arXiv:hep-th/0011148 v4 26 Dec 2000

hep-th/0011148 UT-917

D-branes in Singular Calabi-Yau n-fold

and N = 2 Liouville Theory

Tohru Eguchi and Yuji Sugawara

eguchi@hep-th.phys.s.u-tokyo.ac.jp , sugawara@hep-th.phys.s.u-tokyo.ac.jp

Department of Physics, Faculty of Science University of Tokyo Bunkyo-ku, Hongo 7-3-1, Tokyo 113-0033, Japan

Abstract

Making use of the N = 2 Liouville theory and world-sheet techniques, we study the properties of D-branes wrapped around vanishing SUSY cycles of singular Calabi-Yau

n-folds (n = 2; 3; 4). After constructing boundary states describing the wrapped branes,

we evaluate the disc amplitudes corresponding to the periods of SUSY cycles. We use the old technique of KPZ scaling in Liouville theory and derive holomorphicity and scaling behavior of vanishing cycles which are in agreement with geometrical considerations.

We also discuss the open string Witten index using the N = 2 Liouville theory and obtain the intersection numbers among SUSY cycles which also agree with geometrical expectation.

1 Introduction

Recently the study of string compactification on singular Calabi-Yau manifolds has been receiving a lot of attentions [1, 2, 3, 4, 5, 6]. When a CY manifold approaches a singular limit, some of its cycles become degenerate and various non-perturbative phenomena take place. In particular when CY manifold X_n (n denotes the complex dimension) has an isolated A-D-E type singularity, we expect to obtain a scale invariant theory in d = 10 − 2n dimensions which is decoupled from gravity [4]. It has been proposed that such a space-time theory may be studied by looking at its dual string theory [7, 5, 8, 9]: this dual theory possesses a linear dilaton background and involves the N = 2 Liouville theory [10] (or SL(2, R)/U(1) theory) and the N = 2 minimal model. Liouville field ϕ describes the radial direction of the throat of singular CY manifold and another scalar field Y in N = 2 Livouville sector parameterizes the circular direction of the throat.

Such a dual string theory is reminiscent of the Gepner model of exactly soluble string compactification [11]. In the present case the minimal model is coupled to Liouville sector which is non-compact and the non-compactness makes it non-trivial to see if such a string background is in fact consistent. Recently, modular invariance for these backgrounds has been studied and it has been shown that there exist a series of modular invariant partition functions of the A-D-E type which are in one to one correspondence with the CY manifolds with A-D-E singularities [12, 13, 14, 15].

It is quite interesting that the Liouville theory plays a novel role in the description of singular CY compactification. In this paper we will borrow the technique from the old Liouville theory [16, 17, 18] and apply it to the analysis of the scaling behavior of singular CY manifold. In particular we will study the scaling laws of the periods of vanishing cycles as the deformation parameter μ of the singularity is turned off.

In order to carry out such an analysis we use the method of boundary states which describes the SUSY cycles from the world-sheet point of view. Technologies of describing D-branes using world-sheet theory have recently been developed considerably [19, 20]. In particular the boundary state approach to D-branes in Gepner models has been discussed by various authors [21, 22, 23]. In this paper we will make a slight generalization of this construction to cope with the case of non-compact CFT consisting of Liouville field.

We will consider two-point functions of boundary states with chiral primary fields which correspond to periods of vanishing cycles. These correlation functions vanish identically due to Liouville momentum conservation unless the system is perturbed by some Liouville potential terms. We shall show that when the theory is perturbed by the cosmological constant operator, correlation functions become non-zero and behave exactly as the periods of vanishing cycles. We shall show that we can in fact identify the deformation parameter μ as the coefficient of the cosmological constant term in Liouville theory. We also compute the intersection numbers among vanishing cycles using the Liouville theory. We obtain results which agree completely with geometrical considerations and also agree with the results of [24, 25] based on the SL(2, R)/U(1) approach.

This paper is organized as follows: In section 2, starting from a brief review of the setup of world-sheet description of [5], we construct the supersymmetric boundary states. In section 3 we will evaluate the periods of the D-branes wrapped around the vanishing cycles by means of the world-sheet techniques. In section 4 we compute the intersection matrix (open string Witten index [26]) of vanishing cycles. We will also discuss the relation of Liouville theory to the SL(2; R)/U(1) approach in section 5. In section 6 we summarize our results and present some discussions.

2 World-sheet Description of D-branes in Singular CY Compactification

2.1 World-sheet Approach to Singular CY Compactification

Throughout this paper we consider type II string theory on the background R^{d−1,1} × X_n, where X_n is a CY n-fold (2n + d = 10) with an isolated singularity of A-D-E type defined by a polynomial equation F (z_1, z_2, . . . , z_{n+1}) = 0. (More precisely, we shall consider IIA string for the cases d = 2, 4, and IIB string for d = 4). For simplicity we focus on the A_{N −1}-type singularity in this paper;

F (z_1, . . . , z_n) = z^N_1 + z^2 + · · · + z^2_{n+1}. (2.1)

According to [5] the decoupled limit of string theory on R^{d−1,1} × X_n is described as a string theory on R^{d−1,1} × (R_ϕ × S^1) × LG(W = F ) ∼= R^{d−1,1} × (R_ϕ × S^1) × M_N where LG(W = F ) stands for the N = 2 Landau-Ginzburg model with a superpotential W = F , and M_N denotes the N = 2 minimal model with central charge c = 3(N − 2)/N. The sector R_ϕ × S^1 is described by the N = 2 Liouville theory [10] whose field contents consist of bosonic variables ϕ (parameterizing R_ϕ), Y (parameterizing S^1) and their fermionic partners Ψ^+, Ψ^−. ”R_ϕ” indicates a linear dilaton background with the background charge Q( > 0)^1. Adjustment of the central charge gives the following values of the background charge in dimensions d = 6, 4, 2

d = 6; Q = √ 2 N , d = 4; Q = √ N + 2 N , (2.2)

d = 2; Q = √ 2(N + 1) N . The superconformal currents read as T = − 1 2 (∂Y )^2 − 1 2 (∂ϕ)^2 − Q 2 ∂^2ϕ − 1 2 (Ψ^+∂Ψ^− − ∂Ψ^+Ψ^−), G^± = − 1 √ 2 Ψ^±(i∂Y ± ∂ϕ) ∓ Q √ 2 ∂Ψ^±, J = Ψ^+Ψ^− − Qi∂Y, (2.3)

which generate the N = 2 superconformal algebra (SCA) with ĉ(≡ c 3 ) = 1 + Q^2.

Since we have a linear dilaton background, Φ(ϕ) = − Q 2 ϕ, the theory is weakly coupled in the ”near boundary region” ϕ ∼ +∞. On the other hand, in the opposite end ϕ ∼ −∞ (near the singularity) the string coupling blows up. In order to avoid the region ϕ ∼ −∞ one should add a ”Liouville potential” term ∼ e^{−αϕ} (α > 0) to the action. Compatibility with the N = 2 superconformal symmetry leads us to the following three types of Liouville potentials, two of them are (anti-)chiral and one is non-chiral;

S^± = ∫ d^2z Ψ^∓Ψ̃^∓e^{− 1Q (ϕ±iY )}, (2.4) S_{nc} = ∫ d^2z (∂ϕ − i∂Y − QΨ^+Ψ^−)( ¯∂ϕ + i ¯∂Y + QΨ̃^+Ψ̃^−) e^{−Qϕ}. (2.5)

They commute with all the generators of N = 2 superconformal algebra and thus are the screening charges of SCA. It is easy to recognize these as the super- and Kähler potential

1The present normalization of the background charge is defined so that the Liouville central charge equals cŒ = 1 + 3Q^2.

terms in the N = 2 theory

S^± = ∫ d^2zd^2θ^± e^{− 1Q Φ±} , (2.6) S_{nc} = ∫ d^2zd^2θ^+d^2θ^− e^{− Q2 (Φ++Φ−)}, (2.7)

where Φ^± denotes the (anti-)chiral superfield whose scalar component is ϕ ± iY . Thus the operators S^± describe the deformation of the superpotential or the complex structure of the CY manifold X_n while S_{nc} provides the deformation of the Kähler structure of the theory. We can identify the operators S^± as the analogues of the cosmological constant term in the bosonic Liouville theory. On the other hand, as we discuss later, the operator S_{nc} may be identified as the screening operator of SL(2, R) current algebra or the black hole mass operator in the SL(2, R)/U(1) WZW model of 2D black hole [27].

In the following we shall concentrate on the perturbation by the cosmological constant operators S_± (S_L denotes the Liouville action)

S_L =⇒ S_L + μS^+ + μ̄S^−. (2.8)

Note that μ here is a complex parameter as opposed to the bosonic Liouville theory where μ is a real parameter.

It has been suggested by various authors [2, 5] that the perturbation (2.8) corresponds to the most relevant deformation of the singularity

F (z_1, . . . , z_{n+1}) + μ = 0. (2.9)

If we consider the case of n = 3 for instance, superysmmetric 3-cycles in CY threefold are degenerate in the singular limit μ = 0. These cycles become inflated and acquire a finite size when the perturbation μ is turned on. In the following sections we compute correlation functions in Liouville theory which correspond to the sizes and intersection numbers of the vanishing cycles. These correlation functions in fact vanish by the Liouville momentum conservation at μ = 0, however, they acquire finite values when the system is perturbed by the cosmological constant operator. We use the technique of the Liouville theory developed in 2D gravity theory [16, 18] and compute the correlation functions by inserting a suitable number of cosmological constant operators. It turns out that we obtain scaling relations for the vanishing cycles which are in complete agreement with the geometrical considerations.

2.2 Supersymmetric Boundary States in N = 2 Liouville Theory

It is known that in the N = 2 theory there are two types of boundary states preserving the superconformal symmetry [19]. In the context of superstring theory they correspond to the D-branes wrapped around special Lagrangian submanifolds or holomorphic cycles in the CY manifolds. We describe them using the mode expansion in the closed string channel.

A-type (middle-dimensional cycles, special Lagrangian submanifolds)

(J_n − J̃_{−n})|B; η⟩ = 0 (2.10) (G^±_r − iηG̃^∓_{−r})|B; η⟩ = 0 (2.11)

B-type (holomorphic even-dimensional cycles)

(J_n + J̃_{−n})|B; η⟩ = 0 (2.12) (G^±_r − iηG̃^±_{−r})|B; η⟩ = 0 (2.13)

where η = +1 or −1. Signature η is related to the choice of NS or R boundary conditions in the open string channel.

In both cases we impose the superconformal invariance at the boundary;

(L_n − L̃_{−n})|B⟩ = 0 (2.14) (G_r − iηG̃_{−r})|B⟩ = 0 (2.15)

where G = G^+ + G^−.

Now let us consider the supersymmetric boundary states in the N = 2 Liouville theory. By inspecting the mode expansion of operators of SCA (2.3) it is easy to see that the A-type and B-type boundary conditions require

• A-type: ϕ-direction must obey the Neumann boundary condition (b.c.), and Y -direction must be Dirichlet b.c.

• B-type: ϕ-direction must obey the Neumann b.c., and Y -direction must be Neumann b.c.

Note that the Liouville direction ϕ must always obey the Neumann b.c., which means that

(α^ϕ_n + α̃^ϕ_{−n})|B⟩ = 0, (n ≠ 0) (2.16) α^ϕ_0 |B⟩ = α̃^ϕ_0 |B⟩ = iQ 2 |B⟩, (2.17) (Ψ^ϕ_r + iηΨ̃^ϕ_{−r})|B⟩ = 0, Ψ^ϕ = i √ 2 (Ψ^+ − Ψ^−) (2.18)

where i∂ϕ(z) = ∑ n α^ϕ_n z^{n+1} . As is discussed in [28], shift iQ/2 of Liouville momentum in (2.17) follows from the requirement of conformal invariance at the boundary; (L_n − L̃_{−n})|B⟩ = 0. In fact the commutation relation [L_m, α^ϕ_n] = −nα^ϕ_{m+n} − i Q 2 m(m + 1)δ_{m+n,0}, (2.19)

leads to [L_m − L̃_{−m}, α^ϕ_n + α̃^ϕ_{−n}] = −n(α^ϕ_{m+n} + α̃^ϕ_{−(m+n)} − iQδ_{m+n,0}). (2.20) Thus (α^ϕ_0 + α̃^ϕ_0 )|B⟩ = iQ|B⟩. Since ϕ, being a non-compact boson, has no winding mode, we have α^ϕ_0 = α̃^ϕ_0 . The fact that the supersymmetric boundary states have the fixed Liouville momentum p_ϕ = iQ 2 plays an important role in deriving the scaling behavior of supersymmetric cycles.

It is interesting to consider the Dirichlet condition for the Liouville direction and this case has been discussed by several authors [28, 29]. However, we only consider the Neumann condition in this paper.

2.3 Ishibashi States in Singular CY_n Theory

Now we explicitly construct the supersymmetric boundary states in the singular CY_n theory. In the following we take the light-cone point of view and consider only the transverse directions R^{d−2} × (R_ϕ × S^1_Y ) × M_N of the theory. We focus on the A-type boundary condition which corresponds to the Dn-brane wrapped around the middle-dimensional SUSY cycles in CY_n (special Lagrangian submanifold);

• All the R^{d−2}-directions −→ Dirichlet b.c., characterized by the zero-mode momentum

α^μ_0 |B⟩ = α̃^μ_0 |B⟩ = p^μ_0 |B⟩ (2.21)

• R_ϕ-direction −→ Neumann b.c., and as we have already observed, with the zero-mode momentum fixed as α^ϕ_0 |B⟩ = α̃^ϕ_0 |B⟩ = iQ 2 |B⟩ (2.22)

• S^1_Y -direction −→ Dirichlet b.c., characterized by the Kaluza-Klein momentum α^Y_0 |B⟩ = α̃^Y_0 |B⟩ = p|B⟩, p = n NQ (n ∈ Z) (2.23)

(The radius of S^1_Y is equal to NQ. After imposing GSO projection, effective radius becomes Q [5]).

• M_N -sector −→ A-type boundary condition. We denote the Ishibashi state [30] in this sector as |l, m, s⟩_I (l = 0, 1, . . . , N − 2, m ∈ Z_{2N} , s ∈ Z_4, l + m + s ∈ 2Z) which is associated to the character χ^{l,s}_m (q) of the representation of the N = 2 minimal model with central charge 3(N − 2)/N. s represents different spin structures of the N = 2 theory.

Tensoring all the sectors we can obtain the Ishibashi state |p_0, s_0; l, m, s; p⟩_I which diagonalizes the closed string Hamiltonian H^{(c)}

I ⟨p^′_0, s^′_0; l^′, m^′, s^′; p^′|q̃^{H(c)}|p_0, s_0; l, m, s; p⟩_I = q̃^12^{p20+ 1}2^{p2} η(q̃)^d χ^{SO(d)}_{s0} (q̃)χ^{l,s}_m (q̃)δ(p_0 − p^′_0)δ_{s0,s}′_0 δ_{l,l}′ · · · , (2.24)

where q̃ = e^{−2πi}τ and χ^{SO(d)}_{s0} (q̃) denotes the character of ^SO(d)_1 (s_0 = 0, 1, 2, −1 correspond respectively to the basic, spinor, vector, co-spinor representations). Note that d − 2 free fermions of the transverse directions R^{d−2} are combined with the two fermions coming from the N = 2 Liouville sector and generate the SO(d) current algebra at level 1.

We now impose the GSO conditions which enforces the integrality of the U(1)_R charge and determine the spectrum of Y -momentum p in the Ishibashi state |p_0, s_0; l, m, s; p⟩_I .

• In all of the cases d = 2, 4, 6, the GSO conditions for the NS sectors is given by − s_0 2 − s 2 + m N − Qp ∈ 2Z + 1, (s_0, s = 0, 2). (2.25)

• For the R sector, the conditions are

d = 2 − s_0 2 − s 2 + m N − Qp ∈ 2Z + 1 (2.26) d = 4 − s_0 2 − s 2 + m N − Qp ∈ 2Z + 1 2 (2.27)

d = 6 − s_0 2 − s 2 + m N − Qp ∈ 2Z (2.28)

Shift in the right-hand-side of GSO conditions in the R sector is due to the presence of U(1)_R charge (d − 2)/4 in Ramond ground state of the R^{d−2} sector.

2.4 Cardy States in Singular CY_n Theory

It is well-known that open string amplitudes factorize when Cardy states are used for the boundary states [31]. Following the standard prescription we construct the Cardy state as the ”Fourier transform” of an Ishibashi state,

|L, M, S; R, X_0, S_0⟩_C (2.29) = ∫ d^{d−2}p_0e^{−ip0·X0} ∑ l,m,s,s_0,p S_{Ll} √ S_{0l} e^{iπ Mm}N (2N)^{1/4} e^{−iπ Ss}2 √ 2 e^{−iπ S0s0}2 √ 2 e^{−ipR}|p_0, s_0; l, m, s; p⟩_I , where the sum over p runs over the values dictated by the GSO conditions. S_{Lℓ} denotes the matrix element of the S-transformation of ^SU(2) characters S_{Lℓ} = √ 2 N sin ( π(L + 1)(ℓ + 1) N ) . (2.30)

R denotes the location around S^1 described by the field Y . From now on we only treat the boundary states with the center of mass coordinate X_0 = 0 and suppress the R^{d−2} sector. We then write the Cardy state as |L, M, S; R, S_0⟩_C.

By combining spin structures S, S_0 we construct the boundary states |L, M, R; η⟩^{(NS)}_C , |L, M, R; η⟩^{(R)}_C as |L, M, R; +1⟩^{(NS)}_C = 1 4 ∑ α,β=0,1 |L, M, 2α; R, 2β⟩_C , |L, M, R; −1⟩^{(NS)}_C = 1 4 ∑ α,β=0,1 |L, M, 2α + 1; R, 2β + 1⟩_C , (2.31) |L, M, R; +1⟩^{(R)}_C = 1 4 ∑ α,β=0,1 (−1)^{α+β}|L, M, 2α; R, 2β⟩_C , |L, M, R; −1⟩^{(R)}_C = 1 4 ∑ α,β=0,1 (−1)^{α+β}|L, M, 2α + 1; R, 2β + 1⟩_C . (2.32)

One can check that |L, M, R; η⟩^{(NS)}_C in fact contains only NSNS components of Ishibashi states (s, s_0 = 0, 2) and similarly |L, M, R; η⟩^{(R)}_C contains the RR components (s, s_0 = ±1). We also notice the following boundary conditions in the fermionic sector (G^±_r − iηG̃^∓_{−r})|L, M, R; η⟩^{(∗)}_C = 0, (2.33) (Ψ^±_r − iηΨ̃^∓_{−r})|L, M, R; η⟩^{(∗)}_C = 0. (2.34)

We will drop the superscript (R) from |L, M, R; η⟩^{(R)}_C in the following sections where we will work exclusively in the Ramond sector.

3 Boundary State Approach to the Periods

In this section let us study the periods or the central charges of the D-branes wrapped around the vanishing cycles. We start with simple geometrical computations of the periods and scaling behaviors of vanishing cycles when the CY manifold approaches the A-D-E singularities.

3.1 Geometrical Analysis of Periods

Let us consider the perturbed Landau-Ginzburg potential

F = X^N + N −2∑ m=1 g_mX^m + μ + z^2_1 + · · · + z^2_n ≡ P (X; g_m, μ) + z^2_1 + · · · + z^2_n. (3.1)

F (X, z_i) = 0 describes the CY_n with an isolated A_{N −1}-type singularity. In the following discussions the coupling constants g_m (∀m) are sometimes set to zero for the sake of simplicity.

The holomorphic n-form of X_n is defined by Ω = dX ∧ dz_1 ∧ · · · ∧ dz_{n−1} ∂F/∂z_n . (3.2)

When we assign the U(1)-charge 1 to the superpotential F , n-form Ω has the U(1)-charge r_Ω =

Q^2 2 . We also introduce the derivative of the n-form in the coupling constant g_m

Ω_m = ∂Ω ∂g_m |_{gi=0}, (3.3)

which has the U(1)-charge; r_Ω+ m N −1. Since the variables z_i, i = 1, · · · n enter quadratically in P (X; g_m, μ) they may be integrated out in the evaluation of periods. Up to a proportionality constant we have ∫ Ω = ∫ P (X; g_m, μ)^{n−22} dX = ∫ P (X; g_m, μ)^{6−d4} dX. (3.4)

Let us now consider the roots of the equation P (X; g_m, μ) = 0 and denote them as X_a, a = 1, · · · , N. We introduce an arbitrary path C_{ab} in the complex X-plane connecting a given pair of roots X_a and X_b. Let us then consider the integral of the n-form Ω and compare it with the integral of |Ω| along the path C_{ab}. Periods are identified as the central charges carried by the particles obtained by wrapping the D-brane on vanishing cycles. On the other hand the integral of the absolute value of the n-form gives the masses of these particles. We have an obvious inequality ∫ C_{a,b} |P (X)^{6−d4} dX| ≥ | | | ∫ C_{a,b} P (X)^{6−d4} dX | | | ⇐⇒ mass ≥ |central charge|. (3.5)

This inequality is saturated and we obtain BPS states iff the phase of P (X)^{(6−d)/2}dX is constant along the path C_{ab}. If we suppose, for instance, that the contour C_{ab} is on the real axis and P (X) is real and negative along C_{ab}. In this case by taking the real part of the equation F (X, z_i) = 0 we find a fibration of a sphere S^{n−1} over the interval C_{ab} whose radius vanishes at the end pints X_a, X_b. Altogether it describes an n-dimensional cycle with a minimum volume and thus a special Lagrangian submanifold of X_n [32, 4].

In general it is a non-trivial problem to find out if there exists a Lagrangian submanifold in a given (relative) homology class [C_{ab}]. One has to solve the differential equation dX dt = α P (X)^{6−d}4

, (3.6)

and construct an integral curve which passes through both X_a and X_b. α in (3.6) specifies the phase of the period integral in question. We cannot always expect the existence of such an integral curve for an arbitrary deformed polynomial P (X; g_m, μ) and a pair of roots X_a, X_b. To establish the existence of such a curve is an important problem in the study of stable BPS states, and some of its features have already been discussed in [6]. In our simplest case with the polynomial P (X; g_m, μ) = X^N + μ, there exists a unique solution of (3.6) for any choice of X_a, X_b. Since each pair X_a, X_b may be identified as a root of SU(N), vanishing cycles corresponding to the roots of A_{N −1} provide the stable BPS states in our coupling region.

Let us now parameterize pairs of roots of P (X) = X^N + μ = 0 as X_a = (−μ)^{1/N} e^{iπ(M +L+1)/N}, X_b = (−μ)^{1/N} e^{iπ(M −L−1)/N} , (3.7) where L = 0, 1, . . . , [N 2 − 1 ] , M ∈ Z_{2N} , L + M ∈ 2Z + 1. It turns out that parameters L, M correspond to the quantum numbers L, M of the N = 2 minimal model. Let us denote the SUSY cycle corresponding to the pair (X_a, X_b) as γ_{LM} .

We next evaluate the integral of holomorphic n-form Ω over a path C_{LM} connecting X_a, X_b ∫ C_{LM} (X^N + μ)^{6−44} dX (3.8) Unlike the computation of the mass of a particle, period integral depends only on the homology class [C_{LM} ] and is independent of the choice of the contour. We may introduce the ”Morse function” W (X) ≡ W (X; μ) by dW (X) = P (X)^{6−d4} dX, (3.9) and then the period integral is simply expressed as ∫ C_{LM} Ω = ∫ C_{LM} P (X)^{6−d4} dX = W (X_b) − W (X_a). (3.10) We note that W (X) is no other than the superpotential for the space-time superconformal theory discussed in [4]. The definition (3.9) leads to the following scaling properties of W (X); W (α^{1/N} X; αμ) = α^{1N + 6−d4} W (X; μ), (3.11) W (e^{2πin/N} X; μ) = e^{2πin/N} W (X; μ). (3.12) We thus obtain the following behavior of the periods (up to an overall constant independent of L, M); ∫ C_{LM} Ω ≈ μ^{rΩ} e^{iπ MN} sin ( π L + 1 N ) . (3.13)

Moreover, since the functions W_m(X) ≡ ∂W ∂g_m |_{gi=0} have similar scaling properties,

W_m(α^{1/N} X; αμ) = α^{m+1N + 2−d4} W_m(X; μ), (3.14) W_m(e^{2πin/N} X; μ) = e^{2πi (m+1)nN} W_m(X; μ), (3.15) we also obtain ∫ C_{LM} Ω_m ≈ μ^{rΩ+ mN −1}e^{iπ M(m+1)N} sin ( π (L + 1)(m + 1) N ) , = μ^{rΩ(1−Δ(gm))}e^{iπ M(m+1)N} sin ( π (L + 1)(m + 1) N ) . (3.16)

Here Δ(g_m) = N − m Nr_Ω represents the scaling dimension of the coupling constant g_m. In ref.

[4, 6] the coupling constant g_m is identified as the VEV of a chiral operator in the space-time superconformal theory. For example, in the d = 4 case Δ(g_m) = 2 N − m N + 2

, which agrees with the spectrum of scaling dimensions [33] at the Argyres-Douglas points [34]. Since the unitarity bound imposes Δ(g_m) > 1, m is bounded from above; m̄ ≡ N − 2 2 > m. 3.2 Boundary State Approach to the Periods of Vanishing Cycles

Let us now turn to the stringy computation of the periods of vanishing cycles by means of the N = 2 Liouville theory. We make use of the boundary states constructed in the previous section and compute their correlation functions by inserting the cosmological constant operators S^±. We shall show that the two point function of the boundary state and the chiral field depends only on μ (not on μ̄) due to chirality conditions and behave exactly as in (3.16).

Following [19] we first introduce suitable disk amplitudes which correspond to period integrals in CY manifolds. Fix a SUSY cycle γ, and let |γ⟩ be the corresponding boundary state. We also introduce a (c, c) chiral primary field ϕ_α. We then define the periods of γ with respect to ϕ_α by the following two-point function

Π^γ_α = lim_{T →+∞} ⟨0; +|ϕ_αe^{−T H(c)}|γ⟩_{RR}. (3.17)

|0; ±⟩, ⟨0; ±| denote the RR vacua obtained from the identity operator by the spectral flow. They possess the hermiticity property

|0; +⟩^† = ⟨0; −|, |0; −⟩^† = ⟨0; +|. (3.18)

and are expressed explicitly as |0; ±⟩ = |l = 0, m = ±1, s = ±1⟩_{MN} ⊗ e^{∓ i}2^{H0±i Q}2^{Y0} |0⟩_L ⨂ ~ |l = 0, m = ±1, s = ±1⟩_{MN} ⊗ e^{∓ i}2^{H̃0±i Q}2^{Ỹ0} ~|0⟩_L, ⟨0; ±| = ⟨l = N − 2, m = ±(N − 1), s = ±1|_{MN} ⊗ ⟨0|_L e^{∓ i}2^{H0±i Q}2^{Y0} ⨂ ~ ⟨l = N − 2, m = ±(N − 1), s = ±1|_{MN} ⊗ ~⟨0|_l e^{∓ i}2^{H̃0±i Q}2^{Ỹ0} . (3.19)

Here the bosonic field H is related to the fermions Ψ^± in the Liouville sector as Ψ^± = e^{±iH} and Y_0, H_0 denote the zero modes of Y, H. These RR ground states are annihilated by G^±_0 , G̃^±_0 .

Let us explicitly construct chiral fields ϕ_α in the combined N = 2 Liouville and minimal theories. A general chiral field is obtained by taking a chiral field of the minimal model ϕ^{MN}_m (corresponding to the monomial X^m in the Landau-Ginzburg description) and by ”gravitationally” dressing it by the Liouville field as ϕ_{m,r} = ϕ^{MN}_m e^{pm,r(ϕ+iY )}, m = 0, 1, · · · , N − 2, r ∈ Z. (3.20) Momentum p of the Liouville and Y field takes values dictated by the GSO condition p = p_{m,r} = m QN − r Q (3.21)

where r runs over odd integers (in NS sector). Total U(1)_R charge of ϕ_{m,r} is readily computed as U(1)-charge(ϕ_{m,r}) = r. (3.22) Fractional charge m N from the minimal sector has been canceled by the Y -momentum of the Liouville sector. Then r can freely run over (odd) integers.

We can likewise introduce the (a, a) type chiral primary fields ϕ^∗_{m,r} and then the states ϕ_{m,r}|0; +⟩, ϕ^∗_{m,r}|0; −⟩ span the complete set of RR vacua.

For each fixed value of m it is natural to consider the value r = r^∗ which gives the minimum U(1)_R charge and identify ϕ_{m,r}∗ as the ”primary operator”. Then the other operators ϕ_{m,r} (r ≠ r^∗) become its ”descendant” fields. Namely, we adopt ϕ_{m,r}∗_{=1} as the primary field for each fixed value of m. Quantum number r originates from the momentum around S^1 and thus it represents the KK mode. It may also be identified as the number of D0 branes attached to the SUSY cycles. These descendant fields appear quite similar to the gravitational descendants in 2D gravity theory described by Landau-Ginzburg formulation [35]. It is curious to see how far we can push the analogy to 2D gravity. The appearance of descendants has also been noted in SL(2, R)/U(1) formulation in a somewhat different context [25].

We now want to propose that the periods Π^γ_α (3.17) with ϕ_α replaced by the primary field ϕ_{m,r}∗ correspond to the periods of Ω_m defined geometrically in (3.16). We will now see how this correspondence works.

Let us first examine the general properties of the correlation function Π^γ_α = lim_{T →+∞} ⟨0; +|ϕ_{m,r}e^{−T H(c)}|L, M, R; η⟩_C (3.23)

(α stands for (m, r) and γ for (L, M, R)). First we should note that the period Π^γ_α vanishes in general due to Liouville momentum conservation unless the system is perturbed by Liouville potential terms. In fact the boundary state has a fixed (imaginary) Liouville momentum p_ϕ = −Q/2 while the primary field (3.20) carries p_ϕ = p_{m,r} and thus the net Liouville momentum becomes p_{m,r} − Q/2 in Π^γ_α. On the other hand due to the presence of the background charge Liouville momentum has to add up to −Q on the sphere in order to give a non-vanishing correlation function. We find that the momentum conservation law p_{m,r} − Q/2 = −Q has no solution with m = 0, . . . , N − 2, r ∈ 2Z + 1 and thus the period Π^γ_α has to vanish.

As we have discussed in section 2, there are three different types of Liouville potentials S_{nc}, S^± which may be used for perturbation. It is shown in the appendix that (1) Correlation function Π^γ_α remains zero when the non-chiral operator S_{nc} is inserted. In general Π^γ_α does not depend on the perturbation of the Kähler potential. This follows from the chirality properties of the RR vacua and also from the boundary condition satisfied by the boundary state.

(2) Correlation function also remains zero under the perturbation by the anti-chiral operator S^−.

On the other hand, as we shall see in the following, the insertion of chiral operator S^+ into the correlation function gives a non-zero result. Therefore when the system is perturbed by the cosmological constant operators S^±, Π^γ_α depends only on μ and not on μ̄ and thus has the holomorphicity in μ. In the following we derive the scaling laws of the periods by inserting the cosmological constant operator S^+.

Let us now recall some technology of the computation of correlation functions in Liouville theory. In the standard treatment [18] one first integrates over the zero-mode of the Liouville field and obtains the insertion of the Liouville potential term ∼ Γ(−n)μ^n(S^+)^n into the correlation function. Here n is the number of insertions of the cosmological constant and is given by n = Qp_{m,r} + Q^2 2 . (3.24) Note that this agrees with the value given by the Liouville momentum conservation. We compute correlation functions first by assuming as if n was an integer and then continue the results to the (generically) fractional value (3.24). This method of analytic continuation is somewhat heuristic, however, it is known to reproduce the correct results at least in bosonic Liouville theory. Recently the procedure has been made more rigorous by approaches based on the conformal bootstrap [36]. We assume that the same prescription works also in the case of fermionic Liouville theory.

Now, the evaluation of the disc amplitude goes as follows: As we see in the appendix, insertion of the operator S^− gives a vanishing result at T = ∞ and we need to consider only the insertion of the S^+ operators. We use the bosonic representation of fermions Ψ^± = e^{±iH} and the algebra of vertex operators to obtain ⟨0; +|ϕ_{m,r}(μS^+)^ne^{−T H(c)}|L, M, R; η⟩_C = μ^n⟨0; +|ϕ^{MN}_m e^{(pm,r− nQ )(ϕ0+iY0+ϕ̃0+iỸ0)} ×e^{−in(H0+H̃0)} ∫ n∏ i=1 d^2z_i ∏ i<j |z_i − z_j|^2 n∏ j=1 Ṽ^{(+)}(z̄_j) · V^{(+)}(z_j)e^{−T H(c)}|L, M, R; η⟩_C

(3.25) where V^±(z) = exp ( −(ϕ^{(±)}(z) + iY^{(±)}(z))/Q − iH^{(±)}(z) ) and ϕ^{(+)}, Y^{(+)}, H^{(+)} are positive frequency parts of the fields ϕ, Y, H. Negative frequency parts of ϕ, Y, H have already been annihilated by the vacuum ⟨0; +|. We recall that the vacuum ⟨0; +| carries a Y -momentum Q/2 and the boudary state |L, M; R, η⟩ has an (imaginary) ϕ-momentum −Q/2. Since the net ϕ momentum must equal −Q to have a non-zero correlation function, boundary state |L, M; R, η⟩ carries an effective ϕ momentum Q/2. We then find the zero mode factors ϕ_0, Y_0 cancell exactly in (3.25) when the insertion number n takes the value (3.24).

When V^{(+)}(z_j) (j = 1, . . . , n) hit the boudary state in (3.25), they are converted into negative frequency parts V^{(−)} due to the boundary conditions. For the Liouville field we have ϕ^{(+)}(z)e^{−T H(c)}|L, M, R; η⟩ = ϕ̃^{(−)}(z^{−1}e^{−T} )e^{−T H(c)} |L, M, R; η⟩, (3.26) and a similar equation holds for Y, H with a − sign in front of RHS. We also note that H zero mode obeys a relation e^{−iH0} |L, M, R; η⟩ = iηe^{iH̃0} |L, M, R; η⟩ (3.27) in order to reproduce (2.34).

When we next move these negative frequency operators to the left so that they get annihilated by the vacuum ⟨0; +|, we pick up commutator terms with Ṽ^{(+)}(z̄_j) (j = 1, . . . , n). Collecting these factors we find Γ(−n)⟨0; +|ϕ_{m,r} ( μS^+ )n e^{−T H(c)}|L, M, R; η⟩_C = c(n) 2 √ N sin

( π_(m_{+1)} N )μ^n(iη)^n sin ( π (L + 1)(m + 1) N ) e^{iπ M(m+1)N} (3.28) where we have introduced a notation c(n) ≡ Γ(−n)e^{− n(n+1)T2} n∏ i=1 ∫ d^2z_i ∏ i<j |z_i − z_j|^2 ∏ i,j 1 |1 − z_iz̄_je^{−T} |^{2Q2 +1}

. (3.29)

Note that the RHS of (3.28) does not depend on R and we will henceforth suppress the label R in the Cardy state.

In the limit of T → +∞ we have c(n) = Γ(−n)e^{− n(n+1)T2} n∏ i=1 ∫ d^2z_i ∏ i<j |z_i − z_j|^2 ≈ e^{− n(n+1)T2} A^{n(n+1)2} (3.30)

where A is the area of disk (world-sheet). The important point here is that the numerical factors c(n), √ N sin

( π_(m_{+1)} N ) etc. are independent of the parameters L, M characterizing the boundary states. Thus we may absorb them into the normalization of the chiral field ϕ_{m,r}. After the analytic continuation in n using the selection rule (3.24), we obtain lim T →+∞ ⟨ 0; +|ϕ_{m,r}e^{−T H(c)}|L, M; η⟩_C ≈ μ^{mN + Q22 −r} sin ( π (L + 1)(m + 1) N ) e^{iπ M(m+1)N} . (3.31)

Recall that we regard ϕ_{m,r=1} as the primary fields. For these operators we find lim T →+∞ ⟨ 0; +|ϕ_{m,1}e^{−T H(c)}|L, M; η⟩_C ≈ μ^{rΩ(1−Δ(gm))} sin ( π (L + 1)(m + 1) N ) e^{iπ M(m+1)N} , (3.32)

where r_Ω ≡

Q^2 2 , Δ(g_m) = (N −m)/Nr_Ω. (3.32) reproduces exactly the geometrical calculation (3.16) when we make the identification |L, M⟩_C ⇐⇒ γ_{L,M} , ϕ_{m,1} ⇐⇒ Ω_m. (3.33) We would like to make a few remarks:

1. With our convention Ramond ground states are mutually orthogonal in the sense that ⟨0; +|ϕ_{m,r}ϕ_m′_{,r}′ |0; +⟩ = 0, ⟨0; −|ϕ^∗_{m,r}ϕ^∗_m′_{,r}′ |0; −⟩ = 0, (3.34) ⟨0; +|ϕ_{m,r}ϕ^∗_m′_{,r}′ |0; −⟩ ∝ δ_{m,m}′ δ_{r,r}′ , ⟨0; −|ϕ^∗_{m,r}ϕ_m′_{,r}′ |0; +⟩ ∝ δ_{m,m}′ δ_{r,r}′. (3.35) As one may easily check, these properties follow from the conservation laws of Liouville and Y -momentum and also of the fermion number when we evaluate the inner products by inserting Liouville cosmological terms.

2. In view of the result (3.33), it is quite natural to suppose that the marginal perturbation by the (c, c) operator ∫ d^2z ∮ z dwG^− (w) ∮ z̄ dw̄G̃^−(w̄)ϕ_{m,r}∗ (z, z̄), (3.36) corresponds to the deformation of the singularity by a monomial X^m

X^N + μ =⇒ X^N + g_mX^m + μ. (3.37)

In order to test this identification we may compare the norm of the differential form Ω_m, ∫ CYn |Ω_m|^2 with the Zamolodchikov metric ⟨0; +|ϕ_{m,1}ϕ^∗_{m,1}|0; −⟩ in the moduli space of N = 2 theory. Using a similar method of calculation as in the case of periods, Zamolodchikov metric is evaluated as ⟨0; +|ϕ_{m,1}ϕ^∗_{m,1}|0; −⟩ ≈ ⟨0; +|ϕ_{m,1}(μS^+)^ne^{−2T H(c)}(μ̄S^−)^nϕ^∗_{m,1}|0; −⟩ ≈ e^{−n(n+1)T} |c(n)|^2|μ|^{2rΩ(1−Δ(gm))}. (3.38)

(3.38) agrees with the geometrical relation ∫ CYn |Ω_m|^2 ≈ |μ|^{2rΩ(1−Δ(gm))}.

It is worthwhile to note that the normalizability condition of the operator ϕ_{m,r}∗ at ϕ → +∞ in the context of Liouville theory [37] corresponds to the inequality Δ(g_m) > 1. This in turn corresponds to the divergence of the metric ∫ CYn |Ω_m|^2 in the μ → 0 limit. As discussed in [4, 6], this behavior is equivalent to the requirement that Ω_m is supported by a normalizable cohomology class localized at the singularity, so that the coupling g_m can be realized as the VEV of some dynamical fields in space-time conformal theory. We summarize the normalizability condition of primary fields in various dimensions;

d = 6; All the primary fields ϕ_{m,1} are normalizable.

d = 4; ϕ_{m,1} is normalizable, iff 0 ≤ m < m̄ ≡ N − 2 2 . d = 2; All the primary fields ϕ_{m,1} are non-normalizable.

3. It turns out that in the conifold case, d = 4, N = 2, one has n = 0 (m = 0, r^∗ = 1) and the factor Γ(−n) coming from the ϕ_0 integral becomes divergent. We then obtain a scaling violation μ^{1+ϵ}Γ(−1 − ϵ) ∼ const ϵ + μ ln μ + O(ϵ). (3.39) Analogy of the conifold theory to 2D gravity coupled to c = 1 matter has been stressed in [2].

4 Open String Witten Index

4.1 Generalities of Open String Witten Index

Let us next look at intersection numbers among SUSY cycles in singular CY manifold and try to reproduce them using the perturbed Liouville theory. Intersection numbers among boundary states are computed by the open string Witten index in world-sheet theory. Open string Witten index is in general defined as the cylinder amplitude [26] I_γ′_γ =_{RR}⟨γ^′; η|γ; −η⟩_{RR}, (4.1) where γ, γ^′ corresponds to the SUSY cycles described by the Cardy states. Opposite signs for the signatures between in and out states correspond to the insertion of (−1)^F . This amplitude can be evaluated by inserting the complete set of the string states |n⟩ in the RR sector

I_γ′_γ = ∑ n RR⟨γ^′; η|n⟩⟨n|γ; −η⟩_{RR}. (4.2) According to the standard argument on supersymmetry index, one may keep only the RR vacua in the intermediate states of this amplitude. In our formulation, RR-vacua are mutually orthogonal but are not normalized. Thus we consider

I_γ′_γ = ∑ n∈RR vacua RR⟨γ^′; η|n⟩⟨n|γ; −η⟩_{RR} ⟨n|n⟩ . (4.3)

This gives the starting point of our evaluation of the index.

4.2 Open String Witten Index for the Singular CY Theory

Let us now compute the Witten index I(L^′, M^′, R^′; L, M, R) = ∑ n∈RR vacua

lim_{T →∞}^C ⟨L^′, M^′, R^′; +1|e^{−T H(c)} |n⟩ × ⟨n|e^{−T H(c)}|L, M, R; −1⟩_C ⟨n|e^{−2T H(c)}|n⟩ (4.4) Ordinarily we should be able to compute (4.4) for any T and obtain a result which is T - independent. Unfortunately, in Liouville theory we can compute it only in the limit of T = +∞. In the following we evaluate the index at T = +∞ and assume that the result gives the correct topological invariant.

If we use the field identification in the minimal sector |ℓ, m, s⟩ = |N − 2 − ℓ, m + N, s + 2⟩, (4.5) we can set s = s_0 and the RR vacua constructed in the previous section span the complete set of states to be inserted in (4.4). We introduce the following notation |m, r; s^′ + 1⟩ = ϕ_{m,r}|0; +⟩ = e^{pm,r(ϕ+iY )}ϕ^{MN}_m |0; +⟩, (4.6) |m, r; s^′ = −1⟩ = ϕ^∗_{m,r}|0; −⟩ = e^{pm,r(ϕ−iY )}ϕ^{MN}_m^∗|0; −⟩, (4.7) ⟨−m, −r; s^′ = +1| = ⟨0; +|ϕ_{m,r} = ⟨0; +|e^{pm,r (ϕ+iY )}ϕ^{MN}_m , (4.8) ⟨−m, −r; s^′ = −1| = ⟨0; −|ϕ^∗_{m,r} = ⟨0; −|e^{pm,r(ϕ−iY )}ϕ^{MN}_m^∗. (4.9) Here s^′ = s = s_0 and m runs over the values m = 0, · · · , N − 2. The numerator of (4.4) is then evaluated as C⟨L^′, M^′, R^′; +1|e^{−T H(c)}(μ_s′ S^{s′} )^n|m, r; s^′⟩ ≈ (μ_s′ )^ne^{− n(n+1)T2} c(n) 2(2N)^{1/4} S_L′_{, m} √ S_{0, m} e^{−iπ s′(m+1)N M ′} , (4.10) ⟨−m, −r; −s^′|(μ_{−s}′ S^{−s′} )^ne^{−T H(c)}|L, M, R; −1⟩_C ≈ (μ_{−s}′ )^ne^{− n(n+1)T2} c(n) 2(2N)^{1/4} S_{L, m} √ S_{0, m} e^{iπ s′(m+1)N M} e^{−iπn}. (4.11) Here we use the abbreviated notations μ_s′ = μ (s^′ = +1) μ̄ (s^′ = −1) , S^{s′} = S^+ (s^′ = +1) S^− (s^′ = −1)

. (4.12)

The number n of insertions of Liouville potentials is given by n = Qp_{m,r} + Q^2 2 (4.13) as before. There is again no R, R^′ dependences in these amplitudes and we omit these labels from now on.

An additional factor e^{−iπn} in (4.11) follows from the fact that the signature η has opposite signs in the in-coming and out-going boundary states. Namely, when we use the fermionic boundary condition (2.34), we pick up an additional − sign for each mode j = 1, . . . , n in (4.11) as compared with (4.10) and we obtain (−1)^n.

We also evaluate the denominator of the formula (4.4) as ⟨−m, −r; −s^′|(μ_{−s}′ S^{−s′} )^ne^{−2T H(c)}(μ_s′ S^{s′} )^n|m, r; s^′⟩ ≈ e^{−n(n+1)T} c(n)^2|μ|^{2n}. (4.14)

By combining these calculations the formula (4.4) now reads (up to the overall normalization) I(L^′, M^′; L, M) = ∑ r N −2∑ m=0 ∑ s^′=±1 S_{L, m}S_L′_{, m} S_{0, m} e^{iπ s} ′(m+1) N (M −M^′) e−iπn,

= ∑ r N −2∑ l=0 N −2∑ m=0 ∑ s^′=±1 N^l_L′_LS_{l, m} e^{iπ s} ′(m+1) N (M −M^′) e−iπn. (4.15)

S_{L m} is the matrix of the S-transformation of ^SU (2) and we have used the Verlinde formula for ^SU(2)_{N −2}[38]. N^l_L′_L denotes the fusion coefficients of ^SU(2)_{N −2}.

We find that the factors c(n), e^{−n(n+1)T} etc. and the powers of μ, μ̄ exactly cancel between the numerator and denominator in the formula. This is consistent with the fact that we are calculating a topological index.

The GSO conditions (2.26), (2.27), (2.28) for |m, r; s^′⟩, ⟨−m, −r; −s^′| are now written as d = 2, 6; r ∈ 2Z + 1, (4.16) d = 4 ; r ∈

2Z (s^′ = +1), 2Z + 1 (s^′ = −1).

(4.17) We evaluate the crucial phase factor e^{−iπn} in (4.15) by using the GSO conditions. We easily find d = 2 ; e^{−iπn} = e^{−iπ (m+1)N} , (4.18) d = 4 ; e^{−iπn} = e^{πi2 s′} e^{−iπ (m+1)N} , (4.19) d = 6 ; e^{−iπn} = −e^{−iπ (m+1)N} . (4.20) We hence obtain the index for d = 6, I(L^′, M^′; L, M) = ∑ r N −2∑ l=0 N −2∑ m=0 N^l_L′_LS_{ℓm}(−e^{iπ (m+1)N} )(e^{iπ (m+1)(M−M′)N} + e^{−iπ (m+1)(M−M′)N} ), = ∑ r N −2∑ l=0 N −2∑ m=0 N^l_L′_LS_{ℓm}e^{−iπ (m+1)(M−M′)N} (e^{iπ (m+1)N} − e^{−iπ (m+1)N} ), ≈ ∑ r N −2∑ ℓ=0 ∑ α,β=±1 N^ℓ_L′_L(−1)^{α+β2} δ^{(2N )}(M − M^′ + α(ℓ + 1) + β), (4.21) where we have used the relation ℓ + M − M^′ ≡ L + L^′ + M − M^′ ≡ 0 (mod 2). δ^{(2N )} denotes the Kronecker-delta modulo 2N. In the case of d = 2, calculation of the index is completely parallel to the d = 6 case.

In the case of d = 4, we instead obtain I(L^′, M^′; L, M) = ∑ r N −2∑ l=0 N −2∑ m=0 N^l_L′_LS_{ℓm}e^{−iπ (m+1)N} (ie^{iπ (m+1)(M−M′)N} − ie^{−iπ (m+1)(M−M′)N} ), ≈ ∑ r N −2∑ l=0 ∑ α,β=±1 N^l_L′_L (−1)^{α2} δ^{(2N )}(M − M^′ + α(l + 1) + β) . (4.22)

We have several comments to make:

1. The above formulas (4.21), (4.22) involve a decoupled sum over r, i.e. descendants, which generates an overall infinite factor. It is not clear to us if this divergence really exists in the theory: it is conceivable that these descendants are singular vectors in Liouville theory and may not appear as intermediate states in correlation functions. This is in fact the case in 2D topological gravity. We would like to clarify this issue in a future publication.

2. If we ignore the divergent summation, our result reproduces the prediction based on the geometrical calculation under the correspondence (3.33). It also coincides with the formula recently proposed by [24, 25] using the SL(2; R)/U(1) Kazama-Suzuki model in the d = 6 case. In these papers, however, the validity of a formal analytic continuation in the level k of SU(2)_k WZW theory to a negative value has been assumed. It will be interesting to see if an operator insertion calculation like ours may be carried out in SL(2; R)/U(1) theory and confirm their result.

3. As a consistency check, we notice that the matrix I(L^′, M^′; L, M) for d = 2, 6 is symmetric while the one for d = 4 is anti-symmetric with respect to L, M and L^′, M^′. This is consistent with the fact that I(L^′, M^′; L, M) is identified as the intersection matrix among the even (odd) dimensional cycles for d = 2, 6 (d = 4).

For example, in the simplest case L = L^′ = 0, we obtain

I_{M,M} ′ ≈ δ^{(2N )}(M − M^′ + 2) + δ^{(2N )}(M − M^′ − 2) − 2δ^{(2N )}(M − M^′), d = 2, 6 (4.23) I_{M,M} ′ ≈ δ^{(2N )}(M − M^′ + 2) − δ^{(2N )}(M − M^′ − 2), d = 4. (4.24)

Especially, in the d = 2, 6 cases we have the extended Cartan matrix of the A_{N −1}-type [24].

4. Although we have restricted ourselves to the A-type singularity, it is straightforward to extend our analysis to the more general A-D-E cases since it is known how to construct the Cardy states based on A-D-E type modular invariants [39]. In the general A-D-E case our computation of Witten indices gives rise to characteristic factors of the form e^{iπmh} − e^{− iπmh} (d = 2, 6), e^{iπm}h + e^{− iπm}h (d = 4) (h denotes the Coxeter number of A-D-E algebras) and we obtain the same results as in [25].

5 Relation to the SL(2; R)/U (1) Approach

In this section we examine the perturbation of the Liouville theory by the non-chiral operator S_{nc}, which corresponds to the screening charge in the Wakimoto representation of SL(2, R) current algebra [40]. As we have pointed out, this operator does not affect the complex structure of the theory, but it modifies its Kähler structure, i.e. the metric of the target space. Bosonic part of the action of the perturbed theory is given by

S_L = 1 8π ∫ d^2z { (∂_aϕ)^2 + (∂_aY )^2 } − Q 8π ∫ ϕR +λ ∫ d^2z (∂ϕ − i∂Y )( ¯∂ϕ + i ¯∂Y )e^{−Qϕ}. (5.1) Here λ is the coupling constant. By performing the T-duality transformation along the Y - direction, we obtain an action

S^{dual}_L = 1 8π ∫ d^2z { (∂_aϕ)^2 + (∂_aX)^2 } − Q 8π ∫ ϕR +λ ∫ d^2z (∂ϕ − i∂X)( ¯∂ϕ − i ¯∂X)e^{−Qϕ}, (5.2) where the dual coordinate is denoted as X. This deformed action (5.2) is exactly the one considered in [41] in connection with the SL(2, R)/U(1) model of 2D black hole [27]. There the coupling contant λ is interpreted as the black hole mass parameter. In fact, by changing the coordinates as ϕ = 2 Q log cosh r + ϕ_0 X = 2 Q (θ − i log tanh r)

(5.3)

and tuning the coupling as λ = e^{Qϕ0} , the above action is trasformed into

S_{2DBH} = k 4π ∫ d^2z { (∂_ar)^2 + tanh^2 r(∂_aθ)^2 } − k 4π ∫ R log cosh r, (5.4) where we set k = 2 Q^2

. This is the exactly the (Euclidean) 2D black-hole which describes the non-compact cigar geometry.

Our observation above seems to support the conjecture of [8] that the SL(2; R)/U(1) model and the N = 2 Liouville theory should be related by T-duality. Here, however, is a problem: the counter part of the cosmological term S^± is missing in the SL(2, R) side. We do not have an operator in SL(2, R)/U(1) theory which deforms the complex structure of singular CY manifold. It seems likely that the deformed CY manifolds no longer possess SL(2, R) symmetry.

6 Discussions and Concluding Remarks

In this paper we have studied the scaling behaviors and intersection numbers of vanishing cycles in singular CY manifold making use of the supersymmetric Liouville theory. We have obtained results which are in good agreement with geometrical considerations.

It is well-known that in the case of d = 6 dimensions, the T -dual of the ALE space is given by a collection of parallel NS five-branes with its throat region being described by the SU(2) WZW model [3, 42]. On the other hand in the case of d = 4 dimensions we expect the T -dual of a singular CY threefold to be given by a collection of NS five-branes wrapped around a Riemann surface. Explicit description of such a configuration has not been worked out. Instead a configuration of intersecting NS five-branes has been proposed to represent the geometry of the conifold [43]. However, the position of the singularity is delocalized in this description and intersecting-brane picture does not seem fit to our framework.

It has recently been pointed out [44] that the geometry of the conifold may be approximately described by an SU(2) × SU(2) U(1)

WZW model of the type proposed in [45]. The sigma model metric of this WZW model is given by

ds^2 = k_1(dθ^2_1 + sin^2 θ_1dϕ^2_1) + k_2(dθ^2 + sin^2 θ_2dϕ^2) + k_1(dψ + cos θ_1dϕ_1 + √ k_2 k_1 cos θ_2dϕ_2)^2 (6.1)

where k_1 and k_2 are the levels of two SU(2) current algebras. ϕ_i, θ_i (i = 1, 2) and ψ are the angular variables of two and three sphere, S^2, S^3. On the other hand the angular part of conifold metric is given by [46]

ds^2 = 1 6 (dθ^2_1 + sin^2 θ_1dϕ^2_1) + 1 6 (dθ^2 + sin^2 θ_2dϕ^2) + 1 9 (dψ + cos θ_1dϕ_1 + cos θ_2dϕ_2)^2. (6.2)

Since the target space and the sigma model metric of the WZW model should agree only at large N or levels of current algebra, we can not unambiguously determine the levels k_i, i = 1, 2 by comparing the above two expressions. However, in our construction of modular invariant partition functions [12], we have encountered an extra parafermionic degrees of freedom in d = 4 theory. This seems quite consistent with the presence of an extra SU(2)/U(1) factor in the above construction as compared with the d = 6 case. It will be very interesting if it is possible to find a metric for singular CY threefolds at large N.

Very recently a paper hep-th/0011091 by K.Sugiyama and S.Yamaguchi has appeared which discusses a subject related to this article.

Acknowledgement

T.E. would like to thank H. Ooguri for discussions and Y.S. thanks P. Dorey for informative discussion. We also thank SI2000 at Lake Kawaguchi for providing a stimulating atmosphere. Researches of T.E. and Y.S. are supported in part by the fund for the Special Priority Area no.707 ”Supersymmetry and Unified Theory of Elementary Particles” by the Japan Ministry of Education.

Appendix A Holomorphy of Disc Amplitudes

Let us recall the definition of our disc amplitude Π^α_γ = lim_{T →+∞} ⟨0; +|ϕ_αe^{−T H(c)}|γ⟩_{RR}, (A.1) where the RR vacuum ⟨0; +| is obtained by the spectral flow from the identity operator in NS sector ⟨0; +| =_{NS}⟨0|U. ϕ_α is a chiral field of (c, c) type. |γ⟩_{RR} denotes the RRcomponent of the boundary state describing the SUSY cycle γ. Note that acting on the vacuum ⟨0; +|, modes of fermionic operators are shifted as in the topological formulation of the theory U^{−1}G^±_n U = G^±_{n∓} 1_2 .

1. Deformation of the Kähler moduli

The Kähler deformations are generated by operators of the form t_a ∫ d^2z ∮ z dwG^+ (w) ∮ z̄ dw̄G̃^−(w̄)ϕ̂_a(z, z̄) + (h.c.). (A.2) Here ϕ̂_a is a (a, c) type chiral field. h.c. means the complex conjugation and corresponds to the (c, a) field. In the following we discuss the case of (a, c) type operator. Treatment of (c, a) case is exactly similar.

Acting on the vacuum ⟨0; +| the 1st term of (A.2) is rewritten as t_a ∫ d^2z { G^+_0 , [G̃^−_1 , ϕ̂_a(z, z̄)] } . (A.3) We then obtain

⟨0; +|{G^+_0 , [G̃^−_1 , ϕ̂_a]}e^{−T H(c)}|γ; η⟩ = −⟨0; +|ϕ̂_aG̃^−_1 G^+_0 e^{−T H(c)}|γ; η⟩ = −iη⟨0; +|ϕ̂_aG̃^−_1 G̃^−_0 e^{−T H(c)}|γ; η⟩ = iη⟨0; +|G̃^−_0 G̃^−_1 ϕ̂_ae^{−T H(c)}|γ; η⟩ = 0. (A.4) Thus the period Π^α_γ is independent of the Kähler modulus, ∂ ∂t_a Π^γ_α = 0. (A.5)

In the above we have used the relation

⟨0; +| G^+_n = ⟨0; +| G̃^+_n = 0 (n ≤ 0), ⟨0; +| G^−_n = ⟨0; +| G̃^−_n = 0 (n ≤ 1) (A.6) and the A-type boundary condition (G^±_0 − iηG̃^∓_0 ) |γ; η⟩ = 0. (A.7)

2. Deformation of the complex structure moduli

Here we would like to derive the holomorphicity of Π^γ_α on the complex structure moduli. Let us consider an (a, a) type deformation, ḡ_α ∫ d^2z ∮ z dwG^+ (w) ∮ z̄ dw̄G̃^+(w̄)ϕ^∗_ᾱ(z, z̄), (A.8) where ϕ^∗_ᾱ is an (a, a) type anti-chiral field. Its insertion into the disc amplitude is evaluated as, ⟨0; +|{G^+_0 , [G̃^+_0 , ϕ^∗_ᾱ]}e^{−T H(c)}|γ; η⟩ = ⟨0; +|ϕ^∗_ᾱG̃^+_0 G^+_0 e^{−T H(c)}|γ; η⟩ = iη⟨0; +|ϕ^∗_ᾱG̃^+_0 G̃^−_0 e^{−T H(c)}|γ; η⟩ = iη⟨0; +|ϕ^∗_ᾱ{G̃^+_0 , G̃^−_0 }e^{−T H(c)}|γ; η⟩ = iη⟨0; +|ϕ^∗_ᾱ ( L̃_0 − ĉ 8 ) e^{−T H(c)}|γ; η⟩ = 0 in the limit T → +∞. (A.9) Hence ∂ ∂μ̄ Π^γ_α = 0. (A.10) We can also prove in the same way that the period Π̄^γ_ᾱ defined with respect to the vacuum ⟨0; −| is independent of the perturbation of the (c, c) type. Hence we have established that the holomorphicity of the period Π^γ_α with respect to the complex structure moduli.

References

[1] A. Strominger, ”Massless Black Holes and Conifolds in String Theory”, Nucl. Phys.

B451 (1995) 96, hep-th/9504090; B. R. Greene, D. R. Morrison and A. Strominger, ”Black Hole Condensation and the Unification of String Vacua”, Nucl. Phys. B451 (1995) 109, hep-th/9504145.

[2] D. Ghoshal and C. Vafa, ”c = 1 String as the Topological Theory of the Conifold ”, Nucl.

Phys. B453 (1995) 121, hep-th/9506122; S. Mukhi and C. Vafa, ”Two dimensional blackhole as a topological coset model of c=1 string theory”, Nucl. Phys. B407 (1993) 667, hep-th/9301083.

[3] H. Ooguri and C. Vafa, ”Two-Dimensional Black Hole and Singularities of CY Manifolds”, Nucl. Phys. B463 (1996) 55, hep-th/9511164.

[4] S. Gukov, C. Vafa and E. Witten, ”CFT’s From Calabi-Yau Four-folds”, Nucl.Phys.

B584 (2000) 69, hep-th/9906070.

[5] A. Giveon, D. Kutasov and O. Pelc, ”Holography for Non-Critical Superstrings”, JHEP 9910 (1999) 035 hep-th/9907178.

[6] A. D. Shapere and C. Vafa, ”BPS Structure of Argyres-Douglas Superconformal Theories”, hep-th/9910182.

[7] O. Aharony, M. Berkooz, D. Kutasov and N. Seiberg, ”Linear Dilatons, NS5-branes and Holography”, JHEP 9810 (1998) 004, hep-th/9808149.

[8] A. Giveon, D. Kutasov, ”Little String Theory in a Double Scaling Limit”, JHEP 9910 (1999) 034, hep-th/9909110, ”Comments on Double Scaled Little String Theory”, JHEP 0001 (2000) 023, hep-th/9911039.

[9] O. Pelc, ”Holography, Singularities on Orbifolds and 4D N = 2 SQCD”, JHEP 0003 (2000) 012, hep-th/0001054

[10] D. Kutasov and N. Seiberg, ”Noncritical Superstrings”, Phys. Lett. B251 (1990) 67; D.

Kutasov, ”Some Properties of (Non) Critical Strings”, Lecture given at ICTP Spring School, Trieste 1991, hep-th/9110041.

[11] D. Gepner, ”Exactly Solvable String Compactifications on Manifolds of SU(N) Holonomy”, Phys. Lett. B199 (1987) 380; ”Space-time Supersymmetry in Compactified String Theory and Superconformal Models”, Nucl. Phys. B296 (1988) 757.

[12] T. Eguchi and Y. Sugawara, ”Modular Invariance in Superstring on Calabi-Yau n-fold with A − D − E Singularity”, Nucl. Phys. B577 (2000) 3, hep-th/0002100.

[13] S. Mizoguchi, ”Modular Invariant Critical Superstrings on Four-dimensional Minkowski Space × Two-dimensional Black Hole”, JHEP 0004 (2000) 014, hep-th/0003053, ”Noncompact Gepner Models for Type II Strings on a Conifold and an ALE Instanton”, hepth/0009240.

[14] S. Yamaguchi, ”Gepner-like Description of a String Theory on a Noncompact Singular Calabi-Yau Manifold”, hep-th/0007069.

[15] M. Naka and M. Nozaki, ”Singular Calabi-Yau Manifolds and ADE Classification of CFTs”, hep-th/0010002.

[16] V. Knizhnik, A. Polyakov and A. Zamolodchikov, ”Fractal Structure of 2-D Quantum Gravity”, Mod. Phys. Lett. A3 (1988) 819; F. David, ”Conformal Field Theories Coupled to 2-D Gravity in the ’Conformal Gauge’”, Mod. Phys. Lett. A3 (1988) 1651; J. Distler and H. Kawai, ”Conformal Field Theory and 2-D Quantum Gravity”, Nucl. Phys. B321 (1989) 509.

[17] P. Ginsparg and G. Moore, ”Lectures on 2-D Gravity and 2-D String Theory”, Lectures given at TASI summer school, Boulder CO, June 11-19, 1992, hep-th/9304011.

[18] M. Goulian and M. Li, ”Correlation Functions in Liouville Theory”, Phys. Rev. Lett. 66 (1991) 2051; Y. Kitazawa, ”Gravitational Descendants in Liouville Theory”, Phys. Lett. B265 (1991) 262; V. S. Dotsenko, ”Three Point Correlation Functions of the Minimal Conformal Theories Coupled to 2-D Gravity”, Mod. Phys. Lett. A6 (1991) 3601; H. Dorn and H. -J. Otto, ”On Correlation Functions for Non-critical Strings with c < 1 but d > 1”, Phys. Lett. B291 (1992) 39, hep-th/9206053, ”Two and three-point functions in Liouville theory”, Nucl. Phys. B429 (1994) 375, hep-th/9403141.

[19] H. Ooguri, Y. Oz and Z. Yin, ”D-Branes on Calabi-Yau Spaces and Their Mirrors”, Nucl. Phys. B477 (1996) 407, hep-th/9606112.

[20] J. Fuchs and C. Schweigert, ”Branes: from free fields to general backgrounds”, Nucl.

Phys. B530 (1998) 99, hep-th/9712257; A. Recknagel and V. Schomerus, ”Boundary Deformation Theory and Moduli Spaces of D-Branes”, Nucl. Phys. B545 (1999) 233, hep-th/9811237.

[21] A. Recknagel and V. Schomerus, ”D-branes in Gepner models”, Nucl. Phys. B531 (1998) 185, hep-th/9712186; M. Gutperle and Y. Satoh, ”D-branes in Gepner models and supersymmetry”, Nucl. Phys. B543 (1999) 73, hep-th/9808080, ”D0-branes in Gepner models and N=2 black holes”, Nucl.Phys. B555 (1999) 477, hep-th/9902120.

[22] I. Brunner, M. R. Douglas, A. Lawrence and C. Römelsberger, ”D-branes on the Quintic”, JHEP 0008 (2000) 015 hep-th/9906200.

[23] S. Govindarajan, T. Jayaraman and T. Sarkar, ”Worldsheet approaches to D-branes on supersymmetric cycles”, Nucl. Phys. B580 (2000) 519, hep-th/9907131; D. -E. Diaconescu and C. Römelsberger, ”D-Branes and Bundles on Elliptic Fibrations”, Nucl. Phys. B574 (2000) 245, hep-th/9910172; P. Kaste, W. Lerche, C. A. Lutken, J. Walcher, ”D-Branes on K3-Fibrations”, Nucl. Phys. B582 (2000) 203, hep-th/9912147; E. Scheidegger, ”D-branes on some one- and two-parameter Calabi-Yau hypersurfaces”, JHEP 0004 (2000) 003, hep-th/9912188; I. Brunner and V. Schomerus, ”D-branes at Singular Curves of Calabi-Yau Compactifications”, JHEP 0004 (2000) 020, hep-th/0001132; K. Sugiyama, ”Comments on Central Charge of Topological Sigma Model with Calabi-Yau Target Space”, Nucl. Phys. B591 (2000) 701, hep-th/0003166; D. Diaconescu and M. R. Douglas, ”D-branes on Stringy Calabi-Yau Manifolds”, hep-th/0006224.

[24] W. Lerche, ”On a Boundary CFT Description of Nonperturbative N=2 Yang-Mills Theory”, hep-th/0006100.

[25] W. Lerche, A. Lütken and C. Schweigert, ”D-Branes on ALE Spaces and the ADE Classification of Conformal Field Theories”, hep-th/0006247.

[26] M. R. Douglas and B. Fiol, ”D-branes and Discrete Torsion II”, hep-th/9903031.

[27] E. Witten, ”On String Theory and Black Holes”, Phys. Rev. D44 (1991) 314; G. Mandal, A. Sengupta and S. Wadia, ”Classical Solutions of Two-dimensional String Theory”, Mod. Phys. Lett. A6 (1991) 1685; I. Bars and D. Nemeschansky, ”String Propagation in

Backgrounds with Curved Space-Time”, Nucl. Phys. B348 (1991) 89; S. Elizur, A. Forge and E. Rabinovici, ”Some Global Aspects of String Compactifications”, Nucl. Phys. B359 (1991) 581.

[28] M. Li, ”Dirichlet Boundary State in Linear Dilaton Background”, Phys. Rev. D54 (1996) 1644, hep-th/9512042.

[29] A. Rajaraman and M. Rozali, ”D-Branes in Linear Dilaton Backgrounds”, JHEP 9912 (1999) 005, hep-th/9909017.

[30] N. Ishibashi, ”The Boundary and Crosscap States in Conformal Field Theories”, Mod.

Phys. Lett. A4 (1989) 251.

[31] J. L. Cardy, ”Boundary Conditions, Fusion Rules and the Verlinde Formula”, Nucl. Phys.

B324 (1989) 581.

[32] A. Klemm, W. Lerche, P. Mayr, C. Vafa and N. Warner, ”Self-Dual Strings and N=2 Supersymmetric Field Theory” Nucl. Phys. B483 (1997) 209, hep-th/9604034.

[33] T. Eguchi, K. Hori, K. Ito and S.-K. Yang, ”Study of N = 2 Superconformal Field Theories in 4 Dimensions”, Nucl. Phys. B471 (1996) 430, hep-th/9603002.

[34] P.C. Argyres and M. R. Douglas, ”New Phenomena in SU(3) Supersymmetric Gauge Theory”, Nucl. Phys. B448 (1995) 93, hep-th/9505062; P.C. Argyres, M. R. Plesser, N. Seiberg and E. Witten, ”New N = 2 Superconformal Field Theories in Four Dimensions”, Nucl. Phys. B461 (1996) 71, hep-th/9511154.

[35] A. Losev, “Descendants constructed form matter field and K.Saito higher residue pairing in Landau-Ginzburg theories coupled to topological gravity”; T. Eguchi, H. Kanno, Y. Yamada and S. -K. Yang, ”Topological Strings, Flat Coordinates and Gravitational Descendants”, Phys. Lett. B305 235 (1993), hep-th/9302048.

[36] A. B. Zamolodchikov and Al. B. Zamolodchikov, ”Structure Constants and Conformal Bootstrap in Liouville Field Theory”, Nucl. Phys. B477 (1996) 577, hep-th/9506136; J. Teschner, ”On the Liouville three-point function”, Phys. Lett. B363 (1995) 65, hepth/9507109.

[37] D. Kutasov and N. Seiberg, ”Number of Degrees of Freedom, Density of States and Tachyons in String Theory and CFT”, Nucl. Phys. B358 (1991) 600; N. Seiberg, ”Notes on Quantum Liouville Theory and Quantum Gravity”, Prog. Theor. Phys. Suppl. 102 (1990) 319.

[38] E. Verlinde, ”Fusion Rules and Modular Transformations in 2-D Conformal Field Theory”, Nucl. Phys. B300 (1988) 360.

[39] G. Pradisi, A. Sagnotti and Ya S. Stanev, ”Planar Duality in SU(2) WZW Models”, Phys. Lett. B354 (1995) 279, hep-th/9503207, ”The Open Descendants of Non-Diagonal SU(2) WZW Models”, Phys. Lett. B356 (1995) 230, hep-th/9506104, ”Completeness Conditions for Boundary Operators in 2D Conformal Field Theory”, Phys. Lett. B381 (1996) 97, hep-th/9603097; J. Fuchs and C. Schweigert, ”A classifying algebra for boundary conditions”, Phys. Lett. B414 (1997) 251, hep-th/9708141; R. E. Behrend, P. A. Pearce, V. B. Petkova and J. -B. Zuber, ”Boundary Conditions in Rational Conformal Field Theories”, Nucl. Phys. B570 (2000) 525, hep-th/9908036; J. -B. Zuber, ”CFT, BCFT, ADE and all that”, hep-th/0006151; M. Naka and M. Nozaki, ”Boundary states in Gepner models”, JHEP 0005 (2000) 027, hep-th/0001037.

[40] M. Bershadsky and D. Kutasov, ”Comment on Gauged WZW Theory”, Phys. Lett. B266 (1991) 345.

[41] T. Eguchi, ”c=1 Liouville Theory Perturbed by the Black-Hole Mass operator”, Phys.

Lett. B316 (1993) 74, hep-th/9307185.

[42] R. Gregory, J. Harvey and G. Moore, ”Unwinding strings and T-duality of Kaluza-Klein and H-Monopoles”, Adv. Theor. Math. Phys. 1 (1997) 283, hep-th/9708086.

[43] K. Dasgupta and S. Mukhi, ”Brane Constructions, Conifolds and M-Theory”, Nucl.

Phys. B551 (1999) 204, hep-th/9811139.

[44] L. A. Pando Zayas and A. A. Tseytlin, ”Conformal Sigma Models for a Class of T^{p,q} Spaces”, hep-th/0007086.

[45] E. Guadagnini, M. Martellini and M. Mintchev, ”Scale Invariance Sigma Models on Homogeneous Spaces”, Phys. Lett. B194 (1987) 69; E. Guadagnini, ”Current Algebra in Sigma Models on Homogeneous Spaces”, Nucl. Phys. B290 (1987) 417.

[46] P. Candelas and X. C. de la Ossa, ”Comments on Conifolds”, Nucl. Phys. B342 (1990) 246.