arXiv:hep-th/0011233 v2 4 Dec 2000

hep-th/0011233 KIAS-P00076

Factorization and generalized �-products

Youngjai Kiem, Dong Hyun Park^∗ BK21 Physics Research Division and Institute of Basic Science Sungkyunkwan University, Suwon 440-746, Korea

Sangmin Lee^† School of Physics, Korea Institute for Advanced Study, Seoul 130-012, Korea

ABSTRACT

The generalized ∗-products, or the ∗_N -products, appear both in the one-loop effective action of noncommutative Yang-Mills theories and in the coupling of a closed string to N open strings on a disk when the D-brane world-volume is noncommutative. Factorization of the string amplitudes provides a uniform understanding of the ∗_N -products and a hint to obtain a simple, explicit formula (in the momentum space) for arbitrary N in the non-Abelian case. Possible extension to a more general_M ∗_N -product in the M-loop context is discussed.

�ykiem, donghyun@newton.skku.ac.kr ysangmin@kias.re.kr

Field theories on noncommutative R^n (NCFT) [1, 2] can be obtained by replacing the ordinary product between two ^elds with the ∗-product de^ned as

ϕ_1 ∗ ϕ_2(x) = exp [ i 2 θ^{μν} ∂ ∂y^μ ∂ ∂z^ν ] ϕ_1(y)ϕ_2(z)|_{y=z=x} . (1)

By taking an appropriate decoupling limit where the string length scale goes to zero, the noncommutative ^eld theories are obtained from string theory with a constant background NS-NS two-form ^eld [3, 4]. In particular, the ∗-product in (1) is reproduced from the tree-level vertex operator product [4]

exp (ip_1X(x)) exp (ip_2X(x^′)) ≃ exp (−p_{1μ}⟨X^μ(x)X^ν (x^′)⟩p_{2ν} ) , (2)

where we suppressed the polarization dependent part of the vertex operators, with ⟨X^μ(x)X^ν (x^′)⟩ ≃ i 2 θ^{μν}ϵ(x − x^′) + · · · . (3) The function ϵ(x − x^′) is the Heaviside step function. In (2), the part of the world-sheet propagator that depends only on the ŞorderingŤ of the vertex operators is retained. Since every vertex operator in any string theory contains the piece shown in (3), the appearance of the ∗-product structure is quite generic and universal.

At the loop level^1, NCFT exhibit much richer physics, such as the UV/IR mixing [5, 6, 7]. One of the recent additions to the list of intriguing loop physics is the appearance of the generalized ∗-products in the non-planar one-loop amplitudes [8]. In the context of the NCFTs, these generalized ∗-products appear in the one-loop double trace terms in the effective action [8, 9], in certain U(1) anomaly computations [10] and in the expansion of open Wilson line [11, 12]. They also play an essential role in the construction of the solutions of the Seiberg- Witten map and in the issue of the gauge invariance in nonlocal theories [12, 13, 14, 15, 16]. See also [17]. Furthermore, in an apparently unrelated context of the closed string absorption amplitudes at the disk level, the same kind of generalized ∗-products appear [18, 14, 15, 16].

The main theme of the present note is to uniformly understand the appearance of the generalized ∗-products in various contexts by studying the factorization limits of the string amplitudes. This line of approach was ^rst suggested in Ref. [18] for a closed string coupling to two open string states^2. For example, the fact that both the closed string absorption amplitudes and the

1 Bearing in mind that a string diagram reduces to a set of �eld theory diagrams in the decoupling limit, we will use the terms ‘tree,’ ‘one-loop’ and so on interchangeably with ‘disk,’ ‘annulus,’ etc.

2In [19], it was observed that the bulk closed string vertex insertions and the open string loops can be treated on an equal footing in the factorization limit.

one-loop double trace terms in the effective action of Yang-Mills theory contain the same generalized ∗-product structures is natural from our analysis^3. In this process, we obtain a simple and explicit expression for the ∗_N -products in a closed form for arbitrary N in the non-Abelian context. Furthermore, our analysis indicates that, in the case of the multi-loop amplitudes in the open string context and in the case of the multiple closed string absorption amplitudes on a disk, there might be yet another generalized class of ∗-products.

Our presentation does not sensitively depend on the existence of supersymmetry; when there are supersymmetries, some terms that we write down vanish as the cancellation between the space-time bosonic and fermionic contributions occurs. Each contribution, however, contains the generalized ∗-product parts. In addition, our analysis should be applicable to space-time, space-space and light-like noncommutative ^eld/string theories [20].

Figure 1: The factorization limits for the open string annulus amplitudes and the disk closed string absorption amplitude. The double twisted line should be used for the connecting leg in the case of annulus amplitude.

The consideration of the factorization limit is helpful in understanding the reason why the coupling of a single closed string with N open strings gives the same ∗_N -product structure as the one-loop amplitude involving purely open string insertions. The ∗-product that appears at the tree level and in the planar multi-loop amplitudes [21] does not depend on the moduli of

3Recently, from the analysis of the noncommutative Born-Infeld action, an alternative explanation for the same fact was reported in [15].

the world-sheet and the local position of the open string vertex insertions, but only depends on the ordering of the vertex insertions along a connected boundary. Keeping this in mind, we ^rst consider the open string one-loop amplitude shown in Fig. 1(a).

The case of interest is the factorization limit of the amplitude where the boundary inside approaches the outer boundary. The amplitude in this limit factorizes into the product of two disk amplitudes, each of which hosting the external open string vertex insertions. The connecting leg in this case represents the momentum ~owing between two different boundaries through a ‘mini-annulus.’ As we will ^nd out soon, the object that should be computed to produce the ∗_N -products is the moduli independent part of the disk amplitude with a connecting leg inserted as shown in Fig. 2.

Next, we consider the single closed string absorption amplitude, corresponding to Fig. 1(b). We suppose that enough number of open string vertices are inserted to ^x the SL(2, R) invariance of the disk world-sheet. The relevant factorization limit in this case is the limit where the bulk closed string vertex approaches the disk boundary. The amplitude in consideration becomes the product of a disk amplitude with a bulk closed string insertion and another disk amplitude with N boundary insertions. In this factorization limit, no ‘mini-annulus’ is involved. However, the closed string insertion can be regarded as the speci^cation of the boundary state along the ‘blown-up’ insertion point. As the incoming closed string momentum passes through the ‘cylinder’ (which corresponds to the disk on the left hand side of Fig. 1(b)), it becomes topologically similar to the ‘mini-annulus.’ Noting that the ∗_N -product comes from the moduliindependent part of the amplitudes, which does not change under the change of the moduli, we again see that the relevant object is the disk amplitude with a connecting leg insertion in Fig. 2.

Figure 2: All N cyclic permutations, which have the same Chan-Paton factor, should be added. The ^rst term in the summation in the ^gure is computed in (8). From the factorization point of view, the summation is automatically generated for a given ^xed ordering of the vertices along the disk boundary.

To obtain the explicit expression for the ∗_N -products, we compute the object in Fig. 2 from the open string point of view. As it should, the computation gives the identical answer to the one obtained by the computation of the single closed string absorption amplitude [16]. In Fig. 2, there are N open string vertex insertions along the boundary of the disk. There are N! = N × (N − 1)! permutations of the external vertices; among these N! permutations, the N cyclic permutations do not change the Chan-Paton factor Tr(T_1 · · · T_N ). These cyclic permutations are summed in Fig. 2. In fact, from the factorization point of view, the summation over the cyclic permutations is automatically generated for a ^xed ordering of the vertices along the disk boundary; the connecting leg can be attached to any segment between the two external vertices insertions (corresponding to different factorization channels). On the other hand, noncyclic permutations change the Chan-Paton factor (assuming that the number of D-branes are large enough) and should be considered independently.

From [21], the one-loop planar and non-planar open string propagators are given by G^{μν}_P (z, z^′) = α^′G^{μν} G(z, z^′) + i 2 θ^{μν} ε(z − z^′), (4) G^{μν}_{NP} (z, z^′) = α^′G^{μν} G(z, z^′) − (θGθ)^{μν} 2πα^′T (x − x^′)^2 − 2i T θ^{μν} (x − x^′)(y + y^′), (5) where the function G(z, z^′) is de^ned as

G(z, z^′) = − log | | | θ_1(z − z^′|iT ) θ^′_1(0|iT ) | | | 2 + 2π T (y − y^′)^2 . (6)

Here the function ε(z−z^′) = sgn(y−y^′) for the boundary at x = 0 and ε(z−z^′) = −sgn(y−y^′) for the boundary at x = 1/2. The momentum k ~owing along the connecting leg, which is identical to the momentum ~owing between two boundaries, satis^es the momentum conservation condition k + p_1 + · · · + p_N = 0 . (7) At the level of the scattering amplitudes (exp(−p_μG^{μν} p_ν )), there are non-planar contribution coming from the contractions between the free edge point (located at x = 0 and y = 0) and the points along the disk (located at x^′ = 1/2 and y^′ = τ_iT ). Furthermore, among the points along the disk, there are planar contributions.

Collecting the terms of the order of T^0, which are moduli-independent, from (4) and (5), we have (for the particular ordering of the external vertices as shown in the ^rst term of Fig. 2):

A_P A_{NP} = exp [ i 2 ∑ i<j p_i × p_j ] ∫_1 0 dτ_1 ∫_{τ1} 0 dτ_2 · · · ∫_{τN}�_1 0 dτ_N exp [ −i N∑ i=1 k × p_i τ_i ] , (8) where the ^rst exponential term A_P originates from the planar contribution, and the second exponential term A_{NP} comes from the non-planar contribution^4. When writing down (8), one should keep in mind that (_N ∑ i=1 p_i ) × k = −k × k = 0 (9)

in view of the momentum conservation condition (7). Noting the identities ∑ i<j p_i × p_j(τ_i − τ_j ) = 1 2 ∑ i,j p_i × p_j (τ_i − τ_j) = − ∑ i,j p_j × p_i τ_i = ∑ i k × p_i τ_i (10)

we ^nd that (8) is identical to the de^nition given in [8]. Written in the form of (8), it is obvious that when there is no momentum ~ow between the two boundaries, k = 0, the conventional planar phase term de^ning the ordinary ∗-product is enough; in particular, this situation includes the case of the planar vertex insertions or, equivalently, the single trace terms in the effective action.

The integration involved in A_{NP} can be evaluated to yield:

A_{NP} (p_1, · · · , p_N ) = A^1_{NP} (p_1, · · · , p_N ) + A^2_{NP} (p_1, · · · , p_N ) (11a) A^1_{NP} = 1 ∏_N i=2 (−ik × P_i) (11b)

A^2_{NP} = ∑ ϵ ′(−1) P_{Ni=2 ϵi 1 − exp (−ik × q}ϵ_{1)} ∏_N i=1 (ik × q^ϵ_i ) , (11c)

The various objects appearing in (11) are as follows. For ef^cient bookkeeping, we introduced an (N − 1) objects ϵ = (ϵ_2, · · · , ϵ_N ) with each ϵ_i = 0 or 1. The primed summation in (11c) is over all possible values of ϵ except the case ϵ_2 = · · · = ϵ_N = 1, which we separated in (11b). The N objects q^ϵ = (q^ϵ_1, · · · , q^ϵ_N ) is the following linear combination of p_i’s;

q^ϵ_i = N∑ j=i (_j ∏ k=i+1 ϵ_k ) p_j = p_i + ϵ_{i+1}p_{i+1} + ϵ_{i+1}ϵ_{i+2}p_{i+2} + · · · + ϵ_{i+1}ϵ_{i+2} · · · ϵ_N p_N , (12)

In particular, this implies that

q^ϵ_1 = p_1 + ϵ_2p_2 + ϵ_2ϵ_3p_3 + · · · + ϵ_2ϵ_3 · · · ϵ_N p_N and P_i ≡ q^{(1,1,···,1)}_i = N∑ j=i p_i . (13)

4H. Liu informed us that the particular form of �N-products given in (8) is the one that naturally comes from the open Wilson lines. See Eqs. (2.6)-(2.13) of [13].

Remarkably, the complicated A^2_{NP} term in (11c) completely cancels out when summed over N cyclic permutations. That is,

A_P (p_1, · · · , p_N )A^2_{NP} (p_1, · · · , p_N ) + (cyclic permutations) = 0 . (14)

For the proof, it is convenient to classify the terms in the summation by the value of |ϵ| ≡ ∑_{N −1} i=1 ϵ_i. For each value of |ϵ| ranging from 0 to N − 2 (|ϵ| = N − 1 is excluded from the summation), there are_{N −1}C_{|ϵ|} terms; all the terms having the same |ϵ| have the same sign (−1)^{|ϵ|} in A^2_{NP} . As for the e^{−ik×qϵ1} term in the numerator, note that q^ϵ_1 = p_1 +· · ·+p_k if k is the smallest integer satisfying ϵ_2 = · · · = ϵ_k = 1 and ϵ_{k+1} = 0. When multiplied by this exponential factor, the planar phase gets shifted by k steps in cyclic permutation: A_P (p_1, · · · p_N ) · e^{−ik×(p1+···+pk )} = A_P (−p_1, · · · , −p_k, p_{k+1}, · · · p_N ) = A_P (p_{k+1}, · · · , p_N , p_1, · · · , p_k). (15)

Going to the second line of (15), we use the property that the k step cyclic permutation for the A_P corresponds to the transformation p_1, · · · , p_k → −p_1, · · · , −p_k. By writing out the denominators and comparing them among different cyclic permutations, one can show that the e^{−ik×qϵ1} A_P terms cancel the −1 × A_P terms completely for each value of |ϵ|. Take N = 3 and |ϵ| = 2 for example. Up to an overall normalization, the e^{−ik×qϵ1} A_P terms are (123) :^{AF (312)}

k×(p_1+p_2) k×p_2 k×p_3 +

AF (231) k×p_1 k×(p_2+p_3) k×p_3

(231) :^{AF (123)}

k×(p_2+p_3) k×p_3 k×p_1 +

AF (312) k×p_2 k×(p_3+p_1) k×p_1

(312) :^{AF (231)}

k×(p_3+p_1) k×p_1 k×p_2 +

AF (123) k×p_3 k×(p_1+p_2) k×p_2 ,

(16)

while the (−1) terms are (123) : −^{AF (123)}

k×(p_1+p_2) k×p_2 k×p_3 −

AF (123) k×p_1 k×(p_2+p_3) k×p_3

(231) : −^{AF (231)}

k×(p_2+p_3) k×p_3 k×p_1 −

AF (231) k×p_2 k×(p_3+p_1) k×p_1

(312) : −^{AF (312)}

k×(p_3+p_1) k×p_1 k×p_2 −

AF (312) k×p_3 k×(p_1+p_2) k×p_2 .

(17)

Clearly, every single term in (16) cancels with a term in (17).

Using (14), one can thus write the following simple expression for the ∗_N -products in the momentum space:

Tr ∗_N [f_1(p_1), f_2(p_2), · · · f_N (p_N )] = ∑ (N −1)!

f^{a1}_1 (p_1) · · · f^{aN}_N (p_N )Tr (T^{a1} · · · T^{aN} )

× exp [_i 2 ∑ i<j p_i × p_j ] ∏_N i=2 (−ik × P_i) + (cyclic permutations)

(18) where the summation runs over the independent Chan-Paton factor, f_i = ∑ a_i f a_i i T^{ai} , T^{ai} are generators of the Chan-Paton group U(n) for n D-branes, and k = −(p_1 + · · · + p_N ). Written explicitly for N = 3, for example, Tr ∗_3 [, , ] contains

Tr (T^{a1}T^{a2} T^{a3}) ( e^i2^{(p1×p2+p1×p3+p2×p3)} −(k × p_3)(k × (p_2 + p_3))

+ (cyclic) ) + (1 ↔ 2) , (19)

where −k = p_1 + p_2 + p_3, which is identical to Eq. (3.17) of [8]. For N = 4, we get

Tr (T^{a1}T^{a2} T^{a3}T^{a4} ) ( e^i2^{(p1×p2+p1×p3+p1×p4+p2×p3+p2×p4+p3×p4)} i(k × p_4)(k × (p_3 + p_4))(k × (p_2 + p_3 + p_4))

+ (cyclic) ) (20)

+(5 noncyclic permutations).

For general value of N, there are N! terms in the de^nition of ∗_N -products. In Ref. [13], a descent relation between ∗_N and ∗_{N +1} is given in Eq. (2.18). It is straightforward to show that (18) satis^es the descent relation. Reversing the logic, it might be possible to derive (18) from the descent relation.

Returning to the open string amplitude shown in Fig. 1(a), we ^nd that the effective action from that amplitude contains the ∗_N products (by computing the two diagrams of the type shown in Fig. 2 and multiplying them)

Tr ∗_{N1} [ F, · · · , F N_1 ] Tr ∗_{N2} [ F, · · · , F N_2 ] , (21)

when written schematically. By the similar token, the closed string absorption amplitude in Fig. 1(b) yields a term hTr ∗_N [ F, · · · , F N ] (22)

among the terms in the effective action, where h is the closed string ^eld. A cautionary remark should be in order^5. In general, the intermediate modes running through the connecting leg, involved in the factorization, contain in^nite number of modes. The schematic factorized forms in (21) and (22) appear for each intermediate mode. When summed over all intermediate modes, however, one generically expect that more complicated (non-factorized) structures arise (see, for example, Eqs. (3.2) and (3.26) of Ref. [8]). In this sense, the terms shown in (21) and (22) are small subsets of terms that can appear in the one-loop effective action, and in the contact terms in the single closed string absorptions on a disk, respectively.

5We are grateful to H. Liu and H.-T. Sato for raising this issue.

Figure 3: The schematic depiction of the factorizations involving_M ∗_N -products, which can arise in the disk amplitudes involving M bulk closed string insertions or M-loop terms in the open string effective action.

Up to now, our consideration has been restricted to the purely open string insertions at the one-loop level and the tree-level single closed string absorptions. In the M-loop (M > 1) context for purely open string insertions, in the case of multiple number of closed string absorptions at the tree-level, and in the mixed cases, however, we have more intriguing possibilities. These situations and their interesting factorization limits are depicted in Fig. 3. As illustrated in the middle column of Fig. 3, as many as M connecting legs can be attached to a disk. Generalizing the combinatorics of Fig. 2 to the case of M connecting legs, one now should sum over (M + N − 1)! diagrams, suggesting the possibility of_M ∗_N products. Some or all of these products might actually be expressible in terms of ∗_N products; still, it remains an open question to see if the ∗_N products can be genuinely further generalized. The simplest nontrivial examples of the_M ∗_N products arise from the diagrams in the third column of Fig. 3; the case of two closed string absorptions on a disk and the two-loop triple trace (TrF^2)^3 terms in the effective action of the supersymmetric Yang-Mills theory. Evaluation of such diagrams and more detailed understanding of_M ∗_N products will be reported elsewhere [22].

Acknowledgements

Y. K. would like to thank Jin-Ho Cho, Yoonbai Kim, Phillial Oh and Haru-Tada Sato for useful discussions. Y. K. is also grateful to Sumit Das for encouragements and to Hong Liu for interesting comments.

References

[1] A. Connes, Noncommutative Geometry, Academic Press (1994);

A. Connes and M. Rieffel, in Operator Algebras and Mathematical Physics (Iowa City, Iowa, 1985), pp. 237, Contemp. Math. Oper. Alg. Math. Phys. 62, AMS 1987; A. Connes, M. R. Douglas, and A. Schwarz, J. High Energy Phys. 9802:003 (1998), hepth/9711162.

[2] T. Filk, Phys. Lett. B376 (1996) 53.

[3] Y.-K. E. Cheung and M. Krogh, Nucl. Phys. B528 (1998) 185, hep-th/9803031;

F. Ardalan, H. Arfaei, M.M. Sheikh-Jabbari, JHEP 9902 (1999) 016, hep-th/9810072; C.-S. Chu and P.-M. Ho, Nucl. Phys. B550 (1999) 151, hep-th/9812219; C.-S. Chu and P.-M. Ho, Nucl. Phys. B568 (2000) 447, hep-th/9906192; V. Schomerus, JHEP 9906 (1999) 030, hep-th/9903205.

[4] N. Seiberg and E. Witten, JHEP 9909 (1999) 032, hep-th/9908142.

[5] S. Minwalla, M. Van Raamsdonk, N. Seiberg, hep-th/9912072;

M. Hayakawa, Phys. Lett. B478 (2000) 394, hep-th/9912094; A. Matusis, L. Susskind, N. Toumbas, hep-th/0002075;

M. Van Raamsdonk and N. Seiberg, JHEP 0003 (2000) 035, hep-th/0002186.

[6] H. Liu and J. Michelson, Phys. Rev. D62 (2000) 066003, hep-th/0004013;

O. Andreev and H. Dorn, Nucl. Phys. B583 (2000) 145, hep-th/0003113; A. Bilal, C.-S. Chu and R. Russo, Nucl. Phys. B582 (2000) 65, hep-th/0003180; J. Gomis, M. Kleban, T. Mehen, M. Rangamani and S. Shenker, JHEP 0008 (2000) 011, hep-th/0003215;

S. Chaudhuri and E.G. Novak, JHEP 0008 (2000) 027, hep-th/0006014.

[7] C.-S. Chu, R. Russo, S. Sciuto, Nucl. Phys. B585 (2000) 193, hep-th/0004183;

Y. Kiem, S. Lee and J. Park, hep-th/0008002; Y. Kiem, D.H. Park and H.-T. Sato, hep-th/0011019.

[8] H. Liu and J. Michelson, hep-th/0008205.

[9] D. Zanon, hep-th/0009196.

[10] F. Ardalan and N. Sadooghi, hep-th/0009233.

[11] N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, Nucl. Phys. B 573 (2000) 573, hepth/9910004;

J. Ambjorn, Y. Makeenko, J. Nishimura and R. Szabo, JHEP 11 (1999) 029, hepth/9911041;

D. Gross, A. Hashimoto and N. Itzakhi, hep-th/0008075; S.R. Das and S.-J. Rey, Nucl. Phys. B 590 (2000) 453, hep-th/0008042.

[12] T. Mehen and M.B. Wise, hep-th/0010204 [13] H. Liu, hep-th/0011125.

[14] M.R. Garousi, Nucl. Phys. B 579 (2000) 209, hep-th/9909214. [15] S. Das and S. Trivedi, hep-th/0011131. [16] M.R. Garousi, hep-th/0011147.

[17] A. Kumar, A. Misra and K. L. Panigrahi, hep-th/0011206.

[18] S. Hyun, Y. Kiem, S. Lee and C.-Y. Lee, Nucl. Phys. B 569 (2000) 262, hep-th/9909059. [19] J. Khoury and H. Verlinde, hep-th/0001056.

[20] N. Seiberg, L. Susskind and N. Toumbas, JHEP 0006 (2000) 021, hep-th/0005040;

R. Gopakumar, J.M. Maldacena, S. Minwalla and A. Strominger, JHEP 0006 (2000) 036, hep-th/0005048;

O.J. Ganor, G. Rajesh and S. Sethi, hep-th/0005046;

J.L.F. Barbon and E. Rabinovici, Phys. Lett. B486 (2000) 202, hep-th/0005073; O. Aharony, J. Gomis and T. Mehen, JHEP 0009 (2000) 023, hep-th/0006236.

[21] Y. Kiem and S. Lee, Nucl. Phys. B586(2000) 303, hep-th/0003145;

Y. Kiem, S. Lee and J. Park, hep-th/0008002. [22] Y. Kiem and D.H. Park, in preparation.