arXiv:hep-th/0011088 v5 1 Dec 2000

SISSA 105/00/EP hep-th/0011088

Renormalization of noncommutative U(N) gauge theories L.Bonora, M.Salizzoni

bonora@sissa.it, sali@sissa.it Scuola Internazionale Superiore di Studi Avanzati, Via Beirut 2-4, 34014 Trieste, Italy, and INFN, Sezione di Trieste

Abstract

We give an explicit proof that noncommutative U(N) gauge theories are one{loop renormalizable.

1 Introduction

Since [1] it has been clear that the concept of space in the presence of nearby D–branes is radically modified. One way to express it is to say that the positions of the branes are replaced by suitable matrices, whose entries actually represent open strings stretched among them. This entails in particular that at short brane distances space becomes noncommutative . This picture is indeed very suggestive, but not very effective in representing space non–commutativity. It has been only recently, [2, 3, 4, 5, 6], that noncommutativity has surfaced in a very effective and manageable way. This happens precisely when D–branes are in presence of a constant NSNS B-field. In this case, the low energy effective action of the open strings attached to the branes can be represented by a Euclidean field theory defined on a noncommutative spacetime. All this clearly holds at a semiclassical level (i.e. tree amplitudes computed in the string and the field theory setting compare well). However one can try to compare loop amplitudes calculated both in string theory and in the corresponding noncommutative field theory, in order to see how effective the noncommutative effective field theory is. Several calculations of this type have been carried out, see [7, 8, 9, 10, 12, 13, 14, 15, 16, 17, 18, 21, 19, 20, 22] and in particular [11, 13, 26], and some discrepancies have recently surfaced, [27, 28]. The latter papers seem to imply that more general * products are necessary, in order for the effective field theory to faithfully represent string loop contributions.

It seems to be important therefore to know exactly what are the properties of a noncommutative YM theory we can rely on. One of the basic properties is renormalizability. In this paper we consider a noncommutative YM theory with U(N) gauge group in 4D without matter, and study its one–loop renormalizability properties. Since we take for granted that non–planar singularities are dumped by the noncommutative parameter θ [7, 23, 24, 25], we only consider the planar one–loop contributions. This has already been partially done as far as the U(1) gauge theory is concerned [11, 13], and for two– and three–point functions for U(N), [26]. We want to complete such calculations by computing the one–loop four–point function in a pure noncommutative U(N) Yang–Mills theory in 4D, for which some doubts have been raised. It is obvious that if gauge (BRST) invariance is assumed, the calculation we do is superfluous. But in a noncommutative gauge theory some caution has to be used and BRST invariance has to be proved rather then assumed. We have in fact a simple counterexample: NCSO(2) gauge theory, which was introduced in [32]. If we define the Feynman rules in the most obvious way, it is immediate to see that for 2- and 3-gluon vertices the one–loop corrections identically vanish, while the 4-gluon has a divergent part at one-loop. Therefore this theory is not one–loop renormalizable (at least in the ordinary sense).

Our final result is however reassuring. Noncommutative U(N) gauge theories are one–loop renormalizable.

The paper is organized as follows. In the next section we set notations and conventions. In section 3 we compute the relevant one–loop amplitudes for a noncommutative U(N) theory. We also make a comment on the possibility of defining consistent noncommutative SU(N) Feynman rules.

2 Notations, conventions and u(N) tensors

Our noncommutative theory is specified by the action S = ∫ d^4x Tr ( − 1 4 F_{μν} F^{μν} − 1 2α (∂_μA^μ)^2 + 1 2 (ic̄ ∗ ∂_μD^μc − i∂_μD^μc ∗ c̄) ) (2.1)

where F_{μν} = ∂_μA_ν − ∂_ν A_μ − ig(A_μ ∗ A_ν − A_ν ∗ A_μ) (2.2)

and the Moyal product is defined with respect to the parameter θ^{μν} . The potential A_μ is valued in the Lie algebra u(N), i.e. is an hermitian matrix, and we will choose the Feynman gauge α = 1. As is customary in dealing with 4D field theories, throughout the paper we use a Minkowski formulation of the theory, although its brane origin is Euclidean.

Since the properties of the Lie algebra u(N) tensors are crucial in our calculation, we devote the rest of this section to deriving them.

We use a basis t^a, a = 1, . . ., N^2 − 1 of traceless hermitean matrices for the Lie algebra su(N), with normalization tr(t^at^b) = 1 2 δ^{ab} (2.3)

and structure constants f_{abc} defined by

[t^a, t^b] = if_{abc}t^c . (2.4)

We define also the third order ad-invariant completely symmetric tensor d_{abc} by means of {t^a, t^b} = 1 N δ_{ab} + d_{abc}t^c . (2.5)

Next we pass to the Lie algebra u(N) by introducing the additional generator t^0 =^1p_{2N} 1_N . Corresponding to any index a for su(N) we introduce the index A = (0, a), so that A runs from 0 to N^2 − 1. We have [t^A, t^B] = if_{ABC} t^C , {t^A, t^B} = d_{ABC}t^C (2.6) where f_{ABC} is completely antisymmetric, f_{abc} is the same as for su(N) and f_{0BC} = 0, while d_{ABC} is completely symmetric; d_{abc} is the same as for su(N), d_{0BC} =

√_2 N δ_{BC}, d_{00c} = 0 and d_{000} =

√_2 N . We have also Tr(t^At^B) = 1 2 δ^{AB} . (2.7)

The following identities hold and will be extensively used below f_{ABX} f_{XCD} + f_{ACX} f_{XDB} + f_{ADX} f_{XBC} = 0 f_{ABX} d_{XCD} + f_{ACX} d_{XDB} + f_{ADX} d_{XBC} = 0 f_{ADX} f_{XBC} = d_{ABX} d_{XCD} − d_{ACX} d_{XDB} (2.8) Next we define the matrices F_A, D_A as follows

(F_A)_{BC} = f_{BAC} , (D_A)_{BC} = d_{BAC} (2.9)

In the evaluation of Feynman diagrams we need to know traces of two, three and four such matrices. We borrow from the literature, [29, 30, 31], the corresponding results for su(N) and extend them to u(N). Denoting by ^Tr the traces over the relevant N^2 × N^2 space, we obtain

^Tr(F_AF_B) = −N c_A δ_{AB}, c_A = 1 − δ_{A,0} ^Tr(D_AD_B) = Nd_Aδ_{AB}, d_A = 2 − c_A (2.10) ^Tr(F_AD_B) = 0

^Tr(F_AF_BF_C ) = − N 2 f_{ABC} ^Tr(F_AF_BD_C) = − N 2 d_{ABC} c_A c_B d_C ^Tr(F_AD_BD_C ) = N 2 f_{ABC} (2.11)

^Tr(D_AD_BD_C) = N 2 η_{ABC} d_{ABC} where η_{ABC} = d_A d_B d_C − 4δ_{A+B+C,0}. Finally

^Tr(F_AF_BF_C F_D) = [ 1 2 δ_{(AB}δ_{CD)} + N 8 (d_{ABX} d_{CDX} + d_{ADX} d_{BCX}) + N 8 (f_{ADX} f_{BCX} − f_{ABX} f_{CDX} ) ] c_A c_B c_C c_D

^Tr(F_AF_BF_C D_D) = − N 4 (d_{ABX} f_{CDX} + f_{ABX} d_{CDX} ) c_A c_B c_C d_D ^Tr(F_AF_BD_C D_D) = c_A c_B [ c_C c_D 1 2 (δ_{AC} δ_{BD} − δ_{AB}δ_{CD} + δ_{AD}δ_{BC}) (2.12) + N 8 d_C d_D (f_{ABX} f_{CDX} − f_{ADX} f_{BCX} − d_{ABX} d_{CDX} − d_{ADX} d_{BCX}) ]

^Tr(F_AD_BF_C D_D) = 1 2 (δ_{AB}δ_{CD} + δ_{AD}δ_{BC} − δ_{AC} δ_{BD}) c_A c_B c_C c_D + N 8 (f_{ABX} f_{CDX} − f_{ADX} f_{BCX} − d_{ABX}d_{CDX} − d_{ADX} d_{BCX}) c_A d_B c_C d_D ^Tr(F_AD_BD_C D_D) = N 4 (f_{ABX} d_{CDX} + d_{ABX} f_{CDX} ) c_A d_B d_C d_D ^Tr(D_AD_BD_C D_D) = 1 2 δ_{(AB}δ_{CD)} c_A c_B c_C c_D + N 8 (f_{ADX} f_{BCX} − f_{ABX} f_{CDX} + d_{ABX} d_{CDX} + d_{ADX} d_{BCX}) η_{ABCD} where η_{ABCD} = d_A d_B d_C d_D − 8δ_{A+B+C+D,0}.

3 Two{, three{ and four{point functions at one loop

The Feynman rules are collected in Appendix. Evaluating the one–loop contributions is lengthy but straightforward. In this section we consider the planar part of the 2–, 3– and 4–point functions and, adopting the dimensional regularization (ϵ = 4 − D, as usual), we extract first the planar part and, out of it, the divergent part. The relevant results are written down below. The 2– and 3–point functions are exactly parallel to the corresponding ones in ordinary gauge theories, and some of them are written down below only for the sake of comparison.

Gluons carry Lorentz indices μ, ν, ... , color indices A, B, ... , and momenta p, q, ... . Ghosts carry only the last two type of labels. All the momenta are entering, unless otherwise specified, and we use the notation p × q =^1_2 p_μθ^{μν} q_ν .

2–point function. We have two nonvanishing contribution to the UV divergent part: – gluons circulating inside the loop: i 1 (4π)^2 2 ϵ δ_{AB}N [ 19 12 g_{μρ}p^2 − 11 6 p_μp_ν ] (3.13)

– ghosts circulating inside the loop: i 1 (4π)^2 2 ϵ δ_{AB}N [ 1 12 g_{μρ}p^2 + 1 6 p_μp_ν ] (3.14)

Their sum is: i 1 (4π)^2 2 ϵ δ_{AB}N 5 3 [ g_{μρ}p^2 − p_μp_ν ] (3.15)

which entails the usual renormalization constant

Z_3 = 1 + 5 3 g^2N 1 (4π)^2 2 ϵ . (3.16)

3–point function. The external gluons carry labels (A, p, μ), (B, q, ν) and (C, k, λ) for the Lie algebra, momentum and Lorentz indices. They are ordered in anticlockwise sense. The triangle diagram gives − 13 8 g^3N 1 (4π)^2 2 ϵ (cos(p × q)f_{ABC} + sin(p × q)d_{ABC}) · ((p − q)_λg_{μν} + (q − k)_μg_{νλ} + (k − p)_νg_{μλ}) (3.17)

The diagram with one three gluon vertex and one four–gluon vertex gives: 9 4 g^3N 1 (4π)^2 2 ϵ (cos(p × q)f_{ABC} + sin(p × q)d_{ABC}) · ((p − q)_λg_{μν} + (q − k)_μg_{νλ} + (k − p)_ν g_{μλ}) (3.18)

The contribution of the two ghost circulating diagrams is: 1 24 g^3N 1 (4π)^2 2 ϵ (cos(p × q)f_{ABC} + sin(p × q)d_{ABC}) · ((p − q)_λg_{μν} + (q − k)_μg_{νλ} + (k − p)_νg_{μλ}) (3.19)

The sum of the coefficients is − 13 8 + 9 4 + 1 24 = 2 3 (3.20)

�^{A, μ, p B, ν, q}D, σ, s C, ρ, r �^{A, μ, p B, ν, q}D, σ, s C, ρ, r �D, σ, s^{A, μ, p} C, ρ, r^{B, ν, q} �D, σ, s^{A, μ, p} C, ρ, r^{B, ν, q}_{Figure 1: One loop contributions to the four-point function}

Therefore, as in the ordinary YM theory, the renormalization constant Z_1 is

Z_1 = 1 + 2 3 g^2N 1 (4π)^2 2 ϵ . (3.21)

4–point function. The external gluons carry labels (A, μ, p), (B, ν, q), (C, ρ, r) and (D, σ, s) for Lie algebra, Lorentz index and momentum, as shown in Figure 1.

There are four distinct graphs contributing to the 4–gluon vertex: the gluon box b, the ghost box g, the gluon triangle t and the gluon candy c. There are two main type of contributions, distinguished by their Lie algebra tensor structure. The first is characterized by Kronecker delta functions in the Lie algebra indices, while the second consists of d and f tensors. The first type contributions, which are potentially dangerous for renormalizability, fortunately vanish.

The second type contributions have the general form − ig^4 2 ϵ 1 (4π)^2 [ (N 8 cos(p × s − q × r) L_{ABCD} + N 8 sin(p × s − q × r) M_{ABCD} ) K^i_{μνρσ} + (N 8 cos(p × r − q × s) L_{BACD} − N 8 sin(p × r − q × s) M_{BACD} ) K^i_{νμρσ} + (N 8 cos(p × s + q × r) L_{ACBD} + N 8 sin(p × s + q × r) M_{ACBD} ) K^i_{μρνσ} ] (3.22) where L_{ABCD} = d_{ABX} d_{CDX} + d_{ADX} d_{CBX} − f_{ABX} f_{CDX} + f_{ADX} f_{BCX} M_{ABCD} = d_{ABX} f_{CDX} + d_{ADX} f_{BCX} + f_{ABX} d_{CDX} − f_{ADX} d_{BCX} (3.23) and K^b_{μνρσ} = 94 3 g_{μν} g_{ρσ} + 94 3 g_{μσ} g_{νρ} + 34 3 g_{μρ} g_{νσ} K^g_{μνρσ} = − 1 3 (g_{μν} g_{ρσ} + g_{μσ} g_{νρ} + g_{μρ} g_{νσ}) (3.24) K^t_{μνρσ} = −(46 g_{μν} g_{ρσ} + 46 g_{μσ} g_{νρ} − 32 g_{μρ} g_{νσ}) K^c_{μνρσ} = 16 (7 g_{μν} g_{ρσ} + 7 g_{μσ} g_{νρ} − 8 g_{μρ} g_{νσ})

The 4–point vertex is now easily calculated by summing all the contributions with the appropriate symmetry factors. The contributions (3.22) give rise to i N 12 g^4 2 ϵ 1 (4π)^2 [ ( cos(p × s − q × r) L_{ABCD} + sin(p × s − q × r) M_{ABCD} ) T_{μνρσ} + ( cos(p × r − q × s) L_{BACD} − sin(p × r − q × s) M_{BACD} ) T_{νμρσ} + ( cos(p × s + q × r) L_{ACBD} + sin(p × s + q × r) M_{ACBD} ) T_{μρνσ} ] (3.25)

where T_{μνρσ} = g_{μν} g_{ρσ} + g_{μσ} g_{νρ} − 2 g_{μρ} g_{νσ} (3.26) Comparing (3.25) with eq.(3.32) in the Appendix, we see that the contribution (3.25) implies that the four–A term in the action is renormalized with a Z_4 given by

Z_4 = 1 − 1 3 g^2 N 1 (4π)^2 2 ϵ . (3.27)

This is the same renormalization that occurs in ordinary U(N) Yang–Mills theories. Therefore, the noncommutative U(N) Yang–Mills theories are one–loop renormalizable.

The U(1) case must be treated separately. Using the corresponding Feynman rules (see Appendix), one finds the 2– and 3–point contributions evaluated above with f = 0 and d = 1 and multiplied by^1_2 . As for the 4–point function, the term corresponding to (3.25) is obtained by setting L = 2 and M = 0 in the latter. Therefore all the renormalization constants satisfy the renormalization conditions, and, as a consequence, the noncommutative U(1) gauge theory is one–loop renormalizable too, [11, 13].

We would like finally to present some results (which are obtained without much effort as byproducts of the previous calculations) concerning a restriction from the U(N) to the SU(N) case. It is not known what a noncommutative SU(N) gauge theory is, although an attempt of defining it has been done recently, [33]. In particular we do not know the explicit form of the action. Therefore we can only try to guess the relevant Feynman rules. The most obvious possibility one can envisage is that they are simply obtained from the Feynman rules of the noncommutative U(N) theory by restricting everywhere the U(N) indices A, B, ... to the corresponding SU(N) ones a, b, .... As one can see in this case the renormalization constants do not coincide with the ones in the ordinary SU(N) gauge theory. Strictly speaking this is not enough to conclude that the noncommutative SU(N) theory is nonrenormalizable, unless one assumes that the θ → 0 limit of the quantum theory is smooth.

However, even allowing for such more general possibility, it is easy to show that the theory defined by such Feynman rules is not one–loop renormalizable, see also [26]. To this purpose it is sufficient to compare the ratio of the renormalization constants of gluon propagator, Z_3, and the three gluon vertex, Z_1, with the ratio of ghost propagator, Z̃_3, and ghost-ghost-gluon vertex, Z̃_1. If the SU(N) theory were renormalizable, we should find Z_3/Z_1 = Z̃_3/Z̃_1. Instead we obtain

Z_1 = 1 + g^2 1 (4π)^2 2 ϵ 1 4 ( N^2 − 2 N )

Z_3 = 1 + g^2 1 (4π)^2 2 ϵ 5 3 ( N^2 − 2 N )

Z̃_1 = 1 − g^2 1 (4π)^2 2 ϵ 1 2 ( N^2 − 3 N )

Z̃_3 = 1 − g^2 1 (4π)^2 2 ϵ 1 2 ( N^2 − 2 N ) ,

where we used the traces over the SU(N) indices that can be found in [30].

Appendix. Feynman rules for noncommutative U(N) theories.

Gluons carry Lorentz indices μ, ν, ..., color indices A, B, ..., and momenta p, q, .... Ghosts carry only the last two type of labels. All the momenta are entering unless otherwise specified.

gluon propagator. � p A, μ B, ν − i p^2 δ_{AB}g_{μν} (3.28)

ghost propagator. � p A, μ B, ν i p^2 δ_{AB} (3.29)

3–gluon vertex. The external gluons carry labels (A, μ, p), (B, ν, q) and (C, λ, k) for the Lie algebra, momentum and Lorentz indices and are ordered in anticlockwise sense:

�^{A, μ, p}B, ν, q C, λ, k_{− g (fABC cos(p × q) + dABC sin(p × q)) (gμν (p − q)λ + gνλ (q − k)μ + gλμ(k − p)ν) (3.30)} ghost vertex. The gluon carries label (A, μ, k), the ghosts (B, p) and (C, q): �^{A, μ, k}B, p C, q_{− g pμ (fABC cos(p × q) − dABC sin(p × q)) (3.31)} 4–gluon vertex. The gluons carry labels (A, μ, p), (B, ν, q), (C, ρ, r) and (D, σ, s) for Lie algebra, Lorentz index and momentum. They are clockwise ordered: �^{A, μ, p B, ν, q}D, σ, s C, ρ, r_{− ig2 [ (fABX cos(p × q) + dABX sin(p × q))· (fXCD cos(r × s) + dXCD sin(r × s)) (gμρ gνσ − gμσ gνρ)+ (fACX cos(p × r) + dACX sin(p × r))· (fXDB cos(s × q) + dXDB sin(s × q)) (gμσ gνρ − gμν gρσ)+ (fADX cos(p × s) + dADX sin(p × s))· (fXBC cos(q × r) + dXBC sin(q × r)) (gμν gρσ − gμρ gνσ)]}

With elementary manipulations we can rewrite this as follows: − i 4 g^2 [ ( cos(p × s − q × r) L_{ABCD} + sin(p × s − q × r) M_{ABCD} ) T_{μνρσ} + ( cos(p × r − q × s) L_{BACD} − sin(p × r − q × s) M_{BACD} ) T_{νμρσ} + ( cos(p × s + q × r) L_{ACBD} + sin(p × s + q × r) M_{ACBD} ) T_{μρνσ} ] (3.32)

The tensors M, L, T are defined in the text.

The Feynman rules for U(1) are formally obtained from the above ones by setting θ = 0, the tensor f = 0 and d = 1 (therefore, in particular, L = 2, M = 0).

Acknowledgements We would like to thank T.Krajewski, M.Sheikh–Jabbari and A.Tomasiello for very long and useful discussions on the subject of this paper. We acknowledge as well discussions we had with R.Iengo, S.Terna and D.Zanon, and we thank A.Armoni for his comments on our manuscript. We thank in particular M.Schnabl for pointing out to us an error in eq. (2.12) of the previous version of this paper. This work was partially supported by the Italian MURST for the program “Fisica Teorica delle Interazioni Fondamentali”.

References

[1] E. Witten, “Bound States of Strings and p-branes”, Nucl. Phys. B460 (1996) 335, hepth/9510135.

[2] M. R. Douglas, C. Hull, “D-branes and Noncommutative Torus”, JHEP 9802 (1998) 008, hep-th/9711165.

[3] Y.-K. E. Cheung, M. Krogh, “Noncommutative Geometry From 0-Branes in a Background B Field”, Nucl. Phys. B528 (1998) 185, hep-th/9803031.

F. Ardalan, H. Arfaei, M. M. Sheikh-Jabbari, “Mixed Branes and M(atrix) Theory on Noncommutative Torus”, hep-th/9803067.

F. Ardalan, H. Arfaei, M. M. Sheikh-Jabbari, “Noncommutative Geometry form Strings and Branes”, JHEP 02 (1999) 016, hep-th/9810072.

[4] C-S. Chu and P-M. Ho, “Noncommutative Open Strings and D-branes”, Nucl. Phys. B550 (1999) 151, hep-th/9812219.

[5] F. Ardalan, H. Arfaei, M. M. Sheikh-Jabbari, “Dirac Quantization of Open String and Noncommutativity in Branes”, Nucl. Phys. B576 (2000) 578, hep-th/9906161. C.-S. Chu, P.-M. Ho, “Constrained Quantization of Open Strings in Background B and Noncommutative D-Branes”, Nucl. Phys. B568 (2000) 447 hep-th/9906192. M. M. Sheikh-Jabbari and A. Shirzad, “Boundary Conditions as Dirac Constraints”, hepth/9907055.

[6] N. Seiberg, E. Witten, “String Theory and Noncommutative Geometry”, JHEP 09 (1999) 032, hep-th/9908142.

[7] T.Filk, “Divergencies in a field theory on quantum space”, Phys.Lett. B376 (1996) 53.

[8] J. C. Varilly, J. M. Gracia-Bondia, “On the ultraviolet behaviour of quantum fields over noncommutative manifolds”, Int.J.Mod.Phys. A14 (1999) 1305, hep-th/9804001.

[9] M. Chaichian, A. Demichev, P. Presnajder, “Quantum Field Theory on Noncommutative Space-Times and the Persistence of Ultraviolet Divergences”, Nucl.Phys. B567 (2000) 360- 390, hep-th/9812180.

[10] C.P. Martin, D. Sanchez-Ruiz, “The One-loop UV Divergent Structure of U(1) Yang-Mills Theory on Noncommutative R^4”, Phys.Rev.Lett. 83 (1999) 476-479, hep-th/9903077

[11] M.Sheikh–Jabbari, “One loop renormalizability of supersymmetric Yang–Mills theories on noncommutative two–torus”, JHEP 9906 (1999) 015, hep-th/9903107

[12] I. Ya. Aref’eva, D. M. Belov, A. S.Koshelev, “A Note on UV/IR for Noncommutative Complex Scalar Field”, hep-th/0001215. I. Ya. Aref’eva, D. M. Belov, A. S. Koshelev, O. A. Rytchkov, “ UV/IR Mixing for Noncommutative Complex Scalar Field Theory, II (Interaction with Gauge Fields)”, hep-th/0003176.

[13] T.Krajewski and R.Wulkenhaar, “Perturbative quantum gauge fields on the noncommutative torus”, Int.J.Mod.Phys. A15 (2000) 1011, hep-th/9903187. Harald Grosse, Thomas Krajewski, Raimar Wulkenhaar, “Renormalization of noncommutative Yang-Mills theories: A simple example”, hep-th/0001182.

[14] S. Cho, R. Hinterding, J. Madore, H. Steinacker, “Finite Field Theory on Noncommutative Geometries”, Int.J.Mod.Phys. D9 (2000) 161-199, hep-th/9903239.

[15] E. Hawkins, “Noncommutative Regularization for the Practical Man”, hep-th/9908052.

[16] J. Gomis, M.Kleban, T.Mehen, M.Rangamani, S.Shenker, “Noncommutative Gauge Dynamics From The String Worldsheet”, JHEP 0008 (2000) 011, hep-th/0003215.

[17] A.Bilal, C.-S. Chu, R.Russo, “String Theory and Noncommutative Field Theories at One Loop”, Nucl.Phys. B582 (2000) 65, hep-th/0003180.

[18] C.-S. Chu, R.Russo, S.Sciuto, “Multiloop String Amplitudes with B-Field and Noncommutative QFT”, Nucl.Phys. B585 (2000) 193, hep-th/0004183.

[19] H. O. Girotti, M. Gomes, V. O. Rivelles, A. J. da Silva, “A Consistent Noncommutative Field Theory: the Wess-Zumino Model”, Nucl. Phys. B587 (2000) 299, hep-th/0005272.

[20] S. S. Gubser, S. L. Sondhi, “Phase structure of non-commutative scalar field theories”, hepth/0006119.

[21] I. Chepelev, R. Roiban, “Convergence Theorem for Non-commutative Feynman Graphs and Renormalization”, hep-th/0008090.

[22] A.Micu, M. M. Sheikh-Jabbari, “Noncommutative Φ^4 theory at two loops”, hep-th/0008057.

[23] S.Minwalla, M.Van Raamsdonk and N.Seiberg, “Noncommutative perturbative dynamics”, hep-th/9912072. M.V.Raamsdonk and N.Seiberg, “Comments on noncommutative perturbative dynamics”, JHEP 0003 (2000) 035, hep-th/0002186.

[24] M. Hayakawa, “Perturbative analysis on infrared and ultraviolet aspects of noncommutative QED on R^4”, hep-th/9912167.

[25] A.Matusis, L.Susskind, N.Toumbas, “The IR/UV Connection in the Non-Commutative Gauge Theories”, hep-th/0002075.

[26] A. Armoni, “Comments on Perturbative Dynamics of Non-Commutative Yang-Mills Theory”, hep-th/0005208.

[27] H.Liu and J.Michelson, “*–Trek: The one–loop N = 4 noncommutative SYM action”, hepth/0008205.

[28] D.Zanon, “Noncommutative perturbation in superspace”, hep-th/0009196; A.Santambrogio and D.Zanon, “One–loop four–point function in noncommutative N = 4 Yang–Mills theory”, hep-th/0010275.

[29] L.M.Kaplan and M.Resnikoff, “Matrix products and the explicit 3,6,9 and 12–j coefficients of the regular representation of SU(n)”, J.Math.Phys. 8 (1967) 2194.

[30] A.J.Macfarlane, A.Sudbery and P.H.Weisz, “On Gell–Mann’s λ matrices, d– and f–tensors, octets and parametrisations of SU(3)”, Comm.Math.Phys. 11 (1968) 77; “Explicit representations of chiral invariant Lagrangian theories of hadron dynamics”, Proc.Roy.Soc. (London) A314 (1970) 217.

[31] J.A. de Azcarraga, A.J.Macfarlane, A.J.Mountain and J.C. Pérez Bueno, “Invariant tensors for simple groups”, Nucl.Phys. B510 (1998) 657, physics/9706006.

[32] L.Bonora, M.Schnabl, M.M. Sheikh–Jabbari and A.Tomasiello, “Noncommutative SO(n) and Sp(n) gauge theories”, Nucl.Phys. B589 (2000) 461, hepth/0006191.

[33] J.Madore, S.Schraml, P.Schupp and J.Wess, “Gauge theory on noncommutative spaces”, hepth/0001203.