arXiv:hep-th/0101043 v2 16 Jan 2001

MCTP-00-14 OHSTPY-HEP-T-01-001

3-Branes on Spaces with R � S^2 � S^3 Topology

L.A. Pando Zayas^a and A.A. Tseytlin^{b,c,∗}

a Michigan Center for Theoretical Physics Randall Laboratory of Physics, The University of Michigan Ann Arbor, MI 48109-1120, USA

lpandoz@umich.edu

b Department of Physics, The Ohio State University, 174 West 18th Avenue, Columbus, OH 43210-1106, USA

tseytlin.1@osu.edu

c Theoretical Physics Group, Blackett Laboratory, Imperial College, London SW7 2BZ, U.K.

Abstract We study supergravity solutions representing D3-branes with transverse 6-space having R�S^2�S^3 topology. We consider regular and fractional D3-branes on a natural one-parameter extensions of the standard Calabi-Yau metrics on the singular and resolved conifolds. After imposing a Z_2 identification on an angular coordinate these generalized “6-d conifolds” are nonsingular spaces. The backreaction of D3-branes creates a curvature singularity that coincides with a horizon. In the presence of fractional D3-branes the solutions are similar to the original ones in hep-th/0002159, hep-th/0010088: the metric has a naked repulson-type singularity located behind the radius where the 5-form flux vanishes. The semiclassical behavior of the Wilson loop suggests that the corresponding gauge theory duals are confining.

∗Also at Lebedev Institute, Moscow.

1 Introduction

One fruitful approach to generalize the original AdS/CFT correspondence [1] to more “realistic” gauge theories with less supersymmetries is based on considering D3-branes on conifold singularities [2, 3, 4, 5]. To get non-conformal theories one may add [6, 7] “fractional” [8] D3-branes.

Recently, exact supergravity solutions representing such configurations were constructed with the 6-d space transverse to the D3-brane being a conifold [9], its deformation [10] and its resolution [11].

The deformed conifold [10] and resolved conifold [11] backgrounds are two different (deformation ϵ and resolution a) one-parameter generalizations of the conifold [9] one. The three solutions coincide for large values of the radial coordinate ρ, or in the UV in the language of gauge theory duals. However, the small-distance or IR behavior is different in each case. In particular, the conifold and the resolved conifold solutions have naked singularities at finite ρ, while (a special case of) the deformed conifold solution is regular [10].

In view of the interest of these solutions both from the supergravity and the gauge theory points of view (see [12, 13, 14, 15, 16, 17, 18, 19, 20, 21] for some recent related work) it is important to study their various generalizations. That may help to clarify which of their features are truly universal, in particular, regarding singularities and IR behavior.

Here we shall point out that there exists a very natural one-parameter extension of the three solutions of [9, 10, 11]. The key observation is that the most general Ricci-flat Kähler 6-d metrics on the three conifolds [22, 23] (with non-trivial dependence on radial direction only) contain [11, 16] one extra parameter (called b below). This parameter was set equal to zero in the previous discussions of D3-branes on conifolds.^1 These metrics have the same R × S^2 × S^3 topology as their b = 0 limits, in particular, they again allow introduction of fractional 3-branes (D5-branes wrapped over 2-cycle). For b ≠ 0 the conifold and resolved conifold metrics have regular curvature; it is possible to remove their bolt-type singularity by imposing a Z_2 identification on the coordinate of the U(1) fiber thus obtaining non-singular 6-d metrics. In contrast, the b ≠ 0 generalization of the (regular) deformed conifold metric [22, 23] has a curvature singularity at the origin.

As was shown in [16], for any zero or non-zero value of b these 6-d metrics preserve the same fraction (1/4) of type II supersymmetry, so that the corresponding D3-brane solutions should also have [12, 13] the same amount of supersymmetry as the solutions of [9, 10, 11].^2

When b ≠ 0, the “standard” (no 3-form flux) D3-brane on the conifold solution has the small ρ limit which is no longer AdS_5 × T^{1,1} as was in the standard b = 0 case [4]. As a result, the conformal invariance is broken and b plays the role of a “mass scale”. An interesting feature of these solutions is that they have a curvature singularity coinciding

1For b ≠ 0 the conifold metric is no longer that of a cone over T^{1,1}.

2Preservation of supersymmetry is obvious for the pure D3-brane solutions. For the fractional D3- branes, it was claimed in [14, 15] that the resolved conifold solution of [11] breaks all supersymmetry.

with the horizon at ρ = b, like in the “standard” (b = 0) resolved conifold case discussed in [11] (where the singularity and the horizon were located at ρ = 0).

Including fractional D3-branes changes the situation radically. As in the conifold [9] and the resolved conifold [11] cases there is a naked singularity of a repulson type [37] located behind the “zero-charge” (F_5 = 0) locus. The gauge theory interpretation of these solutions should probably go along the lines of the discussion in [21]. It would be very interesting to understand the meaning of the parameter b on the gauge theory side.

Since the simplest (though non-supersymmetric [24]) Ricci flat 6-d space with the same topology R × S^2 × S^3 is the cone over T^{1,0} = S^2 × S^3, we shall, for comparison, consider also the corresponding D3-brane solution.

In section 2 we shall present the explicit form of the Ricci-flat metrics with the R × S^2 × S^3 topology referred to above. In section 3 we shall construct the generalizations of the standard D3-brane solution [25, 26] to the case when the transverse 6-d spaces are the generalized (b ≠ 0) standard, resolved and deformed conifolds.

The fractional D3-brane solutions which are the b ≠ 0 analogs of the conifold and resolved conifold backgrounds of [9, 11] will be found in section 4. In section 5 we shall study, following [27, 28], the energy of a static fundamental string (with both ends at the “boundary” ρ = ∞) in these backgrounds and argue that the corresponding Wilson loop has confining (area law) behavior. This conclusion seems robust since the “bent” string does not reach the singular region.

2 Ricci-flat metrics with topology R � S^2 � S^3

One natural way to construct Ricci flat spaces of topology R × S^2 × S^3 is to consider cones over Einstein spaces with topology S^2 × S^3. Examples of the latter are T^{1,1} (supersymmetric) and T^{1,0} (non-supersymmetric). In what follows we shall start with these simplest examples and consider their natural generalizations.

2.1 Cone over S^3 � S^2

T^{1,0} is not only S^3 × S^2 topologically, but geometrically too. The resulting 6-d Ricci-flat metric is (the radii of the two spheres are adjusted to make the whole space Einstein one)

ds^2_6 = dρ^2 + ρ^2[ 1 8 ( e^2_{ψ1} + e^2_{θ1} + e^2_{ϕ1} ) + 1 4 ( e^2_{θ2} + e^2_{ϕ2} ) ] , (2.1)

where the vielbein is

e_{θi} = dθ_i, e_{ϕi} = sin θ_idϕ_i, e_{ψ1} = dψ_1 + cos θ_1dϕ_1 . (2.2)

2.2 Conifold

The standard conifold metric, i.e. the metric of the cone over T^{1,1} =^{SU(2)×SU(2)}_{U(1)} is [22, 29]

ds^2_6 = dρ^2 + ρ^2 [1 9 e^2_ψ + 1 6 ( e^2_{θ1} + e^2_{ϕ1} + e^2_{θ2} + e^2_{ϕ2} ) ] , (2.3) where e_{θi} and e_{ϕi} are the same as in (2.2) and

e_ψ = dψ + cos θ_1dϕ_1 + cos θ_2dϕ_2 . (2.4)

To get a more general class of Ricci flat metrics on the conifold let us recall some basic relations from [22, 23, 11, 16] (where further details and notation may be found). The conifold can be described as a quadric in C^4: ∑4 i=1 w^2_i = 0, or a solution of detW = 0.

In terms of the 2 × 2 matrix W and the potential K the Kähler metric on the conifold is (r^2 = tr(W^†W) = ∑4 i=1 |w_i|^2)

ds^2 = K^′tr(dW^†dW) + K^{′′}|tr(W^†dW)|^2, (...)^′ ≡ d dr^2 (...) . (2.5)

The Ricci tensor for a Kähler metric is R_{pq̄} = −∂_p∂_{q̄} ln detg, where for the metric in (2.5)

detg = 1 |w_4|^2

(K^′)^2r^2(K^′ + r^2K^{′′}) . (2.6)

The Ricci-flatness condition implies

[(r^2K^′)^3]^′ = 2r^2 , (2.7)

which is integrated to give (r^2K^′)^3 = r^4 + c . (2.8) We shall assume that the constant c is non-negative to avoid a curvature singularity at finite r.

The conifold metric (2.5) then is^3

ds^2 = 2 3 (c + r^4)^{−2/3}(r^2dr^2 + 1 4 r^4e^2_ψ) + 1 4 (c + r^4)^{1/3}(e^2_{θ1} + e^2_{ϕ1} + e^2_{θ2} + e^2_{ϕ2} ) . (2.9)

For c > 0, writing the metric in terms of z =^1_2r^2 we get near r = 0

(ds^2)_{r→0} = 2 3 c^{−2/3}(dz^2 + z^2e^2_ψ) + 1 4 c^{1/3}(e^2_{θ1} + e^2_{ϕ1} + e^2_{θ2} + e^2_{ϕ2} ) . (2.10)

Thus (i) near the apex (r = 0) the 2-cycles stay finite, and (ii) it is possible to avoid the conical curvature singularity at r = 0 by changing the range of ψ from the original one [0, 4π) to [0, 2π).

The generalized conifold with b ≠ 0 (2.9) is the 6-d analogue of the Eguchi-Hanson metric [30] where to avoid the singularity one is to change S^3 → S^3/Z_2 = P^3. Here ψ is the coordinate of the fiber of the U(1) bundle over S^2 × S^2. Taking ψ ∈ [0, 2π) one finds that for large r the space is now the cone over T^{1,1}/Z_2; this is an example of asymptotically locally Euclidean metric.

3The coordinate r here was denoted ρ in [16].

To establish the analogy with the Eguchi-Hanson metric more explicitly let us define the constant b ≥ 0 by c ≡ ( 2 3 b^2)^3 , (2.11)

and introduce the new radial coordinate ρ through the relation

ρ^6 = [ 3 2 r^2K^′(r)]^3 = ( 3 2 )^3r^4 + b^6 . (2.12)

Since 0 ≤ r < ∞ the range of variation of ρ is b ≤ ρ < ∞.

The metric (2.5),(2.9) then becomes

ds^2_6 = κ^{−1}(ρ)dρ^2 + 1 9 κ(ρ)ρ^2e^2_ψ + 1 6 ρ^2 ( e^2_{θ1} + e^2_{ϕ1} + e^2_{θ2} + e^2_{ϕ2} ) , (2.13)

where κ(ρ) = 1 − b^6 ρ^6

. (2.14)

Note that 0 ≤ κ ≤ 1. The analysis of this metric follows closely that of the Eguchi-Hanson metric in [30, 31]. It is straightforward to establish that this Ricci-flat metric does not have any scalar curvature singularity, e.g., R_{ijkl}R^{ijkl} = 96ρ^{−16}(ρ^{12} + 20b^{12}) is finite for 0 < b ≤ ρ < ∞, so that introducing the parameter b smoothens the curvature singularity of the original conifold metric. In that sense the b-generalized conifold introduced above may be called “regularized conifold” (by analogy with resolved and deformed conifolds which also contain an extra parameters eliminating the curvature singularity).

The point ρ = b is a removable bolt singularity, as can be seen by introducing the coordinate u^2 =^1_9ρ^2κ(ρ) and considering the ρ → b limit.

2.3 Resolved conifold

Following [22, 11, 16], one finds the analogous one new parameter (b) extended metric on the resolved conifold (cf. (2.13))

ds^2 = κ^{−1}(ρ)dρ^2 + 1 9 κ(ρ)ρ^2e^2_ψ + 1 6 ρ^2 ( e^2_{θ1} + e^2_{ϕ1} ) + 1 6 (ρ^2 + 6a^2) ( e^2_{θ2} + e^2_{ϕ2} ) . (2.15)

Here a is the resolution parameter and κ(ρ) = 1 +^{9a2}_{ρ2} −^{b6}_{ρ6} 1 +^{6a2}_{ρ2}

. (2.16)

For a = 0 this metric reduces to the above conifold metric (2.13),(2.14). For ρ much greater than any of the two length scales a and b we get the standard conifold metric (2.3).

The coordinate ρ and the original coordinate 0 ≤ r < ∞ of the conifold (see [11, 16]) are related according to (cf. (2.12))

ρ^6 + 9a^2ρ^4 = ( 3 2 )^3r^4 + b^6. (2.17)

The range of ρ is thus ρ_0 ≤ ρ < ∞, where ρ_0 = ρ_0(a, b) ≥ 0 corresponds to the apex r = 0, i.e. is the solution of ρ^6_0 + 9a^2ρ^4_0 − b^6 = 0 which is positive and becomes zero when b = 0.^4 We shall assume again that ψ ∈ [0, 2π) to avoid the conical bolt singularity at ρ = ρ_0.

The curvature invariants for the metric (2.15) are regular (unless both a and b are zero when we get back to the original singular conifold metric (2.3)). In particular, R_{ijkl}R^{ijkl} = 96 ρ^{12}(ρ^2 + 6a^2)^6 [ b^{12}(5184a^8 + 4320a^6ρ^2 + 1440a^4ρ^4 + 240a^2ρ^6 + 20ρ^8)

+ 144b^6a^4ρ^{10} + ρ^{12}(6480a^8 + 2160a^6ρ^2 + 360a^4ρ^4 + 30a^2ρ^6 + ρ^8) ] , which is non-singular at ρ → ρ_0 (for a = 0 this expression reduces to the one conifold one given at the end of the previous subsection, and for b = 0 it givbes the curvature invariant for the resolved conifold metric of [11]).

To understand the short-distance ρ → ρ_0 (r → 0) behavior of the b ≠ 0 resolved conifold metric we introduce as in (2.10) the coordinate z =^1_2 r^2 → 0 thus getting

(ds^2_6)_{r→0} = 3 8ρ^2_0(ρ^2_0 + 6a^2) ( dz^2 + z^2e^2_ψ ) + 1 6 ρ^2_0 ( e^2_{θ1} + e^2_{ϕ1} ) + 1 6 (ρ^2_0+6a^2) ( e^2_{θ2} + e^2_{ϕ2} ) . (2.18)

For fixed θ_i and ϕ_i the metric is thus proportional to dz^2 + z^2dψ^2, so that to avoid a conical singularity we need again to apply a Z_2 identification to ψ ∈ [0, 4π).^5 The short-distance limit of the b = 0 resolved conifold metric (which is to be considered separately as ρ_0 = 0 for b = 0) is [11] (ρ^2 ≈ √ 3 8a2 r^2)

(ds^2_6)_{ρ→0} = 2 3 dρ^2 + 1 6 ρ^2(e^2_ψ + e^2_{θ1} + e^2_{ϕ1} ) + (a^2 + 1 6 ρ^2)(e^2_{θ2} + e^2_{ϕ2} ) . (2.19)

This metric has regular curvature invariants, e.g., (R_{ijkl}R^{ijkl})_{ρ→0} →^{40}_{3a4} , illustrating that the parameter a ≠ 0 indeed resolves the curvature singularity of the standard conifold.

4Explicitly, ρ^2_0 = 9a^4ν^{−1/3} + ν^{1/3} − 3a^2, where ν =^1_2 [ b^6 − 54a^6 + b^6 √ 1 − 108^{a6}_{b6} ] (see [22, 11]).

5Note that in the ρ → ρ_0 limit the metric is topologically the same as that of the generalized conifold (2.10), i.e. R^2 × S^2 × S^2, but geometrically the two metrics are different (e.g., the radii of the two 2-spheres spanned by (θ_i, ϕ_i) are different).

2.4 Deformed conifold

The b-parameter family of metrics on the deformed conifold is found in a similar way [22, 23, 16, 11]. Using the basis of [23, 10] the metric can be written as (g_5 = e_ψ)

ds^2_6 = κ^{−1}(ρ)dρ^2 + 1 9 κ(ρ)ρ^2e^2_ψ + 1 6 ρ^2 [√r^2 − ϵ^2 r^2 + ϵ^2

(g^2_1 + g^2) + √ r^2 + ϵ^2 r^2 − ϵ^2

(g^2_3 + g^2_4) ] , (2.20)

where ρ is related to r according to (cf. (2.12),(2.17))

ρ^6 = ( 3 2 )^3r^4 [√ 1 − ϵ^4 r^4 − ϵ^4 r^4 ln r^2 + √ r^4 − ϵ^4 ϵ^2 ] + b^6 , (2.21)

and (cf. (2.14),(2.16))

κ(ρ) = ( 3 2 )^3 r^4 ρ^6

(1 − ϵ^4 r^4

) = 1 − b^6 ρ^6

+ O(ϵ) . (2.22)

Since ϵ ≤ r ≤ ∞ we have b ≤ ρ < ∞. This metric reduces to the generalized conifold metric (2.13) for ϵ → 0. For r greater than any of the two length scales b and ϵ, it becomes the standard conifold metric (2.3).

It is useful also to present the deformed conifold metric in terms of the radial coordinate τ used in [23, 10, 11]

r^2 = ϵ^2 cosh τ , ρ^6 = ( 3 2 )^3ϵ^4[ 1 2 sinh(2τ ) − τ ] + b^6 , 0 ≤ τ < ∞ , (2.23)

ds^2_6 = 1 2 K [ (3K^3)^{−1}ϵ^4(dτ^2 + g^2_5) + sinh^{2 τ}_2 (g^2_1 + g^2) + cosh^{2 τ}_2 (g^2_3 + g^2_4) ] , (2.24)

where

K(τ ) =

[c +^1_2 ϵ^4(sinh(2τ ) − 2τ )]^{1/3}

sinh τ = 2 3 ρ^2(sinh τ )^{−1} , c = ( 2 3 )^3b^6 .

For large τ we again get the standard conifold metric, while for small values of τ we get (for b ≠ 0)

(ds)^2_{τ →0} =

3ϵ^4 8b^4 τ^2(dτ^2 + g^2_5) + b^2 12 τ (g^2_1 + g^2) + b^2 3 τ^{−1}(g^2_3 + g^2_4) , (2.25)

or, in terms of ρ → b

(ds^2_6)_{ρ→b} = κ^{−1}(ρ)dρ^2 + 1 9 κ(ρ)ρ^2e^2_ψ + 1 6 ρ^2[( ρ^6 − b^6 18ϵ^4

)^{1/3}(g^2_1 + g^2) + ( ρ^6 − b^6 18ϵ^4

)^{−1/3}(g^2_3 + g^2_4)], (2.26) where for κ = κ_{ρ→b} = [(^3_2)^5ϵ^4]^{1/3 (ρ6−b6)2/3}_{ρ6} → 0. Note that the volume of the 2-cycle (g_1, g_2) shrinks to zero, while volume of the 3-cycle (g_3, g_4, g_5) stays constant (=^{ϵ2√}_6 ). This metric has a curvature singularity at τ = 0 for any b ≠ 0.

For comparsion, the small τ limit of the standard b = 0 deformed conifold metric is [23, 10]

(ds)^2_{τ →0} = ( ϵ^4 12 )^{1/3} [1 2 (dτ^2 + g^2_5) + g^2_3 + g^2_4 + 1 4 τ^2(g^2_1 + g^2) ] , and is regular at τ = 0. Indeed, computing the curvature invariant R_{ijkl}R^{ijkl} for the general form of the metric (2.24) and then expanding it near τ = 0 (i.e. r = ϵ) one finds a singular expression for b ≠ 0^6 (R_{ijkl}R^{ijkl})_{τ →0} = 5120 b^8

9ϵ^8 1 τ^8 [ 1 − 8 15 τ^2 +

3ϵ^4 4b^6 τ^3 + O(τ^4) ] , and a regular expression for b = 0: (R_{ijkl}R^{ijkl})_{τ →0} = 192 · (18)^{1/3} 5 ϵ^{8/3} [ 1 − 4 5 τ^2 + 202 525 τ^4 + O(τ^5) ] . 2.5 Remarks

The three one-parameter families of the Ricci-flat metrics presented above (2.13), (2.15) and (2.20) are the most general solutions (with non-trivial dependence on the radial coordinate only) for Ricci-flat metrics on respective conifolds [11, 16]. As was shown in [16], they define supersymmetric backgrounds of type II supergravity. This is in contrast to what happens in the case of the metric of a cone over S^3 × S^2 (2.1) which breaks all supersymmetries and thus may lead to unstable D3-brane solutions.

The analogy with the Eguchi-Hanson metric elucidates the geometrical meaning of the “mass” parameter b. From the perspective of dual gauge theories associated with D3- brane solutions on these generalized conifolds which will be discussed below this parameter should play the role of an IR “mass” or “confinement” scale.

A feature of the conifold (2.13) and the resolved conifold (2.15) is that near the apex (r = 0) the respective metrics effectively “factorize” into R^2 × S^2 × S^2 part. This will have consequences for the structure of D3-brane solutions in the IR region.

We have seen that while the b = 0 conifold had curvature singularity at the origin, its b ≠ 0 generalization has regular curvature (and have no conical singularity after changing the period of the angle ψ). The resolved conifold metric depending on two parameters (a, b) is regular for all of their values except a = b = 0. Curiously, this is different from the situation for the deformed conifold: while the standard b = 0 deformed conifold metric was regular (with the parameter ϵ playing the role of the “cutoff”), its b ≠ 0 generalization has a curvature singularity at the origin r = ϵ. This implies, in particular, that one is unlikely to find a direct b ≠ 0 generalization of the regular fractional D3-brane on deformed conifold solution of [10] (which is thus a very special point in the parameter space of solutions). For that reason in what follows we shall mostly concentrate on the resolved conifold case.

6Here ρ and b have canonical length l dimensions while r ∼ l^{3/2}, ϵ ∼ l^{3/2}, τ ∼ l^0. Note that the leading term in the expression below is what one finds directly from the metric (2.25).

Finally, let us note that the conifold solutions discussed above can be derived as special cases of the following “interpolating” ansatz for 6-d metric (see [16])

ds^2_6 = e^{2z+3x}du^2 + e^{z+x}[e^g(e^2_{θ1} + e^2_{ϕ1} ) + e^{−g}(ϵ̃^2_1 + ϵ̃^2)] + e^{−2z−x}e^2_ψ , (2.27)

where ϵ̃_1 = ϵ_1 − a(u)e_{θ1}, ϵ̃_2 = ϵ_2 + a(u)e_{ϕ1} , ϵ_1 = sin ψ sin θ_2dϕ_2 + cos ψdθ_2, ϵ_2 = cos ψ sin θ_2dϕ_2 − sin ψdθ_2, and e_{θ1} , e_{ϕ1} , e_ψ are as in (2.2),(2.4). Resolved and deformed conifold metrics are special cases of this ansatz [16] corresponding to a = 0 and a^2 = 1−e^{2g} respectively. The unknown functions x, z, g, a of the radial coordinate u representing Ricciflat 6-d spaces are subject to equations following from the following 1-d action (plus the “zero-energy” constraint)

S_1 = ∫ du[x^{′2} − z^{′2} − g^{′2} − e^{−2g}a^{′2} − V (x, z, g, a)] , (2.28) V = 1 2 e^{−2z}[e^{2g} + (a^2 − 1)^2e^{−2g}] − 4e^{z+2x} cosh g + a^2(e^{−z} − e^{2z+2x−g})^2 . (2.29)

For the special cases corresponding to the resolved and the deformed conifolds one finds that this system admits a superpotential W [11], i.e. V = −G^{ij ∂W}_{∂qi}^{∂W}_{∂qj} , where q^i = (x, z, g, a), G_{ij} = (1, −1, −1, −e^{−2g}), so that one gets a first-order system q^{′i} = G^{ij ∂W}_{∂qj} . For example, in the resolved conifold case (a = 0) W = e^{−z} cosh g + e^{2z+2x}. It would be very interesting to find new solutions of the sytem (2.28) representing 6-d Ricci-flat spaces that “interpolate” between the generalized resolved and deformed conifold metrics discussed above. dd

3 Pure D3-brane solutions

3.1 General remarks

As is well known, given a Ricci flat 6-d space with metric g_{mn}, one can construct the following generalization of the standard [25, 26] 3-brane solution (see, e.g., [3, 23, 32])

ds^2_{10} = h^{−1/2}(y)dx^μdx^μ + h^{1/2}(y)g_{mn}(y)dy^mdy^n , (3.1)

F_5 = (1 + ∗)dh^{−1} ∧ dx^0 ∧ dx^1 ∧ dx^2 ∧ dx^3 , Φ = const , (3.2)

where h is a harmonic function on the transverse 6-d space: 1 √ g ∂_m ( √ gg^{mn}∂_nh) = 0 . (3.3)

In the case of a Ricci-flat cone with the metric

g_{mn}(y)dy^mdy^n = dρ^2 + ρ^2γ_{ij}(z)dz^idz^j , (3.4) one can choose h to depend only on ρ, thus getting the single-center solution

h = h_0 +

L^4 ρ^4

. (3.5)

Here and below we assume that h_0 ≥ 0. Then in the near-core region the space becomes AdS_5 × X^5, where X^5 is the Einstein space which is the base of the cone with the metric γ_{ij}. Particular examples are provided by the standard cone metrics (2.1) and (2.3) where X^5 = T^{1,0} = S^2 × S^3 and X^5 = T^{1,1}.^7

In the general case when the transverse 6-space is not a cone, one will not find the near-core geometry having AdS_5 factor and thus the dual gauge theory will have broken conformal invariance.

3.2 Conifold case

Let us determine the harmonic function h that solves (3.3) for the generalized conifold metric (2.13) assuming h = h(ρ). Using that √ g_6 =^1_{108}ρ^5 sin θ_1 sin θ_2, g^{ρρ} = 1 −^{b6}_{ρ6} we get

h = h_0 −

2L^4 b^4 [ 1 6 ln (ρ̄^2 − 1)^3 ρ̄^6 − 1 + 1 √ 3 ( π 2 − arctan

2ρ̄^2 + 1 √ 3 ) ] , (3.6) ρ̄ ≡ ρ b . For^ρ_b ≫ 1 we recover the standard metric of D3-branes on the conifold (3.5), i.e.

h(ρ → ∞) = h_0 +

L^4 ρ^4

. (3.7)

For small values of ρ we get h → ∞ h(ρ → b) = − 2L^4 3b^4 ln (ρ b − 1 ) + h_1 , h_1 = h_0 +

L^4 9b^4 ( √ 3π + 3 ln 4 3 ) . (3.8)

Recalling from (3.1) that the 00-component of the metric is h^{−1/2} we see that ρ = b is a horizon. It is also a curvature singularity. Thus, starting with R^{1,3} × M^6 where M^6 is the generalized b ≠ 0 conifold, the introduction of D3-branes creates a back reaction that transform the previously nonsingular point ρ = b into a curvature singularity coinciding with horizon. In contrast, for b = 0 [4] the near-core geometry was regular – AdS_5 × T^{1,1}.

This is similar to what was found for the D3-brane on b = 0 resolved (a ≠ 0) conifold in [11]. Below we will see that this behavior extends also to the case of the resolved conifold with b ≠ 0.

One of the generic features of D3-branes on the conifold and the resolved conifold is the logarithmic form of h(ρ) at small distances. The origin of this lies in the fact (noted in section 2.5) that for small ρ the transverse geometry becomes effectively 2-dimensional as far as the dependence on the radial coordinate is concerned, so that one finds the the harmonic function h has the “7-brane-like” log(ρ − ρ_0) structure.

7Compactifications of IIB supergrativity on such X^5 were discussed in [24] where it was pointed out that in the family of T^{p,q} spaces only T^{1,1} preserves supersymmetry.

3.3 Resolved conifold case

Starting with the resolved conifold metric (2.15) and solving (3.3) one finds the following expression for h(ρ)

h = h_0 −

2L^4 αb^4 [ 1 6 ln (ρ̄^2 − ρ̄^2_0)^3 ρ̄^6 + 3q^2ρ̄^4 − 1 + β + q^2 λ ( π 2 − arctan

2ρ̄^2 + σ λ ) ] , (3.9)

where as in (3.6) (ρ_0 is the same as in section 2.3)

ρ̄ = ρ b , ρ̄_0 = ρ_0 b , and for simplicity of presentation we have introduced the following constants depending on the ratio a/b q = √ 3 a b , β = q^4μ^{−1} + μ − q^2, μ ≡ [ 1 2 (1 − 2q^6 + √ 1 − 4q^6)]^{1/3}, α = 1 3 (2β^2 + 3q^2β + β^{−1}), σ = β + 3q^2, λ = √ 4β^{−1} − σ^2. (3.10)

We have assumed that 1 − 4q^6 > 0 (the opposite case is discussed below).

The behavior for ρ → ρ_0 is the same as in (3.8)

h(ρ → ρ_0) = −

2L^4 3αb^4 ln(ρ̄ − ρ̄_0) + O(1) , (3.11)

i.e., as in the previous case, at ρ = ρ_0 there is a horizon coinciding with curvature singularity.

Compared to (3.6) here the function h contains another (resolution) scale a represented by the parameter q ∈ [0, ∞). Depending on the value of q, i.e. on the ratio of a and b, one may distinguish three regions: b-dominated, intermediate, and a-dominated. The metric defined by (3.9),(3.10) is valid in the b-dominated region where 4q^6 < 1, i.e., b > 3^{1/2}2^{1/3}a. For q = 0 (a = 0) we get back to the conifold case (3.6) which should be viewed as the limiting case of the b-dominated resolved conifold solution (3.9). In the intermediate region, i.e. 4q^6 = 1 (this corresponds to λ = 0 in (3.9),(3.10)) we get

h = h_0 −

2L^4 81a^4 ( 9a^2 ρ^2 + 6a^2

+ ln ρ^2 − 3a^2 ρ^2 + 6a^2 ) , (3.12)

where √ 3a ≤ ρ < ∞. This metric also has a curvature singularity and the horizon at ρ = ρ_0 = √ 3a. In the a-dominated region 4q^6 > 1, i.e. a > 3^{−1/2}2^{−1/3}b, we find

h = h_0 −

2L^4 9a^4α [ 1 6 ln (ρ̄^2 − ρ̄^2_0)^3 ρ̄^6 + ρ̄^4 − q^{−6} − β + 1 λ ln 2ρ̄^2 + σ − λ 2ρ̄^2 + σ + λ ] , (3.13) where^8

ρ̄ = ρ √ 3a , β = μ + μ^{−1} − 1, μ ≡ e^{iπ/3}[1 − (2q^6)^{−1} − iq^{−3} √ 1 − (4q^6)^{−1}]^{1/3}, α = 1 3 [2β^2 + 3β + (q^6β)^{−1}], σ = β + 3, λ = √ σ^2 − 4(q^6β)^{−1}.(3.14)

This solution has the same generic logarithmic behavior near ρ_0, indicating the existence of a horizon and a singularity.

In a-dominated expression (3.13) we are able to take q → ∞ (b → 0) limit to get back to the “standard” resolved conifold case. The function h in the metric of D3-branes on b = 0 resolved conifold found in [11] is

h_{b=0} = h_0 +

2L^4 81a^4 [9a^2 ρ^2

− ln(1 +

9a^2 ρ^2 ) ] . (3.15)

Again, here ρ = 0 is both the horizon and the singularity.

3.4 Deformed conifold case

In the deformed conifold case (2.20),(2.21) the harmonic function h in (3.1) is found to be h = h_0 −

2^5 3^3

L^4 ∫ ρdρ r^4 − ϵ^4

, (3.16)

where the explicit form of r(ρ) in (2.21) is transcendental. For r ≫ ϵ we have r^4 = (2ρ^2/3)^3 and therefore recover the D3-brane on the conifold metric with h = h_0 +^{L4}_{ρ4} . For r → ϵ (ρ → b) we get ds^2_{10} = h^{−1/2}dx^μdx^μ + h^{1/2}(ds^2_6)_{ρ→b} , (3.17) where (ds^2_6)_{ρ→b} is given by (2.26) and

h = h_1 − h_2ρ^2 + O(ρ^4) , h_2 =

2^{8/3}L^4 3^{5/3}b^2ϵ^{4/3 2}

F_1( 1 3 , 2 3 ; 4 3 ; 1) , (3.18)

and h_1 = h_0 + O(^{L4}_{b4} ).^9 This b ≠ 0 case is different from the b = 0 deformed conifold case [10, 11] where ρ = 0 was a horizon. Here for ρ → b the space factorizes into R^{1,3} × M^6 where M^6 has ρ = b as its curvature singularity.

4 Fractional D3-brane solutions

Let us now construct the b ≠ 0 generalization of the fractional D3-brane on resolved conifold solution of [9, 11], i.e. the extension of the D3 brane solution of the previous

8 Note that since |μ| = 1, the combination μ + μ^{−1} is always real so that β, σ, λ and α are always real and ρ_0 is positive real root of the cubic equation.

9Here_2F_1(^1_3,^2_3;^4_3; 1) =^{Γ( 13 )Γ( 43 )}_{Γ( 23 )} ≈ 1.77.

section to the case of additional (self-dual) 3-form flux. The resolved conifold solution includes the conifold one as a special (a = 0) case. The first-order system corresponding to this background was already obtained in [11]. It is straightforward also to construct a similar b ≠ 0 generalization of the solution [10] in the deformed conifold case (see [11]), but we shall not discuss the details of this here.

For comparison, we shall start with a similar case of 3-branes on the cone over S^2 ×S^3. This solution was previously discussed in [33] (see also [20]).

4.1 S^2 � S^3 cone case

The 3-brane ansatz for the metric with transverse part given by (2.1) is

ds^2 = h^{−1/2}dx^μdx^μ + h^{1/2}(dρ^2 + 1 8 ρ^2dΩ^2_3 + 1 4 ρ^2dΩ^2) , (4.1)

and the natural ansatz for the form fields is similar to the one in the conifold [7, 9] case

B_2 = f(ρ)e_{θ2} ∧ e_{ϕ2} → H_3 = f^′(ρ)dρ ∧ e_{θ2} ∧ e_{ϕ2} , F_3 = P e_ψ ∧ e_{θ1} ∧ e_{ϕ1}, F_5 = F + ∗F, F = K(ρ)e_ψ ∧ e_{θ1} ∧ e_{ϕ1} ∧ e_{θ2} ∧ e_{ϕ2} . (4.2)

The 10-d duals of these fields are ∗F = 2^{13/2}K ρ^5h^2 dρ ∧ dx^0 ∧ dx^1 ∧ dx^2 ∧ dx^3 , (4.3)

∗F_3 =

2^{5/2}P ρh dρ ∧ dx^0 ∧ dx^1 ∧ dx^2 ∧ dx^3 ∧ e_{θ2} ∧ e_{ϕ2} , (4.4)

∗H_3 = − ρf^′ 2^{5/2}h dx^0 ∧ dx^1 ∧ dx^2 ∧ dx^3 ∧ e_ψ ∧ e_{θ1} ∧ e_{ϕ1} . (4.5)

We shall assume that the dilaton Φ is constant. Then the F_3 equation of motion d(e^Φ ∗ F_3) = F_5 ∧H_3 is satisfied automatically, and from the H_3 equation d(e^{−Φ} ∗H_3) = −F_5 ∧F_3 one obtains the following equation (e^Φ = g_s) (f^′_1ρ h )_′ = 2^9g_sP K h^2ρ^5

. (4.6)

The constant dilaton condition implies H^2_3 = e^{2Φ}F^2_3 , i.e. using (2.13) we get^{10} ρf^′ = 2^{5/2}g_sP . The Bianchi identity for the 5-form d ∗ F_5 = dF_5 = H_3 ∧ F_3 gives K^′ = P f^′, i.e. K = Q + P f. The two linearly independent Einstein equations are a consequence of

10As in [9], the axion equation is satisfied automatically since H_3 · F_3 = 0.

this system of first order differential equations. The solution is thus very similar to the original conifold one [9]

f = 2^{5/2}g_sP ln ρ ρ_0

, K = Q + 2^{5/2}g_sP^2 ln ρ ρ_0 , h = h_0 +

2^{9/2} ρ^4 [ Q + 2^{5/2}g_sP^2(ln ρ ρ_0 + 1 4 ) ] . (4.7)

Note that as in [9], the complex 3-form G_3 = g_sF_3 + iH_3 is selfdual in 6-d sense. Like the conifold solution [9], this solution has a naked singularity located at ρ = ρ_h, Q + 2^{5/2}g_sP^2(ln^{ρh}_{ρ0} +^1_4 ) = 0, i.e. very close to the origin if the number of fractional D3-branes is small, Q ≫ g_sP^2. In this case the singularity is behind the “zero charge” (K = 0) locus.

4.2 Resolved conifold case

The ansatz for the metric will be the same as in (3.1),

ds^2_{10} = h^{−1/2}(ρ)dx^μdx^μ + h^{1/2}(ρ)ds^2_6 , (4.8)

where ds^2_6 will be the metric of the generalized b ≠ 0 resolved conifold (2.15). Our ansatz for the NS-NS 2-form will be as in [11], i.e. a natural generalization of the ansatz in [9] motivated by an asymmetry between the two S^2 parts of the resolved conifold metric

B_2 = f_1(ρ)e_{θ1} ∧ e_{ϕ1} + f_2(ρ)e_{θ2} ∧ e_{ϕ2} ,

H_3 = dB_2 = dρ ∧ [f^′_1(ρ)e_{θ1} ∧ e_{ϕ1} + f^′_2(ρ)e_{θ2} ∧ e_{ϕ2} ] . (4.9) The conifold case (a = 0) corresponds [7, 9] to f_1 = −f_2. The forms F_3 and F_5 will also have the same structure as in [9, 11] (we follow the notation of [11])

F_3 = P e_ψ ∧ (e_{θ2} ∧ e_{ϕ2} − e_{θ1} ∧ e_{ϕ1} ) , (4.10)

F_5 = F + ∗F , F = K(ρ)e_ψ ∧ e_{θ1} ∧ e_{ϕ1} ∧ e_{θ2} ∧ e_{ϕ2} . (4.11) The rest of the discussion is essentially the same as in [11] with κ in the 6-d metric now being dependent also on b according to (2.16).

Assuming that the dilaton Φ is constant, the F_3 equation of motion d(e^Φ∗F_3) = F_5∧H_3 is satisfied automatically, and from the H_3 equation d(e^{−Φ} ∗ H_3) = −F_5 ∧ F_3 one obtains the following three equations (e^Φ = g_s) (f^′_1ρκΓ h )_′ = 324g_sP K h^2ρ^5κΓ , (f^′_2ρκ hΓ )_′ = − 324g_sP K h^2ρ^5κΓ

, (4.12)

f^′_1 + Γ^{−2}f^′_2 = 0 , Γ ≡ ρ^2 + 6a^2 ρ^2

, (4.13) where Γ is the ratio of the squares of the radii of the two spheres in the resolved conifold metric (2.15). The constant dilaton condition implies H^2_3 = e^{2Φ}F^2_3 , i.e.

f^{′2}_1 + Γ^{−2}f^{′2}_2 =

9g^2_s P^2 k^2ρ^2

(1 + Γ^{−2}) . (4.14)

Combined with (4.13) that gives

f^′_1 = 3g_sP ρκΓ , f^′_2 = −

3g_sP Γ ρκ . (4.15)

The Bianchi identity for the 5-form d ∗ F_5 = dF_5 = H_3 ∧ F_3 implies

K^′ = P (f^′_1 − f^′_2) , i.e. K = Q + P (f_1 − f_2) . (4.16)

As in [9, 11], to determine the metric function h(ρ) it is sufficient to consider the trace of the Einstein equations,^{11} R = −^1_2 Δh =^1_{24}(e^{−Φ}H^2_3 + e^ΦF^2_3 ), i.e. h^{−3/2} 1 √ g ∂_ρ ( √ gg^{ρρ}∂_ρh) = −^1_{12}(g^{−1}_s H^2_3 + g_sF^2_3 ) = − 1 6 g_sF^2_3 , (4.17) or ( ρ^5κΓh^′ )_′ = −324g_sP^2

(1 + Γ^2) ρκΓ . (4.18)

Integrating this we get h^′ = −

108K ρ^5κΓ

. (4.19)

Plugging in the function κ in (2.16) the system (4.15),(4.19) of first-order differential equations can be directly integrated.

Here we shall present the explicit form of the solution only in the a = 0 limit, i.e. the b-generalized conifold case (2.14). For a = 0 one finds Γ = 1, implying f_2 = −f_1, and with κ = 1 −^{b6}_{ρ6} we obtain

f_1 = −f_2 = 1 2 g_sP ln(ρ̄^6 − 1) + f_0 , K = Q + g_sP^2 ln(ρ̄^6 − 1), (4.20)

h = h_0 − 54Q b^4 [ 1 6 ln (ρ̄^2 − 1)^3 ρ̄^6 − 1 + 1 √ 3 ( π 2 − arctan

2ρ̄^2 + 1 √ 3 ) ]

+ 27g_sP^2 b^4(ρ̄^6 − 1)^{2/3} [ 3 2^3

F_2( 2 3 , 2 3 , 2 3 ; 5 3 , 5 3 ; − 1 ρ̄^6 − 1

) +_2F_1( 2 3 , 2 3 ; 5 3 ; − 1 ρ̄^6 − 1

) ln(ρ̄^6 − 1) ] , (4.21) where ρ̄ =^ρ_b (cf. (3.6)) and_pF_q is the hypergeometric function.

11More precisely, there are two linearly independent Einstein equations: one is the square of eqn. (4.13) and another, written above, can be expressed in terms of the first derivative of (4.13) using (4.16).

The large ρ behavior of h is

h(ρ → ∞) = h_0 + 27 ρ^4 [ Q + 6g_sP^2(ln ρ b + 1 4 ) ] , (4.22)

i.e. this solution has the same UV asymptotic as the b = 0 conifold one of [9]. In the short-distance limit ρ → b limit we have, to the leading order,

h(ρ̄ → 1) = h_0 − 18Q b^4 ln(ρ̄^2 − 1) −

9g_sP^2 b^4 ln^2(ρ̄^2 − 1) . (4.23)

At ρ̄_h ≈ 1 + e^{−2Q/(gsP 2)} the solution has a naked singularity of a repulson type. The “zero charge” locus (K = 0) is located at ρ̄_K = 1 + e^{−Q/(gsP 2)}, i.e. ρ̄_K > ρ̄_h.

We can thus conclude, based on the analysis in [9] (b = a = 0), in [11] (b = 0, a ≠ 0) and here (a = 0, b ≠ 0), that generically fractional 3-branes on the conifold and resolved conifold have a repulson-type naked singularity which is located behind the “zero-charge” locus.

5 Wilson Loop behavior

Let us now investigate, following [27, 28], the behavior of the Wilson loop corresponding to “quark-antiquark” potential in the dual gauge theory. It is given by the exponential of the classical fundamental string action in these D3-brane backgrounds evaluated for a static configuration of open string ending on the probe D3-brane placed at the “boundary” ρ = ∞. We will show that one gets an area law (confining) behavior for the “pure” D3-brane backgrounds of section 3, assuming at least one of the scales of the transverse space is kept non-zero. This is different from what is found in the standard conifold case [4] where the near-core geometry has AdS_5 factor and thus the potential is Coulombic as in [27, 28] (in the single-center case as well as in the multicenter case [34]).

For simplicity, we shall consider only the D3-brane background with the resolved conifold as the transverse space. The corresponding metric (2.15),(3.9) depends on the two scale parameters b and a. Expressed in terms of ρ̄ = ρ/b it depends only on their ratio q = √ 3a/b. It is sufficient to analyze the Wilson loop in the two limiting cases q = 0 and q = ∞: (i) a = 0, b ≠ 0, i.e. D3-brane on generalized conifold (2.13),(3.6), and (ii) a ≠ 0, b = 0, i.e. D3-brane on “standard” resolved conifold (3.15). In both special cases the scale of the transverse space (b or a) determines the confinement scale. The behavior of the Wilson loop for general values of q will be similar, given that the behavior of h is generic. Let us emphasize that in contrast to other supergravity solutions dual to confining N =1 gauge theories [36, 10, 18], this confinement behavior is found for the pure D3-brane background which does not have any non-trivial 3-form fluxes.

5.1 General set-up

All examples we have discussed above have metrics of the type

ds^2 = h^{−1/2}(ρ)(−dx^2_0 + dx_kdx_k) + h^{1/2}(ρ)[κ^{−1}(ρ)dρ^2 + ds^2_5] , (5.1)

where ds^2_5 is the metric of the corresponding 5-d compact space. The Nambu-Goto string action which determines the expression for the Wilson loop depends on this 10-d metric G_{MN} as ∫ dτ dσ √ − det(G_{MN} ∂_aX^M ∂_bX^N ). In the static gauge (x_0 = τ, x_1 ≡ x = σ) and assuming that the string is stretched only in the radial direction, i.e. only ρ coordinate depends on σ, we get^{12} S = T ∫ dx √ G_{00}G_{xx} + G_{00}G_{ρρ}(∂_xρ)^2 = T ∫ dx √ h^{−1} + κ^{−1}(∂_xρ)^2 . (5.2)

Since the Lagrangian of this “mechanical system” does not depend explicitly on “time” x, we have a conserved quantity^h �1 √_h�_{1+κ}�_{1(∂xρ)2} , i.e. the first integral is (c_0 = const)

dx = dρ √ κh^{−1} ( h�1_{c2} 0 − 1

) . (5.3)

The energy of a static string configuration is thus E = S T = ∫ dx √ h^{−1} + κ^{−1}(∂_xρ)^2 = ∫ dρ √ κ (1 − c^2_0h)

. (5.4)

Following [27, 28], the question about confinement is then reduced to finding the dependence of the energy E on the distance ℓ between the string end-points (between “quark” and the “antiquark”).

5.2 Conifold case

For the generalized conifold metric with the scale b (2.13),(2.14) the function h of D3-brane solution is given by (3.6). Introducing the new coordinate

y = ρ̄^2 = ρ^2 b^2

, (5.5)

and removing the asymptotically flat region (i.e. dropping h_0) we obtain the following relation for the quark-antiquark separation ℓ 2 = L^2 √ 2b ∞∫ y� dy y √ y^3 − 1 f(y) √ f(y_∗) − f(y) , (5.6)

12T is the time interval and the string tension is set equal to 1.

where y_∗ is the turning point and f(y) = 1 √ 3 ( arctan

2y + 1 √ 3 − π 2 ) − 1 6 ln (y − 1)^3 y^3 − 1

, f(y_∗) = b^4 2L^4c^2_0

. (5.7)

Note that for any finite value of f(y_∗) one has y_∗ > 1, meaning that the minimal surface does not reach the ρ = b which is the horizon and the curvature singularity. The energy of the string configuration is E = b^3 2^{3/2}L^2c_0 ∞∫ y� ydy √ y^3 − 1 1 √ f(y_∗) − f(y) . (5.8)

Evaluating the integrals as in [35], i.e. assuming that the main contribution comes from the region near y_∗, we find the “area law”, i.e. the linear confinement behavior E ≈ c_0 2 ℓ . (5.9)

5.3 Resolved conifold case

Let us first consider the “standard” b = 0 version of the D3-brane solution on resolved conifold [11], i.e. (3.15). Introducing the new coordinate y = ρ^2 9a^2

, (5.10)

and setting h_0 = 0 we get h = 2L^4 81a^4 f(y) , f(y) ≡ y^{−1} − ln(1 + y^{−1}) , κ = y + 1 y +^2_3

. (5.11)

Then the analog of (5.6) is ℓ 2 = L^2 3 √ 2a ∞∫ y� dy y^{1/2} y +^2_3 y + 1 f(y) √ f(y_∗) − f(y) , (5.12)

where f(y_∗) =^{81a4}_{2L4c20} . We have used that from the form of the denominator in the analogue of eq. (5.3) (cf. (5.12)) it follows that there is a turning point for y, i.e. y changes from ∞ (ρ = ∞) to y_∗. Note that f(y) is a positive function and it increases monotonically from zero at y = ∞. Therefore, for any positive constant d_0 there is y = y_∗ that solves d^2_0 = y^{−1} − ln(1 + y^{−1}).

Similar behavior is found when we switch on the b-parameter, i.e. start with κ and h given in (2.16) and (3.9). Thus the minimal surface does not reach the curvature singularity located at ρ_0.^{13} The expression for the energy is (for b = 0)

E = 27a^3 2^{3/2}L^2c_0 ∞∫ y� dy y^{1/2} y +^2_3 y + 1 1 √ f(y_∗) − f(y) . (5.13)

Assuming that the main contribution comes from the region near y_∗ and expanding f(y) ≈ f(y_∗)+f^′(y_∗)(y −y_∗) we again get the area law behavior, i.e. the relation (5.9). Analogous result is found when one switches on the dependence of the background metric on the parameter b.

Acknowledgments

We are grateful to I. Klebanov and G. Papadopoulos for useful discussions and comments. LAPZ would like to acknowledge the Office of the Provost at the University of Michigan and the High Energy Physics Division of the Department of Energy for support. The work of AAT was supported in part by the DOE grant DE-FG02-91ER40690, INTAS project 991590 and PPARC SPG grant PPA/G/S/1998/00613.

References

[1] J. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200]. S. S. Gubser, I.R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical string theory,” Phys. Lett. B428 (1998) 105 [hep-th/9802109]. E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150]. I. R. Klebanov, “TASI lectures: Introduction to the AdS/CFT correspondence,” hep-th/0009139.

[2] M.R. Douglas and G. Moore, “D-branes, Quivers, and ALE Instantons,” hepth/9603167.

[3] A. Kehagias, “New type IIB vacua and their F-theory interpretation,” Phys. Lett.

B435 (1998) 337 [hep-th/9805131].

[4] I.R. Klebanov and E. Witten, “Superconformal field theory on threebranes at a Calabi-Yau singularity,” Nucl. Phys. B536 (1998) 199, [hep-th/9807080].

[5] D.R. Morrison and M.R. Plesser, “Non-spherical horizons. I,” Adv. Theor. Math.

Phys. 3 (1999) 1 [hep-th/9810201].

13For b = 0 one can estimate the value of y_∗ as follows. For small d_0 we expand f(y) near zero and find y_∗ = ( √ 2d_0)^{−1}, i.e. ρ_∗ ≈ L √ c_0 . For large d_0, we expand f(y) for large y to find y_∗ = d^{−2}_0 , i.e. ρ_∗ ≈ √ 2L2c0 3a .

[6] S.S. Gubser and I.R. Klebanov, “Baryons and domain walls in an N = 1 superconformal gauge theory,” Phys. Rev. D58 (1998) 125025 [hep-th/9808075].

[7] I.R. Klebanov and N.A. Nekrasov, “Gravity duals of fractional branes and logarithmic RG flow,” Nucl. Phys. B574 (2000) 263 [hep-th/9911096].

[8] E.G. Gimon and J. Polchinski, “Consistency Conditions for Orientifolds and D- Manifolds,” Phys. Rev. D54 (1996) 1667 [hep-th/9601038]. M.R. Douglas, “Enhanced gauge symmetry in M(atrix) theory,” JHEP 9707 (1997) 004 [hepth/9612126].

[9] I.R. Klebanov and A.A. Tseytlin, “Gravity duals of supersymmetric SU(N) x SU(N+M) gauge theories,” Nucl. Phys. B578 (2000) 123 [hep-th/0002159].

[10] I.R. Klebanov and M.J. Strassler, “Supergravity and a confining gauge theory: Duality cascades and (chi)SB-resolution of naked singularities,” JHEP0008, 052 (2000), hep-th/0007191.

[11] L. A. Pando Zayas and A. A. Tseytlin, “3-branes on resolved conifold,” JHEP 0011 (2000) 028 [hep-th/0010088].

[12] M. Graña and J. Polchinski, “Supersymmetric three-form flux perturbations on AdS(5),” hep-th/0009211.

[13] S.S. Gubser, “Supersymmetry and F-theory realization of the deformed conifold with three-form flux,” hep-th/0010010.

[14] M. Cvetic, H. Lu and C. N. Pope, “Brane resolution through transgression,” hepth/0011023.

[15] M. Cvetic, G. W. Gibbons, H. Lu and C. N. Pope, “Ricci-flat metrics, harmonic forms and brane resolutions,” hep-th/0012011.

[16] G. Papadopoulos and A. A. Tseytlin, “Complex geometry of conifolds and 5-brane wrapped on 2-sphere,” hep-th/0012034.

[17] F. Bigazzi, L. Girardello and A. Zaffaroni, “A note on regular type 0 solutions and confining gauge theories,” hep-th/0011041. A. Buchel, “Finite temperature resolution of the Klebanov-Tseytlin singularity,” hep-th/0011146. M. Krasnitz, “A two point function in a cascading N = 1 gauge theory from supergravity,” hep-th/0011179. E. Caceres and R. Hernandez, “Glueball masses for the deformed conifold theory,” hep-th/0011204.

[18] J.M. Maldacena and C. Nuñez, “Towards the large n limit of pure N = 1 super Yang Mills,” hep-th/0008001.

[19] M. Bertolini, P. Di Vecchia, M. Frau, A. Lerda, R. Marotta and I. Pesando, “Fractional D-branes and their gauge duals,” hep-th/0011077. J. Polchinski, “N = 2 gaugegravity duals,” hep-th/0011193.

[20] C. P. Herzog and I. R. Klebanov, “Gravity Duals of Fractional Branes in Various Dimensions,” hep-th/0101020.

[21] O. Aharony, “A note on the holographic interpretation of string theory backgrounds with varying flux,” hep-th/0101013.

[22] P. Candelas and X.C. de la Ossa, “Comments On Conifolds,” Nucl. Phys. B342 (1990) 246.

[23] R. Minasian and D. Tsimpis, “On the geometry of non-trivially embedded branes,” Nucl. Phys. B572 (2000) 499 [hep-th/9911042]. K. Ohta and T. Yokono, “Deformation of conifold and intersecting branes,” JHEP 0002 (2000) 023 [hep-th/9912266].

[24] L. J. Romans, “New Compactifications Of Chiral N=2 D = 10 Supergravity,” Phys.

Lett. B153 (1985) 392.

[25] G.T. Horowitz and A. Strominger, “Black strings and P-branes,” Nucl. Phys. B360 (1991) 197.

[26] M.J. Duff and J.X. Lu, “The Selfdual type IIB superthreebrane,” Phys. Lett. B273 (1991) 409.

[27] J. Maldacena, “Wilson loops in large N field theories,” Phys. Rev. Lett. 80 (1998) 4859 [hep-th/9803002].

[28] S. Rey and J. Yee, “Macroscopic strings as heavy quarks in large N gauge theory and anti-de Sitter supergravity,” hep-th/9803001.

[29] D.N. Page and C.N. Pope, “Which Compactifications Of D = 11 Supergravity Are Stable?,” Phys. Lett. B144 (1984) 346.

[30] T. Eguchi and A. J. Hanson, “Asymptotically Flat Selfdual Solutions To Euclidean Gravity,” Phys. Lett. B74 (1978) 249.

[31] T. Eguchi, P. B. Gilkey and A. J. Hanson, “Gravitation, Gauge Theories And Differential Geometry,” Phys. Rept. 66 (1980) 213.

[32] G. Papadopoulos, J.G. Russo and A.A. Tseytlin, “Curved branes from string dualities,” Class. Quant. Grav. 17 (2000) 1713 [hep-th/9911253].

[33] I.R. Klebanov and A.A. Tseytlin, unpublished.

[34] E. Caceres and R. Hernandez, “Wilson loops in the Higgs phase of large N field theories on the conifold,” JHEP 0006 (2000) 027 [hep-th/0004040].

[35] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, “Confinement and condensates without fine tuning in supergravity duals of gauge theories,” JHEP 9905 (1999) 026 [hep-th/9903026].

[36] J. Polchinski and M. J. Strassler, “The string dual of a confining four-dimensional gauge theory,” hep-th/0003136.

[37] K. Behrndt, “About a class of exact string backgrounds,” Nucl. Phys. B455 (1995) 188 [hep-th/9506106]. R. Kallosh and A. Linde, “Exact supersymmetric massive and massless white holes,” Phys. Rev. D52 (1995) 7137 [hep-th/9507022].