arXiv:hep-th/0011103 v2 28 Nov 2000

BN–TH–2000–09

On the Cohomological Structure of Supersymmetric Lagrangeans With and Without Auxiliary Fields

K. Ülker

Physikalisches Institut der Universität Bonn Nußallee 12, D–53115 Bonn, Germany and Istanbul Technical University Science and Letters Faculty Physics Dept.

80626, Maslak - Istanbul, Turkey

Abstract

The origin of non-renormalization theorems in field theories with global supersymmetry can be traced to the fact that supersymmetric actions can be viewed as the highest components of respective supermultiplets. Supersymmetric interactions in particular can therefore be represented as supersymmetry variations of lower dimensional field polynomials. We investigate here this algebraic structure in the context of the Wess-Zumino model and N=1 and N=2 supersymmetric Yang-Mills theories.

e-mail: ulker@th.physik.uni-bonn.de

kulker@itu.edu.tr

1 Introduction

It is known that globally supersymmetric versions of renormalizable quantum field theories display important finiteness properties due to the cancellations of ultraviolet divergencies [1]. These cancellations were first analyzed by Iliopuolos and Zumino [2] in the framework of supersymmetric Wess-Zumino models. Since then, with the development of supergraph techniques in superspace in which all particles in each supermultiplet are considered together as superfields [3, 4, 5] , it became possible to display all simplifications due to supersymmetry.

On the other hand, one is forced to deal with the component field formalism in particular when calculations on non-trivial backgrounds are considered. However, to deal with supersymmetric theories in component picture several problems have to be overcome. First of all, in general the supersymmetry algebra realized without auxiliary fields will close only on-shell, that is modulo terms involving equation of motion of spinor fields. Second, the supersymmetric gauge theories in component gauges (i.e. Wess-Zumino gauge) display, besides this equation of motion terms, the additional characteristic complication that the algebra is modified by field dependent gauge transformations [6]. The third problem is that the supergraph techniques give in many cases a manifest realization of non-renormalization theorems (i.e. the non-renormalization theorems of the chiral vertex in Wess-Zumino model), however these nonrenormalization theorems are by no means obvious in the component field formalism.

The first problem is cured [7, 8, 9, 10] by some sort of Batalin-Vilkovisky formalism [11] that is often called Algebraic Renormalization [12, 13], whereas the second one is solved by extending BRS transformations to include supersymmetry transformations [8, 9, 10]. (For the problem of how to extend the BRS formalism to include arbitrary global symmetries, see [14].) Finally, to get a handle on the non-renormalization theorems in the component picture one has to note that the algebraic source of these theorems is to be found in the cohomology of supersymmetric theories: supersymmetric interaction terms being the highest component of some supermultiplet can be represented as a multiple supervariation of a lower dimensional field polynomial [15].

In this note we study aforementioned algebraic structure in the context of Wess-Zumino model and N=1,2 supersymmetric Yang-Mills theories. The organization of the paper is as follows: in section 2 we discuss in which way the cohomological aspects are realized in Wess-Zumino model without auxiliary fields. In section 3 we generalize the results of [15] and section 2 to N=1 and N=2 pure Yang-Mills theories. In particular we show that the N=2 supersymmetric Yang-Mills Lagrangean can be represented as a fourfold supersymmetry variation of a gauge invariant field monomial canonical dimension two. It follows from this, according to an argument due to Bellisai et.al [22], that the N=2 gauge coupling remains without renormalization beyond one loop order.

2 The Wess Zumino Model

We start to analyze the cohomological aspects of the non-renormalization theorems in Wess- Zumino (WZ) model with auxiliary fields first [15]. The Wess-Zumino model consists of the chiral multiplet Φ = (ϕ, ψ, F ) and its complex conjugate, the anti-chiral multiplet Φ̄ = (ϕy, ψ̄, F y). The action^1 S[x] = Z d^4x(L_{kin} + L_{int}) = Z d^4x{−∂_μϕy∂^μϕ − iψ̄ ¯∂/ψ + F yF + [m(ϕF − 1 2 ψψ) + g(ϕϕF − ψψϕ) + h.c.]} (1) is invariant under N=1 off-shell supersymmetry transformations: δ_αϕ = √ 2ψ_α δ̄_{α̇}ϕ = 0 (2)

δ_αϕy = 0 δ̄_{α̇}ϕy = √ 2ψ̄_{α̇} (3)

δ_αψ^β = √ 2δ_α^βF δ̄^{α̇}ψ^β = −i √ 2σ̄^{α̇β}_μ ∂^μϕ (4)

δ_αψ̄˙_β = −i √ 2σ^μ_{αβ̇}∂_μϕy δ̄^{α̇}ψ̄˙_β = √ 2δ^{α̇}˙_βF y (5)

δ_αF = 0 δ̄^{α̇}F = i √ 2σ̄^{α̇β}_μ ∂^μψ_β (6)

δ_αF y = i √ 2σ^μ_{αβ̇}∂_μψ̄^{β̇} δ̄^{α̇}F y = 0 (7) {δ, δ}φ = 0 = {δ̄, δ̄}φ, {δ_α, δ̄_{α̇}}φ = −2iσ^μ_{αα̇}∂^μφ (8) where φ = ϕ, ψ, F, ϕy, ψ̄, F y. The kinetic term, mass term and the interaction term in equation (1), being separately supersymmetric invariant, can be represented as supersymmetry variation of a lower dimensional field polynomial^2. We concentrate on the interaction part of the Lagrangean (1). (ϕϕF − ψψϕ) = − 1 12 δδ(ϕϕϕ) (ϕyϕyF y − ψ̄ψ̄ϕy) = − 1 12 δ̄δ̄(ϕyϕyϕy) (9)

That is, the interaction terms are the highest components of a chiral and anti-chiral multiplet respectively of which the lowest components are ϕ^3 and ϕy^3 respectively. The relations (9) were identified in ref.[15] as the algebraic source of the non-renormalization theorems in the Wess-Zumino model (with auxiliary fields).

1Throughout the paper we use Wess-Bagger conventions where the metric is given by η_{μν} = (�1, 1, 1, 1) [17] 2For a similar approach of constructing N=1 globally and locally supersymmetic actions by BRS cohomological means and also for the discussion of anomalies, see [16]

The Wess-Zumino model is renormalizable. It is characterized by the supersymmetry Ward identities W_αS = Z d^4xδ_αφ ∂ ∂φ S = 0 W̄_{α̇}S = Z d^4xδ̄_{α̇}φ ∂ ∂φ S = 0 (10)

that define the Green functions to all orders of perturbation theory where Γ(Φ, Φ̄) = S + Γ_1 + ... denotes the generating functional of one particle irreducible (1PI) Green functions. Free parameters are fixed by following normalization conditions^3:

Γ_{F F} y (p^2) fi fi_{p2=κ2} = 1

Γ_{F ϕ}(p^2) fi fi_{p2=0} = m (11)

Γ_{F ϕϕ}(p_1, p_2, p_3) fi fi_{pi=0} = − λ 2 . The classical action of Wess-Zumino model is also invariant under a modified R’-symmetry [15], besides the ordinary (conformal) one, which fixes the number of chiral and anti-chiral vertices for a given loop order and a given configuration of external fields. One finds in this way for example that the L-loop contribution to the chiral vertex functional Γ_{ϕψψ} contains L anti-chiral insertions:

Γ^{(L)}_{ϕψψ}|_{g=ḡ} ∼ ([ Z d^4xQ̄]^{(L)}_4 .Γ)_{ϕψψ} ∼ ([ Z d^4x(ϕyϕyF y − ψ̄ψ̄ϕy)]^{(L)}_4 Γ)_{ϕψψ}. (12)

Here the subscript 4 refers to the Zimmerman subtraction prescription for operators of canonical dimension 4. Now with the help of eq.(9) and (12) we obtain

Γ^{(L)}_{ϕψψ} ∼ ([ Z d^4xδ̄δ̄(ϕy^3)][...]^{(L}�^{1)}Γ)_{ϕψψ} ∼ [ Z d^4xδ̄(ϕyϕyϕy)][...]^{(L}�^{1)}Γ)¯_{δ(ϕψψ)} (13)

where δ̄(ϕψψ) ∼ ϕ∂_μϕψ. For the second proportionality in (13) we use the supersymmetric Ward identity. It was shown in [15] that these formal manipulations are compatible with algebraic renormalization. One derives from (13) two consequences: 1.) Γ_{ψψϕ} is a superficially convergent vertex function since on the r.h.s. of (13) appears an insertion of canonical dimension^7_2 and the derivative on the external scalar field does not contribute to the superficial degree of divergence. 2.) The vertex function vanishes at zero momentum.

It may be instructive to discuss the non-renormalization theorem in a formalism where the auxiliary fields F and F y are eliminated by their equation of motion. F = −mϕy − ḡϕyϕy F y = −mϕ − gϕϕ (14) Inserting these expressions into the action (1) one arrives at S = Z d^4x[−∂_μϕy∂^μϕ−iψ̄∂/ψ− 1 2 mψψ− 1 2 ψ̄ψ̄−gψψϕ−ḡψ̄ψ̄ϕy−(mϕy+ḡϕyϕy)(mϕ+gϕϕ)] (15) 3Here Γ_{φ1...φ}m(x_1...x_n) :=^δn_{δφ1...δφ}n Γ^fi_{all φ=0} denotes the n-point 1PI Green functions.

One may try again to represent interactions as supersymmetry variations of lower dimensional terms. For this purpose we have to eliminate the auxiliary fields above the equations (2-8). Then the modifications read as

δ_αψ^β = √ 2δ^β_α(−mϕy − ḡϕyϕy) δ_{α̇}ψ^{β̇} = √ 2δ̄^{β̇}_{α̇}(−mϕ − gϕϕ). (16) It appears that the interaction part of the action (15) can no longer be decomposed into invariant chiral and anti-chiral parts. And a fortiori the cohomological identities (9) have no direct analogue. That is the terms δδϕ^3 and δ̄δ̄ϕy^3 are no longer supersymmetric invariant since δ̄ applied to δδϕ3 ( or δ applied to δ̄δ̄ϕy3 ) produces besides a derivative term an additional disturbing equation of motion term, as the supersymmetry algebra now closes only on-shell. But we have instead the identities − 1 12 δδϕ^3 = d dg Lint −^1_{12}^¯δ^¯δϕ^{y3} =^d_{dḡ} Lint. (17)

This allows to write d dḡ Γ_{ϕψψ} ∼ [ Z d^xδ̄δ̄ϕy^3]Γ_{ϕψψ} ∼ −[ Z d^xδ̄ϕy^3]Γ¯_{δ(ϕψψ)} (18)

and an analogous chain of equations for the anti-chiral vertex functions. We conclude as before that the derivatives of the vertex functions are superficially convergent. The ensuing integrations will not affect this conclusion.

Recent explicit calculations of N. vonRummel [18] in the component picture confirm the nonrenormalization theorems. But this author claims that the chiral vertex functions do not vanish at zero momentum^4. This would mean that the treatment in the component picture induces a finite shift in the renormalized parameters of the model in comparison to the off-shell approach. It seems worthwhile to clarify this issue.

3 Super Yang-Mills Theories

3.1 N=1 Pure Yang-Mills Theory

The action of the pure super Yang-Mills theory contains the N=1 vector multiplet (A_μ, λ, λ̄, D) and reads^5, S_{Y M} = T r Z d^4x(− 1 2 F_{μν} F^{μν} − 2iλD/λ̄ + D^2) (19)

4We thank N. Von Rummel for explaining his results.

5We take, for simplicity, SU(2) gauge group and use the following SU(2) matrix notation throughout this work:

Φ = Φ^aτ^a, [τ^a, τ^b] = if^{abc}τ^c, T r(τ^aτ^b) = 1 2 δ^{ab} D_μΦ = ∂_μΦ � i[A_μ, Φ]

F_{μν} = ∂_μA_ν � ∂_ν A_μ � i[A_μ, A_ν ]

where f^{abc} is the totally antisymmetric matrix.

The SUSY transformations for N=1 vector multiplet is given by,

QA_μ = iθσ_μλ̄ + iθ̄σ̄_μλ (20)

Qλ = σ^{μν}θF_{μν} + iθD (21) Qλ̄ = σ̄^{μν}θ̄F_{μν} − iθ̄D (22) QD = −θD/λ̄ + θ̄D̄/λ (23) where Q = Q + Q̄ = θ^αδ_α + θ̄_{α̇}δ̄^{α̇} (24)

and θ, θ̄ are supersymmetry parameters. The algebra reads {δ, δ}φ = 0 = {δ̄, δ̄}φ {δ, δ̄}φ = −2iσ^μD_μφ. (25) By analyzing supersymmetry transformations of the fields one can see that the action can be found from the gauge invariant, dimension 3 chiral and anti-chiral field polynomials λ^αλ_α and λ̄_{α̇}λ̄α̇ :

S_{Y M} = 1 8 T r Z d^4x{(δδ)(λλ) + (δ̄δ̄)(λ̄λ̄)}. (26) The auxiliary fields D are crucial for the latter irrespective of the fact that they vanish on-shell. One finds then instead^1_8 T r((δδ)(λλ) + (δ̄δ̄)(λ̄λ̄)) is equal to T r[− 1 2 F_{μν}F^{μν} − 3i 4 λD/λ̄ − 3i 4 λ̄D̄/λ]. (27) It seems advisable to stick to the off-shell formulation. It is in our opinion still a challenge to derive (or redrive) the Shiffman-Vainshtein formula [19] for the β function of the gauge coupling.

3.2 N=2 Pure Yang-Mills

It is well known that twisting of the ordinary N=2 super Yang-Mills (SYM) theory, in the Wess-Zumino gauge, yields topological field theories of the cohomological type [20] which have zero degrees of freedom and whose correlators are independent of the metric of the manifold where the theory is defined. On the other hand it is found out that ordinary supersymmetric gauge theories have also a class of position independent correlation functions [21]. Indeed twisting procedure is nothing else than a variable redefinition and one can realize that the correlation functions of the topological theory coincide with the subset of those of the physical theory. Recently this relation was used to study the non-renormalization of the N=2 SYM theory in the twisted formulation [22] which is our motivation in this section.

The action of the pure super Yang-Mills contains the N=2 [23] vector multiplet (ϕ, ϕy, A_μ, ψ, ψ̄, λ, λ̄, D, E, F) where all the components of it transform under adjoint representation of the gauge group.The

action with a topological term is given by,

S = T r Z d^4x[− 1 2 F_{μν}F^{μν} − i 4 ϵ^{μνκλ}F_{μν}F_{κλ} − 2iλD/λ̄ − 2iψD/ψ̄ + 2ϕD_μD^μϕy +2i √ 2(ψ[λ, ϕy] − λ̄[ψ̄, ϕ]) − [ϕ, ϕy]^2 + D^2 + E^2 + F^2] (28)

and N=2 off-shell SUSY transformations [23] read in Wess-Bagger [17] conventions as follows:

QA_μ = iθ_1σ_μλ̄ + iθ_2σ_μψ̄ + iθ̄_1σ̄_μλ + iθ̄_2σ̄_μψ (29)

Qλ = σ^{μν}θ_1F_{μν} + iθ_1[ϕ, ϕy] − i √ 2σ^μθ̄_2D_μϕ + iθ_2D + θ_2E + iθ_1F (30)

Qψ = σ^{μν}θ_2F_{μν} + iθ_2[ϕ, ϕy] + i √ 2σ^μθ̄_1D_μϕ + iθ_1D − θ_1E − iθ_2F (31)

Qϕ = √ 2θ_1ψ − √ 2θ_2λ (32)

QD = −θ_1σ^μD_μψ̄ − θ_2σ^μD_μλ̄ + √ 2θ_1[λ, ϕy] − √ 2θ_2[ψ, ϕy]

+θ̄_1σ̄^μD_μψ + θ̄_2σ̄^μD_μλ − √ 2θ̄_1[λ̄, ϕ] + √ 2θ̄_2[ψ̄, ϕ] (33)

QE = −iθ_1σ^μD_μψ̄ + iθ_2σ^μD_μλ̄ + i √ 2θ_1[λ, ϕy] + i √ 2θ_2[ψ, ϕy]

−iθ̄_1σ̄^μD_μψ + iθ̄_2σ̄^μD_μλ + i √ 2θ̄_1[λ̄, ϕ] + i √ 2θ̄_2[ψ̄, ϕ] (34)

QF = −θ_1σ^μD_μλ̄ + θ_2σ^μD_μψ̄ − √ 2θ_1[ψ, ϕy] − √ 2θ_2[λ, ϕy]

+θ̄_1σ̄^μD_μλ − θ̄_2σ̄^μD_μψ + √ 2θ̄_1[ψ̄, ϕ] + √ 2θ̄_2[λ̄, ϕ] (35)

here D, E, F are the auxiliary fields and Q denotes the generators of supersymmetry transfor-

mations,

Q = Q_1 + Q_2 + Q̄_1 + Q̄_2

= θ^α_1 δ_{1α} + θ^α_2 δ_{2α} + θ̄_1α̇δ̄^{α̇}_1 + θ̄_2α̇δ̄^{α̇}_2 . (36)

They satisfy the following algebra,

[Q_i, Q̄_j] = −2i(θ_iσ^μθ̄_j)D_μ (37)

[Q_i, Q_j]A_μ = −2 √ 2ε_{ij} (θ_iθ_j)D_μϕy (38)

[Q̄_i, Q̄_j]A_μ = −2 √ 2ε_{ij}(θ̄_iθ̄_j)D_μϕ (39)

[Q_i, Q_j] Ξ = −2i √ 2ε_{ij} (θ_iθ_j)[Ξ, ϕy] (40)

[Q̄_i, Q̄_j] Ξ = −2i √ 2ε_{ij}(θ_iθ_j)[Ξ, ϕ] (41)

i, j = 1, 2 ε_{12} = −ε_{21} = 1 Ξ = ϕ, ϕy, λ, λ̄, ψ, ψ̄, F, (E + iD), (E − iD) Equation (37) is gauge covariant extension of the usual supersymmetry algebra whereas the r.h.s of (38-41) may be interpreted as central extensions in the form of gauge transformations with the gauge parameters ϕ and ϕy respectively.

The renormalization of the N=2 model has been discussed by Maggiore [9] using above mentioned technique of an extended BRS formalism [8].The topological, twisted version of the model has been treated in a similar spirit most recently by Blasi et.al. [22] by relating the gauge invariant polynomial T r(ϕ^2) to the twisted N=2 Yang-Mills action [13]. Their providing for non-renormalization of the coupling constant beyond one-loop can easily be transported in the ordinary (untwisted) case. The unique reason for the present non-renormalization theorem is to be found in the fact that the N=2 Yang-Mills action can be written as an integral of a forth super variation of dimension two filed monomial^6:

S_{N =2} = 1 16 T r Z d^4x(δ_1δ_1)(δ_2δ_2)T r(ϕ^2) (42)

that is the highest component of a N=2 chiral multiplet [23] of which the highest component is T r(ϕ^2) .

To find this representation it is crucial, as before in the N=1 YM theory, that an auxiliary field formalism is available. The representation in (42) can be verified by noting that this expression has canonical dimension four and it is gauge invariant and supersymmetric. There is only one such expression which is N=2 SYM action.

6 To get rid of the topological term one simply adds the hermitean conjugate of eq.(42) since it gives the same action that has the opposite sign for the topological term.

On the other hand by using on-shell transformations, i.e. by setting auxiliary fields D, E, F to zero, a similar fourfold supersymmetry variation of T rϕ^2 yields^7 1 96 T r Z d^4x(δ_1^αδ_{1α}δ_2^βδ_{2β} − δ_1^αδ_2^βδ_{1α}δ_{2β} + δ_1^αδ_2^βδ_{2β}δ_{1α} + (1 ←→ 2))ϕ^2 = T r Z d^4x(− 1 2 F_{μν}F^{μν} − i 4 ϵ^{μνκλ}F_{μν}F_{κλ} − iλD/λ̄ − iψD/ψ̄ + ϕD_μD^μϕy − i √ 2λ̄[ψ̄, ϕ]). (43)

Note that the difference between the action (28) and the expression (43) can be written in terms of equations of motion of λ, ψ and ϕ as following^8 : T r Z d^4x{−iψ (D/ψ̄ − √ 2[λ, ϕy]) − iλ (D/λ̄ + √ 2[ψ, ϕy]) + ϕ (D_μD^μϕy − i √ 2[λ̄, ψ̄] − [ϕy, [ϕ, ϕy]])}. Finally, it is worthwhile to mention that after twisting the expression (43) (by identifying the susy index with the undotted spinor index), one gets the Topological Yang-Mills action in the approach of Baulieu-Singer [24] for a particular choice of Faddeev-Popov ghosts since the coefficient of F_{μν} F^{μν} term is arbitrary in this approach.

The completely open problem that remains is the discussion of the non-renormalization theorems of N=2 super Yang-Mills theories with matter hypermultiplets and N=4 supersymmetric models due to the fact that there are no known auxiliary field formulation of these models. We hope to disentangle this fact in a future publication.

Acknowledgements: The author is grateful to R. Flume for suggesting this work and sharing his valuable knowledge while this work was in progress. Special thanks are due to M. Hortacsu for his continuous interest and also for many discussions.

This work is supported by TUBITAK, Scientific and Technical Research Council of Turkey under BAYG-BDP.

References

[1] J. Wess and B. Zumino, Phys. Lett. B 49 (1974) 52.

[2] J. Iliopuolos and B. Zumino, Nucl. Phys. B 79 (1974) 310.

[3] K. Fujikawa and W. Lang, Nucl. Phys. B 88 (1975) 61.

[4] M.T. Grisaru, W. Siegel and M. Rocek, Nucl. Phys. B 159 (1979) 429.

[5] M.T. Grisaru and W. Siegel, Nucl. Phys. B 201 (1982) 292.

7One has to distinguish the different combinations of δ_1 and δ_2 due to the fact that relations (38-41) hold only on-shell since the r.h.s of these relations become gauge transformations plus the equation of motion of the fermions.

8 A similar argument also holds for Wess-Zumino model and N=1 super Yang-Mills theory when one tries to construct the corresponding actions by using on-shell transformations.

[6] B. de Witt and D.Z. Freedman, Phys. Rev. D 12 (1975) 2286. [7] O. Piguet and K. Sibold, Nucl. Phys. B 253 (1985) 269.

[8] P.L. White, Class. Quant. Grav. 9 (1992) 413; Class. Quant. Grav. 9 (1992) 1663. [9] N. Maggiore, Int. J. Mod. Phys. A10 (1995) 3937; Int. J. Mod. Phys. A10 (1995) 3781. [10] N. Maggiore, O. Piguet and S. Wolf, Nucl. Phys. B 458 (1996) 403; Nucl. Phys. B 476 (1996) 329.

[11] I.A. Batalin and G.A Vilkovisky, Phys. Lett. B 69 (1983) 309; Phys. Rev. D 28 (1981) 2567; Phys. Lett. B 102 (1981) 27. See also J. Gomis, J. Paris and S. Samuel Phys. Rep. 259 (1995) 1 for a self contained review.

[12] O. Piguet and S.P. Sorella, Algebraic Renormalization, Lecture Notes in Physics m28, Springer Verlag, Berlin Heidelberg,1995.

[13] F. Fucito et.al. Algebraic Renormalization, hep-th/9707209.

[14] F. Brandt, M. Henneaux and A. Wilch, Phys. Lett. B 387 (1996) 320; Nucl. Phys. B 510 (1998) 640.

[15] R. Flume and E. Kraus, Nucl. Phys. B 569 (2000) 625.

[16] F. Brandt, Nucl. Phys. B 392 (1993) 428; Class. Quant. Grav. 11 (1994) 849; Ann. Phys.

259 (1997) 253.

[17] J. Wess and J. Bagger, Supersymmetry and Supergravity Princeton University Press, Princeton, NJ, 1992 .

[18] N. von Rummel, Nichtrenormierungstheoreme für chirale Vertizes in Komponentenfeldern (Diploma Thesis, Bonn University 2000, unpublished).

[19] M.A. Shifman and A.I. Vainshtein, Nucl. Phys. B 277 (1986) 456. [20] E. Witten, Commun. Math. Phys. 117 (1988) 353. [21] D. Amati, et. al. Phys. Rep. 162 (1988) 169. [22] A.Blasi, et.al. JHEP 0005 (2000) 039;

[23] R. Grimm, M.F. Sohnius and J. Wess, Nucl. Phys. B 133 (1978) 275. [24] L. Baulieu and I.M. Singer, Nucl. Phys. B (Proc. Suppl.) 5 (1985) 12.