arXiv:hep-th/0012056 v2 12 Dec 2000

NONCOMMUTATIVE PARAMETERS OF QUANTUM SYMMETRIES AND STAR PRODUCTS

P. Kosiński Institute of Physics, University of Lódź, ul. Pomorska 149/53 90–236 Lódź, Poland

email: pkosinsk@krysia.uni.lodz.pl

J. Lukierski Institute of Theoretical Physics, University of Wrocław pl. M. Borna 9, 50-205 Wrocław, Poland

email: lukier@ift.uni.wroc.pl and Department of Theoretical Physics, University of Valencia 46100 Burjasot (Valencia), Spain

P. Maślanka Institute of Physics, University of Lódź, ul. Pomorska 149/53 90–236 Lódź, Poland

email: pmaslan@krysia.uni.lodz.pl

Abstract The star product technique translates the framework of local fields on noncommutative space–time into nonlocal fields on standard space– time. We consider the example of fields on ˇ– deformed Minkowski space, transforming under ˇ–deformed Poincaré group with noncommutative parameters. By extending the star product to the tensor product of functions on ˇ–deformed Minkowski space and ˇ-deformed Poincaré group we represent the algebra of noncommutative parameters of deformed relativistic symmetries by functions on classical Poincaré group.

1 Introduction

It has been recognized recently (see. e.g. [1]–[3]) that at very short distances, comparable with Planck length λ ≃ 10�^{33}cm, the notion of classical space– time manifold should be modified. The submicroscopic quantum structure of space– time implies noncommutativity, i.e. one should replace the classical Minkowski coordinates x_μ by the generators ^x_μ of noncommutative algebra. Assuming the formula (see e.g. [4], [5])^{[1]}

[^x_μ, ^x_ν ] = θ_{μν} (^x) = θ^{(0)}_{μν} + θ^{(1)}_{μν}^ρ^x_ρ + θ^{(2)}_{μν}^{ρτ} ^x_ρ^x_τ + . . . (1)

with θ_{μν} (^x) restricted by Jacobi identities, one arrives at different models of noncommutative space–time geometry. The simplest case is obtained if θ_{μν} (x) is a constant (θ_{μν} (x) ≡ θ^{(0)}μν ). Such a deformation, firstly advocated by Dopplicher, Fredenhagen and Roberts [1] has been recently extensively studied in string theory as describing world volume coordinates of D–branes (see e.g. [7]–[9]). In such a deformation the relativistic symmetries remain classical, what simplifies greatly the formalism of corresponding noncommutative theory. Indeed, if we put θ_{μν} (^x) = θ^{(0)}μν the relations (1) remain invariant under the shifts ^x0_μ = ^x_μ + a_μ where a_μ are classical commutative transformations. If the rhs of (1) depends on ^x_μ the translations preserving the algebraic structure of space–time become noncommutative. The simplest framework is provided if the rhs of (1) is linear, i.e.

[^x_μ, ^x_ν ] = θ^{(1)}_{μν}^ρ ^x_ρ (2)

In such a case the translations ^x0_μ = ^x_μ +^v_ν commute with space–time algebra

[^x_μ, ^v_ν ] = 0 (3)

1We shall restrict our considerations to the case when the noncommutative algebra of space–time is generated only by bx¯. In general case, as in the first model of noncommutative space–time by Snyder [6], the operator basis of the algebra is extended by other operators (see e.g. [7])

and form themselves second copy of the algebra (2)

[^x_μ, ^v_ν ] = θ^{(1)}_{μν}^ρ^v_ρ (4)

In the general case the translations form another copy of algebra (1), but the invariance under translations implies nontrivial braiding relations between the noncommutative algebra of space– time coordinates (1) and the translations algebra (we use property θ_{μν} = −θ_{νμ}): [^x_μ, ^v_ν ] = 1 2 {θ_{μν} (^x + ^v) − θ_{μν} (^x) − θ_{μν} (^v)} (5) The noncommutativity of space–time translations implies necessarily the modification of space–time symmetries. In particular, one can pose the question for which functions θ_{μν} (^x) in (1) the noncommutative translations ^v_μ can be extended to the quantum Poincaré group, describing the Hopf algebra of deformed relativistic symmetries. The classification of noncommutative translations which can be extended to standard (non–braided) quantum Poincaré group was given by Podleś and Woronowicz [10]. In particular, if we wish to maintain the classical nonrelativistic O(3)–symmetries, the choice of the deformation is unique – one obtains the standard form of κ–deformation of relativistic symmetries ([11]–[13]).

The aim of this talk is to describe the κ–deformed field theory in the commutative framework of classical fields, with the noncommutative parameters of κ–deformed Poincaré group described by commutative parametrization. For that purpose the star product on κ–deformed Minkowski space [14], identical to the star product on the subalgebra of noncommutative translations, is extended to ten generators (^v_μ, ^Λ^ν_κ) of κ–deformed Poincaré group.

It appears that due to the fact that the cross relations between Lorentz generators ^Λ_{μν} and translations ^v_μ are quadratic, our extended star product goes beyond the CBH formula describing star products for Lie–algebraic or Lie–superalgebraic structures.

The plan of our presentation is the following:

In the Section 2 we describe the κ–deformed Poincaré group and recall the star product for the fields defined on κ–deformed Minkowski space–time. In Sect. 3 we introduce the star product for functions on κ–deformed Poincaré group. In Sect. 4 we present final remarks and outlook.

2 ˇ–Deformed Poincaré Group and Fields on ˇ–Deformed Minkowski Space

The κ–deformed Poincaré group is described by the deformed noncommutative group parameters (^v_μ, ^Λ^μ_ν ) satisfying the algebraic relations [15, 16]

[^v_μ, ^v_ν ] = i κ ( δ^0_μ ^v_ν − δ^0_ν ^v_μ ) (6a) [ ^Λ^μ_ν , ^v_ρ ] = − i κ { (Λ^μ_0 − δ^μ_0 ) ^Λ_{ρν} + ( ^Λ_{0ν} − η_{0ν} ) δ^μ_ρ } (6b) [ ^Λ^μ_ν , ^Λ^ρ_τ ] = 0 (6c)

with the constraints ΛΛ^T = Λ^T Λ = 1 or

^Λ^μ_ν ^Λ^τ_ν = ^Λ^ν_μ ^Λ^ν_τ = η^{μτ} = η_{μτ} (7)

where diag η = (1, 1, 1, −1).

The relations (6) were firstly obtained [15] by the quantization of Poisson– Lie bracket for the functions on Poincaré group with the following classical r–matrix r = 1 κ N_i Λ P_i , (8)

where P_i are three–momenta and N_i ≡ M_{i0} are Lorentz boost generators. Another way to obtain the relations (6a)–(6c) was to construct the dual Hopf algebra to the κ–deformed Poincaré algebra U_κ(P_4) written in bicrossproduct basis ([13],[16]). The coproduct for ^v_κ, ^Λ^κ_ν ) remain undeformed

Δ(^v_μ) = ^v_ν ⊗ ^Λ^ν_μ + 1 ⊗ ^v_μ (9a)

Δ(^Λ^μ_ν ) = ^Λ^μ_ρ ⊗ ^Λ^ρ_ν (9b)

i.e. the composition of two quantum Poincaré group transformations is described by standard classical formulae.

The κ–deformed Minkowski space described in the formula (9a) by ^x = ^v_μ ⊗ 1 satisfies the relations (6a), or, more explicitly,

[^x_0, ^x_i] = i κ ^x_i [^x_i, ^x_j ] = 0 (10)

The κ–deformed field theory is described by the operator functions Φ_A(^x). Following the arguments given in [17],[14] we shall use for the fields Φ_A(^x) the κ–deformed Fourier transform

Φ_A(^x) = 1 (2π)^4 ∫ d^4p ~Φ_κ(p) : e^{ip}b^x : (11)

where

: e^{ipbx} : ≡ e�^{ip0bx0} e^{i⃗p ⃗bx} (12) and ~Φ_κ(p) = e^{3p0}κ ~Φ ( e^{p0κ} ⃗p, p_0 ) (13)

We have

: e^{ipbx} : : e^{ip0 bx} :=: e^{iΔ(2)(p,p0)bx} : (14)

where Δ^{(2)}μ = (Δ^{(2)}_0 = p_0 + p0, Δ^{(2)}_i = p_ie^p 0 0 κ + p0_i).

The algebraic relation (14) is translated into star product framework by the replacement ~x_μ → x_μ where x_μ are classical space–time coordinates and the ordering in eq. (12) is reflected in explicite choice of the star multiplication: e^{ipx} ⋆ e^{ip0x} = e^{iΔ(2)(p,p0)x} (15) i.e. after replacement Φ(^x) → ϕ(x) one gets ϕ(x) ⋆ χ(x) = 1 (2π)^4 ∫ d^4p d^4p0 ~ϕ_κ(p)~χ_κ(p0)e^{iΔ(2)(p,p0)x} (16)

In the following section we shall extend the star product (15–16), valid for the noncommutative translations, to the whole quantum κ–deformed Poincaré group.

3 The Star Product for ˇ–Deformed Poincaré Group

In order to extend the action of Poincaré group on Minkowski space to the noncommutative case we have to replace the classical Poincaré group by its κ–deformed counterpart

(a_μ, Λ^μ_ν ) =⇒ ( ^a_μ, ^Λ^μ_ν ) (17)

The noncommutativity of symmetry group parameters raises the question of the physical interpretation of deformed symmetries. In this chapter we shall show how one can replace the operator algebra of functions on κ–deformed Poincaré group (6a–6c) by the functions on classical Poincaré group, with suitably chosen star product multiplication.

We shall consider the algebra of the following ordered exponentials : e^{i(αμbvμ+bνμ bΛμν )} : = e�^{iα0bv0} e^{i⃗α⃗v} e^{ibμν bΛ νμ} (18) The product of two ordered exponentials (18) is given by the formula:

: e^{iαμbvμ+ibνμ bΛμν} :: e^{iα0μbvμ+ib0νμ bΛμν} : =: e^{iΔ(2)μ (α,α0)bvμ} : e^{i(bνμf μν (gρσ(bΛ,⃗α0),α)+bνμ bΛμν )} (19) where e�^{iλα0} ^Λ^κ_ν e^{iλα0} = f^κ_ν ( ^Λ, λ ) (20a) e�^{i⃗λ⃗α} ^Λ^κ_ν e^{i⃗λ⃗α} = g^κ_ν ( ^Λ, ⃗λ ) (20b)

The functions f^κ_ν and g^κ_ν can be calculated explicitly. The functions defined by (20a) read:

f^0_0(^Λ, λ) = tanh λ κ ( 1 + coth^λ_κ ^Λ^0_0 1 + tanh^λ_κ ^Λ^0_0 )

f^0_k (^Λ, λ) = ( cosh λ κ )�_1 ^ Λ^0_k 1 + tanh^λ_κ ^Λ^0_0

f^k_0(^Λ, λ) = ( cosh λ κ )�_1

Λ^k_0 1 + tanh^λ_κ ^Λ^0_0

f^i_k (^Λ, λ) =

^Λi_k + tanh^λ_κ ( ^Λ0_0 ^Λi_k − ^Λi_0 ^Λ0_k ) 1 + tanh^λ_κ ^Λ^0_0

(21)

The calculation of (20b) is more complicated, but also possible. They are described by the following set of relations

e�^{iλ ak} Λ^0_0 e^{iλ ak} =

(_{Λ00}�_1 2κ2 ) λ^2 −^{Λk0}_κ λ + Λ^0_0 (Λ^0_0�1)_{2κ2} λ_2 − Λ^k_{0κ} λ + 1

(22a)

e�^{iλ ak} Λ^k_0 e^{iλ ak} =

− (Λ^0_0 − 1)^λ_κ + Λ^k_0 (Λ^0_0�1)_{2κ2} λ_2 − Λ^k_{0κ} λ + 1

(22b)

e�^{iλ ak} Λ^i_0 e^{iλ ak} =

Λ^i_0 (Λ^0_0�1)_{2κ2} λ_2 − Λ^k_{0κ} λ + 1

(22c)

e�^{iλ ak} Λ^0_k e^{iλ ak} =

Λ^0_k +^{Λkk}(^{Λ00}�^1)^{+Λ0kΛk0} κ λ (Λ^0_0�1)_{2κ2} λ_2 − Λ^k_{0κ} λ + 1

(22d)

e�^{iλ ak} Λ^k_k e^{iλ ak} = −(^{Λkk}(^{Λ00}�^1)^{+Λ0kΛk0})

2κ2 λ^2 −^{Λ0kλ}_κ + Λ^k_k (Λ^0_0�1)_{2κ2} λ_2 − Λ^k_{0κ} λ + 1

(22e)

e�^{iλ ak} Λ^0_i e^{iλ ak} =

Λ^0_i + (^{Λ00}

�1)+Λ^k_i+Λ^k_0Λ^0_i κ λ (Λ^0_0�1)_{2κ2} λ_2 − Λ^k_{0κ} λ + 1

(22f)

e�^{iλ ak} Λ^k_i e^{iλ ak} = Λ^k_i −^{Λ0i}_κ λ + (^{Λ00}�^1)^{+Λki+Λk0Λ0i}

2κ2 λ^2 (Λ^0_0�1)_{2κ2} λ_2 − Λ^k_{0κ} λ + 1

(22g)

i ≠ k e�^{iλ ak} Λ^i_k e^{iλ ak} =

= Λ^i_k − 1 κ λ∫ 0 dμ Λ^i_0 [ −^{Λkk}(^{Λ00}�^1)^{+Λ0kΛk0}

2κ2 μ^2 −^{Λ0k}_κ μ + Λ^k_k ] [ (Λ^0_0�1)_{2κ2} μ_2 − Λ^k_{0κ} μ + 1

]_2 (22h)

i ≠ k, j ≠ k e�^{iλ ak} Λ^i_j e^{iλ ak} =

= Λ^i_j − 1 κ λ∫ 0 dμ Λ^i_0 [ −(^{Λ00}�^1)^{Λkj+Λk0 Λ0j}

2κ2 μ^2 −^{Λ0k}_κ μ + Λ^k_j ] [ (Λ^0_0�1)_{2κ2} μ_2 − Λ^k_{0κ} μ + 1

]_2 (22i)

In order to represent the relation (19) in star product framework we reproduce the multiplication (19) by a new star product of the basic functions on classical Poincaré group parameters: e^{i(ακvκ+bνμΛμν )} ~ e^{i(α0κvκ+bν0μ Λμν )} = e^{i(Δμ(α,α0)vκ+bνμf κν (gρσ(1,⃗α0),α0)+bν0μ Λκν )} (23) As it is seen from (22a –22i ) the function g^ρ_σ are not linear in ^Λ^κ_ν , due to the quadratic commutator (6b). On the other hand, due to the commutativity (6c) the formulae for f^κ_ν and g^κ_ν can be obtained in explicite form.

4 Final Remarks

We would like to make the following comments:

i) It should be observed that the nice coproduct formula (15) for noncommutative translations can not be extended to the Lorentz sector. One can pose the question whether by a suitable choice of noncommutative b^μ_ν such extension can be achieved.

ii) The relations (6a–6c) describe a quadratic algebra, which implies that in the exponential on rhs of (23) there are arbitrary powers of Λ^κ_ν . It should be observed, however, that the multiplication formula (23) has an explicite form.

iii) Using the star product (23) one can discuss the covariance of κ– deformed local field theory under the κ–deformed relativistic transformations. At present it is only clear how to show in the star–product framework the covariance under the subgroup of noncommutative translations (see also [14]).

Acknowledgment

One of the authors (JL) would like to thank the members of Departamento de Fisica, Universidad de Valencia for the hospitality and Generalitat Valenciana for financial support.

References

[1] S. Dopplicher, K. Fredenhagen and J. Roberts, Phys. Lett. B331, 39 (1994); Comm. Math. Phys. 172, 187 (1995).

[2] L.J. Garay, Int. Journ. Mod. Phys. A10, 145 (1995). [3] A. Kempf and G. Magnano, Phys. Rev. D55, 7909 (1997). [4] J. Madore, “An Introduction to Noncommutative Differential Geometry and its Physical Application”, Second Edition, London Math. Soc. Lecture Series No 257, 2000 Cambridge.

[5] B. Ydri, “Noncommutative Geometry as Regulator”, hep–th/0003232. [6] H. Snyder, Phys. Rev. 71, 38 (1947); ibid. 72, 68 (1947). [7] N. Seiberg, E. Witten, JHEP 9909: 032 (1999). [8] C.-S. Chu, P.-M. Ho, Nucl. Phys. B550, 191 (1999) [9] M.M. Sheikh-Jabbari, Phys. Lett. B455, 129 (1999) [10] P. Podleś and S.L. Woronowicz, Comm. Math. Phys. 178, 61 (1996). [11] J. Lukierski, A. Nowicki, H. Ruegg and V. Tolstoy, Phys. Lett. 264 B, 331 (1991).

[12] S. Giller, J. Kunz, P. Kosiński, M. Majewski and P. Maślanka, Phys.

Lett. 286B, 57 (1992).

[13] S. Majid and H. Ruegg, Phys. Lett. 334B, 384 (1994).

[14] P. Kosiński, J. Lukierski and P. Maślanka, “Local Field Theory on κ– Minkowski Space, Star Products and Noncommutative Translations”, hep–th/0009120.

[15] S. Zakrzewski, Journ. Phys. A27, 2075 (1994).

[16] P. Kosiński, J. Lukierski, P. Maślanka and J. Sobczyk, J. Phys. A27, 6827 (1994).

[17] P. Kosiński, J. Lukierski and P. Maślanka, Phys. Rev. D62, 025004.