arXiv:hep-th/0011053 8 Nov 2000

Quantum Deformations of Space–Time SUSY and Noncommutative Superfield Theory

P. Kosiński Institute of Physics, University of Lódź, ul. Pomorska 149/53 90–236 Lódź, Poland ]

J. Lukierski email:lukier@ift.uni.wroc.pl Institute of Theoretical Physics, University of Wroclaw pl. M. Borna 9, 50-205 Wrocław, Poland

P. Maślanka Institute of Physics, University of Lódź, ul. Pomorska 149/53 90–236 Lódź, Poland

Abstract

We review shortly present status of quantum deformations of Poincaré and conformal supersymmetries. After recalling the ˇ–deformation of D=4 Poincaré supersymmetries we describe the corresponding star product multiplication for chiral superfields. In order to describe the deformation of chiral vertices in momentum space the integration formula over

ˇ–deformed chiral superspace is proposed.

1 Introduction

The noncommutative space–time coordinates were introduced as describing algebraically the quantum gravity corrections to commutative flat (Minkowski) background (see e.g. [1, 2]) as well as the modification of D–brane coordinates in the presence of external background tensor fields (e.g. B_{μν} in D = 10 string theory; see [3]–[5]). We know well that both gravity and string theory have better properties (e.g. less divergent quantum perturbative expansions) after their supersymmetrization. It appears therefore reasonable, if not compelling, to consider the supersymmetric extensions of the noncommutative framework.

The generic relation for the noncommutative space–time generators ^x_μ

[^x_μ, ^x_ν] = iΘ_{μν} (^x) = i ( Θ_{μν} + Θ^ρ_{μν} ^x_ρ + . . . ) (1.1) has been usually considered for constant value of the commutator (1.1), i.e. for Θ_{μν} (^x) = Θ_{μν} . In such a case the multiplication of the fields ϕ_k(^x) depending on the noncommutative (Minkowski) space–time coordinates can be represented by noncommutative Moyal ∗–product of classical fields ϕ_k(x) on standard Minkowski space ϕ_k(^x)ϕ_l(^x) ←→ ϕ_k(x) ∗ ϕ_l(x) = ϕ_k(y)e^{i2 Θμν ∂∂yμ ∂yν} ϕ_l(z)|_{x=y} (1.2) It appears that the relation (1.1) with constant Θ_{μν} can be consistently supersymmetrized (see e.g. [6]–[9]) by supplementing the standard relations for the odd Grassmann superspace coordinates (further we choose D = 4 N = 1 SUSY and α, β = 1, 2).

{θ_α, θ_β} = {θ_α, θ˙_β } = {θ_{α̇}, θ˙_β} = 0 [^x_μ, θ_α] = [^x_μ, θ_{α̇}] = 0 (1.3)

Such a choice of superspace coordinates (^x_μ, θ_α, θ_{α̇}) implies that the supersymmetry transformations remain classical: ^x^′_μ = ^x_μ − i ( ϵσ_kθ_α − θσ_kϵ ) θ^{′α} = θ_α + ϵ_α θ^{′α̇} = θ_{α̇} + ϵ_{α̇} (1.4)

i.e. the covariance requirements of deformed superspace formalism do not require the deformation of classical Poincaré supersymmetries^1.

Our aim here is to consider the case when the standard Poincaré supersymmetries can not be preserved. For this purpose we shall consider the case with linear Lie–algebraic commutator (1.1). Its supersymmetrization leads to the deformed superspace coordinates ^z_A = (^x_μ, ^θ_α, ^θ_{β̇} ) satisfying Lie superalgebra relation:

[^z_A, ^z_B] = iΘ^C_{AB} ^z_C (1.5)

where Θ^C_{AB} satisfies graded Jacobi identity:

Θ^D_{AB} Θ^E_{CD} + graded cycl. (A, B, C) = 0 (1.6)

It appears that in such a case for some choices of the “structure constants” Θ^C_{AB} one can find the deformed quantum D = 4 Poincaré supergroup, which provide the relations (1.5) as describing the deformed translations and deformed supertranslations.

The plan of the paper is following: In Sect. 2 we shall briefly review the considered in literature quantum deformations of Poincaré and conformal supersymmetries. The list of these deformations written in explicite form as Hopf

1It should be stressted, however, that the introduction of constant tensor Θμν in (1.1)

leads to breaking (O(3, 1) → O(2) × O(1, 1))) of D = 4 Lorentz symmetry. The way out is to consider Θμν as a constant field, with generator of Lorentz subalgebra containing contribution which rotates the Θμν components (see e.g. [10]). The relation (1.1) can be made covariant only for D = 2 (Θμν ≡ ϵμν for D = 2); for 2+1 Euclidean case see [11]

algebras is quite short, and only the knowledge of large class of classical r– matrices shows that many quantum deformations should be still discovered. As the only nontrivial quantum deformation of D = 4 supersymmetry given in the literature is the so–called κ–deformation, obtained in 1993 [12]–[14].

In Sect. 3 we consider the Fourier supertransform of superfields in classical (undeformed) and κ–deformed form. We present also the integration formula over κ–deformed superspace, which provides the description in supermomentum space leading to the κ–deformed Feynmann superdiagrams.

In Sect. 4 we consider the κ–deformed superfield theory in chiral superspace. We introduce the ∗–product multiplication of κ–deformed superfields. It appears that there are two distinguished ∗–products, which both can be written in closed form: one described by standard supersymmetric extenion of CBA formula and other physical, providing the addition of fourmomenta and Grassmann momenta in terms of the coproduct formulae. In such a way we obtain the supersymmetric extension of two ∗–products, considered recently in [15].

In Sect. 5 we shall present some remarks and general diagram describing the deformation scheme of superfield theory.

2 Quantum Deformations of Space–Time Supersymmetries

There are two basic space–time symmetries in D dimensions:

- Conformal symmetries O(D, 2), having another interpretation as anti–de– Sitter symmetries in D + 1 dimensions

- Poincaré symmetries T^{D−1,1+}⊃O(D − 1, 1). i) Quantum deformations of conformal supersymmetries. The conformal symmetries can be supersymmetrized without introducing tensorial central charges in D = 1, 2, 3, 4 and 6. One gets:

D = 1 : O(2, 1) −→ OSp(N ; 2|R) or SU (1, 1 : N ) D = 2 : O(2, 2) = O(1, 2) ⊗ O(1, 2) −→ OSp(M ; 2|R) ⊗ OSp(N ; 2|R) D = 3 O(3, 2) −→ OSp(N ; 4|R) D = 4 O(4, 2) −→ SU (2, 2; N )

D = 6 O(6, 2) −→ U_αU (4; N |H)

All conformal supersymmetries listed above are described by simple Lie superalgebras. It is well–known that for every simple Lie superalgebra one can introduce the q–deformed Cartan–Chevaley basis describing quantum (Hopf– algebraic) Drinfeld–Jimbo deformation [16, 17]. These q–deformed relations have been explicitly written in physical basis of conformal superalgebra in different dimensions (see e.g. [18]–[21]). It is easy to see that the deformation parameter q appears as dimensionless.

It follows, however, that there is another class of deformations of conformal and superconformal symmetries, with dimensionfull parameter κ, playing the role of geometric fundamental mass. For D = 1 one can show that the Jordanian deformation of SL(2; R) ≃ O(2, 1) describes the κ–deformation of D = 1 conformal algebra [22]. This result can be extended supersymmetrically, with the following classical ^r–matrix describing Jordanian deformation U_κ(OSp(1; 2|R) [23] r = 1 κ h ∧ e^{SUSY}=⇒ r = 1 κ ( h ∧ e + Q^+ ∧ Q^+ )

Jordanian deformation Jordanian deformation of Sp(2; R) ≃ O(2; 1; R) of OSp(1, 2; R)

(D = 1 conformal) (D = 1 superconformal) (2.1)

The OSp(1; 2; R) Jordanian classical ^r–matrix can be quantized by the twist method. Semi–closed form for the twist function has been obtained in [24].

It appears that one can extend the Jordanian deformations of D = 1 conformal algebra to D > 1; for D = 3 and D = 4 the extended Jordanian classical r–matrices were given in [22]. It should be also mentioned that the generalized Jordanian deformation of D = 3 conformal O(3, 2) algebra has been obtained in full Hopf–algebraic form [25]. The extension of Jordanian deformation of OSp(1, 2; R) for D > 1 superconformal algebras is not known even in its infinitesimal form given by classical r–matrices.

ii) Quantum deformations of Poincaré supersymmetries.

Contrary to DJ scheme for simple Lie (super)algebras it does not exist a systematic way of obtaining quantum deformations of non–semisimple Lie (super)algebras. A natural framework for the description of deformed semi– direct products, like quantum Poincaré algebra, are the noncocommutative bicrossproduct Hopf algebras (see e.g. [26]). It appears however that in the literature it has not been formulated any effective scheme describing these quantum bicrossproducts.

One explicite example of quantum deformation of D = 4 Poincaré superalgebra and its dual D = 4 Poincaré group in form of graded bicrossproduct Hopf algebra was given in [14]. By means of quantum contraction of q–deformed N = 1 anti–de–Sitter superalgebra U_q (OSp(1|4)) there was obtained in [12] the κ–deformed D = 4 Poincaré subalgebra U_κ(P_{4;1}). Subsequently by nonlinear change of generators the quantum superalgebra U_κ(P_{4;1}) was written in chiral bicrossproduct basis [13]. The κ–deformed Poincaré subalgebra is given by the deformation of the following graded cross–product^2

p_{4;1} = ( SL(2; C) ⊕ (SL(2; C)^+⊃ T_{0;2} ) n T4;2 (2.2)

2In [13] for the crossproduct formula describing D = 4 superPoincaré algebra the following

notation was used: p4;1 = O(1, 3; 2) n T4,2. In the notation (2.2) proposed in present paper the extension of Lorentz algebra by odd generators is described more accurately.

where the generators of SL(2; C) are given by two–spinor generators M_{αβ} = 1 8 (σ^{μν} )_{αβ}M_{μν} , the generators of (SL(2; C) by M_{α̇β̇} = M^∗_{αβ} =^1_8 σ^{μν}_{α̇β̇}M_{μν} , T_{0;2} describes two antichiral supercharges Q_{α̇}, and T_{4;2} the graded Abelian superalgebra

T_{4;2} : [P_μ, P_ν] = [P_μ, Q_α] = {Q_α, Q_β} = 0 (2.3)

The relations (2.3) describe the algebra of generators of translations and supertranslations in chiral superspace. The algebra (SL(2; c) ⊕ (SL(2; c)^+⊃ T_{0;2}) has the form

sl(2; c) : [M_{αβ}, M_{γδ}] = ϵ_{αγ}M_{βδ} − ϵ_{βγ} M_{αδ} (2.4a) + c_{βδ}M_{αγ} − ϵ_{αδ}M_{βγ} sl(2; c)^+⊃ T_{0;2} : [M_{α̇β̇} , M_{γ̇δ̇}] = ϵ_{α̇γ̇} M_{β̇δ̇} − ϵ_{β̇γ̇} M_{α̇δ̇} + ϵ_{β̇δ̇}M_{α̇γ̇} − ϵ_{α̇δ̇} M_{β̇γ̇} [M_{α̇β̇}, Q_{γ̇} ] = ϵ_{α̇γ}Q_{β̇} − ϵ_{β̇γ̇} Q_{α̇} {Q_{α̇}, Q˙_β} = 0 (2.4b)

It should be observed that in the cross-product (2.2) the basic supersymmetry algebra {Q_α, Q_{β̇}} = 2(σ^μp_μ)_{αβ̇} is the one belonging to the cross–relations.

The κ–deformed bicrossproduct is given by the formula

U_κ(p_{4;2}) = (SL(2; c) ⊕ SL(2; c)^+⊃ T_{0;2}) BJ T^κ_{4;2} (2.5)

The relations (2.3) and (2.4a)–(2.4b) remain valid but T^κ_{4;2} describes now the Hopf algebra with deformed coproducts:

ΔP_0 = P_0 ⊗ 1 + 1 ⊗ P_0 ΔP_i = P_i ⊗ e^{− P0κ} + 1 ⊗ P_i ΔQ_α = Q_α ⊗ e^{− P02κ} + 1 ⊗ Q_α (2.6)

The cross–relations are the following (M_i =^1_2 ϵ_{ijk}M_{jk}, N_i = M_{i0}):

[M_i, P_j] = iϵ_{ijk}P_k [M_i, P_0] = 0

[N_i, P_j] = iδ_{ij} [ κ 2 (1 − e^{− 2P0κ} + 1 2κ ⇀ P 2 ) + 1 κ P_iP_j ]

[N_i, P_0] = iP_i (2.7) and

[M_i, Q_α] = − 1 2 (σ_i)^β_α Q_β

[N_i, Q_α] = 1 2 i e^{− P0κ} (σ_i)^β_α Q_β + 1 2κ ϵ_{ijk}P_j(σ_k)^β_α Q_β {Q_α, Q˙_β} = 4κδ_α˙_β sinh

P_0 2κ − 2e^{P02κ} p_i(σ_i)_α˙_β (2.8)

The notion of bicrossproduct (2.5) implies also the modification of primitive coproducts for SL(2; c) ⊕ SL(2; c)^+⊃ T_{0;2} generators. One gets:

ΔM_i = M_i ⊗ 1 + 1 ⊗ M_i

ΔN_i = N_l ⊗ 1 + e^{− P0κ} ⊗ N_i + 1 κ ϵ_{ijk} P_j ⊗ M_k − i 4κ (σ_i)_{αβ̇} Q_α ⊗ e^{P0κ} Q_{β̇}

ΔQ_j = Q_{α̇} ⊗ 1 + e^{P02κ} ⊗ Q_{α̇} (2.9)

It appears that the classical N = 1 D = 4 Poincaré superalgebra can be put as well in the form

p_{4;1} = (SL(2; c)^+⊃ T_{0;2}) ⊕ (SL(2; c) n T_{4;2} (2.10)

where T^0_{4;2} describe the translation and supertranslation generators (P_κ, Q_{α̇}). Subsequently the κ–deformation of D = 4 N = 1 Poincaré superalgebra can be obtained by deforming (2.10) into graded bicrossproduct Hopf superalgebra

U_κ(p_{4;1}) = (SL(2; c)^+⊃ T_{0;2}) ⊕ (SL(2; c) BJ T^κ_{4;2} (2.11)

In order to describe the κ–deformed chiral superspace one should consider the Hopf superalgebra ~T^κ_{4;2} obtained by dualization of the relations (2.3) and (2.6), and describing by functions C(^z_A) on κ–deformed chiral superspace ^z_A = (^z_μ, ^θ_α), where ^z_μ denotes the complex space–time coordinates. One obtains the following set of relations:

[^z_0, ^z_i] = i κ ^z_i [^z_i, ^z_j ] = 0

[^z_0, ^θ_α] = i 2κ ^θ_α [^z_i, ^θ_α] = 0 {^θ_α, ^θ_β} = 0 (2.12a)

and the primitive coproducts:

Δ^z_μ = ^z_μ ⊗ 1 + 1 ⊗ ^z_μ Δ^θ_α = ^θ_α ⊗ 1 + 1 ⊗ ^θ_α (2.12b)

The κ–deformed chiral superfield theory is obtained by cosidering suitably ordered superfields. In the following Section we shall consider the superFourier transform of deformed superfields and consider the κ–deformed chiral superfield theory.

3 Fourier Supertransforms and ˇ–deformed Berezin Integration

i) Fourier supertransform on classical superspace.

The superfields are defined as functions on superspace. Here we shall restrict ourselves to D = 4 chiral superspace z_A = (z_μ, θ_α) (μ = 0, 1, 2, 3; α = 1, 2) and to chiral superfields Φ(z, θ).

The Fourier supertransform of the chiral superfield and its inverse take the form:

Φ(x, θ) = 1 (2π)^2 ∫ d^4p d^2η ~Φ(p, η)e^{i(px+ηθ)} (3.1a)

~Φ(p, η) = 1 (2π)^2 ∫ d^4x d^2θ Φ(x, θ)e^{−i(px+ηθ)} (3.1b)

The Fourier supertransforms were considered firstly in [29, 30]. It appears that the set of even and odd variables (z_μ, θ_α; p_μ, η_α) describes the superphase space, with Grassmann variables η_α describing “odd momenta”. The Berezin integration rules are valid in both odd position and momentum sectors: ∫ d^2θ = ∫ d^2θ θ_α = 0 1 2 ∫ d^2θ θ_α θ^α = 1 (3.2a)

∫ d^2η = ∫ d^2η η_α = 0 1 2 ∫ d^2θ η_α η^α = 1 (3.2b)

where η^α = ϵ^{αβ}η_β and η_αη^α = 2η_1η_2. It is easy to see that θ^2 =^1_2 θ_αθ^α η^2 =^1_2 η_αη^α play the role of Dirac deltas, because ∫ d^2θ θ^2 Φ(z, θ) = Φ(z, θ) |_{θ=0} (3.3a)

∫ d^2η η^2 ~Φ(p, η) = ~Φ(p, η) |_{η=0} (3.3b)

The formulae (3.1a)–(3.1b) in component formalism

Φ(z, θ) = Φ(z) + Ψ^α(z)θ_α + F (z)θ^2 (3.4a)

lead to

~Φ(p, η) = ~F (p) − ~Ψ^ν (p)η_ν − ~Φ(p)η^2 (3.4b)

Let us consider for example the chiral vertex Φ^3(z, θ), present in Wess–Zumino model. This vertex can be written in momentum superspace as follows: ∫ d^4z d^2θ Φ^3(z, θ) = ∫ d^4p_1 . . . d^4p_3 d^2η_1 . . . d^2η_3 ·Φ(p_1, η_1) Φ(p_2, η_2) Φ(p_3, η_3)δ^4(p_1 + p_2 + p_3)(η_1 + η_2 + η_3)^2 (3.5)

We see therefore that in Feynmann superdiagrams the chiral vertex (3.5) will be represented by the product of Dirac deltas describing the conservation at the vertex of the fourmomenta as well as the Grassmann odd momenta.

ii) Fourier supertransform on κ–deformed superspace.

Following the formulae (2.12a)–(2.12b) we obtain the supersymmetric extension of of κ–deformed Minkowski space to κ–deformed superspace ^x_μ −→ (^x_μ, ^θ_α). The ordered superexponential is defined as follows: : e^{i(pμ^zμ+ηα ^θα)} := e^{−ip0^z0} e^{i(⃗p⃗z+ηα ^θα)} (3.6) where (p_μ, θ_α) satisfy the Abelian graded algebra )2.3), i.e.

[p_μ, p_ν] = [p_μ, η_α] = {η_α, η_β} = 0 (3.7)

From the formulae (2.2)–(2.3) and (3.6)–(3.7) follows that: : e^{i(pμ ^zμ+ηα ^θα)} : : e^{i(p0μ ^zμ+η0α ^θα)} :=: e^{iΔ(2)μ (p,p0)^zμ+Δ(2)α (η,η0)^θα} : (3.8) where

Δ_0(p, p^′) = p_0 + p^′_0 Δ_i(p, p^′) = p_i + e^{− p0κ} p^′_i Δ_α(η, η^′) = η_α + e^{− p02κ} η^′_α (3.9)

The κ–deformed Fourier supertransform can be defined as follows: Φ(^z, ^θ) := 1 (2π)^2 ∫ d^4p d^2η ~Φ_κ(p, η) : e^{i(p^z+η^θ)} : (3.10)

If we define inverse Fourier supertransform ^Φ(p, η) = 1 (2π)^2 ∫ d^4^z d^2^θ Φ(^z, ^θ) : e^{−i(p^z+η^θ)} : (3.11) under the assumption that (^θ^2 =^1_2 ^θ_α ^θ^α) ∫ d^2 ~θ ~θ^2 = 1 (3.12a)

or equivalently (η^2 ≡^1_2 η_αη^α) 1 (2π)^4 ∫∫ d^4^z d^2 ^θ : e^{i(p^z+η^θ)} := δ^4(p) · η^2 (3.12b) one gets ^Φ_κ(p, η) = e^{− 4p0}κ ~Φ ( e^{p0κ} ⃗p, p_0, e^{p02κ} η_α ) (3.13)

For κ–deformed chiral fields one can consider their local powers, and perform the κ–deformed superspace integrals. One gets ∫∫ d^4^z d^2 ^θ : Φ(^z, ^θ) = ^Φ(0, 0) ∫∫ d^4^z d^2 ^θΦ^2(^z, ^θ) = ∫ d^4p_1 d^4p_2 d^2η_1 d^2η_2 (3.14a)

~Φ_κ(p_1, η_1) ~Φ_κ(p_2, η_2) δ(p_{01} + p_{02})δ^{(3)} ( ⃗p_1 + e^{p01κ} ⃗p_2 ) (η_1 + e^{p012κ} η_2)^2 ∫∫ d^4^z d^2 ^θΦ^3(^z, ^θ) = ∫ 3∏ i=1 d^4p_i d^2η_i · ~Φ_κ(p_i, η_i)

· δ(p_{01} + p_{02} + p_{03}) · δ^{(3)} ( ⃗p_1 + e^{p01κ} ⃗p_2 + p_0 + p_{02} κ ⃗p_3 )

· ( η_1 + e^{p022κ η2} + e^{p01+p02κ η3}

)_2 (3.14b)

The formulae (3.14a)–(3.14b) can be used for the description of κ–deformed vertices in Wess–Zumino model for chiral superfields.

4 Star Product for ˇ–deformed Superfield The- ory In this section we shall extend the star product for the functions on κ–deformed Minkowski space given in [15] to the case of functions on κ–deformed chiral superspace, described by the relations (2.12a)–(2.12b).

The CBH ⋆–product formula for unordered exponentials takes the form

e^{ipμzμ+ηα̇θα̇} · e^{ip0ν zν +η0β̇ θ} ˙_β = e^{iγμ(p,p0 )zμ+σα̇(p,p0,η,η0)θα̇} (4.1) where

γ_0 = p_0 + p^′_0 (4.2a)

γ_k = p_k e^p 0 0_κ f ( p0 κ ) + p^′_kf (_{p0} κ ) f (_{P0+p0} κ ) (4.2b)

σ_{α̇} = η_{α̇} e^p 0 0 2κ f (_{p0} 2κ ) + η^′_{α̇}f (_{p0} 2κ ) f (_{P0+p0} 2κ ) (4.2c) and f(x) ≡^{ex−1}_x . The star product multiplication reproduces the formula (4.1). e^{ipμzμ+ηα̇θα̇} ⋆ e^{ip0ν zν +η0β̇ θ} ˙_β = e^{iγμ(p,p0)zμ+σα̇(p,p0,η,η0)θα̇} (4.3) For arbitrary superfields ϕ(z, θ) and χ(z, θ) one gets ϕ(z, θ) ⋆ χ(z, θ) =

= ϕ ( 1 i ∂ ∂p_μ , ∂ ∂η_{α̇} ) χ ( 1 i ∂ ∂p^′_μ , ∂ ∂η^′_{α̇} ) e^{iγμ (p,p0)zμ+σα̇(p,p0 ,η,η0)θα̇} | | | | | p=0 p^0 =0 η=0 η^0=0

(4.4)

or equivalently

ϕ(z, θ) ⋆ χ(z, θ) = e^{iz} μ( γ_μ (_∂ ∂y ,^∂_{∂y0} ) −^∂_{∂yμ} −^∂_{∂y0μ} ) −θ˙^α ( σ˙^α (_∂ ∂y ,^∂_{∂y0} ,^∂_{∂ω} ,^∂_{∂ω0} ) −^∂_{∂ω}˙_α −^∂_{∂ω0} α̇ )

·ϕ(y, ω)χ(y^′, ω^′) | | |^{y=y0=z} ω=ω^0=θ

(4.5)

In particular we get

z^i ⋆ z^j = z^iz^j z^0 ⋆ z^i = z^0z^i + i 2κ z^i z^i ⋆ z^0 = z^0z^i − i 2κ z^i z^i ⋆ θ^{α̇} = z^iθ^{α̇} θ^{α̇} ⋆ z^i = z^iθ^{α̇} z^0 ⋆ θ^{α̇} = z^0θ^{α̇} + i 4κ θ^{α̇} θ^{α̇} ⋆ z^0 = z^0θ^{α̇} − i 4κ θ^{α̇} θ^{α̇} ⋆ θ^{β̇} = θ^{α̇}θ^{β̇} (4.6)

Star product ~ corresponding to the multiplication of ordered exponentials (3.6) takes the form:

e^{ipμzμ+ηα̇θα̇} ~ e^{ip0μzμ+η0α̇θα̇} = e^{i(p0+p0z0+i(e} p0_κ p_κ +p^0_κ )z^κ+(e p0 2κ η˙_α+η^0˙_α)θ˙^α (4.7)

The superalgebra (2.12a)–(2.12b) of κ–deformed superspace is obtained from the following relations:

z^k ~ θ^{α̇} = θ^{α̇} ~ z^k = z^kθ^{α̇} θ^{α̇} ~ θ^{β̇} = θ^{α̇}θ^{β̇} z^k ~ z^i = z^kz^i z^0 ~ z^i = z^0z^i z^i ~ z^0 = z^0z^i − i κ z^i z^0 ~ θ^{α̇} = z^0θ^{α̇} θ^{α̇} ~ z^0 = z^0θ^{α̇} − i 2κ θ^{α̇} (4.8)

Similarly like in nonsupersymmetric case the star–product (4.7) is more physical because reproduces the composition law of even and odd momenta consistent with coalgebra structure.

5 Final Remarks

In this lecture we outlined present status of quantum deformations of space–time supersymmetries^3, and for the case of κ–deformation of D = 4 supersymmetries proposed the corresponding deformation of chiral superfield theory. It appears that only the κ–deformed chiral superspace generators describe a closed subalgebra of κ–deformed D = 4 Poincaré group. At present it can be obtained the κ–deformation of superfield theory on real superspace can be obtained. The deformation of chiral superfield theory can be described by the following diagram:

The star product ~ given by formula (4.7) (see^4◯ on Fig. 1) is selected by the choice of superFourier transform (3.10), with ordered Fourier exponential described by (3.6). Equivalently, the ~–product multiplication can be obtained by the following three consecutive steps:

i) Deformation of local superfield theory (see^1◯ on Fig. 1) ii) κ–deformed superfield transform (3.10) (see^2◯ on Fig. 1) iii) inverse classical Fourier transform (see^3◯ on Fig. 1)

Φ(z, θ) = 1 (2π)^2 ∫ d^4p d^2θ e^{−i(pμzμ+ηαθα)} ~Φ(p, η) (5.1) obtained in the limit κ → ∞ from the inverse Fourier transform (3.11).

Finally it should be observed that for the deformation (1.1) with constant ^θ_{μν} there were calculated some explicite corrections to physical processes, in particular for D = 4 QED [29]–[31]. We would like to stress that these calculations should be repeated for Lie algebraic deformations of space–time and superspace, in particular in the κ–deformed framework. The preliminary results in this direction has been obtained in [32, 33].

3We did not consider here however, the quantum deformations of infinite – parameter

superconformal symmetries in 1 + 1 dimensions, described by superVirasoro algebras as well as affine OSp(N ; 2)–superalgebras

Figure 1: κ–deformation of local superfield theory

References

[1] S. Dopplicher, K. Fredenhagen, J. Roberts, Phys. Lett. B ¯ 331, 39 (1994);

Comm. Math. Phys. 172, 187 (1995) [2] L.J. Garay, Int. Journ. Mod. Phys. A10, 145 (1995) [3] Chong-Sun Chu, Pei-Ming Ho, hep–th/9812219; hep–th/9906192 [4] N. Seiberg, E. Witten, JHEP 9909: 032 (1999) [5] J. Madore, S. Schraml, P. Schupp, J. Wess, hep—th/0001203 [6] C. Chu, F. Zamorra, hep–th/9912153 [7] S. Ferrara, M. Lledo, hep–th/0002084 [8] S. Terashima, hep–th/0002119 [9] A.A. Bichl, J.M. Grimstrup, H. Grosse, L. Popp, M. Schweda, R. Wulkenhaar, hep–th/0007050 [10] S. Dopplicher, Ann. Inst. Henri Poinc. 64, 543 (1996) [11] J. Lukierski, P. Stichel, W.J. Zakrzewski, Ann,. Phys. 261, 224 (1997) [12] J. Lukierski, A. Nowicki, J. Sobczyk, J. Phys. 26A, L1109 (1993) [13] P. Kosiński, J. Lukierski, P. Maślanka, J. Sobczyk, J. Phys. 27A, 6827 (1994);

ibid. 28A, 2255 (1995)

[14] P. Kosiński, J. Lukierski, P. Maślanka, J. Sobczyk, J. Math. Phys. 37,3041 (1996) [15] P. Kosiński, J. Lukierski, P. Maślanka, hep–th/0009120 [16] M. Chaichian, P.P. Kulish, Phys. Lett. B234, 72 (199) [17] S.M. Khoroshkin, V.N. Tolstoy, Comm. Math. Phys. 141, 599 (1991) [18] J. Lukierski, A. Nowicki, Phys. Lett. B279, 299 (1992) [19] V. Dobrev, Journ. Phys. A26, 1317 (1993) [20] L. Dabrawski, V.K. Dobrev, R. Floreanini, V. Husain, Phys. Lett. B302, 215 (1993) [21] C. Juszczak, Journ. Phys. A27, 385 (1994) [22] J. Lukierski, P. Minnaert, M. Mozrzymas, Phys. Lett. B371, 215 (1996) [23] C. Juszczak, J. Sobczyk, math.QA/9809006 [24] R. Celeghini, P. Kulish, q–alg/9712006, [25] F. Herranz, Journ. Phys. A30, 6123 (1997) [26] S. Majid, “Foundations of Quantum Group Theory” Cambridge Univ.

Press, 1995 [27] D. Leites, B.M. Zupnik “Multiple Processes at High Energies” (in Russian), Tashkent 1976, p. 3–26 [28] F.A. Berezin, M.S. Marinov, Ann. Phys. 104, 336 (1977) [29] I. Mocioiu, M. Pospelov, R. Roiban, Phys. Lett. B489, 390 (2000) [30] N. Chair, M.M. Sheikh–Jabbari, hep–th/0009037 [31] M. Chaichian, M.M. Sheikh–Jabbari, A. Tureanu hep–th/0010175 [32] J. Lukierski, H. Ruegg, W. Ruehl, Phys. Lett. 313, 357 (1993) [33] L.C. Biedenharn, B. Mueller, M. Tarlini, Phys. Lett. 318, 613 (1993)