arXiv:hep-th/0012263 29 Dec 2000

On supersymmetric solutions in D = 11 supergravity with Ricci-flat internal spaces

V. D. Ivashchuk

Centre for Gravitation and Fundamental Metrology VNIIMS, 3-1 M. Ulyanovoy St. Moscow, 117313, Russia, and Institute of Gravitation and Cosmology, Peoples’ Friendship University of Russia, 6 Miklukho-Maklaya Str., Moscow 117198, Russia e-mail: ivas@rgs.phys.msu.su

Abstract

An introduction to supersymmetric (SUSY) solutions defined on the product of Ricci-flat spaces in D = 11 supergravity is presented. The paper contains some background information: (i) decomposition relations for SUSY equations and (ii) 2^{−k}-splitting theorem that explains the appearance of N = 2^{−k} fractional supersymmetries. Examples of M2 and M5 branes on the product of two Ricci-flat spaces are considered and formulae for (fractional) numbers of unbroken SUSY are obtained.

1 Introduction

In this paper we start ”SUSY investigations” of solutions with (intersecting composite non-localized) p-branes from [2]-[13]). These solutions have block-diagonal metrics defined on the product of Ricci-flat spaces M_0 × M_1 × . . . × M_n and are governed by harmonic functions on M_0. Thus, we are interesting in a subclass of SUSY solutions ¿from [2]-[13]), when certain supergravity theories are considered. Here we consider the case of D = 11 supergravity [1].

We note that for flat internal spaces and M_0 the SUSY solutions were considered intensively in numerous publications (see, e.g. [26]-[37] and references therein).

Recently certain SUSY solutions in D = 10, 11 supergravities with several internal Ricci-flat internal spaces were considered [14]-[25]. Some of them may be obtained by a simple replacing of flat metrics by Ricci-flat ones. We note that major part of these exact solutions (regardless to SUSY properties) are not new ones but are special cases of those obtained before (see [2]-[13], and references therein). (For example, the magnetic 5-brane solution from [16] with N = 1/4 SUSY is a special case of solutions ¿from [2, 3, 4] etc).

Here we suggest a more general approach for investigation of the solutions to ”Killinglike” SUSY equations in the backgrounds with block-diagonal metric defined on the product of Ricci-flat spaces M_0 × M_1 × . . . × M_n with arbitrary (though restricted) n. The 4-form is (tacitly) assumed to be a sum of p-brane monoms of magnetic and electric types.

The paper contains some background treatment: (i) decomposition relation for spin connection and matrix-valued covector fields that appear in the SUSY equation; (ii) 2^{−k}- splitting theorem for k commuting linear operators.

Here we consider the simplest examples of M2 and M5 branes defined on the product of two Ricci-flat spaces and obtain formulae for fractional number of SUSY. We also consider the simplest M2 ∩ M5-configuration (defined on the product of flat spaces) to show how the 2^{−k}-splitting theorem works.

2 Basic notations

Now we describe the basic notations (in arbitrary dimension D).

2.1 Product of manifolds

Here we consider the manifolds

M = M_0 × M_1 × . . . × M_n, (2.1)

with the metrics g = e^{2γ(x)}ĝ^0 + n∑ i=1 e^{2ϕi(x)}ĝ^i, (2.2)

where g^0 = g^0_{μν} (x)dx^μ ⊗ dx^ν is a metric on the manifold M_0 and g^i = g^i_{mini} (y_i)dy^{mi}_i ⊗ dy^{ni}_i is a metric on M_i, i = 1, . . . , n.

Here ĝ^i = p^∗_i g^i is the pullback of the metric g^i to the manifold M by the canonical projection: p_i : M → M_i, i = 0, . . . , n.

The functions γ, ϕ^i : M_0 → R are smooth. We denote d_ν = dimM_ν; ν = 0, . . . , n; D = ∑n ν=0 d_ν . We put any manifold M_ν , ν = 0, . . . , n, to be oriented and connected.

Then the volume d_i-form τ_i ≡ √ |g^i(y_i)| dy^1_i ∧ . . . ∧ dy^{di}_i , (2.3) and signature parameter ε(i) ≡ sign(det(g^i_{mini} )) = ±1 (2.4) are correctly defined for all i = 1, . . . , n. Let Ω = Ω(n) be a set of all non-empty subsets of {1, . . . , n} (|Ω| = 2^n − 1). For any I = {i_1, . . . , i_k} ∈ Ω, i_1 < . . . < i_k, we denote τ (I) ≡ τ̂_{i1} ∧ . . . ∧ τ̂_{ik} , (2.5) ε(I) ≡ ε(i_1) . . . ε(i_k), (2.6) d(I) ≡ ∑ i∈I d_i. (2.7)

Here τ̂_i = p^∗_i τ̂_i is the pullback of the form τ_i to the manifold M by the canonical projection: p_i : M → M_i, i = 1, . . . , n. 2.2 Diagonalization of metric

For the metric g = g_{MN} (x)dx^M ⊗ dx^N from (2.2), M, N = 0, . . . , D − 1, defined on the manifold (2.1), we define the diagonalizing D-bein e^A = e^A_M dx^M

g_{MN} = η_{AB}e^A_M e^B_N , η_{AB} = η^{AB} = η_Aδ_{AB}, (2.8) η_A = ±1; A, B = 0, . . . , D − 1. We choose the following frame vectors

(e^A_M ) = diag(e^γe^{(0)a}_μ, e^{ϕ1} e^{(1)a1}_{m1} , . . . , e^{ϕn}e^{(n)an}_{mn} ), (2.9)

where g^0_{μν} = η^{(0)}_{ab} e^{(0)a}_μe^{(0)b}_ν, g^i_{mini} = η^{(i)}_{aibi} e^{(i)ai}_{mi} e^{(i)bi}_{ni} , (2.10) i = 1, . . . , n, and (η_{AB}) = diag(η^{(0)}_{ab} , η^{(1)}_{a1b1} , . . . , η^{(n)}_{anbn} ). (2.11) For (e^M_A) = (e^A_M )^{−1} we get

(e^M_A) = diag(e^{−γ}e^{(0)μ}_a, e^{−ϕ1} e^{(1)m1}_{a1} , . . . , e^{−ϕn} e^{(n)mn}_{an} ), (2.12)

where (e^{(0)μ}_a) = (e^{(0)a}_μ)^{−1}, (e^{(i)mi}_{ai} ) = (e^{(i)ai}_{ni} )^{−1}, i = 1, . . . , n.

Indices. For indices we also use an alternative numbering: A = (a, a_1, . . . , a_n), B = (b, b_1, . . . , b_n), where a, b = 1_0, . . . , (d_0)_0; a_1, b_1 = 1_1, . . . , (d_1)_1; ...; a_n, b_n = 1_n, . . . , (d_n)_n; and M = (μ, m_1, . . . , m_n), N = (ν, n_1, . . . , n_n), where μ, ν = 1_0, . . . , (d_0)_0; m_1, n_1 = 1_1, . . . , (d_1)_1; ...; m_n, n_n = 1_n, . . . , (d_n)_n.

2.3 Gamma-matrices

In what follows Γ̂_A are ”frame” Γ-matrices satisfying Γ̂_AΓ̂_B + Γ̂_BΓ̂_A = 2η_{AB}1, (2.13) A, B = 0, . . . , D − 1. Here 1 = 1_D is unit D × D matrix. We also use ”world” Γ-matrices Γ_M = e^A_M Γ̂_A, Γ_M Γ_N + Γ_N Γ_M = 2g_{MN} 1, (2.14) M, N = 0, . . . , D − 1, and the matrices with upper indices: Γ̂^A = η^{AB}Γ̂_B and Γ^M = g^{MN} Γ_N .

2.4 Spin connection

Here we use the standard definition for the spin connection ω^A_{BM} = ω^A_{BM} (e, η) = e^A_N ▽_M [g(e, η)]e^N_B, (2.15) where the covariant derivative ▽_M [g] corresponds to the metric g = g(e, η) from (2.8). The spinorial covariant derivative reads D_M = ∂_M + 1 4 ω_{ABM} Γ̂^AΓ̂^B, (2.16)

where ω_{ABM} = η_{AA}0 ω^{A0}_{BM} .

The non-zero components of the spin connection (2.15) in the frame (2.9) read ω^a_{bμ} = ω^a_{bμ}(e^{(0)}, η^{(0)}) − e^{(0)νa}γ_{,ν}e^{(0)}_{bμ} + e^{(0)ν}_bγ_{,ν} e^{(0)a}_μ, (2.17) ω^a_{aimj} = −δ_{ij}e^{ϕi−γ}(e^{(0)a}_ν ▽^ν [g^{(0)}]ϕ^i)e^{(i)}_{aimi} , (2.18) ω^{ai}_{amj} = δ_{ij}e^{ϕi−γ} (e^{(0)ν}_a∂_νϕ^i)e^{(i)ai}_{mi} , (2.19) ω^{ai}_{bjmk} = δ_{ij}δ_{jk}ω^{ai}_{bimi} (e^{(i)}, η^{(i)}), (2.20) i, j, k = 1, . . . , n, where ω^a_{bμ}(e^{(0)}, η^{(0)}) and ω^{ai}_{bimi} (e^{(i)}, η^{(i)}), are components of the spin connections corresponding to the metrics from (2.10). Let A_M ≡ ω_{ABM} Γ̂^AΓ̂^B. (2.21) For A_M = A_M (e, η, Γ̂) in the frame (2.9) we get A_μ = ω^{(0)}_{abμ}Γ̂^aΓ̂^b + (Γ_μΓ^ν − Γ^ν Γ_μ)γ_{,ν} , (2.22) A_{mi} = ω^{(i)}_{aibimi}Γ̂^{ai}Γ̂^{bi} + 2Γ_{mi} Γ^ν ϕ^i_{,ν}, (2.23) where ω^{(0)}_{abμ} = ω_{abμ}(e^{(0)}, η^{(0)}) and ω^{(i)}_{aibimi} = ω_{aibimi} (e^{(i)}, η^{(i)}), i = 1, . . . , n.

3 SUSY equations

We consider the D = 11 supergravity with the action in the bosonic sector [1] S = ∫ d^{11}z √ |g| { R[g] − 1 4! F^2 } + c_{11} ∫ A ∧ F ∧ F, (3.1) where c_{11} = const and F = dA is 4-form. Here we consider pure bosonic configurations in D = 11 supergravity (with zero fermionic fields) that are solutions to the equations of motion corresponding to the action (3.1).

The number of supersymmetries (SUSY) corresponding to the bosonic background (e^A_M , A_{M1M2M3} ) is defined by a dimension of the space of solutions to (a set of) linear first-order differential equations (SUSY eqs.)

(D_M + B_M )ε = 0, (3.2)

where D_M is covariant spinorial derivative ¿from (2.16), ε = ε(z) is 32-component ”real” spinor field (see Remark 1 below) and

B_M = 1 144 √ 2 (Γ_M Γ^N Γ^P Γ^QΓ^R − 12δ^N_M Γ^P Γ^QΓ^R)F_{NP QR}. (3.3)

Here F = dA =^1_{4!} F_{NP QR}dz^N ∧ dz^P ∧ dz^Q ∧ dz^R, and Γ_M are world Γ-matrices.

Remark 1. More rigorously, ε(z) ∈ R^{0,32}_G = (G_1)^{32}, where G_1 is an odd part of the infinite-dimensional Grassmann-Banach algebra (over R) G = G_0 ⊕ G_1 [38].

Here we consider the decomposition of matrix-valued field B_M on the product manifold (2.1) in the frame (2.9) for electric and magnetic branes.

3.1 M2-brane.

Let the 4-form be F = dΦ ∧ τ (I) (3.4)

where Φ = Φ(x), I = {i_1, . . . , i_k}, i_1 < . . . < i_k, d(I) = 3. The calculations give B_{ml} = 1 6 √ 2 s(I) exp(− ∑ i∈I d_iϕ^i)[(1 − 3δ^l_I )Γ_{ml} Γ^ν Φ_{,ν} − 3δ^l_0Φ_{,ml} ]Γ̂(I), (3.5)

where l = 0, . . . , n, m_0 = μ, s(I) = sign( ∏ i∈I det(e^{(i)mi}_{ai} )) and Γ̂(I) = Γ̂^{¯1}Γ̂^{¯2}Γ̂^{¯3} with (¯1, ¯2, ¯3) = (1_{i1} , . . . , (d_{i1} )_{i1} , . . . , 1_{ik} , . . . , (d_{ik} )_{ik} ).

3.2 M5-brane. Let F = (∗_0dΦ) ∧ τ (Ī), (3.6) where ∗_0 is the Hodge operator on (M_0, g^0) and Ī = {1, . . . , n} \ I = {j_1, . . . , j_l}, j_1 < . . . < j_l. It follows from (3.6) that d_0 + d(Ī) = 5 and d(I) = 6. We get B_{ml} = 1 12 √ 2 s({0})s(Ī) exp[−(d_0 − 2)γ − ∑ i∈Ī d_iϕ^i] × (3.7) ×[2Γ_{ml} Γ^ν Φ_{,ν} − 3δ^l_0(Γ_{ml} Γ^ν − Γ^ν Γ_{ml} )Φ_{,ν} + 6δ^l¯_I Γ^ν Γ_{ml} )Φ_{,ν} ]Γ̂({0})Γ̂(Ī), where l = 0, . . . , n; s({0}) = sign(det(e^{(0)ν}_a)), Γ̂({0}) = Γ̂^{10} . . . Γ̂^{(d0)0} and Γ̂(Ī) = Γ̂^{¯1} . . . Γ̂^{k̄} with (¯1, . . . , k̄) = (1_{j1} , . . . , (d_{j1} )_{j1} , . . . , 1_{jl} , . . . , (d_{jl} )_{jl} ).

3.3 2�^k-splitting theorem

In next section some examples of supersymmetric solutions will be considered. In counting the fractional number of supersymmetries the following (2^{−k}-splitting) theorem is used.

Theorem. Let V be a vector space over K = R, C; V ≠ {0}. Let Γ_{[i]} : V → V , i = 1, . . . , k, be a set of linear mappings (operators) satisfying: Γ^2_{[i]} = id_V ≡ 1, Γ_{[i]} ∘ Γ_{[j]} = Γ_{[j]} ∘ Γ_{[i]}, (3.8) i, j = 1, . . . , k. Then V = ⊕ ∑ s1,...,s_k=±1 V_{s1,...,sk} , (3.9) where V_{s1,...,sk} ≡ {x ∈ V |Γ_{[i]}x = s_ix, i = 1, . . . , k}, (3.10) are subspaces of V , s_1, . . . , s_k = ±1. Moreover, if there exists a set of linear bijective mappings A_{[i]} : V → V , i = 1, . . . , k, satisfying A_{[i]} ∘ Γ_{[i]} = −Γ_{[i]} ∘ A_{[i]}, (3.11) A_{[i]} ∘ Γ_{[j]} = Γ_{[j]} ∘ A_{[i]}, i ≠ j, i, j = 1, . . . , k, then all subspaces V_{s1,...,sk} are mutually isomorphic and for finite-dimensional V dimV_{s1,...,sk} = 2^{−k} dimV, (3.12) s_1, . . . , s_k = ±1.

Proof. Let us introduce a set of projector operators P^{[i]}_s = 1 2 (1 + sΓ_{[i]}), (3.13) i = 1, . . . , k; s = ±1, satisfying (P^{[i]}_s )^2 = P^{[i]}_s , (3.14) P^{[i]}_s + P^{[i]}_{−s} = 1, (3.15) P^{[i]}_s ∘ P^{[i]}_{−s} = 0, (3.16) P^{[i]}_s ∘ P^{[j]}_s0 = P^{[j]}_s ∘ P^{[i]}_s0 , (3.17) for all i, j = 1, . . . , k; s, s^′ = ±1. 0 is the zero-operator. The relation (3.15) implies (P^{[1]}_{+1} + P^{[1]}_{−1}) ∘ . . . ∘ (P^{[k]}_{+1} + P^{[k]}_{−1}) = ∑ s1,...,s_k=±1 P^{[1]}_{s1} ∘ . . . ∘ P^{[k]}_{sk} . (3.18) By definition V_{s1,...,sk} = KerP^{[1]}_{−s1} ∩ . . . ∩ KerP^{[k]}_{−sk} . (3.19) It may be verified using (3.13)-(3.18) that V_{s1,...,sk} = (P^{[1]}_{s1} ∘ . . . ∘ P^{[k]}_{sk} )V (3.20) and the decomposition (3.9) holds. ¿From (3.11) and (3.13) we get A_{[i]} ∘ P^{[i]}_s = P^{[i]}_{−s} ∘ A_{[i]}, (3.21) A_{[i]} ∘ P^{[j]}_s = P^{[j]}_s ∘ A_{[i]}. i ≠ j, (3.22) i, j = 1, . . . , k; s = ±1. Let us introduce linear functions A_{s1,...,sk} : V_{s1,...,si,...,sk} → V_{s1,...,−si,...,sk} (3.23) v → A_{[i]}v. It follows from (3.20), (3.21) and (3.22) that these functions are correctly defined and are bijective ones. This implies that all subspaces V_{s1,...,sk} are mutually isomorphic. The Theorem is proved.

We note that projector operators (3.13) with Γ_{[i]} being a product of Γ-matrices were considered previously in [36].

4 Examples of supersymmetric solutions

4.1 M2-brane.

We consider the electric 2-brane solution defined on the manifold M_0 × M_1 × M_2. (4.1) The solution reads g = H^{1/3}{ĝ^0 + H^{−1}ĝ^1 + ĝ^2}, (4.2) F = νdH^{−1} ∧ τ̂_1, (4.3) where ν^2 = 1/2, H = H(x) is a harmonic function on (M_0, g^0) d_1 = 3, d_0 + d_2 = 8, and the metrics g^i, i = 0, 1, 2, are Ricci-flat.

4.1.1 Flat g^i Let us consider a special case of flat g^i g^0_{μν} = δ_{μν} , g^1_{m1n1} = η^{(1)}_{m1n1} , g^2_{m2n2} = δ_{m2n2} (4.4) where (η^{(1)}_{a1b1} ) = diag(−1, +1, +1). We fix the frames in (2.9) as follows e^{(0)a}_μ = δ^a_ν , e^{(i)ai}_{mi} = δ^{ai}_{mi} , (4.5) i = 1, 2.

It may be verified using relations from subsections 2.3 and 2.4 and formulae (4.4) and (4.5) that the SUSY eqs. (3.2) are satisfied identically if ε = H^{−1/6}ε_∗, ε_∗ = const, (4.6) Γε_∗ = cε_∗, c = signν, (4.7) where Γ = Γ̂^{11}Γ̂^{21}Γ̂^{31} . (4.8) Here Γ is real-valued matrix satisfying Γ^2 = 1, where 1 is unit 32 × 32-matrix. Let A = Γ̂^{10} . The pair Γ = Γ_{[1]}, A = A_{[1]} satisfies the conditions of the Theorem, and hence for ε_1 ∈ R^{32} the dimension of the subspace V_c of solutions to eqs. (4.7) is 16. For ε_1 ∈ G^{32}_1 (see Remark 1) the (odd part of) superdimension of the subsuperspace V_c from (4.7) is also 16. This means that (at least) N = 1/2 part of SUSY is preserved.

4.1.2 Non-flat g^i.

Here we put d_2 = 0 in (4.1), i.e. we consider the metric on M_0 × M_1: g = H^{1/3}{ĝ^0 + H^{−1}ĝ^1}, (4.9) with d_1 = 3, d_0 = 8, and the form from (4.3) where metrics g^i, i = 0, 1 are Ricci-flat; g^0 has Euclidean signature and g^1 has the signature diag(−1, +1, +1).

Let us consider Γ-matrices (Γ̂^A) = (Γ̂^a_{(0)} ⊗ 1_2, Γ̂_{(0)} ⊗ Γ̂^{a1}_{(1)}), (4.10) where Γ̂^a_{(0)}, a = 1_0, . . . , 8_0 correspond to M_0 and Γ̂^{a1}_{(1)}, a_1 = 1_1, 2_1, 3_1 correspond to M_1 and Γ̂_{(0)} = Γ̂^{10}_{(0)} . . . Γ̂^{80}_{(0)}. The substitution ε = H^{−1/6}η_0(x) ⊗ η_1(y), (4.11) Γε = c_νε, c = signν, (4.12) where Γ is defined in (4.8), η_0(x) is a 2-component Killing spinor on M_0 and η_1(y) is a 16-component Killing spinor on M_1, i.e.

D^{(0)}_μ η_0 = D^{(1)}_{m1} η_1 = 0, (4.13) with D^{(0)}_μ = ∂_μ +^1_4 ω^{(0)}_{abμ}Γ̂^a_{(0)}Γ̂^b_{(0)} and D^{(1)}_{m1} = ∂_{m1} +^1_4 ω^{(1)}_{a1b1m1}Γ̂^{a1}_{(1)}Γ̂^{b1}_{(1)}, gives us a solution to the SUSY equations.

We get from (4.10) that Γ = Γ̂_{(0)} ⊗ Γ̂_{(1)}, (4.14) where Γ̂_{(1)} = Γ̂^{11}_{(1)}Γ̂^{21}_{(1)}Γ̂^{31}_{(1)}. Choosing real matrices Γ̂^{11}_{(1)} = iσ_2, Γ̂^{21}_{(1)} = σ_1, Γ̂^{31}_{(1)} = σ_3, (where σ_i are the standard Pauli matrices) we get Γ̂_{(1)} = 1_2, and due to eq. (4.14) the relation (4.12) is equivalent to the following Γ̂_{(0)}η_{(0)} = cη_{(0)}. (4.15) Hence the number of unbroken SUSY is (at least) N = n_0(c)n_1/32, (4.16) where n_0(c) is the number of chiral Killing spinors on M_0 satisfying (4.15) with c = signν, and n_1 is the number of Killing spinors on M_1.

4.2 M5-brane

Now let us consider the magnetic 5-brane solution defined on the manifold (4.1), g = H^{2/3}{ĝ^0 + H^{−1}ĝ^1 + ĝ^2}, (4.17) F = ν(∗_0dH) ∧ τ̂_2, (4.18) where ν^2 = 1/2, H = H(x) is a harmonic function on (M_0, g^0), d_1 = 6, d_0 + d_2 = 5 and metrics g^i, i = 0, 1, 2, are Ricci-flat.

4.2.1 Flat g^i Let all metrics be flat, i.e. we consider the relations (4.4) with (η^{(1)}_{a1b1} ) = diag(−1, +1, +1, +1, +1, +1). We also consider canonical frames defined by (4.5).

The SUSY eqs. (3.2) are satisfied identically if ε = H^{−1/12}ε_∗, ε_∗ = const, (4.19) where ε_∗ obeys to eq. (4.7) with Γ = Γ̂^{¯1}Γ̂^{¯2}Γ̂^{¯3}Γ̂^{¯4}Γ̂^{¯5} (4.20) and (¯1, . . . , ¯5) = (1_0, . . . , (d_0)_0, 1_2, . . . , (d_2)_2). Here Γ^2 = 1. Let A = Γ̂^{11} . The pair Γ = Γ_{[1]}, A = A_{[1]} satisfies the conditions of the Theorem. Hence we obtain that N = 1/2 part of supersymmetries is preserved.

4.2.2 Non-flat g^i.

Let d_2 = 0 in (4.17), i.e. we consider the metric on M_0 × M_1

g = H^{2/3}{ĝ^0 + H^{−1}ĝ^1}, (4.21)

with d_1 = 6, d_0 = 5, where metrics g^i, i = 0, 1, are Ricci-flat, g^0 has a Euclidean signature and g^1 has the signature diag(−1, +1, +1, +1, +1, +1). The 4-form (4.18) is modified as follows

F = ν(∗_0dH). (4.22)

Let us consider Γ-matrices

(Γ̂^A) = (Γ̂^a_{(0)} ⊗ Γ̂_{(1)}, 1_4 ⊗ Γ̂^{a1}_{(1)}), (4.23)

where Γ̂^a_{(0)}, a = 1_0, . . . , 5_0, correspond to M_0 and Γ̂^{a1}_{(1)}, a_1 = 1_1, . . . , 6_1, correspond to M_1 and Γ̂_{(1)} = Γ̂^{11}_{(1)} . . . Γ̂^{61}_{(1)}. The substitution

ε = H^{−1/12}η_0(x) ⊗ η_1(y), (4.24) Γε = c_ν ε, c = signν, (4.25)

where Γ from (4.20) reads

Γ = Γ̂^{10} . . . Γ̂^{50} = Γ̂_{(0)} ⊗ Γ̂_{(1)}, (4.26)

with Γ̂_{(0)} = Γ̂^{10}_{(0)} . . . Γ̂^{50}_{(0)} gives us a solution to the SUSY equations. In (4.24) η_0(x) is 4-component Killing spinor on M_0 and η_1(y) is 8-component Killing spinor on M_1, i.e. the relations (4.13) are satisfied. We put Γ̂^{50}_{(0)} = Γ̂^{10}_{(0)} . . . Γ̂^{40}_{(0)}. Then Γ̂_{(0)} = 1_4, and due to (4.26) the relation (4.25) reads Γ̂_{(1)}η_{(1)} = cη_{(1)}. (4.27)

Hence, the number of preserved SUSY is (at least)

N = n_0n_1(c)/32, (4.28)

where n_1(c) is the number of (chiral) Killing spinors on M_1 satisfying (4.27) with c = signν, and n_0 is the number of Killing spinors on M_0. A special case of this supersymmetric solution with M_0 = R^5 and M_1 = R^2 × K3, was considered in [20]. In this case N = 1/4 in agreement with (4.28) since n_0 = 4 and (as can be easily verified) n_1(c) = n[K3] = 2 (i.e. the number of chiral Killing spinors on R^2 × K3 is equal to the total number of Killing spinors on K3). We remind that K3 is a 4-dimensional Ricci-flat Kähler manifold with SU(2) holonomy group and self-dual (or anti-self-dual) curvature tensor. K3 has two Killing spinors (left or right).

4.3 M2 “ M5-branes

Here we consider solutions with two ”orthogonally” intersecting p-branes (with p = 2, 5) defined on the manifold

M_0 × M_1 × M_2 × M_3 × M_4 (4.29)

to show how the Theorem works.

The solution with M2 and M5 branes defined on the manifold (4.29) reads [31, 32, 33, 2]

g = H^{1/3}_1 H^{2/3}_2 {ĝ^0 + H^{−1}_1 ĝ^1 + H^{−1}_2 ĝ^2 + H^{−1}_1 H^{−1}_2 ĝ^3 + ĝ^4}, (4.30) F = ν_1dH^{−1}_1 ∧ τ̂_1 ∧ τ̂_3 + ν_2(∗_0dH_2) ∧ τ̂_1 ∧ τ̂_4, (4.31)

where ν^2_1 = ν^2_2 = 1/2; H_1, H_2 are harmonic functions on (M_0, g^0), d_1 = 1, d_2 = 4, d_3 = 2, d_0 + d_4 = 4, and metrics g^i, i = 0, 1, 2, 3, 4, are Ricci-flat.

Let all g^i be flat:

g^0_{μν} = δ_{μν}, g^3_{m1n1} = η^{(3)}_{m1n1} , g^i_{mini} = δ_{mini} , i = 1, 2, 4, (4.32)

where (η^{(3)}_{a1b1} ) = diag(−1, +1). We consider the frames from (4.5) with i = 1, 2, 3, 4.

The SUSY eqs. (3.2) are satisfied identically if

ε = H^{−1/6}_1 H^{−1/12}_2 ε_∗, ε_∗ = const, (4.33) Γ_{[i]}ε_∗ = c_iε_∗, c_i = signν_i, (4.34)

i = 1, 2, where

Γ_{[1]} = Γ̂^{11}Γ̂^{13}Γ̂^{23} , Γ_{[2]} = Γ̂^{¯1}Γ̂^{¯2}Γ̂^{¯3}Γ̂^{¯4}Γ̂^{¯5}, (4.35)

(¯1, . . . , ¯5) = (1_0, . . . , (d_0)_0, 1_1, 1_4, . . . , (d_4)_4).

Introducing the ”complimentary” matrices A_{[1]} = Γ̂^{10} and A_{[2]} = Γ̂^{13} , we get from the Theorem that the (super)dimension of the (super)subspace of solutions to eqs. (4.34) is 8, i.e. at least N = 1/4 part of SUSY ”survives”.

Remark 2. The configurations under consideration remain supersymmetric if the functions H_i are arbitrary (not obviously harmonic ones). Thus, we are led to supersymmetric field sets that are not solutions to the equations of motion.

5 Conclusions

Thus here we considered the ”Killing-like” SUSY equations for D = 11 supergravity in the backgrounds with a block-diagonal metric defined on the product of Ricci-flat spaces M_0 × M_1 × . . . × M_n.

We obtained decomposition relations for ingredients of the ”Killing-like” SUSY equations (e.g. spin connection, matrix-valued covector field) and proved the 2^{−k}-splitting theorem for k commuting linear operators. We considered examples of M2 and M5 branes defined on the product of two Ricci-flat spaces and obtained formulae for a fractional number of unbroken SUSY. Also p-brane M2 ∩ M5-configuration defined on the product of four flat spaces is considered to illustrate how the ”2^{−k}-splitting” theorem works.

Other examples (with several branes on the products of Ricci-flat spaces ) in different supergravity models will be considered in a separate publications.

Acknowledgments

This work was supported in part by DFG grant 436 RUS 113/236/O(R) and by the Russian Ministry for Science and Technology and Russian Fund for Basic Research, grant N 98-02-16414.

References

[1] E. Cremmer, B. Julia and J. Scherk, Phys. Lett. B 76, 409 (1978).

[2] V.D. Ivashchuk and V.N. Melnikov, “Intersecting P-brane Solutions in Multidimensional Gravity and M-Theory”, hep-th/9612089; Grav. and Cosmol. 2 (4), 297 (1996).

[3] V.D. Ivashchuk and V.N. Melnikov, “Generalized Intersecting P-brane Solutions from Sigma-model”, Phys. Lett. B 403, 23 (1997).

[4] V.D. Ivashchuk and V.N. Melnikov, “Sigma-model for the Generalized Composite Pbranes”, hep-th/9705036; Class. Quantum Grav. 14, 3001 (1997), Corrigenda ibid. 15, 3941 (1998).

[5] V.D. Ivashchuk, V.N. Melnikov and M. Rainer, “Multidimensional σ-models with Composite Electric P-branes”, gr-qc/9705005; Grav. and Cosmol. 4 No 1 (13), 73 (1998).

[6] V.D.Ivashchuk and V.N.Melnikov, “Majumdar-Papapetrou Type Solutions in Sigma-model and Intersecting P-branes”, Class. Quant. Grav., 16, 849 (1999); hep-th/9802121.

[7] M.A. Grebeniuk and V.D. Ivashchuk, “Solutions in Sigma Model and Intersecting P-branes Related to the Lie Algebras”, hep-th/9805113; Phys. Lett. B 442, 125 (1998).

[8] V.D.Ivashchuk and V.N.Melnikov. “Exact Solutions in Sigma-Model with P-branes”, J.

Korean Phys. Soc. 35, S638 (1999).

[9] V.D.Ivashchuk and S.-W. Kim., “Solutions with Intersecting P-branes Related to Toda Chains”, J. Math. Phys. 41 (1), 444 (2000); hep-th/9907019.

[10] K.A. Bronnikov, V.D. Ivashchuk and V.N. Melnikov, “The Reissner-Nordström Problem for Intersecting Electric and Magnetic p-Branes”, gr-qc/9710054; Grav. and Cosmol. 3, No 3 (11), 203-212 (1997).

[11] K.A. Bronnikov, “Block-orthogonal Brane systems, Black Holes and Wormholes”, hepth/9710207; Grav. and Cosmol. 4, No 1 (13), 49 (1998).

[12] K.A. Bronnikov, “Gravitating Brane Systems: Some General Theorems”, gr-qc/9806102;

J. Math. Phys. 40, 924 (1999).

[13] V.D.Ivashchuk and V.N.Melnikov, “Black Hole P-brane Solutions for General Intersection Rules”, Grav. and Cosmol., 6, No 1 (21) 27 (2000); hep-th/9910041.

[14] M.J. Duff, H. Lu, C.N. Pope and E. Sezgin, “Supermembranes with Fewer Supersymmetries”, hep-th/9511162; Phys. Lett. B 371, 206 (1996).

[15] J.P. Gauntlett, G.W. Gibbons, G. Papadopoulos and P.K. Townsend, “Hyper-Kähler Manifolds and Multiply Intersecting Branes”, hep-th/9702202; Nucl. Phys. B 500, 133 (1997).

[16] A. Kaya, “A Note on a Relation between Killing Spinor and Einstein Equations”, hepth/9902010; Phys. Lett. B 458, 267 (1999).

[17] D. Brecher and M.J. Perry, “Ricci Flat Branes”, hep-th/9908018; Nucl. Phys. B 566, 151 (2000).

[18] J.M. Figueroa-O’Farrill, “More Ricci Flat Branes”, hep-th/9910086; Phys. Lett. B 471, 128 (2000).

[19] B. Janssen, “Curved Branes and Cosmological (a,b)-models”, hep-th/9910077, JHEP 0001, 044 (2000).

[20] A. Kaya, “New Brane Solutions from Killing Spinor Equations”, hep-th/0004199. [21] G. Papadopoulos, J. Russo and A.A. Tseytlin, “Curved Branes from String Dualities”, hep-th/9911253.

[22] R. Minasian and D. Tsimpis, “On the Geometry of Non-trivially Embedded Branes”, hepth/9911042.

[23] A. Kehagias, “New Type IIB Vacua and Their F-theory Interpretation”, hep-th/9805131;

Phys. Lett. B 435, 337 (1988).

[24] B.S. Acharya, J.M. Figueroa-O’Farrill, C.M. Hull and B. Spence, “Branes at Conical Singularities and Holography”, hep-th/9808014; Adv. Theor. Math. Phys. 2, 1249 (1999).

[25] D.R. Morrison and M.R. Plesser, “Non-spherical Horizons, I”, hep-th/9810201; Adv. Theor.

Math. Phys. 3, 1 (1999).

[26] M.J. Duff, R.R. Khuri and J.X. Lu, Phys. Rep. 259, 213 (1995). [27] K.S. Stelle, “Lectures on Supergravity P-branes”, hep-th/9701088. [28] J.P. Gauntlett, “Intersecting Branes”, hep-th/9705011, [29] G. Horowitz and A. Strominger, “Black Strings and P-branes”, Nucl. Phys. 360, 197 (1991). [30] R. Güven, “Black p-brane Solutions of D=11 Supergravity Theory”, Phys. Lett. B 276, 49 (1992).

[31] G. Papadopoulos and P.K. Townsend, “Intersecting M-branes”, hep-th/9603087; Phys. Lett.

B 380, 273 (1996).

[32] A. Tseytlin, “Harmonic Superpositions of M-branes”, hep-th/9604035; Nucl. Phys. B 475, 149 (1996).

[33] J.P. Gauntlett, D.A. Kastor and J. Traschen, “Overlapping Branes in M-theory”, hepth/9604179; Nucl. Phys. B 478, 544 (1996).

[34] E. Bergshoeff, M. de Roo, E. Eyras, B. Janssen and J.P. van der Schaar, hep-th/9612095;

Class. Quantum Grav., 14, 2757 (1997).

[35] I.Ya. Aref’eva and O.A. Rytchkov, “Incidence Matrix Description of Intersecting p-brane Solutions”, hep-th/9612236.

[36] I.Ya. Aref’eva, M.G. Ivanov and O.A. Rytchkov, “Properties of Intersecting p-branes in Various Dimensions”, hep-th/9702077.

[37] A. Tseytlin, “Composite BPS Configurations of p-branes in 10 and 11 dimensions”, hepth/9702163; Class. Quantum Grav. 14, 2085 (1997).

[38] V.D. Ivashchuk, “Infinite-dimensional Grassmann-Banach” algebras, math-ph/0008006.