arXiv:hep-th/0012057 v2 8 Mar 2001

The Hopf Algebra Structure of Connes and Kreimer in Epstein-Glaser Renormalization

G. Pinter

March 8, 2001

II. INSTITUT F ĺUR THEORETISCHE PHYSIK UNIVERSIT ĺAT HAMBURG LURUPER CHAUSSEE 149 22761 HAMBURG GERMANY e-mail: gudrun.pinter@desy.de

Abstract

We show how the Hopf algebra structure of renormalization discovered by Kreimer can be found in the Epstein-Glaser framework without using an analogue of the forest formula of Zimmermann.

1 Introduction

Epstein-Glaser renormalization is the mathematical formulation of what is done in renormalization theory. It is formulated in position space and its applications up to now are of more abstract nature than explicit calculations, which are up to now predominantly made in momentum space. The combinatoric of momentum space renormalization is described by Bogoliubovs recursion formula or equivalently by the forest formula of Zimmermann. Recently Kreimer discovered a Hopf algebra structure in the combinatorics of the subtraction procedure in momentum space. Connes and Kreimer worked out the connection of this algebra to the Riemann-Hilbert problem [CoKr2] and to noncommutative geometry [CoKr1]. For a survey of the present status and the literature in this ^eld see [Kre2]. In this work we derive the structure of this Hopf algebra in Epstein Glaser renormalization in a completely different way than Bondť”a and Lazzarini [GBLa] recently did. A short version of the derivation given here is presented in [Pin2].

The main dif^culty to transfer the work of Connes and Kreimer into the Epstein- Glaser framework is that the recursive de^nition of T -products gives no insight into the combinatorics. Furthermore there is a different de^nition of subdiagrams in position space. Bondť”a and Lazzarini [GBLa] discussed the Hopf algebra structure in

Epstein Glaser renormalization, but they adapted a formulation of the forest formula of Zimmermann with the following form:

R_Γf (Γ) = 1 + ∑ F ∏ γ∈F (−S_γ ) f (Γ), (1)

where the sum is over all nonempty sets whose elements are proper, divergent (and may be connected) subgraphs of Γ. The problem with this formula is that R_Γ is not an operator de^ned on the space of distributions. Especially it cannot be adjoint to give an operator on the testfunction f (Γ) is smeared with.

Starting point of our derivation is the structure of ^nite renormalizations proved in [Pin1]. We show that the divergencies of the numerical distributions in Epstein- Glaser renormalization posess a Hopf algebra structure analogously to the structure described in [CoKr2].

Therefore we describe in the ^rst section the Hopf algebra of graphs and subgraphs, which is different from the one in [CoKr2] because of the different de^nition of subgraphs. Then we recall the structure of ^nite renormalizations and show that the singularities of the numerical distributions obey the same equation as the antipode of the Hopf algebra of the corresponding algebra of graphs.

2 The Hopf Algebra of Graphs

We take the algebra A of graphs with multiplication and addition as in [CoKr2], but with connected instead of one particle irreducible graphs:

A has a basis labeled by all Feynman graphs Γ which are disjoint unions of connected graphs:

Γ = n⋃ j=1 Γ_j (2)

The empty graph Γ = ∅ is the unit element Iof the algebra.

The product in A is bilinear and de^ned on the basis by the operation of disjoint union:

m : A ⊗ A → A m(Γ_1, Γ_2) = Γ_1 · Γ_2 = Γ_1 ∪ Γ_2 (3)

This means that the product of two graphs is a graph consisting of this two disconnected subgraphs.

For the de^nition of a coproduct we need the notion of a subgraph in Epstein-Glaser renormalization. In a graph Γ with n vertices labeled with the set of indices J =

{1, . . . , n} each subset I of J de^nes a subgraph γ_I consisting of all vertices labeled by I and all lines joining them.

In momentum space, used in [CoKr2], a subgraph is de^ned in contrast by the lines belonging to it. All vertices which are endpoints of lines of a subgraph belong to the subgraph. So in momentum space the set of subgraphs is larger because not all lines between two vertices of the graph have to belong to the subgraph. If the set I de^ning a subgraph consists of only one element, the subgraph has only one point and is de^ned as the empty graph I.

Every partition P of J de^nes a set of subgraphs, more precisely if P = {O_1, . . . , O_k} the subgraphs are those belonging to the subsets O_i. We use the following notation:

γ_P = {γ_{O1} , . . . , γ_{Ok} }. (4) Γ \ γ_P is obtained from Γ by shrinking its nonempty connected subgraphs belonging to γ_P to a point.

Following [CoKr2] we restrict ourselves to a scalar massive theory. In this case we have two two-line vertices according to the terms Φ^2 and ∂_μΦ∂^μΦ in the Lagrangian. Now we de^ne a coproduct on A. For a connected nonempty graph Γ with |J| vertices we de^ne:

c : A → A ⊗ A c(Γ) = Γ ⊗ I+ I⊗ Γ + ∑_′ P 2P artJ 16=jP j6=n γ^{(i)}_P ⊗ Γ \ γ^{(i)}_P . (5)

where the sum ∑_′ is over all partitions with subgraphs γ_{Oi} where γ_{Oi} is the empty graph or a graph with a super^cial divergence (in Φ^4 theory all graphs with only two or four external lines). The multiindex (i) has one value for each connected component of γ_P . This value is 0 or 1 for a component with two external lines and 0 for all other components, corresponding to the two different two-line vertices. In the special case Γ = ∅ we de^ne

c(∅) = I⊗ I. (6) Since this de^nition varies from the one given in [CoKr2] only by the de^nition of subgraphs, the proof of the coassociativity is analogous to that of [CoKr2], if we substitute 1PI graphs by connected graphs. A counit is de^ned by

ē(Γ) = 1 for Γ = ∅

ē(Γ) = 0 for Γ ≠ ∅ (7)

The de^ning equation for the antipode s : A → A is m(s ⊗ id)c(Γ) = ē(Γ) · I. (8) (s is an antihomomorphism of algebras). From this equation we obtain a recursion formula for the antipode:

s(Γ) = −Γ − ∑_′ P 2P art(J) 16=jP j6=n s(γ^{(i)}_P ) · Γ \ γ^{(i)}_P (9)

for γ ≠ Iand

s(I) = I, (10)

where s(γ^{(i)}_P ) = ∏ Oj∈P s(γ (ij) Oj ), where (i_j ) is the part of the multiindex (i) belonging to O_j .

We now show that we can derive an equation of the same form for the singularities of the numerical distributions belonging to these graphs.

3 Structure of Epstein-Glaser Renormalization

The main objects studied in Epstein-Glaser renormalization are T -products. Usually T -products are de^ned as multilinear functions on Wick monomials of quantized ^elds [BrFr]. Here we use another de^nition of T -products, which was ^rst introduced in [Boa]. Let A be a commutative algebra generated by the so-called classical symbolical ^elds ϕ_i and their derivatives. We regard

D (_{R4} , A ) ∋ f = ∑ i g_iϕ_i, (11)

where the sum is a ^nite sum over elements ϕ_i of the algebra A. An element f is then given by its coef^cients g_i ∈ C^∞_0 (R^4).

The time-ordered product (T -product) is a family of maps T_n, n ∈ N, called T_nproducts. They are functions from ( D (_{R4} , A ))_{⊗n} into the set of operators on the Hilbert space H with the following properties:

1. T_0 = 1

T_1 (f ) = ∑ i : ϕ_i(g_i) : ∀ f ∈ D (_{R4} , A ) , where the sum is taken over all generators of A. Each local ^eld is the image of an element f ∈ D (_{R4} , A ) under T_1.

2. Symmetry in the arguments:

T_n (f_1, . . . , f_n) = T_n (f_{π1} , . . . , f_{πn} ) ∀ π ∈ S_n ∀ f_i ∈ D (_{R4} , A ) , i = 1, . . .n, where S_n is the set of all permutations of n elements.

3. The factorization property:

T_n (f_1, . . . , f_n) = T_i (f_1, . . . , f_i) T_{n−i} (f_{i+1}, . . . , f_n) (12)

if (suppf_1 ∪ . . . ∪ suppf_i) & (suppf_{i+1} ∪ . . . ∪ suppf_n) and f_i ∈ D (_{R4} , A ) ∀ i. The T -products are not uniquely determined by these properties, so there are different T -products. Popineau and Stora [PoSt] proved that there exist ^nite renormalizations between two different T -products. We know from [Pin1] that the combinatorics in Epstein-Glaser renormalization are hidden in the structure of ^nite renormalizations (differences between two different T -products). For two different T -products denoted by T and T̂ there exist functions Δ_n : D (_{R4n} , A^n ) → D (_{R4} , A ) with supp Δ_n ⊂ D_n and

T̂_n (⨂ j∈J f_j ) = ∑ P ∈P art(J) T_{|P |} [ ⨂ Oi∈P Δ_{|Oi|} (⨂ j∈Oi fj )] . (13)

In the proof of this equation given in [Pin1] the Δ_n are constructed inductively by the following formula:

T_1 ( Δ_n (⨂ j∈J f_j )) = T̂_n (⨂ j∈J f_j ) − ∑ P 2P art(J) jP j>1 T_{|P |} [ ⨂ Oi∈P Δ_{|Oi|} (⨂ j∈Oi fj )] . (14)

A T_n-product is a sum of terms each of which can be associated to the contribution of a special Feynman graph with n vertices. We now only regard the contribution of T_n to a special Feynman graph γ with n vertices, denoted by T^γ_n . With the notion of subgraphs explained in the previous section we obtain from (13):

T̂^γ_n (⨂ j∈J f_j ) = T^γ_n (⨂ j∈J f_j ) + ∑ P 2P art(J) jP j<n T^{γ\γP}_{|P |} [ ⨂ Oi∈P Δ^{γOi}_{|Oi|} (⨂ j∈Oi fj )] , (15)

where Δ^γ is de^ned inductively by

T_1 ( Δ^γ_n (⨂ j∈J f_j )) = T̂^γ_n (⨂ j∈J f_j ) − ∑ P 2P art(J) jP j>1 T^{γ\γP}_{|P |} [ ⨂ Oi∈P Δ^γ_{|Oi|} (⨂ j∈Oi fj )] . (16)

Comparing the recursive formula of renormalization of Bogoliubov (which can be found in [Zim1] for example) with (15) we see that both renormalizations consist of a sum of terms, each belonging to a set of super^cially divergent parts of Γ. The super^cially convergent parts do not contribute to the sum in (15) because in this case Δ is 0, and we can replace the sum ∑ by the sum ∑_′ which is over all partitions with empty subgraphs or subgraphs with a super^cial degree of divergence. In contrast to Bogoliubovs formula equation (15) is formulated for ^nite renormalizations.

In the following we omit the lower indices of the T -products and their arguments f and obtain with Δ^{γP} = ∏ Oi∈P Δ γOi :

T̂^Γ = T^Γ + Δ^Γ + ∑_′ P 2P art(J) 1<jP j<n T^{Γ\γP} [ Δ^{γP} ] . (17)

We now restrict ourselves to the case of Φ^4 theory. The graphs are built of one kind of line, two kinds of two line vertices and one kind of four line vertex. A generalization to other theories is obvious but more complicated to write down. In [Pin1] it is shown that if γ is a diagram with four external legs, Δ^γ has the form

Δ^γ_n((gϕ^4)^{⊗n}) = C^{(n)}g^n(v)ϕ^4, (18)

where the constants C^{(n)} are distributions (more precise products of Feynman propagators) smeared with testfunctions which are derivatives of functions w needed in the subtraction procedure. In the case where γ is the empty graph we have Δ^γ (f ) = f and if γ has two external lines we have

Δ^γ_n = A^{(n)}g^n(v)ϕ^2 + B^{(n)}g^n(v)∂^μϕ∂_μϕ, (19)

where A^{(n)} and B^{(n)} have the same form as C^{(n)}.

Now we formulate equation (17) on the level of numerical distributions, this means we omit the Wick products and the smearing functions. According to the values

of Δ^{γP} we denote with δ^{γ(i)}P = ∏ Oj∈P δ γ (ij ) Oj the numerical distribution belonging to

Δ^{γ(i)P} = ∏ Oj∈P Δ γ (ij ) Oj . As in the previous chapter the multiindex (i) has a value for each connected component of P and (i_j ) is the subset of (i) belonging to the connected components of O_j . For a connected component of P with two external legs the value can be 0 or 1, if the value is 0 we take in the product the numerical distribution of the coef^cient A^{(n)} and if the value is 1 we take the numerical distribution of the coef^cient B^{(n)}. With t^γ we denote the numerical distributions belonging to the graphs γ. We obtain

t̂^Γ = t^Γ + δ^Γ + ∑ P 2P art(J) 1<jP j<n t^{Γ\γ(i)P} · δ^{γ(i)P} . (20)

We now assume that t are the regularized but unrenormalized distributions and t̂ are the regularized and renormalized distributions. Then δ(t) describes the renormalization of the super^cial divergence.

Taking only the parts of (20) which are divergent when the regularization is removed, we obtain:

δ^Γ = −t^Γ − ∑ P 2P art(J) 1<jP j<n δ^{γ(i)P} t^{Γ\γ(i)P} , (21)

which has to be interpreted as the structure of singularities in renormalization. This recursive equation for the singularity of δ^Γ has exactly the same structure as equation (9) for the antipode (one has to identify a graph with the singularity of its numerical distribution).

Acknowledgement: I want to thank Prof. K. Fredenhagen for many useful discussions and a careful reading of the manuscript. The DFG is acknowledged for ^nancial support.

References

[Boa] F.-M. Boas, Gauge theories in local causal perturbation theory, DESY- THESIS-1999-032, Nov 1999, hep-th/0001014.

[BrFr] R. Brunetti and K. Fredenhagen, Interacting Quantum Fields in Curved Space: Renormalizability of ϕ^4, in: S. Doplicher, R.Longo, J.R. Roberts and L. Zsido (eds.) Operator Algebras and Quantum Field Theory, Proceedings, Roma 1996, International Press 1997, R. Brunetti and K. Fredenhagen, Microlocal Analysis and Interacting Quantum Field Theories: Renormalization on Physical Backgrounds, math-ph/9903028.

[CoKr1] A. Connes and D. Kreimer, Hopf Algebras, Renormalization and Noncommutative Geometry, Comm. Math. Phys. 199(1998)203, hep-th/9808042.

[CoKr2] A. Connes and D. Kreimer, Renormalization in quantum �eld theory and the Riemann-Hilbert problem I: the Hopf algebra structure of graphs and the main theorem, II: the β−function, diffeomorphisms and the renormalization group, Comm. Math. Phys. 210 (2000) 249 , hep-th/9912092 and hepth/0003188.

[GBLa] J. M. Gracia-Bondť”a and S. Lazzarini, Connes-Kreimer-Epstein-Glaser Renormalization, hep-th/0006106.

[Kre1] D. Kreimer, On the Hopf algebra structure of perturbative quantum �eld theories, Adv. Theor. Math. Phys. 2 (1998) 303, q-alg/9707029.

[Kre2] D. Kreimer, Combinatorics of (perturbative) quantum �eld theory. , hepth/0010059.

[Pin1] G. Pinter, The action principle in Epstein-Glaser Renormalization and Renormalization of the S-Matrix of Φ^4 -Theory, hep-th/9911063, to be published in Ann. d. Phys. under the title Finite Renormalizations in the Epstein-Glaser Framework and Renormalization of the S-Matrix of Φ^4- Theory.

[Pin2] G. Pinter, Epstein-Glaser Renormalization: Finite Renormalizations, the S- Matrix of Φ^4 Theory and the Action Principle , Phd thesis, University of Hamburg, October 2000.

[PoSt] G. Popineau and R. Stora, A Pedagogical Remark on the Main Theorem of Perturbative Renormalization Theory, unpublished preprint.

[Zim1] W. Zimmermann, Convergence of Bogoliubov’s Method of Renormalization in Momentum Space, Commun. math. Phys. 15 (1969) 208.