arXiv:hep-th/0011082 10 Nov 2000

Asymptotic expansion coefficients of the heat kernel in Riemann-Cartan spacez

S. Yajima, Y. Higasida, K. Kawano and S.-I. Kubota

Department of Physics, Kumamoto University, 2-39-1 Kurokami, Kumamoto 860-8555, Japan E-mail: yajima@aster.sci.kumamoto-u.ac.jp

Abstract. By applying the covariant Taylor expansion method, the fifth lower coefficients the asymptotic expansion of the heat kernel associated with a fermion of spin 1/2 in Riemann-Cartan space are manifestly given. These coefficients in Riemann-Cartan space is derived from those obtained in Riemannian space by simple replacements.

1. Introduction

Motivated by studying all one-loop quantities (such as the effective action, zeta function, Green functions, anomalies, etc.) in quantum field theory and supergravity, the heat kernel K^{(d)}(x, x^′) in d dimensions defined by equations ∂ ∂t K^{(d)}(x, x^′; t) = −HK^{(d)}(x, x^′; t),

K^{(d)}(x, x^′; 0) = 1|h(x)|^{−1}|h(x^′)|^{−1}δ^{(d)}(x, x^′), (1)

has been studied by many authors. Here δ^{(d)}(x, x^′) is the d dimensional invariant δfunction, and 1 = {δ^A_B}, h = det h^a_μ, where h^a_μ is a vielbein. The most general elliptic second order differential operator H for a fermion ψ = {ψ^A(x)} of spin 1/2 in curved space with the torsion, i.e. in Riemann-Cartan space is expressed in the following form,

H = D_μD^μ + 2Q^μD_μ + Z = D̃_μD̃^μ + X (2)

with D̃_μ = D_μ + Q_μ, D_μ = ∂_μ + 1 4 (ω_{abμ} + 1 2 h^α_a h^β_b C_{αβμ})γ^{ab} + iA_μ, z This article is that the explicit form of [a_q] (q = 1, � � �, 5) is added to the proceeding of the 9th Marcel Grossmann meeting

2 Q_μ = 1 4 γ^{αβ}C_{αβμ}, X = Z − Q^μ_{:μ} − Q_μQ^μ, h^a_{ν:μ} ≡ D̃_μh^a_ν = 0, {γ^a, γ^b} = 2η^{ab}, γ^{ab} = 1 2 [γ^a, γ^b], γ^μ = h^μ_a γ^a, (3)

where ω_{abμ} is the Ricci coefficient of rotation, C_{αβμ} a totally antisymmetric torsion tensor, and A_μ an arbitrary vector gauge field. The local quantity Z stands for matrices for the spinor with non-differential operator. The metric tensor is given by g_{μν} = h^a_μh^b_νη_{ab} with η_{ab} = diag(−1, −1, · · · , −1).

The commutation relation of D̃_μ is given by

[D̃_μ, D̃_ν ]ψ = (Λ̃_{μν} + C^ρ_{μν}D̃_ρ)ψ (4)

with Λ̃_{μν} = Λ_{μν} + ∇_μ(C + Q)_ν − ∇_ν(C + Q)_μ + [(C + Q)_μ, (C + Q)_ν],

Λ_{μν} = 1 4 γ^{αβ}R_{αβμν} + iF_{μν}, C_μ = 1 8 γ^{αβ}C_{αβμ}, (5) where R_{αβμν} and F_{μν} are the curvature tensor in Riemannian space and the field strength of A_μ respectively, and ∇_μ means the Riemannian covariant differentiation.

2. Explicit form of asymptotic expansion coefficients

One can solve (1) by the expression according to the De Witt’s ansatz,

K^{(d)}(x, x^′; t) ∼

Δ^{1/2}(x, x^′) (4πt)^{d/2} exp( σ(x, x^′) 2t ) ∞∑ q=0 a_q(x, x^′)t^q, (6)

where σ(x, x^′) and Δ(x, x^′) are the geodesic distance and the Van Vleck-Morette determinant between x and x^′, respectively. The asymptotic expansion coefficients [a_q] of the heat kernel are obtained as the coincidence limit (x → x^′) of a_q(x, x^′). The explicit expressions of [a_q] (q = 1, · · · , 5) are written in the following form [1],

[a_1] = P = −( 1 6 R1 + X), (7)

[a_2] = − 1 6 M_{(2)} + 1 2 P^2 = 1 12 Λ̃_{μν}Λ̃^{μν} + 1 180 (R_{μνρσ} R^{μνρσ} − R_{μν} R^{μν} )1 + 1 6 ( 1 5 R1 + X)^μ_{!μ} + 1 2 ( 1 6 R1 + X)^2, (8)

[a_3] = 1 60 M_{(4)} − 1 12 {P, M_{(2)}} − 1 12 (P_{!α} − 1 3 J̃_α)(P^{!α} + 1 3 J̃^α) + 1 6 P^3 − 1 60 X^{μ ν} !μ ν − 1 12 (XX^μ_{!μ} + X^μ_{!μ} X + X_{!μ}X^{!μ}) − 1 6 ( 1 6 R1 + X)^3

3 − 1 30 {X, Λ̃_{μν}Λ̃^{μν} } − 1 60 Λ̃_{μν} XΛ̃^{μν} − 1 60 [J̃^μ, X_{!μ}] − 1 36 RX^μ_{!μ} − 1 30 R_{,μ}X^{!μ} − 1 30 R^μ_{,μ} X − 1 90 R^{μν} X_{!μν} + 1 180 (R_{μν} R^{μν} − R_{μνρσ}R^{μνρσ} )X − 1 10 Λ̃^ν_μ Λ̃^ρ_ν Λ̃^μ_ρ + 1 30 {Λ̃_{μν}, J̃^{μ!ν}} − 1 45 Λ̃_{μν!ρ}Λ̃^{μν!ρ} − 1 180 J̃_μJ̃^μ − 1 72 RΛ̃_{μν}Λ̃^{μν} − 1 18 R^{μν} Λ̃_{μρ}Λ̃^ρ_μ + 1 60 R^{μνρσ}Λ̃_{μν}Λ̃_{ρσ} + 1 ( − 1 280 R^{μ ν} ,μ ν − 1 420 R^{μν} R_{,μν} + 1 630 R^{μν} R^ρ_{μν,ρ} − 17 5040 R_{,μ}R^{,μ} − 1 180 RR^μ_{,μ} − 1 105 R^{μρνσ} R_{μν,ρσ} + 1 2520 R_{μν,ρ}R^{μν,ρ} + 1 1260 R_{μν,ρ}R^{μρ,ν} − 1 560 R_{μνρσ,λ}R^{μνρσ,λ} − 1 5670

R^μ_ν R^ν_ρR^ρ_μ + 1 1890 R_{μν} R_{ρσ}R^{μρνσ} − 1 270 R_{μν} R^{μλρσ}R^ν_{λρσ} + 4 2835 R_{μνρσ}R^{μνκλ}R^{ρσ}_{κλ} + 22 2835 R_{μρνσ}R^{μκνλ}R^{ρ σ}_{κ λ} + 1 1080 R(R_{μν} R^{μν} − R_{μνρσ} R^{μνρσ}) ) , (9)

[a_4] = − 1 840 M_{(6)} − 1 40 {P^2, M_{(2)}} − 1 30 P M_{(2)}P + 1 120 {P, M_{(4)}} − 1 30 {P, (P_{!μ} − 1 3 J̃_μ)(P^{!μ} + 1 3 J̃^μ)} − 1 60 (P_{!μ} − 1 3 J̃_μ)P (P^{!μ} + 1 3 J̃^μ) + 1 60 (P_{!μ} − 1 3 J̃_μ)(Λ̃^{μν} − 1 3 R^{μν} 1)(P_{!ν} + 1 3 J̃_ν ) + 1 72 M^2_{(2)} + 1 60 ((P_{!μ} − 1 3 J̃_μ)(S^μ + 1 5 Y^μ) + (S_μ − 1 5 Y_μ)(P^{!μ} + 1 3 J̃^μ)) + 1 90 (V_{μν} − 1 2 J̃_{(μ!ν)})(V^{μν} + 1 2 J̃^{(μ!ν)}) + 1 24 P^4, (10)

[a_5] = 1 120 P^5 − 1 180 {P^3, M_{(2)}} − 1 120 P {P, M_{(2)}}P + 1 420 {P^2, M_{(4)}} + 1 280 P M_{(4)}P − 1 1680 {P, M_{(6)}} + 13 2520

{P, M^2_{(2)}} + 1 280 M_{(2)}P M_{(2)} − 1 720 {M_{(2)}, M_{(4)}} − 1 120 {P^2, (P_{!μ} − 1 3 J̃_μ)(P^{!μ} + 1 3 J̃^μ)} − 1 180 {P, (P_{!μ} − 1 3 J̃_μ)P (P^{!μ} + 1 3 J̃^μ)} − 1 90 P (P_{!μ} − 1 3 J̃_μ)(P^{!μ} + 1 3 J̃^μ)P − 1 360 (P_{!μ} − 1 3 J̃_μ)P^2(P^{!μ} + 1 3 J̃^μ) + 2 315 (P (P_{!μ} − 1 3 J̃_μ)(S^μ + 1 5 Y^μ) + (S^μ − 1 5 Y^μ)(P_{!μ} + 1 3 J̃_μ)P ) + 1 140 ((P_{!μ} − 1 3 J̃_μ)(S^μ + 1 5 Y^μ)P + P (S^μ − 1 5 Y^μ)(P_{!μ} + 1 3 J̃_μ))

4 + 1 315 ((S^μ − 1 5 Y^μ)P (P_{!μ} + 1 3 J̃_μ) + (P_{!μ} − 1 3 J̃_μ)P (S^μ + 1 5 Y^μ)) + 1 210 {P, (V_{μν} − 1 2 J̃_{(μ!ν)})(V^{μν} + 1 2 J̃^{(μ!ν)})} + 1 630 (V_{μν} − 1 2 J̃_{(μ!ν)})P (V^{μν} + 1 2 J̃^{(μ!ν)}) + 13 2520

{M_{(2)}, (P_{!μ} − 1 3 J̃_μ)(P^{!μ} + 1 3 J̃^μ)} + 1 280 (P_{!μ} − 1 3 J̃_μ)M_{(2)}(P^{!μ} + 1 3 J̃^μ) + 1 210 ((P_{!μ} − 1 3 J̃_μ)(P_{!ν} − 1 3 J̃_ν )(V^{μν} + 1 2 J̃^{(μ!ν)})

+ (V^{μν} − 1 2 J̃^{(μ!ν)})(P_{!μ} + 1 3 J̃_μ)(P_{!ν} + 1 3 J̃_ν )) + 1 140 (P_{!μ} − 1 3 J̃_μ)(V^{μν} + 1 2 J̃^{(μ!ν)})(P_{!ν} + 1 3 J̃_ν) − 1 360 (P_{!μ} − 1 3 J̃_μ)(Λ̃^μ_ρ − 1 3 R^μ_ρ)(Λ̃^ρ_ν − 1 3 R^ρ_ν )(P^{!ν} + 1 3 J̃^ν) − 1 315 ((P_{!μ} − 1 3 J̃_μ)(Λ̃^{μν} − 1 3 R^{μν} 1)(S_ν + 1 5 Y_ν )

+ (S_μ − 1 5 Y_μ)(Λ̃^{μν} − 1 3 R^{μν} 1)(P_{!ν} + 1 3 J̃_ν)) − 1 945 K^{μνρσ}(V_{μν} − 1 2 J̃_{μ!ν})(V_{ρσ} + 1 2 J̃_{ρ!σ}) − 1 315 (V_{μρ} − 1 2 J̃_{(μ!ρ)})(Λ̃^μ_ν − 1 3 R^μ_ν1)(V^{νρ} + 1 2 J̃^{(ν!ρ)}) + 1 180 {P, (P_{!μ} − 1 3 J̃_μ)(Λ̃^{μν} − 1 3 R^{μν} 1)(P_{!ν} + 1 3 J̃_ν )} + 1 360 (P_{!μ} − 1 3 J̃_μ){P, (Λ̃^{μν} − 1 3 R^{μν} 1)}(P_{!ν} + 1 3 J̃_ν ) + 1 1260

((P_{!μ} − 1 3 J̃_μ)(2R^{μ(ρ,σ)} − R^{ρσ,μ} − 4Λ̃^{μ(ρ!σ)})(V_{ρσ} + 1 2 J̃_{(ρ!σ)}) + (V_{ρσ} − 1 2 J̃_{(ρ!σ)})(2R^{μ(ρ,σ)} − R^{ρσ,μ} + 4Λ̃^{μ(ρ!σ)})(P_{!μ} + 1 3 J̃_μ)) + 1 280 (P_{!μ} − 1 3 J̃_μ)e^{μν} (P_{!ν} + 1 3 J̃_ν ) − 1 560 ((P_{!μ} − 1 3 J̃_μ)(S^μ + 1 7 Y^μ) + (S^μ − 1 7 Y^μ)(P_{!μ} + 1 3 J̃_μ)) − 1 420 ((V^{μν} − 1 2 J̃^{(μ!ν)})(U_{μν} + W_{μν} ) + (U_{μν} − W_{μν} )(V^{μν} + 1 2 J̃^{(μ!ν)})) − 17 5040 (S_μ − 1 5 Y_μ)(S^μ + 1 5 Y^μ) − 1 840 (S_{μνρ} − 1 5 Y_{μνρ})(S^{μνρ} + 1 5 Y^{μνρ}) + 1 15120

M_{(8)}, (11) where

J̃_μ = Λ̃^ρ_{μ!ρ}, (12) V_{αβ} + 1 2 J̃_{(α!β)} = ⟨αβ|H|0⟩, (13) V_{αβ} = −X_{!(αβ)} − 1 2 Λ̃_{μ(α}Λ̃^μ_{β)} − 1 ( 3 20 R_{,αβ} + 1 20 R^μ αβ,μ − 1 15 R_{μα}R^μ_β + 1 30 R^{ρμν}_α R_{βρμν} + 1 30 R^{μν} K_{μναβ} ) , (14) S_{αβγ} + 1 5 Y_{αβγ} = ⟨αβγ|H|0⟩, (15) S_{αβγ} = −X_{!(αβγ)} + 1 ( − 1 3 M_{αβγ(2)} + 2 3 R_{μ(α}R^μ_{β,γ)} − 1 5 R_{μν} K^{μν}_{αβγ} − 4 15 (R_{μν,(α|} + R_{(α|μ,ν})K^{μν}_{|βγ)} − 2 15 R_{μνρ(α}R^{μνρ}_{β,γ)} ) − {Λ̃_{μ(αβ}, Λ̃^μ_{γ)}}, (16) Y_{αβγ} = 4Λ̃^μ_{μαβγ} − 7 3 R_{μ(α}Λ̃^μ_{βγ)} − 7 3 K^{μν}_{(αβ}Λ̃_{γ)μν} + (2R_{(αβ|,μ} − 4R_{μ(α,β|})Λ̃^μ_{|γ)}, (17) S_α + 1 5 Y_α = g^{βγ}⟨αβγ|H|0⟩, (18) S_α = −X^{!μ}_{μα} + [Λ̃_{αμ}, X^{!μ}] − 1 3 [J̃_α, X] − 2 3 R_{αμ}X^{!μ} − 1 2 {Λ̃^{μν} , Λ̃_{μν!α}} + 1 3 {J̃^μ, Λ̃_{μα}} − 1 ( 1 5 R^{,μ}_{μα} + 1 9 R_{αμ}R^{,μ} + 1 15 R^{μνρσ} R_{μνρσ,α} − 1 15 R^{μν} R_{μν,α} ) , (19)

Y_α = J̃^μ_{α!μ} − 2 3 [Λ̃_{αμ}, J̃^μ] + 1 2 [Λ̃^{μν}, Λ̃_{μν!α}] − 2 3 R^{μν}Λ̃_{αμν} + 7 9 R_{αμ}J̃^μ + 1 3 R^{,μ}Λ̃_{μα} − 2R_{αμ,ν}Λ̃^{μν} − 2 3 R_{αρμν}Λ̃^{μνρ}, (20) e^{μν} = 1 ( 3 10 R^{μν,ρ}_ρ − 1 10 R^{,μν} − 1 15 R^{μρ}R^ν_ρ + 1 5 R_{ρσ}K^{μνρσ} + 1 5 R^{μλρσ}R^ν_{λρσ} )

+ 3 2 Λ̃^{νμ}_{(2)} + 1 2 R^ν_ρΛ̃^{ρμ} − 3 4 R^{μνρσ}Λ̃_{ρσ}, (21) U_{αβ} + W_{αβ} = g^{γδ}⟨αβγδ|H|0⟩, (22) U_{αβ} = −X_{αβ} + 1 ( − 5 14 M_{αβ(4)} − 29 105 R^{μν} K_{μναβ(2)} − 2 5 R^{μν} K^ρ_{μνραβ} − 2 5 R_{μ(α|}K^{μν}_{ν|β)(2)} + 2 5 R_{μ(α}M^μ_{β)(2)} + 1 5 R^{μν} M_{μναβ} − 1 2 M_{μν(α}K^{μν}_{β)(2)} − 1 2 M^{μνρ}K_{μνραβ} − 3 28 K_{μν(α|(2)}K^{μν}_{|β)(2)} − 3 28 K^{μνρ}_{(2)}K_{μνραβ} − 1 6 K^ρ_{μραβ}R^{,μ} − K^ρ_{μρν(α}M^{μν}_{β)} + 1 12 R^{,μ}M_{αβμ} + 1 4 M^{μν}_αM_{μνβ} − 1 5 K_{μναβ}M^{μν}_{(2)} − 4 105 K_{μναβ}K^{μν}_{(4)} − 32 105 K_{μνρ(α}K^{μνρ}_{β)(2)}

6 − 16 105 K^{μνρσ}K_{μνρσαβ} − 3 28 K_{μνραβ}K^{μνρ}_{(2)} − 3 14 K_{μνρσα}K^{μνρσ}_β + 11 135 R^{μν} R_{μα}R_{νβ} − 4 45 R^{μν} R^ρ_{(α|}K_{μνρ|β)} − 1 63 R_{μν} R^{μρ}K^ν_{ραβ} + 16 135 R^{μν} K^{ρσ}_{μα}K_{ρσνβ} − 40 189 R^{μν} K_{μρασ}K^{ρ σ}_{ν β} + 2 45 R_{μν} K^{μνρσ}K_{ρσαβ} + 1 9 R_{μ(α|}R^{μνρσ} R_{|β)νρσ} − 44 945 K_{μναβ}K^μ_{λρσ}K^{νλρσ} − 64 945 K^{μνρσ}K_{μλρ(α|}K^λ_{νσ|β)} )

+ 4 9 {Λ̃_{μαβ}, J̃^μ} − 8 9 {Λ̃_{μνα}, Λ̃^{μν}_β} − 3 4 {Λ̃_{μ(α}, Λ̃^μ_{β)(2)}} − 3 4 {Λ̃^{μν} , Λ̃_{μναβ}} − 1 12 R^{μν} {Λ̃_{μα}, Λ̃_{νβ}} − 1 12 K_{μναβ}{Λ̃^{μρ}, Λ̃^ν_ρ} − 1 12 R^{μνρ}_{(α|}{Λ̃_{μν}, Λ̃_{ρ|β)}}, (23) W_{αβ} = − 5 12 Λ̃_{(αβ)(4)} − 1 3 R_{μ(α}Λ̃^μ_{β)(2)} + 1 3 K^{μν}_{αβ}Λ̃_{μν(2)} − 2 3 K_{(α|ρμν}Λ̃^{ρμν}_{|β)} − 1 2 K_{μναβρ}Λ̃^{ρμν} − 1 2 K^{μν}_{(α|(2)}Λ̃_{|β)μν} − 1 2 K^ρ_{μραβ}J̃^μ + 2K^ρ_{μρν(α}Λ̃^{μν}_{β)} + K^ρ_{μρναβ}Λ̃^{μν} + K^ρ_{μρ(α|(2)}Λ̃^μ_{|β)} − 1 12 (R_{ρ(α|μ|β)}R^ρ_ν − 3 2 R^ρ_{(α}R_{β)ρμν})Λ̃^{μν} − 1 12 (R_{μρ}R^ρ_{(α|} + 3 2 R^{ρσλ}_μR_{ρσλ(α|})Λ̃^μ_{|β)}, (24) S_α + 1 7 Y_α = g^{βγ}g^{δϵ}⟨αβγδϵ|H|0⟩, (25) S_α = −X_{α(6)} + 1 ( − 3 8 M_{α(6)} − 43 126 R^{μν} K_{μνα(4)} + 2 9 R_{μα}M^μ_{(4)} + 4 9 R^{μν} M_{μνα(2)} − 8 9 R^{μν} K^ρ_{μρνα(2)} − 3 10 M_{μνα}K^{μν}_{(4)} − 6 5 M^{μνρ}K_{μνρα(2)} − 27 140 K_{μνα(2)}K^{μν}_{(4)} − 27 35 K^{μνρ}_{(2)}K_{μνρα(2)} − 6 5 K^ρ_{μρνα(2)}M^{μν}_{(2)} − 2 5 R^{,μ}K^ρ_{μρα(2)} − 6 5 M_{μνα}K^{ρμν}_{ρ(2)} − 6 5 M^{μρσ}K^τ_{μτρσα} + 1 5 R^{,μ}M_{μα(2)} + 3 5 M_{μνα}M^{μν}_{(2)} + 3 5 M^{μνρ}M_{μνρα} − 5 21 K_{μνρα}K^{μνρ}_{(4)} − 10 21 K^{μνρσ}K_{μνρσα(2)} − 3 5 K_{μνα(2)}M^{μν}_{(2)} − 27 35 K_{μνρσα}K^{μνρσ}_{(2)} − 18 35 K^{μνρστ} K_{μνρστα} − 19 315 R^{μρ}R^ν_ρK_{μνα(2)} + 16 45 R_{μα}R_{νρ}K^{μνρ}_{(2)} + 2 45 R^{μν} R^ρ_αK_{μνρ(2)} + 2 9 R^{μρ}R^{νσ}K_{μνρσα} + 2 45 R^{μν} R^{ρσ}K_{μνρσα} − 4 15 R^{μρ}R^ν_ρK^τ_{μτνα} − 24 35 R^μ_ν K_{μρτα}K^{νρτ}_{(2)} + 2 15 R_{ρσ}K^{μνρσ}K_{μνα(2)} + 2 9 R^{ρσ}K^{μν}_{ρα}K_{μνσ(2)}

7 − 4 15 R^{ρσ}K^{μν}_{ρα}K_{σμν(2)} + 2 9 R_{αρ}K^{μνρσ}K_{μνσ(2)} − 44 105 R^μ_ν K^{νλρσ}K_{μλρσα} + 8 45 R_{μν} K^{μνρσ}K^λ_{ρλσα} − 4 15 R_{μα}K^{μνρσ}K^λ_{νλρσ} − 8 15 R^μ_ρK_{μνσα}K^{λνρσ}_λ + 4 9 R^ρ_σK^{μνσλ}K_{μνρλα} + 4 45 R_{τα}K_{μνρσ}K^{μνρστ} + 4 45 R_{ρσ}K_{μντα}K^{μνρστ} − 8 15 R_{ρσ}K_{μντα}K^{ρμνστ} − 4 45 K^{μνρτ} K_{μνσα}K^σ_{ρτ (2)} − 32 105 K^{μλρσ}K^ν_{λρα}K_{μνσ(2)} − 52 315 K^μ_{λρσ}K^{νλρσ}K_{μνα(2)} − 4 45 K^{μνρσ}K^τ_{αρσ}K_{μντ (2)} − 8 45 K^{μρκλ}K^{νσ}_{κλ}K_{μνρσα} − 4 45 K^{μνκλ}K^{ρσ}_{κλ}K_{μνρσα} − 32 105 K^{μ ρ}_{κ λ}K^{νκσλ}K_{μνρσα} − 32 105 K^τ_{μρσ}K_{τνλα}K^{μνρσλ} − 8 45 K^{τμκλ}K_{μνκλ}K^{ρν}_{ρτα} − 8 45 K^{κλ}_{ρα}K_{κλσμ}K^{μτρσ}_τ + 16 135 R_{,μ}R^{μν} R_{να} − 8 135 R^{,ρ}R^{μν} K_{μνρα} + 16 135 R_{,μ}K^{ρσμν} K_{ρσνα} + 2 9 R^{μρ}R^ν_ρM_{μνα} − 8 45 R_{μν} K^{μνρσ}M_{ρσα} + 4 45 R^ρ_{τκλ}K^{στκλ}M_{ρσα} − 4 45 R^{ρσ}K^{μν}_{ρα}M_{μνσ} + 4 15 K^{κλ}_{μα}K_{κλρσ}M^{μρσ} )

− 2 5 {Λ̃_{μα}, Λ̃^μ_{(4)}} − 8 5 {Λ̃^{μν}, Λ̃_{μνα(2)}} − 2{Λ̃_{μνα}, Λ̃^{μν}_{(2)}} − 2{Λ̃^{μνρ}, Λ̃_{μνρα}} + {J̃^μ, Λ̃_{μα(2)}} + 1 5 R^{μν} {Λ̃_{μα}, J̃_ν } − 2 5 R_{μν} {Λ̃^{μρ}, ρ̃^ν_{ρα}} + 3 10 R_{μνρα}{Λ̃^{μν}, J̃^ρ} − 4 5 K_{μνσα}{Λ̃^μ_ρ, Λ̃^{νρσ}} − 2 5 K^{μνρσ}{Λ̃_{μα}, Λ̃_{νρσ}} − 3 5 R^{μνρσ} {Λ̃_{μν} , Λ̃_{ρσα}} − 3 5 K_{μνα(2)}Λ̃^{μρ}Λ̃^ν_ρ − 3 5 K_{μνρσα}{Λ̃^{μρ}, Λ̃^{νσ}} − 3 5 K^{μνρ}_{(2)}{Λ̃_{μρ}, Λ̃_{να}}, (26)

Y_α = −Λ̃_{α(6)} − 6 5 R_{αμ}Λ̃^μ_{(4)} − 24 5 K_{αμρσ}Λ̃^{μρσ}_{(2)} + 15 2 (K_{μνα(2)} + K^ρ_{μρνα})Λ̃^{μν}_{(2)} + 15K_{μνρσα}Λ̃^{μνρσ} + 88 5 (K_{μνρα(2)} + K^τ_{μτνρα})Λ̃^{μνρ} + 22 5 (K_{μν(4)} + K^ρ_{μρν(2)})Λ̃^{μν}_α − 44 5 K^ρ_{μρα(2)}J̃^μ + 16K^ρ_{μρνα(2)}Λ̃^{μν} + 62 45 (−R^λ_μK_{λαρσ} − R^λ_αK_{λμρσ} − 2K^{κλ}_{ρα}K_{κλσμ} + 4K^λ_{μρτ} K^τ_{λσα} )Λ̃^{μρσ} + 31 45 (R^{μρ}R_{ρα} + 3 2 R^{μτρσ}R_{ατρσ})J̃_μ + 17 10 (2K^{μνρσ} K^λ_{νλρσ} − K^{ρσλμ}K_{ρσλ(2)})Λ̃_{μα} + ( 17 10 R^μ_ρ(K_{μσα(2)} + 2K^λ_{μλσα}) − 2R^μ_αK_{μρσ(2)} − 4K^{κλμ}_αK_{μρσκλ} − 4K^{μν}_{ρα}K_{σμν(2)} − 3 5 K_{ρμνα}K^{μν}_{σ (2)} + 17 5 K^{μντ}_ρK_{τσμνα}

8 + 17 10 (−K^{μν}_{ρα}K_{μνσ(2)} + 4K^τ_{αμρ}K^{λμ}_{λστ} − 3R^τ_{μρσ}K^{λμ}_{λτα} − 2K^{μντ}_ρK_{μντσα}) ) Λ̃^{ρσ}, (27)

M_{(2)} = g^{αβ}⟨αβ|H|0⟩ = − 1 2 Λ̃_{μν}Λ̃^{μν} + 1 30 1(R_{μν} R^{μν} − R_{μνρσ} R^{μνρσ} ) − ( 1 5 R1 + X)^μ_{!μ} , (28)

M_{(4)} = 1 3 (g^{αβ}g^{γδ} + g^{αγ}g^{βδ} + g^{αδ}g^{βγ})⟨αβγδ|H|0⟩ = −X^{μ ν}_{!μ ν} + 1 2 [Λ̃_{μν} , [Λ̃^{μν}, X]] + 2 3 [J̃^μ, X_{!μ}] − 2 3 R^{μν} X_{!μν} − 1 3 R_{,μ}X^{!μ} − 6Λ̃^ν_μ Λ̃^ρ_ν Λ̃^μ_ρ + 2{Λ̃_{μν} , J̃^{μ!ν}} − 4 3 Λ̃_{μν!ρ}Λ̃^{μν!ρ} − 8 9 J̃_μJ̃^μ − 10 3 R^{μν}Λ̃_{μρ}Λ̃^ρ_μ + R^{μνρσ}Λ̃_{μν}Λ̃_{ρσ} + 1 ( − 3 14 R^{μ ν} ,μ ν − 1 7 R^{μν} R_{,μν} + 2 21 R^{μν} R^ρ_{μν,ρ} − 4 63 R_{,μ}R^{,μ} − 4 7 K^{μνρσ}R_{μν,ρσ} + 1 14 M_{μνρ}M^{μνρ} − 3 28 R_{μνρσ,λ}R^{μνρσ,λ} − 2 189 R^μ_νR^ν_ρR^ρ_μ + 2 63 R_{μν} R_{ρσ}K^{μνρσ} − 2 9 R_{μν} R^{μλρσ}R^ν_{λρσ} + 16 189 R_{μνρσ} R^{μνκλ}R^{ρσ}_{κλ} + 88 189 R_{μρνσ}R^{μκνλ}R^{ρ σ}_{κ λ} ) , (29)

M_{(6)} = g^{(αβ}g^{γδ}g^{ϵζ)}⟨αβγδϵζ|H|0⟩ = −X^{μ ν ρ} μ ν ρ − 5 2 {Λ̃_{μν}, Λ̃^{μν}_{(4)}} − 32 5 {Λ̃_{μνρ}, Λ̃^{μνρ}_{(2)}} + 8 5 {J̃^μ, Λ̃_{μ(4)}} − 9 2 Λ̃^{μνρσ}Λ̃_{μνρσ} − 27 4 Λ̃^{μν}_{(2)}Λ̃_{μν(2)} − 5 4 R^μ_ν{Λ̃_{μρ}, Λ̃^{νρ}_{(2)}} − 5 2 K^{μν}_{ρσ}{Λ̃^{ρλ}, Λ̃^σ_{λμν} } − 15 8 R^{μνρσ} {Λ̃_{μν} , Λ̃_{ρσ(2)}} + 44 15 R_{ρμ,ν}{J̃^ρ, Λ̃^{μν} } − 22 5 K^{μνλρσ}{Λ̃_{μλ}, Λ̃_{νρσ}} − 22 5 K_{μνρ(2)}{Λ̃^μ_λ, Λ̃^{νρλ}} − 64 45 R^μ_νΛ̃_{μρσ}Λ̃^{νρσ} − 16 15 R^{μνρσ} {Λ̃_{μν!ρ}, J̃_σ} − 256 45 K_{μνρσ}Λ̃^{μρλ}Λ̃^{νσ}_λ − 32 45 R^{μν}J̃_μJ̃_ν − ( 6 5 K_{μν(4)} + 17 60 R_{ρμ}R^ρ_ν + 17 40 R_{μτρσ}R^{τρσ}_ν )Λ̃^{μλ}Λ̃^ν_λ − ( 24 5 K_{μνρσ(2)} + 17 40 R_{μτ} R^τ_{ρνσ} + 17 40 R_{ντ} R^τ_{σμρ} + 17 30 R_{μνκλ}R^{κλ}_{ρσ} + 17 60 R_{μκσλ}R^{κ λ}_{ν ρ} + 51 80 R_{μρκλ}R^{κλ}_{νσ} )Λ̃^{μρ}Λ̃^{νσ}

9 + 1 ( − 7 18 M_{(8)} + R^{μν} (− 10 63 K_{μν(6)} + 5 7 M_{μν(4)}) − 20 21 K^{μνρσ}K_{μνρσ(4)} + 1 3 R^{,μ}M_{μ(4)} + 2M^{μνρ}M_{μνρ(2)} − 5 3 K^{μνρ}_{(2)}K_{μνρ(4)} − 20 9 K^{μνρσλ}K_{μνρσλ(2)} + 18 25 M_{μνρσ}M^{μνρσ} + 27 25 M_{μν(2)}M^{μν}_{(2)} − 6 25 K_{μν(4)}K^{μν}_{(4)} − 48 25 K_{μνρσ(2)}K^{μνρσ}_{(2)} − 16 25 K_{μνρσκλ}K^{μνρσκλ} + K_{μν(4)}( 179 1575

R^μ_ρR^{νρ} + 8 105 R_{ρσ}K^{μνρσ} − 68 525 R^{μτρσ}R^ν_{τρσ}) + M_{μν(2)}( 4 5 R^μ_ρR^{νρ} − 16 25 R_{ρσ}K^{μνρσ} + 6 25 R^{μτρσ}R^ν_{τρσ}) + K_{μνρσ(2)}( 4 5 R^{μρ}R^{νσ} + 16 105 R^{μν} R^{ρσ} + 64 105 R^μ_τ K^{ντρσ} − 1088 1575 R^ρ_τ K^{στμν} − 544 1575 R^{μκρλ}R^{ν σ}_{κ λ} − 1088 1575 R^{μρκλ}R^{νσ}_{κλ}) + 8 25 M_{μνρσ}K^{μν}_{κλ}K^{ρσκλ} + K_{μναβγδ}( 32 105 R^{αβ}K^{μνγδ} − 1088 1575 K^{αβμ}_λR^{γδνλ}) + R^ρ_σ( 1 9 R_{,ρ}R^{,σ} + 1 15 R^{,μ}K^σ_{ρμ(2)} + 2 3 R^{,μ}K^σ_{μρ (2)} − 10 21 K^{σμν}_{(2)}K_{ρμν(2)} + 3 14 K_{μνρ(2)}K^{μνσ}_{(2)} + 3 7 K^{μνλσ}_ρK_{μνλ(2)} + 3 7 K_{μναβρ}K^{μναβσ} − 20 63 K^{στμνλ}K_{ρτμνλ} + 1 2 M_{μνρ}M^{μνσ} + 2M_{μνρ}K^{σμν}_{(2)} − 7 15 M^{μνλ}K^σ_{μνλρ} ) + K^{μν}_{ρσ}( 2 15 R^{,λ}K^{ρσ}_{μνλ} + 2 15 R_{,μ}K^{ρσ}_{ν(2)} − 20 21 K^{ρτ}_{μ(2)}K^σ_{τν(2)} − 40 21 K^ρ_{τλμν}K^{στλ}_{(2)} − 40 21 K^{ρτκλ}_μK^σ_{τκλν} + 3 5 M_{μνλ}K^{ρσλ}_{(2)} + 6 5 M_{κλμ}K^{ρσκλ}_ν − M_{μνλ}M^{ρσλ}) + 44 525 R^μ_νR^ν_ρR^ρ_σR^σ_μ − 32 315 R^{μν} R^ρ_λR^{σλ}K_{μνρσ} + 302 1575 R^μ_λR^{νλ}R_{μτρσ}R^{τρσ}_ν + 8 225 R_{μν} R^{κλ}K^{μνρσ}K_{ρσκλ} − 866 4725 R_{μν} R_{ρσ}R^{μρκλ}R^{νσ}_{κλ} + 404 4725 R_{μν} R^ρ_σR^μ_{κρλ}R^{νκσλ} − 8 175 R^{μν} K_{μνρσ}R^ρ_{τκλ}R^{στκλ} + 16 4725 R^μ_ν R_{μρτσ}R^{ρκσλ}R^{ν τ}_{κ λ} − 8 675 R^μ_ν R_{μτρσ}R^{ρσκλ}R^{ντ}_{κλ} − 1 105 R_{μτρσ}R^{ντρσ} R^{μωκλ}R_{νωκλ} − 247 9450 R^{μν}_{ρσ}R^{ρσ}_{κλ}R^{κλ}_{τω}R^{τω}_{μν} + 232 4725 R^{ρσκλ}R_{μνκλ}R^{μτ ω}_ρ R^ν_{τσω} − 299 4725 R^{μνκλ}R^{ρσ}_{κλ}R_{μρτω}R^{τω}_{νσ} − 32 4725 R^{μκνλ}R_{ρκσλ}(R^ρ_{μτ ω}R^{τσω}_ν − R_{μτνω}R^{ρτσω}) ) , (30)

M_{(8)} = g^{(αβ}g^{γδ}g^{ϵζ} g^{ηι)}⟨αβγδϵζηι|H|0⟩ = −X^{μ ν ρ σ} μ ν ρ σ − 7 2 {Λ̃^{μν}, Λ̃_{μν(6)}} − 96 7 {Λ̃^{μνρ}, Λ̃_{μνρ(4)}} + 16 7 {J̃^μ, Λ̃_{μ(6)}}

− 20{Λ̃^{μνρσ} , Λ̃_{μνρσ(2)}} − 15{Λ̃^{μν}_{(2)}, Λ̃_{μν(4)}} − 256 25 Λ̃^{μναβγ}Λ̃_{μναβγ} − 768 25 Λ̃^{μνρ}_{(2)}Λ̃_{μνρ(2)} − 96 25 Λ̃^μ_{(4)}Λ̃_{μ(4)} − 5 2 R^μ_ν {Λ̃_{μρ}, Λ̃^{νρ}_{(4)}} − 10K_{μνρσ} {Λ̃^μ_λ, Λ̃^{νλρσ}_{(2)}} − 15 4 R^{μνρσ} {Λ̃_{μν}, Λ̃_{ρσ(4)}} − 117 25 K_{μνρ(2)}{Λ̃^{μρ}, Λ̃^ν_{(4)}} − 468 25 K_{μνρ(2)}{Λ̃^μ_σ, Λ̃^{νρσ}_{(2)}} − 468 25 K_{μναβγ}{Λ̃^{μα}, Λ̃^{νβγ}_{(2)}} − 312 25 K_{μναβγ}{Λ̃^μ_τ , Λ̃^{νταβγ}} + 256 175 R_{μν} {J̃^μ, Λ̃^ν_{(4)}} −

1024 175 R_{μν} {Λ̃^{μρσ}, Λ̃^ν_{ρσ(2)}} − 4096 175 K_{μνρσ}{Λ̃^{μρλ}, Λ̃^{νσ}_{λ(2)}} + 1024 175 K_{μνρσ}{J̃^μ, Λ̃^{νρσ}_{(2)}} − 2048 175 K_{μνρσ}{Λ̃^μ_{κλ}, Λ̃^{νρσκλ}} + 384 175 R_{μνρσ}{Λ̃^{μν!ρ}, Λ̃^σ_{(4)}} + 78 7 K_{μνρ(2)}{J̃^μ, Λ̃^{νρ}_{(2)}} − 156 7 K_{μνρ(2)}{Λ̃^μ_{κλ}, Λ̃^{νρκλ}} − 156 7 K_{μνρ(2)}{Λ̃^{μρλ}, Λ̃^ν_{λ(2)}} + 52 7 K_{μναβγ} {J̃^μ, Λ̃^{ναβγ}} − 156 7 K_{μναβγ}{Λ̃^{μαβ}, Λ̃^{νγ}_{(2)}} − 312 7 K_{μναβγ}{Λ̃^{μτα}, Λ̃^{νβγ}_τ } − 6R_{μν}Λ̃^{μρ}_{(2)}Λ̃^ν_{ρ(2)} − 4R_{μν}Λ̃^{μλρσ}Λ̃^ν_{λρσ} − 12K_{μνρσ} {Λ̃^{μρσλ}, Λ̃^ν_{λ(2)}} − 12K_{μνρσ}Λ̃^{μρ}_{(2)}Λ̃^{νσ}_{(2)} − 24K_{μνρσ}Λ̃^{μρκλ}Λ̃^{νσ}_{κλ} − ( 63 10 K_{μν(4)} + 13 10 R^ρ_μR_{ρν} + 39 20 R_{μλρσ}R^{λρσ}_ν ){Λ̃^{μτ} , Λ̃^ν_{τ (2)}} − ( 84 5 K_{μναβγδ} + 52 5 K_{μτ (αβ|}K^τ_{ν|γδ)}){Λ̃^{μα}, Λ̃^{νβγδ}} − ( 126 5 K_{μνρσ(2)} + 13 5 R^λ_μK_{λνρσ} + 13 5 R^λ_ν K_{λμρσ} + 117 40 R^{κλ}_{μρ}R_{κλνσ} + 13 5 R^{κλ}_{μσ}R_{κλνρ} + 13 10 R_{κμλσ}R^{κ λ}_{ν ρ}){Λ̃^{μρ}, Λ̃^{νσ}_{(2)}} − ( 126 5 K_{μνρσ(2)} + 13 5 R^λ_μK_{λνρσ} + 13 5 R^λ_ν K_{λμρσ} + 26 5 R^{κλ}_{μρ}R_{κλνσ} + 13 5 R_{κμλρ}R^{κ λ}_{ν σ}){Λ̃^μ_τ , Λ̃^{ντρσ}} + ( 50 7 K_{μνρ(4)} + 16 7 R^λ_μK_{λνρ(2)} + 24 7 R^{κλ}_{μρ}K_{νκλ(2)} + 32 7 K^{τκλ}_μ K_{ντκλρ} + 387 175 R^λ_νK_{μλρ(2)} + 774 175 K_{νκλρ}K^{κλ}_{μ (2)} + 774 175 K^{τκλ}_ν K_{μτκλρ}){Λ̃^{μρ}, J̃^ν}

11 − ( 100 7 K_{μνρ(4)} + 32 7 R^λ_μK_{λνρ(2)} + 64 7 K_{μκλρ}K^{κλ}_{ν (2)} + 64 7 K^{τκλ}_μ K_{ντκλρ} + 774 175 R^λ_νK_{μλρ(2)} +

1548 175 K_{νκλρ}K^{κλ}_{μ (2)} + 1548 175 K^{τκλ}_ν K_{μτκλρ}){Λ̃^μ_σ, Λ̃^{νρσ}}) − ( 200 7 K_{μναβγ(2)} + 32 7 R^τ_μK_{τναβγ} + 774 175 R^τ_ν K_{τμαβγ} + 96 7 K_{μτ (αβ|}K^τ_{ν|γ)(2)} + 2322 175 K_{ντ (αβ|}K^τ_{μ|γ)(2)} + 192 7 K_{μτρ(α|}K^{τρ}_{ν |βγ)} + 4644 175 K_{ντρ(α|}K^{τρ}_{μ |βγ)}){Λ̃^{μα}, Λ̃^{νβγ}} − ( 15 14 K_{μν(6)} + 87 70 R^λ_μK_{λν(4)} + 174 35 K^{ρσ}_{μλ}K^λ_{νρσ(2)} + 594 175 K_{μλρ(2)}K^{λρ}_{ν (2)} + 396 175 K_{μλαβγ}K^{λαβγ}_ν + 31 210 R_{μρ}R^ρ_σR^σ_ν + 31 70 R_{μτ} R^{τλρσ}R_{νλρσ} + 31 105 R^{ρσ}K^{κλ}_{μρ}K_{κλνσ} + 403 840 R^{ρσκλ}R_{τμρσ}R^τ_{νκλ} − 31 210 R_{μρτσ}R^{ρκσλ}R^τ_{κνλ}){Λ̃^{μω}, Λ̃^ν_ω} − ( 45 7 K_{μνρσ(4)} + 174 35 R^λ_μK_{λνρσ(2)} + 696 35 K_{μκλ(ρ|}K^{κλ}_{ν |σ)(2)} + 348 35 K^{κλ}_{μτ} K^τ_{νκλρσ} + 87 35 K_{μλρσ}K^λ_{ν(4)} + 2376 175 K_{μκλρσ}K^{κλ}_{ν (2)} + 2376 175 K_{μτκλ(ρ|}K^{τκλ}_{ν |σ)} + 1188 175 K_{μλ(ρ|(2)}K^λ_{ν|σ)(2)} + 31 105 R^κ_μR^λ_ν K_{κλρσ} + 31 70 R_{μλ}R^{λτ} R_{τρνσ} + 124 105 R_{κλ}K^{κτ}_{μ (ρ|}K^λ_{ντ|σ)} + 248 105 R_{μτ} K^{τκλ}_{(ρ|}K_{νκλ|σ)} + 248 105 K^{τωκλ}K_{μτκ(ρ|}K_{νωλ|σ)} + 62 105 K_{ρστω}K^τ_{μκλ}K^{ωκλ}_ν + 496 105 K^{τκλ}_μ K_{τωκ(ρ|}K^ω_{νλ|σ)} + 31 35 R_{μωκλ}R^{τωκλ}K_{τνρσ}){Λ̃^{μρ}, Λ̃^{νσ}} − ( 64 35 K_{μν(4)} + 64 175 R_{μλ}R^λ_ν + 96 175 R_{μτκλ}R^{τκλ}_ν )({J̃^μ, J̃^ν} + 2{Λ̃^{μρσ}, Λ̃^ν_{ρσ}}) − ( 512 35 K_{μνρσ(2)} + 512 175 R_{(μ|λ}K^λ_{|ν)ρσ} + 512 175 R_{κλμ(ρ|}R^{κλ}_{ν|σ)} + 256 175 R_{μκλ(ρ|}R^{κλ}_{ν |σ)})(2{Λ̃^{μρτ} , Λ̃^{νσ}_τ } − {Λ̃^{μρσ}, J̃^ν}) − ( 512 35 K_{μναβγδ} + 1536 175 K_{μτ (αβ|}K^τ_{ν|γδ)}){Λ̃^{μαβ}, Λ̃^{νγδ}} + 1 ( − 9 22 M_{(10)} + R^{μν} ( 28 27 M_{μν(8)} − 56 297 K_{μν(8)}) − 448 297 K^{μνρσ}K_{μνρσ(6)} + 1 2 R_{,μ}M^μ_{(6)} + 9 2 M^{μνρ}M_{μνρ(4)} − 63 22 K^{μνρ}_{(2)}K_{μνρ(6)} − 63 11 K^{μναβγ}K_{μναβγ(4)} + 36 7 M^{μν}_{(2)}M_{μν(4)} + 48 7 M^{μνρσ}M_{μνρσ(2)} − 72 77 K^{μν}_{(4)}K_{μν(6)}

12 − 864 77 K^{μνρσ}_{(2)}K_{μνρσ(4)} − 576 77 K^{μναβγδ}K_{μναβγδ(2)} + 2 3 M^μ_{(4)}M_{μ(4)} + 16 3 M^{μνρ}_{(2)}M_{μνρ(2)} + 16 9 M_{μνρσλ}M^{μνρσλ} − 100 33 K^{μνρ}_{(4)}K_{μνρ(4)} − 800 99 K^{μναβγ}_{(2)}K_{μναβγ(2)} − 160 99 K_{μναβγδϵ}K^{μναβγδϵ} + K_{μν(6)}( 356 2079

R^μ_λR^{νλ} + 40 189 R_{ρσ}K^{μνρσ} − 152 693 R^μ_{λρσ}R^{νλρσ}) + K_{μνρσ(4)}( 20 63 R^{μν} R^{ρσ} + 40 21 R^{μρ}R^{νσ} − 1216 693 R^μ_λK^{νλρσ} + 40 21 R^ρ_λK^{μνλσ} − 1216 693 R^{μρκλ}R^{νσ}_{κλ} − 608 693 R^{μκρλ}R^{ν σ}_{κ λ}) + K_{μναβγδ(2)}( 80 63 R^{αβ}K^{μνγδ} − 2432 693 K^{μαβ}_ρ R^{ρνγδ}) + M_{μν(4)}( 40 21 R^μ_ρR^{νρ} − 32 21 R_{ρσ}K^{μνρσ} + 4 7 R^μ_{λρσ}R^{νλρσ}) + 32 21 M_{μνρσ(2)}K^{μνκλ}K^{ρσ}_{κλ} + M_{μν(2)}( 24 5 R_{,ρ}K^{ρμν}_{(2)} + 72 5 K^μ_{ρσ(2)}M^{νρσ} + 72 5 K^{μρσλν} M_{ρσλ} + 54 35 K^μ_{ρσ (2)}K^{ρσν}_{(2)} + 108 35 K_{ρσλ(2)}K^{ρσλμν} + 108 35 K^{μκλ} ρσ K^{ρσν}_{κλ}) + M_{μνρσ}( 72 5 K^{μν}_{λ (2)}M^{ρσλ} + 144 5 K^{μκλρσ}M^ν_{κλ} + 144 35 K^{κλμνρ}K^σ_{κλ (2)} + 216 35 K^{μν} κλτ K^{κλτρσ}) + K_{μν(4)}( 2 5 R^{,μ}R^{,ν} + 9 5 M^{μρσ}M^ν_{ρσ} + 9 35 R_{,ρ}K^{μνρ}_{(2)} + 27 35 K^{μνρσλ}M_{ρσλ} − 81 35 K^{μρσ}_{(2)}K^ν_{ρσ(2)} − 54 35 K^{μρσκλ}K^ν_{ρσκλ}) + K_{μνρσ(2)}( 24 5 R^{,μ}M^{νρσ} + 72 5 M^{μρλ}M^{νσ}_λ + 36 35 R_{,λ}K^{μνρσλ} + 162 35 K^{μν}_{λ(2)}M^{ρσλ} + 324 35 K^{μνρκλ}M^σ_{κλ} + 36 35 R^{,ρ}K^{μνσ}_{(2)} − 324 35 K^{μρ}_{λ (2)}K^{λνσ}_{(2)} − 648 35 K^μ_{κλ(2)}K^{νκλρσ} − 648 35 K^{μρκλ} τ K^{τνσ}_{κλ}) + K_{μναβγδ}( 36 5 M^{μαβ}M^{νγδ} + 324 35 K^{μναβρ}M^{γδ}_ρ + 24 35 R^{,α}K^{μνβγδ} + 108 35 K^{μνα}_{(2)}M^{βγδ} − 432 35 K^{μα}_{λ (2)}K^{νλβγδ} − 648 35 K^{μ αβ}_{ρσ} K^{νρσγδ}) + R_{μν} ( 72 25 M^μ_{ρ(2)}M^{νρ}_{(2)} + 48 25 M^{μρσλ}M^ν_{ρσλ} + 72 25 K^μ_{ρ(4)}M^{νρ}_{(2)} + 288 25 K^{μρνσ}_{(2)}M_{ρσ(2)} + 192 175 K^{μνρσ}_{(2)}M_{ρσ(2)} + 288 25 K^μ_{λρσ(2)}M^{νλρσ}

13 + 192 25 K^{μρνσκλ}M_{ρσκλ} + 128 175 K^{μναβγδ}M_{αβγδ} − 32 77 K^μ_{ρ(4)}K^{νρ}_{(4)} + 16 25 K_{ρσ(4)}K^{ρσμν}_{(2)} − 256 77 K^μ_{λρσ(2)}K^{νλρσ}_{(2)} + 64 25 K^μ_{ρσλ (2)}K^{ρσλν}_{(2)} + 64 25 K_{ρσκλ(2)}K^{ρσκλμν} + 128 75 K^{ρσαβγμ}K^ν ρσαβγ − 256 231 K^μ_{ραβγδ}K^{νραβγδ} + 16 9 R_{,ρ}K^{ρμν}_{(4)} + 10 63 R_{,ρ}K^{μνρ}_{(4)} + 8 9 R^{,μ}M^ν_{(4)} + 16 3 M^{μρσ}M^ν_{ρσ(2)} + 8 3 K^{ρμν}_{(2)}M_{ρ(4)} + 4 15 K^{μνρ}_{(2)}M_{ρ(4)} + 32 3 K^μ_{ρσ(2)}M^{νρσ}_{(2)} + 16 3 K^μ_{ρσ(4)}M^{νρσ} + 32 3 K^{μρσνλ}_{(2)}M_{ρσλ} + 20 21 K^{μνρσλ}_{(2)}M_{ρσλ} − 112 45 K^{μνρσλ}M_{ρσλ(2)} + 10 9 K^μ_{ρσ (2)}K^{ρσν}_{(4)} − 290 99 K^μ_{ρσ(2)}K^{νρσ}_{(4)} + 10 9 K_{ρσλ(4)}K^{ρσλμν} + 20 9 K_{ρσλ(2)}K^{ρσλμν}_{(2)} + 40 9 K^{ρσκλμ}K^ν_{ρσκλ (2)} − 1160 297 K^{μλαβγ}K^ν_{λαβγ(2)} + 40 27 K_{ρσαβγ}K^{ρσαβγμν}) + R_{μρνσ} (− 72 25 M^{μν}_{(2)}M^{ρσ}_{(2)} − 144 25 M^{μνκλ}M^{ρσ}_{κλ} + 96 175 K^{μν}_{(4)}M^{ρσ}_{(2)} + 768 175 K^{μνρλ}_{(2)}M^σ_{λ(2)} + 768 175 K^{μν}_{κλ(2)}M^{ρσκλ} + 384 175 K^{μνρσκλ}M_{κλ(2)} + 1024 175 K^{μνραβγ}M^σ_{αβγ} − 256 77 K^μ_{λ(4)}K^{νλρσ}_{(2)} − 512 77 K^{μκρλ}_{(2)}K^{ν σ}_{κ λ(2)} + 512 77 K^{μκνλ}_{(2)}K^{σ ρ}_{κ λ(2)} − 1024 77 K^μ_{τκλ(2)}K^{ντρσκλ} − 1024 231 K^{μ ρ} λαβγ K νλαβγσ + 1024 231 K^{μ ν} λαβγ K σλαβγρ + 20 63 R^{,ρ}K^{μνσ}_{(4)} + 40 63 R_{,λ}K^{μνλρσ}_{(2)} − 32 3 M^{μνλ}M^{ρσ}_{λ(2)} + 8 15 K^{μνρ}_{(2)}M^σ_{(4)} + 8 15 K^{μνλρσ}M_{λ(4)} + 10 7 K^{μν}_{λ(4)}M^{ρσλ} + 16 5 K^{μν}_{λ(2)}M^{ρσλ}_{(2)} + 40 7 K^{μνρ}_{κλ(2)}M^{σκλ} + 32 5 K^{μνκλρ}M^σ_{κλ(2)} + 40 21 K^{μναβγρσ}M_{αβγ} + 32 9 K^{μναβγ}M^{ρσ}_{αβγ} − 290 99 K^{μρ}_{λ (2)}K^{λνσ}_{(4)} + 290 99 K^{μν}_{λ (2)}K^{λσρ}_{(4)} −

1160 99 K^μ_{κλ(2)}K^{νκλρσ}_{(2)} − 580 99 K^μ_{τλ(4)}K^{ντλρσ} − 1160 99 K^{μτκλρ}K^{ν σ}_{τκλ (2)} + 1160 99 K^{μτκλν}K^{σ ρ}_{τκλ (2)} − 2320 297 K^μ_{ταβγ}K^{νταβγρσ}) + M_{μν(2)}( 32 25 R^{μρ}R^{νσ}R_{ρσ} − 608 525 R^λ_ρR_{λσ}K^{μνρσ} − 64 75 R^{μλ}R^{ρσ}K^ν_{λρσ}

14 − 1216 525 R_{ρσ}R^{μρκλ}R^{νσ}_{κλ} + 32 25 R_{ρσ}R^{μκρλ}R^{ν σ}_{λ κ} + 64 75 R^{ρσ}K^{μνκλ}K_{ρσκλ} + 64 25 R^{μρ}R^{νσκλ}R_{ρσκλ} + 64 525 R_{ρσ}R^{μκρλ}R^{ν σ}_{κ λ} − 16 35 K^{μν}_{ρσ}R^{ρτκλ}R^σ_{τκλ} + 208 525 R^μ_{τρσ}R^{ντκλ}R^{ρσ}_{κλ} − 64 525 R^{μ τ}_{ρ σ}R^ν_{κτλ}R^{ρλσκ}) + M_{μνρσ}( 64 25 R^μ_κR^ν_λK^{ρσκλ} − 1088 525 R_{κλ}K^{μνκτ} K^{ρσλ}_τ + 256 75 R^{μτ} K^ν_{τκλ}K^{ρσκλ} + 512 525 K^{μν}_{τω}R^{ρτκλ}R^{σω}_{κλ} − 64 75 K^{μντω}K^{ρσκλ}K_{κλτω} − 64 75 K^{μν}_{τω}R^{ρ τ}_{κ λ}R^{σλωκ} − 64 175 K^{μν}_{τω}R^{ρ τ}_{κ λ}R^{σκωλ}) + K_{μν(4)}(

5704 10395 R^{μρ}R^{νσ}R_{ρσ} + 64 315 R^λ_ρR_{λσ}K^{μνρσ} − 1448 4725 R^{μλ}R^{ρσ}K^ν_{λρσ} + 544 4725 R_{ρσ}R^{μρκλ}R^{νσ}_{κλ} − 256 1575 R^{ρσ}K^{μνκλ}K_{ρσκλ} + 152 2475 R^{μρ}R^{ντκλ}R_{ρτκλ} − 496 17325 R_{ρσ}R^{μ ρ}_{κ λ}R^{νκσλ} − 128 1485 R_{ρσ}R^{μ ρ}_{κ λ}R^{νλσκ} + 32 525 K^{μν}_{ρσ}R^{ρτκλ}R^σ_{τκλ} − 416 1485 R^μ_{τρσ}R^{ντκλ}R^{ρσ}_{κλ} + 128 1485 R^{μ τ}_{ρ σ}R^ν_{κτλ}R^{ρλσκ}) + K_{μνρσ(2)}( 160 63 R^μ_λR^{ρλ}R^{νσ} + 128 315 R^{μν} R^ρ_λR^{σλ} + 544 4725 R^{μλ}R^ν_λR^{ρσ} + 19232 10395 R^{μκ}R_{κλ}K^{νλρσ} − 9824 4725 R^{μκ}R^{ρλ}R^{νσ}_{κλ} − 160 63 R^μ_κR^ρ_λR^{νκσλ} − 2656 1575 R^{μρ}R_{κλ}K^{νσκλ} + 512 315 R^{ρκ}R_{κλ}K^{μνσλ} − 512 1575 R^{μν} R_{κλ}K^{ρσκλ} − 2176 4725 R^μ_κR^ρ_λR^{νλσκ} − 512 1485 R^μ_κR^ν_λK^{ρσκλ} + 64 75 R^{μτ} K^ν_{τκλ}K^{ρσκλ} + 32 25 R^{μρ}R^{ντκλ}R^σ_{τκλ} + 64 75 R^μ_τ R^{ν ρ}_{κ λ}R^{σκτλ} + 1216 7425 R^μ_τ R^{ν ρ}_{κ λ}R^{σλτκ} − 2048 1575 R_{κλ}K^{μνρ}_τ K^{στκλ} − 1984 17325 R_{κλ}R^{μρκ}_τ R^{νσλτ} + 2176 4725 R_{κλ}R^{μκρ}_τ R^{νσλτ} + 1088 4725 R_{κλ}R^{μκρ}_τ R^{νλστ} + 2176 4725 R_{κλ}K^{ρσμ}_τ K^{κλντ} + 4352 4725 R^ρ_τ R^{μσκλ}R^{ντ}_{κλ} + 2176 4725 R^ρ_τ R^{μ σ}_{κ λ}R^{νκτλ} + 272 1575 R^{ρσ}R^{μτκλ}R^ν_{τκλ} + 64 525 R^{μν} R^{ρτκλ}R^σ_{τκλ} + 2048 4725 R^μ_τ R^{νρκλ}R^{στ}_{κλ} + 1024 1485 R_{κλ}R^{μτρκ}R^{νσλ}_τ − 512 1485 R_{κλ}R^{μ ρκ}_τ R^{ντσλ} + 1024 1575 K^{μν}_{τω}K^{ρτ}_{κλ}K^{σωκλ} + 256 525 K^{μνρω}R^{στκλ}R_{ωτκλ} + 512 1575 K^{μντω}K^{ρσκλ}K_{τωκλ} − 2048 1485 R^{μ ρ}_{τ ω}R^{ντκλ}R^{σω}_{κλ} − 1024 1485 K^{ρσ}_{κλ}K^{μκ}_{τω}K^{νλτω} − 2048 1485 K^{μκρλ}R^ν_{τλω}R^{σω τ}_κ

15 − 512 495 K^{ρσμω}R^{ντκλ}R_{ωτκλ} − 1664 1485 R^{μρτω}R^{νσκλ}R_{τωκλ} + 512 1485 R^{μτρω}R^{νκσλ}R_{τλωκ} − 2048 1485 R^{μρ}_{κλ}R^{νκ}_{τω}R^{σλτω}) + K_{μναβγδ}( 320 63 R^{μα}R^β_ρK^{νργδ} + 2176 4725 R^μ_ρR^{αβ}K^{νργδ} + 256 315 R^α_ρR^{βρ}K^{μνγδ} + 128 75 R^{μα}K^{νβ}_{ρσ}K^{γδρσ} − 1024 1575 R_{ρσ}K^{μναβ}K^{ρσγδ} + 8704 4725 R^{αρ}K^{νσβγ}K^{ν δ}_{σ ρ} + 2176 4725 R^{αβ}R^{μγ}_{ρσ}R^{νδρσ} + 1088 4725 R^{αβ}R^{μ γ}_{ρ σ}R^{νρδσ} + 256 1575 R^{μν} K^{αβ}_{ρσ}K^{γδρσ} − 2048 1485 R^μ_ρK^{αβν}_σK^{γδρσ} − 1024 1485 R_{ρσ}K^{μραβ}K^{νσγδ} + 128 525 K^{μναβ}R^{γλρσ}R^δ_{λρσ} + 2048 1575 K^{μναλ}K^β_{λρσ}K^{γδρσ} + 4096 1485 K^{μλαβ}R^{νγρσ} R^δ_{λρσ} − 4096 1485 K^{μρα}_λK^{νσβλ}K^{γδ}_{ρσ} − 2048 1485 K^{μλαβ}R^{γρνσ} R^δ_{ρλσ}) + R_{,μ}R_{,ν} ( 8 45 R^{μλ}R^ν_λ + 4 15 R^{μτρσ}R^ν_{τρσ}) + R_{,μ}M_{αβγ}( 16 15 R^α_λK^{μλβγ} + 16 15 K^{μα}_{ρσ}K^{βγρσ}) + M_{μρσ}M^{νρσ}( 4 5 R^{μλ}R_{νλ} + 6 5 R^{μτκλ}R_{ντκλ}) + 16 5 M_{αβγ}M_{δϵζ}K^{αβδλ}K^{ϵζγ}_λ + M_{μντ} M^{ρστ} (− 16 5 R_{ρλ}K^{μνλ}_σ − 16 5 R^μ_{ρκλ}R^{ν κλ}_σ + 8 5 R^μ_{κρλ}R^{νλ κ}_σ + 8 5 K^{μνκλ}K_{ρσκλ}) + R^{,λ}K_{λμν(2)}( 16 15 R^{μρ}R^ν_ρ − 32 45 R_{ρσ}K^{μνρσ} + 8 15 R^{μτρσ}R^ν_{τρσ}) + R_{,ρ}K_{μνσ(2)}( 8 45 R^{μν} R^{ρσ} + 16 15 R^{μρ}R^{νσ} + 304 315 R^μ_λR^{ρλνσ} − 32 315 R^μ_λR^{ρνλσ} + 16 45 R^ρ_λK^{μνλσ} − 16 15 R^μ_λR^{ρσλν} + 64 315 R^{μρκλ}R^{νσ}_{κλ} + 32 315 R^{μκρλ}R^{ν σ}_{κ λ}) + R^{,λ}K_{μνλ(2)}( 16 315 R^{μρ}R^ν_ρ + 8 105 R^{μτρσ}R^ν_{τρσ}) + R^{,λ}K_{λμαβγ}( 32 15 R^α_ρK^{μρβγ} + 32 45 K^{μα}_{ρσ}K^{βγρσ}) + R^{,τ} K_{μντκλ}( 64 315 R^μ_ρK^{νρκλ} + 64 315 R^{μκ}_{ρσ}R^{νλρσ} + 32 315 R^{μ κ}_{ρ σ}R^{νρλσ}) + R_{,λ}K_{μναβγ}( 32 15 R^{μα}K^{λνβγ} + 16 45 R^{λα}K^{μνβγ} + 128 315 K^{μραλ}K^{νβγ}_ρ ) + M_{μκλ}K^{νκλ}_{(2)}( 16 5 R^{μτ} R_{ντ} − 32 15 R^{ρσ}K^μ_{νρσ} + 8 5 R^{μτρσ}R_{ντρσ})

16 + M_{τμν}K^τ_{ρσ(2)}( 32 5 R^μ_λK^{ρλσν} + 16 5 R^σ_λK^{μνρλ} + 32 15 K^{μρ}_{κλ}K^{νσκλ} + 16 15 K^{μν}_{κλ}K^{ρσκλ}) + M_{αβγ}K_{μνλ(2)}( 8 15 R^{λγ}K^{μναβ} − 16 5 R^{μγ} K^{νλαβ} + 64 35 K^{αβμτ}K^{γλν}_τ − 32 15 K^{αβλτ}K^{μνγ}_τ ) + M_{μντ} K^τ_{ρσ (2)}( 16 5 R^{μρ}R^{νσ} − 16 7 R^ρ_λK^{μνσλ} + 16 15 R^μ_λK^{ρσνλ} − 16 15 K^{μνκλ}K^{ρσ}_{κλ} + 32 35 R^{μρκλ}R^{νσ}_{κλ} + 16 35 R^{μκρλ}R^{ν σ}_{κ λ}) + M_{τκλ}K^{τμνκλ}( 16 5 R_{ρμ}R^ρ_ν − 32 15 R^{ρσ}K_{μνρσ} + 8 5 R^{μωρσ} R^ν_{ωρσ}) + M_{μνκ}K^{μλνρσ}( 32 5 R^{κτ} K_{λτρσ} + 64 5 R_{τρ}K^{κ τ}_{σ λ} + 32 15 R^κ_{τλω}R^{τ ω}_{ρ σ} + 64 15 K_{λρτω}K^{κτω}_σ ) + M_{μνκ}K^{ρσμνλ}( 8 15 R_{ρσ}R^κ_λ + 16 5 R^κ_ρR_{σλ} + 16 7 R_{ρτ} R^{κτ}_{σλ} − 16 5 R_{ρτ} R^{κ τ}_{λ σ} + 16 15 R^{κτ} K_{ρστλ} − 32 35 R_{ρτ} R^{κ τ}_{σ λ} + 64 35 R^{κωτ}_ρ R_{σλωτ} + 32 35 R^{ωκτ}_ρ R_{σωλτ} ) + M_{μντ} K^{ρστκλ}(− 32 5 R_{ρκ}K^{μν}_{λσ} + 32 5 R^μ_ρK^ν_{σκλ} + 32 15 R^μ_κK^ν_{λρσ} − 16 15 R_{ρσ}K^{μν}_{κλ} − 64 15 K_{ρσωκ}K^{μνω}_λ + 32 35 R^μ_{ωρκ}R^{νω}_{σλ} + 64 35 K^{μνω}_ρK_{κλωσ} − 64 35 R^μ_{ρκω}R^{νω}_{σλ} + 32 35 R^μ_{ρωκ}R^{ν ω}_{σ λ}) − 32 15 M_{μνλ}K_{ρσαβγ}K^{ρσαλ}K^{μνβγ} + M_{μντ} K^{ρσμντ} ( 16 105 R^λ_ρR_{λσ} + 8 35 R_{ρωκλ}R^{ωκλ}_σ ) + K_{κλμ(2)}K^{κλ}_{ν(2)}( 4 7 R^{μτ} R^ν_τ − 16 35 R_{ρσ}K^{μνρσ} + 6 35 R^{μτρσ}R^ν_{τρσ}) + K_{μντ (2)}K^τ_{ρσ (2)}( 2 75 R^{μν} R^{ρσ} − 23 99 R^{μρ}R^{νσ} + 16 15 R^μ_λK^{ρσνλ} + 4 25 K^{μνκλ}K^{ρσ}_{κλ} − 46 99 K^{μρκλ}K^{νσ}_{κλ}) + K_{μκλ(2)}K^{κλ}_{ν (2)}( 361 315 R^{μτ} R^ν_τ + 20 63 R_{ρσ}K^{μνρσ} − 149 210 R^{μτρσ}R^ν_{τρσ}) + K_{μντ (2)}K^τ_{ρσ(2)}( 8 15 R^{μν} R^{ρσ} + 16 15 R^ρ_λK^{μνσλ})

17 + K_{τμν(2)}K^τ_{ρσ(2)}( 34 21 (R^{μν} R^{ρσ} + R^{μσ}R^{νρ}) + 20 63 R^{μρ}R^{νσ} − 596 315 R^μ_λK^{ρλσν} + 80 63 R^ν_λK^{μρλσ} + 298 315 R^{μσ}_{κλ}R^{νρκλ} − 298 315 R^{μνκλ}R^{ρσ}_{κλ} − 149 315 (R^{μκνλ}R^{ρ σ}_{κ λ} + R^{μκσλ}R^{ν ρ}_{λ κ})) + K_{μνκ(2)}K_{ρσλ(2)}( 16 15 (R^{μκ}K^{νλρσ} + R^{μλ}K^{νκρσ}) + 8 75 R^{μν} K^{ρσκλ} − 92 99 R^{μρ}K^{νσκλ} + 8 25 K^{μνλτ} K^{ρσκ}_τ + 8 75 K^{μνκτ} K^{ρσλ}_τ − 46 99 R^{μκρτ} R^{σλν}_τ − 92 99 R^{μκρτ} R^{νλσ}_τ − 46 99 R^{μλρτ} R^{σκν}_τ ) + K^{κλτ}_{(2)}K_{κλτμν} ( 8 7 R^{μρ}R^ν_ρ − 32 35 R_{ρσ}K^{μνρσ} + 12 35 R^{μωρσ}R^ν_{ωρσ}) + 32 35 K^{μν}_{τ (2)}K_{μναβγ}K^{αβρσ}K^{τγ}_{ρσ} + K^{κλ}_{τ (2)}K_{ωκλμν} ( 40 63 R^{τω}R^{μν} + 136 21 R^{τμ}R^{ων} + 160 63 R^μ_ρK^{τωνρ} − 596 315 R^ω_ρK^{μντρ} − 596 315 R^τ_ρK^{μνωρ} − 1192 315 R^{τμ}_{ρσ}R^{λνρσ} − 596 315 R^{τ μ}_{ρ σ}R^{λρνσ} ) + K^{κλ}_{τ (2)}K_{μνκλω}( 16 15 R^{μν} R^{τω} + 32 15 R^τ_ρK^{μνωρ}) + K^τ_{μν(2)}K_{ρστκλ}( 16 15 R^{μν} K^{ρσκλ} + 32 15 R^{μκ}K^{ρσλν}) + 16 15 K^τ_{μν (2)}K_{τλαβγ}R^{λα}K^{μνβγ} + K^ρ_{μν(2)}K_{ρλαβγ}( 80 63 R^{να}K^{μλβγ} + 40 63 R^{αβ}R^{μνλγ} − 40 63 R^{αβ}R^{μγνλ} − 1192 315 K^{αβμ}_τ K^{νγλτ} − 1192 315 K^{μτνα}K^{βγλ}_τ ) + K^τ_{μν (2)}K_{ρστκλ}( 32 15 (R^{ρκ}K^{μνσλ} + R^{μκ}K^{ρσνλ}) + 8 25 R^{ρσ}K^{μνκλ} + 8 75 R^{μν} K^{ρσκλ} − 184 99 R^{μρ}K^{νσκλ} + 32 25 K^{μνκ}_ωK^{ρσλω} − 184 99 (K^{μρκ}_ωR^{νλσω} + R^{ρκμ}_ωK^{νσωλ})) + K_{μνλ(2)}K_{ρσαβγ}( 16 25 K^{μναβ}K^{ρσλγ} + 16 75 K^{μναλ}K^{ρσβγ} − 368 99 R^{μαρβ}K^{νσλγ}) + K^{κλτω}_μK_{κλτων}( 8 7 R^μ_ρR^{νρ} − 32 35 R_{ρσ}K^{μνρσ} + 12 35 R^{μπρσ} R^ν_{πρσ}) + K^{ταβγ} μ K_{νταβγ}( 722 945 R^μ_λR^{νλ} + 40 189 R_{ρσ}K^{μνρσ} − 149 315 R^{μλρσ}R^ν_{λρσ})

18 + K^{αβγ} μν K_{ρσαβγ}( 4 75 R^{μν} R^{ρσ} − 46 297 R^{μρ}R^{νσ} + 32 45 R^μ_λK^{ρσνλ} + 8 45 K^{μν}_{κλ}K^{ρσκλ} − 92 297 K^{μρ}_{κλ}K^{νσκλ}) + K^{τωπ}_{μν} K_{τωπρσ}( 16 35 K^{μνκλ}K^{ρσ}_{κλ} + 32 35 K^{μρκλ}K^{νσ}_{κλ}) + K^{τ πω}_{μν} K_{τρσπω}( 68 21 (R^{μν} R^{ρσ} + R^{μσ}R^{νρ}) + 40 63 R^{μρ}R^{νσ} − 80 63 R^σ_λR^{μλνρ} + 80 63 R^ν_λR^{μλρσ} − 1192 315 R^ρ_λK^{μλνσ} + 596 315 R^{μσκλ}R^{νρ}_{κλ} − 298 315 R^{μκσλ}R^{ρ ν}_{κ λ} − 596 315 R^{μνκλ}R^{ρσ}_{κλ} − 298 315 R^{μκνλ}R^{ρ σ}_{κ λ}) + K^{τκλ} μν K_{τρσκλ}( 16 15 R^{μν} R^{ρσ} + 32 15 R^ρ_ωK^{μνσω}) + K^{τω} μνκ K_{ρσλτω}( 32 15 (R^{μκ}K^{ρσνλ} + R^{μλ}K^{ρσνκ}) + 16 25 R^{μν} K^{ρσκλ} − 184 99 R^{μρ}K^{νσκλ} + 16 25 K^{μνκπ}K^{ρσλ}_π + 16 15 K^{μνλπ}K^{ρσκ}_π − 92 99 R^{μλρπ}R^{σκν}_π − 184 99 R^{μκρπ} R^{νλσ}_π − 92 99 R^{μκρπ} R^{σλν}_π) + K^{τω}_{κ μν}K_{λτωρσ}( 80 63 R^{μν} K^{ρσκλ} + 160 63 R^{μρ}K^{νσκλ} − 596 315 K^{ρσκπ}K^{μνλ}_π − 1192 315 K^{μρκπ}R^{νλσ}_π + 1192 315 R^{κμρπ} K^{νσλ}_π − 596 315 K^{μνκπ}K^{ρσλ}_π) + K^{τω}_{κ μν}K_{ρσλτω}( 64 15 R^{κμ}K^{ρσλν} + 32 15 R^{κλ}K^{μνρσ}) + K^π_{μν κλ}K_{ρσπτω}( 8 15 K^{μντω}K^{ρσκλ} + 32 25 K^{μνκτ} K^{ρσλω} + 8 75 K^{μνκλ}K^{ρστω} − 184 99 (K^{μρκλ}K^{νστω} + R^{μκρτ} K^{νσλω} + K^{μρκτ} R^{νωσλ})) + 3392 31185

R^μ_νR^ν_ρR^ρ_σR^σ_τ R^τ_μ

+ (−

1664 14175 R^{μν} R^ρ_κR^κ_λR^{λσ} − 64 945 R^μ_κR^{κν} R^ρ_λR^{λσ})K_{μνρσ} + R^μ_ρR^ν_σR^λ_τ (− 704 4725 R_{μνλκ}R^{ρστκ} + 32 945 R^ρ_{λκμ}R^{στκ}_ν ) + R^μ_τ R^τ_ν R^ρ_σ(−

4736 14175 R_{μρκλ}R^{νσκλ} + 23552 155925 R_{μκρλ}R^{νκσλ} + 1984 6237 R_{μκρλ}R^{νλσκ} + 64 675 K^{νκλ}_μ K^σ_{ρκλ}) + 23392 51975 R^μ_ρR^ρ_σR^σ_νR^{ντκλ}R_{μτκλ}

19 + R_{μτ} R^τ_ν(

13936 31185 R^{μω}_{ρσ}R^ν_{ωκλ}R^{ρσκλ} − 4288 31185 R^{μκ λ}_ω R^{νρωσ} R_{κσλρ} − 32 525 K^{μν}_{ρσ}R^{ρωκλ}R^σ_{ωκλ}) + R^{μν} R^{ρσ}( 19456 51975 R_{μτκω}R^{τ ω}_{ρ λ} K^{κλ}_{νσ} + 512 2835 R_{μτκω}R^{ω τ}_{ρ λ} R^{κ λ}_{ν σ} − 256 14175 R_{μτκω}R^{ω τ}_{ρ λ} R^{λ κ}_{ν σ} − 4576 14175 R_{μρτω}R_{νσκλ}R^{τωκλ} − 5632 14175 R^{κλ}_{μρ} R^{τω}_{νκ} R_{σλτω} + 2816 14175 R_{μρκλ}R^{κω}_{ντ} R^{λτ}_{σω} + 2560 6237 R_{μκτω}R^{τω}_{ρλ} R^{λ κ}_{ν σ} + 2048 155925 R_{μκτω}R^{τω}_{ρλ} R^{κ λ}_{ν σ} − 256 14175 R_{μτρω}R_{νκσλ}R^{τκωλ} + 128 1575 R_{μτρω}R_{νκσλ}R^{τλωκ} + 128 675 K^{κλ}_{μν} R^{τω}_{ρκ} R_{σλτω} − 1664 14175 K_{μνκλ}R^{τκω}_ρ R^λ_{σω τ} − 64 2835 K_{μνκλ}R^{τκω}_ρ R^λ_{στ ω} − 1184 4725 K_{μνρτ} R_{σωκλ}R^{τωκλ} − 32 945 K_{μντω}K_{ρσκλ}K^{τωκλ}) + R^{μν} (

2176 155925 R_{μπτω}R^π_{ν κλ}R^{τρκσ}R^{λ ω}_{ρ σ} − 1088 31185 R_{μπρσ}R^π_{ν κλ}R^{ρστω}R^{κλ}_{τω} − 4352 155925 R_{μπρσ}R^π_{ν κλ}R^{ρκτω}R^{σλ}_{τω} + 4192 155925 R_{μρπσ}R^π_{νκ λ}R^{ρτσω}R^{κ λ}_{τ ω} + 32 945 R_{μρπσ}R^π_{νκ λ}R^{ρτσω}R^{κ λ}_{ω τ} − 256 2025 R_{μρπσ} R^π_{νκ λ}K^{ρκτω}K^{σλ}_{τω} − 128 2025 R_{μρπσ} R^π_{νκ λ}R^{ρτλω}R^{σ κ}_{τ ω} − 1216 17325 R_{μρπσ} R^π_{νκ λ}R^{ρτλω}R^{σ κ}_{ω τ} + 2176 155925 R^π_{μρ σ}R_{νκπλ}R^{ρλτω}R^{σκ}_{τω} − 208 2835 K_{μντω}R^τ_{πρσ}R^{ωπ}_{κλ}R^{ρσκλ} + 64 2835 K_{μνρσ} R^ρ_{κπλ}R^{σ π}_{τ ω}R^{κωλτ} − 4352 155925 R_{μτρσ}R_{νωκλ}R^{ρσωπ} R^{κλτ}_π + 4352 155925 R_{μπτω}R^{τω}_{ρσ} R^ρ_{νκ λ}R^{σκπλ} + 14048 155925 R_{μτκω}R_{νρλσ}R^{τλωπ}R^{ρκσ}_π + 28096 155925 R_{μτκω}R_{νρλσ}R^{τπωλ}R^{ρκσ}_π + 32 385 R_{μτκω}R_{νρλσ}R^{τπωλ}R^{ρ σκ}_π − 1024 4725 R_{μρτω}R^{τω}_{νσ} R^{ρπκλ}R^σ_{πκλ} + 32 10395 R_{μτρω}R^{τ ω}_{ν σ} R^{ρπκλ}R^σ_{πκλ} + 5792 51975 R_{μτρω}R^{ω τ}_{ν σ} R^{ρπκλ}R^σ_{πκλ} + 64 1575 K_{μντω}K^{τωρσ}R^{πκλ}_ρ R_{σπκλ} + 3512 17325 R_{μτρσ}R^{πτρσ}R_{νωκλ}R^{ωκλ}_π ) − 8 525 K_{μνρσ}R^{μωπυ} R^ν_{ωπυ}R^{ρτκλ}R^σ_{τκλ} + 128 7245 R_{μρνσ}R^{μωπυ} R_{τωπυ}R^{νκτλ}R^{ρ σ}_{κ λ}

20 − 32 2025 R_{μρνσ}R^{μυνω} R_{υτωπ}R^{τκπλ}R^{ρ σ}_{κ λ} − 608 51975 R_{μρνσ}R^{μυνω} R_{υτωπ}R^{τκπλ}R^{σ ρ}_{κ λ} − 64 5772 R_{μρνσ}R^{μυνω} R^{ρτσπ}R^{κ λ}_{υ τ} R_{λωκπ} − 64 2025 R_{μρνσ}R^{μυνω} R^{ρτσπ}R^{κ λ}_{υ π}R_{λωκτ} − 256 51975 R_{μρνσ}R^{μυνω} R^{ρτσπ}R^{κλ}_{υτ} R_{κλωπ} + 512 14175 R_{μρνσ}R^{μυνω} R^{ρτσπ}R^{κλ}_{υπ}R_{κλωτ} − 128 4725 K_{μνρσ}K^{μνυω}K^{ρστπ}R^{κ λ}_{υ τ} R_{κωλπ} − 5696 155925 K_{μνρσ}R^{μυκω} R^{ν λ}_{υ ω}R^{ρτ π}_κ R^σ_{τλπ} − 10624 155925 K_{μνρσ}R^{μυκω} R^{ν λ}_{ω υ}R^{ρτ π}_κ R^σ_{τλπ} + R_{μνρσ} (− 88 2835 R^{μν}_{υω}R^{υω}_{τπ}R^{τπ}_{κλ}R^{κλρσ} + 416 7425 R^{μωπυ}R_{τωπυ}R^{ντ}_{κλ}R^{ρσκλ} + 416 6237 R^{μνυω} R^{ρστπ}R^{κ λ}_{υ τ} R_{λωκπ} − 832 6237 R^{μνυω} R^{ρστπ}R^{κλ}_{υτ} R_{κλωπ} − 128 31185 R^{μκυω}K^{τπν}_κR^{ρ λ}_{υ τ} R^σ_{ωλπ} − 32 2025 R^{μυκω} R^{ρ λ}_{ω υ}R^{ντ π}_κ R^σ_{πλτ} + 736 155925 R^{μυκω} R^{ρ λ}_{ω υ}R^{ντ π}_λ R^σ_{πκτ} − 128 6237 R^{μυκω}R^{ν λ}_{ω υ}R^{ρτ π}_κ R^σ_{πλτ} + 128 31185 R^{μκυω} R^{ρ τπ}_κ R^ν_{τλυ}R^{σ λ}_{ω π} + 128 31185 R^{μκυω}R^{ρ τπ}_κ R^ν_{υλτ} R^{σ λ}_{π ω} − 256 31185 R^{μκυω}R^{ρ τπ}_κ R^{νλ}_{υτ} R^σ_{λωπ} − 128 10395 R^{μκυω} R^{ντ π}_κ R^{ρλ}_{υπ}R^σ_{ωλτ} − 1024 31185 R^{μκυω}R^{ντ π}_κ R^{ρ λ}_{υ τ} R^σ_{ωλπ} − 512 31185 R^{μκυω}R^{ντ π}_κ R^{ρ λ}_{υ τ} R^σ_{πλω} − 256 31185 R^{μκυω}R^{ντ π}_κ R^{ρ λ}_{υ π}R^σ_{τλω} − 256 31185 R^{μκυω}R^{ντ π}_κ R^{ρλ}_{υτ} R^σ_{ωλπ} − 256 31185 R^{μκυω}K^{τπν}_κR^{ρλ}_{υτ} R^σ_{πλω} + 256 31185 R^{μκυω} R^{ρ τπ}_κ R^{νλ}_{υτ} R^σ_{πλω} − 128 10395 R^{μκυω}R^{ρ τπ}_κ R^{νλ}_{υτ} R^σ_{ωλπ} − 512 6237 R^{μκυω}R^ν_{λυω}R^ρ_{κτπ}R^{σλτπ} + 512 6237 R^{μκυω} R^{ρλ}_{υω}R^ν_{λτπ}R^{σ τπ}_κ − 256 51975 R^{μκυω} R^{ρλ}_{υω}R^ν_{τλπ}R^{στ π}_κ − 13568 155925 R^{μκυω} R^{ρλ}_{υω}R^ν_{τλπ}R^{σπ τ}_κ − 512 51975 R^{μκυω}R^ρ_{λυω}K^ν_{κτπ}K^{σλτπ} + 512 6237 R^{μκυω} R^{νλ}_{υω}R^ρ_{τκπ}R^{σπ τ}_λ ) ) . (31)

Here K_{αβμ1···μn} ≡ R_{α(μ1|β|μ2,μ3···μn)}, K^{αβ}_{μ1···μn(2k)} ≡ K^{αβ λ1···λk} μ1···μnλ1···λk , M_{μ1···μn} ≡ K^ρ_{ρμ1···μn} = R_{(μ1μ2,μ3···μn)}, M_{μ1···μn(2k)} ≡ M^{λ1···λk} μ1···μnλ1···λk , Λ̃^α_{μ1···μn} ≡ Λ̃^α_{(μ1!μ2···μn)}, Λ̃^α_{μ1···μn(2k)} ≡ Λ̃^{α λ}1^{···λ}k μ1···μnλ1···λk , X_{μ1···μn} ≡ X_{!(μ1···μn)}, (32) and the exclamation mark ’!μ’ means the differentiation of ’: μ’ or D̃_μ in the case that the torsion tensor in Γ̃^λ_{νμ} is eliminated,

I_{!μ} = (∇ + C + Q)_μI = I_{,μ} + (C + Q)_μI, I_{!μν} = (∇ + C + Q)_νI_{!μ} = I_{!μ,ν} + (C + Q)_ν I_{!μ}, Λ̃_{μν!ρ} = [(∇ + C + Q)_ρ, Λ̃_{μν} ] = Λ̃_{μν,ρ} + [(C + Q)_ρ, Λ̃_{μν}]. (33)

3. Discussion

The covariant Taylor expansion [2] for a function f(x^′) at x^μ with respect to D̃^{μ0} σ(x, x^′) includes the expansion [3] for the function with respect to the geodesic normal coordinate y^μ = x^{′μ} − x^μ satisfying Γ̃^μ_{αβ}(y)y^αy^β = Γ^μ_{αβ}(y)y^αy^β = 0,

y^μΩ̃_μ(x^′) ≡ y^μ{ 1 4 γ^{ab}ω_{abμ} + C_μ + Q_μ + iA_μ}(y) = 0. (34)

In the case that x is close to x^′, the conditions (34) are obtained from D̃σ^{:μ} = σ^{:μ} and σ^{:μ}D̃_μI = 0, respectively, because σ^{:μ0} ≈ y^μ, I ≈ 1 and I_{:μ} ≈ 0, where I ≡ a_0. The geodesic normal coordinate expansion for h^a_μ, h^μ_a , g^{μν} , log |g| (g = det g_{μν} ) and Ω̃_μ at x^μ with respect to y^μ is expressed by the covariant expansion coefficients for θ̃^{μ0}_ν ≡ σ^{:μ0}_ν , β̃^μ_{ν0} ≡ (θ̃−1)^μ_{ν0} , Gμ^0 ν^0 ≡ θ̃μ^0_αθ̃μ^0 α, ζ ≡ ln{det (−β̃^{μ0}_{ν0} )}−1/2 and A_{μ0} ≡ β̃ν_{μ0} I−1D̃_ν I respectively [2],

h^a_μ(x^′) = ∞∑ n=0 1 n! β̃^a_{μμ1···μn} (x)y^μ1 · · · y^μn , h^μ_a (x^′) = ∞∑ n=0 1 n! θ̃^μ_{aμ1···μn} (x)y^μ1 · · · y^μn, g^{μν} (x^′) = ∞∑ n=0 1 n! G^{μν}_{μ1···μn} (x)y^{μ1} · · · y^{μn} , log |g|(x^′) = 4 ∞∑ n=2 1 n! ζ_{μ1···μn}(x)y^{μ1} · · · y^{μn}, Ω̃_μ(x^′) =^∞∑ n=1 1 n! Ã_{μμ1···μn}(x)y^μ1 · · · y^μn. (35) The expansion for g^{μν} (x^′) and log |g|(x^′) are independent of the torsion tensor, though h^a_μ(x^′) and h^μ_a (x^′) depend on the torsion tensor. The torsion tensor is included in the expansion coefficients of Ω̃_μ(x^′), in the form of (C + Q)_μ, and appears in Λ̃_{μν} , X and their derivatives in the coefficients [a_q]. In conclusion, the coefficients [a_q] obtained by starting from Eq. (2) in Riemann-Cartan space is derived from the final form of [a_q] obtained by starting from ∇_μ∇^μ+Z in Riemannian space by the simple replacements [4],

Z → X, Λ_{μν} → Λ̃_{μν}, ∇_μ → ∇_μ + (C + Q)_μ. (36)

References

[1] See also A.E.M. van de Ven, Class. Quantum Grav. 15 (1988) 2311. [2] I.G. Avramidi, Nucl. Phys. B355 (1991) 712; (E) B509 (1998) 577.

S. Yajima, Class. Quantum Grav. 14 (1997) 2853.

[3] G. Cognola and S. Zerbini, Phys. Lett. B195 (1987) 435; 214 (1988) 70. [4] S. Yajima, Class. Quantum Grav. 16 (1999) 1389.