arXiv:hep-th/0101070 11 Jan 2001

LETTER TO THE EDITOR

p-Branes from Generalized Yang–Mills Theory

Stefano Ansoldiy§, Carlos Castroz‖, Euro Spallucciy¶

† Dipartimento di Fisica Teorica Università di Trieste, and INFN, Sezione di Trieste ‡ Center for Theoretical Studies of Physical Systems Clark Atlanta University, Atlanta, GA.30314

Abstract. We consider the reduced, quenched version of a generalized Yang–Mills action in 4k-dimensional spacetime. This is a new kind of matrix theory which is mapped through the Weyl–Wigner–Moyal correspondence into a field theory over a non-commutative phase space. We show that the “classical” limit of this field theory is encoded into the effective action of an open, (4k−1)-dimensional, bulk brane enclosed by a dynamical, Chern–Simons type, (4k − 2)-dimensional, boundary brane. The bulk action is a pure volume term, while the boundary action carries all the dynamical degrees of freedom.

PACS number: 11.17

Submitted to: Class. Quantum Grav.

§ e-mail address: ansoldi@trieste.infn.it
‖ e-mail address: castro@ctsps.cau.edu
¶ e-mail address: spallucci@trieste.infn.it

The relation between gauge theories and relativistic extended objects is one of the most intriguing open problems currently under investigation in high energy theoretical physics. Gauge symmetry is the inspiring principle underlying unification of fundamental forces at the quantum level, gravity not included. A really unified theory, including a consistent quantum theory of gravitational phenomena as well, forces the introduction of relativistic extended objects as the basic building blocks of matter, space and time. If correct, this picture must be able to account for the low energy role of gauge symmetry. The presence of massless vector excitations, carrying Chan–Paton indices in the massless sector of the open string spectrum, is a first step towards the answer of this problem in a perturbative framework. The recent proposals for a non-perturbative formulation of string theory in terms of matrices and D-branes [1] provides further clues in favor of the strings/gauge fields. The problem is equally difficult to deal from the low energy viewpoint, involving non-perturbative aspects of gauge theory. Looking for extended excitations in the spectrum of Abelian gauge theories is a problem dating back to the seminal Dirac’s work about strings and monopoles [2]. Recent generalization to higher rank gauge fields has been given in [3], [4], [5]. In the non-Abelian case the problem is even more difficult because of the interplay with confinement [6]. Thus, it can be dealt within some appropriate approximation scheme. Because of the the large value of the gauge coupling constant standard perturbation theory is not available and different computational techniques have to be adopted. One of the most successful is the large-N expansion, where N refers to the number of colors [7]. To match Yang–Mills theory and matrix string theory further approximations are available, i.e. “quenching” and “reduction”. The original SU(N) Yang–Mills field is replaced by the same field at a single point [8], say x^μ = 0 (for a recent review see [9]) and represented by a unitary N×N matrix A_μ^i_j. Partial derivative operators are replaced by commutators with a fixed diagonal matrix p_μ^i_j , playing the role of translation generator and called the quenched momentum [10]. Accordingly, the covariant derivative becomes iD_μ = [ pμ + A_μ, . . . ] . Thus, the reduced, quenched, Yang–Mills field strength is F μν ij ≡ [iDμ, iDν ]ij It has been shown in [11] that the dynamics of reduced, quenched, Yang–Mills theory can be formulated in the large-N limit in terms of pure string dynamics. In a recent paper we have generalized this result to include bags and membranes in the spectrum of 4-dimensional Yang–Mills theory [12]. In this note, we shall look for higher dimensional objects fitting into generalized Yang–Mills theories, in more than 4-dimensional spacetime.

Yang–Mills theory admits in D = 4k, k = 1, 2, . . . dimensions a generalization preserving both the canonical dimension of the gauge field, i.e. [A_μ] = (length)^{−1}, and of the coupling constant [g_{YM}] = 1. The action we shall use is of the form introduced in [13]

S^{GYM} = − 1 2(2k)!g^2_{YM} ∫ d^{4k}xTrF_{[μ1μ2} · . . . · F_{μ2k}�_{1μ2k]}F^{[μ1μ2} · . . . · F^{μ2k}�^{1μ2k]}, (1) where F_{μ1μ2} ≡ ∂_{[μ1} A_{μ2]} −[A_{μ1} , A_{μ2} ], and the trace operation is over internal indices.The reason why this particular generalization of the Yang–Mills action is expected to be of specific interest can be traced back to the original paper where it was introduced [13]. The problem is that the Polyakov action is conformally invariant for a string but does not preserve such a fundamental symmetry for higher dimensional objects. The purpose of the authors in [13] was to look for conformally invariant σ–models in 2n dimensional spacetime generalizing the Polyakov action. They introduced a generalized Yang–Mills gauge theory fulfilling the above requirements and reproducing the action (1) when 2n = 4k. In a successive paper the same authors identified the instanton solutions of their generalized Yang–Mills model as “n–branes [14]. This result was extended also to non-compact non-linear σ-models on Anti DeSitter spacetime background in [15]. From our vantage point, we know that the action (1) with k = 1 admits both string and bag solutions in the large–N limit [12]. Thus, we are confident to find 4k − 1–branes in the large–N spectrum of (1). This type of objects have a “trivial” bulk dynamics since they are spacetime volume filling solutions carrying no transverse degree of freedom. On the other hand, a 4k − 1–brane embedded into a 4k–dimensional spacetime must be open by definition, and can admit a non–trivial 4k − 2–brane as its dynamical boundary. Thus, we supplement the original Dolan Tchrakian action with a new topological term extending to 4k dimension the usual Yang–Mills θ-term:

S^θ = − θg^2_{YM} 4π^24^k ϵ^{μ1μ2...μ4k}�^{1μ4k} ∫ d^{4k}xTrF_{[μ1μ2} · . . . · F_{μ4k}�_{1μ4k]}. (2)

The main purpose of this note is to establish a correspondence between the action S^{GYM} + S^θ and some appropriate brane action. As a first step towards this result we turn the gauge field actions S^{GYM} and S^θ into matrix action through quenching and reduction:

S^{GYM} + S^θ =⇒ S^{q,GYM}_{red.} + S^{q,θ}_{red.}

S^{q,GYM}

red. = − N 2(2k)!g^2_{YM} (2π a )_4k Tr [ D_[μ_1 , Dμ_2 ] · . . . · [ Dμ_{2k}�_1 , Dμ_{2k ]} ] (3) × [ D^[μ^1 , Dμ^2 ] · . . . · [ Dμ^{2k}�^1 , Dμ^{2k]} ]

S^{q,θ}_{red.} = − θg^2_{YM} 4π^24^k (2π a )_4k

ϵ^{μ1μ2...μ4k}�^{1μ4k} Tr [ D_[μ_1 , Dμ_2 ] · . . . · [ Dμ_{4k}�_1 , Dμ_{4k ]} ] . (4)

One of the most effective way to quantize a theory where the dynamical variables are represented by unitary operators is provided by the Wigner–Weyl–Moyal approach [16]. A by–product of the Wigner–Weyl–Moyal quantization of a Yang–Mills matrix theory is that the “classical limit h̄ → 0” is just the same as the large-N limit. Once applied to our problem the Wigner–Weyl–Moyal quantization scheme allows us to write the unitary matrix D_μ^i_j in terms of 2n independent matrices p_i, q_j , i, j = 1, . . . , n, 0 ≤ n ≤ 4k [17], Dμ ≡ 1 (2π)^D ∫ d^np d^nqA_μ(q, p) exp ( iq^ip_i + ip^j q_j ) , (5)

where the operators p_i, q^j satisfy the Heisenberg algebra [ pi, q_j ] = −ih̄δ_{ij} and (q^i, p^j) play the role of coordinates in Fourier dual space. h̄ is the deformation parameter, which for historical reason is often represented by the same symbol as the Planck constant.

The basic idea under this approach is to identify the Fourier space as the dual of a 2n-dimensional world manifold of a p = 2n − 1 brane. Consistency requires that the dimension of the world surface swept by the brane evolution at most matches the dimension of the target spacetime, and never exceeds it, i.e. 2n ≤ 4k. The case n = 1, k = 1, describing string sector of large-N QCD, deserved an in depth investigation [11], [18]; the case n = 2, k = 1 has been considered in [12]. In this letter, we shall discuss the more general case, n = 2k and show that it contains a 4k − 1 open brane enclosed by a dynamical boundary. By inverting (5) one gets A_μ(q, p) = 1 N Tr_H [ Dμ exp ( −ip_iq^i − iq_jp^j )] , (6)

where Tr_H means the sum over diagonal elements with respect an orthonormal basis in the Hilbert space H of square integrable functions on R^{4k}. By Fourier anti–transforming (6) one get the Weyl symbol A_μ(x, y) of the operator D_μ: A_μ(x, y) = ∫ d^nq d^np A_μ(q, p) exp ( iq_ix^i + ip_jy^j ) . The above procedure turns the product of two matrices U and V into the Moyal, or ∗-product, of their associated symbols U V ←→ U(σ) ∗ V(σ) ≡ exp [ i h̄ 2 ω^{ab} ∂^2 ∂σ^a∂ξ^b ] U(σ)V(ξ)|_{σ=ξ} σ^a ≡ ( x^k, y^l ) , where ω^{ab} is the symplectic form defined over the dual phase space (x, y). The introduction of the non-commutative ∗-product allows to express the commutator between two matrices U , V as the Moyal Bracket between their corresponding symbols U(x, y), V(x, y) 1 h̄ [ U , V ] ←→ {U, V}_{MB} ≡ 1 h̄ ( U ∗ V − V ∗ U ) ≡ ω^{ij} ∂_i U ∘ ∂_j V, where we introduced the ∘-product which corresponds to the “even” part of the of the ∗- product [19]. Once each operator is replaced by its own Weyl symbol, the trace operation in Hilbert space turns into an integration over a 2D-dimensional, non-commutative manifold, because of the ubiquitous presence of the ∗ product [20]: (2π)^4 N^3 Tr_H −→ ∫ d^nx d^ny ≡ ∫ d^{2n}σ. The last step of the mapping between matrix theory into a field model is carried out through the identification of the “deformation parameter” h̄ with the inverse of N: “h̄” ≡ 2π N .

Thus, the large-N limit of the SU(N) matrix theory, where the A_μ quantum fluctuations freeze, corresponds to the quantum mechanical classical limit, h̄ → 0, of the WWM corresponding field theory. From now on, we shall refer to the “classical limit” without distinguishing between the large-N or small-h̄. In the classical limit the Moyal bracket reproduces the Poisson bracket: F_{μν} ≡ {A_μ, A_ν}_{MB}^{h̄→0}−→ F^∞_{μν} ≡ {A_μ, A_ν }_{PB} . The above formulae are all we need to map the matrix actions (3) and (4) into their Weyl symbols:

W^{GYM} = − 1 2g^2_{YM}(2k)! (2π a )_4k (2π N )_2k_{−4}

× ∫ Σ d^{2n}σF_{[μ1μ2} ∗ . . . ∗ F_{μ2k}�_{1μ2k ]} ∗ F^{[μ1μ2} ∗ . . . ∗ F^{μ2k}�^{1μ2k ]} = 1 2g^2_{YM}(2k)! (2π a )_4k (2π N )_2k_{−4}

× ∫ Σ d^{2n}σ { A_{[μ1} , A_{μ2} } MB ∗ . . . ∗ { A_{μ2k}�_1 , A_{μ2k]} } MB ∗ { A^{[μ1} , A^{μ2} } MB ∗ . . . ∗ { A^{μ2k}�^1 , A^{μ2k]} } MB , (7)

W^θ = − θg^2_{YM} 4π^24^k (2π a )_4k (2π N )_2k_{−4} ϵ^{μ1μ2...μ4k}�^{1μ4k} ∫ ∂Σ d^{2n}σF_{[μ1μ2} ∗ . . . ∗ F_{μ4k}�_{1μ4k ]} = − θg^2_{YM} 4π^24^k (2π a )_4k (2π N )_2k_{−4}

×ϵ^{μ1μ2...μ4k}�^{1μ4k} ∫ ∂Σ d^{2n}σ { A_{[μ1} , A_{μ2} } MB ∗ . . . ∗ { A_{μ4k}�_1 , A_{μ4k]} } MB . (8)

To perform the classical limit of (7) and (8) let us rescale the field A_μ as (2π N )^{2k}�^4_{4k} A_μ −→ X_μ, and replace the ∗-product with the ordinary, commutative, product between functions. Thus, we obtain

W^{GYM}_∞ = − 1 2g^2_{YM}(2k)! (2π a )_4k ∫ Σ d^{4k}σ ∂_{[ m1} X_{μ1} ∂_{m2} X_{μ2} · . . . · ∂_{m2k}�_1 X_{μ2k}�_1 ∂_{m2k} X_{μ2k ]}

×∂^{[ a1} X^{μ1} ∂^{a2}X^{μ2} · . . . · ∂^{a2k}�^1X^{μ2k}�^1 ∂^{a2k ]}X^{μ2k} = − 1 2g^2_{YM}(2k)! (2π a )_4k ∫ Σ d^{4k}σ∂_{[m1} X_{μ1} ∂_{m2} X_{μ2} · . . . · ∂_{m2k}�_1 X_{μ2k}�_1 ∂_{m2k]}X_{μ2k}

×∂^{[ m1} X^{μ1} ∂^{m2} X^{μ2} · . . . · ∂^{m2k}�^1 X^{μ2k}�^1 ∂^{m2k ]}X^{μ2k} (9) and W^θ_∞ = − θg^2_{YM} 4π^24^k (2π a )_4k ϵ^{μ1μ2...μ4k}�^{1μ4k} ∫ ∂Σ d^{4k−1}s ϵ^{m2...m4k} X_{μ1} ∂_{m2} X_{μ2} · . . . · ∂_{m4k}�_1 X_{μ4k} = − θg^2_{YM} 4π^24^k (2π a )_4k ϵ^{μ1μ2...μ4k}�^{1μ4k} ∫ ∂Σ d^{4k−1}s X_{μ1} { X_{μ2} , . . . , X_{μ4k}�_1 } NPB . (10)

The two actions (9) and (10) are the main results of this note and the discussion of their physical meaning will end this letter.

W^θ_∞ is the action for the Chern–Simons (4k − 2)-brane, investigated in [21]. This kind of p-brane is a dynamical object with very interesting properties following from its topological origin [22], e.g. the presence of the generalized Nambu–Poisson bracket { X_{μ2} , . . . , X_{μ4k}�_1 } NPB which suggests a new formulation of both classical and quantum mechanics for this kind of object [23].

To identify the kind of physical object described by W^{GYM}_∞ we need to recall the conformally invariant, 4k-dimensional, σ-model action introduced in [24], [14]:

S_{4k−1} = − 1 (2k)! T_{4k−1} ∫ d^{4k}σ √ h h^{m1n1} · . . . · h^{m2k n2k} × ∂_{[ m1} X^{μ1} · . . . · ∂_{m2k ]}X^{μ2k} ∂_{[ n1} X^{ν1} · . . . · ∂_{n2k ]}X^{ν2k} η_{μ1ν1} · . . . · η_{μ2k ν2k} , (11) where X^μ(σ) are the p-brane coordinates in target spacetime; T_{4k−1} is a constant with dimensions of energy per unit (4k − 1)-volume, or [T_{4k−1}] = (length)^{−4k}; h_{mn}(σ) is an auxiliary metric tensor providing reparametrization invariant over the p-brane world volume. For the sake of simplicity, we assumed the target spacetime to be flat and contracted the corresponding indices, i.e. μ_1, μ_2, . . . , ν_1, ν_2, . . ., by means of a Minkowski tensor. By solving the classical field equation δS_{4k−1}/δh_{mn} = 0 one can write h_{mn} in terms of the induced metric G_{mn} = ∂_mX^μ∂_nX_μ and recover the Dirac–Nambu–Goto form of the action of (11) and identify T_{4k−1} with the brane tension. If we break the reparametrization invariance of the action (11), by choosing a conformally flat world metric h_{mn} = exp {2Ω(σ)} η_{mn}, the resulting, volume preserving diffeomorphism invariant action, is just (9) with a tension given by

T_{4k−1} = 1 g^2_{YM} (2π a )_4k

. (12)

Thus, the large-N limit of the generalized Yang–Mills theory (1) describes a bag–like, vacuum domain, or (4k − 1)-brane, characterized by a tension (12). Being embedded into a 4k-dimensional target spacetime the bag has no transverse, dynamical, degrees of freedom, i.e. it is a pure volume term. The whole dynamics is confined to the boundary in a way which seems to saturate the holographic principle [25]. We can summarize the results we have obtained in the “flow chart” below.

A_μ^i_j (x) ⇒ A_μ^i_j → A_μ (σ) → X_μ (σ) gauge field ⇒ matrix → Weyl symbol → brane coordinate

S^{GYM} ⇒ S^{q,GYM}_{red.} → W^{GYM} → S^{p=4k−1}_{DT} =volume term

S^θ ⇒ S^{q,θ}_{red.} → W^θ → S^{p=4k−2}_{CS} =boundary term

The various arrows respectively represent: ⇒ quenching and zero volume limit; → Weyl–Wigner–Moyal mapping; → large-N limit.

Through all these operations we transformed the generalized Yang–Mills theory, described by (1) and (2) into an effective theory for higher dimensional, (4k − 1)- dimensional, vacuum domain of large-N, generalized Yang–Mills theory, bounded by a (4k − 2)-dimensional Chern–Simons brane. We conclude this letter with some remarks about a D–brane interpretation of our result. It has been proved that an SU( N ) Yang–Mills theory, dimensionally reduced from d = 10 to d = p + 1, encodes the low energy dynamics of a stack of N coincident Dirichlet p–branes [26]. This physical interpretation follows from the matrix, non–commuting, features shared by Yang–Mills fields and D–branes coordinates. This basic feature is encoded into the generalized action (1) as well. We have only to consider that the the specific form of the action (1) is spacetime dimension dependent. However, if we give up conformal invariance in arbitrary number of spacetime dimensions and stick to the 4k–type form of the Dolan Tchrakian Lagrangian, we can look at the action (1) as the result of a dimensional reduction from d > 4k to 4k. Then, D–brane picture can be applied again. Matching this picture with the end results of our procedure, we conclude that the low energy effective action of a large number of coincident 4k − 1 Dirichlet branes can be approximated the action (9). This conjecture deserves further investigation.

References

[1] Banks T, Fischler W, Shenker S and Susskind L 1997 Phys. Rev. D 55 5112

Ishibashi N, Kawai H, Kitazawa Y and Tsuchiya A 1997 Nucl. Phys. B 498 467 [2] Dirac P A M 1948 Phys. Rev. 74 817 [3] Aurilia A, Smailagic A, Spallucci E 1993 Phys. Rev. D 47 2536 [4] Aurilia A, Spallucci E 1993 Class. Quantum Grav. 10 1217 [5] Ansoldi S, Aurilia A, Marinatto L and Spallucci E 2000 Progr. Theor. Phys. 103 1021 [6] Antonov D 2000 String Nature of Confinement in (Non-)Abelian Gauge Theories (hep-th/9909209) [7] ’tHooft G 1974 Nucl. Phys. B 72 461

Witten E 1979 Nucl. Phys. B 160 57 [8] Eguchi T and Kawai H 1982 Phys. Rev. Lett. 48 1063

Letter to the Editor 8

[9] Makeenko Y 1999 Large-N Gauge Theories, (Lectures at the 1999 NATO-ASI on “Quantum Geometry”) ITEP-TH-80/99 (hep-th/0001047) Aharony O, Gubser S S , Maldacena J, Ooguri H and Oz Y 2000 Phys. Rept. 323 183-386 [10] Gross D J and Kitazawa Y 1982 Nucl. Phys. B 206 440 [11] Bars I 1990 Phys. Lett. 245B 35

Floratos E G, Illiopulos J and Tiktopoulos G 1989 Phys. Lett. 217B 285 Fairlie D and Zachos C K 1989 Phys. Lett. 224B 101 [12] Ansoldi S, Castro C and Spallucci E 2000 Chern–Simons Hadronic Bag from Quenched Large-N QCD (hep-th/0011013) to appear in Phys. Lett. B Castro C 1999 Branes from Moyal Deformation Quantization of Generalized Yang Mills Theories (hep-th/9908115) [13] Tchrakian D H 1980 J. Math. Phys. 21 166

Dolan B P and Tchrakian D H 1988 Phys. Lett. 198B 447 [14] Dolan B P and Tchrakian D H 1988 Phys. Lett. 202B 211 [15] Castro C Conformally Invariant Sigma Models on Anti de Sitter Spaces, Chern-Simons p-branes and W Geometry (hep-th/9906176) [16] Weyl H 1927 Z. Phys. 46 1

Wigner E 1932 Phys. Rev. 40 740 Moyal J E 1949 Proc. Cambridge Philos. Soc. 45 99 [17] Sochichiu C 2000 JHEP 0005 26 [18] Garcia-Compean H, Plebanski J F and Quiroz-Perez N 1998 Int. J. Mod. Phys. A 13 2089 Castro C 1997 Phys. Lett. 413B 53 Fairlie D B 1998 Mod. Phys. Lett. A 13 263 Castro C and Plebanski J 1999 J. Math. Phys. 40 3738 [19] Strachan I A B 1997 J. Geom. and Phys. 21 255 [20] Madore J, Schraml S, Schupp P and Wess J 2000 Eur. Phys. J. C 16 161

Alvarez-Gaume L and Wadia S Gauge Theory on a Quantum Phase Space (hep-th/0006219) [21] Zaikov R P 1991 Phys. Lett. 266B 303 [22] Ne’eman Y and Eizenberg E 1995 Membranes & Other Extendons (p-branes) (World Sci. Publ.)

World Sci. Lect. Notes in Phys. 39 [23] Dito G, Flato M, Sternheimer D and Takhtajan L 1997 Comm. Math. Phys. 183 1 Awata H, Li M, Minic D and Yoneya T 1999 On the Quantization of Nambu Brackets (hepth/9906248) Minic D 1999 M-theory and Deformation Quantization (hep-th/9909022) [24] Felsager B and Leinaas J M 1980 Phys. Lett. 94B 192

Felsager B and Leinaas J M 1980 Ann. Phys., NY 130 (1980) 461 Dolan B P and Tchrakian D H 1988 Phys. Lett. 202B 211 [25] ’tHooft G 1993 Salam Festschrifft Aly A, Ellis J and Randjebar-Daemi editors, World-Scientific (gr-qc/9310026) [26] Polchinski J 1995 Phys. Rev. Lett. 75 4724

Witten E 1995 Nucl. Phys. B 460 335 Makeenko Y 1997 Three Introductory Lectures in Helsinki on Matrix Models of Superstrings (hepth/9704075)