arXiv:hep-th/0012026 v2 11 Dec 2000

FIAN/TD/00-23 OHSTPY-HEP-T-00-031 hep-th/0012026

On manifest SU(4) invariant superstring action in AdS_5�S^5

R.R. Metsaev^{a,b,∗}

a Department of Physics, The Ohio State University Columbus, OH 43210-1106, USA

b Department of Theoretical Physics, P.N. Lebedev Physical Institute, Leninsky prospect 53, Moscow 117924, Russia

Abstract

We discuss manifestly SL(2, C) � SU(4) and κ invariant superstring action in AdS_5 � S^5 background in the framework of Green-Schwarz formulation. The action is formulated in terms of 16 Poincaré fermionic coordinates which through AdS/CFT correspondence should represent N = 4 SYM superspace and 16 superconformal fermionic coordinates. The action is also manifestly invariant with respect to the usual N = 4 Poincaré superalgebra transformations. κ-symmetry gauge fixing and the derivation of light-cone gauge action is simplified.

� E-mail: metsaev@lpi.ru, metsaev@pacific.mps.ohio-state.edu

1 Introduction and summary of result

Motivated by the conjectured duality between the string theory and N = 4, 4d SYM theory [1] the Green-Schwarz formulation of strings propagating in AdS_5 ×S^5 was suggested in [2] (for further developments see [3–6]). Alternative approaches based on exploiting twistor like variables can be found in [7–9]. Recently some progress in understanding light-cone gauge formulation has been achieved in [10, 11]. The action found in [10, 11] in the particle limit describes massless states of IIB supergravity and therefore it can be used to discuss sector of short fundamental strings. Alternative gauge fixed action found in [4–6], so called S-gauge action, describes sector of long strings [12, 13]; this action is suitable for discussion of various BPS configurations of AdS superstrings.

The original action of superstrings in AdS_5 × S^5 [2] being realized as sigma model on coset superspace P SU(2, 2|4)/SO(4, 1) × SO(5) has manifest symmetry with respect to SO(4, 1)×SO(5). An interesting phenomenon discovered in [6, 10] is that after imposing κ-symmetry gauge the resulting action can be cast into manifestly SU(4) invariant form. This fact while being expected for the bosonic part of action, surprisingly turns out to be also a feature of the fermionic sector of the GS action.

Here we would like to demonstrate that that not only gauge fixed actions have SU(4) invariant formulation but the original κ-symmetric GS action [2] can be put into a manifestly SU(4) invariant form. To derive κ and manifestly SU(4) invariant superstring action in the framework of GS formulation is desirable for several reasons. Such κinvariant action can be used to study interaction of superstring with D3 brane. As is well known, κ-symmetry plays defining role and can be used to fix interactions of superstring ending on D3 brane. The formulation we develop is based on splitting fermionic coordinates into θ and η. The variables θ represent the odd part of N = 4 Poincaré superalgebra superspace and they can be responsible for the description of boundary N = 4 SYM theory. The η are superconformal fermionic coordinates and they have nonlinear dynamics (even light-cone action involves terms of fourth degree in η). Because N = 4 SYM theory respects manifest SU(4) invariance it is desirable to put superstring action into manifestly SU(4) invariant form from the very beginning, i.e. at the level of κ-invariant action.

The superstring Lagrangian is formulated in terms of 10 bosonic coordinates (x^a, Z^M ), (x^a are 4 coordinates along boundary directions, while Z^M represent one AdS radial coordinate and five coordinates of S^5) and 32 two fermionic coordinates (θ^a_i , θ^{ȧi}, η^i_a, η^ȧ_i ) which transform in (anti)fundamental representations of SU(4) with respect to indices i and one-half representations of sl(2, C) with respect to indices a, ȧ. The Lagrangian is given by the sum of kinetic L_{kin} and Wess-Zumino terms

L = L_{kin} + L_{W Z} , (1.1) L_{kin} = − 1 2 √ gg^{μν} (L̂^{aḃ}_μ L̂_{νa}˙_b + 1 Z^2

D_μZ^M D_ν Z^M ) , (1.2)

fL_{W Z} = i|Z|^{−2}dθ^{ȧi}Z_{ij} dθ^j_ȧ +

∫_1 0 dt [ 2|Z|^{−1}L̂^{aḃ}η^i_aZ_{ij} L^j_{Qḃ} + iη^{ai}DZ_{ij} L^j_{Sa} ] + h.c. , (1.3) where the 2d metric g_{μν} , μ, ν = 0, 1 has signature (−, +), g ≡ −detg_{μν}. We use the notation

Z_{ij} ≡ ρ^M_{ij} Z^M , |Z|^2 = Z^M Z^M , M = 1, . . . , 6 (1.4)

f = 2 √ 2 . (1.5) The ‘covariant’ derivative DZ^M is defined by

DZ^M = dZ^M − 1 2 ( dθ^a_i (ρ^N ρ̄^M )^i_jη^j_a + η^ȧ_i (ρ^Mρ̄^N )^i_j dθ^j_ȧ + iL^{aḃ}_P η˙_{bi}(ρ^{MN} )^i_jη^j_a ) Z^N , (1.6)

where the ρ^M = (ρ^M )^{ij}, ρ̄^M = ρ^M_{ij} are 4 × 4 SO(6) γ matrices in chiral representation, and ρ^{MN} ≡ ρ^{[M} ρ̄^{N ]}, ρ̄^M = ρ^{M †} (see Appendix A). The L̂^{aḃ} are bosonic left invariant Cartan 1-forms while L^a_{Qi} and L^i_{Sa} are the fermionic ones. They are given by

L̂^{aḃ} = L^{aḃ}_P − 1 2 L^{aḃ}_K , L^{aḃ}_P = |Z|^{−1}L^{aḃ}_P , L^{aḃ}_K = |Z|L^{aḃ}_K , (1.7)

L^{aḃ}_P = dx^{aḃ} − i 2 (θ^a_i dθ^{ḃi} + θ^{ḃi}dθ^a_i ) , (1.8)

L^{aḃ}_K = i 2 η^{ai}dη^ḃ_i + i 12 (dθ^c_i − i 4 L^{cḋ}_P η˙_{di})(5η^j_c η^{ai} − η^i_cη^{aj} − η^{di}η^j_dδ^a_c)η^ḃ_j + h.c. , (1.9)

L^{ȧi}_Q = dθ^{ȧi} − iη^i_bL^{bȧ}_P , L^a_{Qi} = dθ^a_i − iL^{aḃ}_P η˙_{bi} , (1.10)

L^{ai}_S = dη^{ai} + 1 4 (dθ^c_j − i 3 L^{cḋ}_P η˙_{dj} )(η^j_cη^{ai} − 3η^i_cη^{aj} + η^{dj}η^i_dδ^a_c ) + 1 2 (dθ^{ċi} − i 3 η^i_bL^{bċ}_P )η_{ċj}η^{aj} . (1.11)

Their world-sheet projections are defined as usual by L = dσ^μL_μ. Hermitean conjugation in (1.9) should be supplemented by a ↔ b. The x^{aḃ} is expressible in terms of the coordinates x^a as

x^{aḃ} = 1 √ 2 (σ^a)^{aḃ}x^a , (1.12)

where (σ^a)^{aḃ} are 2 × 2 SO(3, 1) γ matrices in chiral representation (see Appendix A). Note that in expressions for L̂^{aḃ}, L^i_{Qȧ}, L^i_{Sa}, DZ^M in L_{W Z} (1.3) the η should be shifted η → tη. In (1.3) the products of 1-forms, say L^1 and L^2, should read as ϵ^{μν} L^1_μL^2_ν . The above action corresponds to the “4 + 6” choice of conformally flat coordinates in AdS_5 × S^5 space

ds^2 = 1 Z^2

(dx^adx^a + dZ^M dZ^M ) . (1.13)

Here and below we set the radius of AdS_5 and S^5 to 1. We finish this discussion with few remarks.

(i) The Lagrangian (1.1) is manifestly invariant with respect to SL(2, C) × SU(4). (ii) The dependence on boundary coordinates is through their derivatives dx^a, i.e.

the invariance with respect to boundary Poincaré translations is manifest.

(iii) The Lagrangian depends on Poincaré fermionic coordinates θ either through their derivatives dθ or fermionic 1-forms L^{aḃ}_P . Because both of these quantities are invariant with respect to N = 4 Poincaré supersymmetries

δθ^{ȧi} = ϵ^{ȧi} , δθ^a_i = ϵ^a_i , δx^{aḃ} = i 2 (ϵ^a_i θ^{ḃi} + ϵ^{ḃi}θ^a_i ) , (1.14)

the Lagrangian is also manifestly invariant with respect to N = 4 Poincaré supersymmetry.

(iv) The Lagrangian is manifestly invariant with respect to dilatation symmetries which are realized as follows

δx^{aḃ} = e^λx^{aḃ} , δZ^M = e^λZ^M , δϕ = −λ , δθ = e^{λ/2}θ , δη = e^{−λ/2}η . (1.15)

(v) The Lagrangian involves terms of 4th degree in θ and 8th degree in η. Maximal degree of fermionic coordinates appearing in Lagrangian is equal to 12.

(vi) The S gauge fixed action is obtainable by setting η = 0. In this gauge we have L^{aḃ}_K = 0, L^{ai}_S = 0, DZ^M = dZ^M . With these relations we get immediately the S gauged action [5, 6, 10] in the form given in [10] (see formulas (C.12), (C.14) in Ref. [10]).

(vii) Light-cone gauge fixed action of [10] is obtainable by setting

θ^2_i = θ_{1i} = θ^{˙2i} = θ^i_{˙1} = η^{2i} = η^i_1 = η^{˙2}_i = η ˙_{1i} = 0 , (1.16)

θ^{˙1i} = −θ^i_{˙2} = −θ^i , θ^1_i = θ_{2i} = −θ_i , η^{1i} = η^i_2 = η^i , η^{˙1}_i = −η ˙_{2i} = η_i . (1.17)

Note that due to index raising and lowering rules (A.5) and Hermitean conjugation rules

(θ^a_i )^† = θ^{ȧi} , (θ_{ai})^† = −θ^i_ȧ , (η^{ai})^† = η^ȧ_i , (η^i_a)^† = −η_{ȧi} , (1.18)

only one quarter of the relations (1.16),(1.17) are independent. In light-cone gauge all bilinear expressions for fermions with contracted sl(2) indices are equal to zero, e.g.,

θ^a_i θ_{aj} = 0 , η^{ia}η^j_a = 0 , θ^a_i η^j_a = 0 . (1.19)

Note that due to this rule the first and the last terms in L_{W Z} (1.3) are equal to zero. Taking into account that in light-cone gauge L^{2 ˙2}_K = L^{1 ˙2}_K = L^{2 ˙1}_K = L^{2i}_S = L^{˙2}_{Si} = 0 and the relation between sl(2) and light-cone notation

x^{1 ˙1} = x^− , x^{2 ˙2} = −x^+ , x^{1 ˙2} = x̄ , x^{2 ˙1} = x , (1.20)

(see Appendix A) and making field redefinitions η^i → √ 2|Z|^{−1}η^i, η_i → √ 2|Z|^{−1}η_i, x^a → −x^a , (1.21) we get from (1.2),(1.3) the superstring kappa symmetry light-cone gauge fixed action found in [10] L_{kin} = − √ gg^{μν} Z^{−2} [ ∂_μx^+∂_νx^− + ∂_μx∂_νx̄ + 1 2 D_μZ^M D_ν Z^M ]

− i 2 √ gg^{μν} Z^{−2}∂_μx^+ [ θ^i∂_νθ_i + θ_i∂_νθ^i + η^i∂_ν η_i + η_i∂_νη^i + iZ^{−2}∂_νx^+(η^2)^2 ] , (1.22)

L_{W Z} = ϵ^{μν} |Z|^{−3}∂_μx^+η^iρ^M_{ij} Z^M (∂_νθ^j − i √ 2|Z|^{−1}η^j∂_νx) + h.c. , (1.23) where in light-cone gauge (1.16),(1.17) the covariant derivative (1.6) reduces to

DZ^M = dZ^M − 2iη_i(R^M )^i_jη^jZ^{−2}dx^+ , R^M = − 1 2 ρ^{MN} Z^N . (1.24)

(viii) By applying phase space GGRT [14] approach based on fixing diffeomorphisms by x^+ = τ , P^+ = p^+ = const, where P^+ is a canonical momentum, the Lagrangian can be put into the form found in [11]

L = P_⊥ẋ_⊥ + P_MŻ^M + i 2 p^+(θ^iθ̇_i + η^iη̇_i + θ_iθ̇^i + η_iη̇^i) − 1 2p^+ [ P^2_⊥ + P^2_M + |Z|^{−4}(x́^2_⊥ + Ź^2_M ) + |Z|^{−2}(p^{+2}(η^2)^2 + 4ip^+ηR^M ηP_M ) ]

+ [ |Z|^{−3}η^iρ^M_{ij} Z^M (θ́^j − i √ 2|Z|^{−1}η^jx́) + h.c. ] (1.25)

where x^⊥ = (x, x̄), ẋ = ∂_τ x, x́ ≡ ∂_σx. P^⊥ = (P, P̄) and P^M are canonical momenta for (x̄, x) and Z^M respectively. The interesting feature of this Lagrangian is that the squares of the AdS_5 and S^5 momenta enter exactly as in the flat space case. This implies that solution to phase space light-cone gauge equations of motion of bosonic particle in AdS_5 × S^5 takes the same form as in flat space

P^⊥ = P^⊥_0 , x^⊥ = x^⊥_0 +

P^⊥_0 p^+ τ , P^M = P^M_0 , Z^M = Z^M_0 +

P^M_0 p^+ τ , (1.26)

where the variables carrying subscript 0 are initial data. An intersting feature of this solution is that as compared to the one discussed in [12] our solution does not involve trigonometric functions. This simplification is due to (i) choice of conformally flat parametrization of AdS_5 × S^5 background; (ii) fixing diffeomorphisms by light-cone gauge [11]. Note that in the case of bosonic particle such simple solution can be also reached by choosing covariant gauge on world line vielbein e = |Z|^{−2} which is similar to the conformal gauge suggested for the string in [15]. Taking this into account we conclude that at least in particle approximation the conformally flat coordinates (1.13) are most suitable for analysis of AdS string dynamics.

In the rest of the paper we expalain the procedure of derivation of the manifestly SL(2, C) × SU(4) action from the original superstring action [2] which has manifest SO(4, 1) × SO(5) invariance.

2 Superstring action in so(4, 1) ⊕ so(5) and sl(2, C) ⊕ su(4) bases

Superstring Lagrangian in AdS_5×S^5 [2] in so(4, 1)⊕so(5) basis of psu(2, 2|4) superalgebra has the same structure as the flat space GS action [16, 17]

L = L_{kin} + L_{W Z} , L_{W Z} = d^{−1}(iH) , (2.1) where the kinetic term of the AdS_5 × S^5 GS action L_{kin} and the WZ three form H are expressed in terms of the Cartan 1-forms and have the following form in the so(4, 1) ⊕ so(5) basis [2] L_{kin} = − 1 2 √ gg^{μν} (L̂^A_μ L̂^A_ν + L^{A′}_μ L^{A′}_ν ) , (2.2)

H = s^{IJ}L̂^AL̄^I γ^AL^J + is^{IJ} L^{A′}L̄^J γ^{A′} L^J , (2.3) where s^{IJ} = diag(1, −1), I, J = 1, 2 and L̄^I ≡ L^I CC^′. The γ^A and γ^{A′} are SO(4, 1) and SO(5) Dirac γ matrices respectively while C and C^′ are appropriate charge conjugation matrices. The left invariant bosonic Cartan 1-forms L^A, L^{A′} and fermionic ones L^I are defined by decomposition G^{−1}dG = (G^{−1}dG)_{bos} + L^{Iαi}Q_{Iαi} , (2.4) where G is a coset representative of P SU(2, 2|4) group and the restriction to the bosonic part is

(G^{−1}dG)_{bos} = L̂^AP̂^A + 1 2 L̂^{AB}Ĵ^{AB} + L^{A′} P^{A′} + 1 2 L^{A′B′} J^{A′B′} . (2.5)

The generators P̂^A, Ĵ^{AB}, and P^{A′} , J^{A′B′} are translations and rotations generators for AdS_5 and S^5 respectively, while Q_I are fermionic generators (see Appendix B). The remarkable property of so(4, 1) ⊕ so(5) basis is that it is this basis that allows one to present the AdS_5 × S^5 GS action and κ symmetry transformations in the form similar to the one in the flat space (see [2]).

Our present goal is to rewrite the action in the sl(2, C) ⊕ su(4) basis. To do that we shall use the conformal algebra and su(4) notation. We introduce the Poincaré translations P^a, the conformal boosts K^a, the dilatation D, so(3, 1) Lorentz algebra generators J^{ab} and su(4) generators J^i_j by relations

P^a = P̂^a + Ĵ^{4a} , K^a = 1 2 (−P̂^a + Ĵ^{4a}) , D = −P̂^4 , J^{ab} = Ĵ^{ab} , (2.6) J^i_j ≡ − i 2 (γ^{A′} )^i_jP^{A′} + 1 4 (γ^{A′B′} )^i_j J^{A′B′} . (2.7)

In conformal algebra notation we have the following decomposition

(G^{−1}dG)_{bos} = L^a_P P^a + L^a_K K^a + L_DD + 1 2 L^{ab}J^{ab} + L^i_jJ^j_i . (2.8)

Comparing this with (2.5) and using (2.6), (2.7) we get interrelation of Cartan 1-forms in so(4, 1) ⊕ so(5) and conformal bases

L̂^a = L^a_P − 1 2 L^a_K , L̂^{4a} = L^a_P + 1 2 L^a_K , L̂^4 = −L_D , L^{A′} = − i 2 (γ^{A′} )^i_j L^j_i , (2.9)

L^i_j = i 2 (γ^{A′} )^i_jL^{A′} − 1 4 (γ^{A′B′} )^i_j L^{A′B′} . (2.10)

Using these representations for L̂^a, L_D, L^{A′} allows us transform kinetic term to conformal algebra notation. In what follows we prefer use the sl(2, C) notation instead of the so(3, 1) one. To this end we introduce generators in sl(2) basis

P_a˙_b = 1 √ 2 (σ^a)_a˙_bP^a , K_a˙_b = 1 √ 2 (σ^a)_a˙_bK^a , (2.11)

J_{ab} = 1 2 (σ^{ab})_{ab}J^{ab} , J_ȧ˙_b = − 1 2 (σ̄^{ab})_ȧ˙_bJ^{ab} , (2.12)

and corresponding bosonic sl(2) Cartan 1-forms

L^{aḃ}_P = 1 √ 2 (σ^a)^{aḃ}L^a_P , L^{aḃ}_K = 1 √ 2 (σ^a)^{aḃ}L^a_K , (2.13)

L^{ab} = 1 2 (σ^{ab})^{ab}L^{ab} , L^{ȧḃ} = − 1 2 (σ̄^{ab})^{ȧḃ}L^{ab} . (2.14)

Transformation of supergenerators and fermionic Cartan 1-forms to sl(2) ⊕ su(4) basis may be found in Appendix B. In the sl(2) ⊕ su(4) notation Cartan 1-form are obtainable from the decompositon

G^{−1}dG = L^{aḃ}_P P_a˙_b + L^{aḃ}_K K_a˙_b + L_DD + 1 4 (L^{ab}J_{ab} + L^{ȧḃ}J_ȧ˙_b) + L^i_jJ^j_i

+ L^a_{Qi}Q^i_a − L^{ȧi}_Q Q_{ȧi} + L^{ai}_S S_{ai} − L^ȧ_{Si}S^i_ȧ , (2.15)

where Q and S are Poincaré and conformal supercharges respectively, while L_Q and L_S are appropriate fermionic Cartan 1-forms (for details see Appendix B). The kinetic term and WZ three form take then the form L_{kin} = − 1 2 √ gg^{μν} ( L̂^{aḃ}_μ L̂_{νaḃ} + L_{Dμ}L_{Dν} + L^{A′}_μ L^{A′}_ν ) , (2.16) H = H^q_{AdS5} + H^q_S5 − h.c. , (2.17) where AdS_5 and S^5 contributions in WZ tree form are given by

fH^q_{AdS5} = 2iL̂^{aḃ}L^i_{Sa}C^′_{ij}L^j_{Qḃ} + L_D( 1 2 L^{ai}_S C^′_{ij}L^j_{Sa} + L^{ȧi}_Q C^′_{ij}L^j_{Qȧ}) , (2.18)

fH^q_S5 = L^{ai}_S (C^′L)_{ij} L^j_{Sa} − 2L^{ȧi}_Q (C^′L)_{ij}L^j_{Qȧ} . (2.19)

We use the notation

(C^′L)_{ij} ≡ C^′_{ik}L^k_j , (2.20) where C^′_{ij} is a charge conjugation matrix of SO(5) Dirac γ matrices, γ^T_A′ = C^′γ_A′ C^{′−1}. Note that L^{A′} is expressible in terms of L^i_j due to last relation in (2.9). The formulas (2.15)-(2.19) give description of AdS_5 × S^5 superstring action in conformal algebra notation. They are conformal counterpart of so(4, 1) ⊕ so(5) representation given in (2.2)-(2.4).

3 psu(2, 2|4) superalgebra and Cartan forms in sl(2) ⊕ su(4) basis

To find superstring action in sl(2) ⊕ su(4) basis we need commutation relations and Cartan 1-forms in this basis. In this basis bosonic part of psu(2, 2|4) superalgebra consists of Poincaré translations P_a˙_b, conformal boosts K_a˙_b, dilatation D, Lorentz algebra generators J_{ab}, J_ȧ˙_b and su(4) algebra generators J^i_j. We adopt the following commutation relations between bosonic generators

[P_a˙_b, K_c˙_d] = ϵ_{ac}ϵ˙_b˙_dD + 1 2 (ϵ_{ac}J˙_b˙_d + ϵ˙_b˙_dJ_{ac}) , (3.1)

[J_{ab}, J_{cd}] = ϵ_{bc}J_{ad} + 3 terms , [J^i_j, J^k_n] = δ^k_j J^i_n − δ^i_nJ^k_j , (3.2)

[D, P_a˙_b] = −P_a˙_b , [D, K_a˙_b] = K_a˙_b , (3.3)

[P_a˙_b, J_{cd}] = ϵ_{ac}P_d˙_b + ϵ_{ad}P_c˙_b , [K_a˙_b, J_{cd}] = ϵ_{ac}K_d˙_b + ϵ_{ad}K_c˙_b . (3.4) Note that because J_{ab} is symmetric in a, b the remaining three terms in the first commutator in (3.2) are obtainable by symmetrization in a, b and c, d. Fermionic part of psu(2, 2|4) superalgebra consists of Poincaré supergenerators Q^i_a, Q_{ȧi} and conformal supercharges S_{ai}, S^i_ȧ. Commutation relations between bosonic and fermionic generators take the form

[J_{ab}, Q^i_c] = ϵ_{bc}Q^i_a + ϵ_{ac}Q^i_b , [J^i_j, Q^k_a] = δ^k_j Q^i_a − 1 4 δ^i_jQ^k_a , (3.5)

[J_{ab}, S_{ci}] = ϵ_{bc}S_{ai} + ϵ_{ac}S_{bi} , [J^i_j, S_{ak}] = −δ^i_kS_{aj} + 1 4 δ^i_jS_{ak} , (3.6)

[D, Q^i_a] = − 1 2 Q^i_a , [D, S_{ai}] = 1 2 S_{ai} , (3.7)

[S_{ai}, P_{bċ}] = −iϵ_{ab}Q_{ċi} , [Q^i_a, K_{bċ}] = iϵ_{ab}S^i_ċ . (3.8) Anticommutation relations between fermionic generators take the form

{Q^i_a, Q˙_{bj}} = iP_a˙_bδ^i_j , {S_{ai}, S^j_ḃ} = −iK_a˙_bδ^j_i , (3.9)

{Q^i_a, S_{bj}} = ( 1 2 ϵ_{ab}D + 1 2 J_{ab})δ^i_j + ϵ_{ab}J^i_j . (3.10)

Remaining nontrivial (anti)commutators can be obtained from the above ones via Hermitean conjugation rule which take the following form

P^†_{aḃ} = −P_{bȧ} , K^†_{aḃ} = −K_{bȧ} , J^†_{ab} = J_ȧ˙_b , (J^i_j )^† = J^j_i , D^† = −D . (3.11)

(Q^i_a)^† = −Q_{ȧi} , (Q^{ai})^† = Q^ȧ_i , (S_{ai})^† = −S^i_ȧ , (S^a_i )^† = S^{ȧi} . (3.12) The left invariant Cartan 1-forms in sl(2) ⊕ su(4) basis are defined by relation (2.15). They satisfy the Maurer-Cartan equations implied by the structure of psu(2, 2|4) superalgebra

dL^{aḃ}_P = L_D ∧ L^{aḃ}_P − 1 2 (L^a_c ∧ L^{cḃ}_P + L^ḃ_ċ ∧ L^{aċ}_P ) − iL^a_{Qi} ∧ L^{ḃi}_Q , (3.13)

dL^{aḃ}_K = −L_D ∧ L^{aḃ}_K − 1 2 (L^a_c ∧ L^{cḃ}_K + L^ḃ_ċ ∧ L^{aċ}_K ) + iL^{ai}_S ∧ L^ḃ_{Si} , (3.14)

dL_D = −L^{aḃ}_P ∧ L_{Ka}˙_b − 1 2 L^a_{Qi} ∧ L^i_{Sa} − 1 2 L^{ȧi}_Q ∧ L_{Sȧi} , (3.15)

dL^i_j = L^i_n ∧ L^n_j − L^a_{Qj} ∧ L^i_{Sa} + L^{ȧi}_Q ∧ L_{Sȧj} − Tr in i, j , (3.16)

dL^{ȧi}_Q = 1 2 L_D ∧ L^{ȧi}_Q − 1 2 L^ȧ˙_b ∧ L^{ḃi}_Q + L^i_j ∧ L^{ȧj}_Q + iL^{bȧ}_P ∧ L^i_{Sb} , (3.17)

dL^a_{Qi} = 1 2 L_D ∧ L^a_{Qi} − 1 2 L^a_b ∧ L^b_{Qi} − L^j_i ∧ L^a_{Qj} + iL^{aḃ}_P ∧ L_S˙_{bi} , (3.18) dL^{ai}_S = − 1 2 L_D ∧ L^{ai}_S − 1 2 L^a_b ∧ L^{bi}_S + L^i_j ∧ L^{aj}_S − iL^{aḃ}_K ∧ L^i_{Qḃ} , (3.19)

dL^ȧ_{Si} = − 1 2 L_D ∧ L^ȧ_{Si} − 1 2 L^ȧ˙_b ∧ L^ḃ_{Si} − L^j_i ∧ L^ȧ_{Sj} − iL^{bȧ}_K ∧ L_{Qbi} , (3.20)

where the Tr in (3.16) respects the condition dL^i_i = 0. There are Maurer-Cartan equations for dL^{ab} and dL^{ȧḃ} but we do not need them in what follows. Hermitean conjugation rules for Cartan 1-forms take the form^1

L^{aḃ∗}_{P ,K} = L^{bȧ}_{P ,K} , L^∗_D = L_D , L^{i∗}_j = −L^j_i , L^{ab∗} = −L^{ȧḃ} , (3.21)

(L^a_{Qi})^† = L^{ȧi}_Q , (L_{Qai})^† = −L^i_{Qȧ} , (L^{ai}_S )^† = L^ȧ_{Si} , (L^i_{Sa})^† = −L_{Sȧi} . (3.22)

1For fermionic coordinates we assume the convention (θ_1θ_2)^y = θ^y_2θ^y_1, θ_1θ_2 = −θ_2θ_1, while for fermionic Cartan 1-form we adopt (L_1 ∧ L_2)^y = −L^y_2 ∧ L^y_1, L_1 ∧ L_2 = L_2 ∧ L_1.

The above relations are valid for arbitrary parametrization of supercoset space. To represent Cartan 1-forms in terms of bosonic and fermionic superstring coordinate fields we fix the coset representative to be

G = g_{x,θ} g_η g_y g_ϕ , (3.23) where

g_{x,θ} = exp(x^{aḃ}P_{aḃ} + θ^a_i Q^i_a − θ^{ȧi}Q_{ȧi}) , g_η = exp(η^{ai}S_{ai} − η^ȧ_i S^i_ȧ) , (3.24)

and g_ϕ and g_y depend on AdS_5 radial coordinate ϕ and S^5 coordinates y^{A′} respectively^2

g_y = exp(y^i_jJ^j_i) , g_ϕ = exp(ϕD) . (3.25)

The x^{aḃ} and y^i_j are expressible in terms of the coordinates along boundary directions x^a and S^5 coordinates as follows

x^{aḃ} = 1 √ 2 (σ^a)^{aḃ}x^a , y^i_j = i 2 y^{A′} (γ^{A′} )^i_j , x^{aḃ∗} = x^{bȧ} , y^{i∗}_j = −y^j_i . (3.26)

From these definitions it follows that x^{aḃ} and fermionic coordinates θ, η transform in appropriate representations of sl(2) ⊕ su(4) algebra. Plugging G (3.23) in (2.15) and after relative straightforward calculation we get the Cartan 1-forms

L^{aḃ}_P = e^ϕL^{aḃ}_P , L^{aḃ}_K = e^{−ϕ}L^{aḃ}_K , (3.27)

L_D = dϕ + 1 2 (η^{ai}dθ_{ai} + η^ȧ_i dθ^i_ȧ) , (3.28)

L^i_j = (dUU^{−1})^i_j + d̃θ^a_jη̃^i_a − η̃^ȧ_j d̃θ^i_ȧ − iL^{aḃ}_P η̃˙_{bj}η̃^i_a − Tr in i, j , (3.29)

L^{ȧi}_Q = e^{ϕ/2}U^i_jL^{ȧj}_Q , L^a_{Qi} = L^a_{Qj}(U^{−1})^j_ie^{ϕ/2} , (3.30)

L^{ȧi}_S = e^{−ϕ/2}U^i_jL^{ȧj}_S , L^a_{Si} = L^a_{Sj}(U^{−1})^j_ie^{−ϕ/2} , (3.31) where the Tr in (3.29) respects the condition L^i_i = 0 and we use the notation

L^{aḃ}_P = dx^{aḃ} − i 2 (θ^a_i dθ^{ḃi} + θ^{ḃi}dθ^a_i ) , (3.32)

L^{aḃ}_K = i 2 η^{ai}dη^ḃ_i + i 12 (dθ^c_i − i 4 L^{cḋ}_P η˙_{di})(5η^j_c η^{ai} − η^i_cη^{aj} − η^{di}η^j_dδ^a_c)η^ḃ_j + h.c. , (3.33)

2Splitting fermionic coordinates in θ and η was introduced in [18, 19] in the study of light-cone gauge dynamics of superparticle in AdS_5 × S^5. Light-cone gauge superstring action in AdS_5 × S^5 written in terms of these coordinates was found in [10]. In the context of brane dynamics these coordinates were discussed in [20].

L^{ȧi}_Q = dθ^{ȧi} − iη^i_bL^{bȧ}_P , L^a_{Qi} = dθ^a_i − iL^{aḃ}_P η˙_{bi} , (3.34)

L^{ai}_S = dη^{ai} + 1 4 (dθ^c_j − i 3 L^{cḋ}_P η˙_{dj})(η^j_cη^{ai} − 3η^i_cη^{aj} + η^{dj}η^i_dδ^a_c ) + 1 2 (dθ^{ċi} − i 3 η^i_bL^{bċ}_P )η_{ċj}η^{aj} . (3.35)

The θ̃ and d̃θ are defined by

θ̃^{ȧi} ≡ U^i_jθ^{ȧj} , θ̃_{ai} ≡ θ_{aj}(U^{−1})^j_i , (3.36)

d̃θ^{ȧi} ≡ U^i_jdθ^{ȧj} , d̃θ_{ai} ≡ dθ_{aj} (U^{−1})^j_i , (3.37)

and similar ones for η. Hermitean conjugation in (3.33) should be supplemented by a ↔ b. The matrix U ∈ SU(4) is defined in terms of the S^5 coordinates y^i_j (or y^{A′} , see (3.26)) by U^i_j = (e^y)^i_j . It can be written explicitly as

U = cos |y| 2 + iγ^{A′} n^{A′} sin |y| 2 , |y| ≡ √ y^{A′} y^{A′} , n^{A′} ≡ y^{A′} |y| . (3.38)

Because fermionic coordinates defined by (3.23) trasform covariantly the 1-forms defined in (3.34),(3.35) also transform covariantly under SU(4). On the other hand because the matrix U^i_j does not transform covariantly under SU(4) group the Cartan 1-forms defined by (3.30),(3.31) also do not transform covariantly under this group. Below we will demonstrate that superstring action can be expressed entirely in terms of η and 1-forms given by (3.34),(3.35) and this explains why the superstring action can be put into manifestly SU(4) covariant form.

4 Manifestly SL(2, C) × SU (4) invariant form of superstring action

Plugging the expressions for Cartan 1-froms (3.27)-(3.31) into expressions for kinetic and WZ terms (2.16),(2.17) we can represent the superstring Lagrangian in terms of string coordinate fields. Let us start with kinetic term L_{kin}. Contribution of AdS_5 part in L_{kin} has manifest SL(2, C)×SU(4) invariance from the very beginning. In order to transform contribution of S^5 part into desired form we notice that L^{A′} given by (2.9) and (3.29) can be cast into the form

L^{A′} = e^{A′}_A (dy^A − dθ^a_i (V^A)^i_jη^j_a + η^ȧ_i (V^A)^i_jdθ^j_ȧ + iL^{aḃ}_P η˙_{bi}(V^A)^i_jη^j_a) , (4.1) where e^{A′}_A are components of S^5 vielbein e^{A′} = e^{A′}_A dy^A:

G_{AB} = e^{A′}_A e^{A′}_B , e^{A′}_A = sin |y| |y| (δ^{A′}_A − n_An^{A′} ) + n_An^{A′} , (4.2)

and (V^A)^i_j are the components of the Killing vectors (V^A)^i_j ∂_yA of S^5 (∂_yA = ∂/∂y^A). The G_{AB} is metric tensor on S^5 in the coordinates y^A defined by coset representative g_y

(3.25),(3.26). The (V^A)^i_j ∂_yA satisfy the so(6) ≃ su(4) commutation relations (3.2) and may be written as

(V^A)^i_j∂_yA = 1 4 (γ^{A′B′} )^i_j V^{A′B′} + i 2 (γ^{A′} )^i_jV^{A′} , (4.3) where V^{A′} and V^{A′B′} correspond to the 5 translations and SO(5) rotations respectively and are given by

V^{A′} = [ |y| cot |y|(δ^{A′A} − n^{A′} n^A) + n^{A′} n^A ] ∂_yA , V^{A′B′} = y^{A′} ∂_yB′ − y^{B′} ∂_yA′ . (4.4)

They satisfy the so(6) algebra commutation relations given in (B.1),(B.2). Here δ^{A′A} is Kronecker delta symbol and we use the conventions: y^A = δ^A′ y^{A′} , n^A = δ^A′ n^{A′} , n^A = n_A. Note that while deriving (4.1) we use the relation

(U^†γ^{A′} U)^i_j = −2ie^{A′}_A (V^A)^i_j . (4.5) The L^{A′} L^{A′} can be put into the manifestly SU(4) invariant form by changing the coordinates from y^{A′} to the 6d unit vector u^M (M = 1, ..., 6):

u^{A′} = n^{A′} sin |y| , u^6 = cos |y| , u^M u^M = 1 , (4.6) and noticing the following important relation

L^{A′} L^{A′} = Du^M Du^M , (4.7) where Du^M = du^M − dθ^a_i (R^M )^i_jη^j_a + η^ȧ_i (R^M )^i_jdθ^j_ȧ + iL^{aḃ}_P η˙_{bi}(R^M )^i_jη^j_a , (4.8) R^M ≡ − 1 2 ρ^{MN} u^N . (4.9) To derive (4.7) we used the identities

G_{AB}(λV^Aθ)(ϑV^Bη) = (λR^M θ)(ϑR^M η) , G_{AB}(λV^Aθ)dy^B = (λR^M θ)du^M , (4.10) where expressions like (λV^Aθ) stand for λ_i(V^A)^i_jθ^j. Making use of these relations we get the following manifest SL(2, C) × SU(4) invariant representation for kinetic term L_{kin} = − 1 2 √ gg^{μν} (L̂^{aḃ}_μ L̂_{νa}˙_b + D_μϕD_νϕ + D_μu^M D_ν u^M ) , (4.11) where Dϕ ≡ dϕ + 1 2 (η^{ai}dθ_{ai} + η^ȧ_i dθ^i_ȧ) . (4.12) Note that by changing the coordinates from ϕ, u^M to Z^M defined by

Z^M = e^{−ϕ}u^M , (4.13) we can cast the kinetic term (4.11) into another manifest SL(2, C) × SU(4) invariant form given in (1.2).

We proceed now to the WZ three form. To transform the WZ term into desired form we use the standard trick of rescaling η → η_t ≡ tη (note that we do not rescale θ)

H = H_t(t = 1) , H_t = H(η_t) . (4.14) Then one has the obvious relation

H = H_{t=0} +

∫_1 0 dt ∂_tH_t . (4.15)

Note that shifting η → tη in coset representative (3.23) and then setting t = 0 corresponds to chosing S gauge, i.e. H_{t=0} is nothing but WZ three form in S gauge. Its contribution to L_{W Z} has been already find in [5, 6, 10] (note we use convention of [10], where the details of deriving H_{t=0} may be found) and is given by

fL_{W Z} |_{t=0} = ie^ϕdθ^{ȧi}y_{ij}dθ^j_ȧ + h.c. , (4.16) where

y_{ij} ≡ ρ^M_{ij} u^M . (4.17) To derive (4.16) we used the relation U^T C^′ = C^′U and the representation for charge conjugation C^′_{ij} matrix and SO(5) Dirac γ matrices given by (A.10) which together with (3.38) gives the following important relation

(C^′U^2)_{ij} = y_{ij} . (4.18) The relation (4.18) expresses the fact that though neither C^′ matrix or U matrix do not transform covariantly under SU(4) their special combination (4.18) transforms covariantly under SU(4). Now we consider contribution of the second term in (4.15). Making shift η → tη in (3.23) and using (2.15) we get the following equations

∂_tL^{aḃ}_K = −iL^ḃ_{Si}η̃^{ai} − iL^{ai}_S η̃^ḃ_i , (4.19)

∂_tL_D = 1 2 L^a_{Qi}η̃^i_a + h.c. , ∂_tL^i_j = L^a_{Qj}η̃^i_a − 1 4 δ^i_jL^a_{Qn}η̃^n_a − h.c. , (4.20)

∂_tL^{ȧi}_Q = iL^{bȧ}_P η̃^i_b , ∂_tL^{ai}_S = dη̃^{ai} + 1 2 L_Dη̃^{ai} + 1 2 L^a_bη̃^{bi} − L^i_jη̃^{aj} , (4.21)

where η̃^{ai} ≡ e^{−ϕ/2}U^i_jη^{aj} , η̃_{ai} ≡ η_{ȧj}(U^{−1})^j_ie^{−ϕ/2} , (4.22)

and we assume that in expressions for Cartan 1-forms in (4.19)-(4.21) all η are shifted η → tη. Hermitean conjugation in ∂_tL^i_j in (4.20) should be supplemented by i ↔ j. Now making use of (2.17), formulas (4.19)-(4.21) and Maurer-Cartan equations (3.13)-(3.20) we find

∂_t(fH^q) = d [ −2iL̂^{aḃ}η̃^i_aC^′_{ij}L^j_{Qḃ} − L_Dη̃^{ai}C^′_{ij}L^j_{Sa} + η̃^{ai}((C^′L)_{ij} − (C^′L)_{ji})L^j_{Sa} ] , (4.23) where H^q ≡ H^q_{AdS5} + H^q_{S5} . Making use of formula (4.23) and the relation

(U^T (C^′L)U)_{ij} − (i ↔ j) = Du^M ρ^M_{ij} , (4.24) where (C^′L)_{ij} is defined by (2.20) we get finally the desired manifest SL(2, C) × SU(4) representation for L_{W Z}

fL_{W Z} = ie^ϕdθ^{ȧi}y_{ij}dθ^j_ȧ +

∫_1 0 dt[2L̂^{aḃ}η^i_ay_{ij}L^j_{Qḃ} − ie^{−ϕ}L_Dη^{ai}y_{ij}L^j_{Sa} + ie^{−ϕ}η^{ai}Dy_{ij} L^j_{Sa} ] + h.c. (4.25) where Dy_{ij} = ρ^M_{ij} Du^M and Du^M is defined by (4.8). In terms of coordinates Z^M defined by (4.13) we can cast this L_{W Z} into the form given by (1.3).

Acknowledgments

This work was supported by the DOE grant DE-FG02-91ER-40690, by the INTAS project 991590, and by the RFBR Grant No.99-02-17916.

Appendix A Notation

In the main part of the paper we use the following conventions for the indices:

A, B, C = 0, . . . , 4 so(4, 1) vector indices (AdS_5 tangent space indices) A^′, B^′, C^′ = 1, . . . , 5 so(5) vector indices (S^5 tangent space indices) a, b, c = 0, . . . , 3 boundary Minkowski space indices A, B, C = 1, . . . , 5 S^5 coordinate space indices M, N, K, L = 1, . . . , 6 so(6) vector indices i, j, k, n = 1, . . . , 4 su(4) vector indices α, β, γ = 1, . . . , 4 so(4, 1) spinor indices a, b, c; (ȧ, ḃ, ċ) = 1, 2; (˙1, ˙2) sl(2, C) spinor indices μ, ν = 0, 1 world sheet coordinate indices Note that we identify the su(4) vector indices i, j, k, n with so(5) spinor indices. We decompose x^a into the light-cone and 2 complex coordinates: x^a = (x^+, x^−, x, x̄) x^± ≡ 1 √ 2 (x^3 ± x^0) , x, x̄ = 1 √ 2 (x^1 ± ix^2) . (A.1) We suppress the flat space metric tensor η_{ab} = (−, +, +, +) in scalar products, i.e. A^aB^a ≡ η_{ab}A^aB^b. The world-sheet Levi-Civita ϵ^{μν} is defined with ϵ^{01} = 1.

We use the following decomposition of so(4, 1) Dirac γ^A and charge conjugation C_{αβ} matrices in the sl(2) basis

(γ^a)^α_β = ( 0 (σ^a)^{aḃ} σ̄^a_{ȧb} 0 ) , γ^4 = ( 1 0 0 −1 ) , C_{αβ} = ( ϵ_{ab} 0 0 ϵ^{ȧḃ} ) , (A.2)

where the matrices (σ^a)^{aȧ}, (σ̄^a)_{ȧa} are related to Pauli matrices in the standard way (σ^a)^{aȧ} = (1, σ^1, σ^2, σ^3) , (σ̄^a)_{ȧa} = (−1, σ^1, σ^2, σ^3) . (A.3) Note that σ̄^a_{ȧb} = σ^a_{bȧ} = σ^{a∗}_{aḃ} where σ^a_ȧ ≡ (σ^a)^{bḃ}ϵ_{ba}ϵ˙_{bȧ}. Sometimes we use the relation (σ^a)^{aȧ}(σ^a)^{bḃ} = 2ϵ^{ab}ϵ^{ȧḃ} . (A.4) We use the following conventions for the sl(2) indices: ϵ_{12} = ϵ^{12} = −ϵ ˙_1˙_2 = −ϵ^{˙1˙2} = 1 , ψ^a = ϵ^{ab}ψ_b , ψ_a = ψ^bϵ_{ba} , ψ^ȧ = ϵ^{ȧḃ}ψ˙_b , ψ_ȧ = ψ^ḃϵ˙_{bȧ} . (A.5) Note that (ϵ^{ab})^∗ = −ϵ^{ȧḃ}. We use the notation (σ^{ab})_{ab} = (σ^{ab})^c_bϵ_{ca} , (σ̄^{ab})_ȧ˙_b = (σ̄^{ab})_ȧ^ċϵ_ċ˙_b , (A.6) where

(σ^{ab})^a_b ≡ 1 2 (σ^a)^{aċ}(σ̄^b)_{ċb} − (a ↔ b) , (σ̄^{ab})_ȧ^ḃ ≡ 1 2 (σ̄^a)_{ȧc}(σ^b)^{cḃ} − (a ↔ b) . (A.7) Note that (σ^{ab})_{ab} = (σ^{ab})_{ba}, (σ^{ab})^∗_{ab} = (σ̄^{ab})_ȧ˙_b.

The six matrices ρ^M_{ij} represent the SO(6) Dirac matrices γ^M in the chiral representation, i.e. γ^M = ( 0 (ρ^M )^{ij} ρ^M_{ij} 0 ) , (A.8) (ρ^M )^{ik}ρ^N_{kj} + (ρ^N )^{ik}ρ^M_{kj} = 2δ^{MN}δ^i_j , ρ^M_{ij} = −ρ^M_{ji} , (ρ^M )^{ij} ≡ −(ρ^M_{ij} )^∗ . (A.9) The SO(5) Dirac and charge conjugation matrices can be expressed in terms of the ρ^M matrices as follows (γ^{A′} )^i_j = i(ρ^{A′} )^{ik}ρ^6_{kj} , C^′_{ij} = ρ^6_{ij} . (A.10) The ρ^M matrices satisfy the identities ρ^M_{ij} = 1 2 ϵ_{ijkn}(ρ^M )^{kn} , ρ^M_{ij} (ρ^M )^{kn} = 2(δ^n_i δ^k_j − δ^k_i δ^n_j ) . (A.11) The matrices ρ^{MN} are defined by

(ρ^{MN} )^i_j ≡ 1 2 (ρ^M )^{ik}ρ^N_{kj} − (M ↔ N) , (A.12) so that (ρ^{MN} )^i_j(ρ^{MN} )^k_n = 2δ^i_jδ^k_n − 8δ^i_nδ^k_j . (A.13)

Appendix B Transformation of psu(2, 2|4) superalgebra from so(4, 1) ⊕ so(5) to sl(2, C) ⊕ su(4) basis

We start with the commutation relations of psu(2, 2|4) superalgebra in so(4, 1) ⊕ so(5) basis given in [2]

[P̂_A, P̂_B] = Ĵ_{AB} , [P_A′ , P_B′ ] = −J_A′_B′ , (B.1) [Ĵ^{AB}, Ĵ^{CE}] = η^{BC}Ĵ^{AE} + 3 terms, [J^{A′B′} , J^{C′E′} ] = η^{B′C′} J^{A′E′} + 3 terms , (B.2) [Q_I , P̂_A] = − i 2 ϵ_{IJ} Q_J γ_A , [Q_I , Ĵ_{AB}] = − 1 2 Q_I γ_{AB} , (B.3)

[Q_I , P_A′ ] = 1 2 ϵ_{IJ} Q_J γ_A′ , [Q_I , J_A′_B′ ] = − 1 2 Q_I γ_A′_B′ , (B.4)

{Q_{αiI} , Q_{βjJ}} = δ_{IJ} [−2iC^′_{ij}(Cγ^A)_{αβ}P̂_A + 2C_{αβ}(C^′γ^{A′} )_{ij}P_A′ ] + ϵ_{IJ} [C^′_{ij}(Cγ^{AB})_{αβ}Ĵ_{AB} − C_{αβ}(C^′γ^{A′B′} )_{ij}J_A′_B′ ] . (B.5) where ϵ_{12} = −ϵ_{21} = 1, γ_{AB} =^1_2 γ_Aγ_B − (A ↔ B). Unless otherwise specified, we use the notation Q^I for Q^{Iαi} and Q_I for Q_{Iαi}, where Q_{Iαi} ≡ Q^{Jβj}δ_{JI} C_{βα}C^′_{ji} . (B.6) Hermitean conjugation rules in this basis are

P̂^†_A = −P̂_A , P^†_{A′} = −P_{A′} , Ĵ^†_{AB} = −Ĵ_{AB} , J^†_{A′B′} = −J_{A′B′} , (B.7)

(Q^{Iβi})^†(γ^0)^β_α = −Q^{Iβj}C_{βα}C^′_{ji} . (B.8) The transformation of the bosonic generators into the conformal algebra basis are given by formulas (2.6) Let us describe transformation of fermionic generators. First we introduce the new “charged” super-generators Q^q ≡ 1 √ 2 (Q^1 + iQ^2) , Q^{q̄} ≡ 1 √ 2 (Q^1 − iQ^2) . (B.9) We shall use the simplified notation Q^{αi} ≡ −Q^{qαi} , Q_{αi} ≡ Q_{qαi} . (B.10) Then the non-vanishing values of δ_{IJ} (ϵ_{IJ} , ϵ_{12} = 1) become replaced by δ_{qq̄} = 1 (ϵ_{qq̄} = i) and the Majorana condition takes the form (Q^{βi})^†(γ^0)^β_α = Q_{αi}. The relation (B.6) and (B.10) give Q_{q̄αi} = −Q^{βj}C_{βα}C^′_{ji} . (B.11)

We then decompose the supercharges in the sl(2) ⊕ su(4) basis Q^{αi} = 2iv^{−1}Q^{ai} 2vS^i_ȧ

, Q_{αi} = (2vS_{ai}, −2iv^{−1}Q^ȧ_i ) , v ≡ 2^{1/4} . (B.12)

In terms of these new supercharges the commutation relations take the form given in the Section 3.

Now let us consider the fermionic 1-forms. They satisfy hermitean conjugation rule

(L^{Iβi})^†(γ^0)^β_α = L^{Iβj}C_{βα}C^′_{ji}. (B.13)

and we use the notation L_{Iαi} ≡ L^{Jβj} δ_{JI} C_{βα}C^′_{ji}. Let us define L^q ≡ 1 √ 2 (L^1 + iL^2) , L^{q̄} ≡ 1 √ 2 (L^1 − iL^2) , (B.14)

and introduce the notation L^{αi} = L^{qαi}, L_{αi} = L_{qαi}. These relations give

L_{αi} = L^{q̄βj}C_{βα}C^′_{ji} . (B.15) We use then the following decomposition into sl(2) ⊕ su(4) Cartan 1-forms L^{αi} = 1 2 v^{−1}L^{ai}_S ivL^i_{Q ȧ} , L_{αi} = 1 2 (−ivL_{Q ai}, v^{−1}L^ȧ_{Si}) . (B.16)

Hermitean conjugation rules for the new Cartan 1-forms in sl(2) ⊕ su(4) basis take then the form given in (3.22). The above relations lead to the decomposition L^{Iαi}Q_{Iαi} = L^{αi}Q_{αi} − L_{αi}Q^{αi} which in terms of sl(2) ⊕ su(4) notation takes the form given in the second line in (2.15).

References

[1] J. Maldacena, “The large-N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998), hep-th/9711200. S.S. Gubser, I.R. Klebanov and A.M. Polyakov, “Gauge theory correlators from non-critical string theory,” Phys. Lett. B428, 105 (1998), hep-th/9802109. E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998), hep-th/9802150.

[2] R. R. Metsaev and A. A. Tseytlin, “Type IIB superstring action in AdS(5) x S(5) background,” Nucl. Phys. B533, 109 (1998) [hep-th/9805028]; “Supersymmetric D3 brane action in AdS_5 × S^5,” Phys. Lett. B436, 281 (1998) [hep-th/9806095].

[3] R. Kallosh, J. Rahmfeld and A. Rajaraman, “Near horizon superspace,” JHEP

9809, 002 (1998) [hep-th/9805217].

[4] R. Kallosh, “Superconformal actions in Killing gauge,” hep-th/9807206. [5] I. Pesando, “A kappa gauge fixed type IIB superstring action on AdS_5 × S^5,” JHEP

9811, 002 (1998), [hep-th/9808020]. “All roads lead to Rome: Supersolvable and

supercosets,” Mod. Phys. Lett. A14, 343 (1999) [hep-th/9808146].

[6] R. Kallosh and J. Rahmfeld, “The GS string action on AdS_5 × S^5,” Phys. Lett.

B443, 143 (1998), hep-th/9808038.

[7] P. Claus, M. Gunaydin, R. Kallosh, J. Rahmfeld and Y. Zunger, “Supertwistors as quarks of SU(2,2|4),” JHEP 9905, 019 (1999) [hep-th/9905112].

[8] R. Roiban and W. Siegel, “Superstrings on AdS(5) x S**5 supertwistor space,” JHEP 0011, 024 (2000) [hep-th/0010104].

[9] N. Berkovits, “Covariant quantization of the superstring,” hep-th/0008145.

N. Berkovits and O. Chandia, “Superstring vertex operators in an AdS(5) x S**5 background,” hep-th/0009168.

[10] R. R. Metsaev and A. A. Tseytlin, “Superstring action in AdS(5) x S**5: kappasymmetry light cone gauge,” hep-th/0007036.

[11] R. R. Metsaev, C. B. Thorn and A. A. Tseytlin, “Light-cone superstring in AdS space-time,” hep-th/0009171.

[12] R. Kallosh and A. A. Tseytlin, “Simplifying superstring action on AdS(5) x S(5),” JHEP 9810, 016 (1998) [hep-th/9808088].

[13] N. Drukker, D. J. Gross and A. A. Tseytlin, “Green-Schwarz string in AdS(5) x S(5): Semiclassical partition function,” JHEP 0004, 021 (2000) [hep-th/0001204].

[14] P. Goddard, J. Goldstone, C. Rebbi and C.B. Thorn, “Quantum Dynamics Of A Massless Relativistic String,” Nucl. Phys. B56, 109 (1973).

[15] A.M. Polyakov, (unpublished).

[16] M.B. Green and J.H. Schwarz, “Covariant description of superstrings”, Phys. Lett.

B136, 367 (1984); Nucl. Phys. B243, 285 (1984).

[17] M. Henneaux and L. Mezincescu, “A Sigma Model Interpretation Of Green-Schwarz Covariant Superstring Action,” Phys. Lett. B152, 340 (1985).

[18] R. R. Metsaev, “Light cone gauge formulation of IIB supergravity in AdS(5) x S(5) background and AdS/CFT correspondence,” Phys. Lett. B468, 65 (1999) [hepth/9908114].

[19] R. R. Metsaev, “IIB supergravity and various aspects of light-cone formalism in AdS space-time,” Talk given at International Workshop on Supersymmetries and Quantum Symmetries (SQS 99), Moscow, Russia, 27-31 Jul 1999. hep-th/0002008.

[20] P. Pasti, D. Sorokin and M. Tonin, “Branes in super-AdS backgrounds and superconformal theories,” Talk given at BLTP International Workshop on Supersymmetry and Quantum Symmetries, Dubna, Russia, 26-31 Jul 1999. hep-th/9912076.