arXiv:hep-th/0101038 v3 9 Mar 2001

Static solutions in the R^4 brane world

Shinji Mukohyama Department of Physics and Astronomy, University of Victoria Victoria, BC, Canada V8W 3P6

A simple five-dimensional brane world model is proposed, motivated by M-theory compactified on a six-dimensional manifold of small radius and an S^1/Z2 of large radius. We include a leadingorder higher curvature correction to the tree-level bulk action since in brane world scenarios the curvature scale in the bulk may be comparable to the five-dimensional Planck scale and, thus, higher curvature corrections may become important. As a tractable model of the bulk theory we consider pure gravity including a (Ricci-scalar)^4 -correction to the Einstein-Hilbert action. In this model theory, after a conformal transformation to the Einstein frame, we numerically obtain static solutions, each of which consists of a positive tension brane and a negative tension brane. For these solutions, we obtain two relations between the warp factor and the brane tensions. The existence of these relations implies that, contrary to the original Randall-Sundrum model, the so called radion is no longer a zero mode. We conclude that the tension of our brane should be negative and that fine-tuning of the tension of both branes is necessary for a large warp factor to explain the large hierarchy between the Planck scale and the electroweak scale.

I. INTRODUCTION

The idea that our world may be a brane embedded in a higher dimensional spacetime has been attracting a great deal of physical interest. This idea is often called the brane world scenario and, as suggested by Randall and Sundrum [1,2], may be able to explain the large hierarchy between the Planck scale and the electroweak scale in a natural way. Many aspects of the brane world scenario have been investigated: for example, the effective four-dimensional Einstein’s equation on a positive tension brane [3], weak gravity [4,5], black holes [6], inflating branes [7], cosmologies [8–12], and so on.

In the original Randall-Sundrum brane world scenario, these authors considered five-dimensional pure gravity described by the Einstein-Hilbert action with a negative cosmological constant and two 3-branes with tension. Because of the negative cosmological constant the five-dimensional bulk geometry is highly curved and the curvature scale is possibly of the order of the five-dimensional Planck scale, while the induced geometries on the branes are flat, provided that brane tensions are fine-tuned. Therefore, it is expected that quantum effects in the bulk may be important in the brane world scenario, since quantum effects in curved spacetime usually become important when the spacetime geometry is highly curved or when the causal structure is non-trivial [13]. In this connection, several authors investigated quantum effects in the brane world scenario [14–18].

In particular, in ref. [16] exact semiclassical solutions representing a static brane world with two branes were obtained by analyzing the semiclassical Einstein’s equation in five-dimensions with a negative cosmological constant and conformally invariant bulk matter fields. There, the following two types of solutions were found. Type-(a): solution with a positive tension brane and a negative tension brane. Type-(b): solution with two positive tension branes. For each type of semiclassical solution, two relations between the warp factor and brane tensions were found: one giving the warp factor as a function of the brane tensions and another giving a relation between the brane tensions.

Although it is interesting that we could obtain analytic solutions in the model of ref. [16], it seems that this model is not realistic enough. As far as the author knows, there is no realization of conformally invariant bulk matter fields starting from M-theory or superstring theory. Nonetheless, it is expected that the solutions in ref. [16] may actually capture some important features of quantum effects in the brane world scenario. Hence, it is worth while to extend the analysis of ref. [16] to more realistic brane world models which also take bulk quantum effects into account. For this purpose, one would like to consider higher curvature corrections to the tree-level bulk action. As discussed in the next section, R^4 corrections are realistic from the point view of M-theory.

In this paper a simple five-dimensional brane world model is proposed, motivated by M-theory compactified on a six-dimensional manifold of small radius and an S^1/Z_2 of large radius. We include the leading-order higher curvature correction to the tree-level bulk action. As a tractable model of the bulk theory we consider pure gravity including a (Ricci-scalar)^4-correction to the Einstein-Hilbert action. In this model theory, after a conformal transformation to the Einstein frame, we numerically obtain static solutions, each of which consists of a positive tension brane and a negative tension brane. For these solutions, we obtain two relations between the warp factor and brane tensions. Those solutions and relations are a close analogue of the type-(a) solutions and relations obtained in the model of ref. [16]. On the other hand, in the present model it will be shown that there is no analogue of the type-(b) solutions. This fact might be considered to be consistent with the suggestion of refs. [14,18] that the type-(b) solutions are unstable.

This paper is organized as follows. In Sec. II we describe a simple brane world model which take bulk quantum effects into account. In Sec. III we numerically obtain static solutions in the model, and two relations between the warp factor and brane tensions are derived. Sec. IV is devoted to a summary of this paper.

II. MODEL DESCRIPTION

In this section we propose a simple brane world model, motivated by M-theory compactified on a six-dimensional compact manifold (eg. Calabi-Yau manifold) of small radius and an S^1/Z_2 of large radius [19]. In this situation, effectively we may consider a five-dimensional theory compactified on the S^1/Z_2. In the five-dimensional bulk action, we shall consider a correction by a R^4 term to the Einstein-Hilbert term^1 since several calculations of higher-order corrections to the effective action suggest that in eleven-dimensions R^2 terms do not appear but R^4 terms may appear [21,22]^2. It is expected that the R^4 corrections play important roles in brane world scenarios since the curvature scale in the bulk may be comparable to the five-dimensional Planck scale and, thus, higher curvature corrections cannot be neglected.

On the other hand, as for the action on branes, higher curvature corrections are expected to be less important than those in the bulk and can be neglected since curvature scale induced on branes (at least on our brane) should be small compared to the Planck scale in low energy. Nonetheless, motivated by the four- and ten-dimensional effective theory induced on the fixed points of S^1/Z_2 [19,24], we may include R^2 corrections to brane actions. In the following, we will explicitly see that the R^2 corrections do not play any roles in our analysis of static solutions.

Since general higher curvature terms are difficult to analyze, for simplicity, we shall consider Ricci scalars only. Furthermore, we assume that the compactification from eleven dimensions to five dimensions is properly stabilized and, for simplicity again, we do not consider the corresponding moduli as dynamical fields in five dimensions. Namely, in our analysis, we shall consider the following action. I = ∫ M d^5x √ −g [ 1 2κ^2

R_5 + aκ^2R^4_5 − Λ ] + ∫ Σ d^4y √ −q(bR^2_4 − λ) + ∫ Σ̄ d^4ȳ √ −q̄(b̄R̄^2_4 − λ̄), (1)

where κ and Λ are the five-dimensional gravitational constant and cosmological constant, a, b and b̄ are dimensionless constants, and λ and λ̄ are brane tensions. The fixed-point hypersurface, or the world volume of a 3-brane, Σ (or Σ̄) is represented by x^M = Z^M (y) (or x^M = Z̄^M (ȳ), respectively) and the induced metric q_{μν} (or q̄_{μν}, respectively) is defined by q_{μν}(y) = e^M_μ (y)e^N_ν (y)g_{MN} |_{x=Z(y)}, e^M_μ (y) = ∂Z^M (y) ∂y^μ (2) (or q̄_{μν} (ȳ) = ē^M_μ (ȳ)ē^N_ν (ȳ)g_{MN} |_{x=}¯_{Z(ȳ)}, ē^M_μ (ȳ) = ∂Z̄^M (ȳ)/∂ȳ^μ , respectively). The Ricci scalars R_5, R_4 and R̄_4 are of g_{MN} , q_{μν} and q̄_{μν} , respectively.

Following ref. [25], we perform the conformal transformation

ĝ_{MN} = e^{(1/} √ 3)κψg MN , κψ = 2 √ 3 ln(1 + 8aκ^4R^3_5) (3)

to obtain the following expression.

1 We, off course, include the Einstein-Hilbert term since it appears in the tree-level effective action in eleven dimensions [20]. 2 The importance of R^4 terms in M-theory was originally pointed out in ref. [21] and many authors showed evidences of it [22]. Possible cosmological consequences were discussed in ref. [23].

I = ∫ M d^5x √ −ĝ [ R̂_5 2κ^2 − 1 2 ĝ^{MN} ∂_M ψ∂_N ψ − U (ψ) ]

+ ∫ Σ d^4y √ −q̂ [ b ( R̂_4 + √ 3κD̂^2ψ − 1 2 κ^2q̂^{μν} ∂_μψ∂_ν ψ )_2 − f(ψ) ]

+ ∫ Σ̄ d^4ȳ √ −^̄q [ b̄ ( ^̄R_4 + √3κ ^̄D^2ψ − 1 2 κ^2^̄q^{μν} ∂_μψ∂_ν ψ )_2 − f̄ (ψ) ] , (4)

where the conformally transformed induced metrics q̂_{μν} and ^̄q_{μν} are defined by

q̂_{μν}(y) = e^{(1/} √ 3)κψ(Z(y))q μν (y) = e^M_μ (y)e^N_ν (y)ĝ_{MN} |_{x=Z(y)}, ^̄q_{μν}(ȳ) = e^{(1/√3)κψ(Z̄(ȳ))}q̄_{μν} (ȳ) = ē^M_μ (ȳ)ē^N_ν (ȳ)ĝ_{MN} |_{x=Z̄(ȳ)}, (5)

D̂ and ^̄D are four-dimensional covariant derivatives compatible with q̂_{μν} and ^̄q_{μν} , respectively, and the Ricci scalars R̂_5, R̂_4 and ^̄R_4 are of ĝ_{MN} , q̂_{μν} and ^̄q_{μν} , respectively. The potential U (ψ) and the functions f(ψ) and f̄(ψ) are given by U (ψ) = e^{−(5√3/6)κψ} [ Λ + (3/16)κ^{−10/3}a^{−1/3}(e^{(√3/2)κψ} − 1)^{4/3} ] , f(ψ) = e^{−(2/√3)κψ}λ, f̄ (ψ) = e^{−(2/√3)κψ}λ̄. (6) To obtain the expression (4) we have assumed that 8κ^4aR^3_5 > −1. For negative Λ, the potential can be rewritten as U (ψ) = |Λ|e^{−(5√3/6)κψ} [ −1 + α(e^{(√3/2)κψ} − 1)^{4/3} ] , (7)

where

α = (3/16)κ^{−10/3}a^{−1/3}|Λ|^{−1}. (8)

Since the ĝ-dependent part of the action (4) is of the Einstein-Hilbert form, the conformal frame in which the metric is ĝ_{MN} is called Einstein frame. On the other hand, we shall call another conformal frame in which the metric is g_{MN} the original frame.

In this paper, we assume that Λ < 0 and consider a static configuration with the ansatz ĝ_{MN} dx^M dx^N = e^{−2A(w)}η_{μν}dx^μdx^ν + dw^2, ψ = ψ(w). (9)

This ansatz represents a general configuration with the four-dimensional Poincaré invariance. Off course, the set of all configurations with the four-dimensional Poincaré invariance in the Einstein frame is equivalent to that in the original frame. With this ansatz the curvature-squared term in the brane action does not contribute to the equation of motion at all. Einstein’s equation and the field equation of the field ψ are given by 3 d^2A dw^2 − κ^2 ( dψ dw )_2 = 0, 6 ( dA dw )_2 − κ^2 [ 1 2 ( dψ dw )_2 − U (ψ) ] = 0, e^{4A} d dw ( e^{−4A} dψ dw ) − U^′(ψ) = 0. (10)

Note that the third equation is dependent of the first two equations unless dψ/dw = 0 (the Bianchi identity), while the first equation can also result from the second and the last equations unless dA/dw = 0. When we compactify the w-direction by S^1/Z_2 so that w ∼ w + 2L and that w ∼ −w, there appears the following matching condition for ψ.

2 lim_{w→+0} dψ dw = f^′(ψ)|_{w=0} ,

2 lim w→L−0 dψ dw = − f̄^′ (ψ) | |_{w=L} , (11)

where we have assumed that Σ and Σ̄ are world-volumes of branes at the two fixed points w = 0 and w = L, respectively. We suppose that the brane at w = 0 is our world and shall call it our brane. We shall call another brane at w = L the hidden brane. As for the function A(w) in the metric, we have the junction condition

6 lim_{w→+0} dA dw = κ^2f(ψ) | |_{w=0} ,

6 lim w→L−0 dA dw = − κ^2f̄ (ψ) | |_{w=L} . (12)

This is a special case of Israel’s junction condition [26]. In the Einstein frame the so called warp factor can be defined by ϕ_E = e^{A(0)}/e^{A(L)}. Correspondingly, the warp factor in the original frame is

ϕ = exp { [A(0) − A(L)] + κ 2 √ 3 [ψ(0) − ψ(L)] } . (13)

It is evident that ψ ≡ ψ_0 is not a solution because of the matching condition (11), where ψ_0 is an extremum of the potential U (ψ). In particular, we can show that lim w→+0 U (ψ) = lim_{w→L−0} U (ψ) = 0, (14)

and thus ψ cannot stay at ψ_0 unless Λ is zero. Actually, provided that equations of motion (10) and the junction condition (12) are satisfied, the matching condition (11) is equivalent to the vanishing-potential condition (14) combined with lim w→+0 dA dw · dψ dw ≤ 0, lim w→L−0 dA dw · dψ dw ≤ 0. (15)

In order to see the necessity of the condition (15), notice that f(ψ)f^′ (ψ) ≤ 0 and f̄ (ψ)f̄^′ (ψ) ≤ 0.

III. NUMERICAL SOLUTION

For the purpose of numerical integration, it is convenient to rewrite all equations in terms of dimensionless variables. Hence, we introduce the dimensionless independent variable x defined by x = w/L and consider the region 0 ≤ x ≤ 1, where L is the distance between two branes. As for the dependent variables, we introduce the following three: y_1(x) ≡ A, y_2(x) ≡ L dA dw , y_3(x) ≡ κ 2 √ 3 ψ. (16)

Differential equations for these dimensionless independent variables are given by

ẏ_1 = y_2, ẏ_2 = 4[y^2 + (L/l)^2V (y_3)], (ẏ_3)^2 = y^2 + (L/l)^2V (y_3), (17)

where dots denote differentiation with respect to x, the length scale l is defined by l = κ^{−1} √ 6/|Λ|, and

V (y_3) = e^{−5y3} [ −1 + α(e^{3y3} − 1)^{4/3} ] . (18)

As already mentioned in the previous section we assume that Λ < 0. The set of these three differential equations is equivalent to the equation of motion (10) as long as ẏ_2 is not zero. As we shall argue later, there is no static solution for α ≤ 1. Hence, for the present we shall concentrate on the case α > 1 only. The potential is shown in Figure 1 for α = 2.0, 1.5, and 1.2. The vanishing-potential condition (14) is written as V (y_3(0)) = V (y_3(1)) = 0, (19) and should be complemented by y_2(0)ẏ_3(0) ≤ 0, y_2(1)ẏ_3(1) ≤ 0. (20) It is easy to impose the boundary condition (19) since the roots of V (y_3) are analytically obtained as y_3 = y_± for α > 1, where y_± = 1 3 ln(1 ± α^{−3/4}). (21) The complementary condition (20) should be checked after a solution of the differential equation (17) with the boundary condition (19) is obtained. Thence, the junction condition (12) determines the brane tensions as λ/(6κ^{−2}l^{−1}) = (l/L)y_2(0)e^{4y3(0)}, λ̄/(6κ^{−2}l^{−1}) = −(l/L)y_2(1)e^{4y}3^{(1)}. (22) Finally, the warp factor ϕ given by (13) is written as ϕ = exp [y_1(0) + y_3(0) − y_1(1) − y_3(1)] . (23)

FIG. 1. For α > 1 the dimensionless potential V (y3) has roots y3 = y�, where y� are given by (21), and a global minimum. In this figure, V (y3) is shown for α = 2.0, 1.5, 1.2.

Note that, without loss of generality, we can impose the additional condition

y_1(0) = 0, (24)

since none of the above equations is changed by the shift y_1(x) → y_1(x) − y_1(0). This additional condition combined with the vanishing-potential condition (19), which can be rewritten as

y_3(0) = y_± , y_3(1) = y_± , (25)

give enough number of boundary conditions for the set of three differential equations (17). Here, plus or minus signs in two of (25) are independent. According to four possible choices of the signs in (25), there are four possible types of solutions.

(++)-type : y_3(0) = y_+, y_3(1) = y_+, (+−)-type : y_3(0) = y_+, y_3(1) = y_−, (−+)-type : y_3(0) = y_− , y_3(1) = y_+, (−−)-type : y_3(0) = y_− , y_3(1) = y_− . (26)

We shall solve the differential equation (17) with the boundary condition (24) and (25) by the so called relaxation method [27]. This method works very well if a good initial guess is given. In the following we shall solve the differential equation many times, each time with different values of the parameters α and L/l. Hence, the previous solution can be used as a good initial guess in the next calculation with slightly different parameters.

Figures 2, 3, 4, 5, 6 and 7 show several (−+)-type solutions obtained by the relaxation method. Physical parameters in these solutions are α = 2.0, 1.5, 1.2 and L/l = 10.0, 20.0, 30.0.

FIG. 2. The numerical solution y1(x) for L/l = 10.0 and α = 2.0, 1.5, 1.2.

FIG. 3. The numerical solution y1(x) for L/l = 20.0 and α = 2.0, 1.5, 1.2.

FIG. 4. The numerical solution y1(x) for L/l = 30.0 and α = 2.0, 1.5, 1.2.

FIG. 5. The numerical solution y3(x) for L/l = 10.0 and α = 2.0, 1.5, 1.2.

FIG. 6. The numerical solution y3(x) for L/l = 20.0 and α = 2.0, 1.5, 1.2.

FIG. 7. The numerical solution y3(x) for L/l = 30.0 and α = 2.0, 1.5, 1.2.

From these figures, we can see that, except for vicinities of the boundaries, y_3 stays near the minimum y_{min} of the potential V (y_3) and y_1 is almost linear in x:^3

y_1(x) ≃ − L l √ |V (y_{min})| x, y_3(x) ≃ y_{mim}. (27)

In other words, except for vicinities of the boundaries, the scalar field ψ stays near the minimum of the potential U (ψ) and the five-dimensional geometry is almost the AdS whose curvature is determined by the minimal value of U (ψ). However, because of the boundary condition (25), near-boundary behaviors of solutions are non-trivial. Actually, figures 8 and 9 show that the five dimensional geometry near the boundaries deviates rather strongly from AdS. The deviation is larger for a smaller value of α, or a larger value of the coefficient a of the R^4-term, as easily expected. Note that y_2 = ẏ_1 would be independent of x if the geometry was AdS. Each of figures 10 and 11 shows how the scalar field approaches one of roots of the potential.

3 As we shall argue in the paragraph after the next, these approximate expressions could be inferred without any numerical calculations for large values of L/l.

FIG. 8. The numerical solution y2(x) ȷ ẏ1(x) in the vicinity of the boundary x = 0 for L/l = 10.0 and α = 2.0, 1.5, 1.2.

FIG. 9. The numerical solution y2(x) ȷ ẏ1(x) in the vicinity of the boundary x = 1 for L/l = 10.0 and α = 2.0, 1.5, 1.2.

FIG. 10. The numerical solution y3(x) in the vicinity of the boundary x = 0 for L/l = 10.0 and α = 2.0, 1.5, 1.2.

FIG. 11. The numerical solution y3(x) in the vicinity of the boundary x = 1 for L/l = 10.0 and α = 2.0, 1.5, 1.2. We now argue that there are no (static) solutions of (++)- and (−−)-types. First, let us rewrite the differential equation as ẏ_1 = y_2, ẏ_2 = 4y^2_4, ẏ_3 = y_4, ẏ_4 = 4y_2y_4 + (L/l)^2V^′(y_3)/2, (28)

where

y_4(x) = κ 2 √ 3 L dψ dw , (29)

and the corresponding boundary condition is

y_1(0) = 0, y_2(0) + y_4(0) = 0,

y_3(0) = y_±, y_2(1) + y_4(1) = 0. (30)

It is easy to show from (28) and (30) that ∫_1 0 dxe^{−4y3} V^′(y_3) = 0. (31)

Next, it is also easy to show by using the last equation of (28) that, if y_4(x_1) ≤ 0 and y_3(x_1) < y_{min} for 0 <^∃x_1 < 1, then y_4(x) ≤ 0 for x_1 ≤^∀x ≤ 1, where y_{min} is the global minimum of V (y_3) between y_− and y_+. Thus, if y_3 starts from y_+ at x = 0 and reaches the region y_3 < y_{min} then y_3 cannot return to y_+ at x = 1. Thirdly, combining this fact with (31), we can show that there is no solution of the (++)-type which is bounded in the region y_− ≤ y_3 ≤ y_+. Actually, (31) implies that if y_3 starts from y_+ at x = 0 and is bounded in the region y_− ≤ y_3 ≤ y_+ then y_3 should reach the region y_3 < y_{min}, from which y_3 cannot return to y_+ at x = 1. Similarly, we can show that there is no solution of the (−−)-type which is bounded in the region y_− ≤ y_3 ≤ y_+. Heuristically, the above mathematical statement can be easily inferred if one interprets the last two equations of (28) as the equation of motion for a particle position y_3(x) at time x. In this interpretation, the particle receives the force due to the reversed potential −(L/l)^2V (y_3)/2 and the friction (or anti-friction) force 4y_2ẏ_3. Moreover, with this heuristic interpretation in mind, it seems likely that any solution should be bounded in the region y_− ≤ y_3 ≤ y_+ since the reversed potential −(L/l)^2V (y_3)/2 is negative outside the region y_− ≤ y_3 < y_+ and V (y_3(0)) = V (y_3(1)) = 0. Finally, combining this with the above mathematical statement, we can say at least for moderate α that there are no solutions of (++)- and (−−)-types.

Moreover, (+−)- and (−+)-types are equivalent to each other up to the coordinate transformation x → 1 − x. Hence, (−+)-type solutions are all we have been seeking.

Figures 12 and 13 show relations between the warp factor ϕ given by (23) and the brane tension λ or λ̄ given by (22) for (−+)-type solutions. We can see that the tension of each brane converges quickly to an α-dependent value when the warp factor becomes large. To be precise,

λ/(6κ^{−2}l^{−1}) → −0.54 (α = 2.0) −0.36 (α = 1.5) −0.18 (α = 1.2)

, (32)

λ̄/(6κ^{−2}l^{−1}) →

1.28 (α = 2.0) 1.34 (α = 1.5) 1.40 (α = 1.2)

(33)

as ϕ → ∞. The convergence can be easily understood as follows by the heuristic interpretation. We consider a particle in one dimension whose position at time x is y_3(x) and which receives a force due to the reversed potential −(L/l)^2V (y_3)/2 and the friction (or anti-friction) force. The particle moves from y_3 = y_− to y_3 = y_+ in the fixed duration 0 ≤ x ≤ 1. For a large L/l, in order to satisfy this boundary condition, the particle should stay near y_3 = y_{min} for a relatively long time since the reversed potential is steep. In this case, the initial (or final) velocity y_4(0) (or y_4(1), respectively) should be fine-tuned to a value close to the ’escape velocity’, which is roughly proportional to L/l, against the reversed potential. Because of the relation y_2(0) + y_4(0) = 0 (or y_2(1) + y_4(1) = 0, respectively) and the junction condition (22), the fine-tuning of y_4(0) (or y_4(1), respectively) is equivalent to the fine-tuning of λ (or λ̄, respectively). The required value of λ (or λ̄, respectively) is almost independent of L/l since the required value of y_4(0) (or y_4(1), respectively) is roughly proportional to L/l as stated above. On the other hand, when y_3 stays near y_{min} with a very small velocity, y_2 should satisfy y^2 ≈ −(L/l)^2V (y_{min}) since the right hand side of the last equation of (17) should vanish approximately. Hence, y_1 grows approximately linearly in x with the growth rate proportional to L/l when y_3 stays near y_{min}. Thus, the exponent of the warp factor should be roughly proportional to L/l. Actually, except for vicinities of the boundaries, the numerical solutions are well approximated by (27) and thus the warp factor is well approximated by

ϕ ≃ exp [ L l √ |V (y_{min})| + y_− − y_+ ] . (34)

Finally, combining the approximate linearity of the exponent of the warp factor with the fine-tuning of the brane tension, we can conclude that the brane tension should converge to a constant as the warp factor becomes large. The limiting value of the brane tension should depend on the parameter α since the ’escape velocity’ depends on α. This conclusion is of course consistent with the numerical result.

Figure 14 shows a relation between tension of our brane at x = 0 and that of the hidden brane at x = 1. This relation can be considered as a necessary condition for the system with two branes to be static, or the condition for the four-dimensional cosmological constant to vanish.

FIG. 12. The relation between the warp factor ϕ given by (23) and the tension λ of our brane at x = 0, which is given by (22), for the (�+)-type solutions. The horizontal axis represents ln ϕ and the vertical axis represents λ/(6κ�^2l�^1). The physical parameter is α = 2.0, 1.5, 1.2. As ϕ becomes large, λ/(6κ�^2l�^1) converges quickly to the α-dependent value given by (32).

FIG. 13. The relation between the warp factor ϕ given by (23) and the tension λ̄ of the hidden brane at x = L, which is given by (22), for the (�+)-type solutions. The horizontal axis represents ln ϕ and the vertical axis represents λ̄/(6κ�^2l�^1). The physical parameter is α = 2.0, 1.5, 1.2. As ϕ becomes large, λ̄/(6κ�^2l�^1) converges quickly to the α-dependent value given by (33).

FIG. 14. The relation between tension λ of our brane at x = 0 and the tension λ̄ of the hidden brane at x = 1. The horizontal axis represents λ̄/(6κ�^2l�^1) and the vertical axis represents λ/(6κ�^2l�^1). This relation can be considered as a necessary condition for the system with two branes to be static, or the condition for the four-dimensional cosmological constant to vanish. The physical parameter is α = 2.0, 1.5, 1.2.

Now let us give an argument that there is no static solution for α ≤ 1. The following argument is almost the same as that for the non-existence of (++)- and (−−)-type solutions. First, let us consider the case 0 < α ≤ 1. In this case the potential V (y_3) has only one root y = y_+, and thus only (++)-type solutions are allowed if any. However, since V^′(y_3) > 0 for y_3 ≤ y_+, the condition (31) excludes (++)-type solutions which are bounded in the region y_3 ≤ y_+. On the other hand, since the reversed potential −(L/l)^2V (y_3)/2 is negative for y_3 > y_+ and V (y_3(0)) = V (y_3(1)) = 0, the above heuristic interpretation in terms of a particle motion strongly suggests that, if there exists a solution of the differential equation, the solution should be bounded in the region y_3 ≤ y_+. Hence, we can conclude that there is no solution for 0 < α ≤ 1. Next, for α ≤ 0, there is no root of the potential V (y_3). Hence, in this case there is no way to satisfy the boundary condition (25). Therefore, there is no solution for α ≤ 1, and it is actually enough to concentrate on the case α > 1 as we did.

IV. SUMMARY AND DISCUSSIONS

We have proposed a simple five-dimensional brane world model, motivated by M-theory compactified on a sixdimensional manifold of small radius and an S^1/Z_2 of large radius. We have included the leading-order higher curvature correction to the tree-level bulk action since in brane world scenarios the curvature scale in the bulk may be comparable to the five-dimensional Planck scale and, thus, higher curvature corrections may become important. As a manageable model of the bulk theory we have considered pure gravity including a (Ricci-scalar)^4-correction to the Einstein-Hilbert action.

In this model theory, after a conformal transformation to the Einstein frame, we have numerically obtained static solutions, each of which consists of a positive tension brane and a negative tension brane. The solutions are parameterized by a dimensionless parameter α in the bulk theory and L/l, where L is distance between two branes and l is a length scale determined by the (negative) bulk cosmological constant. Several solutions are shown in Figures 2, 3, 4, 5, 6 and 7.

The warp factor and tension of both branes have been calculated for various values of α and L/l and, by eliminating L/l, we have obtained two α-dependent relations between the warp factor and brane tensions. The existence of these relations implies that, contrary to the original Randall-Sundrum model, the so called radion is no longer a zero mode. In this sense, the present model is similar to those in Refs. [28,29,5]. The two relations completely determine the brane tensions as functions of the warp factor and are shown in Figures 12 and 13. From these figures we conclude that the tension of our brane should be negative and that fine-tuning of the tension of both branes is necessary for a large warp factor to explain the large hierarchy between the Planck scale and the electroweak scale. To be precise, the brane tensions should be fine-tuned with high accuracy to values shown in equations (32) and (33).

Further, eliminating the warp factor from Figures 12 and 13, we have obtained a relation between the brane tensions. It is shown in Figure 14 and can be considered as a necessary condition for the system with two branes to be static, or the condition for the four-dimensional cosmological constant to vanish. Namely, unless this relation is satisfied, the system cannot be static but becomes dynamical, regardless of initial conditions (i.e. initial position of branes, initial velocity of branes, and so on).

A stability analysis of solutions obtained in the present paper is an important topic for future work. Here, we only offer a comment concerning this subject: we cannot derive a correct effective action by simply substituting the solutions into the action. Actually, if we substitute any static solutions into the action then the action vanishes because of the Hamiltonian constraint. A simple illustration of this fact is given in Appendix A.

Several extensions of the present model may also be of interest for future work: (i) inflating brane solution; (ii) cosmological solution; (iii) inclusion of Ricci tensor and Weyl tensor contributions to the R^4-term in the action; (iv) inclusion of a 3-form field and modulus corresponding to the six-dimensional compactification. (i) It is probably not difficult to extend the static solutions in the present paper to inflating brane solutions. The relation between brane tensions, corresponding to Figure 14, is expected to become dependent on the four-dimensional cosmological constant induced on branes as well as the model parameter α. (ii) Extension to cosmological solutions should be possible. This should not be as difficult as extension of the semiclassical solutions in ref. [16] to cosmological solutions. The latter seems rather difficult because of the so called moving mirror effect [13], which is non-local. On the other hand, the present model has a locally defined Lagrangian density in five dimensions. Hence, extension to the cosmological context is easier in the present model than in the model of ref. [16]. Moreover, the present model seems more realistic and, thus, worth while investigating in more detail. (iii) Although we have investigated effects of the (Ricci-scalar)^4-correction only, it would be desirable to investigate effects of other forth-order curvature terms. Note, however, that effects of forth-order Weyl terms are probably less important insofar as we consider the metric (9) or small perturbations around it, since the Weyl tensor vanishes for the metric (9). (iv) In the present model we have considered pure gravity in the bulk. However, more realistic model should include a 3-form field existing in the bosonic sector of eleven dimensional supergravity as well as moduli fields due to the compactification from eleven dimensions to five dimensions. In this case, we may consider effects due to various eighth-order derivative terms other than R^4 terms.

The author would like to thank Professor W. Israel for continuing encouragement and careful reading of this manuscript. He would be grateful to Professor J. Yokoyama and Dr. T. Shiromizu for helpful discussions in the early stage of this work. In particular, the author would greatly appreciate Professor J. Yokoyama for informing as to his interesting work on topological R^4 inflation [23]. This work is supported by CITA National Fellowship and the NSERC operating research grant.

APPENDIX A: ESTIMATE OF THE ACTION

By the ansatz (9), the action (4) is reduced to I = ∫ d^4xL, L = ∮ dwe^{−4A} { 2 κ^2 [ 2 d^2A dw^2 − 5 ( dA dw )_2] − [ 1 2 ( dψ dw )_2 + Ũ (ψ) ]} , (A1)

where the integration with respect to w in this expression is over the whole S^1, and Ũ (ψ) = U (ψ) + f(ψ)δ(w) + f̄ (ψ)δ(w − L). (A2)

From this reduced action, the following equations of motion are derived. 3 [ 2 ( dA dw )_2 − d^2A dw^2 ] + κ^2 [ 1 2 ( dψ dw )_2 + Ũ(ψ) ] = 0, e^{4A} d dw ( e^{−4A} dψ dw ) − Ũ^′(ψ) = 0. (A3)

These are equivalent to equations (10), (11) and (12), provided that the identification w ∼ w + 2L ∼ −L is imposed. We can estimate the value of the reduced action by using these equations. Actually, the first of (A3) reduces the effective Lagrangian density L to L = 1 κ^2 ∮ dwe^{−4A} { 2 [ 2 d^2A dw^2 − 5 ( dA dw )_2] + 3 [ 2 ( dA dw )_2 − d^2A dw^2 ]}

= 1 κ^2 ∮ dw d dw ( e^{−4A} dA dw ) = 0. (A4)

Therefore, the effective Lagrangian density vanishes if a solution of equations of motion is substituted. This fact can be easily understood as follows^4: in the static case without boundaries the Lagrangian of the system is just minus the Hamiltonian, which should vanish because of the Hamiltonian constraint.

The above arguments can be applied to the situation in ref. [28] by simply replacing U (ψ), f(ψ) and f̄ (ψ) with appropriate functions. Since the above analysis indicates a vanishing effective potential, it is impossible to obtain a correct effective potential for the so called radion, which corresponds to L in the above arguments, by simply substituting solutions to the action. It seems that the non-vanishing effective potential obtained in ref. [28] merely measures an amount of inconsistency in their analysis. Nonetheless, their conjecture that the radion can be stabilized by inclusion of a bulk scalar field seems correct if the backreaction of the scalar field to the geometry is sufficiently small [5].

4 The author would thank Professor J. Yokoyama for pointing out this.

[1] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999). [2] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999). [3] T. Shiromizu, K. Maeda and M. Sasaki, Phys. Rev. 62, 024012 (2000).

[4] A. Chamblin and G. W. Gibbons, Phys. Rev. Lett. 84, 1090 (2000); J. Garriga and T. Tanaka, Phys. Rev. Lett. 84, 2778 (2000); M. Sasaki, T. Shiromizu and K. Maeda, Phys. Rev. D62, 024008 (2000); T. Tanaka, Prog. Theor. Phys. 104, 545 (2000); S. B. Giddings, E. Katz, and L. Randall, J. High Energy Phys. 03, 023 (2000).

[5] T. Tanaka and X. Montes, Nucl. Phys. B582, 259 (2000).

[6] A. Chamblin, S. W. Hawking, and H. S. Reall, Phys. Rev. D61, 065007 (2000); R. Emparan, G. T. Horowitz and R. C. Myers, J. High Energy Phys. 01, 07 (2000); J. High Energy Phys. 01, 21 (2000); T. Shiromizu and M. Shibata, Phys. Rev. D62, 127502 (2000).

[7] T. Nihei, Phys. Lett. B465 81 (1999); N. Kaloper, Phys. Rev. D60 123506 (1999); H. B. Kim and H. D. Kim, Phys. Rev.

D61 064003 (2000).

[8] J. M. Cline, C. Grojean and G. Servant, Phys. Rev. Lett. 83 4245 (1999); E. E. Flanagan, S. H. H. Tye, I. Wasserman, Phys.

Rev. D62, 044039 (2000); S. Mukohyama, T. Shiromizu and K. Maeda, Phys. Rev. D62, 024028 (2000), Erratum-ibid. D63, 029901 (2001).

[9] C. Csaki, M. Graesser, C. Kolda and J. Terning, Phys. Lett. B462, 34 (1999); P. Kanti, I. I. Kogan, K. A. Olive and M. Pospelov, Phys. Rev. D61, 106004 (2000); C. Csaki, M. Graesser, L. Randall and J. Terning, Phys. Rev. D62, 045015 (2000).

[10] P. Binétruy, C. Deffayet, U. Ellwanger and D. Langlois, Phys. Lett. B477, 285 (2000); S. Mukohyama, Phys. Lett. B473, 241 (2000); D. N. Vollick, hep-th/9911181; P. Kraus, J. High Energy Phys. 9912, 011 (1999); D. Ida, JHEP 0009, 014 (2000).

[11] S. Mukohyama, Phys. Rev. D62, 084015 (2000); Class. Quant. Grav. 17, 4777 (2000); H. Kodama, A. Ishibashi and O. Seto, Phys. Rev. D62, 064022 (2000); D. Langlois, Phys. Rev. D62, 126012 (2000); C. van de Bruck, M. Dorca, R. Brandenberger and A. Lukas, Phys. Rev. D62, 123515 (2000); K. Koyama and J. Soda, Phys. Rev. D62, 123502 (2000); D. Langlois, R. Maartens, and D. Wands, Phys. Lett. B489, 259 (2000).

[12] J. Garriga and M. Sasaki, Phys. Rev. D62 043523 (2000); K. Koyama and J. Soda, Phys. Lett. B483, 432 (2000);

S. W. Hawking, T. Hertog, and H. S. Reall, Phys. Rev. D62, 043502 (2000); L. Anchordoqui, C. Nunez and K. Olsen, JHEP, 0010, 050 (2000).

[13] N. D. Birrell and P. C. W. Davies, Quantum Fields In Curved Space (Cambridge University Press 1982). [14] J. Garriga, O. Pujolas, and T. Tanaka, hep-th/0004109.

[15] M. Fabinger and P. Horava, Nucl. Phys. B580, 243 (2000); S. Nojiri, S. D. Odintsov and S. Zerbini, Phys. Rev. D62, 064006 (2000); Class. Quant. Grav. 17, 4855 (2000); S. Nojiri and S. D. Odintsov, Phys. Lett. B484, 119 (2000).

[16] S. Mukohyama, hep-th/0007239, to appear in Phys. Rev. D.

[17] S. Nojiri and S. D. Odintsov, JHEP 0007, 049 (2000); Phys. Lett. B493, 153 (2000). [18] R. Hofmann, P. Kanti and M. Pospelov, hep-ph/0012213.

[19] P. Hořava and E. Witten, Nucl. Phys. B460, 506 (1996); E. Witten, Nucl. Phys. B471, 135 (1996). [20] E. Cremmer, B. Juria and J. Scherk, Phys. Lett. B76, 409 (1978). [21] M. B. Green, M. Gutperle, Nucl. Phys. 498, 195 (1997).

[22] M. B. Green, M. Gutperle and P. Vanhove, Phys. Lett. B409, 177 (1997); E. Kiritsis and B. Pioline, Nucl. Phys. B508, 509 (1997); J. G. Russo and A. A. Tseytline, Nucl. Phys. 508, 245 (1997); A. Kehagias and H. Partouche, Phys. Lett. B422, 109 (1998); B. Pioline, Phys. Lett. B431, 73 (1998).

[23] J. Ellis, N. Kaloper, K. A. Olive, and J. Yokoyama, Phys. Rev. D59, 103503 (1999). [24] A. Lukas, B. A. Ovrut, D. Waldram, Nucl. Phys. 532, 43 (1998); B540, 230 (1999). [25] K. Maeda, Phys. Rev. D39, 3159 (1989). [26] W. Israel, Nuovo Cimento Soc. Itel. Fis., B44, 1 (1966).

[27] W. H. Press, S. A. Teukolsky, W. T. Vetterling and B. P. Flannery, Numerical Recipes in C, The Art of Scientific Computing, Second Edition, (Cambridge University Press, 1992).

[28] W. D. Goldberger and M. B. Wise, Phys. Rev. Lett. 83, 4922 (1999). [29] O. DeWolfe, D. Z. Freedman, S. S. Gubser and A. Karch, Phys. Rev. D62, 046008 (2000).