arXiv:hep-th/0012096 v2 15 Dec 2000

YITP–SB–00–82 hep-th/0012096

Nonlinear Vector-Tensor Multiplets Revisited

Ulrich Theis C.N. Yang Institute for Theoretical Physics State University of New York at Stony Brook Stony Brook, NY 11794-3840, USA theis@insti.physics.sunysb.edu

Abstract

We give an off-shell formulation of the N = 2 supersymmetric new nonlinear vector-tensor multiplet. Interactions arise in this model as a consequence of gauging the central charge of the supersymmetry algebra, which in contrast to previous models with local central charge is achieved without a coupling to a vector multiplet. Furthermore, we present a new action formula that follows from coupling the N = 2 linear multiplet to the vector-tensor multiplet.

In their study of four-dimensional N = 2 supersymmetric vacua of heterotic string theory de Wit et al. [1] found that the dilaton and the antisymmetric tensor reside in an N = 2 vector-tensor multiplet. Although on-shell a vector-tensor (VT) multiplet is dual to an abelian vector multiplet, string theory may prefer the off-shell realization of the former. This is why possible interactions of the VT multiplet have been extensively studied in the last years. Among these, which include a variety of couplings to additional vector multiplets [2]–[9] and supergravity couplings [10], there are self-interactions. A self-interacting VT multiplet with nonlinear supersymmetry transformations had been constructed for the first time by Claus et al. in [2]. Only recently was it realized that there exists a second self-interacting version of the multiplet: in [11] we obtained what we shall call the new nonlinear vector-tensor (NLVT) multiplet in the following by gauging its central charge transformations. Promoting the global bosonic symmetry associated with the central charge of the VT multiplet to a local symmetry requires the presence of a vector potential, which in previous works was taken to sit in an additional abelian vector multiplet [2, 3, 8, 9]. In [11] on the other hand it was shown that the VT multiplet’s own vector field can serve as the necessary gauge connection, as well. The resulting new NLVT multiplet features nonpolynomial but local interactions. They were constructed by means of the Noether method as a deformation of the free action and its symmetries, with the supersymmetry algebra being realized only on-shell.

In the present paper we derive an off-shell formulation of the new NLVT multiplet from a suitable set of constraints on the field strengths appearing in the N = 2 supersymmetry algebra with a gauged central charge. The Bianchi identities imply that as a consequence of these constraints all field strengths can be expressed in terms of a single real scalar superfield, the components of which comprise the covariant fields of the VT multiplet. This superfield in turn is subject to constraints that give rise to the nonpolynomial dependence of the field strengths on the vector. In order to obtain an invariant action, we adapt a well-known construction principle that employs the properties of (composite) linear multiplets [12, 13], which as we show can be realized as representations of our new vector-tensor supersymmetry algebra by modifying their defining superfield constraints. We should remark at this point that the term “new nonlinear vector-tensor multiplet” has already been used in [7] to describe a model different from ours. While this model was derived from a deformation of the superfield constraints of the VT multiplet, there is no realization in terms of the usual field content that includes an antisymmetric tensor gauge potential, and a nontrivial action can only be obtained by means of a dualization into a vector multiplet. Since no such problems occur in our model, we thought it appropriate to call it the “new NLVT multiplet” in order to distinguish it from the other proper nonlinear VT multiplet of ref. [2]. We hope this does not lead to confusion.

Linear VT multiplet and Possible Deformations

We consider rigid N = 2 supersymmetry with a real central charge. The supersymmetry algebra is spanned by supercovariant derivatives D_A ∈ { ∂_μ, D^i_α, D̄_{α̇i}, Δ_z } . (1)

We shall not distinguish properly between superfields and components, so the D_A may either be read as differential operators in superspace or as generators of symmetry transformations of component fields. The D^i_α and D̄_{α̇i} are two-component Weyl spinors (greek indices) as well as SU(2) doublets (small latin indices), where D̄_{α̇i} = D^i_α. Δ_z denotes the generator of global central charge transformations.

The graded commutator of two supercovariant derivatives involves torsion,

[ D_A , D_B ] = −T_{AB}^C D_C , (2)

where the nonvanishing components are^1

T^i_{α α̇j}^μ = iδ^i_jσ^μ_{αα̇} , T^i_α^j_β^z = −iε_{αβ} ε^{ij} , T_{α̇i}˙_{βj}^z = iε_{α̇}˙_βε_{ij} . (3)

The VT multiplet [14] is a representation of the algebra (2) with a nontrivial central charge. The bosonic field content consists of two real scalars ϕ and U, the latter being an auxiliary field, a 1-form with components A_μ and a 2-form B_{μν}. The fermions ψ^i_α, ψ̄_{α̇i} form SU(2) doublets. With F_{μν} = 2∂_{[μ}A_{ν]} and H^μ =^1_2ε^{μνρσ} ∂_νB_{ρσ} we denote the field strength of A_μ and the Hodge-dual field strength of B_{μν} respectively. The free action with Lagrangian

L^{(0)} = 1 2 ∂^μϕ ∂_μϕ − 1 4 F^{μν}F_{μν} − 1 2 H^μH_μ − iψ^iσ^{μ ↔}∂_μψ̄_i + 1 2 U^2 (4)

1Our conventions are the following: η_{00} = +1, σ^μ = (1, ⃗σ), σ^{μν} =^1_2 σ^{[μ}σ̄^{ν]}, ε^{12} = �ε_{12} = 1. (Anti-) symmetrization is defined such that S_{μν} = S_{(μν)} + S_{[μν]}. A tilde denotes Hodge-dualization, F̃^{μν} = 1 2 ε^{μνρσ}F_{ρσ}.

is, among others, invariant under gauge transformations of the potentials,

δ_{gauge}A_μ = ∂_μC , δ_{gauge}B_{μν} = ∂_μC_ν − ∂_νC_μ , (5)

linear supersymmetry transformations generated by

D^i_αϕ = ψ^i_α D^i_αψ^{βj} =^1_2 ε^{ij}(F_{μν}σ^{μν} − iU)_α^β

D^i_αA_μ = i(σ_μψ̄^i)_α D^i_αψ̄^j_{α̇} =^1_2 ε^{ij}σ^μ_{αα̇}(H_μ + i∂_μϕ)

D^i_αB_{μν} = 2(σ_{μν} ψ^i)_α D^i_αU = (σ^μ∂_μψ̄^i)_α , (6)

and global central charge transformations generated by

Δ_zϕ = U Δ_zψ^i_α = (σ^μ∂_μψ̄^i)_α

Δ_zA_μ = H_μ Δ_zψ̄^i_{α̇} = −(∂_μψ^iσ^μ)_{α̇}

Δ_zB_{μν} = F̃_{μν} Δ_zU = �ϕ . (7)

The central charge transformations of the gauge potentials leave the corresponding field strengths invariant on-shell (although the symmetry is nontrivial, i.e. it does not reduce to a gauge transformation on-shell) and are examples of the “hidden” symmetries considered in [15].

Self-interactions of the VT multiplet may be introduced by deforming the free Lagrangian, i.e. by adding terms L^{(k)}, k = 1, 2, . . . to L^{(0)}, where L^{(k)} is of order k in some continuous deformation parameters g. In order to maintain the symmetries, it is necessary also to deform the corresponding field transformations, so the generators decompose into pieces of definite order in the g’s, as well, with δ_{gauge}, D^i_α and Δ_z as above being the 0th-order contributions^2.

To first order in g, invariance of the deformed action under the deformed symmetries requires δ^{(0)}L^{(1)} ≈ 0 modulo total derivatives, where the relation ≈ denotes on-shell (with respect to the linearized equations of motion) equality and δ^{(0)} is a 0th-order symmetry generator. It can be shown by writing down the general ansatz for the first-order deformation L^{(1)} and imposing the above condition that there are precisely two consistent SU(2) invariant deformations of the free VT multiplet that involve vertices of mass dimension five, namely

L^{(1)} = g_1 [ A_μF^{μν}H_ν −^1_2ϕF̃^{μν}F_{μν} − iF_{μν}(ψ^iσ^{μν}ψ_i − ψ̄^iσ̄^{μν}ψ̄_i) ] + g_2 [ A_μF̃^{μν}H_ν +^1_2 ϕF^{μν}F_{μν} − ϕH^μH_μ + F_{μν} (ψ^iσ^{μν} ψ_i + ψ̄^iσ̄^{μν}ψ̄_i) + 2H_μ ψ^iσ^μψ̄_i ] . (8)

L^{(1)} is unique modulo total derivatives and on-shell trivial terms that can be removed by means of field redefinitions.

The first term in each deformation is of the form g_aA_μJ^μ_a , where the J^μ_a are conserved currents, and yields deformations of the gauge transformations (5). The current J^μ_1 = F^{μν}H_ν corresponds to the global symmetry of L^{(0)} generated by the central charge Δ_z.

2A review of deformation theory which focuses on N = 2 supersymmetry is contained in [16].

The current J^μ_2 = F̃^{μν} H_ν is trivial, J^μ_2 ≈ ∂_ν S^{[μν]} with S^{[μν]} = ε^{μνρσ}A_ρH_σ, but it still deforms the gauge transformations (actually, only the one of B_{μν} ) since S^{[μν]} is not gauge invariant^3. These two terms are examples of so-called Henneaux-Knaepen and Chapline- Manton vertices respectively, cf. [18, 19].

The deformations can be completed separately to local actions invariant to all orders in the coupling constants g_a, which in both cases requires an infinite number of L^{(k)}. But whereas the full deformation with parameter g_2 is nonpolynomial only in the scalar field ϕ, the deformation with g_1 turns out to be nonpolynomial also in the gauge field A_μ. The same applies to the gauge transformations in the respective deformations. The g_2- deformation was constructed first by Claus et al. in [2] by means of the superconformal multiplet calculus, and later in [20, 7] using harmonic superspace techniques. The g_1- deformation was discovered recently in [11], but has not been formulated off-shell yet. In order to compare the formulation of the old NLVT multiplet with that of the new one to be constructed in the following, we briefly recapitulate the approach of [7]: The free VT multiplet is given in terms of a field ϕ that satisfies the constraints [21]

D^{(i}D^{j)}ϕ = 0 , D^{(i}_α D̄^{j)}_{α̇} ϕ = 0 . (9)

One then considers deformations of these constraints that preserve the commutation relations (2). The general ansatz compatible with the Lorentz and SU(2) symmetry properties is given by

D^{(i}D^{j)}ϕ = F (ϕ) D^iϕ D^j ϕ + G(ϕ) D̄^iϕ D̄^j ϕ , D^{(i}_α D̄^{j)}_{α̇} ϕ = 0 (10)

(the latter expression can always be made to vanish by a field redefinition), where F and G are arbitrary functions of ϕ. The supersymmetry algebra imposes consistency conditions that constrain the coefficient functions. Necessary, but not sufficient, are the relations ∂F ∂ϕ = F F̄ , G = F̄ . (11)

There are three independent solutions for F :

F_1 = κ tan(κϕ + ρ) + iκ , F_2 = − 1 ϕ + μ , F_3 = 0 , κ, ρ, μ ∈ R . (12)

The third solution obviously corresponds to the free case, whereas the second yields the old NLVT multiplet. As was shown in [7], the first solution, while leading to selfconsistent superfield constraints, gives rise to a differential constraint in x-space on the 3-form component field (dual to H^μ in the free limit) that cannot be solved identically in terms of a 2-form gauge potential without violating locality. One therefore does not obtain a VT multiplet in the usual sense (although there is a dual description in terms of a vector multiplet which is well-behaved, see [7] for details).

We will find, however, that also F_1 is associated with a proper VT multiplet; in the construction of our new NLVT multiplet we encounter essentially the same differential equation (11) for a certain function of ϕ, and this time only the first solution turns out to

3J^μ_2 is trivial in the characteristic cohomology, but not in the invariant characteristic cohomology [17].

be fully consistent in the sense that it does not induce constraints on the x-dependence of the multiplet components.

The New NLVT Multiplet from Bianchi Identities In order to construct the new NLVT multiplet off-shell, we return to the supersymmetry algebra (2) and gauge the transformation generated by Δ_z by introducing gauge connections A_A and super gauge-covariant derivatives D_A = D_A − gA_AΔ_z . (13) The connection A_A with subscript A = μ will be identified with the 1-form in the VT multiplet, and g ≡ g_1.

We want to include the central charge generator Δ_z among the gauge-covariant operators, so we impose as a first constraint on the theory A_z = 0 ⇒ D_z = Δ_z . (14) The commutation relations of the super gauge-covariant derivatives involve in addition to torsion also the curvature tensors, [ D_A , D_B ] = −T_{AB}^C D_C − gF_{AB}Δ_z , (15) which are given by F_{AB} = D_AA_B − (−)^ϵA^ϵB D_BA_A + T_{AB}^CA_C . (16) Gauge covariance of D_AT , where T is some tensor field transforming under local central charge transformations with infinitesimal parameter C(x) as δ_CT = g CΔ_zT , (17) requires A_A to transform according to δ_C A_A = D_AC + g CΔ_zA_A = (D_A + gF_{zA})C . (18) In the last step we have used (14) and T_{zA}^B = 0 in the equation for F_{zA}. The Jacobi identities satisfied by the commutators (15) imply the Bianchi identities (BIs) for the curvatures:

(D_A + gF_{zA})F_{BC} + T_{AB}^DF_{DC} + graded cyclic = 0 . (19) These equations become nontrivial once we impose constraints on the curvature components. In order to obtain the new NLVT multiplet, we first of all adopt the natural constraint F^i_{α α̇j} = 0 . (20) With this choice, the BIs read explicitly:

(a) 0 = (D^i_α + gF_z^i_α) (T^j_β^k_γ^z + gF^j_β^k_γ) + (D^j_β + gF_z^j_β) (T^k_γ^i_α^z + gF^k_γ^i_α) + (D^k_γ + gF_z^k_γ ) (T^i_α^j_β^z + gF^i_α^j_β)

(b) 0 = (D̄_{α̇i} + gF_{zα̇i}) (T^j_β^k_γ^z + gF^j_β^k_γ) − ig δ^j_i σ^μ_{βα̇}F^k_{γ μ} − ig δ^k_i σ^μ_{γα̇}F^j_{βμ} (c) 0 = (D_μ + gF_{zμ}) (T^i_α^j_β^z + gF^i_α^j_β) + g(D^i_α + gF_z^i_α)F^j_{βμ} + g(D^j_β + gF_z^j_β)F^i_{αμ} (d) 0 = (D^i_α + gF_z^i_α)F_{α̇jμ} + (D̄_{α̇j} + gF_{zα̇j} )F^i_{αμ} − iδ^i_jσ^ν_{αα̇}F_{μν} (e) 0 = Δ_zF^i_α^j_β + D^i_αF^j_{βz} + D^j_βF^i_{αz} (f) 0 = D̄_{α̇i}F^j_{αz} + D^j_αF_{α̇iz} + iδ^j_i σ^μ_{αα̇}F_{μz} (g) 0 = Δ_zF^i_{αμ} + D^i_αF_{μz} − D_μF^i_{αz} (h) 0 = (D^i_α + gF_z^i_α)F_{μν} − (D_μ + gF_{zμ})F^i_{αν} + (D_ν + gF_{zν} )F^i_{αμ} (i) 0 = Δ_zF_{μν} + D_μF_{νz} − D_ν F_{μz} (j) 0 = (D_μ + gF_{zμ})F_{νρ} + (D_ν + gF_{zν} )F_{ρμ} + (D_ρ + gF_{zρ})F_{μν} . (21) All other identities are either satisfied automatically or can be obtained from the ones above by complex conjugation. The first three equations have been multiplied with g in order to write them in a more convenient fashion, using the fact that the torsion components are constant. As our second constraint we take^4 F^i_α^j_β + F^i_β^j_α = 0 ⇒ T^i_α^j_β^z + gF^i_α^j_β = −iε_{αβ}ε^{ij}Z(g) , (22) where Z(g) is some unconstrained complex scalar field with Z(0) = 1. The BI (a) is then satisfied if D^i_α ln(Z) = gF^i_{αz} . (23) Next we consider the BI (b). Using the result for F^i_{αz}, we can express the curvature components F^i_{αμ} in terms of Z and its complex conjugate, F^i_{αμ} = Z 2g (σ_μD̄^i)_α ln(Z/Z̄) . (24)

The VT multiplet contains a real scalar, therefore one of the two degrees of freedom contained in (the lowest component of) Z must be eliminated. We cannot simply take Z to be real or imaginary, because in either case F^i_{αμ} would vanish, which leads to a trivial supersymmetry transformation of A_μ (according to (16) F^i_{αμ} = 0 would imply D^i_αA_μ = D_μA^i_α, which reduces to a gauge transformation in the limit g = 0). Instead, we require ln(Z) to be purely imaginary,

Z = e^{igϕ} ⇔ F^i_α^j_β = ig ε_{αβ}ε^{ij}(1 − e^{igϕ}) , (25)

with ϕ a real scalar field that is as yet unconstrained. The solutions to the BIs of dimension 3/2 then read F^i_{αz} = i D^i_αϕ , F^i_{αμ} = i e^{igϕ}(σ_μD̄^iϕ)_α . (26)

4The constraints (20) and (22) are ‘representation preserving’, in the sense that one may consistently describe hypermultiplets by the usual covariantized constraints D^{(i}_α φ^{j)} = 0 = D̄^{(i}_{α̇} φ^{j)}.

We now solve the remaining Bianchi identities subject to the constraint (25). Let us consider the BIs of dimension 2 first. (c) implies

F_{μz} = 1 4 σ̄^{α̇α}_μ [ D^i_α , D̄_{α̇i} ] ϕ , (27)

and imposes a constraint on ϕ:

D^{(i}_α D̄^{j)}_{α̇} ϕ = 0 . (28) The identity (d) gives the remaining field strength,

F_{μν} = i 4g ( e^{igϕ} D^iσ_{μν}D_ie^{−2igϕ} − e^{−igϕ} D̄^iσ̄_{μν}D̄_ie^{2igϕ} ) , (29)

as well as the reality condition

e^{igϕ} D^{(i}D^{j)}e^{−2igϕ} + e^{−igϕ} D̄^{(i}D̄^{j)}e^{2igϕ} = 0 . (30)

With the above results, the BIs (e) and (f) are satisfied identically. Finally, it is an exercise in index gymnastics to show that the BIs (g) to (j) of dimension 5/2 and 3 are consequences of the other identities and the commutation relations and do not give any further restrictions.

This completes the evaluation of the Bianchi identities. As a result of the constraints (20) and (25) all field strengths can be expressed in terms of a single real field ϕ and its supercovariant derivatives. However, the Bianchi identities do not guarantee that the supersymmetry algebra is realized on the whole ϕ-multiplet. There arise additional constraints from imposing the commutation relations (15) on the higher component fields. In order to discuss these constraints and to make contact with the VT multiplet, we introduce the following notation/identifications: F^i_{αz} = iψ^i_α , F_{zμ} = V_μ , Δ_zϕ = U . (31) The commutation relations then read {D^i_α , D̄_{α̇j}} = −i δ^i_jσ^μ_{αα̇}D_μ {D^i_α , D^j_β} = i ε_{αβ}ε^{ij}e^{igϕ}Δ_z [ D_μ , D^i_α ] = ig e^{igϕ}(σ_μψ̄^i)_α Δ_z [ Δ_z , D^i_α ] = ig ψ^i_α Δ_z [ D_μ , D_ν ] = −gF_{μν} Δ_z [ Δ_z , D_μ ] = −gV_μ Δ_z , (32)

where the (anti-) commutators not listed can be obtained by complex conjugation of the ones above. Furthermore we write D^{(i}D^{j)}ϕ = 2gM^{ij} . (33) The right-hand side has to be proportional to g since it vanishes for the free VT multiplet. According to the Bianchi identities, the fields ϕ , ψ^i_α , V_μ , F_{μν} , U (34) comprise the covariant components of the supersymmetry multiplet. The complex SU(2) triplet M^{ij} has mass dimension 3 and can only be a composite field to be identified later on. The action of the supersymmetry generators on V_μ and F_{μν} can be read directly off the Bianchi identities (g) and (h) respectively, D^i_αV_μ = −i D_μψ^i_α + iΔ_z(e^{igϕ}σ_μψ̄^i)_α D^i_αF_{μν} = 2i (D_{[μ} + gV_{[μ})(e^{igϕ}σ_{ν]}ψ̄^i)_α + ig ψ^i_αF_{μν} , (35) while for the other fields we find D^i_αϕ = ψ^i_α D^i_αψ^{βj} =^1_2 ε^{ij}e^{igϕ}(F_{μν}σ^{μν} − iU)_α^β − ig ε^{ij}ψ^k_αψ^β_k − g δ^β_αM^{ij} D^i_αψ̄^j_{α̇} =^1_2 ε^{ij}σ^μ_{αα̇}(V_μ + iD_μϕ) D^i_αU = Δ_zψ^i_α − ig ψ^i_αU . (36) Here the Δ_z-transform of ψ^i_α enters. Using (28), we obtain for the action of Δ_z on D^i_αϕ Δ_zD^i_αϕ = e^{igϕ} D_{αα̇}D̄^{α̇i}ϕ + 2ig Δ_zϕ D^i_αϕ +^i_3 e^{igϕ} D_{αj}D̄^{(i}D̄^{j)}ϕ , (37) or, using the notation introduced above and M̄^{ij} = (M_{ij} )^∗, Δ_zψ^i_α = e^{igϕ} ( σ^μD_μψ̄^i +^2_3 ig D_jM̄^{ij} ) α + 2ig ψ^i_αU . (38) So we have obtained a deformation of the VT multiplet provided V_μ can be identified with the Hodge-dual field strength of a 2-form gauge potential (to lowest order in g). In order to establish the corresponding constraint on V_μ we first of all note that (14) and (16) imply Δ_zA_μ = V_μ . (39) Thus the field strength F_{μν} can be written as F_{μν} = (∂_μ + gV_μ)A_ν − (∂_ν + gV_ν )A_μ . (40) It follows that Δ_zF_{μν} = D_μV_ν − D_ν V_μ , (41) in accordance with the BI (i).

Now, the result for F^i_{αz} requires that the operator e^{igϕ}Δ_z commute with D^i_α. When applied to D^i_αϕ and its complex conjugate, two nontrivial identities follow from the parts antisymmetric in the SU(2) indices:

0 =^1_2 e^{−2igϕ}[ e^{igϕ}Δ_z , D^{αi} ] D_{αi}ϕ

= i (D_μD^μϕ − Δ^2_zϕ) −^1_4 D^{α̇α}[ D^i_α , D̄_{α̇i} ]ϕ − g(Δ_zϕ)^2 + 2ig e^{igϕ} D̄_iϕ Δ_zD̄^iϕ +^i_6 D_iD_j D̄^{(i}D̄^{j)}ϕ (42)

0 = i e^{−igϕ}[ e^{igϕ}Δ_z , D^i_α ] D̄_{α̇i}ϕ

= −^i_2 e^{−igϕ} D_{βα̇}[ D_{αi} , D^{βi} ]ϕ + g Δ_zϕ (i D_{αα̇}ϕ −^1_2 [ D^i_α , D̄_{α̇i} ]ϕ) +^i_2Δ_z[ D^i_α , D̄_{α̇i} ]ϕ + 4g D̄_{α̇i}ϕ Δ_zD^i_αϕ +^1_3 e^{−igϕ} D_{αi}D̄_{α̇j} D^{(i}D^{j)}ϕ . (43) The imaginary parts of these equations give the action of Δ_z on U and V_μ respectively, Δ_zU = D_μD^μϕ + g [ e^{−igϕ}ψ_iΔ_zψ^i +^1_6 D_iD_jM̄^{ij} + c.c. ] (44) Δ_zV^μ = −D_ν (F^{μν} + gΣ^{μν} ) − g(F̃^{μν} + gΣ̃^{μν} )D_ν ϕ + gUD^μϕ − ig [ ψ^iσ^μΔ_zψ̄_i +^1_6 e^{−igϕ}D_iσ^μD̄_j M^{ij} − c.c. ] , (45) whereas the real parts provide the Bianchi-like constraints D_μV^μ = g U^2 + ig [ e^{−igϕ}ψ_iΔ_zψ^i −^1_6 D_iD_jM̄^{ij} − c.c. ] (46) D_ν (F̃^{μν} + gΣ̃^{μν} ) = g(F^{μν} + gΣ^{μν} )D_ν ϕ + g UV^μ − gΔ_zΛ^μ +^1_6g [ e^{−igϕ}D_iσ^μD̄_j M^{ij} + c.c. ] . (47) Here we have introduced the following composite objects: Λ^μ = ψ^iσ^μψ̄_i , Σ^{μν} = i(e^{−igϕ}ψ^iσ^{μν}ψ_i − e^{igϕ}ψ̄^iσ̄^{μν}ψ̄_i) . (48) Clearly, the equations (46) and (47) can be solved only for an appropriate choice of M^{ij}. Furthermore, we have a consistency condition which follows from the fact that the spinor derivatives D^i_α anticommute when symmetrized in the SU(2) indices: D^{(i}_α M^{jk)} = 0 . (49) Finally, we have to take into account the reality condition (30), which when written in terms of M^{ij} reads e^{−igϕ}(M^{ij} − iψ^iψ^j) = e^{igϕ}(M̄^{ij} + iψ̄^iψ̄^j) . (50)

Note that (49) and (50) imply D^{(i}α M̄^{jk)} = 0.

We must determine M^{ij} such that the constraints are satisfied identically. Toward this end, we make an ansatz for M^{ij} :

M^{ij} = F (gϕ)ψ^iψ^j + G(gϕ)ψ̄^iψ̄^j , (51) where F and G are arbitrary complex functions of the dimensionless argument gϕ. The constraints (49) and (50) then require G^′ = 2F G , G = e^{2igϕ}(F̄ + i) , (52) where a prime denotes differentiation with respect to gϕ. Introducing H = F − i, we obtain H^′ = 2HH̄ . (53)

Now, this is the same differential equation (11) that we encountered in the construction of the old NLVT multiplet, with the crucial difference that there it was F itself which had to satisfy (53). We can copy the solutions, which are now shifted by the imaginary unit, F_1 = κ tan(2κgϕ + ρ) + i(κ + 1) , F_2 = i − 1 2gϕ + μ , F_3 = i , κ, ρ, μ ∈ R . (54) We now have to check which of the three possible M^{ij} is compatible with the remaining constraints, thereby giving a consistent deformation.

Let us first consider (46). A necessary condition for this constraint to admit a local solution is that all terms involving U^2 cancel. With the ansatz for M^{ij} inserted, we find D_μV^μ = g Im F U^2 + . . . , (55) where the terms omitted are at most linear in U. This implies that F must be real, which singles out the first solution F_1 with κ = −1. The remaining parameter ρ can be absorbed by a redefinition ϕ → ϕ + ρ/2g , ψ^i_α → e^{iρ/4} ψ^i_α , D^i_α → e^{iρ/4} D^i_α (56) (with all other bosonic fields being invariant), which is an automorphism of the supersymmetry algebra (32). So without loss of generality the only possible candidate for M^{ij} is given by M^{ij} = tan(2gϕ) ψ^iψ^j + i cos(2gϕ) ψ̄^iψ̄^j . (57)

Using this expression in (46) and (45), we find after some algebra D_μW^μ =^1_2g F_{μν}G^{μν} , Δ_zW^μ = −(D_ν − gV_ν )G^{μν} , (58) where W^μ = cos(2gϕ) V^μ + 2g sin(2gϕ) Λ^μ G_{μν} = cos(2gϕ) (F_{μν} + 2gΣ_{μν} ) + sin(2gϕ) (F̃_{μν} + 2gΣ̃_{μν} ) . (59) (58) can easily be solved in terms of an unconstrained 2-form gauge potential B_{μν} , W^μ =^1_2 ε^{μνρσ}D_ν B_{ρσ} , (60) with a covariant central charge transformation generated by Δ_zB_{μν} =^1_2ε_{μνρσ}G^{ρσ} . (61) The field strength that appears in the commutation relations, the symmetry transformations, and finally in the action, is V_μ rather than W_μ. By splitting F_{μν} = F_{μν} + 2gV_{[μ}A_{ν]} we can bring (60) into the form

K^{μν} V_ν = H^μ ≡ H^μ − 2g sin(2gϕ) Λ^μ + g cos(2gϕ) (F^{μν} + 2gΣ^{μν} )A_ν + g sin(2gϕ) (F̃^{μν} + 2gΣ̃^{μν} )A_ν , (62) where the matrix K^{μν} is given by

K^{μν} = cos(2gϕ) [ η^{μν} (1 − g^2A^ρA_ρ) + g^2A^μA^ν ] . (63)

The nonpolynomial structure of the model now arises by inverting K^{μν}:

V_μ = (K^{−1})_{μν} H^ν , (K^{−1})_{μν} = η_{μν} − g^2A_μA_ν cos(2gϕ) (1 − g^2A^ρA_ρ)

. (64)

Note that in the on-shell version of the new NLVT multiplet given in [11] the nonpolynomial dependence on gA_μ could be avoided by means of a first-order formulation (where “first-order” now refers to the order of the 2-form in the action rather than that of the coupling constant) and emerged only after eliminating an auxiliary vector field, which made the construction possible in the first place. Here it is a result of the Bianchi identities and present from the outset, without specifying an invariant action. An off-shell first-order formulation would require a whole multiplet of auxiliary fields, and it is not clear to us whether it actually exists.

The last constraint to check is (47). With M^{ij} as in (57) it turns out to be equivalent to the Bianchi identity (j), so we have satisfied all constraints and consistency conditions.

It remains to determine the supersymmetry transformations of the gauge potentials A_μ and B_{μν}. The action of D^i_α on the former follows directly from the definition of the curvatures in (16),

D^i_αA_μ = F^i_{αμ} + D_μA^i_α = F^i_{αμ} + gA_μF^i_{αz} + ∂_μA^i_α . (65)

The last term is a gauge transformation, which may be dropped. We then have

D^i_αA_μ = i e^{igϕ}(σ_μψ̄^i)_α + ig ψ^i_αA_μ , (66)

and the fields A^i_α, Ā_{α̇i} occur nowhere explicitly anymore. As a direct consequence of the Bianchi identities (21) we find the following supersymmetry commutators: {D^i_α , D̄_{α̇j}}A_μ = −iδ^i_jσ^ν_{αα̇} [ ∂_νA_μ − (∂_μ + gV_μ)A_ν ] {D^i_α , D^j_β}A_μ = ig ε_{αβ}ε^{ij} (∂_μ + gV_μ) e^{igϕ} [ Δ_z , D^i_α ]A_μ = i(∂_μ + gV_μ)ψ^i_α . (67)

There appear additional gradients ∂_μ(. . . ) on the right-hand sides due to our dropping the ∂_μA^i_α term; they combine with gV_μ into the full gauged central charge transformation (18) of A_μ.

The supersymmetry transformation of B_{μν} can most easily be obtained from the one of its Δ_z transform, as the following calculation shows:

Δ_z D^i_αB_{μν} = D^i_αG̃_{μν} + [ Δ_z , D^i_α ]B_{μν} = Δ_z [ 2 cos(2gϕ) σ_{μν} ψ^i − 2g e^{−igϕ}A_{[μ}σ_{ν]}ψ̄^i ] α + 2 ∂_{[μ}(e^{−igϕ}σ_{ν]}ψ̄^i)_α − ig ψ^i_αG̃_{μν} + [ Δ_z , D^i_α ]B_{μν} . (68)

If we set

D^i_αB_{μν} = 2 cos(2gϕ) (σ_{μν} ψ^i)_α − 2g e^{−igϕ}A_{[μ}(σ_{ν]}ψ̄^i)_α , (69)

we find a commutator

[ Δ_z , D^i_α ]B_{μν} = ig ψ^i_αG̃_{μν} − 2 ∂_{[μ}(e^{−igϕ}σ_{ν]}ψ̄^i)_α (70)

which involves in addition to the central charge transformation a standard gauge transformation of B_{μν} of the form (5). For the odd commutators we obtain {D^i_α , D̄_{α̇j} }B_{μν} = −iδ^i_jσ^ρ_{αα̇} [ D_ρB_{μν} + 2 ∂_{[μ}(B_{ν]ρ} − η_{ν]ρ} sin(2gϕ)/2g) ] {D^i_α , D^j_β}B_{μν} = iε_{αβ}ε^{ij} [ e^{igϕ}G̃_{μν} + 2i ∂_{[μ}(e^{−igϕ}A_{ν]}) ] . (71)

The algebra of supersymmetry and gauged central charge transformations as given in equations (12) to (15) of ref. [11] now closes off-shell.

The Linear Multiplet and Invariant Actions

With an off-shell formulation of the new NLVT multiplet at hand, we now have to determine a supersymmetric and gauge-invariant action. Similarly to the previously known versions of the VT multiplet, it may be derived from a linear multiplet. However, since the commutation relations (32) differ from the usual ones considered in the literature, the constraints that determine the linear multiplet turn out to require modification: let us consider fields L^{ij} that satisfy

L^{ij} = L^{ji} = (L_{ij})^∗ , D^{(i}_α ( e^{igϕ}L^{jk)} ) = 0 . (72)

The higher components of the multiplet consist of a Weyl spinor doublet, a complex scalar and a real vector. We define these fields such that their transformations are as simple as possible: λ^i_α = (D_{αj} + ig ψ_{αj})L^{ij} S =^1_2D_iD_j L^{ij} + ig ψ_iD_j L^{ij} +^i_2 g^2(2M_{ij} + iψ_iψ_j)L^{ij}

K^μ = i D_iσ^μD̄_j L^{ij} − g(ψ_iσ^μD̄_j + ψ̄_iσ̄^μD_j )L^{ij} + ig^2 ψ_iσ^μψ̄_j L^{ij} . (73)

The determination of the supersymmetry transformations is straightforward. We find

D^i_αL^{jk} =^2_3 ε^{i(j}λ^{k)}_α − ig ψ^i_αL^{jk}

D^i_αλ^j_β =^1_2 ε_{αβ} [ ε^{ij} S − 3i Δ_z(e^{igϕ}L^{ij}) ] − ig ψ^i_αλ^j_β D^i_αλ̄^j_{α̇} = −^i_4σ^μ_{αα̇} [ ε^{ij}K_μ + 6(D_μ − gV_μ)L^{ij} ] − ig ψ^i_αλ̄^j_{α̇} D^i_αS = iΔ_z(e^{igϕ}λ^i_α) − ig ψ^i_αS

D^i_αS̄ = −2i (D_μ − gV_μ)(σ^μλ̄^i)_α + iΔ_z ( e^{−igϕ}λ^i − 6ig e^{−igϕ}ψ_jL^{ij} ) α − ig ψ^i_αS̄ D^i_αK^μ = 4(D_ν − gV_ν )(σ^{μν} λ^i)_α − 2Δ_z ( e^{igϕ}σ^μλ̄^i + 3ig e^{igϕ}σ^μψ̄_jL^{ij} ) α − ig ψ^i_αK^μ . (74)

As usual, however, the commutation relations hold only if the vector K^μ satisfies a constraint. Here we must require

(D_μ − gV_μ)K^μ = Δ_zX

X = e^{−igϕ}(iS − 4g ψ^iλ_i) − e^{igϕ}(iS̄ − 4g ψ̄_iλ̄^i) + 6g^2 e^{−igϕ}(M_{ij} − iψ_iψ_j)L^{ij} . (75)

Note that X is real according to (50). The constraint implies that a spacetime integral over

L = X + gA_μK^μ (76)

is invariant under gauged central charge transformations: δ_C L = gC (D_μ − gV_μ)K^μ + g(∂_μC + gV_μC)K^μ + gA_μ gCΔ_zK^μ = g ∂_μ(CK^μ) . (77)

A little more effort is needed to show that ∫ d^4x L is also supersymmetric. We find D^i_αL = −2 ∂_μ ( e^{igϕ}σ^μλ̄^i + 3ig e^{igϕ}L^{ij}σ^μψ̄_j + 2gA_ν σ^{μν}λ^i ) α . (78)

Hence, we have an action rule at our disposal: If a composite field L^{ij} satisfies the constraints (72), then the expression

L = 1 12 e^{−igϕ} ( i D_iD_j + 6g ψ_iD_j + 4g^2M_{ij} + ig^2ψ_iψ_j ) L^{ij} + i 12 gA_μ ( D_iσ^μD̄_j + 2ig ψ_iσ^μD̄_j + g^2 ψ_iσ^μψ̄_j ) L^{ij} + c.c. (79)

is a candidate for a Lagrangian.

Let us apply this construction principle to the new NLVT multiplet itself. We make the following ansatz for L^{ij} :

L^{ij} = α(gϕ) ψ^iψ^j + ᾱ(gϕ) ψ̄^iψ̄^j . (80)

It already satisfies the symmetry and reality properties, while the third constraint in (72) requires furthermore

cos(2gϕ) (α^′ − iα) + 2i ᾱ = 0 . (81)

Modulo real multiplicative constants, the two linearly independent solutions to this differential equation are given by

α_1 = e^{−igϕ} cos(2gϕ)

, α_2 = 2gϕ α_1 − i e^{igϕ} . (82)

Now, the scalar ϕ was defined only modulo 2π/g, see (25), so one would expect the action to be invariant under shifts ϕ → ϕ + 2π/g. While L^{ij}_1 , and thus the corresponding Lagrangian L_1, is indeed periodic, the solution L^{ij}_2 shifts by 4πL^{ij}_1 . Hence, L_1 can only be a total derivative.

The Lagrangian as it follows from (79) and the ansatz (80) reads

L = − Im(e^{igϕ}α)

[_1 2 D^μϕ D_μϕ −^1_2V^μV_μ −^1_4F^{μν} F_{μν} +^1_2 U^2 − gA_μF^{μν} V_ν + g UA_μD^μϕ + gA_μF̃^{μν} D_ν ϕ ] − Re(e^{igϕ}α)

[_1 4F̃^{μν}F_{μν} + V^μD_μϕ + g UA_μV^μ + gA_μF̃^{μν} V_ν + gA_μF^{μν} D_ν ϕ ] + fermion terms . (83)

As anticipated, α_1 gives rise to a total derivative,

L_1 = − 1 2g ∂_μ ( sin(2gϕ) V^μ + g G̃^{μν}A_ν + fermion terms ) . (84)

α_2 on the other hand yields the sought nontrivial off-shell Lagrangian:

L_2 = 1 2 cos(2gϕ) [ D^μϕ D_μϕ − V^μV_μ + U^2 + 2g UA_μD^μϕ ] − 1 4 G^{μν} (F_{μν} + 4gA_μV_ν ) − ∂_μ ( sin(2gϕ) ϕV^μ + gϕ G̃^{μν}A_ν ) + fermion terms . (85)

If we insert the explicit expressions for the composite fields G_{μν} and F_{μν} , the V_μ-dependent terms combine into −^1_2V^μK_{μν} V^ν . Using the solution (64) to the Bianchi identities, we eventually find (dropping the total derivative)

L_2 = −1 2 H^μ(K^{−1})_{μν}H^ν − 1 4 cos(2gϕ) F^{μν} F_{μν} − 1 4 sin(2gϕ) F̃^{μν} F_{μν} + 1 2 cos(2gϕ) ∂^μϕ ∂_μϕ + 1 2 cos(2gϕ) (1 − g^2A^μA_μ) U^2

− i cos(2gϕ) ( ψ^iσ^{μ ↔}∂_μψ̄_i ) − gF_{μν} ( cos(2gϕ)Σ^{μν} + sin(2gϕ)Σ̃^{μν} ) − g^2 2 cos(2gϕ) ( Σ^{μν} Σ_{μν} + 2Λ^μΛ_μ ) . (86)

This Lagrangian differs from the one found in [11] in the terms involving the auxiliary field U. Due to the presence of the inverse matrix K^{−1}, the action is nonpolynomial in the combination gA_μ, in addition to the less unusual nonpolynomial dependence on the scalar. Since K^{−1} contains no derivatives, however, the action is in fact local.

Conclusions

We have given a detailed derivation of the off-shell transformation rules and action for our new nonlinear vector-tensor multiplet and revealed its geometric origin. Starting from a set of constraints on the field strengths associated with a local central charge in the N = 2 supersymmetry algebra, we have shown how the Bianchi identities give rise to the field content of a VT multiplet. Accordingly, its covariant components occur as field strengths in the supersymmetry commutation relations, a novel feature not observed before. What is more, some of these field strengths turned out to depend nonpolynomially on the vector gauge field.

We then introduced a new coupling of the linear multiplet to the VT multiplet, which provided us with an action formula similar to those used in the construction of models with central charges gauged by a vector or supergravity multiplet. From this formula we subsequently derived the invariant action for the new NLVT multiplet itself. For central charges gauged by a vector multiplet the action rule takes a particularly simple form in harmonic superspace [8]. It would be interesting if the results presented here can also be formulated in harmonic superspace.

An unusual feature of our model is that central charge and supersymmetry transformations do not commute. While for the previous versions of the VT multiplet with local central charge the commutator vanishes modulo ordinary gauge transformations of the vector and tensor, here it involves another central charge transformation. The reason is that by gauging the central charge the corresponding transformation of the vector is identified with its gauge transformation. A similar phenomenon, a nonvanishing commutator of supersymmetry and gauge transformations, was observed in a large family of four-dimensional N = 1 supersymmetric gauge theories involving 1-forms and 2-forms constructed in [22]. And indeed we showed in [11] that the new NLVT multiplet is but a special member of this family with a second supersymmetry.

At last we remark that in the case of local supersymmetry central charges necessarily have to be gauged, so our efforts may be viewed as preparatory steps toward a coupling of the VT multiplet to supergravity. For the linear and old nonlinear VT multipet couplings to superconformal gravity have already been constructed in [10], where again it was necessary to include a vector multiplet that provides the gauge field for local central charge transformations. Upon reduction to Poincaré supergravity this gauge field is identified with the graviphoton. This leads us to expect a fundamentally different supergravity coupling of the new NLVT multiplet, since the multiplet gauges its central charge by itself and therefore is likely to be invariant under the gauge transformation associated with the graviphoton. An answer to the question whether the new NLVT multiplet can be coupled to supergravity at all, however, requires further study.

Acknowledgements

I would like to thank Friedemann Brandt and Sergei Kuzenko for helpful discussions. This work was supported by the Deutsche Forschungsgemeinschaft.

References

[1] B. de Wit, V. Kaplunovsky, J. Louis and D. Lüst, Nucl. Phys. B 451 (1995) 53 [hepth/9504006].

[2] P. Claus, B. de Wit, M. Faux, B. Kleijn, R. Siebelink and P. Termonia, Phys. Lett. B 373 (1996) 81 [hep-th/9512143].

[3] P. Claus, B. de Wit, M. Faux and P. Termonia, Nucl. Phys. B 491 (1997) 201 [hepth/9612203].

[4] R. Grimm, M. Hasler and C. Herrmann, Int. J. Mod. Phys. A 13 (1998) 1805 [hepth/9706108].

[5] N. Dragon, S. Kuzenko and U. Theis, Eur. Phys. J. C 4 (1998) 717 [hep-th/9706169]. [6] I. Buchbinder, A. Hindawi and B.A. Ovrut, Phys. Lett. B 413 (1997) 79 [hep-th/9706216]. [7] E. Ivanov and E. Sokatchev, Phys. Lett. B 429 (1998) 35 [hep-th/9711038]. [8] N. Dragon, E. Ivanov, S. Kuzenko, E. Sokatchev and U. Theis, Nucl. Phys. B 538 (1999) 411 [hep-th/9805152].

[9] N. Dragon and U. Theis, Phys. Lett. B 446 (1999) 314 [hep-th/9805199]. [10] P. Claus, B. de Wit, M. Faux, B. Kleijn, R. Siebelink and P. Termonia, Nucl. Phys. B 512 (1998) 148 [hep-th/9710212].

[11] U. Theis, Phys. Lett. B 486 (2000) 443 [hep-th/0005044]. [12] P. Breitenlohner and M.F. Sohnius, Nucl. Phys. B 165 (1980) 483. [13] B. de Wit, J.W. van Holten and A. van Proeyen, Phys. Lett. B 95 (1980) 51. [14] M.F. Sohnius, K.S. Stelle and P.C. West, Phys. Lett. B 92 (1980) 123. [15] F. Brandt, Phys. Lett. B 494 (2000) 325 [hep-th/0009133]. [16] F. Brandt, Nucl. Phys. B 587 (2000) 543 [hep-th/0005086].

[17] M. Henneaux, B. Knaepen and C. Schomblond, Commun. Math. Phys. 186 (1997) 137 [hept-th/9606181].

[18] M. Henneaux and B. Knaepen, Phys. Rev. D 56 (1997) 6076 [hep-th/9706119]. [19] F. Brandt, An overview of new supersymmetric gauge theories with 2-form gauge potentials.

Preprint AEI–2000–068, MPI–MIS–65/2000 [hep-th/0010155]. [20] N. Dragon and S. Kuzenko, Phys. Lett. B 420 (1998) 64 [hep-th/9709088]. [21] A. Hindawi, B.A. Ovrut and D. Waldram, Phys. Lett. B 392 (1997) 85 [hep-th/9609016]. [22] F. Brandt and U. Theis, Nucl. Phys. B 550 (1999) 495 [hep-th/9811180].