arXiv:hep-th/0101042 v2 27 Feb 2001

TIT/HEP–461

hep-th/0101042

January, 2001

Our World as an Intersection of Walls and a String

Norisuke Sakai^∗ and Shigemitsu Tomizawa^†

Department of Physics, Tokyo Institute of Technology Oh-okayama, Meguro, Tokyo 152-8551, Japan

Abstract A solution of Einstein equations is obtained for our four-dimensional world as an intersection of a wall and a string-like defect in sevendimensional spacetime with a negative cosmological constant. A matter energy-momentum tensor localized on the wall and on the string is needed. A single massless graviton is found and is localized around the intersection. The leading correction to the gravitational Newton potential from massive spin 2 graviton is found to be almost identical to that of a wall in five dimensions, contrary to the case of a string in six dimensions. The generalization to the intersection of a string and n orthogonally intersecting walls is also obtained and a similar result is found for the gravitational potential.

∗ e-mail: nsakai@th.phys.titech.ac.jp
† e-mail: stomizaw@th.phys.titech.ac.jp

1 Introduction

In recent years, a lot of attention has been paid to topological objects such as domain walls [1], [2], junctions [3]–[5] in field theories, and branes in string theories [6]. An interesting idea has been advocated that our four-dimensional world may be realized on these topological objects embedded in higher dimensional spacetime [7]. In this “brane world” scenario, most of the particles in the standard model should be obtained as modes localized on the topological defects. These models are based on the fact that the Newton’s law for the gravitational force is tested only at short distances of the order of a hundred microns [8]. In view of the possibility of a fundamental theory in higher dimensions such as the ten-dimensional superstring, it is desirable to have a model with more extra dimensions and with supersymmetry. In fact, a model for supersymmetry breaking has been proposed based on the coexistence of branes [9].

Another fascinating possibility has also been proposed to consider walls in five-dimensional spacetime with a negative cosmological constant [10]. It has been recognized that the graviton in our four-dimensional world can be obtained as a zero mode localized on the wall embedded in the five-dimensional curved spacetime [11]. The model has been extended to intersections of walls in higher dimensional AdS spacetime [12]. Topological defects of codimension two [13], [14] and more [16] have also been studied. Following the Kaluza-Klein idea, the graviton field in the bulk is decomposed into spin 2 graviton, spin 1 graviphoton, and spin 0 graviscalar fields in four-dimensional spacetime. It has been shown that the spin 0 field becomes unphysical for an isolated wall, but becomes a physical scalar field called radion if there are two or more walls [17]. The graviphoton has also been studied in the case of walls in five dimensions [18]. However, these scalar and vector fields are not well studied in the case of topological defects in higher dimensional spacetime. The contributions from the spin 2 gravitons to the Newton potential for the gravitational force have been obtained, but the contributions from spin 1 and spin 0 fields are still an open question in these higher dimensional models. A number of works also explored the possible extensions of the model to higher extra dimensions [20]. It is important to study the coexistence of these topological defects in higher dimensional spacetime to build a model from a fundamental theory with higher spacetime dimensions and/or higher supersymmetry [9].

The purpose of this paper is to construct a model for our four-dimensional world as an intersection of a wall (codimension one) and a string-like defect (codimension two) and to obtain corrections to the gravitational Newton potential by working out the spin 2 modes on the background. We find a configuration of a four-dimensional intersection of a wall and a string-like defect in seven-dimensional spacetime. We obtain a four-dimensional graviton as a zero mode localized on the intersection. It turns out necessary to have a matter energy-momentum tensor besides the cosmological constant on the topological defects. The correction to the Newton’s law is found to be similar to that of the wall in five dimensions contrary to the string-like defect in six dimensions. We also work out generalizations to intersections of a string-like defect and n orthogonally intersecting walls in (6 + n) dimensional spacetime. A single massless graviton is found to be localized at the intersection and the leading correction to the Newton potential is found to be similar to the single wall case. We leave the study of the spin 1 and spin 0 fields for a future work.

In sect. 2, we will study the solution of the Einstein equation representing the intersection of walls and a string-like defect embedded in seven-dimensional spacetime. The modes on the background of intersection of walls and a string-like defect are obtained, and the correction for the gravitational Newton potential is worked out in sect. 3. In sect. 4 the extension of the solution is obtained for the intersection of a string-like defect and n orthogonally intersecting walls in higher dimensional spacetime.

2 Intersection of a Wall and a String-like Defect

In order to consider an intersection of parallel walls and a string-like defect, we will work on a seven-dimensional spacetime. The indices for the bulk spacetime coordinates are denoted by capital alphabets A, B, · · · throughout this paper. Following Ref.[10], we will compactify one of the extra dimensions and make an orbifold S^1/Z_2 by identifying points under the reflection : y → −y. Two parallel five-branes (walls) with vanishing widths are placed at the fixed points of the orbifold: y = 0 and y = y_c. The polar coordinates (r, θ) for the two more extra dimensions perpendicular to the y direction take values 0 ≤ r < ∞, and 0 ≤ θ < 2π. Perpendicular to the walls lies a four-brane (string-like defect) at r = 0. We will consider an infinitesimal thickness of radial size ε for the string like defect following Ref.[14]. Denoting the metric and scalar curvature in seven dimensions by ĝ and R̂ respectively, the action is given by S = ∫ d^7x √ ĝ ( − 1 2 M_7^5R̂ − Λ_7 ) + ∫ y=0 d^6x √ −ḡ^{(1)} ( L^{(1)}_{wall} − Λ^{(1)}_6 )

+ ∫ y=yc d^6x √ −ḡ^{(2)} ( L^{(2)}_{wall} − Λ^{(2)}_6 ) + ∫ d^7x √ ĝL_{string} . (2.1)

where M_7 is the seven-dimensional Planck scale, Λ_7 is a bulk cosmological constant and Λ^{(1)}_6 , Λ^{(2)}_6 are tensions of five-branes (walls) which lie at y = 0, y_c respectively. The matter part of the Lagrangian for the walls are denoted as L^{(1)}_{wall}, L^{(2)}_{wall} and that for the string-like defect as L_{string}. Here we explicitly separated out the wall tensions Λ^{(1)}_6 , Λ^{(2)}_6 from the matter Lagrangians on the walls, but we included the string tension in the Lagrangian L_{string} of the string-like defect. The induced metrics on the five-branes are denoted by ḡ

ḡ^{(1)}_{AB} ≡ ĝ_{AB}|_{y=0} , ḡ^{(2)}_{AB} ≡ ĝ_{AB}|_{y=yc} , (2.2)

for indices A, B = 0, 1, 2, 3, r, θ. Indices for the coordinates of our four-dimensional spacetime are denoted by Greek alphabets as x^μ = 0, · · · , 3.

We will look for a solution that respects four-dimensional Poincaré invariance in the intersection. Let us assume the following ansatz for the seven-dimensional metric ds^2 = ĝ_{AB}dx^Adx^B = σ(y, r)η_{μν}dx^μdx^ν − dy^2 − dr^2 − γ(y, r)dθ^2 . (2.3) This metric has two kinds of warp factors σ(y, r) and γ(y, r). The seven-dimensional Einstein equations for the action (2.1) is given by R̂_{AB} − 1 2 ĝ_{AB}R̂ = 1 M_7^5 [ Λ_7ĝ_{AB} + T̂^{(string)}_{AB} + ( T̄^{(wall1)} AB + Λ^{(1)}_6 ) √ −ḡ^{(1)} √ ĝ ḡ^{(1)}_{AB}δ(y) + ( T̄^{(wall2)} AB + Λ^{(2)}_6 ) √ −ḡ^{(2)} √ ĝ ḡ^{(2)}_{AB}δ(y − y_c) ] , A, B = 0, · · · , 3, r, θ, (2.4) if the indices A, B do not contain y component. If at least one of the indices A, B corresponds to the y component, the Einstein equation becomes R̂_{AB} − 1 2 ĝ_{AB}R̂ = 1 M_7^5 [ Λ_7ĝ_{AB} + T̂^{(string)}_{AB} ] , A or B = y . (2.5)

The energy-momentum tensors for the string-like defect and the walls are defined as

T̂^{(string)} AB ≡ 2 √ ĝ ∂ (√ ĝL_{string} ) ∂ĝ^{AB} ,

T̄^{(wall1)} AB ≡ 2 √ −ḡ^{(1)} ∂ (√ −ḡL^{(1)}_{wall} ) ∂ḡ^{(1)AB} , T̄^{(wall2)} AB ≡ 2 √ −ḡ^{(2)} ∂ (√ −ḡ^{(2)}L^{(2)}_{wall} ) ∂ḡ^{(2)AB} . (2.6)

Let us note that the ratios √ −ḡ^{(1)}/ √ ĝ and √ −ḡ^{(2)}/ √ ĝ at the five-branes in Eq.(2.4) reduce to 1 for the metric (2.3).

The non-zero components of the energy-momentum tensor from the matter sources on the wall at y = 0 are assumed as

T̄^{(wall1)μ}_ν = t^{(1)}_0 (r)δ^μ_ν , T̄^{(wall1)r} = t^{(1)}_r (r) , T̄^{(wall1)θ} = t^{(1)}_θ (r) , (2.7) where the r-dependence of t^{(1)}_0 , t^{(1)}_r , t^{(1)}_θ will be given later. A similar form is assumed for the energy-momentum tensor T̄^{(wall2)A}_B on the other wall at y = y_c. On the other hand, we assume that the matter source for the string-like defect is distributed continuously within the core of radius ε and vanishes outside of it. The non-zero components of the energy-momentum tensor are assumed as

T̂^{(string)μ}_ν = f_0(y, r)δ^μ_ν , T̂^{(string)y} = f_y(y, r) , T̂^{(string)y}_r = f_{yr}(y, r) , T̂^{(string)r} = f_r(y, r) , T̂^{(string)θ} = f_θ(y, r) , (2.8)

where the (y, r)-dependence of f_0, f_y, f_{yr}, f_r, f_θ will be given later.

Using the ansatz of the metric (2.3) and the energy-momentum tensors (2.7) (2.8), the Einstein equations (2.4), (2.5) now become 3 2 σ^{′′} σ + 3 4 σ^′ σ γ^′ γ + 1 2 γ^{′′} γ − 1 4 γ^{′2} γ^2 + 3 2 σ̈ σ + 3 4 σ̇ σ γ̇ γ + 1 2 γ̈ γ − 1 4 γ̇^2 γ^2 = − 1 M_7^5 [ Λ_7 + f_0(y, r) + (t^{(1)}_0 (r) + Λ^{(1)}_6 )δ(y) + (t^{(2)}_0 (r) + Λ^{(2)}_6 )δ(y − y_c) ] , (2.9) 3 2 σ^{′2} σ^2 + σ^′ σ γ^′ γ + 2 σ̈ σ + 1 2 σ̇2 σ^2 + σ̇ σ γ̇ γ + 1 2 γ̈ γ − 1 4 γ̇^2 γ^2 = − 1 M_7^5

[Λ_7 + f_y(y, r)] , (2.10) σ^′ σ σ̇ σ − 2 σ̇^′ σ + 1 4 γ^′ γ γ̇ γ − 1 2 γ̇^′ γ = − 1 M_7^5 f_{yr}(y, r) , (2.11)

2 σ^{′′} σ + 1 2 σ^{′2} σ^2 + σ^′ σ γ^′ γ + 1 2 γ^{′′} γ − 1 4 γ^{′2} γ^2 + σ̇ σ γ̇ γ + 3 2 σ̇^2 σ^2 = − 1 M_7^5 [ Λ_7 + f_r(y, r) + (t^{(1)}_r (r) + Λ^{(1)}_6 )δ(y) + (t^{(2)}_r (r) + Λ^{(2)}_6 )δ(y − y_c) ] , (2.12)

2 σ^{′′} σ + 1 2 σ^{′2} σ^2 + 2 σ̈ σ + 1 2 σ̇^2 σ^2 = − 1 M_7^5 [ Λ_7 + f_θ(y, r) + (t^{(1)}_θ (r) + Λ^{(1)}_6 )δ(y) + (t^{(1)}_θ (r) + Λ^{(2)}_6 )δ(y − y_c) ] , (2.13)

where the dash (^′ ) and the dot (˙) denote partial differentiations ∂_y and ∂_r respectively.

The boundary conditions at r = 0 are assumed as [14]

∂_rσ|_{r=0} = 0 , ∂_r √ γ|_{r=0} = 1 , γ|_{r=0} = 0. (2.14)

These conditions are consistent with the usual regular solution in flat space so that r = 0 can be regarded as a regular origin of the polar coordinates (r, θ).

We assume that the solutions outside the core of the string-like defect (r > ε) take the form σ(y, r) = e^{−a|y|−br} , γ(y, r) = R_0^2e^{−c|y|−dr} , (2.15) which is consistent with the orbifold symmetry y ↔ −y . The coefficient R_0 is a constant for the length scale and a, b, c, d are constants with the dimension of mass. We assume that the warp factors do not diverge as r goes to infinity

b ≥ 0, d ≥ 0 . (2.16)

Substituting Eq.(2.15) into the Einstein equations (2.9)–(2.13), we obtain solutions

c = ±2b , d = ∓2a , (2.17)

where the upper and lower signs are for a ≤ 0 and a ≥ 0 respectively. The constants a and b are related by a^2 + b^2 =

−2Λ_7 5M_7^5

, (2.18) which means that this solution requires Λ_7 < 0. Here we have one parameter family of solutions that are locally related by an SO(2) rotation of (y, r)-space, apart from the range of (y, r) that is covered.

From the boundary conditions at y = 0, y_c, the components of the energy-momentum tensor from the walls for r > ε must be

t^{(1)}_0 (r) = M_7^5(3a ± 2b) − Λ^{(1)}_6 , t^{(1)}_r (r) = M_7^5(4a ± 2b) − Λ^{(1)}_6 , t^{(1)}_θ (r) = 4M_7^5a − Λ^{(1)}_6 , (2.19)

t^{(2)}_0 (r) = M_7^5(−3a ∓ 2b) − Λ^{(2)}_6 , t^{(2)}_r (r) = M_7^5(−4a ∓ 2b) − Λ^{(2)}_6 , t^{(2)}_θ (r) = −4M_7^5a − Λ^{(2)}_6 . (2.20)

Therefore we can find a solution for a and b only if the energy-momentum tensors t^{(1)}, t^{(2)}’s from matter sources are present on the walls. It is also interesting to observe that the matter energy-momentum tensors t^{(1)}, t^{(2)}’s on the walls are independent of the position (r, θ) on the wall outside the intersection region r > ε.

Let us examine the Einstein equations near the core of the string-like defect 0 ≤ r < ε. The components of the string tension are obtained by integrating over the disk of small radius ε containing the string core as

μ_I = ∫ ε 0 dr σ^2 √ γf_I (y, r) , (2.21)

where I = 0, y, yr, r, θ. Even without specifying the warp factors inside the string core explicitly, the Einstein equations (2.9)-(2.13) and the boundary conditions (2.14) require the components of the string tension to satisfy the following relations [σ(∂_rσ) √ γ]^ε_0 = − 2 M_7^5

(μ_r + μ_θ) , (2.22) [ σ^2∂_r √ γ ]ε 0 = − 1 4M_7^5

(4μ_0 + μ_r − 3μ_θ) , (2.23) 4μ_0 − 4μ_y + μ_r + μ_θ = 0 , (2.24)

neglecting the order O(ε) contributions. These quantities can be obtained solely in terms of the values of warp factors at the boundaries of the core r = 0 and ε, without specifying the warp factors explicitly inside the string core. Note that μ_I are functions of y as there are warp factors which change the scale of the theory along the y-direction. Since our solutions (2.15) relate the left-hand sides of Eqs.(2.22) and (2.23), we find the following relation between the components of the string tension,

± a(μ_y − μ_θ) + 2bM_7^5(μ_r + μ_θ) = bσ^2(y, 0) . (2.25)

Since more explicit form of the warp factors inside the core r < ε of the string-like defect is needed to obtain each component of the energy-momentum tensor T̂^{(string)} separately, we will take the following warp factors inside the core as an illustrative example σ(y, r) = e^{−a|y|−bε2} Θ(ε_2 − r) + e^{−a|y|−br}Θ(r − ε_2) , γ(y, r) = r^2Θ(ε_1 − r) + { A(y)(r − ε_1) + ε^2_1 } {Θ(r − ε_1) − Θ(r − ε_2)} + R_0^2e^{∓2b|y|±2ar}Θ(r − ε_2) , (2.26)

where Θ is a step function, 0 < ε_1 < ε_2 = ε − 0 and A(y) ≡ R_0^2e^{∓2b|y|±2aε2} − ε^2_1 ε_2 − ε_1

. (2.27)

The behavior of the warp factors are shown in Fig.1, The components of the string tension needed

Figure 1: The warp factors near the core of the string-like defect at y = constant as a function of r (2.26).

for this solution of the warp factors are given for y ≠ 0 as

μ_0 = M_7^5 {( 3 2 b ± a ) R_0e^{−(2a±b)|y|} − e^{−2a|y|} } , (2.28)

μ_y = M_7^5 { (2b ± a) R_0e^{−(2a±b)|y|} − e^{−2a|y|} } , (2.29) μ_{yr} = ∓bR_0M_7^5|y|^′e^{−(2a±b)|y|} , (2.30) μ_r = 0 , (2.31) μ_θ = 2bR_0M_7^5e^{−(2a±b)|y|} . (2.32)

We observe that μ_{yr}(y) has a discontinuity at the wall y = 0. Since μ_{yr}(y) is an odd function of y, the nonvanishing value of μ_{yr}(y → +0) implies the discontinuity. We believe that the discontinuity comes about because we assumed a vanishing width for the wall, and that it will be smoothed out if the four-brane and five-branes are intersecting smoothly. Therefore we should understand the solution (2.3), (2.15), (2.26) as a limit of the vanishing width for the walls including the intersection region.

When we assume the above warp factors (2.26) even at the intersection region, we also obtain the energy-momentum tensor for the walls even inside the string core 0 ≤ r < ε. We find, for instance, t^{(1)}’s are modified from Eq.(2.19) by multiplying the constant b with a function B(r) b → bB(r), B(r) ≡ [ 1 + ε_2 − r r − ε_1 ( ε_1 R_0

)_2 e^{∓2aε2} ]_{−1} . (2.33)

Therefore the components of the energy-momentum tensor t^{(1)}’s on the wall change from the constant value (2.19) outside the string core r > ε to another constant value at the center (0 ≤ r < ε_1) smoothly through the string core region 0 ≤ r < ε where the wall intersects with the string-like defect. The components of the energy-momentum tensor on the other wall t^{(2)}’s also exhibit a similar behavior.

The four-dimensional reduced Planck scale M_4 is related to the seven-dimensional Planck scale M_7 as M_4^2 = M_7^5 ∫ y_c 0 dy ∫_∞ 0 dr ∫_2π 0 dθ σ √ γ , (2.34)

which gives after integration

M_4^2 = ± 2πR_0 b^2 − a^2 ( 1 − e^{−(a±b)yc} ) M_7^5 (2.35)

for a ± b ≠ 0, and M_4^2 = πR_0y_c b M_7^5 (2.36)

for a ± b = 0. If we want to consider a single wall configuration which is obtained by taking y_c → ∞ and by removing the regulator brane at y = y_c, we must choose a solution which satisfies a ± b > 0. The choice of b = 0 reduces to a rather trivial solution giving a tensor product of the model of parallel walls in the five-dimensional spacetime [10][11] and a two-dimensional model with a string-like defect similar to Ref.[14], because then the (r, θ)-directions become completely separated from the other directions. Instead, in the rest of this paper, we will concentrate on the a = 0 case solution and choose the upper sign^‡ in (2.17) in order to obtain a finite four-dimensional reduced Planck scale even in the limit y_c → ∞. We will eventually take y_c → ∞ to consider the configuration of a single wall intersecting with a string-like defect at y = 0 and r < ε. The metric solution for r > ε (outside of the string-like defect core) now becomes

ds^2 = e^{−br}η_{μν} dx^μdx^ν − dy^2 − dr^2 − R_0^2e^{−2b|y|}dθ^2 , (2.37)

where b = √ −2Λ 5M_7^5

. (2.38)

Taking the upper sign in Eq.(2.15), excluding the regulator wall at y = y_c, and setting a = 0 in Eq.(2.19), we find the energy-momentum tensor of matter fields on the wall at y = 0 satisfying the Einstein equations as

t^{(1)}_0 (r) = 2bM_7^5 − Λ^{(1)}_6 , t^{(1)}_r (r) = 2bM_7^5 − Λ^{(1)}_6 , t^{(1)}_θ (r) = −Λ^{(1)}_6 . (2.39)

In this case, we can explicitly construct the energy-momentum tensor on the wall at y = 0 by means of matter fields. Let us consider two scalar fields φ^a, a = 1, 2 on the wall with a Lagrangian

‡ The change of sign merely exchanges the role of two walls in this case. The choice of the upper sign corresponds to choosing the wall at y = 0 as the brane with positive cosmological constant.

density [16]

L^{(1)}_{wall} = 1 2 ḡ^{AB}∂_Aφ^a∂_Bφ^a − V (φ) , V (φ) = λ(φ^aφ^a − v^2)^2 , (2.40)

where the indices A, B span only over coordinates on the wall A, B = 0, · · · , 3, r, θ. The energymomentum tensor is then given by

T̄^{(wall1)A}_B = ḡ^{AC} ∂_Cφ^a∂_Bφ^a − δ^A_B (1 2 ḡ^{CD}∂_C φ^a∂_Dφ^a − V (φ) ) . The minimum of the potential V in Eq.(2.40) is at φ^aφ^a = v^2. Therefore we can have a winding configuration of the scalar fields

φ^1 = v cos θ , φ^2 = v sin θ , (2.41)

which becomes stable for large values of λ. Then the scalar field gives an energy-momentum tensor on the wall with components

t^{(1)}_0 = t^{(1)}_r = −t^{(1)}_θ = v^2 2R_0^2

. (2.42)

Therefore the energy-momentum tensor (2.39) satisfying the Einstein equation is obtained if the vacuum expectation value of the scalar fields is related to the brane tension Λ^{(1)}_6 , the Planck scale M_7 in the bulk and the warp factor slope b in Eq.(2.38) as

Λ^{(1)}_6 = M_7^5b = v^2 2R^2_0

. (2.43)

3 Graviton on the Background of a Wall and a String

3.1 Massless and Massive Spin-2 Fields

Having obtained a solution for the system, we wish to find the modes on the background of the solution. We first examine whether spin 2 graviton is localized on the four-dimensional intersection region, and then check whether the resulting gravitational force is consistent with the four-dimensional experimental gravity. For these purposes, let us consider linearized equations for gravitons. We will only consider the spin 2 fields and neglect the spin 1 and spin 0 fields, which must be included for the complete analysis eventually. Let us consider the following fluctuations of metric, ĝ_{μν} = σ(r) [ η_{μν} + h_{μν} (x^A) ] . (3.1)

We will choose a gauge [11] ∂_μh^μ_ν (x^A) = h^μ_μ(x^A) = 0 . (3.2) Then the linearized equations of motion takes the form [20] 1 √ ĝ ∂_A (√ ĝĝ^{AB}∂_Bh_{μν} (x^A) ) = 0 . (3.3)

Since we take a = 0 case (2.37), we can separate the variables as

h_{μν} (x^A) = ∑ m,k,ℓ h^{(mkℓ)}_{μν} (x^α)ϕ_{(mk)}(r)χ_{(kℓ)}(y)e^{iℓθ} , (3.4) where ℓ is an integer angular momentum. Substituting the decomposition (3.4) into the linearized equations of motion (3.3), we obtain the following separated equations − η^{λρ}∂_λ∂_ρh^{(mkℓ)}_{μν} = m^2h^{(mkl)}_{μν} , (3.5) −∂_r ( σ^2∂_rϕ_{(mk)} ) + k^2σ^2ϕ_{(mk)} = m^2σϕ_{(mk)} , (3.6) −∂_y ( γ^{12} ∂_yχ_{(kℓ)} ) + ℓ^2γ^{− 12} χ_{(kℓ)} = k^2γ^{12} χ_{(kℓ)} . (3.7)

Eq.(3.5) shows that the eigenvalue m ≥ 0 corresponds to the mass of the four-dimensional field h^{(mkl)}_{μν} (x^α). For the differential operator in the left-hand side of Eq.(3.7) to be self-adjoint we impose the boundary conditions^§

χ^′_{(kℓ)}(0) = χ^′_{(kℓ)}(y_c) = 0 . (3.8)

Then, we can demand the modes χ_{(kℓ)} to satisfy the orthonormal condition ∫ y_c 0 dy γ^{12} χ^∗_{(kℓ)}χ_{(k}0_{ℓ)} = δ_{kk}0 . (3.9)

Multiplying χ_{(kℓ)} to Eq.(3.7) and integrating the first term of the left-hand side by parts, we obtain k^2 = ∫ y_c 0 dy γ^{12} | | |χ^′_{(kℓ)} | | |^2 + ℓ^2 ∫ y_c 0 dy γ^{− 12} | | |χ_{(kℓ)} | | |^2 ≥ 0 . (3.10)

This equation together with Eq.(3.9) shows that k^2 is non-negative, more precisely

ℓ ≠ 0 =⇒ k^2 > 1 R_0^2

, (3.11)

ℓ = 0 =⇒ k^2 ≥ 0 , (3.12)

§ Another possible boundary condition is the Dirichlet boundary condition χ_(kℓ_)(0) = χ_(kℓ_)(yc) = 0. However, modes satisfying the Dirichlet boundary condition do not contain the zero mode that we are most interested in. Moreover Z_2 projection allows only the Neumann boundary condition (3.8). To obtain the corrections to the Newton potential (3.36), it is sufficient to consider (3.8).

where the equality k^2 = 0 holds if and only if χ_{(00)}(y) is independent of y. Our boundary condition (3.8) is the most natural one as long as the gravity can be treated semiclassically. We will examine the question of the validity of semiclassical gravity at the end of this subsection.

A similar analysis applies to Eq.(3.6). We can impose the boundary conditions^¶ ϕ̇_{(mk)}(0) = ϕ̇_{(mk)}(∞) = 0 , (3.13)

for the differential operator in Eq.(3.6) to be self-adjoint. Then the modes ϕ_{(mk)} can be made to satisfy the orthonormal condition ∫_∞ 0 dr σϕ^∗_{(mk)}ϕ_{(m}0_{k)} = δ_{mm}0 . (3.14)

where quantum numbers k are not summed. Multiplying ϕ^∗_{(mk)} to Eq.(3.6) and integrating the first term of the left-hand side by parts, we obtain

m^2 = ∫_∞ 0 dr σ^2 | | |ϕ̇_{(mk)} | | |^2 + k^2 ∫_∞ 0 dr σ^2 | | |ϕ_{(mk)} | | |^2 ≥ 0 , (3.15)

where the equality m^2 = 0 holds if and only if k = 0 and ϕ_{(00)}(r) is independent of r. We now obtain from Eqs.(3.10) and (3.15) that m = 0 requires k = ℓ = 0. Since m is the mass of the four-dimensional field h^{(mkℓ)}_{μν} (x^α), we find that there is only one massless four-dimensional mode for spin 2 graviton as required by experiment.

It is easy to see from the wave equations (3.6), (3.7) and the orthonormal conditions (3.9), (3.14) that the unique massless mode is the zero-mode solution with m = k = ℓ = 0,

χ_{(00)}(y) = √ b R_0(1 − e^{−byc} )

, ϕ_{(00)}(r) = √ b . (3.16)

These constant wave functions are normalizable. The definition (2.34) of the four-dimensional reduced Planck scale implies that the probability density of the wave functions ϕ_{(mk)}(r)χ_{(kℓ)}(y) in the extra dimensions is given by σ(r)γ^{12} (y)|ϕ_{(mk)}(r)χ_{(kℓ)}(y)|^2. The probability density of the zero mode m = k = ℓ = 0 wave function is sharply peaked around the intersection y = 0, r = 0. Therefore the spin 2 graviton represented by the zero mode is localized around the intersection region.

In order to evaluate the density of states of the non-zero modes precisely, we reintroduce a regulator brane at a finite radial distance cutoff r_{max}. Accordingly, the boundary condition (3.13) at r = ∞ is modified to a similar boundary condition imposed at r = r_{max}.

Now consider the non-zero modes. First, let us solve the wave equation (3.7) for χ_{(kℓ)}(y).

¶ We do not choose the Dirichlet boundary condition by the same reason as that for χ_(kl_)(y) except that we do not have Z_2 projection in r.

(i) ℓ = 0 modes

The k = 0 mode solution is a constant χ_{(00)} given in Eq.(3.16). The 0 < k ≤^b_2 mode solutions turn out to be excluded from the spectrum by the boundary conditions (3.13). The k >^b_2 mode solutions are χ_{(k0)} = N_{k0}e^{b2 |y|} ( e^{−i 12 √4k2−b2|y|} + α_{k0}e^{i 12 √4k2−b2|y|} ) , (3.17)

where N_{k0} are normalization constants and α_{k0} are constants which are determined by the boundary condition at y = 0 as α_{k0} = − b − i √ 4k^2 − b^2 b + i √ 4k^2 − b^2

. (3.18)

In addition, there is a boundary condition at y = y_c which leads to the quantization of k as

k^2 = b^2 4 + π^2 y^2_c n^2_k , (3.19)

where n_k = 1, 2, · · ·. Thus we find that there is a gap in the spectrum of k between k = 0 and k > b/2 even in the limit of y_c → ∞.

(ii) ℓ ≠ 0 modes

Changing the variable from y to u ≡^ℓ_{bR0} e^{b|y|} and redefining the wave equation by χ̃_{(kℓ)} ≡ u^{− 1}2 χ_{(kℓ)}, Eq.(3.7) can be rewritten in the form [ d^2 du^2 + 1 u d du − { 1 + 1 u^2 ( 1 4 − k^2 b^2 )}] χ̃_{(kℓ)} = 0 . (3.20)

The solution to this equation is a linear combination of modified Bessel functions. Therefore, the solution is of the form

χ_{(kℓ)} = N_{kℓ}u^{12} [K_{νk} (u) + α_{kℓ}I_{νk} (u)] , (3.21)

where

ν_k = i √ k^2 b^2 − 1 4 , (3.22)

N_{kℓ} are normalization constants and α_{kℓ} are constant coefficients. Irrespective of the detailed spectrum for the ℓ ≠ 0 modes, Eq.(3.11) shows that there is a gap in the spectrum of k as k > 1/R_0.

Next, let us turn to Eq.(3.6) to obtain the wave function ϕ_{(mk)}(r).

(i’) m = 0 mode

As stated before, there is only one m = 0 mode corresponding to m = k = ℓ = 0. The m = 0 mode solution is a constant which reduces to the ϕ_{(00)} in Eq.(3.16) in the limit r_{max} → ∞.

(ii’) m > 0 modes

Changing the variables to v ≡^{2m}_b e^b2^r and redefining the wave equations by ϕ̃_{(mk)} ≡ v^{−2}ϕ_{(mk)}, Eq.(3.6) can be rewritten in the form [ d dv^2 + 1 v d dv { 1 − 4 u^2_m ( 1 + k^2 b^2 )}] ϕ̃_{(mk)} = 0 . (3.23)

The solutions to this equation are linear combinations of Bessel functions. Therefore the solution takes the form

ϕ_{(mk)} = Ñ_{mk}e^{br} [J_{ν̃k} (v) + β_{mk}Y_{ν̃k} (v)] , (3.24)

where Ñ_{mk} are the normalization constants, β_{mk} are the constant coefficients and

ν̃_k = 2 √ 1 + k^2 b^2

. (3.25)

From the boundary condition (3.13) at r = 0, we obtain β_{mk} = − (2 − ν̃_k)J_{ν̃k} (v_0) + v_0J_{ν̃k −1}(v_0) (2 − ν̃_k)Y_{ν̃k} (v_0) + v_0Y_{ν̃k −1}(v_0)

, (3.26)

where v_0 ≡^{2m}_b and ν̃_k = 2 √ 1 +^{k2}_{b2} . Since the boundary condition at r = r_{max} gives ϕ̇_{(mk)}(r_{max}) = 0, we find β_{mk} = − (2 − ν̃_k)J_{ν̃k} (v_{max}) + v_{max}J_{ν̃k −1}(v_{max}) (2 − ν̃_k)Y_{ν̃k} (v_{max}) + v_{max}Y_{ν̃k −1}(v_{max}) ≃ − J_{ν̃k −1}(v_{max}) Y_{ν̃k −1}(v_{max})

, (3.27)

where v_{max} ≡^{2m}_b e^{b2 rmax}. In the limit^m_b ≪ 1, Eq.(3.26) for the k = 0 mode is approximated by

β_{m0} = −

J_1(v_0) Y_1(v_0) ≃ π 4 v^2_0 ≪ 1 . (3.28)

Eqs.(3.27) and (3.28) imply that the mass spectrum is quantized as m ≡ m_n ≃ ( n + 1 4 ) πb 2 e^{− b2 rmax} , (3.29) where n is an integer. The mode function ϕ_{(m0)} at r = 0 becomes | | |ϕ_{(m0)}(0) | | |^2 ≃ | | |Ñ_{m0} | | |^2 ≃ πme^{− b2} r^{max} . (3.30)

On the other hand, Eq.(3.26) for the k > 0 modes in the limit^m_b ≪ 1 is approximated by

β_{mk} ∼ v^{2ν̃k}_0 ≪ 1 . (3.31)

So the mass spectrum is quantized as m ≡ m_n ≃ ( n + ν̃_k 2 − 3 4 ) πb 2 e^{− b2 rmax} , (3.32)

and the mode function ϕ_{(mk)} at r = 0 becomes | | |ϕ_{(mk)}(0) | | |^2 ∼ | | |Ñ_{mk} | | |^2 v^{2~}ν^k_0 . (3.33)

Let us recall that there is a gap in the spectrum of k between k = 0 and k > b/2 for the ℓ = 0 modes and k > 1/R_0 for the ℓ ≠ 0 modes. On the other hand, the normalization factor Ñ_{mk} is insensitive to the values of k. Therefore we find that | | |ϕ_{(m0)}(0) | | |^2 ≫ | | |ϕ_{(mk)}(0) | | |^2 , (3.34)

and that the wave function at the intersection r = 0 is negligible for the modes with nonvanishing values of k.

Let us discuss the question of the validity of semiclassical gravity. The metric (2.37) is locally a product of AdS_6 (for r, x^μ) and Euclidean AdS^E_2 (for y, θ) and exhibits a conical singularity near y → ∞, since the effective radius for the angular variable θ shrinks to zero. Because of this conical singularity, semiclassical gravity may not be reliable as the regulator brane goes to infnity y_c → ∞. Therefore our boundary condition (3.8) at y = y_c is, strictly speaking, reliable only for the regulator brane not too much far away from our brane and may be modified as y_c → ∞.

Recently a nice resolution of a conical singularity has been proposed by Ponton and Poppitz [23] in a simpler case of string-like defect in six-dimensional gravity. They observed that the string theory as the fundamental theory of gravity offers a dual description of the strong gravity in terms of the conformal field theory. Starting from a solution of supergravity corresponding to the type I^′ D4-D8 brane system, they obtained the AdS_6 × S^4 gravity background. From the AdS/CFT correspondence and a chain of duality arguments, they concluded that one way of resolving the singularity leads to a semiclassical gravity description for a long-distance behavior of the gravitational field which is the same as the Randall-Sundrum model in five dimensions. Another resolution provides a mass gap for all the Kaluza-Klein modes. Consequently the gravitational Newton potential for the first case receives the same power corrections as those of the model with one extra dimension (i.e. the Randall-Sundrum model [11]), whereas the gravitational Newton potential for the second case receives only the exponentially suppressed corrections corresponding to no extra dimensions effectively.

In order to address the issue of strong gravity and the resulting possible modification of the boundary condition (3.8) at y = y_c for our model, we need to find a system of branes in string theories which provides a solution of supergravity corresponding locally to our metric (2.37) in the Maldacena limit. We expect that the solution corresponds to a number of coincident branes localized on other branes, in order to provide two radial coordinates r for AdS_6 and y for AdS^E_2 . Semi-localized solutions have been obtained for cases which reduce to a product of an AdS space and compact internal spaces such as spheres [24]. It is an extremely interesting problem to work out those supergravity solutions which give a product of noncompact “internal space” and the AdS space and to investigate the corresponding system of branes in string theories. We hope to address these problems in future. The result of ref.[23] suggests that there may be choices of boundary conditions also in our case. On the other hand, our analysis using the semiclassical gravity gives a mass gap which makes two of the extra dimensions ineffective at low energies. This will lead to the correction of the Newton potential with the same power as the model with only one extra dimension (i.e. the Randall-Sundrum model [11]), as we will see in the next subsection. It is interesting to note that this result resembles the result of ref.[23] which takes full account of the strong gravity effects.

3.2 Gravitational potential

If we place point sources m̄_1 and m̄_2 on the four-dimensional intersection (r = y = 0) with a large distance R ≡ √ (x^1)^2 + (x^2)^2 + (x^3)^2 apart, we obtain a gravitational potential coming from the exchanges of zero mode and nonzero modes. The zero mode for spin 2 graviton gives the usual Newton’s law V (R) = −G_N m̄_1m̄_2 R , G_N ≡ 1 8πM^2_4

, (3.35)

where G_N is the Newton’s constant and M_4 is the reduced Planck scale defined in Eq.(2.34). The nonzero modes contribute corrections to the Newton potential as [22] ΔV (R) = −G_N m̄_1m̄_2 R ∑ n ∑ k ∑ l | | | | ϕ_{(mk)}(0)χ_{(kℓ)}(0) ϕ_{(00)}(0)χ_{(00)}(0) | | | | 2 e^{−mn R} . (3.36)

Because of the gap in the spectrum of k and m, contributions from the k > 0 modes are suppressed exponentially. The leading contribution to the gravitational potential comes from the exchange of the nonzero modes of m ≥ 0, k = ℓ = 0. In the limit r_{max} → ∞, the spectrum (3.29) becomes continuous and the summation of n is converted into an integral ∑ n ≃ 2 πb e^{b2 rmax} ∫_∞ 0 dm . (3.37)

Consequently, Eq.(3.36) becomes ΔV (R) ≃ −G_N m̄_1m̄_2 R 2 b^2 ∫_∞ 0 dm me^{−mR} = − 2G_N b^2 m̄_1m̄_2 R^3

. (3.38)

One should note that the correction term behaves ΔV (R) ∼ 1/R^3 in the case of the wall in five dimensions [11], and ΔV (R) ∼ 1/R^4 in the case of the string-like defect in six dimensions [14]^‖. This is natural since the gravitational flux tends to spread out if there are more extra dimensions. The correction term (3.38) to the Newton potential ΔV (R) ∼ 1/R^3 falls off precisely like the case of a wall in five dimensions even though we have seven dimensional bulk spacetime. Our counter-intuitive result can be understood as follows. The gap for k > 0 modes implies that only the k = 0 mode contributes without being suppressed exponentially. Both the gapless continuum massive graviton modes (k = ℓ = 0) as well as the zero mode are localized on the wall at y = 0, and moreover the zero-mode (m = k = ℓ = 0) is localized at the intersection of the wall and the string. Since the k = 0 mode is localized at y = 0, the gravitational flux does not spread out into the direction y. This effectively reduces one dimension. Since the ℓ ≠ 0 modes are also exponentially suppressed because of the mass gap, only the ℓ = 0 mode contributes to the leading correction. Therefore the angular direction is not effective either. On the other hand, the remaining direction r acts precisely like the coordinate of the single extra dimension y in the original wall model in five-dimensional spacetime. Therefore the same mechanism applies to our case as the wall model in five dimensions, leading to the same correction (3.38) as the wall model.

We have to examine the contributions from spin 1 and spin 0 fields coming from the sevendimensional graviton in order to obtain the full gravitational potential and also to ascertain the stability of the background metric [17], [18]. It has also been noted that the contributions from the bending of the brane due to the backreaction of the matter source will modify the coefficient of the 1/R term in Eq.(3.35) and consequently the relative normalization of the correction term

‖ This 1/R^4 behavior of the correction term is modified to 1/R^3 behavior or to no power corrections by taking acount of the strong gravity effects in ref.[23].

(3.36) [21]. Finally we should have in mind that the strong gravity effects near the conical singularity as the regulator brane goes to infinity y_c → ∞ may modify the boundary condition at y = y_c and the corrections to the gravitational Newton potential.

4 Intersection of n Walls and a String-like Defect

In the following, we extend the idea of the previous section to a configuration of mutually intersecting n walls (namely (5 + n)-branes) and a string-like defect (namely (4 + n)-brane) in (6 + n) spacetime dimensions. Our four-dimensional world will come out as an intersection of these walls and the string-like defect.

We can perform the extension along the lines of [12], where they worked n orthogonally intersecting walls in a locally AdS_{4+n} bulk geometry. Since the bulk geometry of the metric (2.37) is locally AdS_5 × AdS^E_2 where AdS^E_2 denotes two-dimensional Euclidean anti-de Sitter space in (y, θ) directions, we are prompted to extend the AdS^E_2 geometry to AdS^E_{n+1}. We will work on a D ≡ 6 + n dimensional spacetime with the coordinates x^A ≡ (x^μ, z_j, r, θ), j = 1, 2, · · · , n. As in the previous case, (r, θ) are polar coordinates of extra dimensions transverse to the string-like defect, which is placed at r = 0. The coordinate for the direction normal to the j-th wall is denoted as z_j (j = 1, 2, · · · , n). The action of the extended system is

S = S_{gravity} + S_{string} + n∑ j=1 S^{(j)}_{wall} , (4.1)

S_{gravity} = ∫ d^Dx √ ĝ ( − 1 2 M_D^{D−2}R̂ − Λ_D ) , (4.2)

S_{string} = ∫ r<ε d^Dx √ ĝL_{string} , (4.3)

S^{(j)}_{wall} = ∫ z_j =0 d^{D−1}x √ ḡ^{(j)}L^{(j)}_{wall} , (4.4)

where M_D is the fundamental D-dimensional Planck scale and Λ_D is a bulk cosmological constant. We included the cosmological constants on branes in the Lagrangians L_{string} and L^{(j)}_{wall}’s. The j-th wall is placed at z_j = 0, on which the induced metric is ḡ^{(j)}_{Aj Bj} ≡ ĝ_{Aj Bj} |_{zj =0} , (4.5) where A_j, B_j are the (D − 1)-dimensional indices along the j-th wall. Therefore the subscript j on A, B denotes an exclusion of the coordinate z_j.

Einstein equations for this action are R̂_{AB} − 1 2 ĝ_{AB}R̂ = 1 M_D^{D−2} [ Λ_Dĝ_{AB} + T̂^{(string)}_{AB} + n∑ j=1

√ ḡ^{(j)} √ ĝ T̃^{(j)}_{Aj Bj} δ^{Aj}_A δ^{Bj}_B δ(z_j) ] , (4.6)

where T̂^{(string)}

AB and T̃^{(j)}_{Aj Bj} ’s are the energy-momentum tensor obtained from L_{string} and L^{(j)}_{wall}’s as defined in Eq.(2.6). The tilde (~) on T̃^{(j)}_{Aj Bj} is to denote that the wall tensions are included into the energy-momentum tensor.

We assume an ansatz for the metric of a diagonalized form with warp factors^{∗∗} σ(r, z) and Ω(r, z) ds^2 = σ(r, z)η_{μν}dx^μdx^ν − dr^2 − Ω^2(r, z) n∑ j=1 dz^2_j + R_0^2dθ^2

. (4.7)

The ratios of the determinant of metrics reduce as follows, √ ḡ^{(j)} √ ĝ δ(z_j) = √ −ĝ^{jj}δ(z_j) = 1 Ω δ(z_j) . (4.8)

As a natural extension of the solution considered in the last section, we look for a solution of the form σ(r, z) ≡ e^{−br} , Ω(r, z) ≡ 1 K ∑n j=1 |z_j| + 1

, (4.9)

for outside of the string-like defect core (r > ε). We assume that the non-zero components of the energy-momentum tensor from the matter sources on the j-th wall for r > ε are

T̃^{(j)μ}_ν = t̃^{(j)}_0 δ^μ_ν , T̃^{(j)r} = t̃^{(j)}_r , T̃^{(j)i}_k = t̃^{(j)}_z δ^i_k , T̃^{(j)θ} = t̃^{(j)}_θ , (4.10)

where i, k ≠ j. We assume that the string-like defect is a strictly local defect, i.e., T^{(string)}_{AB} ≠ 0 for r < ε and T^{(string)}_{AB} = 0 for r > ε. From the metric ansatz (4.7) and the energy-momentum tensor ansatz (4.10), Einstein equations (4.6) for r > ε become 3 2 σ̈ σ + n^2(n + 1) 2 K^2 − 2n K Ω n∑ i=1 δ(z_i) = − 1 M_D^{D−2} [ Λ_D + 1 Ω n∑ i=1 t̃^{(i)}_0 δ(z_i) ] , (4.11)

3 2 σ̇^2 σ^2 + n^2(n + 1) 2 K^2 − 2n K Ω n∑ i=1 δ(z_i) = − 1 M_D^{D−2} [ Λ_D + 1 Ω n∑ i=1 t̃^{(i)}_r δ(z_i) ] , (4.12)

∗∗ The warp factor Ω for the angular coordinate θ has to vanish at the origin of the two-dimensional polar coordinates r = 0 like Eq.(2.14) in order to have no singularity. Since there is no such requirement for the other coordinates zj’s, the warp factors Ω for θ and zj’s can differ inside the string core 0 ˇ r < ε.

2 σ̈ σ + 1 2 σ̇^2 σ^2 + n^2(n − 1) 2 K^2 − 2(n − 1) K Ω { n ∑ i=1 δ(z_i) − δ(z_j) }

= − 1 M_D^{D−2} [ Λ_D + 1 Ω n∑ i=1 { t̃^{(i)}_z δ(z_i) − t̃^{(j)}_z δ(z_j) } ] , (4.13)

2 σ̈ σ + 1 2 σ̇^2 σ^2 + n^2(n − 1) 2 K^2 − 2(n − 1) K Ω { n ∑ i=1 δ(z_i) − δ(z_j) }

= − 1 M_D^{D−2} [ Λ_D + 1 Ω n∑ i=1 t̃^{(i)}_θ δ(z_i) ] . (4.14)

The solution to the above Einstein equations is found to be b = nK , K = √ −2Λ_D n^2(n + 4)M_D^{D−2}

. (4.15)

Therefore the negative cosmological constant Λ_D < 0 in the bulk is required. The δ-functions at z_j = 0 (j = 1, 2, · · · , n) imply that the energy-momentum tensor on the walls must satisfy t̃^{(j)}_0 = t̃^{(j)}_r = 2nKM_D^{D−2} , t̃^{(j)}_z = t̃^{(j)}_θ = 2(n − 1)KM_D^{D−2} . (4.16)

The solution inside the string-like defect core r < ε can be obtained by adjusting appropriate string tension components to satisfy the boundary conditions imposed at r = 0 as in Eq.(2.14). A concrete example may be worked out following the illustrative example in Eq.(2.26).

The four-dimensional reduced Planck scale for this solution is given by

M_4^2 = M_D^{D−2} ∫_∞ 0 dr ∫_∞ 0 d^nz ∫_2π 0 dθ 1 σ √ ĝ = 2πR_0 n · n!K^{n+1} M_D^{D−2} . (4.17)

Let us now consider metric fluctuations around the background of the solution (4.7), (4.9), (4.15). As in the last section, we will concentrate only on the linearized fluctuations of spin 2 modes h_{μν} (x^A) as in Eq.(3.1). The linearized Einstein equations are also given by Eq.(3.3). In order to solve the equations, we separate the variables as

h_{μν} (x^A) = ∑ m,k,ℓ h^{(mkℓ)}_{μν} (x^α)ϕ_{(mk)}(r)χ_{(kℓ)}(z)e^{iℓθ} , (4.18)

where ℓ is an integer angular momentum. Then, the wave equation is separated into

− η^{αβ}∂_α∂_βh^{(mkℓ)}_{μν} (x^α) = m^2h^{(mkℓ)}_{μν} (x^α) , (4.19) −∂_r ( σ^2∂_rϕ_{(mk)} ) + k^2σ^2ϕ_{(mk)}(r) = m^2σϕ_{(mk)}(r) , (4.20) −∂_j ( Ω^{n−1}∂_jχ_{(kℓ)}(z) ) + ℓ^2 R_0^2

Ω^{n−1}χ_{(kℓ)}(z) = k^2Ω^{n+1}χ_{(kℓ)}(z) , (4.21) where ∂_j denotes partial differentiation with respect to z_j, and two eigenvalues k^2 and m^2 are introduced. It is worth emphasizing that the mode equation (4.20) for ϕ_{(mk)}(r) is identical to the previous case (3.6). The differential operator in Eqs.(4.21) is self-adjoint if we impose the following boundary conditions^{††},

∂_jχ_{(kℓ)}(z)|_{zj =0} = ∂_jχ_{(kℓ)}(z)|_{zj =∞} = 0 . (4.22)

With these conditions we can require the mode χ_{(kℓ)}(z) to satisfy the orthonormal condition ∫_∞ 0 d^nz Ω^{n+1}(z)χ^∗_{(kℓ)}(z)χ_{(k}0_{ℓ)}(z) = δ_{kk}0 . (4.23)

Then we obtain from Eq.(4.21)

k^2 = ∫_∞ 0 d^nz Ω^{n−1} | | |∂_jχ_{(kℓ)} | | |^2 +

ℓ^2 R_0^2 ∫_∞ 0 d^nz Ω^{n−1} | | |χ_{(kℓ)} | | |^2 ≥ 0 . (4.24)

The equality holds if and only if ℓ = 0 and χ_{(00)}(z) is the zero mode (independent of z_j). For ϕ_{(mk)}(r), the boundary conditions (3.13), orthonormal condition (3.14), and positivity condition (3.15) still apply as before. Therefore m^2 ≥ 0 and the equality holds if and only if k = 0 and ϕ_{(00)}(r) is a zero mode (independent of r). These results tell us that there is only one massless spin 2 mode m = k = ℓ = 0 of graviton, h^{(000)}_{μν} (x^α). The zero mode wave function in the extra dimensions is

χ_{(00)} = const. , ϕ_{(00)} = const. , (4.25)

The zero mode is localized on the four-dimensional intersection region, since the probability distribution in the extra dimensions is strongly peaked around the intersection r = 0, z_j = 0 similarly to the case in the previous section. Thus the zero mode corresponds to the massless graviton localized at the four-dimensional intersection. Moreover, we can at least work out all the massive graviton fields h^{(m00)}_{μν} (x^α) with k = ℓ = 0, since we know the zero mode χ_{(00)}(z) for k = ℓ = 0 and we have already solved the mode equation for ϕ_{(m0)}(r) in the previous section. Therefore we find that there is a continuum of massive four-dimensional fields h^{(m00)}_{μν} (x^α) starting from m = 0 similarly to the previous case (and to the original model in Ref.[11]), even though we have not worked out the full spectrum of massive modes corresponding to nonvanishing values of k.

The exchange of the massless four-dimensional graviton between two sources m̄_1, m̄_2 on the four-dimensional intersection with a large distance R gives the usual Newton potential (3.35)

†† We choose the Neumann boundary condition by the same reason as the n = 1 case in the previous section. We should have in mind that this boundary condition at zj = 1 may be modified when the strong gravity effects are taken into account.

also in the present case of n walls. Although we have not worked out the massive modes with nonvanishing k in detail, we have at least corrections coming from the continuum of massive fields h^{(m00)}_{μν} (x^α) starting from m = 0. Since these wave functions are identical to the previous case of the seven-dimensional spacetime with n = 1, we find that there is at least the same correction term ΔV (R) for the Newton potential as the previous n = 1 case (3.38). If it turns out that there is a gap in the spectrum of k as in the n = 1 case, all the additional contributions are exponentially suppressed. Then the above correction term is the leading contribution to the correction of the Newton’s law of gravitational forces.

Acknowledgments

The authors thank Tsuyoshi Sakata for his participation and contributions in the early stages of this investigation. One of the authors (N.S.) acknowledges a useful discussion with Csaba Csaki on the scalar modes and other issues. This work is supported in part by Grant-in-Aid for Scientific Research from the Japan Ministry of Education, Science and Culture for the Priority Area 291 and 707.

References

[1] E. R. C. Abraham and P. K. Townsend, Nucl. Phys. B351 (1991) 313 ; M. Cvetic, F. Quevedo and S. Rey, Phys. Rev. Lett. 67 (1991) 1836; M. Cvetic, S. Griffies and S. Rey, Nucl. Phys. B381 (1992) 301, hep-th/9201007; M. Cvetic and H.H. Soleng, Phys. Rep. 282 (1997) 159, hep-th/9604090.

[2] G. Dvali and M. Shifman, Phys. Lett. B396 (1997) 64, hep-th/9612128; Nucl. Phys. B504 (1997) 127, hep-th/9611213; B. Chibisov and M. Shifman, Phys. Rev. D56 (1997) 7990, hep-th/9706141; A. Kovner, M. Shifman, and A. Smilga, Phys. Rev. D56 (1997) 7978, hepth/9706089; A. Smilga and A. Veselov, Phys. Rev. Lett. 79 (1997) 4529, hep-th/9706217; V. Kaplunovsky, J. Sonnenschein, and S. Yankielowicz, Nucl. Phys. B552 (1999) 209, hep-th/9811195; B. de Carlos and J. M. Moreno, Phys. Rev. Lett. 83 (1999) 2120, hepth/9905165; G. Dvali, G. Gabadadze, and Z. Kakushadze, Nucl. Phys. B562 (1999) 158, hep-th/9901032.

[3] G. Gibbons and P. Townsend, Phys. Rev. Lett. 83 (1999) 1727, hep-th/9905196; S.M.

Carroll, S. Hellerman and M. Trodden, Phys. Rev. D61 (2000) 065001, hep-th/9905217; P. M. Saffin, Phys. Rev. Lett. 83 (1999) 4249,hep-th/9907066; D. Bazeia and F. A. Brito,

Phys. Rev. Lett. 84 (2000) 1094, hep-th/9908090; A. Gorsky and M. Shifman, Phys. Rev. D61 (2000) 085001, hep-th/9909015.

[4] H. Oda, K. Ito, M. Naganuma and N. Sakai, Phys. Lett. B471 (1999) 148, hep-th/9910095;

K. Ito, M. Naganuma, H. Oda and N. Sakai, Nucl. Phys. B586 (2000) 231, hep-th/0004188; K. Ito, M. Naganuma, H. Oda and N. Sakai, “An Exact Solution of BPS Junctions and Its Properties”

[5] D. Binosi and T. ter Veldhuis, Phys. Lett. B476 (2000) 124, hep-th/9912081; S. Nam and K. Olsen, JHEP 0008 (2000) 001,hep-th/0002176.

[6] For a review, see J. Polchinski, “TASI Lectures on D-Branes”, hep-th/9611050.

[7] N. Arkani-Hamed, S Dimopoulos, and G. Dvali, Phys. Lett. B429 (1998) 263, hepph/9803315 ; I. Antoniadis, N. Arkani-Hamed, S Dimopoulos, and G. Dvali, Phys. Lett. B436 (1998) 257, hep-ph/9804398 .

[8] J.C. Long, A.B. Churnside, and J.C. Price, “Gravitational Experiment below 1 Millimeter and Comment on Shielded Casimir Backgrounds for Experiments in the Micron Regime”, hep-ph/0009062.

[9] N. Maru, N. Sakai, Y. Sakamura, and R. Sugisaka, “SUSY Breaking by Overlap of Wave Functions in Coexisting Walls”, hep-th/0009023, Phys. Lett. to appear.

[10] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370, hep-ph/9905221.

[11] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690, hep-th/9906064; A. G. Cohen and D. B. Kaplan, Phys. Lett. B470 (1999) 52, hep-th/9910132.

[12] N. Arkani-Hamed, S. Dimopoulos, G. Dvali and N. Kaloper, Phys. Rev. Lett. 84 (2000) 586, hep-th/9907209; C. Csaki and Y. Shirman, “Brane junctions in the Randall-Sundrum scenario”, hep-th/9908186.

[13] A. Chodos and E. Poppitz, Phys. Lett. B471 (1999) 119, hep-th/9909199; R. Gregory, Phys.

Rev. Lett. 84 (2000) 2564, hep-th/9911015.

[14] T. Gherghetta and M. Shaposhnikov, Phys. Rev. Lett. 85 (2000) 240, hep-th/0004014;

V. A. Rubakov and M. E. Shaposhnikov, Phys. Lett. B125 (1983) 139; A. Chodos, E. Poppitz and D. Tsimpis, Class. Quant. Grav. 17 (2000) 3865, hep-th/0006093; K. Akama, in Proceedings of the Symposium on Gauge Theory and Gravitation, Nara, Japan, eds. K. Kikkawa, N. Nakanishi and H. Nariai (Springer-Verlag, 1983), hep-th/0001113.

[15] I. Olasagasti and A. Vilenkin, Phys. Rev. D62 (2000) 044014, hep-th/0003300.

[16] T. Gherghetta, E. Roessl and M. Shaposhnikov, Phys. Lett. B491 (2000) 353, hepth/0006251; T. Gherghetta, “Localizing Gravity on a 3-brane in Higher Dimensions”, hepth/0010276.

[17] C. Charmousis, R. Gregory and V.A. Rubakov, Phys. Rev. D62 (2000) 067505, hepth/9912160; T. Tanaka and X. Montes, Nucl. Phys. B582 (2000) 259, hep-th/0001092; C. Csaki, M. L. Graesser and G. D. Kribs, “Radion Dynamics and Electroweak Physics”, hep-th/0008151.

[18] Y.S. Myung, “No-go theorem for gravivector and graviscalar on the brane” hep-th/0010208;

“Localization of graviphoton and graviscalar on the brane”, hep-th/0009117.

[19] A. Pomarol, Phys. Lett. B486 (2000) 153, hep-ph/9911294; I. Y. Aref’eva, M. G. Ivanov, W. Mueck, K. S. Viswanathan and I. V. Volovich, Nucl. Phys. B590 (2000) 273, hepth/0004114.

[20] I. Oda, “Localization of Matters on a String-like Defect,” hep-th/0006203; “Bosonic Fields in the String-like Defect Model,” hep-th/0008012; G. V. Lavrelashvili and P. G. Tinyakov, Sov. J. Nucl. Phys. 41 (1985) 172.

[21] J. Garriga and T. Tanaka, Phys. Rev. Lett. 84 (2000) 2778, hep-th/9911055; S. B. Giddings, E. Katz and L. Randall, JHEP 0003 (2000) 023, hep-th/0002091.

[22] A. Kehagias and K. Sfetsos, Phys. Lett. B472 (2000) 39, hep-ph/9905417.

[23] E. Pontón and E. Poppitz, “Gravity localization on string-like defects in codimension two and the AdS/CFT Correspondence”, hep-th/0012033.

[24] D. Youm, “Localized Intersecting BPS Branes”, hep-th/9902208; M. Cvetič, H. Lü, C.N. Pope, and J.F. Vázquez-Poritz, “AdS in Warped Spacetimes”, hep-th/0005246.