arXiv:hep-th/0011283 30 Nov 2000

UG-00-20

Spin(p + 1, p + 1) Covariant Dp{brane Bound States

P. Sundell^∗ Institute for Theoretical Physics, University of Groningen, Nijenborgh 4, 9747 AG Groningen, The Netherlands

Abstract

We construct Spin(p+1, p+1) covariant Dp–brane bound states by using that the potentials in the RR sector of toroidically compactified type II supergravity transform as a chiral spinor of the T–duality group. As an application, we show the invariance of the zero–force condition for a probe D–brane under noncommutative deformations of the background, which gives a holographic proof of the stability of the corresponding field theory ground state under noncommutative deformations. We also identify the Spin(p + 1, p + 1) transformation laws by examining the covariance of the D–brane Lagrangians.

I. INTRODUCTION

Noncommutative extensions of geometry arise naturally in string theory and M–theory at the boundaries of open branes [1]. Such a boundary is restricted to end inside some other ’host brane’ where it experiences the force of a gauge invariant modified field strength which is essentially given by the pull–back to the host brane of a background potential. So even a potential which has zero background field strength, may have nontrivial effects on the open

∗p.sundell@phys.rug.nl brane physics in the host brane. The effect of the coupling of the boundary to the modified field strength can be interpreted as that the open brane sees the host brane as manifold with a noncommutative structure [2–4].

The dynamics of open brane–host brane systems tend to decouple from the ’gravitational’ dynamics in the bulk in critical limits, where the electric components of the modified field strength and the corresponding tensions diverge, leading to open branes with finite effective tensions trapped inside the host branes. The idea to decouple the gravitational dynamics from the dynamics on the brane is an old one, as for instance [5,6]. The essential new ingredient is that by tuning the noncommutative deformation parameters differently one can obtain different critical limits giving rise to light degrees of freedom of various rank [7,8]. For example, a critical NS two–form leads to decoupled open strings in a spatio–temporally noncommutative D–brane [9]. Another example is a critical RR (p − 1)–form which leads to a decoupled open D(p−2)–brane in a Dp–brane [7,8]. These systems have dual, perturbative formulations in terms of Yang–Mills field theories on spatially noncommutative Dp–branes [2,3,10–12], which is the formulation of noncommutative geometry that first came to be widely appreciated in the context of string theory. In M–theory a critical three–form potential yields a decoupled open membrane theory [7,13] on a five–brane with noncommutative loop space [4]. There are also noncommutative extensions of the NS five brane little string theories [7,8].

The critical decoupling limits can be realized as ultra violet limits for ’probe’ host branes [14,15,8,16] in the near horizon regions of bound state solutions [17] consisting of a large numbers of ’source’ host branes bound to smeared sources for the critical fields. The advantage of this holographic approach [18], as opposed to simply considering scaling limits in flat spacetime, is that the supergravity duals incorporate essential nonperturbative aspects of the decoupled theories. Thus, a spacetime duality transformation that relates two bound state solutions induces a transformation between the two corresponding supergravity duals and their related ultra violet limits, that in turn leads to a duality between the decoupled theories [7,8,13]. Therefore, the various noncommutative theories form a duality web which is inherited from the underlying spacetime theory. As a result, all maximally supersymmetric noncommutative theories in less than or equal to six dimensions can be traced back to the noncommutative M–theory five–brane [7,8].

This far, however, most aspects of the noncommutative open brane theories have been found by examining the (effective) probe brane field theories [10,19–21]. From this point of view, the spacetime background provides the field theory moduli. A noncommutative deformation of the field theory corresponds to turning on a given (smeared) source in the bound state. The bound state incorporates the nonperturbative back–reaction on the remaining sectors, such as the tensions and the dilaton which are dual to the field theory moduli space metric and coupling. Therefore, the holographic setup provides a useful nonperturbative tool for examining the effect of noncommutative deformations on the field theory moduli [3,21–23]. In this paper we shall exploit this in showing the deformation independence of the zero–force condition for a probe brane; see also [24].

To facilitate this, we shall first obtain a uniform expression for all deformed Dp–brane bound state solutions related to a given undeformed Dp–brane solution^1. We recall that the noncommutative deformations of a type II Dp–brane unify with the ’diagonal’ T–duality transformations into the T–duality group O(p + 1, p + 1). Actually, having non–zero flux in a p–brane bound state breaks the ISO(p, 1) covariance. It is therefore natural to wrap the brane on a (p + 1)–dimensional torus, which may be uncompactified after the deformation. Note, the decoupling limits are actually sensitive to whether the brane world volume is compact or not [25], but this distinction will not be important at the level of the effective field theory that we shall examine in this paper. Since the full string theory is O(p+1, p+1; Z) invariant [26], while the low energy effective actions possess O(p + 1, p + 1; R) symmetry

1We note that there are several more or less equivalent solutions in the literature starting with [17], but as we shall see the particular form that we obtain here is more well–suited for the calculations of the brane potential.

[27,28], it follows that the space of inequivalent noncommutative moduli is given by O(p + 1, p + 1; R)/O(p + 1, p + 1; Z) (indeed the discrete symmetry acts as a certain equivalence, known as Morita equivalence, between noncommutative field theories on D–branes [29]). Thus, the desired bound states can be obtained by acting with the corresponding O(p + 1, p + 1) group element on the undeformed solution.

The massless sector of toroidically compactified type II string theory, which transforms irreducibly under the U–duality group, splits under the T–duality subgroup O(d, d) into tensor representations in the NS sector and spinor representations in the RR sector [30]. The transformations in the RR sector were first found in [31], and were later related to the ’covariance’ of the Dp–brane Lagrangians [32] under T–duality transformations. It was then realized [33] that the form of the transformations in the RR sector simplifies using a new set of RR potentials. Later, guided by this and [30], the authors of [28] gave a manifestly Spin(d, d) invariant form of the RR sector of the toroidically compactified supergravity Lagrangian (including the CS terms). The work of [34] included fermions and massive IIA deformations by examining the ’twist’ between the left and right–moving local Lorentz frames on the string worldsheet induced by the T–duality. A similar approach was taken by the authors of [35]. Recently the Spin(p + 1, p + 1) covariant formulation of D–brane actions with extended anomaly polynomials was given by [36].

In Section 2 we examine the above mentioned Spin(d, d) covariant formulation of D–branes. To some extent we review old results, but we also give a useful alternative derivation of the Spin(d, d) transformations in the RR sector by requiring covariance of D–brane actions, in the spirit of the work of [32].

In Section 3 we give a manifestly Spin(p + 1, p + 1) covariant parameterisation of Dp– brane bound states, and use this construction to examine some effects of noncommutative deformations on the field theory moduli space. It is found that the brane potential is only renormalized by a multiplicative factor, which gives a holographic proof of the stability of the field theory ground state under noncommutative deformations. We end with a discussion in Section 4.

II. SP IN(D, D) COVARIANCE OF D–BRANES

In this section we discuss the T–duality transformations of the bosonic field content in toroidically compactified type II supergravity. Two natural ways of finding them are by examining either the invariance of the full supergravity Lagrangian [27,28,28], or the ’covariance’ of brane sigma models [32,34,35,37,38]. By covariance we here mean that the sigma model actions in two T–dual background are equal up to some duality transformation of the world volume fields. The covariance of the NS string world sheet action, which involves dualising a scalar in two dimensions, was used in this context to derive the T–duality transformations in the NS sector [37]. These were then incorporated into a manifestly O(d, d) invariant low energy effective supergravity Lagrangian [27]. The covariance of D–branes, which involves double dimensional reductions, was used to derive the T–duality transformations in both NS and RR sectors [32]. Later these were incorporated into a manifestly Spin(d, d) invariant supergravity Lagrangian by the work of [28,34,35]. In particular, this requires a new set of RR potentials [33] that transform linearly under Spin(d, d). Below we shall reexamine the derivation of [32], using the new potentials and some other convenient techniques of [28] and [36] for writing the Wess–Zumino term, and verify that the covariance of D–branes indeed yields the expected Spin(d, d) transformations the RR sector.

A. General setup

Let us begin by setting the notation and recalling the covariance properties of D–branes under target space T–duality transformations. Thus we consider the action of a Dp–brane with tension T_p:

S_p[X, A; E, ϕ; D] = T_p (S_{DBI}[X, A; E, ϕ] + S_{WZ}[X, A; D]) , (1)

S_{DBI}[X, A; E, ϕ] = − ∫ d^{p+1}ξe^{−ϕ} √ − det ((f^∗E)_{αβ} + α^′F_{αβ}) . (2)

S_{WZ}[X, A : D] = ∫ e^{α′F} ∧ f^∗D , (3)

Here the fields on the brane are the embedding coordinates^2 X^M (ξ^α), with pull–back denoted by f^∗, and the world volume vector field A_α with field strength F = dA. The background fields in the NS sector are the dilaton e^ϕ and the metric and two–form potential which have been combined in E_{MN} = g_{MN} + B_{MN} . (4) In the RR sector the potential D for the RR field strength R is defined by [28,33]: dR = −dB ∧ R , R = e^{−B} ∧ dD . (5) We use multi–form notation; for example D = ∑ K 1 K! D_{M1···M1} dx^{M1} ∧ · · · ∧ dx^{MK} . (6) The Bianchi identity can also be solved using a C potential related to D as follows: R = dC + dB ∧ C , C = e^{−B} ∧ D . (7) Note, the D potential is not invariant under NS gauge transformations. However, the transformation reads δD = δB ∧ D, which is in fact only to expected if D transforms linearly under O(d, d), since constant NS gauge transformations on T^d is a subset of the generators of O(d, d). To find the full set of O(d, d) transformations (E_{MN} , ϕ; D) → (Ẽ_{MN} , ϕ̃; D̃) we examine the O(d, d) covariance of the D–branes [32], i.e. S_{p̃}[X̃, Ã; Ẽ, ϕ̃; D̃] = S_p[X, A; E, ϕ; D] , (8) under the following three basic types of O(d, d) transformations [29]^3:

2We denote the ten–dimensional spacetime indices by M, N, . . . = 0, . . ., 9; indices of T^d by μ, ν . . . = 0, . . ., d � 1; the uncompactified spacetime indices by i, j, . . . = d, . . ., 9; and the world volume indices of a Dp–brane by α, β, . . . = 0, . . ., p. Importantly, T^d may contain the time– direction as for example in the case of a brane configuration. 3We coordinitize O(d, d) by 2d � 2d matrices i) The GL(d) generators

Λ_R =

R^{−1} 0 0 R^T , R ∈ GL(d) , (10)

with the following action on the brane data:

p̃ = p , T̃_{p̃} = T_p , (11)

X̃^i = X^i , X̃^μ = X^ν R_ν^μ , Ã_α = A_α . (12)

ii) The generators of constant NS gauge transformations

Λ_b = 1 b 0 1 , b_{μν} = −b_{νμ} , (13)

with the following action on the brane data:

p̃ = p , T̃_{p̃} = T_p , (14)

X̃^M = X^M , F̃_{αβ} = F_{αβ} − (α^′)^{−1}(f^∗b)_{αβ} . (15)

iii) The ’diagonilised T–duality generator’

Λ_{μ̂} = 1 − e_{μ̂} −e_{μ̂} −e_{μ̂} 1 − e_{μ̂} , (e_{μ̂})_{νρ} = δ_{μ̂ν} δ_{μ̂ρ} , μ̂ = 0, . . . , d − 1 , (16)

Λ = a b c d , Λ T JΛ = J , (9)

where J is the special O(d, d) element given by a = d = 0, b = c = 1. This presentation is equivalent to orthogonal matrices Λ̃ = UΛU^{−1}; U =^1√_2 (1 + iσ^2) � 1, obeying Λ̃^T ηΛ̃ = η, η = σ^3 � 1.

whose action on the brane data is given by a double dimensional reduction followed by an ’uplift’ as follows:

p̃ = p − 1 , T̃_{p̃} = R_{μ̂}T_p , (17)

∂_pX^M =

0 for M ≠ μ̂ 1 for M = μ̂

, ∂_pA_α = 0 , (18)

X̃^M =

X^M for M ≠ μ̂ −α^′A_p for M = μ̂

, Ã_{α̃} = A_α , α̃ = 0, . . . , p − 1 . (19)

where R_{μ̂} is the radius of the μ̂’th direction.

B. Transformations in the NS Sector

We first briefly review the results for the NS sector; for a fuller review see e.g. [26]. The NS sector is KK decomposed as follows [27,28]

E_{μν} = g_{μν} + B_{μν} , (20) E_{μi} = E_{μν} A^ν_i − B^′_{i,μ} , (21) E_{iμ} = A^ν_i E_{νμ} + B^′_{i,μ} , (22) E_{ij} = E^′_{ij} + E_{μν} A^μ_i A^ν_j + B^′_{[i|,μ}A^μ_{j]} , (23)

where E_{μν} are the KK scalars; the KK vectors are given by

A^r_i = (B^′_{i,μ}, A^μ_i ) , r = (_μ,^μ) = 1, . . . , 2d ; (24)

and E^′_{ij} = g^′_{ij} +B^′_{ij} are the KK tensors. From (i) and (ii) it follows that under the generators Λ_R and Λ_b, the KK scalars (20) transform as

Ẽ = R^{−1}ER^{−T} , Ẽ = E + b , (25) where we have used matrix notation to suppress the μ, ν indices, and the KK vector (24) transform as Ã_i = Λ_RA_i , Ã_i = Λ_bA_i , (26)

where we have suppressed the r, s indices. It then follows that the KK tensor E^′_{ij} is invariant under R and b transformations. To analyze (iii) one may use the Jordan decomposition formula for determinants. It follows that under the generator Λ_{μ̂} the KK scalars and vectors transform as Ẽ = E + 1 g_{μ̂μ̂} (1 − E)e_{μ̂}(1 + E) , (27)

Ã_i = Λ_{μ̂}Ã , (28)

while the KK tensor is invariant. Hence, under a general O(d, d) transformation with generator

Λ = a b c d , (29)

it follows from (25) and (27) and the fact that an arbitrary O(d, d) element can be built by a series of transformations of the form (i)–(iii), that the KK scalars undergo the fractional linear transformation Ẽ = (aE + b)(cE + d)^{−1} . (30)

This is equivalent to the bivector representation M̃ = (Λ^{−1})^T MΛ^{−1}, where M is the O(d, d) element

M_{rs} = g^{μν} −g^{μρ}B_{ρν} B_{μρ}g^{ρν} g_{μν} − B_{μρ}g^{ρσ}B_{σν} . (31)

¿From (26) and (28) it follows that the KK vectors transform as an O(d, d) vector: Ã_i = ΛA_i , (32) while finally the KK tensor is inert:

Ẽ_{ij} = E_{ij} . (33)

The dilaton is inert under Λ_R and Λ_b, while under Λ_{μ̂} it follows from the Jordan decomposition formula that e^{−ϕ̃} = e^{−ϕ} √ |g_{μ̂μ̂}|. This is equivalent to

e^{ϕ̃} = e^ϕ ( det g̃_{μν} det g_{μν} ) 1_4

, (34)

where we have used (27) to compute det g̃_{μν} = (g_{μ̂μ̂})^{−2} det g_{μν} . Since the ratio of determinants in the right side of (34) is inert under Λ_R and Λ_b it follows that (34) is actually true for general O(d, d) transformations, which concludes the analysis of the NS sector.

C. Transformations in the RR Sector

The analysis of the RR sector becomes more transparent by using the isomorphism between the algebra of exterior line elements dX^M and inner derivatives i_M and the following auxiliary fermionic oscillator algebra [28]: {ψ̂_M , ψ̂^{†N}} = δ^N_M , {ψ̂_M , ψ̂_N } = 0 = {ψ̂^{†M}, ψ̂^{†N}} , (35)

(ψ̂_M )^† = g_{MN}ψ̂^{†N} , (36)

acting on the vacuum |0⟩, which is annihilated by ψ̂_M , and its hermitian conjugate ⟨0| = (|0⟩)^†. Mapping a K–form Ω_K to the operator

^Ω_K =

(−1)^{K(K−1)}2 K! ψ̂^{†M}1i_{M1} · · · ψ̂^{†M}K i_{MK} Ω_K , (37)

one has the isomorphism Ω ∧ Ξ → ^Ω ^Ξ. The WZ term (3) can now be written as [36]

S_{WZ} = ∫ ⟨ω_p|e^{α′} ^^F |D⟩ , (38)

where ⟨ω_p| = ⟨0|f^∗ ( dX^{M1} ∧ · · · ∧ dX^{Mp+1} ) ψ̂_{Mp+1} · · · ψ̂_{M1} , (39)

^F = 1 2 F_{αβ}ψ̂^{†α}ψ̂^{†β} , |D⟩ = ^D|0⟩ (40) and we have defined the pull–back to the brane of the space–time oscillator algebra (35) as follows:

ψ̂_α = ∂_αX^M ψ̂_M , {ψ̂_α, ψ̂^{†β}} = δ^β_α , {ψ̂^{†α}, ψ̂^{†β}} = 0 . (41)

The last two conditions are of course equivalent to ψ̂_α = (f^∗g)_{αβ}(ψ̂^{†β})^†. The volume form ⟨ω_p| acts as an ’intertwiner’ between the two oscillator algebras (35) and (41): ⟨ω_p| ( Ω̂ − ^f ∗Ω ) = 0 . (42)

Under the GL transformation (i) we have

dX̃^M ψ_M = ^Λ_R dX^M ψ̂_M ^Λ^{−1}_R , ^̃ψ_α = ∂_αX̃^M ψ̂_M = ^Λ_Rψ̂_α ^Λ^{−1}_R , (43)

where the oscillator representation of R_μ^ν ≡ (exp(A))_μ^ν is given by

^Λ_R = √ det R exp(−ψ̂^{†μ}A_μ^νψ̂_ν) . (44)

Using ⟨0| ^Λ_R = ⟨0|, it follows that

⟨ω̃_p| = ⟨ω_p| ^Λ^{−1}_R , ^F̃ = ^Λ_R ^F ^Λ^{−1}_R , (45)

such that the requirement of covariance, eq. (8), implies that the generator Λ_R is represented on the RR potential as |D̃⟩ = ^Λ_R|D⟩ . (46) Under the NS gauge transformation (ii) the volume form ⟨ω_p| is inert, while ⟨ω_p|e^{α′} ^_~F

= ⟨ω_p| exp(− 1 2 (f^∗b)_{αβ}ψ̂^{†α}ψ̂^{†β})e^{α′} ^^F = ⟨ω_p| exp(− 1 2 b_{μν}ψ̂^{†μ}ψ̂^{†ν})e^{α′} ^^F , (47) where we have used (42). Hence it follows from (8) that the generator Λ_θ is represented on the RR potentials as

|D̃⟩ = ^Λ_b|D⟩ , ^Λ_b = exp( 1 2 b_{μν}ψ̂^{†μ}ψ̂^{†ν}) . (48) Finally, for the diagonilised T–duality (iii) we compute ⟨ω_p|e^{α′} ^^F = dξ^p ∧ ⟨0| [ f^∗(dX^{M̌1} ∧ · · · ∧ dX^{M̌p} )ψ̂ˇ_{Mp} · · · ψ̂ˇ_{M1} ] ψ̂_{μ̂} e^{α′∂}α̃^Ap^{ψ̂†α̃ψ̂†p} e^{α′} ^^{F̃} = dξ^p ∧ ⟨0| [ f^∗(dX^{M̌1} ∧ · · · ∧ dX^{M̌p} )ψ̂ˇ_{Mp} · · · ψ̂ˇ_{M1} ] ^Λ_{μ̂} e^{α′∂α̃Apψ̂†α̃ψ̂†p} e^{α′} ^F̃ = dξ^p ∧ ⟨0| [ f^∗(dX^{M̌1} ∧ · · · ∧ dX^{M̌p} )ψ̂ˇ_{Mp} · · · ψ̂ˇ_{M1} ] e^{∂α̃X̃μ̂ψ̂†α̃ψ̂μ̂} e^{α′} ^F̃ ^ Λ_{μ̂} = dξ^p ∧ ⟨0|f̃^∗(dX^{M1} ∧ · · · ∧ dX^{Mp} )ψ̂_{Mp} · · · ψ̂_{M1} e^{α′} ^F̃ ^ Λ_{μ̂} = dξ^p ∧ ⟨ω̃_p| ^Λ_{μ̂} , (49) where M̌ is an auxiliary nine–dimensional index which skips μ̂, and we have defined Λ̂_{μ̂} = ψ̂_{μ̂} + ψ̂^{†μ̂} , Λ̂^2_{μ̂} = 1 . (50) We have also used ^Λ_{μ̂}ψ̂^{α̃†}ψ̂^{†p} ^Λ_{μ̂} = −ψ̂^{α̃†}ψ̂_{μ̂} and the chain rule, which yields: e^{−∂α̃X̃μ̂ψ̂†α̃ψ̂μ̂} f^∗(dX^{M̌} )ψ̂ˇ_M e^{∂α̃X̃μ̂ψ̂†α̃ψ̂μ̂} = f̃^∗(dX^M )ψ̂_M . (51) Here f denotes the embedding of the original doubly dimensional reduced D(p − 1)–brane resulting from (18) and f̃ denotes the embedding of the uplifted (p − 1)–brane that results from identifying the T–dual direction with the internal vector field as in (19). Since ∫ dξ^p = R_{μ̂}, it follows from (8) that the generator Λ_{μ̂} is represented on the RR potentials as |D̃⟩ = Λ̂_{μ̂}|D⟩ . (52) One can show [28] that Eqs. (46), (48) and (52) defines a reducible Spin(d, d) representation, see also [34], such that under a general O(d, d) transformation with generator Λ given by (29) we have |D̃⟩ = ^Λ|D⟩ . (53) In terms of the C potential, eq. (53) amounts to the transformation law [32,31]

|C̃⟩ = e^− ^B̃ ^ Λe ^^B |C⟩ . (54) The explicit expression for the Spin(d, d) generator ^Λ is given in [28], but it suffices for our purposes here to note that ^(Λ^T ) = ^Λ^† . (55) We remark that the Spin(d, d) representation decomposes into 2^{d−1}–dimensional chiral irreps of fixed form degree on the transverse space, and with total form degree being either odd for IIA, which yields negative chirality, or even for IIB, which yields positive chirality . For example, when d = 2 (μ = 0, 1) the KK decomposition of the even IIB potentials leads to scalars {D_{(0)}, D_{01}}; one–forms {D_{(1)iμ}}; two–forms {D_{(2)ij}, D_{(4)ij01}} and so on. The RR sector of the supergravity Lagrangian, including the CS term, can be written [28] in terms of the D potential as a sum of kinetic terms R ∧ ⋆_{gMN} R that has a manifestly Spin(d, d) invariant KK decomposition in terms of spinor bilinears R̄^A ∧ ⋆R^BS_{AB}(M) which employs the spinor element S_{AB}(M) formed out of the O(d, d) bivector element (31).

III. APPLICATION TO NONCOMMUTATIVE THEORIES

In this section we first use the O(p + 1, p + 1) and Spin(p + 1, p + 1) transformations of the NS and RR sectors discussed in the previous section to write a Spin(p + 1, p + 1) covariant form of the Dp–brane solutions to type II supergravity (we are going to take the IIA mass deformation to be zero which effectively restricts our analysis to p < 7 [39]). We then examine these solutions using a brane probe, and show that the probe brane potential is multiplicatively renormalized under a noncommutative deformation. We remark that other similar aspects of noncommutative deformations of field theories have been studied recently in the holographic setup; see e.g. [22].

A. Spin(p + 1, p + 1) covariant bound state

We start from an ISO(p, 1) invariant Dp–brane configuration ds^2 = g_{μν} dx^μdx^ν + g_{ij}dx^idx^j , B_2 = β_2 , e^ϕ , (56)

C = ωdx^0 ∧ · · · dx^p ∧ (1 + α) + γ (57)

where ω is a function and β_2, γ and α are transverse forms:

i_μβ_2 = i_μα = i_μγ = 0 . (58)

Here i_μ is the inner derivative in the μ’th direction. We compactify the world volume in all d = p + 1 directions and use a Spin(d, d) transformation to generate a new solution and then decompactify. In case some directions are kept constant, the deformed solution gives rise to a supergravity dual of a noncommutative wound string theory [25]. The transformation leading to a supergravity dual of a theory with noncommutativity parameter θ^{μν} of dimension (length)^2 is generated by the group element

Λ = Λ_{^0} · · · Λ_{p̂}Λ_− θ_{α′} Λ_{p̂} · · · Λ_{^0} = 1 0 θ α^′ 1 = ( Λ θ_{α′} )T , (59)

with the spinor representation given by (48) and (55)

^Λ = ^Λ_{^0} · · · ^Λ_{p̂} ^Λ θ_{α′} ^Λ_{p̂} · · · ^Λ_{^0} = ( ^Λ θ_{α′} )_† = exp ( θ^{μν} 2α^′ ψ̂_μψ̂_ν ) . (60)

This corresponds to first T–dualising in all brane directions, such that one ends up with an array of smeared D(−1)–branes, then switching on constant NS fluxes on the T–dual torus, and finally T–dualising back to a Dp–brane again. Note that an arbitrary O(d, d) group element Λ can be decomposed into a rotation Λ_R, a constant gauge transformation Λ_b and a constant T–dual gauge transformation (Λ~_b)^T , such that Λ = (Λ~_b)^T Λ_RΛ_b. However, a shift of the NS two–form potential in two directions that are tangent to a D–brane has no physical effect on the open string theory on the D–brane, so that Λ_b is a trivial deformation of the open string theory on the Dp–brane. Nor has Λ_R any physical effect. Hence, since we wish to deform the open string theory on a probe brane, there is no loss of generality to assume (59).

The deformed configuration, which we denote by tildes, is determined by using (30)–(34) in the NS sector (there are no KK vectors), and (54) in the RR sector: g̃_{μν} = g_{μρ} [ (1 − (α^′)^{−2}(θg)^2)^{−1} ]ρ ν , g̃_{ij} = g_{ij} , (61) B̃_{μν} = g_{μρ}θ^{ρσ}g_{σλ} [ (1 − (α^′)^{−2}(θg)^2)^{−1} ]λ ν , B̃_{ij} = β_{ij} , (62) e^{ϕ̃} = e^ϕ √ det(1 − (α^′)^{−2}(θg)^2)

, (63)

C̃ = e^{− 1}2^{B̃}μν^{dxμ∧dxν} ( ωe^12α^{′ θμν iμiν} dx^0 ∧ · · · ∧ dx^o(1 + α) + γ ) . (64)

The above solution is equivalent to many other solutions in the literature [17,14,23]. From the expression for B̃ and C̃, we see that by choosing θ in two spatial directions, say 1 and 2, we create a Dp–D(p − 2) bound state, where the (p − 2)–brane is in the directions 3, . . . , p [14]. By instead choosing a spatio–temporal θ in, say, the 0 and 1 directions, we create a Dp–F1 bound state with the string in the 1 direction [14,9]. By using many blocks in θ we can create multi–brane bound states [23].

We distinguish between the following two different situations: 1) magnetic deformations, for which −(θg)^2 is positive; 2) electric deformations, for which −(θg)^2 has two negative eigenvalues. Magnetic deformations yield non–singular configurations, while electrically deformed configurations are non–singular provided that the electric field is not too large. For example, in the case that the undeformed configuration is an extremal brane which interpolates between a near horizon region and an asymptotic region, such that we can take g_{μν} = H^{− 12} η_{μν} , with 0 < H^{− 1}2 < 1, then an electrically deformed configuration is non–singular provided the electric eigenvalue −θ_e obeys θ_e ≤ α^′.

B. Supergravity Duals

As mentioned in the introduction, the near horizon regions of Dp–brane bound states are supergravity duals of open string theories living on probe Dp–branes [18,14]. In the ultra violet region of the near horizon region, where the separation between the probe and the stack of source branes (given in rescaled horizon units) goes to infinity, the open string dynamics at the probe decouples from the bulk closed string dynamics and defines an ultra violet complete theory on p + 1 dimensions without gravity.

In the case of an electrically deformed solution, the supergravity dual is obtained by the limit θ_e → α^′ keeping everything else fixed in units of α^′. The resulting ’electric’ near horizon region thus includes both the near horizon region and the asymptotic region of the original undeformed brane configuration. The asymptotic geometry is however that of a smeared string, which leads to a critical decoupling limit in this region. The fact that the critical decoupling limit takes place in the asymptotic region in a way explains why noncommutative string theory does not require the presence of D–branes, as was recently pointed out by [25]. For a magnetically deformed Dp–brane the near horizon limit is instead identical to the one of the original undeformed configuration^4 with the additional condition that the (magnetic) deformation parameter θ^{μν} is kept fixed. Hence, field theory–near horizon limits and magnetic deformations commute, while this is not true in the electric case. This is equivalent to the fact that field theories do not admit spatio–temporal noncommutativity deformations [40]. Further aspects of this are discussed in [24].

The magnetically deformed Dp–brane supergravity duals thus give rise to decoupled noncommutative field theories (which are ultra violet complete in four dimensions; in higher dimensions the completion is a decoupled open string or brane theory and the field theory is an effective description for slowly varying fields). The field theory excitations are confined to the vanishing locus of the probe brane potential V . The reason is that excitations that break the zero–force condition are ’frozen out’ in the decoupling limit, as their potential energy

4 This is the field theory near horizon limit [18] where x^μ, Φ^i ȷ x^i/α^′, ds^2/α^′, B/α^′ and C_p/(α^′)^p2 are fixed. Here Φ^i are the scalar fields with canonical dimension one. In the UV limit of the near horizon region, g_{μν} /α^′ and ω/(α^′)^{p+1}2 diverges, while all transverse forms and line elements goes to zero, since the gradients ∂_μΦ^i are fixed.

scales to infinity in the limit. The picture is that of a potential valley that gets increasingly narrow at higher energy scales, with a curvature at the bottom that diverges in the ultra violet. Therefore the zero–force condition is one of the basic moduli of the noncommutative theory, and it is natural to ask whether this data will depend on the noncommutativity parameter?

C. A Holographic Non–Renormalization Theorem for the Field Theory Ground State

In order to examine the effects on the zero–force condition of a noncommutative deformation, we expand the Lagrangian of a probe Dp–brane in the magnetic near horizon region of the deformed background (61-64) in the UV. Going to the static gauge and using (34) and

g̃_{μν} + B̃_{μν} = [ (g^{−1} + θ α^′ )^{−1} ] μν , det ( g̃_{μν} + B̃_{μν} ) = √ det g̃_{μν} det g_{μν} , (65)

we find that the contribution from the kinetic term (2) to the potential has the expansion^5: T_p e^{−ϕ̃} √ − det(g̃_{μν} + B̃_{μν} + α^′F_{μν}) = T_pe^{−ϕ 4} det g_{μν} det g̃_{μν} √ − det(g̃_{μν} + B̃_{μν} ) √ det(1 + (α^′g^{−1} + θ)F ) = T_pe^{−ϕ} √ − det g_{μν} √ det(1 + θF ) + finite. (66)

The finite bit is an expansion in traces of the form T_pe^{−ϕ} √ − det g_{μν} (α^′)^2tr [ g^{−1}F g^{−1}F (θF )^n ] , (67)

that build up the kinetic term for the noncommutative gauge field and scalars [12,24]. Using the oscillator formalism in (37) and (38), and the transformation law (53) together with

5 The tension T_p = (α^′)^{− p+1}2 μ_p. In the near horizon region the powers of α^′ are absorbed into fixed tensions and fluxes, and the dimensionless charge density μ_p is fixed. The field strength F_{μν} and μ_p are fixed in the UV.

(60), we find that the contribution from the Wess–Zumino term (3) to the potential is given by: − T_p⟨0|dξ^0 ∧ · · · ∧ dξ^p ψ̂_p · · · ψ̂_0 e^{12 Fμνψ̂†μψ̂†ν} e^{12 θμνα′ ψ̂μψ̂ν} ωψ̂^{†0} · · · ψ̂^{†p}|0⟩ = −T_p d^{p+1}ξ ω ⟨0|e^{12 θμνα′ ψ̂μψ̂ν} e^{12 Fμνψ̂†μψ̂†ν} |0⟩ = −T_p d^{p+1}ξ ω √ det(1 + θF ) . (68)

Note, the determinant is a square of Pfaffians, so that the last expression is indeed a polynomial in traces of θF . A noncommutative deformation therefore leads to a multiplicative renormalization of the potential, i.e. the deformed potential

Ṽ = √ det(1 + θF ) V , (69)

where V = T_p ( e^{−ϕ} √ − det g − ω ) (70)

is the undeformed potential. We remark that the dilaton scales in the UV precisely as to make (67) finite, and hence the first term in (66) diverges (note that θ and F are fixed). Moreover, T_pω diverges in the UV, so (68) diverges in the UV too. Hence, if non–zero, the potential (70) diverges, so that in the UV the excitations of the field theory are confined to the vanishing locus of (70) which defines the ground state of the field theory. Hence, from (69) it follows that the noncommutative deformation does not shift the field theory ground state.

IV. DISCUSSION

The non–renormalization theorem for the zero–force condition has consequences for the S– duality between noncommutative Yang–Mills and open string theories (for p = 3), which will be reported elsewhere [24]. Here it suffice to mention that in a case with less symmetry, such that V = 0 is a non–trivial truncation of the probe brane field theory, as is e.g. the case with brane solutions which approach warped AdS compactifications in their near horizon regions [41], it follows from (69) that the exact Gross–Nekrasov monopole solution [42] can be embedded in the UV–complete field theory on the vanishing locus. The deformed solution (61)–(64) reproduce many solutions already known in the literature. In particular, since the O(d, d) transformation does not break supersymmetry, it follows that by starting from a maximally symmetric D–brane solutions and considering general θ that one can have bound states with several different smeared sources that still has 16 unbroken supersymmetries. For instance, the interesting ’maximal’ D4−D2−D2−D0/M 5− M2 − M2 − MW IIA/M–theory solution [16], that appeared only recently and that has a very interesting phase structure, can be obtained rather straightforwardly from (61)–(64) by starting with a maximally symmetric D4–brane and taking non–zero θ^{12} and θ^{34}. The duality chain of maximal M–theory/IIB solutions will give rise to an enlarged duality web of decoupled noncommutative theories as well as ten and eleven–dimensional theories, and the deformed solution (61)–(64) may be useful tool in examining this [43]

ACKNOWLEDGEMENTS

I am grateful to discussions with Eric Bergshoeff, David Berman, Martin Cederwall, Henric Larsson and Bengt Nilsson. Part of this work will also appear in a joint publication [24]. My research is supported in full by Stichting FOM.

REFERENCES

[1] A. Strominger, “Open p-branes,” Phys. Lett. B383 (1996) 44, hep-th/9512059.

P. K. Townsend, “D-branes from M-branes,” Phys. Lett. B373 (1996) 68, hepth/9512062.

K. Becker and M. Becker, “Boundaries in M-Theory,” Nucl. Phys. B472 (1996) 221, hep-th/9602071.

P. Brax and J. Mourad, “Open supermembranes in eleven dimensions,” Phys. Lett. B408 (1997) 142 hep-th/9704165.

M. Cederwall, “Boundaries of 11-dimensional membranes,” Mod. Phys. Lett. A12 (1997) 2641, hep-th/9704161.

C. S. Chu and E. Sezgin, “M-fivebrane from the open supermembrane,” JHEP 9712 (1997) 001, hep-th/9710223.

[2] A. Connes, M. R. Douglas and A. Schwarz, “Noncommutative geometry and matrix theory: Compactification on tori,” JHEP 9802 (1998) 003, hep-th/9711162. M. R. Douglas and C. Hull,“D-branes and the noncommutative torus,” JHEP 9802, 008 (1998), hep-th/9711165.

[3] C. Chu and P. Ho, “Noncommutative open string and D-brane,” Nucl. Phys. B550 (1999) 151, hep-th/9812219.

[4] E. Bergshoeff, D. S. Berman, J. P. van der Schaar and P. Sundell, “A Noncommutative M-theory Five-brane”, hep-th/0005026.

S. Kawamoto and N. Sasakura, “Open membranes in a constant C-field background and noncommutative boundary strings,” hep-th/0005123.

[5] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, “M theory as a matrix model: A conjecture,” Phys. Rev. D55, 5112 (1997), hep-th/9610043.

[6] N. Seiberg, “New theories in six dimensions and matrix description of M-theory on T**5 and T**5/Z(2),” Phys. Lett. B408 (1997) 98, hep-th/9705221.

[7] R. Gopakumar, S. Minwalla, N. Seiberg and A. Strominger, “OM theory in diverse dimensions,” hep-th/0006062.

[8] T. Harmark, “Open branes in space-time non-commutative little string theory,” hepth/0007147.

T. Harmark and N. A. Obers, “Hagedorn behavior of little string theories,”hepth/0010169.

T. Harmark and N. A. Obers, “Hagedorn behaviour of little string theory from string corrections to NS5-branes,” Phys. Lett. B485 (2000) 285, hep-th/0005021.

[9] R. Gopakumar, J. Maldacena, S. Minwalla and A. Strominger, “S-duality and Noncommutative Gauge Theory”, hep-th/0005048.

N. Seiberg, L. Susskind and N. Toumbas, “Strings in Background Electric Field, Space/Time Noncommutativity and A New Noncritical String Theory”, hep-th/0005040.

[10] N. Nekrasov and A. Schwarz, “Instantons on noncommutative R**4 and (2,0) superconformal six dimensional theory,” Commun. Math. Phys. 198 (1998) 689, hep-th/9802068. M. Berkooz, “Non-local field theories and the non-commutative torus,” Phys. Lett. B430 (1998) 237, hep-th/9802069.

[11] Y. E. Cheung and M. Krogh, “Noncommutative geometry from 0-branes in a background B-field,” Nucl. Phys. B528 (1998) 185, hep-th/9803031.

V. Schomerus, “D-branes and deformation quantization,” JHEP 9906 (1999) 030, hepth/9903205.

F. Ardalan, H. Arfaei and M. M. Sheikh-Jabbari, “Noncommutative geometry from strings and branes,” JHEP 9902 (1999) 016, hep-th/9810072.

[12] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 9909 (1999) 032, hep-th/9908142.

[13] E. Bergshoeff, D. S. Berman, J. P. van der Schaar and P. Sundell, “Critical fields on the

M5-brane and noncommutative open strings,”, hep-th/0006112.

[14] A. Hashimoto and N. Itzhaki, “Non-Commutative Yang-Mills and the AdS/CFT Correspondence”, Phys. Lett. 465B (1999) 142, hep-th/9907166.

J. Maldacena and J. G. Russo, “Large N limit of noncommutative gauge theories,” hep-th/9908134.

O. Alishahiha, Y. Oz and M. M. Sheikh-Jabbari, “Supergravity and large N noncommutative field theories”, JHEP 9911 (1999) 007, hep-th/9909215.

T. Harmark and N. A. Obers, “Phase structure of noncommutative field theories and spinning brane bound states”, JHEP 0003 (2000) 024, hep-th/9911169. M. Cederwall, U. Gran, M. Nielsen, and B. E. W. Nilsson, “(p, q) 5-branes in non-zero B-field”, JHEP 0001 (2000) 037.

J. X. Lu, S. Roy and H. Singh, “((F,D1),D3) bound state, S-duality and noncommutative open string / Yang-Mills theory,” hep-th/0006193.

[15] D. S. Berman and P. Sundell, “Flowing to a noncommutative (OM) five brane via its supergravity dual,” JHEP 0010 (2000) 014, hep-th/0007052.

[16] E. Bergshoeff, R. Cai, N. Ohta and P. K. Townsend, “M-brane interpolations and (2,0) renormalization group flow,” hep-th/0009147.

[17] J. M. Izquierdo, N. D. Lambert, G. Papadopoulos and P. K. Townsend, “Dyonic Membranes,” Nucl. Phys. B460 (1996) 560, hep-th/9508177.

J. G. Russo and A. A. Tseytlin, “Waves, boosted branes and BPS states in M-theory, ” Nucl. Phys. B490 (1997) 121, hep-th/9611047.

M. Cederwall, U. Gran, M. Holm and B. E. Nilsson, “Finite tensor deformations of supergravity solitons,” JHEP 9902 (1999) 003, hep-th/9812144.

[18] J. Maldacena, “The large N limit of superconformal field theories and supergravity”, Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200.

O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, “Large N field theories, string theory and gravity,” Phys. Rept. 323 (2000) 183 [hep-th/9905111].

[19] C. Hofman and E. Verlinde, “U-duality of Born-Infeld on the noncommutative twotorus,” JHEP 9812 (1998) 010, hep-th/9810116.

C. Hofman and E. Verlinde, “Gauge bundles and Born-Infeld on the noncommutative torus,” Nucl. Phys. B547 (1999) 157, hep-th/9810219.

B. Pioline and A. Schwarz, “Morita equivalence and T-duality (or B versus Theta),” JHEP 9908 (1999) 021, hep-th/9908019.

[20] R. Gopakumar, S. Minwalla and A. Strominger, “Noncommutative solitons,” JHEP 0005 (2000) 020, hep-th/0003160.

K. Dasgupta, S. Mukhi and G. Rajesh, “Noncommutative tachyons,” JHEP 0006 (2000) 022, hep-th/0005006.

J. A. Harvey, P. Kraus, F. Larsen and E. J. Martinec, “D-branes and strings as noncommutative solitons,” JHEP 0007 (2000) 042, hep-th/0005031. E. Witten, “Noncommutative tachyons and string field theory,” hep-th/0006071. N. Seiberg, “A note on background independence in noncommutative gauge theories, matrix model and tachyon condensation,” JHEP 0009 (2000) 003, hep-th/0008013. A. Sen, “Some issues in non-commutative tachyon condensation,” hep-th/0009038.

[21] A. Buchel, A.W. Peet and J. Polchinski, “Gauge Dual and Noncommutative Extension of an N = 2 Supergravity Solution,’’, hep-th/0008076.

N. Evans, C. V. Johnson and M. Petrini, “The enhancon and N = 2 gauge theory/gravity RG flows,” JHEP 0010 (2000) 022, hep-th/0008081.

[22] B. Chen, H. Itoyama, T. Matsuo and K. Murakami, “p p’ system with B field, branes at angles and noncommutative geometry,” Nucl. Phys. B576 (2000) 177, hep-th/9910263. Y. Imamura, “T-duality of non-commutative gauge theories,” JHEP 0001 (2000) 039, hep-th/0001105.

R. Blumenhagen, L. Gorlich, B. Kors and D. Lust, “Asymmetric orbifolds, noncommutative geometry and type I string vacua,” Nucl. Phys. B582 (2000) 44, hep-th/0003024. R. Blumenhagen, L. Goerlich, B. Kors and D. Lust, “Noncommutative compactifications of type I strings on tori with magnetic background flux,” JHEP 0010 (2000) 006, hep-th/0007024.

R. Blumenhagen, L. Goerlich, B. Kors and D. Lust, “Magnetic flux in toroidal type I compactification,” hep-th/0010198.

R. Tatar, “T-duality and actions for non-commutative D-branes,” hep-th/0011057 [23] S. Mukhi and N. V. Suryanarayana, “Chern-Simons terms on noncommutative branes,” JHEP 0011 (2000) 006, hep-th/0009101.

R. Tatar, “A note on non-commutative field theory and stability of brane-antibrane systems,” hep-th/0009213.

L. Dolan and C. R. Nappi, “A scaling limit with many noncommutativity parameters,” hep-th/0009225.

K. Dasgupta and Z. Yin, “Non-Abelian geometry,” hep-th/0011034.

[24] D. Berman, V.L. Campos, M. Cederwall, U. Gran, H. Larsson, M. Nielsen, B.E.W. Nilsson and P. Sundell, “Holographic Noncommutativity”, hep-th/0011282.

[25] J. Gomis and H. Ooguri, “Non-relativistic closed string theory,” hep-th/0009181.

U. H. Danielsson, A. Guijosa and M. Kruczenski, “IIA/B, wound and wrapped,” JHEP 0010 (2000) 020, hep-th/0009182.

[26] A. Giveon, M. Porrati and E. Rabinovici, “Target space duality in string theory,” Phys.

Rept. 244 (1994) 77, hep-th/9401139.

[27] J. Maharana and J. H. Schwarz, “Noncompact symmetries in string theory,” Nucl. Phys.

B390 (1993) 3, hep-th/9207016.

[28] M. Fukuma, T. Oota and H. Tanaka, “Comments on T-dualities of Ramond-Ramond potentials on tori,” hep-th/9907132.

[29] A. Schwarz, “Morita equivalence and duality,” Nucl. Phys. B534 (1998) 720, hepth/9805034.

[30] A. Sen and C. Vafa, “Dual pairs of type II string compactification,” Nucl. Phys. B455 (1995) 165, hep-th/9508064.

[31] E. Bergshoeff, C. Hull and T. Ortin, “Duality in the type II superstring effective action,” Nucl. Phys. B451 (1995) 547, hep-th/9504081.

[32] E. Alvarez, J. L. Barbon and J. Borlaf, “T-duality for open strings,” Nucl. Phys. B479 (1996) 218, hep-th/9603089.

E. Bergshoeff and M. De Roo, “D-branes and T-duality,” Phys. Lett. B380 (1996) 265, hep-th/9603123.

M. B. Green, C. M. Hull and P. K. Townsend, “D-Brane Wess-Zumino Actions, T- Duality and the Cosmological Constant,” Phys. Lett. B382 (1996) 65, hep-th/9604119.

[33] D. Brace, B. Morariu and B. Zumino, “Dualities of the matrix model from T-duality of the type II string,” Nucl. Phys. B545 (1999) 192, hep-th/9810099. D. Brace, B. Morariu and B. Zumino, “T-duality and Ramond-Ramond backgrounds in the matrix model,” Nucl. Phys. B549 (1999) 181, hep-th/9811213.

[34] S. F. Hassan, “T-duality, space-time spinors and R-R fields in curved backgrounds,” Nucl. Phys. B568 (2000) 145, hep-th/9907152.

[35] M. Cvetic, H. Lu, C. N. Pope and K. S. Stelle, “T-duality in the Green-Schwarz formalism, and the massless/massive IIA duality map,” Nucl. Phys. B573 (2000) 149, hep-th/9907202.

[36] S. F. Hassan and R. Minasian, “D-brane couplings, RR fields and Clifford multiplication,” hep-th/0008149.

[37] T. Buscher, “Path Integral Derivation of Quantum Duality in Nonlinear Sigma Models,” Phys. Lett. 201B (1988) 466.

T. Buscher, “A Symmetry of the String Background Field Equations,” Phys Lett. 194B (1987) 59.

T. Buscher, “Quantum Corrections and Extended Supersymmetry in New Sigma Models,” Phys. Lett. 159B (1985) 127.

M. Dine, P. Huet and N. Seiberg, “Large and small radius in string theory,” Nucl. Phys. B322 (1989) 301.

J. Dai, R.G. Leigh and J. Polchinski, “New connections between string theories,” Mod. Phys. Lett. A4 (1989) 2073.

[38] E. Eyras, B. Janssen and Y. Lozano, “5-branes, KK-monopoles and T-duality,” Nucl.

Phys. B531 (1998) 275, hep-th/9806169.

[39] E. Bergshoeff, M. de Roo, M. B. Green, G. Papadopoulos and P. K. Townsend,“Duality of Type II 7-branes and 8-branes,” Nucl. Phys. B470 (1996) 113, hep-th/9601150.

[40] J. L. Barbon and E. Rabinovici, “Stringy fuzziness as the custodian of time-space noncommutativity,” hep-th/0005073;

[41] K. Pilch and N. P. Warner, “A new supersymmetric compactification of chiral IIB supergravity,” Phys. Lett. B487 (2000) 22, hep-th/0002192.

M. Cvetic, H. Lu, C. N. Pope and J. F. Vazquez-Poritz, “AdS in warped spacetimes,” hep-th/0005246.

[42] D. J. Gross and N. A. Nekrasov, “Monopoles and strings in noncommutative gauge theory,” JHEP 0007 (2000) 034, hep-th/0005204.

[43] H. Larsson and P. Sundell, work in progress.