arXiv:hep-th/0011252 v2 30 Nov 2000

ONE-LOOP EFFECTIVE POTENTIAL FOR SCALAR AND VECTOR FIELDS ON HIGHER DIMENSIONAL NONCOMMUTATIVE FLAT MANIFOLDS

A.A. BYTSENKO, A.E. GONÇALVES, AND S. ZERBINI

Abstract. The effective potentials for massless scalar and vector quantum field theories on D dimensional manifold with p compact noncommutative extra dimensions are evaluated by means of dimensional regularization implemented by zeta function tecniques. It is found that, the zeta function associated with the one loop operator may not be regular at the origin. Thus, the related heat kernel trace has a logarithmic term in the short t asymptotic expansion. Consequences of this fact are briefly discussed.

Quantum field theories on noncommutative spaces generalize the familiar structure of conventional field theories. A motivation for considering these theories is the appearance they make in theory of strings [1, 2, 3, 4, 5, 6, 7], and the fact that they are consistent theories by themselves. It has been shown, for example, that noncommutative gauge theories describe the low energy excitations of open strings on D− branes in a background Neveu-Schwarz two-form field B [1, 2, 3].

Recently, the noncommutative perturbative dynamics on D− dimensional manifolds has been investigated [8] and the Kaluza-Klein spectrum for interacting scalars and vector fields has been calculated in [9]; it is consistent with formulas found in [8, 10, 11], where connection between calculations in string theory and field theory on noncommutative torus has been made. The one loop Casimir energy of scalar and vector fields on noncommutative space R^{1,d} ⊗ T^2_θ (R^{1,d} is a flat (d + 1)− dimensional Minkowski space and T^2_θ is two dimensional noncommutative torus) has been perturbatively calculated in [12].

In this paper we shall calculate by zeta-function methods, the effective action (effective potential times the volume of the manifold) for massless scalar and vector quantum field theories with compact noncommutative extra dimensions.

Date: November, 2000.

We thanks E. Elizalde, K. Kirsten and L. Vanzo for discussions. First author partially supported by INFN, Gruppo Collegatodi Trento, by CNPq grant (Brazil), RFFI grant (Russia) No 98-02-18380-a, and by GRACENAS grant (Russia) No 6-18-1997. 1

The actions of the massless interacting scalar and pure U(1) vector fields we are considering have respectively the forms

S_{(scalar)} = ∫ ( 1 2 (∂ ϕ)^2 + λ r ϕ ⋆ ϕ ⋆ ... ⋆ ϕ ) d^Dx, (1) S_{(vector)} = − 1 4 ∫ F_{MN} ⋆ F^{MN}d^Dx. (2) We are shall work on a manifold M = R^{1,d} ⊗ T^p_θ , where p = D − d − 1, p even and dim M = D. T^p_θ is a noncommutative associative algebra, with elements given by ordinary continous functions on T^p_θ whose product is given by the Moyal bracket or (⋆)− product of functions:

(F ⋆ G)(x) = exp ( i 2 θ^{μν} ∂ ∂α^μ ∂ ∂β^ν ) F (x + α)G(x + β)|_{α=β=0}. (3)

Since we have to deal with a renormalizable scalar field theory, r, number of scalar fields in the (⋆)− product, should be chosen as an integer, given by r = 2D/(D − 2). As well known, the only choices are D = 4, r = 4 and D = 6, r = 3 and D = 3, r = 6. With regard to the gauge field, the field strength is

F_{MN} = ∂_M A_N − ∂_N A_M − ig(A_M ⋆ A_N − A_N ⋆ A_M ). (4) We are interested in the one-loop approximation for theories with actions (1) and (2). It has been shown that the operator L related to the one-loop contribution [8], has a spectrum given by k^2 + Ω^2_{(n,α)}, where the Kaluza-Klein spectrum has the form (see Refs.[9, 12]):

Ω^2_{(n,α)} = R^{−2}φ(n)(1 + Λ(θ)R^{2α}φ(n)^{−α}). (5) Here θ is the non commutative parameter, and φ(n) = ∑ j R^{−2}n^2_j , having chosen, for the sake of simplicity, the torus radii equal to R. Furthermore, we shall maily interested in the scalar field case, then α = 2, Λ =^{ΛS}_{θ2} . As illustration, we shall also consider α = 3, Λ =^{ΛV}_{θ4} , valid for vector field, but in this case, the Kaluza-Klein spectrum is only approximated. The coefficients Λ_S and Λ_V depend on the dimension D [8] and are proportional to the coupling constants.

In this paper, we shall make use of dimensional regularization in the proper time formalism implemented by zeta-function techniques [13, 14], namely the one-loop effective action is regularized by means of (μ is the renormalization parameter)

W_ε = 1 2 ( log det L/μ^2 ) ε = − 1 2 μ^{2ε} ∫_∞ 0 dtt^{ε−1}Tre^{−tL}, (6) where ε is a small regularization parameter. Introducing the zeta function by the usual Mellin transform of the heat-kernel, one has

W_ε = − 1 2 μ^{2ε}Γ(ε)ζ(ε|L). (7)

If the zeta function of the one-loop approximation operator is regular at the origin, the one-loop divergences and the finite part of the effective action can be expressed respectively by means of the zeta function and its derivative evaluated at the origin. Thus, for this reason, in the following, we shall investigate the analytic continuation of ζ(s|L).

For large ℜ s, the spectral zeta function associated with the operator L acting in manifolds with topology M has the form ζ(s|L) = Vol(R^{d+1}) (2π)^{d+1} ∑ n∈Z^p/{0} ∫ Rd+1^{(k2 + Ω2(n,α))−sdd+1k, (8)}

where k^2 = ∑_d j=0 k^2_j , {0} = (0, 0, ..., 0). Making integration over d^{d+1}k in Eq. (9) with the help of formula ∫ RN^d N y (y^2 + Q)^s = π^{N/2}Q^{N/2−s} Γ(s − N/2) Γ(s) , Q > 0, ℜ s > N/2, (9) where y^2 = ∑_N j y^2_j we obtain:

ζ(s|L) = Vol(R^{d+1}) π^{d+1}2 (2π)^{d+1} Γ ( s −^{d+1}_2 ) Γ(s)R^{d+1−2s} ∑ n∈Zp/{0}^{φ(n)} d+1 2 −s

× [ 1 + Λθ^{2−2α}R^{2α}φ(n)^{−α} ] d+1_{2 −s} . (10) The analytic continuation can be achieved by using the binomial expansion ([13, 14]). As a result, for C = Λ(θ)R^{2α} < 1, one has ζ(s|L) = A(s; d) ∞∑ ℓ=0 (−C)^ℓΓ ( s −^{d+1}_2 + ℓ ) ℓ!Γ (s) Z_p | | 0 0 | | (2s + p + 2ℓα − D) , (11) where we have introduced the quantity

A(s; d) = Vol(R^{d+1}) π^{d+1}2 (2π)^{d+1}

R^{2s−d−1}. (12)

In Eq. (11), Z_p |gh| (s, φ) is the p-dimensional Epstein zeta function associated with the quadratic form φ[a(n + g)] = ∑ j a_j(n_j + g_j )^2. For ℜ s > p Z_p |^g_h| (s, φ) is given by the formula

Z_p | | g^1 ... g^p h_1 ... h_p | | (s, φ) = ∑ n∈Z^p ′ (φ[a(n + g)])^{−s/2}

× exp [2πi(n, h)] , (13)

where g_j and h_j are some real numbers [15], the prime means omitting the term with (n_1, n_2, ..., n_p) = (g_1, g_2, ..., g_p) if all the g_j are integers. The functional equation for Z_p |gh| (s, φ) reads,

Z_p | | g h | | (s, φ) = (det a)^{−1/2}π^12^{(2s−p)} Γ(^{p−s2} ) Γ(^s_2 ) exp[−2πi(g, h)]

×Z_p | | h −g | | (p − s, φ^∗), (14) where φ^∗[a(n + g)] = ∑ j a^{−1}_j (n_j + g_j )^2.

Formulae (11) and (14) give the analytic continuation of the zeta function.

Since the Epstein zeta-function has an analytic estension with only a simple pole at s = p, it follows easily that the regular values of the zeta function at the origin are present when D ≠ 2αk with k ∈ Z_+, namely lim_s!_0 d=2k ζ(s|L) = 0, (15)

lim_s!_0 d=2k�1 ζ(s|L) = A(0; 2k−1) k+1∑ ℓ=1 (−C)^ℓ(−1)^{(k+1−ℓ)}

ℓ!(k + 1 − ℓ)! Z_p | | 0 0 | | (p + 2ℓα − D) , (16) where

A(0; 2k − 1) =

Vol(R^{2k}) (4π)^kR^{2k}

. (17)

It should be noted that in presence of the noncommutative torus, the values of the zeta function in the point s = 0 differ from the ones in the case of torus, where ζ(0|L) = 0 forD odd (see for example [16]).

For these cases, the finite part of effective action is given by the sum of the zeta function and its derivative evaluated at the origin. Thus, the one-loop effective action, after renormalization, has the form W = − 1 2 ( d ds ζ(s|L)|_{s=0} + ζ(0|L)log(μ^2) ) , where, for d = 2k, one has

ζ^′(0|L) = A(0; 2k) ∞∑ ℓ=0 (−C)^ℓΓ ( −^{d+1}_2 + ℓ ) ℓ! Z_p | | 0 0 | | (p + 2ℓα − D) , (18) while for d = 2k − 1,

ζ^′(0|L) = 2A(0; 2k − 1) k+1∑ ℓ=0 (−C)^ℓ(−1)^{k+1+ℓ} ℓ!(k + 1 − l)! Z^′_p | | 0 0 | | (p + 2ℓα − D)

+ ln R^2ζ(0|L)+A(0; 2k−1) k+1∑ ℓ=1 d_ℓ (−C)^ℓ(−1)^{k+1+ℓ} ℓ!(k + 1 − l)! Z_p | | 0 0 | | (p + 2ℓα − D)

+A(0; 2k − 1) ∞∑ ℓ=k+2 (−C)^ℓΓ(ℓ − k − 1) ℓ!(k + 1 − l)! Z_p | | 0 0 | | (p + 2ℓα − D) , (19)

with

d_ℓ = k+1−ℓ∑

j=1 1 j , (20)

and ζ(0|L) given by Eq. (16). Also for d even, and D = 2αk, the zeta at the origin is finite and different from zero. In fact, we have

ζ(0|L) = −2A(0; 2k) √ π π^{p/2} Γ(p/2) (−C)^k. (21)

However, for d odd and D = 2αk , ζ(s|L) may have a pole at the origin. This is quite unsual. To our knowledge, this has also been noted investigating quantum field theory on generalized cone [17, 18] and in ultrastatic 4-dimensional space-times with non-compact, but finite volume, 3-dimensional hyperbolic spatial section [19].

For scalar fields, α = 2. Thus there exist solutions of the constraint D = d + 1 + p, with p even, given by D = 4k, d = 4k − p − 1 > 0 and p = 2q, q ∈ Z_+. In these cases, the zeta function has a pole at the origin.

As an example, let us consider in detail the case D = 4, p = 2 k = 1, d = 1. One has ζ(s|L) = A(s; 1) ∞∑ ℓ=0,ℓ≠1 (−C)^ℓΓ (s − 1 + ℓ) ℓ!Γ (s)

Z_2 | | 0 0 | | (2s + 4ℓ − 2) +

+A(s; 1)(−C)Z_2 | | 0 0 | | (2s + 2) . (22)

Here, one can show the simple pole for s = 0, due to the last term in the above equation. The presence of this pole, depends on the constant C, namely on the coupling constant and on the non commutative parameter θ and does not depend on the compactness of the noncommuting coordinates.

In fact, if we consider a massless scalar field defined on R^{1,d} ⊗ R^p_θ, namely on R^D, with p noncommuting coordinates, a direct calculation gives the exact formula for the analytic continuation of zeta function: ζ(s|L) = Vol(R^D) 2(4π)^{D/2}Γ(p/2)

Λ^D

�2s_{4S}

θ^D�^{2s}2 Γ(s) Γ( 2s + p − d − 1 4 )Γ( 2s − D 4 ). (23) Eq. (23) is in agreement with the perturbative one obtained in the case of the compact noncommutative p-dimensional torus, since for d = 4j + p − 1 and D = 4j + 2p, j = 0, 1, 2, .. there is a pole at the origin. It should be noted that there is no pole at the origin for the zeta function if all the coordinates of R^D are noncommuting, namely if d + 1 = 0.

Again, for D = 4, p = 2, d = 1, one has ζ(s|L) = Vol(R^4) 2(4π)^2 Λ^{1−s/2}_S θ^{2−s} Γ(^s_2 ) Γ(s) Γ( s 2 − 1). (24)

Let us analyze the consequences of the presence of this pole with regard to the structure of the one-loop divergences. For small ε, one has W_ε = − 1 2 μ^{2ε}Γ(ε)ζ(ε|L) = B_0 ε^2 + B_1 ε + B_2 + O(ε), (25) where the coefficients B_j can be computed explicity. In fact, one has:

B_0 = − 1 2 Res (ζ(ε|L)|_{ε=0}) , (26)

B_1 = − 1 2 lim_{ε→0} d dε ( μ^{2ε}εΓ(1 + ε)ζ(ε|L) ) , (27)

B_2 = − 1 4 lim_{ε→0} d^2 d^2ε ( μ^{2ε}εΓ(1 + ε)ζ(ε|L) ) . (28) As an example, for the explicit and non compact 4-dimensional case we have considered, Eq. (22) gives

B_0 =

Vol(R^4) (4π)^2

Λ_S θ^2

, (29)

B_1 =

Vol(R^4) (4π)^2

Λ_S θ^2 ( ln μ^2θ √ Λ_s + 1 2 − γ ) , (30)

B_2 =

Vol(R^4) 4(4π)^2

Λ_S θ^2 ( (ln μ^2θ √ Λ_s + 1 2 − γ)^2 + Ψ^′(1) + 1 2 ) , (31) where Ψ(z) is the logarihmic derivative of the Gamma function and γ = −Ψ(1) is the Euler-Mascheroni constant. As a consequence, the oneloop renormalization appears to be problematic, due to the presence of μ in B_1. However, with regard to issue of the renormalization of scalar fields on noncommutative space, see [20].

Let us conclude with some remarks. In this letter, we have investigate the one-loop approximation for scalar and gauge fields defined on the Euclidean manifold M = R^{1,d} ⊗ T^p_θ , making use of dimensional regularization and zeta function tecniques. The non compact case has also been considered. In order to find the analytic continuation of the zeta function related to the one-loop operator, in the compact case, we have used the binomial theorem and our results are valid for C < 1. This condition is not so restrictive, because leads to small compactification radius as soon as one is dealing with small non commutative parameter θ.

We have found that when d is odd and D = 4, 8, 12, .. for scalar fields and D = 6, 12, 18, .. for vector fields, the zeta function related to the one loop operator contains a pole at the origin. Similar results have been obtained in the non compact case. This fact is mainly associated with the presence of pairs of noncommutative coordinates, compact or non compact.

Furthermore, the presence of the pole implies that the Casimir or vacuum energy is singular, when the analytic regularization parameter is removed. This feature is in common with the quantization of fields defined on manifolds with higher dimensional conical singularities and in 4-dimensional ultrastatic space-time with non-compact, but finite volume, hyperbolic spatial section. With regard to last issue and in the presence of compact noncommuting coordinates , the role of the self-consistency determination of the internal radius [21] is also present in the models we have considered. When the pole in the zeta function is absent, one may try to use the presence of the vacuum energy as stabilization mechanism for the compactification radius [12, 22]. However, when the pole is present, first one has to do a careful and non trivial renormalization analysis.

As far as this issue is concerned, another consequence of this pole is the appearance of logarithmic term ln t in the short t heat kernel expansion of Tre^{−tL}, rendering L a pseudo-differential operator (see [23, 24]) and thus modyfing the structure of the ultraviolet divergences of the one-loop effective action. We have computed these divergences and the finite part of the effective action. The knowledge of these divergences, which seem more severe than the ordinary cases, could be helpful in the discussion concerning the one-loop renormalizability of the models, when the space-time is curved or has a non-trivial topology and in the issue of the self-consistent determination of the compactification radius [21].

References

[1] A. Connes, M.R. Douglas and A. Schwarz, JHEP 9802 (1998) 003. [2] M.R. Douglas and C. Hall, JHEP 9802 (1998) 008. [3] N. Seiberg and E. Witten, JHEP 9909 (1999) 032. [4] Y.-K.E. Cheung and M. Krogh, Nucl. Phys. B 528 (1998) 185. [5] C.-S. Chu and P.-M. Ho, Nucl. Phys. B 550 (1999) 151. [6] V. Schomerus, JHEP 9906 (1999) 030.

[7] F. Ardalan, H. Arfaei and M.M. Sheikh-Jabbari, JHEP 9902 (1999) 016.

[8] S. Minwalla, M. Van Raamsdonk and N. Seiberg, “Noncommutative Perturbative Dynamics”, hep-th/9912072.

[9] J. Gomis, T. Mehen and M.B. Wise, “Quantum Field Theories With Compact Noncommutative Extra Dimensions”, hep-th/0006160.

[10] Y. Kiem and S. Lee, “UV/IR Mixing in Noncommutative Field Theory via Open String Loops”, hep-th/0003145.

[11] W. Fischler, E. Gorbatov, A. Kashani-Poor, S. Paban, P. Pouliot and J. Gomis, “Evidence for Winding States in Noncommutative Quantum Field Theory”, hep-th/0002067.

[12] S. Nam, “Casimir Force in Compact Noncommutative Extra Dimensions and Radius Stabilization”, hep-th/0008083.

[13] E. Elizalde, S.D. Odintsov, A. Romeo, A.A. Bytsenko and S.

Zerbini, “Zeta Regularization Techniques with Applications”, World Scientific (1994).

[14] A.A. Bytsenko, G. Cognola, L. Vanzo and S. Zerbini, Phys. Reports

266 (1996) 1.

[15] Bateman Manuscript Project, “Higher Transcendental Functions”, vol.

3 (McGraw-Hill, New York, 1955).

[16] Yu. P. Goncharov and A.A. Bytsenko, Nucl. Phys. B 271(1986) 726. [17] M. Borgag, K. Kirsten and J.S. Dowker, Comm. Math. Phys. 182 (1996) 371.

[18] G. Cognola and S. Zerbini, Letts. Math. Phys. 42 (1997) 95. [19] A.A. Bytsenko, G. Cognola and S. Zerbini, J. Phys. A: Math. Gen 30 (1997) 3543; ibidem in “General Relativity and Gravitational Physics” M. Bassan, V. Ferrari, M. Francaviglia, F. Fucito, I. Modena Editors (World Scientific, Singapore, 1997) [20] I. Chepelev and R. Roiban, “ Convergence Theorem for Noncommutative Feynman Graphs and Renormalization”, hep-th/0080090.

[21] P. Candelas and S. Weinberg, Nucl. Phys. B 237 (1984) 397. [22] W.H. Huang, “Casimir Effect on the Radius Stabilization of the Noncommutative Torus”, hep-th/0010160.

[23] G. Cognola. L. Vanzo and S. Zerbini, J. Math. Phys. 33 (1992) 222. [24] P. B. Gilkey and G. Grubb, Comm. Part. Diff. Eqs. 23 (1998) 777.

Departamento de Fisica, Universidade Estadual de Londrina, Caixa Postal 6001, Londrina-Parana, Brazil E-mail address: abyts@uel.br

Departamento de Fisica, Universidade Estadual de Londrina, Caixa Postal 6001, Londrina-Parana, Brazil E-mail address: goncalve@uel.br

Department of Physics, University of Trento, Gruppo Collegato INFN di Trento, Sezione di Padova, Italy E-mail address: zerbini@science.unitn.it