σ) = g^ν (w) − 2 σ∫ μ^0(s) μ^2(s) dsf^ν (w) + ∑ A σ∫ μ^{Aα}(s) μ(s) ds[σ^νζ^A(w)]_α

− i ∑ A σ∫ ds_1 (μ^Aσ^ν)_α(s_1) μ(s_1)

s_1∫ μ^{Aα}(s) μ(s) ds, p_ν (τ, σ) = μ^{−1}(σ)f_ν (w), (6.156) θ^{Aα}(τ, σ) = ζ^{Aα}(w) − i σ∫ μ^{Aα}(s) μ(s) ds, p^A_{θα}(τ, σ) = μ^{−1}(σ) [ h^A_α (w) − σ∫ (μ^Aσ^ν)_α(s) μ(s) dsf_ν (w) ] . Here g^ν (w), f_ν(w), ζ^{Aα}(w) and h^A_α (w) are arbitrary functions of the variable

w = τ + σ∫ ds μ(s) The solution (6.155) at p = 1 differs from (6.156) by the choice of the particular solutions of the inhomogenious equations. As for z and w, one can write for example (μ^0, μ, μ^{Aα} are now constants)

p_ν (τ, σ) = μ^{−1}f_ν(τ + σ/μ) = μ^{−1}f_ν [μ^{−1}(μτ + σ)] = p_ν (z) and analogously for the other arbitrary functions in the general solution of the equations of motion.

Let us now consider the properties of the constraints (6.151), (6.152). They satisfy the following (equal τ ) Poisson bracket algebra {T_0(σ_1), T_0(σ_2)} = 0, {T_0(σ_1), D^A_α (σ_2)} = 0, {T_0(σ_1), T_j(σ_2)} = [T_0(σ_1) + T_0(σ_2)]∂_jδ^p(σ_1 − σ_2), {T_j(σ_1), T_k(σ_2)} = [δ^l_jT_k(σ_1) + δ^l_kT_j(σ_2)]∂_lδ^p(σ_1 − σ_2), {T_j(σ_1), D^A_α (σ_2)} = D^A_α (σ_1)∂_jδ^p(σ_1 − σ_2), {D^A_α (σ_1), D^B_β (σ_2)} = 2iδ^{AB} ̸p_{αβ}δ^p(σ_1 − σ_2).

From the condition that the constraints must be maintained in time, i.e. [108] {T_0, H_0} ≈ 0, {T_j, H_0} ≈ 0, {D^A_α , H_0} ≈ 0, (6.157) it follows that in the Hamiltonian H_0 one has to include the constraints T^A_α = ̸p_{αβ}D^{Aβ} instead of D^A_α . This is because the Hamiltonian has to be first class quantity, but D^A_α are a mixture of first and second class constraints. T^A_α has the following non-zero

Poisson brackets

{T_j(σ_1), T^A_α (σ_2)} = [T^A_α (σ_1) + T^A_α (σ_2)]∂_jδ^p(σ_1 − σ_2), {T^A_α (σ_1), T^B_β (σ_2)} = 2iδ^{AB} ̸p_{αβ}T_0δ^p(σ_1 − σ_2).

In this form, our constraints are first class and the Dirac consistency conditions (6.157) (with D^A_α replaced by T^A_α ) are satisfied identically. However, one now encounters a new problem. The constraints T_0, T_j and T^A_α are not BFV-irreducible, i.e. they are functionally dependent:

( ̸pT^A)^α − D^{Aα}T_0 = 0.

It is known, that in this case after BRST-BFV quantization an infinite number of ghosts for ghosts appear, if one wants to preserve the manifest Lorentz invariance. The way out consists in the introduction of auxiliary variables, so that the mixture of first and second class constraints D^{Aα} can be appropriately covariantly decomposed into first class constraints and second class ones. To this end, here we will use the auxiliary harmonic variables introduced in [109] and [110]. These are u^a_μ and v^±_α , where superscripts a = 1, ..., 8 and ± transform under the ’internal’ groups SO(8) and SO(1, 1) respectively. The just introduced variables are constrained by the following orthogonality conditions

u^a_μu^{bμ} = C^{ab}, u^±_μ u^{aμ} = 0, u^+_μ u^{−μ} = −1,

where

u^±_μ = v^±_α σ^{αβ}_μ v^±_β ,

C^{ab} is the invariant metric tensor in the relevant representation space of SO(8) and (u^±)^2 = 0 as a consequence of the Fierz identity for the 10-dimensional σ-matrices. We note that u^a_ν and v^±_α do not depend on σ.

Now we have to ensure that our dynamical system does not depend on arbitrary rotations of the auxiliary variables (u^a_μ, u^±_μ ). It can be done by introduction of first class constraints, which generate these transformations I^{ab} = −(u^a_νp^{bν}_u − u^b_νp^{aν}_u + 1 2 v^+σ^{ab}p^+_v + 1 2 v^−σ^{ab}p^−_v ), σ^{ab} = u^a_μu^b_νσ^{μν}, I^{−+} = − 1 2 (v^+_α p^{+α}_v − v^−_α p^{−α}_v ), (6.158) I^{±a} = −(u^±_μ p^{aμ}_u + 1 2 v^∓σ^±σ^ap^∓_v ), σ^± = u^±_ν σ^ν, σ^a = u^a_νσ^ν.

In the above equalities, p^{aν}_u and p^{±α}_v are the momenta canonically conjugated to u^a_ν and v^±_α .

The newly introduced constraints (6.158) obey the following Poisson bracket algebra {I^{ab}, I^{cd}} = C^{bc}I^{ad} − C^{ac}I^{bd} + C^{ad}I^{bc} − C^{bd}I^{ac}, {I^{−+}, I^{±a}} = ±I^{±a}, {I^{ab}, I^{±c}} = C^{bc}I^{±a} − C^{ac}I^{±b}, {I^{+a}, I^{−b}} = C^{ab}I^{−+} + I^{ab}. This algebra is isomorphic to the SO(1, 9) algebra: I^{ab} generate SO(8) rotations, I^{−+} is the generator of the subgroup SO(1, 1) and I^{±a} generate the transformations from the coset SO(1, 9)/ (SO(1, 1) × SO(8)).

Now we are ready to separate D^{Aα} into first and second class constraints in a Lorentz-covariant form. This separation is given by the equalities [111]: D^{Aα} = 1 p^+

[(σ^av^+)^αD^A_a + ( ̸pσ^+σ^av^−)^αG^A_a ], p^+ = p^ν u^+_ν , (6.159) D^{Aa} = (v^+σ^a ̸p)_β D^{Aβ}, G^{Aa} = 1 2 (v^−σ^aσ^+)_βD^{Aβ} .

Here D^{Aa} are first class constraints and G^{Aa} are second class ones: {D^{Aa}(σ_1), D^{Bb}(σ_2)} = −2iδ^{AB}C^{ab}p^+T_0δ^p(σ_1 − σ_2) {G^{Aa}(σ_1), G^{Bb}(σ_2)} = iδ^{AB}C^{ab}p^+δ^p(σ_1 − σ_2).

It is convenient to pass from second class constraints G^{Aa} to first class constraints Ĝ^{Aa}, without changing the actual degrees of freedom [111], [96] :

G^{Aa} → Ĝ^{Aa} = G^{Aa} + (p^+)^{1/2}Ψ^{Aa} ⇒ {Ĝ^{Aa}(σ_1), Ĝ^{Bb}(σ_2)} = 0, where Ψ^{Aa}(σ) are fermionic ghosts which abelianize our second class constraints as a consequence of the Poisson bracket relation {Ψ^{Aa}(σ_1), Ψ^{Bb}(σ_2)} = −iδ^{AB}C^{ab}δ^p(σ_1 − σ_2).

It turns out that the constraint algebra is much more simple, if we work not with D^{Aa} and Ĝ^{Aa} but with T̂^{Aα} given by T̂^{Aα} = (p^+)^{−1/2}[(σ^av^+)^αD^A_a + ( ̸pσ^+σ^av^−)^αĜ^A_a ] = (p^+)^{1/2}D^{Aα} + ( ̸pσ^+σ^av^−)^αΨ^A_a .

After the introduction of the auxiliary fermionic variables Ψ^{Aa}, we have to modify some of the constraints, to preserve their first class property. Namely T_j, I^{ab} and I^{−a} change as follows

T̂_j = T_j + i 2 C^{ab} ∑ A Ψ^A_a ∂_jΨ^A_b , Î^{ab} = I^{ab} + J^{ab}, J^{ab} = ∫ d^pσj^{ab}(σ), j^{ab} = i 4 (v^−σ_cσ^{ab}σ^+σ_dv^−) ∑ A Ψ^{Ac}Ψ^{Ad}, Î^{−a} = I^{−a} + J^{−a}, J^{−a} = ∫ d^pσj^{−a}(σ), j^{−a} = −(p^+)^{−1}j^{ab}p_b. As a consequence, we can write down the Hamiltonian for the considered model in the form: H = ∫ d^pσ[λ^0T_0(σ) + λ^jT̂_j(σ) + ∑ A λ^{Aα}T̂^A_α (σ)] + λ_{ab}Î^{ab} + λ_{−+} I^{−+} + λ_{+a}I^{+a} + λ_{−a}Î^{−a}.

The constraints entering H are all first class, irreducible and Lorentz- covariant. Their algebra reads (only the non-zero Poisson brackets are written):

{T_0(σ_1), T̂_j(σ_2)} = (T_0(σ_1) + T_0(σ_2))∂_jδ^p(σ_1 − σ_2), {T̂_j(σ_1), T̂_k(σ_2)} = (δ^l_jT̂_k(σ_1) + δ^l_kT̂_j(σ_2))∂_lδ^p(σ_1 − σ_2), {T̂_j(σ_1), T̂^A_α (σ_2)} = (T̂^A_α (σ_1) + 1 2 T̂^A_α (σ_2))∂_jδ^p(σ_1 − σ_2), {T̂^A_α (σ_1), T̂^B_β (σ_2)} = iδ^{AB}σ^+_{αβ}T_0δ^p(σ_1 − σ_2),

{I^{−+}, T̂^A_α } = 1 2 T̂^A_α , {Î^{−a}, T̂^A_α } = (2p^+)^{−1}[p^aT̂^A_α + (σ^+σ^{ab}v^−)_αΨ^A_b T_0],

{Î^{ab}, Î^{cd}} = C^{bc}Î^{ad} − C^{ac}Î^{bd} + C^{ad}Î^{bc} − C^{bd}Î^{ac}, {I^{−+}, I^{+a}} = I^{+a}, {I^{−+}, Î^{−a}} = −Î^{−a}, {Î^{ab}, I^{+c}} = C^{bc}I^{+a} − C^{ac}I^{+b}, {Î^{ab}, Î^{−c}} = C^{bc}Î^{−a} − C^{ac}Î^{−b}, {I^{+a}, Î^{−b}} = C^{ab}I^{−+} + Î^{ab}, {Î^{−a}, Î^{−b}} = − ∫ d^pσ(p^+)^{−2}j^{ab}T_0.

Having in mind the above algebra, one can construct the corresponding BRST charge Ω [81] (∗=complex conjugation) Ω = Ω^{min} + π_MP̄^M , {Ω, Ω} = 0, Ω^∗ = Ω, (6.160) where M = 0, j, Aα, ab, −+, +a, −a. Ω^{min} in (6.160) can be written as Ω^{min} = Ω^{brane} + Ω^{aux}, Ω^{brane} = ∫ d^pσ{T_0η^0 + T̂_jη^j + ∑ A T̂^A_α η^{Aα} + P_0[(∂_jη^j)η^0 + (∂_jη^0)η^j] +

+ P_k(∂_jη^k)η^j + ∑ A P^A_α [η^j∂_jη^{Aα} − 1 2 η^{Aα}∂_jη^j ] − i 2 P_0 ∑ A η^{Aα}σ^+_{αβ}η^{Aβ}}, Ω^{aux} = Î^{ab}η_{ab} + I^{−+}η_{−+} + I^{+a}η_{+a} + Î^{−a}η_{−a} + (P^{ac}η^{b.}_{.c} − P^{bc}η^{a.}_{.c} + 2P^{+a}η^b_+ + 2P^{−a}η^b_−)η_{ab} + (P^{+a}η_{+a} − P^{−a}η_{−a})η_{−+} + (P^{−+}η^a_− + P^{ab}η_{−b})η_{+a} + 1 2 ∫ d^pσ{ ∑ A P^A_α η^{Aα}η_{−+} + (p^+)^{−1} ∑ A [p^aP^A_α − (σ^+σ^{ab}v^−)_αΨ^A_b P_0]η^{Aα}η_{−a} − (p^+)^{−2}j^{ab}P_0η_{−b}η_{−a}}. These expressions for Ω^{brane} and Ω^{aux} show that we have found a set of constraints which ensure the first rank property of the model.

Ω^{min} can be represented also in the form

Ω^{min} = ∫ d^pσ[(T_0 + 1 2 T^{gh}_0 )η^0 + (T̂_j + 1 2 T^{gh}_j )η^j + ∑ A (T̂^A_α + 1 2 T^{Agh}_α )η^{Aα}] +(Î^{ab} + 1 2 I^{ab}_{gh})η_{ab} + (I^{−+} + 1 2 I^{−+}_{gh} )η_{−+} + (I^{+a} + 1 2 I^{+a}_{gh} )η_{+a} + (Î^{−a} + 1 2 I^{−a}_{gh} )η_{−a} + ∫ d^pσ∂_j ( 1 2 P_kη^kη^j + 1 4 ∑ A P^A_α η^{Aα}η^j ) . Here a super(sub)script gh is used for the ghost part of the total gauge generators G^{tot} = {Ω, P} = {Ω^{min}, P} = G + G^{gh}.

We recall that the Poisson bracket algebras of G^{tot} and G coincide for first rank systems. The manifest expressions for G^{gh} are:

T^{gh}_0 = 2P_0∂_jη^j + (∂_jP)η^j , T^{gh}_j = 2P_0∂_jη^0 + (∂_jP_0)η^0 + P_j∂_kη^k + P_k∂_jη^k + (∂_kP_j)η^k + 3 2 ∑ A P^A_α ∂_jη^{Aα} + 1 2 ∑ A (∂_jP^A_α )η^{Aα}, T^{Agh}_α = − 3 2 P^A_α ∂_jη^j − (∂_jP^A_α )η^j − iP_0σ^+_{αβ}η^{Aβ} + + 1 2 P^A_α η_{−+} + (2p^+)^{−1} [ p^aP^A_α − (σ^+σ^{ab}v^−)_αΨ^A_b P_0 ] η_{−a}, I^{ab}_{gh} = 2(P^{ac}η^{b.}_{.c} − P^{bc}η^{a.}_{.c} ) + (P^{+a}η^b_+ − P^{+b}η^a_+) + (P^{−a}η^b_− − P^{−b}η^a_−), I^{−+}_{gh} = P^{+a}η_{+a} − P^{−a}η_{−a} + 1 2 ∫ d^pσ ∑ A P^A_α η^{Aα}, I^{+a}_{gh} = 2P^{+b}η^{a.}_{.b} − P^{+a}η_{−+} + P^{−+}η^a_− + P^{ab}η_{−b}, I^{−a}_{gh} = 2P^{−b}η^{a.}_{.b} + P^{−a}η_{−+} − P^{−+}η^a_+ + P^{ab}η_{+b} + + ∫ d^pσ { (2p^+)^{−1} ∑ A [ p^aP^A_α − (σ^+σ^{ab}v^−)_αΨ^A_b P_0 ] η^{Aα} − (p^+)^{−2}j^{ab}P_0η_{−b} } . Up to now, we introduced canonically conjugated ghosts (η^M , P_M ), (η̄_M , P̄^M ) and momenta π_M for the Lagrange multipliers λ^M in the Hamiltonian. They have Poisson brackets and Grassmann parity as follows (ϵ_M is the Grassmann parity of the corresponding constraint):

{η^M , P_N } = δ^M_N , ϵ(η^M ) = ϵ(P_M ) = ϵ_M + 1, {η̄_M , P̄^N } = −(−1)^{ϵM ϵN} δ^N_M , ϵ(η̄_M ) = ϵ(P̄^M ) = ϵ_M + 1, {λ^M , π_N } = δ^M_N , ϵ(λ^M ) = ϵ(π_M) = ϵ_M .

The BRST-invariant Hamiltonian is H_{χ̃} = H^{min} + {χ̃, Ω} = {χ̃, Ω}, (6.161) because from H_{canonical} = 0 it follows that H^{min} = 0. In this formula χ̃ stands for the gauge fixing fermion (χ̃^∗ = −χ̃). We use the following representation for the latter χ̃ = χ^{min} + η̄_M (χ^M + 1 2 ρ_{(M )}π^M ), χ^{min} = λ^M P_M , where ρ_{(M )} are scalar parameters and we have separated the π^M -dependence from χ^M . If we adopt that χ^M does not depend on the ghosts (η^M , P_M ) and (η̄_M , P̄^M ), the Hamiltonian H_{χ̃} from (6.161) takes the form

H_{χ̃} = H^{min}_χ + P_MP̄^M − π_M (χ^M + 1 2 ρ_{(M )}π^M ) + (6.162) + η̄_M [ {χ^M , G_N }η^N + 1 2 (−1)^{ϵN} P_Q{χ^M , U^Q_{NP} }η^P η^N ] , where H^{min}_χ = {χ^{min}, Ω^{min}}, and generally {χ^M , U^Q_{NP} } ≠ 0 as far as the structure coefficients of the constraint algebra U^M_{NP} depend on the phase-space variables.

One can use the representation (6.162) for H_{χ̃} to obtain the corresponding BRST invariant Lagrangian

L_{χ̃} = L + L_{GH} + L_{GF} .

Here L_{GH} stands for the ghost part and L_{GF} for the gauge fixing part of the Lagrangian. If one does not intend to pass to the Lagrangian formalism, one may restrict oneself to the minimal sector (Ω^{min}, χ^{min}, H^{min}_χ ). In particular, this means that Lagrange multipliers are not considered as dynamical variables anymore. With this particular gauge choice, H^{min}_χ is a linear combination of the total constraints H^{min}_χ = H^{min}_{brane} + H^{min}_{aux} = = ∫ d^pσ [ Λ^0T^{tot}_0 (σ) + Λ^jT^{tot}_j (σ) + ∑ A Λ^{Aα}T^{Atot}_α (σ) ] + + Λ_{ab}I^{ab}_{tot} + Λ_{−+}I^{−+}_{tot} + Λ_{+a}I^{+a}_{tot} + Λ_{−a}I^{−a}_{tot} ,

and we can treat here the Lagrange multipliers Λ^0, ..., Λ_{−a} as constants. Of course, this does not fix the gauge completely.

6.3 Comments

To ensure that the harmonics and their conjugate momenta are pure gauge degrees of freedom, we have to consider as physical observables only such functions on the phase space which do not carry any SO(1, 1)×SO(8) indices. More precisely, these functions are defined by the following expansion F (y, u, v; p_y, p_u, p_v) = ∑ [u^{a1}_{ν1} ...u^{ak}_{νk} p^{ak+1}_{uνk+1} ...p^{ak+l}_{uνk+l} ]_{SO(8)singlet} v^+_{α1} ...v^+_{αm}v^−_{αm+1} ...v^−_{αm+n}p^{+β1}_v ...p^{+βr}_v p^{−βr+1}_v ...p^{−βm}�^{n+r}_v F^{α1...αm+n,ν1...νk+l} β_1...βm�n+r (y, py), where (y, p_y) are the non-harmonic phase space conjugated pairs.

7 CONCLUSIONS

The dissertation is devoted to the description and further investigation of the properties of null p-branes. The necessary preliminaries are given in the Introduction. Then we explain how the above extended objects arise in the context of string theory. The following section consider the known classical and quantum properties of the tensionless branes. The original results are described in sections 4-6.

In the forth section we perform BRST quantization of the null bosonic p-branes using four different types of operator ordering. It is shown that one can or can not obtain critical dimension for the null string (p = 1), depending on the choice of the operator ordering and corresponding vacuum states. When p > 1, operator orderings leading to critical dimension in the p = 1 case are forbidden by the Jacobi identities. Admissible orderings give no restrictions on the dimension of the embedding space-time. This is connected with the fact that the full constraint algebra has no nontrivial central extension, but there are p subalgebras which possess non-trivial central extensions. When p = 1, there is one such subalgebra and it coincides with the full algebra. This section is based on the paper [71].

In the fifth section we perform some investigation on the classical dynamics of the null bosonic branes in curved background. We write down the action, prove its reparametrization invariance and give the equations of motion and constraints in an arbitrary gauge. Then we construct the corresponding Hamiltonian and compute the constraint algebra. In the following subsection we consider the dynamics of null membranes (p = 2) in a four dimensional, stationary, axially symmetric gravity background. Some exact solutions of the equations of motion and of the constraints are found there. The next subsection is devoted to examples of such solutions in Minkowski, de Sitter, Schwarzschild, Taub-NUT and Kerr space-times. This section is based on the paper [74].

In the sixth section we consider a model for tensionless super p-branes with N global chiral supersymmetries in 10-dimensional Minkowski space-time. We show that the action is reparametrization and κ-invariant. After establishing the symmetries of the action, we give the general solution of the classical equations of motion in a particular gauge. In the case of null superstrings (p=1) we find the general solution in an arbitrary gauge. Starting with a Hamiltonian which is a linear combination of first and mixed (first and second) class constraints, we succeed to obtain a new one, which is a linear combination of first class, BFV-irreducible and Lorentz-covariant constraints only. This is done with the help of the introduced auxiliary harmonic variables. Then we give manifest expressions for the classical BRST charge, the corresponding total constraints and BRST-invariant Hamiltonian. It turns out that in the given formulation our model is a first rank dynamical system. This section is based on the papers [67, 68, 69].

8 ACKNOWLEDGEMENTS

First of all, I would like to thank Prof. D. Stoyanov for all I have learned from him in the years. This dissertation is a result of the scientific experience I have obtained working with him.

I am grateful to my family and many colleagues for the support I have obtained from them.

The author acknowledges the hospitality of the Bogoliubov Laboratory of Theoretical Physics, JINR, Dubna, Russia, where this work has been done.

The papers on which the dissertation is based are supported in part by the National Science Foundation of Bulgaria under contract Φ − 620/1996.

9 Appendix A

Here we briefly comment on the possible central extensions of the algebra, given by the commutators:

[A_n, A_m] = 0, [A_n, B_{j,m}] = (n_j − m_j)A_{n+m}, [B_{j,n}, B_{k,m}] = (δ^l_jn_k − δ^l_km_j)B_{l,n+m} , (j, k = 1, 2, ..., p). To begin with, we modify the right hand sides of the above equalities as follows: [A_n, A_m] = d(n, m) [A_n, B_{j,m}] = (n_j − m_j)A_{n+m} + d_j (n, m), [B_{j,n}, B_{k,m}] = (δ^l_jn_k − δ^l_km_j)B_{l,n+m} + d_{jk}(n, m). Checking the Jacobi identities, involving the triplets (A, A, B) , (A, B, B) and (B, B, B) , one shows that there are only trivial solutions for d(n, m), d_j(n, m) and d_{jk}(n, m). Namely, d(n, m) = 0 , d_j(n, m) = (n_j − m_j)f(n + m), d_{jk}(n, m) = (δ^l_jn_k − δ^l_km_j)g_l(n + m), where f, g_j are arbitrary functions of their arguments. In particular, there exist the solutions d_j (n, m) = 2αn_j δ_{n+m,0} , α = const, d_{jk}(n, m) = (β_jn_k + β_kn_j )δ_{n+m,0} , β_j = const, which might appear because of the operator ordering in A_n and B_{j,n}. However, there are p subalgebras with non-trivial central extensions (no summation over j):

[A_n, A_m] = 0, [A_n, B_{j,m}] = (n_j − m_j)A_{n+m} + (q_jn^2_j + r_j)n_j δ_{n+m,0}, [B_{j,n}, B_{j,m}] = (n_j − m_j)B_{j,n+m} + (s_jn^2_j + t_j)n_jδ_{n+m,0}, q_j, r_j, s_j, t_j − const. When p = 1, there is one such subalgebra and it coincides with the full algebra.

10 Appendix B

We briefly describe here our 10-dimensional conventions. Dirac γ- matrices obey Γ_μΓ_ν + Γ_ν Γ_μ = 2η_{μν} and are taken in the representation Γ^μ =

0 (σ^μ)^{β̇}_α (σ̃^μ)^β_{α̇} 0 . Γ^{11} and charge conjugation matrix C_{10} are given by Γ^{11} = Γ^0Γ^1...Γ^9 = δ^β_α 0 0 −δ^{β̇}_{α̇} ,

C_{10} = 0 C^{αβ̇} (−C)^{α̇β} 0 , and the indices of right and left Majorana-Weyl fermions are raised as ψ^α = C^{αβ̇}ψ˙_β , ϕ^{α̇} = (−C)^{α̇β}ϕ_β.

We use D = 10 σ-matrices with undotted indices

(σ^μ)^{αβ} = C^{αα̇}(σ̃^μ)^β_{α̇} , (σ^μ)_{αβ} = (−C)^{−1}_{ββ̇}(σ^μ)^{β̇}_α , and the notation σ^{μ1...μn} ≡ σ^{[μ1} ...σ^{μn]} for their antisymmetrized products.

From the corresponding properties of D = 10 γ-matrices, it follows that (σ^μ)_{αγ}(σ^ν)^{γβ} + (σ^ν)_{αγ}(σ^μ)^{γβ} = −2δ^β_αη^{μν} , (σ_{μ1...μ2s+1} )^{αβ} = (−1)^s(σ_{μ1...μ2s+1} )^{βα} , σ^μσ^{ν1...νn} = σ^{μν1...νn} + n∑ k=1 (−1)^kη^{μνk} σ^{ν1...νk}�^{1νk+1...νn} . The Fierz identity for the σ-matrices reads: (σ_μ)^{αβ}(σ^μ)^{γδ} + (σ_μ)^{βγ}(σ^μ)^{αδ} + (σ_μ)^{γα}(σ^μ)^{βδ} = 0.

References

[1] M. Green, J. Schwarz, E. Witten, Superstring Theory, vol.1,2, Cambridge Univ.

Press, 1987.

[2] A. Sen, An Introduction to Non-perturbative String Theory, hep-th/9802051. [3] C. Vafa, Lectures on Strings and Dualities, hep-th/9702201. [4] C. Vafa, Evidence for F -Theory, Nucl. Phys. B469 (1996) 403-415, hepth/9602022.

[5] D. Morrison, C. Vafa, Compactifications of F -Theory on Calabi-Yau Threefolds (I), Nucl. Phys. B473 (1996) 74-92, hep-th/9602114.

[6] D. Morrison, C. Vafa, Compactifications of F -Theory on Calabi-Yau Threefolds (II), Nucl. Phys. B476 (1996) 437-469, hep-th/9603161.

[7] A. Sen, F -Theory and Orbifolds, Nucl. Phys. B475 (1996) 562-578, hepth/9605150.

[8] A. Giveon, M. Porrati, E. Rabinovici, Target Space Duality in String Theory, Phys. Rep. 244 (1994) 77-202.

[9] M. Duff, R. Khuri, J. Lu, String Solitons, Phys. Rep. 259 (1995) 213-326. [10] J. Polchinski, TASI Lectures on D-Branes, hep-th/9611050. [11] C. Bachas, Lectures on D-Branes, hep-th/9806199.

[12] J. Polchinski, Dirichlet Branes and Ramond-Ramond Charges, Phys. Rev. Lett.

75 (1995) 4724-4727, hep-th/9510017.

[13] E. Witten, Some Comments On String Dynamics, hep-th/9507121. [14] J. Distler, A. Hanany, (0, 2) Noncritical Strings in Six Dimensions, Nucl. Phys.

B490 (1997) 75-90, hep-th/9611104.

[15] A. Strominger, Open P -Branes, Phys. Lett. B383 (1996) 44-47, hepth/9512059.

[16] A. Sen, M-Theory on (K3 × S^1) /Z_2, Phys. Rev. D53 (1996) 6725-6729, hepth/9602010.

[17] O. Ganor, A. Hanani, Small E_8 Instantons and Tensionless Non-critical strings, Nucl. Phys. B474 (1996) 122-140, hep-th/9602120.

[18] N. Seiberg, E. Witten, Comments on String Dynamics in Six Dimensions, Nucl.

Phys. B471 (1996) 121-134, hep-th/9603003.

[19] M. Duff, H. Lu, C. Pope, Heterotic Phase Transitions and Singularities of the Gauge Dyonic String, Phys. Lett. B378 (1996) 101-106, hep-th/9603037.

[20] E. Witten, Phase Transitions in M-Theory and F -Theory, Nucl. Phys. B471 (1996) 195-216, hep-th/9603150.

[21] O. Ganor, Six-dimensional Tensionless Strings in the Large N limit, Nucl. Phys.

B489 (1997) 95-121, hep-th/9605201.

[22] A. Hanani, I. Klebanov, On Tensionless Strings in 3 + 1 Dimensions, Nucl.

Phys. B482 (1996) 105-118, hep-th/9606136.

[23] S. Kachru, E. Silverstein, Singularities, Gauge Dynamics, and Nonperturbative Superpotentials in String Theory, Nucl. Phys. B482 (1996) 92-104, hepth/9608194.

[24] K. Davis, A Note on Tensionless Strings in M-Theory, hep-th/9609005.

[25] M. Bershadsky, A. Johansen, Colliding Singularities in F -Theory and Phase Transitions, Nucl. Phys. B489 (1997) 122-138, hep-th/9610111.

[26] P. Mayr, Mirror Symmetry, N = 1 Superpotentials and Tensionless Strings on Calabi-Yau Four-Folds, Nucl. Phys. B494 (1997) 489-545, hep-th/9610162.

[27] A. Chou, R. Kallosh, J. Rahmfeld, S. Rey, M. Shmakova, W. Wong, Critical Points and Phase Transitions in 5D Compactifications of M-Theory, Nucl. Phys. 508 (1997) 147-180, hep-th/9704142.

[28] K. Hori, H. Ooguri, C. Vafa, Non-Abelian Conifold Transitions and N = 4 Dualities in Three Dimensions, Nucl. Phys. B504 (1997) 147-174, hep-th/9705220.

[29] S. Katz, P. Mayr, C. Vafa, Mirror Symmetry and Exact Solution of 4D N = 2 Gauge Theories I, Adv. Theor. Math. Phys. 1 (1998) 53-114, hep-th/9706110.

[30] A. Sen, Dynamics of Multiple Kaluza-Klein Monopoles in M- and String Theory, Adv. Theor. Math. Phys. 1 (1998) 115-126, hep-th/9707042.

[31] M. Duff, J. Liu, H. Lu, C. Pope, Gauge Dyonic Strings and Their Global Limit, Nucl. Phys. B529 (1998) 137-156, hep-th/9711089.

[32] J. Minahan, D. Nemeschansky, C. Vafa, N. Warner, E-Strings and N = 4 Topological Yang-Mills Theories, Nucl. Phys. B527 (1998) 581-623, hep-th/9802168.

[33] S. Kachru, Y. Oz, Z. Yin, Matrix Description of Intersecting M5 Branes, JHEP 9811 (1998) 004, hep-th/9803050.

[34] M. Alishahiha, Y. Oz, AdS/CFT and BPS Strings in Four Dimensions, hepth/9907206.

[35] C. Hull, P. Townsend, Unity of Superstring Dualities, Nucl. Phys. B438 (1995) 109, hep-th/9410167.

[36] E. Witten, String Theory Dynamics in Various Dimensions, Nucl. Phys. B443 (1995) 85, hep-th/9503124.

[37] J. Dai, R. Leigh, J. Polchinski, New Connections Between String Theories, Mod. Phys. Lett. A4 (1989) 2073.

[38] P. Townsend, D-Branes from M-Branes, hep-th/9512062. [39] J. Schwarz, Self-Dual Superstring in Six Dimensions, hep-th/9604171.

[40] J. Maldacena, The Large N Limit of Superconformal Field Theories and Supergravity, hep-th/9711200.

[41] O. Aharony, S. Gubser, J. Maldacena, H. Ooguri, Y. Oz, Large N Field Theories, String Theory and Gravity, hep-th/9905111.

[42] J. Brodie, A. Hanany, Type IIA Superstrings, Chiral Symmetry, and N = 1 4D Gauge Theory Dualities, Nucl. Phys. B506 (1997) 157-182, hep-th/9704043.

[43] M. Krogh, S-duality and Tensionless 5-branes in Compactified Heterotic String Theory, hep-th/9911084.

[44] T. Banks, W. Fishler, S. Shenker, L. Susskind, M-Theory as a Matrix Model:

A Conjecture, Phys. Rev. D55 (1997) 5112-5128, hep-th/9610043.

[45] J. Lidsey, D. Wands, E. Copeland, Superstring Cosmology, hep-th/9909061.

[46] J. Gamboa, A Model of Two-Dimensional Quantum Gravity in the Strong Coupling Regime, Phys. Rev. Lett. 74 (1995) 1900-1903, hep-th/9410078.

[47] H. de Vega, N. Sanches, Lectures on String Theory in Curved Spacetimes, hepth/9512074.

[48] H. de Vega, A. Nicolaidis, Strings in Strong Gravitational Fields, Phys. Lett.

B295 (1992) 214-218.

[49] H. de Vega, I. Giannakis, A. Nicolaidis, String Quantization in Curved Spacetimes: Null String Approach, Mod. Phys. Lett. A10 (1995) 2479-2484, hepth/9412081.

[50] C. Lousto, N. Sanches, String Dynamics in Cosmological and Black Hole Backgrounds: Null String Expansion, Phys. Rev. D54 (1996) 6399-6407, grqc/9605015.

[51] H. Jassal, A. Mukherjee, R. Saxena, String Dynamics Near a Kaluza-Klein Black Hole, hep-th/9905170.

[52] J. Gamboa, The Tension as Perturbative Parameter in String Theory, Class.

Quant. Grav.7 (1990) 1647-1654.

[53] A.Zheltukhin, Tension as a Perturbative Parameter in Nonlinear String Equations in Curved Spacetime, Class. Quant. Grav. 13 (1996) 2357-2360.

[54] S. Roshchupkin, A. Zheltukhin, Variational principle and a perturbative solution of non-linear string equations in curved space, Nucl. Phys. B543 (1999) 365-386, hep-th/9806054.

[55] M. Dabrowski, A. Zheltukhin, Perturbative String Dynamics Near the Photon Sphere, hep-th/9809176.

[56] M. Maggiore, A. Riotto, D-Branes and Cosmology, Nucl. Phys. B548 (1999) 427-445, hep-th/9811089.

[57] S. Roshchupkin, A. Zheltukhin, On a Possibility of Membrane Cosmology, hepth/9607119.

[58] S. Roshchupkin, A. Zheltukhin, Friedmann Universes and Exact Solutions in String Cosmology, Class. Quant. Grav. 12 (1995) 2519-2524.

[59] A.Balachandran, F. Lizzi, G. Sparano, A New Approach to Strings and Superstrings, Nucl. Phys. B277 (1986) 359-387.

[60] A. Zheltukhin, Hamiltonian Formulation of the Antisymmetric Representation of String Action, Teor. Mat. Fiz. 77 (1988) 377-388 (in russian).

[61] A. Zheltukhin, Hamiltonian Structure of the Antisymmetric Action of a String, Pis’ma Zh. Eksp. Teor. Fiz. 46 (1987) 208-210 [JETP Lett. 46 (1987) 262-265]; A. Zheltukhin, Hamiltonian of Null Strings. Invariant Action of Null-(Super) Membranes, Yader. Fiz. 48 (1988) 587-595 (in russian);

A. Zheltukhin, Hamiltonian Formulation of the Antisymmetric Representation of String Action, Teor. Mat. Fiz. 77 (1988) 377-388 [Theor. Math. Phys. 77 (1988) 1264-1273].

[62] J. Gamboa, BRST Quantization of Null Spinning p-Branes, Mod. Phys. Lett.

A7 (1992) 533-540.

[63] I. Bandos, A. Zheltukhin, Null Super p-Branes Quantum Theory in 4- Dimensional Space-Time, Fortsch. Phys. 41 (1993) 619-676.

[64] J. Isberg, U.Lindstrom, B. Sundborg, G. Theodoridis, Classical and Quantized Tensionless Strings, Nucl. Phys. B411 (1994) 122-156, hep-th/9307108.

[65] S. Hassani, U. Lindstrom, R. von Unge, Classicaly Equivalent Actions for Tensionless P-Branes, Class. Quant. Grav. 11 (1994) L79-L85.

[66] P. Saltsidis, Tensionless p-Branes with Manifest Conformal Invariance, Phys.

Lett. B401 (1997) 21-29, hep-th/9702081.

[67] P. Bozhilov, N = 1, D = 10 Tensionless Superbranes, Phys. Lett. B440 (1998) 35-42, hep-th/9806134.

[68] P. Bozhilov, N = 1, D = 10 Tensionless Superbranes II, Phys. Lett. B454 (1999) 27-30, hep-th/9901153.

[69] P. Bozhilov, D = 10 Chiral Tensionless Super p-Branes, Mod. Phys. Lett. A14 (1999) 1335-1347, hep-th/9901160.

[70] I. Bandos, A. Zheltukhin, Hamiltonian Mechanics and Absence of Critical Dimensions for the Null Membranes, Yader. Fiz. 50 (1989) 893 (in russian).

[71] P. Bozhilov, Tensionless Branes and the Null String Critical Dimension, Mod.

Phys. Lett. A13 (1998) 2571-2583, hep-th/9711136.

[72] J. Gamboa, C. Ramirez, M. Ruiz-Altaba, Field Theory of Null Strings and p-Branes, Phys. Lett. B231 (1989) 57-60.

[73] A. Zheltukhin, Interaction of Null Strings and Null Menmbranes with antisymmetric tensor fields, Phys. Lett. B233 (1989) 112-116;

On the Absence of Null Strings and Null Membranes Interactions with an Antisymmetric Background, Yader. Fiz. 51 (1990) 1504-1513 (in russian).

[74] P. Bozhilov, Null Branes in Curved Backgrounds, Phys. Rev. D60 (1999) 125011, hep-th/9904208.

[75] P. Bozhilov, B. Dimitrov, Null Strings and Membranes in Demianski-Newman Background, Phys. Lett. B472 (2000) 54-58. hep-th/9909092.

[76] P. Bozhilov, Null Branes in String Theory Backgrounds, hep-th/9911210. [77] W. Siegel, , Phys. Lett. B128 (1983) 397.

[78] C. Teitelboim, Proper Time Approach to the Quantization of the Gravitational Field, Phys. Lett. B96 (1980) 77, C. Teitelboim, Quantum Mechanics of the Gravitational Field, Phys. Rev. D25 (1982) 3159.

[79] E. Fradkin, G. Vilkovisky, Quantization of Relativistic Systems with Constraints, Phys. Lett. B55 (1975) 224-226.

[80] I. Batalin, G. Vilkovisky, Relativistic S-Matrix of Dynamical Systems with Boson and Fermion Constraints, Phys. Lett. B69 (1977) 309-312.

[81] E. Fradkin, T. Fradkina, Quantization of Relativistic Systems with Boson and Fermion First and Second Class Constraints, Phys. Lett. B72 (1978) 343-348.

[82] M. Henneaux, Hamiltonian Form of the Path Integral for Theories with a Gauge Freedom, Phys. Rep. 126 (1985) 1-66.

[83] J. Gamboa, C. Ramirez, M. Ruiz-Altaba, Quantum Null (Super)Strings, Phys.

Lett. B225 (1989) 335-339.

[84] J. Gamboa, C. Ramirez, M. Ruiz-Altaba, Null Spinning Strings, Nucl. Phys.

B338 (1990) 143-187.

[85] U. Marquard, M. Scholl, Conditions on the Embedding Space of p-Branes from their Constraint Algebras, Phys. Lett. B209 (1988) 434-440.

[86] I. Bandos, A. Zheltukhin, Twistors, Harmonics and Zero Super p-Branes, Pis’ma Zh. Eksp. Teor. Fiz. 51 (1990) 547-549 [JETP Lett. 51 (1990) 618-621].

[87] I. Bandos, A. Zheltukhin, Quantum Theory of Closed Null Supermembranes in Four-Dimensional Space, Pis’ma Zh. Eksp. Teor. Fiz. 53 (1991) 7-9 [JETP Lett. 53 (1991) 5-8].

[88] I. Bandos, A. Zheltukhin, Null Super p-Brane: Hamiltonian Dynamics and Quantization, Phys. Lett. B261 (1991) 245-250.

[89] I. Bandos, A. Zheltukhin, Covariant Quantization of Null Supermembranes in Four-Dimensional Space-Time, Teor. Mat. Fiz. 88 (1991) 358-375 [Theor. Math. Phys. 88 (1991) 925-937].

[90] S. Hwang, Covariant Quantization of the String in Dimensions D ≤ 26 Using a BRS Formulation Phys. Rev. D28 (1983) 2614.

[91] B. de Wit, J. Hoppe, H. Nicolai, On the Quantum Mechanics of Supermembranes, Nucl. Phys. B305 (1989) 545.

[92] B. de Wit, M. Lucher, H. Nicolai, The Supermembrane is Unstable, Nucl. Phys.

B320 (1989) 135.

[93] E. Newman, R. Penrose, J. Math. Phys. 3 (1962) 566.

R. Penrose, W. Rindler, Spinors and Space-Time, vol.1,2, Cambridge Univ. Press, 1986.

[94] L. Faddeev, S. Shatashvili, Realization of the Schwinger Term in the Gauss Low and the Possibility of Correct Quantization of a Theory with Anomalies, Phys. Lett. B167 (1986) 225-228.

[95] I. Batalin, E. Fradkin, T. Fradkina, Another Version for Operatorial Quantization of Dynamical Systems with Irreducible Constraints, Nucl. Phys. B314 (1989) 158-174.

[96] E. Egoryan, R. Manvelyan, Quantization of Dynamical Systems with the First and Second Classes Constraints, Teor. Mat. Fiz. 94 (1993) 241-252 (in russian).

[97] R. Marnelius, , Nucl. Phys. B294 (1987) 685.

[98] S. Hwang, R. Marnelius, , Nucl. Phys. B315 (1989) 638.

[99] R. Marnelius, A Simple Relation Between Covariant and Noncovariant Quantization of Gauge Theories, Phys. Lett. B99 (1981) 467-470.

[100] R. Marnelius, Introduction to the Quantization of General Gauge Theories, Acta Phys. Polon. B13 (1982) 669-690.

[101] P. Bozhilov, BRST quantization of a bosonic p-brane model, in: Proc. of 25^{th} Anniversary Conference of the ”Konstantin Preslavsky” Univ. of Shoumen, 30.10- 02.11.1996, Shoumen, Bulgaria.

[102] M. Stoilov, D. Stoyanov, A Model of p-Branes with Closed Constraint Algebra, J. Phys. A23 (1990) 5925-5931.

[103] P. Porfyriadis, D. Papadopoulos, Null Strings in Kerr Spacetime, Phys. Lett.

B417 (1998) 27-32, hep-th/9707183.

[104] S. Chandrasechar, The Mathematical Theory of Black Holes, Oxford Univ., 1983.

[105] D. Kramer, H. Stephani, M. Maccallum, E. Herlt, Exact Solutions of the Einstein’s Field Equations, Ed. E. Schmutzer, Deutscher Verlag der Wissenschaften, Berlin, 1980.

[106] M. Dabrowski, A. Larsen, Null Strings in Schwarzschild Spacetime, Phys. Rev.

D55 (1997) 6409-6414, hep-th/9610243.

[107] U. Lindstrom, B. Sundborg, G. Theodoridis, The Zero Tension Limit of the Superstring, Phys. Lett. B253 (1991) 319-323.

[108] P. A. M. Dirac, Lectures on Quantum Mechanics, Yeshiva University, New York, 1964.

[109] E. Sokatchev, Light-Cone Harmonic Superspace and its Applications, Phys.

Lett. B169 (1986) 209-214;

Harmonic Superparticle, Class. Quant. Grav. 4 (1987) 237-246.

[110] E. Nissimov, S. Pacheva, Manifestly Superpoincaré-Covariant Quantization of the Green-Schwarz Superstring, Phys. Lett. B202 (1988) 325-332.

[111] E. Nissimov, S. Pacheva, S. Solomon, Off-Shell Superspace D = 10 Super Yang-Mills from a Covariantly Quantized Green-Schwarz Superstring, Nucl. Phys. B317 (1989) 344-394.