arXiv:hep-th/0012144 v2 9 Jan 2001

SUNY-NTG-00/61

Statistical properties of the spectrum of the QCD Dirac operator at low energy

D. Toublan^{1,2} and J.J.M. Verbaarschot^2 1Loomis Laboratory of Physics, University of Illinois, Urbana-Champaign, IL 61801, USA 2Department of Physics and Astronomy, State University of New York, Stony Brook, NY 11794, USA

Abstract

We analyze the statistical properties of the spectrum of the QCD Dirac operator at low energy in a finite box of volume L^4 by means of partially quenched Chiral Perturbation Theory, a low-energy effective field theory based on the symmetries of QCD. We derive the two-point spectral correlation function from the discontinuity of the chiral susceptibility. For eigenvalues much smaller than mc = F^2/ΣL^2, where F is the pion decay constant and Σ is the absolute value of the quark condensate, our result for the two-point correlation function coincides with the result previously obtained from chiral Random Matrix Theory (chRMT). The departure from the chRMT result above that scale is due to the contribution of the nonzero momentum modes. In terms of the variance of the number of eigenvalues in an interval containing n eigenvalues on average, it amounts to a crossover from a log n-behavior to a n^2 log n-behavior.

PACS: 11.30.Rd, 12.39.Fe, 12.38.Lg, 71.30.+h

Keywords: QCD Dirac operator; Chiral random matrix theory; Partially quenched chiral perturbation theory; Thouless energy; Microscopic spectral density; Number variance; Spectral quark mass dependence

1 Introduction

Since the seminal work by Wigner, Dyson and Mehta [1, 2, 3] on the Random Matrix Theory description of level correlations in nuclei, the problem of level statistics has been analyzed in great detail for many different quantum systems (see [4] for a recent review). In QCD, a statistical analysis can be applied to the eigenvalues of the Dirac operator i /D defined by

i /Dϕ_k = iλ_kϕ_k. (1.1)

The Euclidean QCD partition function for N_f quarks of mass m_f is given by

Z^{QCD} = ∫ [dA]_ν N_f∏ f =1

det(i /D + m_f ) e^{−SY M [A]}, (1.2)

and can thus be expressed as

Z^{QCD} = ⟨ N_f∏ f =1 ∏ k (iλ_k + m_f )⟩_{YM}. (1.3)

Here, ⟨· · ·⟩_{YM} denotes an average over the Yang-Mills partition function. This shows that, although the eigenvalues cannot be observed directly, their properties are of fundamental importance to the physics of QCD.

For small enough energies, below the so-called Thouless energy [5, 6, 7, 8], the eigenvalues of the QCD Dirac operator are strongly correlated, and their correlations are given by chiral Random Matrix Theory (chRMT) [9, 10, 11]. For energy differences much larger than the Thouless energy but much smaller than Λ_{QCD}, the eigenvalues of the QCD Dirac operator show much weaker correlations that are different from chRMT. In this domain, the eigenvalue correlations can be computed perturbatively by means of partially quenched Chiral Perturbation Theory (pqChPT). This is a low-energy effective theory based only on the symmetries of QCD formulated to probe the spectrum of the QCD Dirac operator. Finally, for energies beyond Λ_{QCD} the eigenvalues are uncorrelated. These different domains have been identified in lattice QCD simulations [12, 13, 14], and can be derived from random hopping models with the chiral symmetry of the QCD partition function [15, 16, 17, 18, 19, 20]. The occurrence of Random Matrix behavior in the Dirac spectrum can be understood naturally from universality arguments.

The Thouless energy can be studied quantitatively by means of pqChPT. ¿From the analysis of the average spectral density of the QCD Dirac operator, ρ(λ), we found [7, 8, 27] that the Thouless energy is given by m_c = F^2/ΣL^2, where F is the pion decay constant and Σ is the absolute value of the quark condensate. The 1/L^2-dependence of m_c is well-known from the theory of mesoscopic systems (see for example [28]). In addition to Λ_{QCD} there is one other important energy scale in the Dirac spectrum: the smallest nonzero eigenvalue λ_{min}. It is directly related to the spectral density near zero virtuality and is therefore given by the Banks- Casher formula [29]: λ_{min} = 1/ρ(0) = π/ΣV . With the terminology adopted from the study of disordered mesoscopic systems [28] we can thus distinguish four different domains in the Dirac spectrum. The quantum domain and the ergodic domain are separated by λ_{min}, the ergodic domain and the diffusive domain are separated by the Thouless energy m_c, and the diffusive domain and the ballistic domain are separated by Λ_{QCD}.

In this article, we turn our attention to correlations of Dirac eigenvalues, i.e. the fluctuations about the average behavior of the spectrum. For this purpose we consider multi-level correlation functions. We focus our study on the average connected two-point spectral correlation function, ρ_c(λ_1, λ_2), defined by

ρ_c(λ_1, λ_2) = ⟨ ∑ i,j δ(λ_1 − λ_i)δ(λ_2 − λ_j)⟩_{QCD} −⟨ ∑ k δ(λ_1 − λ_k)⟩_{QCD} ⟨ ∑ k δ(λ_2 − λ_k)⟩_{QCD}

≡ δ(λ_1 − λ_2)⟨ ∑ k δ(λ_2 − λ_k)⟩_{QCD} + R(λ_1, λ_2). (1.4)

where ⟨· · ·⟩_{QCD} denotes the average over the QCD partition function, and the λ_k are the eigenvalues of the Dirac operator. In the last line of this equation we have decomposed the correlation function into a term containing the self-correlations and the two-point cluster function, R(λ_1, λ_2). Both terms enter in the disconnected scalar susceptibility which is a more natural object in a field theory context. It is defined by χ = 1 V ∂_{m1} ∂_{m2} ln Z_{QCD} = 1 V ⟨ ∑ k (iλ_k + m_1)^{−1} ∑ j (iλ_j + m_2)^{−1}⟩_{QCD} (1.5) − 1 V ⟨ ∑ k (iλ_k + m_1)^{−1}⟩_{QCD} ⟨ ∑ j (iλ_j + m_2)^{−1}⟩_{QCD} = 1 V ∫_∞ −∞ dλ_1 ∫_∞ −∞ dλ_2 ρ_c(λ_1, λ_2) (iλ_1 + m_1)(iλ_2 + m_2)

. (1.6)

Because of the averaging over the QCD partition function, ρ_c(λ_1, λ_2) depends on the quark masses. Therefore it is not possible to derive the two-point correlation function by inverting the relation (1.6). In order to invert this relation and to compute the correlation function one has to introduce special scalar sources, unequivocally related to the eigenvalues of the QCD Dirac operator, in the QCD partition function. This partition function contains extra degrees of freedom: one fermionic and one bosonic ghost-quark for each special scalar source related to an argument of the spectral correlation function. The pqQCD partition function with two special sources required for the calculation of the spectral two-point function is given by

Z^{pqQCD} = ∫ [dA]_ν det(i /D + z_1 + j_1/2) det(i /D + z_1 − j_1/2) det(i /D + z_2 + j_2/2) det(i /D + z_2 − j_2/2) N_f∏ f =1

det(i /D + m_f ) e^{−SYM [A]}

= ⟨ ∏ k ( N^f∏ f =1

(iλ_k + m_f )

) iλk + z_1 + j_1/2

iλ_k + z_1 − j_1/2 iλ_k + z_2 + j_2/2 iλ_k + z_2 − j_2/2 ⟩

YM . (1.7)

Notice that for j_1 = j_2 = 0 the pqQCD partition function reduces to the QCD partition function. Therefore, the derivatives of the pqQCD partition function with respect to the source terms at j_1 = j_2 = 0 are given by averages over the QCD partition function. This enlarged partition function was first introduced to study the quenched limit in QCD and is therefore known as partially quenched QCD (pqQCD) [30]. It has already been used to compute the spectral density of the QCD Dirac operator in [7, 8]. In that case, only one such special scalar source had to be introduced.

We will be interested in the disconnected scalar susceptibility defined by

χ(z_1, z_2) = 1 V ∂_{j1} ∂_{j2} lnZ_{pqQCD} | | j_1=j_2=0

(1.8) = 1 V ⟨ ∑ k 1 iλ_k + z_1 ∑ j 1 iλ_j + z_2 ⟩

QCD − 1 V ⟨ ∑ k 1 iλ_k + z_1 ⟩ QCD ⟨ ∑ j 1 iλ_j + z_2 ⟩

QCD .

It is related to the spectral two-point correlation function of the QCD Dirac operator (1.4) as follows

χ(z_1, z_2) = 1 V ∫_∞ −∞ dλ_1 ∫_∞ −∞ dλ_2 ρ_c(λ_1, λ_2) (iλ_1 + z_1)(iλ_2 + z_2)

. (1.9)

Because the average over the QCD partition function does not depend on z_1 and z_2, this integral equation can be inverted. Using that χ(z_1, z_2) is odd in both z_1 and z_2, we find that 1 V ρ_c(λ_1, λ_2) = 1 4π^2

Disc | | z_1=iλ_1, z_2=iλ_2

χ(z_1, z_2) = 1 4π^2 lim_{ϵ→0+} ( χ(iλ_1 + ϵ, iλ_2 + ϵ) + χ(−iλ_1 + ϵ, iλ_2 + ϵ)

+χ(iλ_1 + ϵ, −iλ_2 + ϵ) + χ(−iλ_1 + ϵ, −iλ_2 + ϵ) ) . (1.10)

At low energies, as already discussed in [7, 8], the properties of the spectrum of the QCD Dirac operator can be obtained from the low-energy limit of (1.7). As is the case for the usual chiral Lagrangian, this effective theory is completely determined by the symmetries of the pqQCD partition function. This topic will be discussed in the next section. An alternative way to derive the perturbative results for the scalar susceptibility is the use of the replica method [14, 31]. However, nonperturbative results cannot be obtained this way [32, 33, 34, 35, 36, 37, 38, 39].

Partially quenched Chiral Perturbation Theory, which is the basis of most of our results, will be introduced in section 2. The zero momentum sector of this theory will be analyzed in section 3. It will be shown that in this domain the two-point spectral correlation function for arbitrary topological charge is given by chiral Random Matrix Theory. This nonperturbative result generalizes a calculation in [40] to arbitrary topological charge without starting from chiral Random Matrix Theory, but rather from an effective chiral Lagrangian which is obtained from the symmetries of the microscopic theory. The contribution of the nonzero momentum modes to the scalar susceptibility and its discontinuity is calculated in section 4. In section 5 we evaluate the number variance for the different domains in the Dirac spectrum. Concluding remarks are made in section 6.

2 Partially Quenched Chiral Perturbation Theory

It is well-known that the low-energy limit of QCD is given by a theory of weakly interacting Goldstone bosons. The reason is two-fold: the spontaneous breaking of chiral symmetry and the existence of a mass gap for the non-Goldstone excitations. In QCD, chiral symmetry is maximally broken consistent with the Vafa-Witten theorem, implying that SU_L(N_f )×SU_R(N_f ) is broken spontaneously to the diagonal subgroup SU_V (N_f ). The corresponding low-energy effective theory has been investigated in great detail by means of Chiral Perturbation Theory. It describes successfully the strong interaction phenomenology at low energies [41, 42, 43].

In this section we construct the low-energy limit of pqQCD. This low-energy effective theory, known as partially quenched Chiral Perturbation Theory (pqChPT), is again solely based on the symmetries of pqQCD and is given by a theory of Goldstone modes associated with the spontaneous symmetry breaking of chiral symmetry. Because the unitary symmetry is not a good symmetry for the bosonic ghost quarks, i.e., unitary transformations violate the complex conjugation of the fields necessary to obtain a convergent integral, we start from the complexified flavor symmetry group given by Gl(N_f + 2|2) × Gl(N_f + 2|2). The flavor symmetry group of the bosonic ghost quarks is then given by Gl(2)/U(2) × Gl(2)/U(2) which results in convergent bosonic integrals. The natural choice for the flavor symmetry group of the fermionic quarks is U(N_f + 2) × U(N_f + 2). As is the case for QCD we will assume that the axial symmetry of the pqQCD is maximally broken by the vacuum expectation value of the chiral condensate. We will also assume that supersymmetry is not spontaneously broken. Because of spontaneous breaking of chiral symmetry to the diagonal subgroup, the complete Goldstone manifold, which also includes fermionic Goldstone modes, is then given by the maximum super-Riemannian submanifold of Gl(N_f + 2|2) [44, 7, 8]. It will be denoted by ^Gl(N_f + 2|2). It consists of a fermion-fermion block given by U(N_f + 2) and a boson-boson block given by Gl(2)/U(2). The matrix elements of the boson-fermion and the fermion-boson blocks of this manifold are given by independent Grassmann variables. The unbroken chiral symmetry group of the pqQCD partition function is thus given by ^Gl_L(N_f + 2|2) × ^Gl_R(N_f + 2|2).

At low energies the relevant excitations are the Goldstone fields parameterized by

U = exp(i √ 2Π^aT_a/F ), (2.11)

with T_a the generators of the Goldstone manifold ^Gl(N_f + 2|2). Under a ^Gl_L(N_f + 2|2) × ^GlR(Nf + 2|2) transformation of the quark fields, the Goldstone fields transform as

U → U_LUU^{−1}_R . (2.12)

The low energy effective partition function is obtained from the requirement that its transformation properties are the same as for the pqQCD partition function. Under flavor transformations the pqQCD partition function transforms as

Z^{pqQCD}(U_LMU^{−1}_R , θ − i log[SdetU_LU^{−1}_R ]) = Z^{pqQCD}(M, θ), (2.13)

where θ is the vacuum angle, and the quark mass matrix is denoted by M. To lowest order in the momenta and quark masses, the effective partition function is thus given by

Z^{eff} (M, θ) = ∫ U ∈ ^Gl_(N_{f +2|2)} dU e^− ∫ d^4xL(x) (2.14)

with the effective chiral Lagrangian given by [30, 7] L = F^2 4 Str(∂_μU∂_μU^{−1}) − Σ 2 Str(M^†U + MU^{−1}) + Σm̄ 2 ( Φ F − θ)^2. (2.15)

Here, the quark mass matrix is defined by M = diag(z_1 + j_1/2, z_2 + j_2/2, m, · · ·, m N_f , z_1 − j_1/2, z_2 − j_2/2). (2.16)

The axial anomaly is included through a mass term for the super-η^′ field, Φ = −iF Str ln U, while integrating over the full axial symmetry group ^Gl(N_f + 2|2). This term serves as a constraint that projects out the flavor singlet channel. The first two terms in (2.15) also appear in ChPT to lowest order. However, in the case of pqChPT, there are both fermionic and bosonic Goldstone modes. Their masses are given by √ 2Σm/F , √ 2Σz_1/F , √ 2Σz_2/F , √ Σ(m + z_1)/F , √ Σ(m + z_2)/F , and √ Σ(z_1 + z_2)/F , depending on their quark content.

The partially quenched effective partition function was first formulated for the supergroup U(N_f + k|k) to study the quenched approximation in QCD [30]. This formulation is suitable for perturbative calculations. However, an effective partition function based on this group cannot be used for nonperturbative calculations of the group integral. For example, the supertrace leads to the appearance of both positive and negative masses. The correct integration manifold is the super-Riemannian manifold ^Gl(N_f + 2|2) [44, 7, 8].

As already mentioned in the introduction, it is possible to distinguish different domains in the spectrum of the Dirac operator. First, the effective partition function is only valid for z_1, z_2 ≪ Λ_{QCD}. An important scale is given by the Thouless energy defined as the quark mass scale for which the Compton wavelength of the lightest corresponding Goldstone mode is equal to the size of the box, i.e.

m_cΣ F^2 = 1 L^2

. (2.17)

For |z_i| ≪ m_c the z_i-dependence of the condensate is determined by the fluctuations of the zero momentum modes. In this domain, the partition function factorizes into a zero momentum sector and a nonzero momentum sector [7, 45, 46]. In [7, 8] it was shown that in this domain the pqQCD partition function for the one-point function reduces to the chRMT partition function. In this article, we will show that the same is true for the spectral two-point correlation function. Inside this domain, we can distinguish a second scale: the smallest nonzero eigenvalue

λ_{min} = π ΣV . (2.18)

For |z_i| ≫ λ_{min} the group integrals can be evaluated perturbatively, whereas for smaller values of the z_i the group integrals have to be calculated exactly. In the domain z_i ≥ F^2/ΣL^2, the nonzero momentum modes become important and have to be taken into account. These three domains for the spectral two-point function will be analyzed in detail in the remainder of this article.

3 Quantum and Ergodic domains

In these domains, corresponding to |z_i| ≪ m_c, the zero momentum mode sector and the nonzero momentum sectors of the pqChPT partition function factorize [7]. The z_i-dependence of the partition function and therefore the spectral two-point function can be obtained from its zero momentum part only. It is given by the super-unitary matrix integral

Z_{eff} (M, θ) = ∫ U ∈ ^Gl_(N_{f +2|2)} dUe^{ΣV2 Str(M} y_{U +MU}�1_{)−} Σm̄V_{2 (} Φ_{F −θ)}2 . (3.19)

We decompose the partition function according to

Z_{eff} (M, θ) = ∫ dνe^{iνθ} Z_ν(M), (3.20) with the partition function in the sector of topological charge ν given by (for an in depth analysis of the normalization factors of the different topological sectors we refer to [47])

Z_ν (M) = C_1e^{− ν22m̄ΣV} ∫ U ∈ ^Gl_(N_{f +2|2)} dU Sdet^νUe^{ΣV2 Str(MU +M} y_U�1_) . (3.21)

Exact integrals over the Goldstone manifold ^Gl(N_f +2|2) are mathematically quite complicated. In the following we will restrict ourselves to the simplest case, and calculate the scalar susceptibility in the quantum and ergodic domains only in the quenched limit. A calculation of the two-point correlation function based on the supersymmetric formulation of chiral Random Matrix Theory [48, 49] was first given in [40] for the sector of zero topological charge. In this article we start directly from the partially quenched chiral Lagrangian and extend the calculation to all values of the topological charge. Remarkably, the k-point correlation functions can be expressed in terms of the zero momentum part of the ChPT partition function with 2k additional flavors [50]. The relation of these additional flavors with the equal number of additional flavors that enter in the pqQCD partition has been worked out in detail for the one-point function [7].

3.1 Scalar Susceptibility in the Quenched Limit

In the quenched limit and in a sector of topological charge ν, the zero-mode part of the effective partition function can be written as:

Z^ν_{eff} (z_1, z_2, j_1, j_2) = ∫ ^Gl_{(2|2)} DU Sdet^νU exp{ ΣV 2 StrM(U + U^{−1})}, (3.22)

where the mass matrix is given by ΣV M = ( M_1 0 0 M_2 ) , (3.23)

with M_i = ΣV diag(z_i + j_i/2, z_i − j_i/2). The Goldstone manifold ^Gl(2|2) is the maximum Riemannian submanifold of Gl(2|2) with fermion-fermion block given by U(2) and boson-boson block given by Gl(2)/U(2) [44, 7, 8].

3.1.1 Parameterization of the Goldstone manifold

We parameterize the Goldstone manifold in terms of Goldstone modes related with the one-point functions corresponding to z_1 and z_2, and Goldstone modes that describe two-point correlations. A convenient parameterization is given by [40], U = ( w_1 0 0 w_2 ) ( √ 1 − ww̄ w −w̄ √ 1 − w̄w ) ( w_1 0 0 w_2 ) , (3.24)

where w_{1,2} ∈ ^Gl(1|1) and w, w̄ ∈ Gl(1|1). An explicit parameterization of these supermatrices will be given below. The advantage of the parameterization (3.24) becomes clear upon consideration of the supertrace that appears in the exponent in the effective partition function (3.22): ΣV 2 StrM(U + U^{−1}) = S_1 + S_2, (3.25) with

S_1 = 1 2 Str [ M_1 ( w_1 √ 1 − ww̄w_1 + w^{−1}_1 √ 1 − ww̄w^{−1}_1 )] , (3.26) and S_2 = 1 2 Str [ M_2 ( w_2 √ 1 − w̄ww_2 + w^{−1}_2 √ 1 − w̄ww^{−1}_2 )] . (3.27)

Furthermore, the source terms j_1 and j_2 only occur in combination with w_1 and w_2, respectively. As we will see in the next subsection, the invariant measure of ^Gl(2|2) in the parameterization (3.24) factorizes according to

μ(w, w̄, w_1, w_2) = μ(w, w̄)μ(w_1)μ(w_2). (3.28)

We thus find that the integrals over w_1 and w_2 in the computation of the scalar susceptibility factorize

χ(z_1, z_2) = 1 V ∂^2 ∂j_1∂j_2 log Z | | | j_1=j_2=0 = 1 V ∫ dwdw̄ μ(w, w̄) I_1(w, w̄)I_2(w, w̄), (3.29) where the integrals I_1(w, w̄) and I_2(w, w̄) are given by

I_i = ∫ dw_i μ(w_i) ∂_{ji} S_i e^{Si} | | | j_i=0

, i = 1, 2. (3.30)

A further simplification arises by using a polar decomposition of the 2×2 supermatrices that appear in the parameterization (3.24),

w_i = v_iΛ_iv^{−1}_i , i = 1, 2, (3.31) w = vSu^{−1}, w̄ = uS̄v^{−1}, (3.32)

where Λ_{1,2} and S are 2 × 2 diagonal supermatrices with commuting elements given by

Λ_i = diag(e^{iψi/2}, e^{si/2}), i = 1, 2, (3.33) S = diag(sin θe^{iρ}, i sinh ϕe^{iσ}), (3.34) S̄ = diag(sin θe^{−iρ}, i sinh ϕe^{−iσ}), (3.35) C = √ 1 − SS̄ = diag(cos θ, cosh ϕ), (3.36)

and u, v, v_1, and v_2, all elements of U(1|1)/U(1) × U(1), can be conveniently parameterized according to

u = exp ( 0 ζ χ 0 ) , v = exp ( 0 ξ η 0 ) , v_i = exp ( 0 ξ_i η_i 0 ) , i = 1, 2. (3.37)

After these “Grassmann diagonalizations”, the supertraces in (3.26) and (3.27) are given by

S_1 = 1 2 Str [ v^{−1}_1 vCv^{−1}v_1 ( Λ_1v^{−1}_1 M_1v_1Λ_1 + Λ^{−1}_1 v^{−1}_1 M_1v_1Λ^{−1}_1 )] , (3.38) and S_2 = 1 2 Str [ v^{−1}_2 uCu^{−1}v_2 ( Λ_2v^{−1}_2 M_2v_2Λ_2 + Λ^{−1}_2 v^{−1}_2 M_2v_2Λ^{−1}_2 )] . (3.39)

3.1.2 Measure

The parameterization of the Goldstone manifold is of the form

U = W T W = W^2W^{−1}T W ≡ W^2T^′. (3.40)

The Berezinian of the transformation from the variables T^′ to T is one. To calculate the invariant measure we thus consider

T^′[U^{−1}dU]T^{′−1} = W^{−2}dW^2 + [dT^′] T^{′−1}. (3.41)

The measure thus factorizes into a product of one factor depending only on W and another factor depending only on T^′ (and on T after the transformation from T^′ to T ). The W -dependent part of the measure trivially factorizes into a w_1-dependent piece and a w_2-dependent piece. We thus find dμ(U) = w^{−2}_1 dw^2_1 w^{−2}_2 dw^2 T^{−1}dT

≡ μ(w_1)dw_1 μ(w_2)dw_2 μ(w, w̄)dwdw̄. (3.42)

The first two integration measures simply follow from the invariant measure of Gl(1|1)/U(1|1) whereas the integration measure of the T -integrations is given by the invariant measure of Gl(1|1). Both measures will be calculated in the next part of this section.

The matrices w_i in the coset Gl(1|1)/U(1|1) have four independent parameters and can be parameterized as in (3.24, 3.37). We first calculate the measure w^{−1}_i dw_i. To obtain the measure w^{−2}_i dw^2_i we only have to replace the diagonal elements by their square. The invariant measure is given by the Berezinian of the transformation from variables

δw^′_i ≡ v^{−1}_i [w^{−1}_i dw_i]v_i (3.43)

to variables dψ_i, ds_i, dξ_i and dη_i. One easily derives that

δw^′_i = Λ^{−1}_i δw^{′′}_i = Λ^{−1}_i [δv_iΛ_i + dΛ_i − Λ_iδv_i], (3.44)

where δv_i = v^{−1}_i dv_i. The Berezinian of the transformation from the variables δw^{′′}_i to the dΛ_i and the offdiagonal elements of δv_i is given by

Sdet

1 0 0 0 0 1 0 0 0 0 e^{si/2} − e^{iψi/2} 0 0 0 0 e^{iψi/2} − e^{si/2} = 1 (e^{si/2} − e^{iψi/2})(e^{iψi/2} − e^{si/2}) . (3.45)

The Berezinian of the transformation from δw^{′′} to δw^′ is one (factors from the bosonic integrations cancel against factors from the fermionic integrations), and (δv)_{12}(δv)_{21} = dξdη. For the Berezinian, denoted by B, we thus find w^{−1}_i dw_i ≡ Bdψ_ids_idξ_idη_i = de^{si/2}de^{iψi/2}dξ_idη_i (e^{si/2} − e^{iψi/2})(e^{iψi/2} − e^{si/2}) = ids_idψ_idξ_idη_i 4(e^{si/2} − e^{iψi/2})(e^{−si/2} − e^{−iψi/2}) . (3.46)

The integration measure for the w_i variables is then simply obtained by squaring the diagonal elements of Λ_i, μ(w_i)dw_i = ids_idψ_idξ_idη_i (e^{si} − e^{iψi} )(e^{−si} − e^{−iψi} ) . (3.47)

Next we calculate the invariant measure of Gl(1|1). This group has eight independent parameters and can be parameterized as in (3.24) and (3.37). With the observation that [32, 34] T^{−1}dT = dwdw̄ we calculate the integration measure starting from dw^′ ≡ v^{−1}dwu = δvS + dS − Sδu, dw̄^′ ≡ u^{−1}dw̄u = δuS̄ + dS̄ − S̄δv, (3.48) with δu = u^{−1}du and δv = v^{−1}dv. The Berezinian of the transformation from the variables on the left hand side to the variables on the right hand side is given by 1 (sin^2 θ + sinh^2 ϕ)^2 = 1 (cos^2 θ − cosh^2 ϕ)^2

. (3.49)

The Jacobian for the transformation of the variables {S_{11}, S_{22}, S^∗_{11}, S^∗_{22}} to the variables {θ, ϕ, ρ, σ} is simply given by

i sinh 2ϕ sin 2θ. (3.50)

For the invariant measure of Gl(1|1) we thus find T^{−1}dT = μ(w, w̄)dwdw̄ = i sinh 2ϕ sin 2θ (cos^2 θ − cosh^2 ϕ)^2 dθdϕdρdσdζdχdξdη. (3.51) 3.1.3 Integration over the Goldstone manifold The first supertrace S_1 in (3.38) appearing in the integral (3.29) can be written as S_1 ΣV = (z_1 + 1 2 j_1) cos θ cos ψ_1 − (z_1 − 1 2 j_1) cosh ϕ cosh s_1 + j_1(cos θ cos ψ_1 − cosh ϕ cosh s_1)ξ_1η_1 (3.52)

+ (cos θ − cosh ϕ) ( (z_1 + 1 2 j_1) cos ψ_1 − (z_1 − 1 2 j_1) cosh s_1 ) (ξ − ξ_1)(η − η_1)

+ j_1 cos ψ_1 cosh s_1(cos θ − cosh ϕ) ( (ξ − ξ_1)η_1 + ξ_1(η − η_1) ) + j_1(cos θ − cosh ϕ)(cos ψ_1 − cosh s_1)ξηξ_1η_1.

The Grassmann integrals in (3.29) are calculated by collecting the coefficient of ξηξ_1η_1 in the expansion of e^{S1} . Only the terms linear in j_1 contribute to susceptibility. Using the nilpotency of the Grassmann variables, such as for example (ξ − ξ_1)^2 = 0, one easily shows that 1 ΣV ∫ dξdηdξ_1dη_1∂_{j1} e^{S1} |_{j1=0} = e^{ΣV z1(cos θ cos ψ−cosh ϕ cosh s)}(cos θ − cosh ϕ)(cos ψ_1 − cosh s_1) × (1 + ΣV z_1 cos θ cosh ψ_1 − cosh ϕ cosh s_1). (3.53)

An analogous result is obtained from the expansion of e^{S2} . The integration over the Grassmann variables in the disconnected scalar susceptibility (3.29) is now trivial. Taking into account the measures (3.51, 3.47) we arrive at

χ(z_1, z_2) = 4Σ^2V

∫_1 0 dt ∫_∞ 1 dp tp (t^2 − p^2)^2

F(ΣV z_1)F(ΣV z_2), (3.54) where F(x) = (t − p) ∫_2π 0 dψ ∫_∞ 0 ds 1 (e^{iψ} − e^s)(e^{−iψ} − e^{−s}) e^{x(t cos ψ−p cosh s)} e^{ν(iψ−s)} × (cos ψ − cosh s) ( 1 + x(t cos ψ − p cosh s) ) . (3.55)

To avoid Efetov-Wegner terms [51, 52] and problems related to the singularity in the integrand of F(x), we compute 1 (t − p) ( ∂ ∂t + ∂ ∂p ) F(x) = − x 4 ∫_2π 0 dψ ∫_∞ 0 ds e^{x(t cos ψ−p cosh s)} e^{ν(iψ−s)} × (1 − e^{s+iψ} )(1 − e^{s−iψ} ) ( 2 + x(t cos ψ − p cosh s) )

= ( ∂ ∂t + ∂ ∂p ) ( (t + p)I_ν(xt)K_ν(xp) ) . (3.56)

In the first equality we have used the identity cos ψ − cosh s e^{iψ} − e^s = 1 2 (1 − e^{−s−iψ}), (3.57) and the second equality follows from relations for modified Bessel functions. We thus find that

F(x) = (t^2 − p^2)I_ν(xt)K_ν(xp). (3.58)

Inserting this expression into (3.54), the final result for the disconnected scalar susceptibility is given by

χ(z_1, z_2) = 4Σ^4V^3z_1z_2

∫_1 0 dt tI_ν (ΣV z_1t)I_ν(ΣV z_2t) ∫_∞ 1 dp pK_ν(ΣV z_1p)K_ν(ΣV z_2p) = 4Σ^2V z_1z_2 (z^2_1 − z^2 )^2 ( z_1I_{ν+1}(ΣV z_1)I_ν(ΣV z_2) − z_2I_{ν+1}(ΣV z_2)I_ν(ΣV z_1) ) (3.59) × ( z_1K_{ν+1}(ΣV z_1)K_ν(ΣV z_2) − z_2K_{ν+1}(ΣV z_2)K_ν(ΣV z_1) ) . In the limit z_1 = z_2, this expression coincides with the result obtained in [12].

3.2 Two-point correlation function Finally, the two-point spectral correlation function is given by the discontinuity of the disconnected scalar susceptibility across the imaginary axis (1.10). This follows by using relations for Bessel functions such as K_ν(iz) = πi 2 e^{πiν/2}(J_ν (−z) + iN_ν(−z)), K_ν (−iz) = e^{−πiν} K_ν(iz) − πiI_ν(iz), I_ν (iz) = e^{−πiν/2}J_ν (−z), −π < arg z ≤ π 2 , − 2 πz = J_ν (z)N_{ν+1}(z) − J_{ν+1}(z)N_ν(z). (3.60)

In the quantum and ergodic domains, we then obtain the two-point correlation function ρ_c(λ_1, λ_2)

V^2Σ^2

= δ(λ_1 − λ_2) λ_1 2 [J^2_ν (ΣV λ_1) − J_{ν+1}(ΣV λ_1)J_{ν−1}(ΣV λ_1)] (3.61) − λ_1λ_2 (λ^2_1 − λ^2)^2 ( λ_1J_{ν+1}(ΣV λ_1)J_ν(ΣV λ_2) − λ_2J_{ν+1}(ΣV λ_2)J_ν (ΣV λ_1)

)_2 .

The first term represents the contribution due to the selfcorrelations of the eigenvalues (see eq. (1.4)). It comes from the non-trivial ϵ → 0 limit in the discontinuity of the susceptibility (1.10). This results coincides with the chRMT result [53]. In the ergodic domain, where ΣV λ_{1,2} ≫ 1, the two-point spectral correlation function reduces to

ρ_c(λ_1, λ_2) = − 1 2π^2 1 (λ_1 − λ_2)^2

+ · · ·, (3.62)

and agrees with the asymptotic result for the two-point correlation function of the Wigner-Dyson ensembles.

4 Ergodic and Diffusive domains

In these domains, corresponding to λ_{min} ≪ |z_i| ≪ Λ_{QCD}, the scalar susceptibility can be computed perturbatively within pqChPT with Lagrangian for θ = 0 given by (2.15),

L_{eff} =

F^2 4 Str(∂_μU∂_μU^{−1}) − Σ 2 Str(M(U + U^{−1})) +

M^2_0 2 Φ^2 + α 2 ∂_μΦ∂_μΦ. (4.63)

The (N_f + 4) × (N_f + 4) matrix U is parameterized as

U = exp(i √ 2Π^aT_a/F ), (4.64)

with T_a the generators of the Goldstone manifold ^Gl(N_f +2|2), and the singlet field is normalized as Φ = −iF Str ln U. (4.65)

Its mass is related to the topological susceptibility by [7]

M^2_0 = 2⟨ν^2⟩ F^2V ≡ 2m̄Σ F^2

, (4.66)

where m̄ has been introduced to simplify expressions below. For m̄ = m/N_f this expression gives the topological susceptibility for N_f light quarks with mass m,

⟨ν^2⟩ = mV Σ N_f . (4.67)

We can distinguish two types of Goldstone modes: those that correspond to the diagonal generators and those that correspond to the off-diagonal generators. To one-loop order, the offdiagonal Goldstone modes do not mix with the super-singlet field Φ. Therefore, their propagator is simply given by

G(p^2) = (p^2 + M^2)^{−1}, (4.68)

where M is the mass of the corresponding Goldstone mode. The diagonal Goldstone modes, on the other hand, do mix with the super-singlet mode. It is still possible to diagonalize the quadratic form in the Goldstone fields (see [54, 30, 27]). This results in the following propagator for diagonal mesons in the sector of fermionic quarks (1 < i, j < N_f + 2),

G_{ij}(p^2) = δ_{ij} 1 p^2 + M^2_{ii} − (αp^2 + M^2_0 )(p^2 + M^2) (p^2 + M^2_{ii})(p^2 + M^2_{jj} )((1 + N_f α)p^2 + M^2 + N_f M^2_0 ) , (4.69) where i denotes the flavor of the quarks of one of the diagonal mesons, and j the flavor of the quarks of the other one. The masses in the propagator are given by the Gell-Mann–Oakes– Renner relation, M^2_{ii} = 2Σz_i/F^2 for i = 1, 2, M^2 ≡ M^2_{ii} = 2Σm/F^2 for i = 3, · · ·N_f + 2.

We will consider two limits of this theory: M → ∞ (i.e. m → ∞), which is the quenched case, and M_0 → ∞, which is QCD with N_f light flavors of quarks (and a completely decoupled singlet field). In the quenched case, the propagator matrix for the “diagonal mesons” is given by G_{ij}(p^2) = δ_{ij} 1 p^2 + M^2_{ii} − (αp^2 + M^2_0 ) (p^2 + M^2_{ii})(p^2 + M^2_{jj})

, for 1 ≤ i, j ≤ 2, (4.70)

whereas in the QCD limit we find

G_{ij}(p^2) = δ_{ij} 1 p^2 + M^2_{ii} − (p^2 + M^2) N_f (p^2 + M^2_{ii})(p^2 + M^2_{jj})

, for 1 ≤ i, j ≤ N_f + 2. (4.71)

Below we only need the propagators for 1 ≤ i, j ≤ 2 so that both limits can be treated at the same time by introducing the propagator

G_{ij}(p^2) = δ_{ij} 1 p^2 + M^2_{ii} − (ηp^2 + 2Σm_η/F^2) (p^2 + M^2_{ii})(p^2 + M^2_{jj})

, for 1 ≤ i, j ≤ 2. (4.72)

In the QCD limit we have that η = 1/N_f and m_η = m/N_f , whereas the quenched case is obtained by the substitution η = α and m_η = m̄.

4.1 Disconnected scalar susceptibility

We compute the disconnected scalar susceptibility for spectral quarks with masses given by z_1 and z_2. The mass of all N_f other quarks is taken to be equal to m. To one-loop order the contributions represented by the following diagrams have to be taken into account:

Figure 1: One-loop diagrams in pqChPT which contribute to χ(z_1, z_2). The full lines represent either the “standard” propagator of an off-diagonal meson (4.68) or the propagator of a diagonal meson (4.72) (with a cross). The wiggly lines denote the two different scalar sources.

The propagators in the first diagram in Fig. 1 are given by G(p^2) = (p^2 + M^2_{12})^{−1} with M^2_{12} = Σ(z_1 + z_2)/F^2. In the second diagram of Fig. 1, the lines with a cross denote the propagators that mix the diagonal mesons with the super-η^′, G_{12}(p) in (4.72). Such type of contributions also essential in the calculation of the resolvent from the partially quenched chiral Lagrangian as well ([30, 7, 27]). The disconnected scalar susceptibility computed to one-loop order within pqChPT is thus given by

χ(z_1, z_2) =

Σ^2 V F^4 ∑ p [ G(p^2)^2 + 2G_{12}(p^2)^2 ]

= Σ^2 V F^4 ∑ p [ 1 (p^2 + M^2_{12})^2 + 2 (ηp^2 + 2Σm_η/F^2)^2 (p^2 + M^2_{11})^2(p^2 + M^2_{22})^2 ] . (4.73)

In the notation of [55] with

G_r(M^2) =

Γ(r) V ∑ p (p^2 + M^2)^{−r}, (4.74)

the scalar susceptibility can be rewritten as

χ(z_1, z_2) =

Σ^2 F^4 [ G_2(M^2_{12}) +

2(ηz_1 − m_η)^2

(z_1 − z_2)^2

G_2(M^2_{11}) +

2(ηz_2 − m_η)^2

(z_1 − z_2)^2

G_2(M^2_{22}) (4.75) + F^2 Σ 2(ηz_1 − m_η)(ηz_2 − m_η) (z_1 − z_2)^3 ( G_1(M^2_{11}) − G_1(M^2_{22}) )] . The functions G_1(M^2) and G_2(M^2) for momenta in a finite box were analyzed in detail in [55]. They are obviously related to properties of the propagator of a free scalar particle at the origin (notice that G_2(M^2) = −∂_M 2 G_1(M^2)). For a box with volume L^4 and momentum cutoff Λ they are given by [42, 55],

G_1(M^2) = 1 16π^2

M^2 log

M^2 Λ^2

+ g_1(M^2, L),

G_2(M^2) = − 1 16π^2

(1 + log

M^2 Λ^2

) + g_2(M^2, L), (4.76)

where

g_r(M^2, L) = 1 16π^2 ∫_∞ 0 dλλ^{r−3} ∑ n≠0 e^{−λM 2−}n^{2L2/4λ}, (4.77)

and the sum is over a four dimensional lattice of integers. The functions g_r(M^2) obviously vanish in the thermodynamic limit. For 1/ΛL^2 ≪ M ≪ 1/L they dominate the logarithmic terms in the propagators and can be expanded in powers of M resulting in

g_1(M^2, L) = 1 M^2L^4

+ O(M^0/L^2),

g_2(M^2, L) = 1 M^4L^4

+ O(log(ML)). (4.78)

In the domain 1/ΛL^2 ≪ M_{ii} ≪ 1/L (i = 1, 2) the disconnected scalar susceptibility (4.73) is thus given by

χ(z_1, z_2) = m^2_η 2 z^2_1 z^2 V + 1 (z_1 + z_2)^2V

+ . . . . (4.79)

Therefore in the quenched limit, using the relation (4.66), the result reads,

χ(z_1, z_2) =

⟨ν^2⟩^2 2 z^2_1 z^2 Σ^2 V^3 + 1 (z_1 + z_2)^2V

+ . . . , (4.80) and in the QCD limit, with m_η = m/N_f , one finds

χ(z_1, z_2) = m^2 2N^2_f z^2_1 z^2 V + 1 (z_1 + z_2)^2V

+ . . . . (4.81)

In the QCD limit, for spectral quarks with equal masses z_1 = z_2 = m, we indeed recover the ChPT result that can be easily derived from the results given in [56], χ = N^2_f + 2 4N^2_f 1 m^2V

+ . . . . (4.82)

In the thermodynamic limit at fixed values of the quark masses, the finite volume corrections g_{1,2}(M^2, L) in (4.76) can be ignored. This results in the susceptibility

χ(z_1, z_2) = −

Σ^2 16π^2F^2 [ ln z_1 + z_2 2μ + 2 (z_1 − z_2)^3 { ( (ηz_1 − m_η)[m_η(z_1 + z_2) + ηz_1(z_1 − 3z_2)] ) ln z_1 μ − z_1 ↔ z_2

+ (z_1 − z_2) ( η^2(z^2_1 + z^2 ) − 2ηm_η(z_1 + z_2) + 2m^2_η ) }] , (4.83)

where we have defined the scale μ = Λ^2F^2/2Σ (compare to (4.76)). If the two spectral quarks have the same mass z_1 = z_2 = z, a somewhat simpler expression is obtained, χ(z) = Σ^2 16π^2F^4 [ m^2_η 3z^2 + 4ηm_η 3z − ( 1 + 2η^2 ) ln z μ ] . (4.84)

In the limit z → 0, the disconnected scalar susceptibility is singular (notice that this expression is only valid for z ≫ 1/V Σ). This is due to the double pole occurring in the neutral meson propagator when m_η ≠ 0. Such singularities are common in pqChPT. They also appear, for instance, in the small mass behavior of the scalar radius of the pion in the quenched approximation [57]. In the case m_η = 0, i.e. for ⟨ν^2⟩ = 0 or in the chiral limit, the algebraic singularities in (4.83) cancel and only a logarithmic singularity remains.

The physically more interesting QCD limit of the disconnected scalar susceptibility, χ(z_1, z_2), is obtained from (4.83) by putting m_η = m/N_f and η = 1/N_f ,

χ(z_1, z_2) = − 1 16π^2 ( Σ F^2

)_2 [ ln z_1 + z_2 2μ + z^2_1 + z^2 + 2m^2 − 2(z_1 + z_2)m N^2_f (z_1 − z_2)^2 + 2 N^2_f (z_1 − z_2)^3 { ( z^2_1 (z_1 − 3z_2) + 4z_1z_2m − (z_1 + z_2)m^2 ) ln z_1 μ − z_1 ↔ z_2 }] . (4.85) For z_1 → z_2 = z the apparent singularities cancel, and in this limit the expression (4.85) simplifies to χ(z) = Σ^2 16π^2N^2_f F^4 ( m2 3z^2 + 4m 3z − (N^2_f + 2) ln z μ ) , (4.86)

or, in the chiral limit, χ(z) = − Σ^2(N^2_f + 2) 16π^2N^2_f F^4 ln z μ . (4.87)

Finally, in the case z_1 = z_2 = m, we recover the result derived in [56] within ChPT.

4.2 Two-point correlation function In this section, we calculate the two-point spectral correlation function from the discontinuities of the disconnected scalar susceptibility (see (1.10)) obtained perturbatively within pqChPT in the previous section. Therefore, our results for the two-point function are only valid within the domain of validity of perturbative pqChPT,

1/ΣL^4 ≪ λ_i ≪ Λ_{QCD} i = 1, 2, |λ_1 − λ_2| ≫ λ_{min} ∼ 1/ΣL^4. (4.88)

The second condition arises from the susceptibilities χ(±iλ_1 + ϵ, ∓iλ_2 + ϵ) that contribute to the two-point correlation function (see eq. (1.10)). In that case, we have zero-momentum modes with mass ∼ |λ_1 − λ_2| and a perturbative evaluation of the susceptibility is only possible for ΣV |λ_1 − λ_2| ≫ 1. For eigenvalues inside the domain (4.88) satisfying the additional condition λ_i ≪ F^2/ΣL^2, that is the ergodic domain, only the zero momentum modes contribute to the scalar susceptibility which is then given by (4.79). For the connected two-point correlation function we then find

ρ_c(λ_1, λ_2) = − 1 2π^2 [ 1 (λ_1 − λ_2)^2 + 1 (λ_1 + λ_2)^2 ] + · · ·. (4.89)

This result is also obtained from a perturbative expansion of the chRMT result, that is the expression (3.61) derived from the zero-momentum sector of the pqChPT partition function in Section 3.2. It does not depend on any of the low-energy coupling constants that appear in the effective Lagrangian (4.63) and is thus the same, independent of the number of flavors and the quark masses, provided that chiral symmetry is broken spontaneously.

The perturbative result for the two-point spectral correlation function is obtained from the discontinuity of (4.75). At finite volume, in the domain (4.88), it is given by

ρ_c(λ_1, λ_2) = − 1 2π^2 1 (λ_1 − λ_2)^2 − 1 2π^2 1 (λ_1 + λ_2)^2 + Σ^2 2π^2F^4 ∑ ⃗p≠0 { p4 −^{Σ2}

F^4 (λ1 − λ2) 2 (p^4 +^{Σ2}_{F 4} (λ_1 − λ_2)^2)^2 + p^4 −^{Σ2}_{F 4} (λ_1 + λ_2)^2 (p^4 +^{Σ2}_{F 4} (λ_1 + λ_2)^2)^2 }

+ Σ^2 2π^2F^4 ∑ ⃗p≠0 4(ηp^2 + 2Σm_η/F^2)^2 p^4 −^{Σ2}_{F 4} λ^2_1 (p^4 +^{Σ2}_{F 4} λ^2_1)^2 p^4 −^{Σ2}_{F 4} λ^2 (p^4 +^{Σ2}_{F 4} λ^2)^2 } . (4.90)

In the ergodic domain, only the contribution of the first two terms has to be taken into account. In the diffusive domain, the thermodynamic limit of (4.90) is given by

ρ_c(λ_1, λ_2) = −

Σ^2V 64π^4F^4 [ ln (λ^2_1 − λ^2)^2 16μ^4 + 8 (λ^2_1 + λ^2)(η^2(λ^2_1 + λ^2) − 2m^2_η) (λ^2_1 − λ^2)^2 −16π ηm_η|λ_1||λ_2| (|λ_2| + |λ_1|)^3 + 4 1 (λ^2_1 − λ^2)^3 { m^2_η(λ^4_1 + 6λ^2_1λ^2 + λ^4_2) ln λ^2_1 λ^2

+η^2λ^2_1[λ^4_1 − 6λ^2_1λ^2 − 3λ^4_2] ln λ^2_1 μ^2

− η^2λ^2[λ^4_2 − 6λ^2λ^2_1 − 3λ^4_1] ln λ^2 μ^2 }] . (4.91)

This result can also be obtained directly from the thermodynamic limit of the scalar susceptibility in the diffusive domain (4.83). The two-point correlation function is even in both λ_1 and λ_2 but is not translational invariant. These properties originate from the pairing of the Dirac eigenvalues. For massless quarks (or topological susceptibility equal to zero in the quenched case) the expression (4.91) simplifies to

ρ_c(λ_1, λ_2) = −

Σ^2V 64π^4F^4 [ ln (λ^2_1 − λ^2)^2 16μ^4 + 4η^2 (λ^2_1 − λ^2)^2 { 2(λ^2_1 + λ^2)^2 (4.92) + 1 λ^2_1 − λ^2 ( λ^2_1[λ^4_1 − 6λ^2_1λ^2 − 3λ^4_2] ln λ^2_1 μ^2

− λ^2[λ^4_2 − 6λ^2_1λ^2 − 3λ^4_1] ln λ^2 μ^2 )}] , where η = 1/N_f in the QCD case, and η = α in the quenched case. Notice that in the limit λ_1 → λ_2 the terms proportional to η^2 are regular. For |λ_1 − λ_2| ≪ λ_{1,2} the infrared singular part of the correlation function (4.92) simplifies to

ρ_c(λ_1, λ_2) = −

Σ^2 32π^4F^4 log |λ_1 − λ_2| μ . (4.93)

This result, derived for m_η = 0, does not depend on the parameter η. It is therefore valid for QCD with any number of flavors of massless quarks, even zero. It cannot be obtained from chRMT. Beyond the energy scale for which the kinetic term in the chiral Lagrangian cannot be neglected, also known as the Thouless energy, pqChPT differs from chRMT. This was observed earlier in the analysis of the spectral density in [5, 7] and will be discussed in greater detail in the next section.

5 Number Variance

In the study of disordered systems, a frequently used measure of the spectral correlations is the number variance of the eigenvalues. It is defined as the variance of the number of eigenvalues in an interval that contains n eigenvalues on average. If the actual number of eigenvalues in each such interval for the i-th member of the ensemble is given by n_i, the p-th moment of the number of eigenvalues is given by the ensemble average ⟨n^p_i ⟩. With the number variance denoted by Σ^2(n) we thus have n = ⟨n_i⟩, Σ^2(n) = ⟨n^2_i ⟩ − ⟨n_i⟩^2. (5.94)

If we denote the eigenvalues for the i-th member of the ensemble by λ^{(i)}_k the corresponding spectral density is given by

ρ_i(λ) = ∑ k δ(λ − λ^{(i)}_k ). (5.95)

The number of eigenvalues inside the interval [a, b] is equal to

n_i = ∫ b a dλρ_i(λ). (5.96)

The average number of eigenvalues inside this interval is thus given by n = ∫ b a dλ⟨ρ_i(λ)⟩, (5.97) and the number variance can be written as

Σ^2(n) = ∫ b a ∫ b a dλ_1dλ_2ρ_c(λ_1, λ_2), (5.98)

with the connected two-point correlation function given by

ρ_c(λ_1, λ_2) = ⟨ρ_i(λ_1)ρ_i(λ_2)⟩ − ⟨ρ_i(λ_1)⟩⟨ρ_i(λ_2)⟩. (5.99)

If the average spectral density is not constant on the interval [a, b] there will be a contribution to the number variance due to the variation of the average spectral density. We will always assume that this contribution has been eliminated by a procedure called unfolding [3].

The two-point correlation function can be decomposed as ⟨ρ_i(λ)ρ_i(λ^′)⟩ = δ(λ − λ^′) ∑ k ⟨δ(λ − λ_k)⟩ + ∑ k≠l ⟨δ(λ − λ_k)δ(λ^′ − λ_l)⟩. (5.100) The connected two-point correlation function can be written as (see (1.4))

ρ_c(λ, λ^′) = δ(λ − λ^′)ρ(λ) + R(λ, λ^′), (5.101)

where the two-point cluster function R(λ, λ^′) contains only correlations of different eigenvalues and is regular for λ → λ^′.

For a finite total number of eigenvalues, we obtain by integration of the connected two-point correlation function the sum rule ∫ dλ_1ρ_c(λ_1, λ_2) = 0. (5.102)

The contribution due to the self-correlations is canceled by the contribution from the two-point cluster function. The coefficient of the linear term in the asymptotic expansion of the number variance is given by

dΣ^2(n) dn = 2 π ΣV ∫ πn/_ΣV 0 dλρ_c( πn ΣV , λ). (5.103)

where we have used that ρ_c(λ_1, λ_2) = ρ_c(λ_2, λ_1). This quantity is also known as the spectral compressibility. We observe that for large n the coefficient of the linear term vanishes provided that the correlation function approaches zero faster than 1/λ, 1/λ^′, i.e. when the integration in the sum-rule (5.102) is convergent without imposing a cutoff on the total number of eigenvalues. If this is the case the correct asymptotic result for the number variance is obtained from the asymptotic result of the two-point cluster function provided it is regularized such that the sumrule (5.102) is satisfied.

In the previous sections, the two-point correlation function was derived under the assumption that λ_1, λ_2 ≪ Λ_{QCD}. On this scale, the variations of the average spectral density [7] can be neglected. The average number of eigenvalues in the interval [0, Δ] is given by n = ∫_Δ 0 dλρ(λ). (5.104) For m_η = 0 the spectral density for λ ≪ Λ_{QCD} is given by the Banks-Casher relation ρ(λ) = ΣV π + · · · . (5.105)

The average number of eigenvalues in the interval [0, Δ], of eigenvalues is thus given by n = ΣV Δ π + · · · , (5.106)

and the number variance can be written as

Σ^2(n) = ∫ πn/_ΣV 0 dλ_1 ∫ πn/_ΣV 0 dλ_2 ρ_c(λ_1, λ_2)

= n + ∫ πn/_ΣV 0 dλ_1 ∫ πn/_ΣV 0 dλ_2 R(λ_1, λ_2). (5.107)

Perturbative calculations of the spectral two-point function are only valid for |λ_1 − λ_2| ≫ λ_{min} and do not include the term due to self-correlations. However, they are included in the nonperturbative result (3.59) valid in the ergodic domain and in the quantum domain. Therefore the number variance in the quantum domain and in the ergodic domain is obtained by simply inserting the non-perturbative result (3.61) into (5.107). We are not aware of any analytic expression for these integrals. However both in the case of small n and in the case of large n, one can derive concise analytic expressions for the number variance. Only the self-correlations in (3.61) contribute to the small-n limit of the number variance,

Σ^2(n) = n + O(n^2). (5.108)

As discussed above the asymptotic large-n result of the number variance can only be obtained from the asymptotic result of the two-point correlation function after it has been regularized such that the sum-rule (5.102) is satisfied. In the ergodic domain this is achieved by

ρ_c(λ_1, λ_2) = ρ(λ)[δ(λ − λ^′) + δ(λ + λ^′)] − 1 2π^2 [ 1 (λ_1 − λ_2)^2 + a^2 + 1 (λ_1 + λ_2)^2 + a^2 ] + · · ·. (5.109)

where a is determined by the sum rule (5.102), a = 1 2πρ(λ) . (5.110)

In the ergodic domain, we have that λ ≪ 1/L^2Λ_{QCD} so that ρ(λ) is well approximated by ρ(0). Then ρ(0) drops out of the expression for the number variance, and at leading order we find the familiar logarithmic dependence known from Random Matrix Theory,

Σ^2(n) = 1 2π^2 log n + · · · . (5.111)

It coincides with the result derived from chRMT. Notice that in the bulk of the spectrum the coefficient of log n is a factor of 2 larger.

At finite volume, for eigenvalues much larger than the smallest eigenvalues but in the domain of chiral perturbation theory (i.e. n_{QCD} ≫ n ≫ 1), the number variance can be calculated from

Figure 2: The number variance for levels below n_{QCD} computed from pqChPT for N_f = 3 massless quarks. The solid curve represents the result from the zero-mode sector of the partition function, or chRMT, and the dashed curve shows the perturbative result. The volume of the box is (20 fm)^4, the Thouless scale is n_c ß 27.5 and n_{QCD} ß 10^5. Notice how late the asymptotic log n-behavior is reached, and how early the non-zero momentum corrections are visible. A strikingly similar figure has been obtained for a disordered metal in [58].

the expression for the two-point correlation function that includes the nonzero-momentum modes (4.90). We find

Σ^2(n) = 1 2π^2 log n + 1 4π^2 ∑ ⃗k≠0 log k^4 + ( n 2π2nc )_2

k^4

+8π^2 ( n 2π^2n_c

)_2 ∑ ⃗k≠0 ηk^2 4π2 +^{2Σmη}_{F 2}

k^4 + ( n 2π2nc )_2 2 , (5.112)

where n_c = m_c/λ_{min} = F^2L^2/π is the dimensionless Thouless scale. We have used that p_μ = 2πk_μ/L with k_μ a four-dimensional hypercubic lattice with unit cell of length one.

In the diffusive domain, the thermodynamic limit of (5.112) is given by

Σ^2(n) = −

1 + 2η^2 16π^4 ( n n_c )_2 log n n_{QCD}

, (5.113)

where n_{QCD} ≡ μ/λ_{min} ∼ Λ_{QCD}/λ_{min}. Therefore, for QCD with N_f flavors of massless quarks one finds that in the diffusive domain n_c ≪ n ≪ n_{QCD}, the number variance of the Dirac spectrum is given by

Σ^2(n) = −

N^2_f + 2 16π^4N^2_f ( n n_c )_2 log n n_{QCD}

. (5.114)

The number variance computed from pqChPT for eigenvalues below Λ_{QCD} is shown in Fig. 2.

Finally in the ballistic domain, for n ≫ n_{QCD} the eigenvalues of the Dirac operator in QCD are correlated as those for a free Dirac operator. The n^2 log n behavior saturates as n for n ≫ n_{QCD} where the interactions become weak because of asymptotic freedom. The spectrum thus obeys Poisson statistics, and the number variance is given by

Σ^2(n) = n. (5.115)

6 Conclusions

We have analyzed the fluctuations of the eigenvalues of the QCD Dirac operator by means of the partially quenched chiral susceptibility. The two-point spectral correlation function is obtained from its discontinuity across the imaginary axis. The variance, Σ^2(n), of the number of eigenvalues in an interval containing n eigenvalues on average is obtained by integrating the spectral two-point correlation function. The generating function for the scalar susceptibility is given by the QCD partition function with two additional fermionic quarks and two additional bosonic ghost quarks with a mass equal to the spectral mass (also known as valence quark mass) that enters in the partially quenched chiral susceptibility. For spectral quark masses well below Λ_{QCD} the low-energy limit of this theory is completely determined by its global symmetries.

Based on this partition function we have distinguished three important scales in the Dirac spectrum, the smallest nonzero eigenvalue, λ_{min} = π/ΣV , the spectral mass for which the Compton wavelength of the corresponding Goldstone boson is equal to the size of the box, m_c = F^2/ΣL^2, and Λ_{QCD}. The analogues of these scales are well-known in mesoscopic physics where they separate the quantum domain, the ergodic domain, the diffusive domain and the ballistic domain, respectively.

For spectral quark masses well below m_c, in the ergodic domain, the kinetic term in the partially quenched chiral Lagrangian decouples from the zero momentum part, and only the latter part has to be taken into account. In this domain the partition function only depends on the number of flavors, the topological charge and the combination mV Σ or zV Σ. Nontrivial results are obtained by keeping this combination fixed in the thermodynamic limit.A perturbative expansion of the zero momentum part of the partition function is possible for spectral quark masses that are much larger than λ_{min}. For smaller spectral quark masses we have calculated exactly the super-integrals that appear in the partition function for the sector of topological charge ν. Our results for the scalar susceptibility and the corresponding spectral two-point correlation function in this domain are in complete agreement with chiral Random Matrix Theory. This result, together with earlier work on the microscopic spectral density, provides strong evidence that also all higher order correlation functions that can be derived from the low-energy limit of the QCD partition function coincide with the results from chiral Random Matrix Theory. The number variance in this domain is given by log n/2π^2, showing that the fluctuations of the eigenvalues are strongly suppressed.

For spectral masses in the diffusive domain, m_c ≪ z ≪ Λ_{QCD}, when nonzero momentum modes have to be taken into account, a perturbative evaluation of the partition is justified. In this limit for λ ≪ Λ_{QCD} we have calculated the scalar susceptibility to one loop in chiral perturbation theory. We have found that in the case of massive quarks (including the quenched case) that the scalar susceptibility shows a quadratic infrared divergence. At finite volume this divergence is regulated by nonzero momentum modes, and thus only appears for valence quark masses beyond the Thouless energy. We expect that this divergence will show up much more prominently in lattice QCD simulations than its analogue of quenched chiral logarithms.

The prediction for the behavior of the two-point correlation function in the diffusive regime is ρ_c(λ_1 − λ_2) ∼ 1/(λ_1 − λ_2)^{(d−4)/2} [59]. In agreement with this result we have found a logarithmic dependence of ρ_c(λ_1 − λ_2) on |λ_1 − λ_2|. The corresponding number variance is given by Σ^2(n) ∼ n^2 log n. The proportionality constant given by (N^2_f + 2)/(16π^2N^2_f F^2L^2) provides us with an alternativemethod to determine the pion decay constant.

The behavior of the number variance is very different in the various domains we have defined. Deep in the quantum domain, for small n, the interval contains randomly either zero or one level and Σ^2(n) = n. When the first level is reached, the number variance almost stops increasing. It has a log n behavior up to the Thouless scale n_c = 1/F^2L^2. Therefore the spectrum is quite stiff in this domain. Around the Thouless scale, the number variance increases much faster again. Well above n_c but below n_{QCD}, the level number corresponding to Λ_{QCD}, the number variance grows like n^2 log n. Finally, for level number much larger than n_{QCD}, the Dirac spectrum is in essence a free particle spectrum because of asymptotic freedom. The levels are therefore randomly distributed and the number variance is again given by Σ^2(n) = n. This behavior is typical for a disordered metallic phase in condensed matter physics.

In conclusion, we have shown that the fluctuations of the QCD Dirac eigenvalues below Λ_{QCD} in the phase of broken chiral symmetry are completely determined by the symmetries of the QCD partition function.

Acknowledgements

This work was partially supported by the US DOE grant DE-FG-88ER40388. One of us (D.T.) was supported in part by “Holderbank”-Stiftung and by Janggen-Pöhn-Stiftung. D. Dalmazi, P. Damgaard, J. Kogut, J. Osborn, K. Splittorff, and T. Wettig are acknowledged for useful discussions.

References

[1] E.P. Wigner, Ann. Math. 53 (1951) 36.

[2] F.J. Dyson, J. Math. Phys. 3 (1962) 140, 157, 166, 1199.

[3] M. Mehta, Random Matrices (Academic Press, San Diego, 1991). J. Math. Phys. 4 (1963) 701.

[4] T. Guhr, A. Müller-Groeling, and H.A. Weidenmüller, Phys. Rep. 299 (1998) 189.

[5] J.J.M. Verbaarschot, Phys. Lett. B 368 (1996) 137.

[6] J.C. Osborn and J.J.M. Verbaarschot, Phys. Rev. Lett. 81 (1998) 268; Nucl. Phys. B 525 (1998) 738.

[7] J.C. Osborn, D. Toublan and J.J.M. Verbaarschot, Nucl. Phys. B 540 (1999) 317.

[8] P.H. Damgaard, J.C. Osborn, D. Toublan, and J.J.M. Verbaarschot, Nucl. Phys. B 547 (1999) 305.

[9] E.V. Shuryak and J.J.M. Verbaarschot, Nucl. Phys. A 560 (1993) 306. [10] J.J.M. Verbaarschot, Phys. Rev. Lett. 72 (1994) 2531. [11] J.Z. Ma, T. Guhr and T. Wettig, Eur. Phys. J. A2 (1998) 87.

[12] M. Göckeler, H. Hehl, P.E.L. Rakow, A. Schäfer, and T. Wettig, Phys. Rev. D 59 (1999) 094503.

[13] M.E. Berbenni-Bitsch, M. Göckeler, T. Guhr, A.D. Jackson, J.-Z. Ma, S. Meyer, A. Schäfer, H.A. Weidenmüller, T. Wettig, and T. Wilke, Phys. Lett. B 438 (1998) 14; M.E. Berbenni- Bitsch, M. Göckeler, S. Meyer, A. Schäfer, and T. Wettig, Nucl. Phys. B (Proc. Suppl.) 73 (1999) 605.

[14] M.E. Berbenni-Bitsch, M. Göckeler, H. Hehl, S. Meyer, P.E.L. Rakow, A. Schäfer, and T.

Wettig, Phys. Lett. B 466 (1999) 293; Nucl. Phys. Proc. Suppl. 83 (2000) 974. [15] R. Gade and F. Wegner, Nucl. Phys. B 360 (1991) 213; R. Gade, Nucl. Phys. B 398 (1993) 499.

[16] A. Altland and B.D. Simons, Nucl. Phys. B 562 (1999) 445. [17] K. Takahashi and S. Iida, Nucl. Phys. B573 (2000) 685.

[18] T. Guhr, T. Wilke, and H.A. Weidenmüller, Phys. Rev. Lett. 85 (2000) 2252. [19] K. Takahashi and S. Iida, cond-mat/0011003. [20] T. Guhr and T. Wilke, Nucl. Phys. B 593 (2001) 361.

[21] G. Akemann, P. Damgaard, U. Magnea and S. Nishigaki, Nucl. Phys. B 487[FS] (1997) 721.

[22] E. Brézin, S. Hikami and A. Zee, Nucl. Phys. B464 (1996) 411. [23] A.D. Jackson, M.K. Sener and J.J.M. Verbaarschot, Nucl. Phys. B479 (1996) 707. [24] T. Guhr and T. Wettig, Nucl. Phys. B506 (1997) 589.

[25] A.D. Jackson, M.K. Sener and J.J.M. Verbaarschot, Nucl. Phys. B506 (1997) 612. [26] M.K. Sener and J.J.M. Verbaarschot, Phys. Rev. Lett. 81 (1998) 248. [27] D. Toublan and J.J.M. Verbaarschot, Nucl. Phys. B 560 (1999) 259. [28] G. Montambaux, in Quantum Fluctuations, Les Houches, Session LXIII, eds. E. Giacobino, S. Reynaud, and J. Zinn-Justin, (Elsevier Science, 1995), cond-mat/9602071.

[29] T. Banks and A. Casher, Nucl. Phys. B 169 (1980) 103.

[30] C. Bernard and M. Golterman, Phys. Rev. D49 (1994) 486; C. Bernard and M. Golterman, hep-lat/9311070.

[31] P. H. Damgaard and K. Splittorff, Nucl. Phys. B572 (2000) 478. [32] J.J.M. Verbaarschot and M.R. Zirnbauer, J. Phys. A17 (1985) 1093. [33] A. Kamenev and M. Mezard, J. Phys. A32 (1999) 4373; Phys. Rev. B60 (1999) 3944. [34] I.V. Yurkevich and I.V. Lerner, Phys. Rev. B60 (1999) 3955. [35] E. Kanzieper, cond-mat/9908130. [36] M.R. Zirnbauer, cond-mat/9903338.

[37] P.H. Damgaard and K. Splittorff, Phys. Rev. D62 (2000) 054509; P.H. Damgaard, Phys.

Lett. B476 (2000) 465.

[38] D. Dalmazi and J. J. Verbaarschot, Nucl. Phys. B592 (2001) 419. [39] G. Akemann, D. Dalmazi, P. H. Damgaard and J. J. Verbaarschot, hep-th/0011072. [40] A.V. Andreev, B.D. Simons and N. Taniguchi, Nucl. Phys. B 432 (1996) 3420. [41] S. Weinberg, Phys. Rev. Lett. 18 (1967) 188; Phys. Rev. 166 (1968) 1568; Physica A 96 (1979) 327.

[42] J. Gasser and H. Leutwyler, Ann. Phys. 158 (1984) 142; Nucl. Phys. B 250 (1985) 465; H.

Leutwyler, Ann. Phys. 235 (1994) 165. [43] H. Leutwyler, Ann. Phys. 235 (1994) 165.

[44] M.R. Zirnbauer, J. Math. Phys. 37 (1996) 4986; F.J. Dyson, Commun. Math. Phys. 19 (1970) 235.

[45] J. Gasser and H. Leutwyler, Phys. Lett. 188B(1987) 477; Nucl. Phys. B307 (1988) 763. [46] H. Leutwyler and A. Smilga, Phys. Rev. D46 (1992) 5607. [47] P. H. Damgaard, Nucl. Phys. B556, 327 (1999).

[48] K.B. Efetov, Supersymmetry in disorder and chaos, Cambridge University Press, (1997);

K.B. Efetov, Adv. Phys. 32 (1983) 53.

[49] J.J.M. Verbaarschot, H.A. Weidenmüller, and M.R. Zirnbauer, Phys. Rep. 129 (1985) 367 (1985).

[50] P.H. Damgaard, Phys. Lett. B 424 (1998) 322; G. Akemann and P.H. Damgaard, Nucl.

Phys. B 528 (1998) 411; G. Akemann and P. H. Damgaard, Phys. Lett. B432 (1998) 390; Nucl. Phys. B576 (2000) 597.

[51] P.B. Gossiaux, Z. Pluhar and H.A. Weidenmüller, Ann. Phys. (N.Y.) 268 (1998) 273. [52] M.R. Zirnbauer and F.D.M. Haldane, Phys. Rev. B52 (1995) 8729. [53] J.J.M. Verbaarschot and I. Zahed, Phys. Rev. Lett. 70 (1993) 3852. [54] M.F.L. Golterman and K.C. Leung, Phys. Rev. D57 (1998) 5703; M.F.L. Golterman, Acta Phys. Polon. B25 (1994) 1731.

[55] P. Hasenfratz and H. Leutwyler, Nucl. Phys. B343 (1990) 241. [56] A. Smilga and J. J. Verbaarschot, Phys. Rev. D54 (1996) 1087. [57] G. Colangelo and E. Pallante, Nucl. Phys. B520 (1998) 433. [58] D. Braun and G. Montambaux, Phys. Rev. B52 (1995) 13903.

[59] B.L. Altshuler and B.I. Shklovskii, Zh. Eksp. Teor. Fiz. 91 (1986) 220 [Sov. Phys. JETP 64 (1986) 127].