arXiv:hep-th/0102114 v2 1 Apr 2001

GAUGINGS AND OTHER SUPERGRAVITY TOOLS of p{BRANE PHYSICS

PIETRO FRE’

Dipartimento di Fisica Teorica, Universitá di Torino, Via P. Giuria 1, I-10125 TORINO, Italy

Lectures at the School Recent Advances in M{theory

supported by EEC under RTN Contract HPRN-CT-2000-00131 Paris, 1-8 Feb. 2001, IHP

April 1, 2001

Contents

Contents 1

1 Domain walls and the brane bestiary 3 1.1 Introduction 3 1.2 General aspects of supergravity p–branes 4 1.3 The near brane geometry, the dual frame and the DW/CFT correspondence 6 1.4 Domain walls in diverse space–time dimensions 10 1.4.1 The Randall Sundrum mechanism 13 1.4.2 The conformal gauge for domain walls 13 1.5 Conclusion of this first bestiary 16

2 Supergravity bestiary and the diverse dimensions of superstring theory 17 2.1 Introduction 17 2.2 Supergravity and homogeneous scalar manifolds G/H 17 2.2.1 How to determine the scalar cosets G/H from supersymmetry 19 2.2.2 The scalar cosets of D = 4 supergravities 20 2.3 Maximal supergravities in diverse dimensions and their scalar manifolds 21 2.4 Duality symmetries in even dimensions 23 2.5 The kinetic matrix N and symplectic embeddings 30 2.5.1 Symplectic embeddings in general 32 2.5.2 Symplectic embedding of the ST [m, n] homogeneous manifolds 34 2.6 Supergravities in five dimension and more scalar geometries 38 2.6.1 Very special geometry 42 2.6.2 The very special geometry of the SO(1, 1) × SO(1, n)/SO(n) manifold 44 2.6.3 Quaternionic Geometry 45 2.6.4 N = 2, D = 5 supergravity before gauging 49

3 Supergravity Gaugings 50 3.1 Gaugings and Vacua 50 3.2 General aspects of supergravity gaugings and susy breaking 50 3.2.1 Supersymmetry breaking in conventional vacua 50 3.2.2 Gaugings and fermion shifts 53 3.3 Gaugings of N = 8 Supergravity in D = 4 54 3.3.1 The bosonic action 54 3.3.2 Supersymmetry transformation rules of the Fermi fields 57 3.3.3 The gauged Maurer Cartan equations and the fermion shifts 59 3.3.4 Algebraic characterization of the gauge group embedding G_{gauge} −→ SL(8, R) 62 3.3.5 Classification of gauge algebras 65

Contents 2

3.3.6 The CSO(p, q, r) algebras 66 3.4 Gauged supergravities in five dimensions and domain walls 69 3.4.1 The Moment Map 70 3.4.2 N = 2 gaugings and the composite connections 75 3.4.3 The Fermion shifts and gravitino mass-matrix 78 3.4.4 The scalar potential, supersymmetry breaking and domain walls 79 3.4.5 Comparison with the N = 8 gaugings 81 3.5 On the quest for supersymmetric brane worlds 83

4 Solvable Lie Algebras in supergravity and superstrings 85 4.1 Introduction: gaugings versus BPS black hole classification 85 4.2 Solvable Lie algebras: NS and RR scalar fields 86 4.3 Non compact cosets and solvable Lie algebras: the general setup 87 4.4 Counting of massless modes in the type IIA superstring 89 4.5 E_{r+1} subalgebra chains and their string interpretation 90 4.5.1 Dynkin diagrams of the E_{r+1(r+1)} root spaces and structure of the associated solvable algebras 91 4.5.2 String theory interpretation of the sequential embeddings: Type IIA, type IIB and M theory chains 93 4.5.3 The maximal abelian ideals A_{r+1} ⊂ Solv_{r+1} of the solvable Lie algebra 95 4.5.4 Roots and Weights and the fundamental representation of E_{7(7)} 97 4.6 Completing the type IIA versus type IIB algebraic correspondence 102 4.6.1 S × T duality made precise 105 4.7 Concluding Remarks 107

A Conventions 112 A.1 Listing of the conventions 112 A.1.1 Space–time signature 112 A.1.2 Gamma matrix algebra 112 A.1.3 Index conventions 113 A.1.4 Notations for special and very special geometry 114 A.1.5 Notations for quaternionic geometry 115 A.1.6 Conventions in differential geometry and General Relativity 115

References 117

Chapter 1

Domain walls and the brane bestiary

1.1 Introduction

I can best assess the purpose and the scope of this lecture series starting with a summary of the second string revolution’s moral [1, 2] as I presently perceive it:

(i) There is just one non perturbative ten dimensional string theory that can also be identified as the mysterious M–theory having D = 11 supergravity as its low energy limit.

(ii) All p–branes, whether electric or magnetic, whether coupled to Neveu Schwarz or to Ramond p + 1–forms encode noteworthy aspects of the unique M–theory.

(iii) Microscopically the p–brane degrees of freedom are described by a suitable gauge theory GT_{p+1} living on the p + 1 dimensional world volume WV_{p+1} that can be either conformal or not.

(iv) Macroscopically each p-brane is a generalized soliton in the following sense. It is a classical solution of D = 10 or D = 11 supergravity interpolating between two asymptotic geometries that with some abuse of language we respectively name the the geometry at infinity geo^∞ and the the near horizon geometry geo^H . The latter which only occasionally corresponds to a true event horizon is instead universally characterized by the following property. It can be interpreted as a solution of some suitable p + 2 dimensional supergravity SG_{p+2} times an appropriate internal space Ω_{D−p−2}.

(v) Because of the statement above, all space–time dimensions 11 ≥ D ≥ 3 are relevant and supergravities in these diverse dimensions describe various perturbative and non–perturbative aspects of superstring theory. In particular we have a most intriguing gauge/gravity correspondence implying that classical supergravity SG_{p+2} expanded around the vacuum solution geo^H is dual to the quantum gauge theory GT_{p+1} in one lower dimension.

In this general framework I will focus on the following issue that appears to be of great interest at the present time. The gauge/gravity correspondence, by now largely tested at the level of the AdS/CF T [3, 4, 5] duality, is presently under consideration in more general non conformal scenarios provided by the superstring world. One is the case of fractional branes [22, 23], the other is the issue of the DW/QFT correspondence between supergravity on domain wall space–times and quantum field theories living on the boundary wall of such space times. As a conspicuous aspect of such geometries appears the phenomenon of gravity trapping, suggested by Randall and Sundrum [38, 39] that can provide a phenomenologically very interesting alternative to compactification. This has initialized a world wide and so far unconclusive search for a proper embedding of this scenario within a well founded supersymmetric theory [27, 28, 29, 30, 31, 105, 101]. Furthermore

General aspects of supergravity p–branes 4

it has been clarified that the various domain wall geometries are the appropriate description of the near horizon or near brane regime of all p and Dp–branes of string theory. The central unresolved question in all these interlaced issues where the domain wall appears is the systematic identification of the appropriate p + 2 dimensional supergravity theory that accommodates the wall as a classical solution. Clearly such a theory plays a fundamental role in the description of the DW/QFT correspondence as the maximally compact gauged supergravities have played in the AdS/CFT duality.

Hence after a survey of the supergravity p–branes and of their limiting case, the classical domain walls, I will devote the next two chapters to a systematic of supergravity gaugings. My main concern will be that of illustrating the geometric structures of supergravity, their meaning in relation with the parent string theory and their use in the gauging procedures.

1.2 General aspects of supergravity p–branes

Supergravity p–branes can be obtained as classical solutions of actions of the following form A^{[D]}_{p−brane} = ∫ d^Dx √ −g [ 2 R[g] +^1_2 ∂^μ ϕ∂_μϕ +^{(−1)p+1}_{2(p+2)!} e^{−aϕ}|F^{[p+2]}|^2 ] elec. A^{[D]}e_{p−brane} = ∫ d^Dx √ −g [ 2 R[g] +^1_2 ∂^μ ϕ∂_μϕ +^{(−1)D− ~p−3} 2(D−ep−2)! e −aϕ|F^{[D−}e^{p−2]}|^2 ] magn.

(1.2.1)

where in both cases F^{[n]} ≡ dA^{[n−1]} is the field strength of an n − 1–form gauge potential and a is some real number whose profound meaning will become clear in my later discussion of the solutions. As the reader can notice the two formulae I have written for the p-brane action are actually the same formula since A^{[D]}_{p−brane} and A^{[D]}e_{p−brane} are mapped into each other by the replacement:

~p = D − 4 − p ; p = D − 4 − ~p (1.2.2)

The reason why I doubled my writing is that the essentially unique action (1.2.1) admits two classical solutions each of which is interpreted as describing a p–extended and a ~p–extended object respectively. The first solution is driven by an electric F^{[p+2]} form, while the second is driven by a magnetic F^{[D−p+2]} form. The role of electric and magnetic solutions of the action A^{[D]}_{p−brane} are interchanged as solutions of the dual action A^{[D]}e_{p−brane} For various values of

n = p + 2 and a (1.2.3)

the functional A^{[D]}_{p−brane} (or its dual) corresponds to a consistent truncation of some supergravity bosonic action S^{SUGRA}_D in dimension D. This is the reason why the classical configurations I am going to describe are generically named supergravity p–branes. Given that supergravity is the low energy limit of superstring theory supergravity p–branes are also solutions of superstring theory. They can be approximate or exact solutions depending whether they do or do not receive quantum corrections. The second case is clearly the most interesting one and occurs, in particular, when the supergravity p–brane is a BP S–state that preserves some amount of supersymmetry. This implies that it is part of a short supersymmetry multiplet and for this reason cannot be renormalized. By consistent truncation we mean that a subset of the bosonic fields have been put equal to zero but in such a way that all solutions of the truncated action are also solutions

General aspects of supergravity p–branes 5

of the complete one. For instance if we choose:

a = 1 n = { 3 7 (1.2.4)

eq.(1.2.1) corresponds to the bosonic low energy action of D = 10 heterotic superstring (N = 1, supergravity) where the E_8×E_8 gauge fields have been deleted. The two choices 3 or 7 in eq.(1.2.4) correspond to the two formulations (electric/magnetic) of the theory. Other choices correspond to truncations of the type IIA or type IIB action in the various intermediate dimensions 4 ≤ D ≤ 10. Since the n − 1–form A^{[n−1]} couples to the world volume of an extended object of dimension:

p = n − 2 (1.2.5)

namely a p–brane, the choice of the truncated action (1.2.1) is precisely motivated by the search for p–brane solutions of supergravity. According with the interpretation (1.2.5) we set:

n = p + 2 d = p + 1 d̃ = D − p − 3 (1.2.6)

where d is the world–volume dimension of an electrically charged elementary p–brane solution, while d̃ is the world–volume dimension of a magnetically charged solitonic p̃–brane with p̃ = D − p − 4. The distinction between elementary and solitonic is the following. In the elementary case the field configuration we shall discuss is a true vacuum solution of the field equations following from the action (1.2.1) everywhere in D–dimensional space–time except for a singular locus of dimension d. This locus can be interpreted as the location of an elementary p–brane source that is coupled to supergravity via an electric charge spread over its own world volume. In the solitonic case, the field configuration I shall consider is instead a bona–fide solution of the supergravity field equations everywhere in space–time without the need to postulate external elementary sources. The field energy is however concentrated around a locus of dimension p̃. These solutions have been derived and discussed thoroughly in the literature [6]. Good reviews of such results are [7, 8]. Defining:

Δ = a^2 + 2 dd̃ D − 2 (1.2.7)

it was shown in [6] that the action (1.2.1) admits the following elementary p–brane solution ds^2 = H(y)^{− 4 d̃Δ(D−2)} dx^μ ⊗ dx^ν η_{μν} − H(y)^{4 dΔ(D−2)} dy^m ⊗ dy^n δ_{mn} F^{[p+2]} = 2 √ Δ (−)^{p+1}ϵ_{μ1...μp+1} dx^{μ1} ∧ . . . ∧ dx^{μp+1} ∧ d [ H(y)^{−1} ] e^{ϕ(r)} = H(y)^{− 2aΔ} (1.2.8)

where the coordinates X^M (M = 0, 1 . . ., D − 1) have been split into two subsets:

• x^μ, (μ = 0, . . . , p) are the coordinates on the p–brane world–volume, • y^m, (m = D − d + 1, . . ., D) are the coordinates transverse to the brane and H(y) = ( 1 + k r^{d̃} ) (1.2.9)

is a harmonic function^∂_{∂ym}^∂_{∂ym} H(y) = 0 in the transverse space to the brane–world volume. By r ≡ √ y^m y_m we have denoted the radial distance from the brane and by k the value of its electric

The near brane geometry, the dual frame and the DW/CFT correspondence 6

charge. The same authors of [6] show that that the action (1.2.1) admits also the following solitonic p̃–brane solution: ds^2 = H(y)^{− 4 dΔ(D−2)} dx^μ ⊗ dx^ν η_{μν} − H(y)^{4 d̃Δ(D−2)} dy^m ⊗ dy^n δ_{mn} F̃^{[D−p−2]} = λϵ_{μ1...μd̃p}dx^μ1 ∧ . . . ∧ dx^μd̃ y^p r^{d+2} e^{ϕ(r)} = H(y)^{2aΔ} (1.2.10)

where the D − p − 2–form F̃^{[D−p−2]} is the dual of F^{[p+2]}, k is now the magnetic charge and: λ = −2 d k √ Δ (1.2.11)

The identification (1.2.11) of the constant λ allows to write the expression of the form F̃^{[D−p−2]} in the solitonic solution in the following more compact and inspiring way:

F̃^{[D−p−2]} = 2√ Δ ⋆ dH(y) (1.2.12)

These p–brane configurations are solutions of the second order field equations obtained by varying the action (1.2.1). However, when (1.2.1) is the truncation of a supergravity action it generically happens that both (1.2.8) and (1.2.10) are also the solutions of a first order differential system of equations ensuring that they are BPS–extremal p–branes preserving a fraction of the original supersymmetries. The parameter (1.2.7) plays a particularly important role as an intrinsic characterization of the brane solutions since it has the very important property of being invariant under toroidal compactifications. When we step down in dimensions compactifying on a T^x torus each p-brane solution of the D-dimensional supergravity ends up in a p^′ brane of the D −x supergravity that has the same value of Δ its parent brane had in higher dimension. It also happens that all elementary BPS branes of string or M–theory as the various Dp–branes of the type II A or type II B theory, the M2 and M5 branes, the Neveu Schwarz 5–brane and the elementary type II or heterotic strings are characterized by the property that Δ = 4. Namely we have:

Δ = 4 ⇔ elementary p–brane in D = 10 or toroidal reduction thereof (1.2.13)

1.3 The near brane geometry, the dual frame and the DW/CFT correspondence

As I briefly recalled in the introduction the most exciting new development of the last three years has been, for the string theory community the discovery of the AdS/CFT correspondence [3, 4, 5], between the superconformal quantum field theory describing the microscopic degrees of freedom of certain p–branes and classical supergravity compactified on AdS_{p+2} × X^{D−p−2}. The origin of this correspondence is two-fold. On one side we have the algebraic truth that the AdS_{p+2} isometry group, namely SO(2, p + 1) is also the conformal group in p+1 dimensions and, as firstly noticed by the authors of [4], this extends also to the corresponding supersymmetric extensions appropriate to the field theories leaving on the relevant brane volumes. On the other hand we have the special behaviour of those p–branes that are characterized by the conditions:

Δ = 4 ; a = 0 ⇒ d ~d D − 2 = 2 (1.3.14)

The near brane geometry, the dual frame and the DW/CFT correspondence 7

In this case the p-brane metric takes the form: ds^2 = [H(r)]^{− ~dD−2} dx^μ ⊗ dx^ν η_{μν} + [H(r)]^{dD−2} ( dr^2 + r^2ds^2_SD−p−2 ) (1.3.15)

where the flat metric d^m ⊗ dy^m in the D − p − 1 dimensions has been written in polar coordinates using the metric ds^2_{SD−p−2} on an S^{D−p−2} sphere and where the harmonic function is H(r) = ( 1 + k r e^d ) (1.3.16)

For large r → ∞ the metric (1.3.15) is asymptotically flat, but for small values of the radial distance from the brane r → 0 the metric becomes a direct product metric: ds^{2 r→0}=⇒ ds^2_H = (k)^{− ~dD−2} r^{~d2D−2} dx^μ ⊗ dx^ν η_{μν} + (k)^{dD−2} dr^2 r^2 AdS_{p+2} metric

+ (k)^{dD−2} ds^2_SD−p−2 (1.3.17)

We will see shortly from now why the underbraced metric is indeed that of an anti de Sitter space. To this effect it suffices to set:

r = (k) e_{d/2(D−2)} exp [ − (k)^{−d/2(D−2)} r ] (1.3.18)

and in the new variable r the underbraced metric of eq.(1.3.17) becomes identical to the metric (1.4.43) with λ = (k)^{−d/2(D−2)} ~d2 2(D − 2)

(1.3.19)

As we show in next section the metric (1.4.43) is indeed the AdS metric in horospherical coordinates. Hence the near brane geometry of the special p–branes satisfying condition (1.3.14) is AdS_{p+2} × S^{D−p−2} and this is the very origin of the AdS/CFT correspondence. As it was shown in [9] this mechanism can be extended to the case where the sphere metric is replaced by the metric of other coset manifolds G/H of the same dimensions D − p − 2 or even more generically by the metric of some Einstein space X^{D−p−2}. This leads to the study of many more non trivial examples of AdS/CFT correspondence, typically characterized by a reduced non maximal supersymmetry. [10, 11, 12, 13, 14, 15, 16, 17, 18, 19].

The relevant point of the AdS/CFT correspondence for the scope of the present set of lectures is the following:

Statement 1.3.1. In all cases of a = 0, Δ = 4 p − branes the low dimensional supergravity that one obtains by compactifying the original D–dimensional supergravity on the compact X^{D−p−2} manifold is a gauged supergravity SG^{gau}_{p+2} in p + 2 space time dimensions that admits AdS_{p+2} as an exact solution. Furthermore the isometry group G_{iso} of X^{D−p−2} is the gauge group of SG^{gau}_{p+2} and reappears in the dual conformal field theory as a global R–symmetry or flavor symmetry.

This shows the connection between supergravity gaugings and the physics of superstring p– branes. Since X^{D−p−2} is by definition a compact manifold it follows that also its isometry group is compact and that in the context of the AdS/CF T correspondence one is lead to consider compact gaugings. These do not exhaust the set of supergravity gaugings. On the contrary as I

The near brane geometry, the dual frame and the DW/CFT correspondence 8

explain in chapter 3 there is a wealth of non–compact and also of non–semisimple gaugings that wait for interpretation in the context of superstring theory. This is quite a good match since also the branes satisfying condition (1.3.14) are far from exhausting the list of p-branes.

The condition (1.3.14) that leads to the wealth of interesting results summarized above is the statement that the driving p + 2–form F^{[p+2]} does not couple to the dilaton field ϕ which effectively drops out of the game. This is the condition of conformal invariance and not too surprisingly the AdS/CFT correspondence is a correspondence between certain compact gauged supergravities and certain conformal field theories. For all other p–branes a ≠ 0 and we have a non trivial dilaton coupling. This forbids conformal invariance and excludes a priori an AdS/CFT correspondence. Yet in a seminal and challenging paper Boonstra, Skenderis and Townsend [20] have proposed the following generalization.

Statement 1.3.2. In all a ≠ 0, Δ = 4 p–branes, the low dimensional supergravity that one obtains by compactifying the original D–dimensional supergravity on the an S^{D−p−2} sphere or other compact manifold X^{D−p−2} forming the base of the cone transverse to the brane is a gauged supergravity SG^{gau}_{p+2} in p + 2 space time dimensions that admits an appropriate domain wall DW^Δ_{p+2} as an exact solution. (Δ is a parameter labeling the type of domain wall). The isometry group G_{iso} of X^{D−p−2} is part of the gauge group of SG^{gau}_{p+2}. The p + 1–dimensional boundary ∂DW^Δ of the domain wall space–time supports a quantum (non–conformal) field theory that is dual to the D–dimensional supergravity compactified on DW^Δ_{p+2} ⨀ X^{D−p−2}. The above statement is a challenging conjecture that has so far received many less checks than its conformal sister, yet there are a lot of convincing hints that it should be right. Indeed it is just a particularly circumstantial way of formulating the general principle of the gauge/gravity correspondence which is nowadays supported by the non trivial checks provided by fractional D–branes [22, 23, 24]. Domain wall space–times DW^Δ_{p+2} will be described in the next section. They are essentially the limiting case of a p–brane when p = D − 2. From another view point, as I explain in some detail in the next section, they are the natural generalization of an anti de Sitter space–time AdS_{p+2} since they are locally isometric to AdS_{p+2}. Globally DW^Δ_{p+2} are generically different from AdS_{p+2} since they describe two regions of an AdS_{p+2} space separated by a thin p + 1 dimensional wall that is the location of a curvature singularity. Furthermore the essential point is that in DW^Δ_{p+2} solutions of the gauged supergravity action there is a dynamical non constant dilaton. Finally the notation DW^Δ_{p+2} ⨀ X^{D−p−2} recalls the fact that the direct product of the DW^Δ_{p+2} space–time with the compact space X^{D−p−2} is not a solution of higher dimensional supergravity but a metric involving these two factors modulated by suitable warp factors is.

What is the main basis for this bold conjecture? It comes from an observation made by the authors of [20] that although in the Einstein frame the metric of p–brane with a ≠ 0 does not factorize in the limit r → 0 as the conformal branes do, yet one can always define a different frame, the dual frame where this desired factorization occurs apart from an overall warp factor.

To this effect it is convenient to recall the general formula for the Weyl transformation of the Einstein term in D-dimensions. Consider the lagrangian density ∫ 2 R[g] √ −g d^Dx (1.3.20)

where R[g] denotes the curvature scalar and g the determinant of the metric and set the transformation:

g_{μν} = exp[2α ϕ] g_{μν} (1.3.21)

The near brane geometry, the dual frame and the DW/CFT correspondence 9

where α is a constant, ϕ a scalar field and g_{μν} a new metric. In my conventions, after a partial integration one finds: ∫ 2 R[g] √ −g d^Dx = ∫ exp [(D − 2)α ϕ] ( 2R[g] − α^2 (D − 1) (D − 2) ∂^μϕ∂_μϕ ) √ −g d^Dx (1.3.22) Let us now apply this general formula to the p–brane action (1.2.1) and to its solutions (1.2.8) or (1.2.10). We introduce two new metrics defined by a Weyl transformation and respectively named the string metric and the dual metric: g^{(E)}_{μν} = g^{(string)} μν exp[λ_s ϕ] (1.3.23)

g^{(E)}_{μν} = g^{(dual)}_{μν} exp[λ_d ϕ] (1.3.24)

where the parameters λ_s and λ_d are determined by the following conditions. Considering the transformation of the Einstein and p + 2–form terms ∫ R[g] √ −g → exp [ (^D_2 − 1)λϕ ] R[g] √ −g + ∂ϕ terms

exp[−aϕ]|F^{[p+2]}|^2 √ −g → exp [ −a + λ (_D 2 − D + p + 2 ) ϕ ] |F^{[p+2]}|^2 √ −g (1.3.25)

we determine the string frame by requiring that after the transformation the exponential of the dilaton field should not stand in front of the |F^{[p+2]}|^2 term. The dual frame is instead fixed by the request that after the transformation the Einstein R[g] term and the |F^{[p+2]}|^2 should have the same power of the dilaton e^ϕ in front. With such a definition we immediately get:

λ_s = − 2 a D − 2p − 4 ; λ_d = − a D − p − 3 (1.3.26)

Choosing for definiteness the superstring critical dimension D = 10 and the case of magnetic p-branes, namely Δ = 4 we can immediately write down the corresponding metric in the dual frame: ds^2_{dual} = [H(r)]^{− 5−p7−p} dx^μ ⊗ dx^ν η_{μν} + [H(r)]^{27−p} ( dr^2 + r^2ds^2_S8−p ) H(r) = 1 + k r^{7−p} (1.3.27)

Now it happens that for r → 0, independently from the value of p the dual metric has a near brane factorized geometry. Indeed in this limit we find: ds^2_{dual} ≃ (k)^{− 5−p7−p} r^{5−p} dx^μ ⊗ dx^ν η_{μν} + (k)^{27−p} dr^2 r^2 AdS-metric

+ (k)^{27−p} ds^2_S8−p (1.3.28)

The underbraced metric is a locally an anti de Sitter metric by the same token as the underbraced metric of eq.(1.3.17). So for all p the dual frame metric factorizes in the near brane regime into the product of an anti de Sitter metric times the metric of an S^{8−p} sphere or other 8 − p–dimensional compact space. There is just one noteworthy exception: that of the Neveu Schwarz five–brane. In this case due to the exact cancelling of the r powers the factorization is even simpler. We get a flat R^{(1,6)} Minkowski space times a three sphere S^3. This is related to the exact conformal description of the Neveu Schwarz five–brane in terms of the conformal field theory of an SU (2)

Domain walls in diverse space–time dimensions 10

Wess Zumino model times a Feigin Fuchs scalar plus the free conformal field theory of 6 flat coordinates [25, 26].

This near brane factorization suggests that we can perform a compactification of the dual frame lagrangian on the internal compact manifold S^{(8−p)} or X^{(8−p)} obtaining an action in p + 2 dimensions that we can subsequently reduce to the Einstein frame. In the first step, namely in the compactification, what we do is the ordinary Kaluza-Klein reduction of a scalar–Einstein theory where the background value of the F^{[8−p]} form is simply identified with the volume form of the internal manifold. In the second step we simply apply the Weyl rule transformation (1.3.22) in the reversed direction.

The result of these operations is an action of the same form as the action (1.4.34) that we consider in the next section with the following specific values of the constants [20]: a = − 2(p − 3) √ 2p(p − 9) ; Λ =^1_4 (9 − p)(7 − p) (k)^{4(p−3)p(p−7)4(p−3)} (1.3.29)

As we explain in the next section the action (1.4.34) is that appropriate to discuss domain wall solutions, namely D − 2–branes. Hence it follows that when we go to the near brane region, the geometry of a non conformal p–brane is well approximated by a domain wall solution of some suitable supergravity theory of which the action (1.4.34) must be a consistent truncation. The fundamental question for which we do not have a general ansatz yet is the following: of which gauged supergravity the action (1.4.34) with parameters (1.3.29 is a truncation? One thing is certain: the gauge group must contain the isometry group of X^{[8−p]}. The authors of [20] have made a conjecture that I entirely subscribe: it should be some non-compact, possibly non semisimple gauging. In one case they could even make a prediction. Take the D2–brane of type IIA theory. In that case p + 2 = 4 so that the candidate supergravity is a four–dimensional one and, since we do not break any supersymmetry, it is also N = 8. Hence our sought for theory must be one of the N = 8 gaugings that I describe in section 3.3. The list is finite and presented in table 3.2. Since the gauge group must contain the compact subgroup SO(7) (the isometry group of S^6) it follows that there is a unique possibility, namely the theory CSO(7, 1) = ISO(7) obtained by gauging the Euclidean group in 7 dimensions. Whether this conjecture is true or not, so far has not been verified but stands as a challenging proposal.

In view of the above discussion I turn, in the next section to a survey of the notion of domain walls. The study of supergravity gaugings presented in the next two chapters is mostly motivated by the quest for domain wall solutions, their relation with higher dimensional superstring p–branes and the testing of the gauge/gravity correspondence in non conformal regimes.

1.4 Domain walls in diverse space–time dimensions

The generic coupling of a single scalar field to Einstein gravity is described, in space–time dimensions D by the following action A^{[D]}_{grav+scal} = ∫ d^Dx √ −g [ 2 R[g] + 1 2 ∂^μ ϕ∂_μϕ − V(ϕ) ] (1.4.30)

where V(ϕ) is the scalar potential. If for this latter we choose the very particular form:

V(ϕ) = 2 Λ e^{−a ϕ} ;

{ 0 < Λ ∈ R

a ∈ R^{(1.4.31)}

Domain walls in diverse space–time dimensions 11

then we have a limiting case of the general p–brane action (1.2.1) we have considered above. Indeed if in the general formulae (1.2.6) we put

p = D − 2 ⇒ ~d = −1 ; d = D − 1 (1.4.32)

we obtain that the electric D − 2–brane couples to a field strength which is a top D–form F^{[D]}, while the magnetic solitonic brane couples to a 0–form F^{[0]}, namely to a cosmological constant. Indeed, we can formally set:

F^{[0]} = 2 √ Λ ⇒ ~F^{[D]} = Volume form on space–time (1.4.33)

and the action (1.4.30) with the potential (1.4.31) is reduced to the general form for an electric D − 2–brane (1.2.1). That F^{[0]} should be constant and hence could be identified as in eq.(1.4.33) follows from the Bianchi identity that it is supposed to satisfy dF^{[0]} = 0.

Hence we can conclude that the action: A^{[D]}_{D−W all} = ∫ d^Dx √ −g [ 2 R[g] + 1 2 ∂^μ ϕ∂_μϕ − 2 Λ e^{−a ϕ} ] (1.4.34)

admits a distinguished class of solutions describing D − 2–branes that we name domain walls since at each instant of time a brane of this type separates the space manifold into two adjacent non overlapping regions.

Specializing the general formulae (1.2.8) and (1.2.9) to our particular case we obtain the domain wall solution of (1.4.34) in the following form:

ds^2_{DW} = H(y)^{2α} (dx^μ ⊗ dx^νη_{μν}) + H(y)^{2β} dy^2 (1.4.35)

e^ϕ = H(y)^{− 2aΔ} (1.4.36) H(y) = c ± Q y (1.4.37)

where y is the single coordinate transverse to the wall, c is an arbitrary integration constant and the other parameters appearing in the above formulae have the following values: α = 2 Δ(D − 2)

; β = 2 D − 1 Δ(D − 2)

; Q = √ Λ Δ (1.4.38)

in terms of Δ whose expression (1.2.7) becomes:

Δ = a^2 − 2 D − 1 D − 2 (1.4.39)

The form (1.4.37) of the function H is easy to understand because in one–dimension a harmonic function is just a linear function. The arbitrariness of the sign in H arises because the equations of motion involve m only quadratically [21]. Since a^2 is a positive quantity, Δ is bounded from below by the special value Δ_AdS that corresponds to the very simple case of pure gravity with a negative cosmological constant (case a = 0 in eq.(1.4.34): Δ ≥ Δ_{AdS} ≡ −2 D − 1 D − 2 (1.4.40)

The name given to Δ_{AdS} has an obvious explanation. As it was originally shown by Lü, Pope and Townsend in [21], for a = 0 the domain wall solution (1.4.35) describes a region of the anti

Domain walls in diverse space–time dimensions 12

de Sitter space AdS_D . To verify this statement it suffices to insert the value (1.4.40) into (1.4.38) and (1.4.35) to obtain:

ds^2_{DW} = H^{−2/(D−1)}(y) (dx^μ ⊗ dx^νη_{μν} ) + H(y)^{−2} dy^2 (1.4.41)

Performing the coordinate transformation: r = 1 Q ln (c ± Q y) ; (1.4.42)

the metric becomes:

ds^2_{DW} = e^{−2λr} η_{μν} dx^μ dx^ν + dr^2 , (1.4.43) where λ = √_{2Λ}

(D−1)(D−2) = (D − 1)Q . (1.4.44)

In the same coordinates the solution for the dilaton field is:

e^ϕ = exp [ − 2 a λ Δ (D − 1) r ] (1.4.45)

Eq.(1.4.43) is the metric of AdS spacetime, in horospherical coordinates. Following [21] we can verify this statement by introducing the (D + 1) coordinates (X, Y, Z^μ) defined by X = 1 λ cosh λr +^1_2 λ η_{μν} x^μx^ν e^{−λr} , Y = − 1 λ sinh λr −^1_2 λ η_{μν} x^μx^ν e^{−λr} , (1.4.46) Z^μ = x^μ e^{−λr} . They satisfy

η_{μν} Z^μZ^ν + Y^2 − X^2 = − 1/λ^2 , (1.4.47) η_{μν} dZ^μdZ^ν + dY^2 − dX^2 = e^{−2λr}η_{μν} dx^μ dx^ν + dr^2 , (1.4.48)

which shows that (1.4.43) is the induced metric on the algebraic locus (1.4.47) which is the standard hyperboloid corresponding to the AdS space–time manifold. The signature of embedding flat space is (−, +, +, · · · , +, −) and therefore the metric (1.4.43) has the right SO(2, D − 1) isometry of the AdS_D metric.

Still following the discussion in [21] we note that in horospherical coordinates X + Y = λ^{−1} e^{−λr} is non-negative if r is real. Hence the region X + Y < 0 of the full AdS spacetime is not accessible in horospherical coordinates. Indeed this coordinate patch covers one half of the complete AdS space , and the metric describes AdS_D/Z_2 where Z_2 is the antipodal involution (X, Y, Z^μ) → (−X, −Y, −Z^μ). If D is even, we can extend the metric (1.4.41) to cover the whole anti de Sitter spacetime by setting the integration constant c = 0 which implies H = Q y. So doing the region with y < 0 corresponds to the previously inaccessible region X + Y < 0. If odd dimensions, we must restrict H in (1.4.41) to be non-negative in order to have a real metric and thus in this case we have to choose H = c + Q|y|, with c ≥ 0. If the constant c is zero, the metric describes AdS_D/Z_2, while if c is positive, the metric describes a smaller portion of the complete AdS spacetime. In any dimension, if we set:

H = c + Q|y| (1.4.49)

the solution can be interpreted as a domain wall at y = 0 that separates two regions of the anti de Sitter spacetime, with a delta function curvature singularity at y = 0 if the constant c is positive.

Domain walls in diverse space–time dimensions 13

1.4.1 The Randall Sundrum mechanism

What we have just described is the anti de Sitter domain wall that corresponds to Δ = Δ_{AdS}. The magic of this solution is that, as shown by Randall and Sundrum in [38], it leads to the challenging phenomenon of gravity trapping. These authors have found that because of the exponentially rapid decrease of the factor

exp[−λ|r|] with λ > 0 (1.4.50)

away from the thin domain wall that separates the two asymptotic anti de Sitter regions it happens that gravity in a certain sense is localized near the brane wall. Instead of the D–dimensional Newton’s law that gives: force ∼ 1 R^{D−2} (1.4.51)

one finds the the D − 1–dimensional Newton’s law

force ∼ 1 R^{D−3} + small corrections O

(_1 R^{D−}2 ) (1.4.52)

This can be seen by linearizing the Einstein equations for the metric fluctuations around any domain wall background of the form:

ds^2 = W (r) η_{μν} dx^μ dx^ν + dr^2 , (1.4.53)

that includes in particular the AdS case (1.4.43). In a very sketchy way if one sets:

h_{μν} (x, y) = exp [ip · x] ψ_{μν} (y) (1.4.54)

one finds that the linearized Einstein equations translate into an analog Schroedinger equation for the wave–function ψ(y). This problem has a potential that is determined by the warp factor W (y). If in the spectrum of this quantum mechanical problem there is a normalizable zero mode then this is the wave function of a D − 1 dimensional graviton. This state is indeed a bound state and falls off rapidly when leaving the brane. Since the extra dimension is non compact the Kaluza Klein states form a continuous spectrum without a gap. Yet D − 1 dimensional physics is extremely well approximated because the bound state mode reproduces conventional gravity in D − 1 dimensions while the massive states simply contribute a small correction.

It is clearly of utmost interest to establish which domain walls have this magic trapping property besides the anti de Sitter one. This has been recently done by Cvetic, Lü and Pope in [31] In order to summarize this and other related results I need first to emphasize another aspect of domain walls that puts them into distinguished special class among p–branes.

1.4.2 The conformal gauge for domain walls

Going back to the general domain wall solution (1.4.35),(1.4.36),(1.4.37),(1.4.38), classified by the value of Δ (eq.(1.4.39)) we observe that there is still an ambiguity in the powers of the harmonic function (1.4.37) that appear as metric coefficients. This ambiguity is due to coordinate transformations and it is a specific property of D − 2–branes not present in other p–branes, where the harmonic function H is not a linear function. Following a discussion by Bergshoeff and van der Schaar [37] we observe that in the range y > 0 we can make the following linear transformation: y = −^c_Q + y^′ ⇒ H(y) = Q y^′ that eliminates the integration constant c. Furthermore we can redefine y^′ as some other fractional power of a third coordinate y, namely y^′ = −Q^{− 1+ϵϵ} y^{− 1ϵ} ,

Domain walls in diverse space–time dimensions 14

then shifting it once again by a constant y = z +^c_Q . Altogether this means that we introduce the coordinate transformation: y = − c Q − Q^{− 1+ϵϵ} ( z + c Q )_− 1_ϵ (1.4.55)

Under this transformation we have (for positive y):

H(y) = − [H(z)]^{−1/ϵ} (1.4.56)

and the domain wall metric (1.4.35) becomes: ds^2_{DW} = H(z)^{− 2αϵ} (dx^μ ⊗ dx^νη_{μν} ) + H(z)^{− 2β+ϵϵ −2} dz^2 ϵ^2

(1.4.57)

This transformation allows for the remarkable possibility of choosing a conformal gauge, namely a coordinate system where it becomes manifest that the domain wall metric is conformally flat. Indeed it suffices to impose that the two powers of the harmonic function appearing in (1.4.57) be equal: − 2α ϵ = − 2β + ϵ ϵ − 2 (1.4.58)

Using eq.(1.4.38) the solution of (1.4.58) for ϵ is unique in all cases with the exception of Δ = −2: ϵ = − Δ + 2 Δ (1.4.59)

Hence for Δ ≠ −2, redefining z → ϵz, Q → k |ϵ| the domain wall solution (1.4.35) can always be rewritten in the following conformally flat way: ds^2_{DW/conf} = [H(z)]^{4(D−2)(Δ+2)} ( η_{μν} dx^μ ⊗ dx^ν + dz^2 ) e^{ϕ(z)} = H(z)^{− 2aΔ+2} H(z) = 1 + k |z| k = (Δ + 2) √ Λ Δ + 2

(1.4.60)

Obviously the solution (1.4.60) could have been obtained by directly solving the Einstein equations associated with the action (1.4.34) starting from a conformal ansatz of the type: ds^2_{DW/conf} = exp[A(z)] ( η_{μν} dx^μ dx^ν + dz^2 ) , (1.4.61)

Yet I preferred to obtain it from the general solution (1.2.8) for supergravity p–branes in order to emphasize its interpretation as a domain wall, namely a D − 2–brane. The direct method of solution can be used to find the conformal representation of the domain wall metric in the exceptional case Δ = −2. As shown in [31] one obtains: ds^2 = e^{− 2kd−2 |z|} (η_{μν} dx^μ dx^ν + dz^2) , ϕ = √ 2 k √ d − 2 |z| , (1.4.62)

Domain walls in diverse space–time dimensions 15

where k is now given by k^2 = −2Λ (d − 2) , (1.4.63)

which is real for negative Λ. There is another important point that we should note. Our starting point, prior to all the subsequent manipulations, has been the form (1.4.35),(1.4.38) which is that of an electric p–brane and not that of a solitonic one (see eq.1.2.10)). This implies that our domain wall solutions are not exactly bona fide solutions of the action (1.4.34) but require also the coupling to a source term that is the world-volume action of the domain wall, localized at z = 0 in the last coordinate frame we have used. Namely the true action is A = ∫ M_D d^Dx √ −g [ 2 R[g] + 1 2 ∂^μ ϕ∂_μϕ − 2 Λ e^{−a ϕ} ] + T ∫ W V_{D−}1 d^{D−1}ξ L_{source} (1.4.64) where L_{source} is world–volume lagrangian of the D − 2–brane and the parameter T denotes its tension. An important issue is to relate the wall-tension to the parameters appearing in the classical domain wall solution. This was done in [31] following a standard analysis developed in previous papers [32, 33]. The matching conditions across the singular domain wall source imply that that the energy density (tension) of the wall is related to the values of the cosmological constant parameters on either side of the wall, namely the authors of [31] find:

σ = T = 2(A^′_{z=0}− − A^′_{z=0}+ ) , (1.4.65)

where the prime denotes a derivative with respect to z. This leads to

Δ ≠ −2 : T = −8 sign[k (Δ + 2)] √ Λ Δ , Δ = −2 : T = 8k d − 2 . (1.4.66)

Thus positive-tension domain-wall solutions exist for Δ ≤ −2 with k > 0 and for Δ > −2 with k < 0. Conversely, negative-tension domain walls arise for Δ ≤ −2 with k < 0 and for Δ > −2 with k > 0. So for our domain walls with Δ ≤ −2, we assume the lower bound (1.4.40). To avoid naked singularites we also need k > 0.

Using the simple conformal gauge (1.4.60) the authors of [31] have analyzed the fluctuations of the metric around such a background and have found that the graviton wave function obeys, as predicted by Randall-Sundrum [38, 39] a Schrödinger equation with a potential that is completely fixed by the value of Δ. More precisely one finds that in the conformal gauge the fluctuations of the D–dimensional graviton satisfy the Klein Gordon equation of a scalar field in the gravitational background namely ∂_M ( √ −g g^{MN} ∂_N Φ) = 0. Parametrizing:

Φ = ϕ(z) e^{i p·x} = e^{−k z} ψ(z) e^{i p·x} , (1.4.67)

where p is the D − 1–dimensional momentum the Klein Gordon equation becomes the following Schrödinger-type equation, −^1_2 ψ^{′′} + U ψ = −^1_2 p^2 ψ , (1.4.68)

where the potential, calculated in [31] is given by

Δ ≠ −2 : U = −

(Δ + 1) k^2 2(Δ + 2)^2 H(z)^2 + k Δ + 2 δ(z) , Δ = −2 : U =^1_8 k^2 −^1_2 k δ(z) . (1.4.69)

Conclusion of this first bestiary 16

Such an equation has a normalizable zero–mode wave function if the following condition is satisfied Δ ≤ −2. Indeed it is evident from these expressions that for Δ ≤ −2, U has a volcano shape as in fig.1.1 since the delta function has a negative coefficient, and the “bulk” term is non-negative for all z. Hence the trapping of gravity occurs for positive tension D − 2–branes in the following

Figure 1.1. The volcano potential

window:

Δ_{AdS} ≤ Δ ≤ −2 (1.4.70)

1.5 Conclusion of this first bestiary

The brief survey of the p–brane bestiary I have presented in the present chapter was meant to illustrate and single out one main issue. It now appears that the near brane geometry of all the superstring p–brane is a domain wall, anti de Sitter space being just a particular case that corresponds to conformal invariance. There is a challenging proposal of a DW/QFT correspondence that should relate non–conformal gauge theories on the wall world volume to supergravity compactified on the domain wall space–time. The unresolved question is how to identify the appropriate gauged supergravities that corresponds to each choice of brane configuration. For this reason I devote the next two chapters to describe the basic geometric structures of supergravity (the supergravity bestiary) and how these latter are used to construct the gaugings.

Let me stress that a complete and unambiguous pairing between supergravity gaugings and the Dp–brane spectrum cannot fail to contribute a new profound insight in superstring theory. The quest for supersymmetric realizations of the Randall-Sundrum scenario that I will shortly touch in the last chapter has to be viewed as part of this more general problem

Chapter 2

Supergravity bestiary and the diverse dimensions of superstring theory

2.1 Introduction

In the previous chapter we discussed the p–brane motivations to consider supergravity theories in diverse dimensions. From this viewpoint the basic information one would like to master is the following:

• The scalar field dependence of the kinetic terms of p–forms N_{ΛΣ}(ϕ) F^Λ ∧ ⋆ F^Σ since this latter eventually decides the values of the coefficients a in the exponential factors of the p–brane actions (1.2.1).

• The scalar field potential V(ϕ) which eventually decides the form of the cosmological term in the domain wall actions (1.4.34) • The metric g_{ij}(ϕ) appearing in the kinetic term g_{ij}(ϕ)∂_μϕ^i ∂^μϕ^j of the scalar fields since it is needed as much as the matrix N_{ΛΣ}(ϕ) to determine the values of a and eventually of Δ

It turns out that each of the above items involves a wealth of surprisingly sophisticated geometric structures that are skillfully utilized by supergravity, first to stand on its feet at the ungauged level and, secondly, to be gauged producing non abelian symmetries and the scalar potential. In the present chapter I survey all these structures and I try to illustrate their meaning in relation with the parent string theory. Obviously the cause that imposes on the theory all such structures is supersymmetry and the presence of the fermions. Yet since the fermions are ugly objects to deal with while their product, namely the geometric structure of the theory is beautiful, I will only stick to the latter and mention the fermions as seldom as possible. This implies that my presentation is mostly descriptive. I nowhere pretend to give the proof that the various supergravities are as they are but I do my best to illustrate their miraculous geometric functioning that eventually governs the p–brane classical physics we are interested in. In view of the advocated correspondences such classical physics is also the quantum physics of the underlying world volume theories.

2.2 Supergravity and homogeneous scalar manifolds G/H

If we consider the whole set of supergravity theories in diverse dimensions we discover an important general property. With the caveat of three noteworthy exceptions in all the other cases the constraints imposed by supersymmetry imply that the scalar manifold M_{scalar} is necessarily a homogeneous coset manifold G/H of the non–compact type, namely a suitable non compact Lie

Supergravity and homogeneous scalar manifolds G/H 18

group G modded by the action of a maximal compact subgroup H ⊂ G. By M_{scalar} we mean the manifold parametrized by the scalar fields ϕ^I present in the theory. The metric g_{IJ} (ϕ) defining the Riemannian structure of the scalar manifold appears in the supergravity lagrangian through the scalar kinetic term which is of the σ–model type: L^{kin}_{scalar} = 1 2 g_{IJ} (ϕ) ∂_μϕ^I ∂^μϕ^J (2.2.1)

The three noteworthy exceptions where the scalar manifold is allowed to be something more general than a coset G/H are the following

(i) N = 1 supergravity in D = 4 where M_{scalar} is simply requested to be a Hodge Kähler manifold (ii) N = 2 supergravity in D = 4 where M_{scalar} is simply requested to be the product of a special Kähler manifold SK_n^1 containing the n complex scalars of the n vector multiplets with a quaternionic manifold QM_m containing the 4m real scalars of the m hypermultiplets 2 (iii) N = 2 supergravity in D = 5 where M_{scalar} is simply requested to be the product of a very special manifold VS_n^3 containing the n real scalars of the n vector multiplets with a quaternionic manifold QM_m containing the 4m real scalars of the m hypermultiplets.

I shall come back to the case of N = 2 supergravity in five dimensions because of its relevance in the quest of domain walls and supersymmetric realizations of the Randall Sundrum scenario and there I shall briefly discuss both very special geometry and quaternionic geometry. Instead for special Kähler geometry and the structure of N = 2 supergravity in four dimensions I refer the reader to [45] and [53] where they are extensively discussed. Probably the most relevant aspect of special Kähler manifolds is their interpretation as moduli spaces of Calabi Yau three–folds which connects the structures of N = 2 supergravity to superstring theory via the algebraic geometry of compactifications on such three–folds. Here I do not address these topics and I rather focus on the case of homogeneous scalar manifolds which covers all the other types of supergravity lagrangians and also specific instances of N = 2 theories since there exist subclasses of special Kähler and very special manifolds that are homogeneous spaces G/H.

By means of my choice I aim at illustrating some of the very ample collection of supergravity features that encode quite non trivial aspects of superstring theory and that can be understood in terms of Lie algebra theory and differential geometry of homogeneous coset spaces.

1 Special Kähler geometry was introduced in a coordinate dependent way in the first papers on the vector multiplet coupling to supergravity in the middle eighties [40],[74]. Then it was formulated in a coordinate–free way at the beginning of the nineties from a Calabi Yau standpoint by Strominger [41] and from a supergravity standpoint by Castellani, D’Auria and Ferrara [42, 41]. The properties of holomorphic isometries of special Kähler manifolds, namely the geometric structures of special geometry involved in the gauging were clarified by D’Auria, Fré and Ferrara in [79]. For a review of special Kähler geometry in the setup and notations of the present lectures see [45] 2 The notion of quaternionic geometry, as it enters the formulation of hypermultiplet coupling was introduced by Bagger and Witten in [75] and formalized by Galicki in [77] who also explored the relation with the notion of HyperKähler quotient, whose use in the construction of supersymmetric N = 2 lagrangians had already been emphasized in [76]. The general problem of classifying quaternionic homogeneous spaces had been addressed in the mathematical literature by Alekseevski [57].

3 The notion of very special geometry is essentially due to the work of Günaydin Sierra and Townsend who discovered it their work on coupling D = 5 supergravity to vector multiplets [69, 70]. The notion was subsequently refined and properly related to special Kähler geometry in four dimensions through the work by de Wit and Van Proeyen [71, 72, 73]

Supergravity and homogeneous scalar manifolds G/H 19

2.2.1 How to determine the scalar cosets G/H of supergravities from supersymme- try The best starting point of our discussion is provided by presenting the table of coset structures in four–dimensional supergravities. This is done in the next subsection in table 2.1 where supergravities are classified according to the number N of the preserved supersymmetries. Recalling that a Majorana spinor in D = 4 has four real components the total number of supercharges preserved by each theory is # of supercharges = 4 N (2.2.2)

and becomes maximal for the N = 8 theory where it is 32.

Here I present a short general discussion that applies to all the diverse dimensions. There are two ways to determine the scalar manifold structure of a supergravity theory:

• By compactification from higher dimensions. In this case the scalar manifold is identified as the moduli space of the internal compact space • By direct construction of each supergravity theory in the chosen space–time dimension. In this case one uses all the a priori constraints provided by supersymmetry, namely the field content of the various multiplets, the global and local symmetries that the action must have and, most prominently, as I am going to explain, the duality symmetries.

The first method makes direct contact with important aspects of superstring theory but provides answers that are specific to the chosen compact internal space Ω_{10−D} and not fully general. The second method gives instead fully general answers. Obviously the specific answers obtained by compactification must fit into the general scheme provided by the second method. In the next section I highlight the basic arguments that lead to the construction of table 2.1. Obviously the table relies on the fact that each of the listed lagrangians has been explicitly constructed and shown to be supersymmetric^4 but it is quite instructive to see how the scalar manifold, which is the very hard core of the theory determining its interaction structure, can be predicted a priori with simple group theoretical arguments.

The first thing to clarify is this: what is classified in table 2.1 are the ungauged supergravity theories where all vector fields are abelian and the isometry group of the scalar manifold is a global symmetry. Gauged supergravities which are the main concern of these lectures are constructed only in a second time starting from the ungauged ones and by means of a gauging procedure that I will describe in further chapters. Each ungauged supergravity admits a finite number of different gaugings where suitable subgroups of the isometry group of the scalar manifold are promoted to local symmetries using some or all of the available vector fields of the theory. It is clear that which gaugings are possible is once again determined by the structure of the scalar manifold plus additional constraints that I will explain later.

In every space–time dimension D the reasoning that leads to single out the scalar coset manifolds G/H is based on the following elements:

A Knowledge of the field content of the various supermultiplets μ_i that constitute irreducible representations of the N –extended supersymmetry algebra in D–dimensions. In particular this means that we know the total number of scalar fields. The scalars pertaining to the various types of multiplets must fill separate submanifolds M_i of the total scalar manifold which is the direct product of all such subspaces: M_{scalar} = ⨂ i M_i. 4 For a review of supergravity theories both in D = 4 and in diverse dimensions the reader is referred to the book[67]. Furthermore for a review of the geometric structure of all supergravity theories in a modern perspective I refer to [50]

Supergravity and homogeneous scalar manifolds G/H 20

B Knowledge of the automorphism group H_{Aut} of the relevant supersymmetry algebra. This latter acts on the gravitinos and on the other fermion fields as a local symmetry group. The gauge connection for this gauge symmetry is not elementary, rather it is a composite connection derived from the σ–model of the scalar fields:

Ω^{Aut}_μ = P_{Aut} [ g^{−1} (ϕ) ∂ ∂ϕ^I g (ϕ) ] ∂_μϕ^I (2.2.3)

where P_{Aut} denotes the projection onto the automorphism subalgebra Aut ⊂ H of the isotropy algebra H of the scalar coset manifold G/H. This is consistent only if the isotropy group has the following direct product structure:

H = Aut ⨂ H^′ (2.2.4)

H^′ being some other closed Lie group.

C Existence of appropriate irreducible representations of G in which we can accommodate each type of p+1–forms A^{[p+1]Λ} appearing in the various supermultiplets. Indeed each p+1–form sits in some supermultiplet together with fermion fields and with scalars. The transformations of G commute with supersymmetry and must rotate an entire supermultiplet into another one of the same sort. Since the action of G is well defined on scalars we must be able to lift it also to the p + 1–form partners of the scalars. Here we have a bifurcation:

• When the magnetic dual of the p_i + 1–forms, that are D − p_i − 3–forms have a different degree, namely D−p_i −3 ≠ p_i+1, then the group G must have irreducible representations D_i of dimensions:

dim (D_i) = n_i (2.2.5)

where n_i is the number of p_i + 1–forms present in the theory • When there are p + 1–forms, whose magnetic duals have the same degree, namely D − p − 3 = p + 1, then the group G must have, in addition to the irreducible representations D_i that accommodate the other p_i + 1-forms as in eq.(2.2.5) also a representation D of dimension dim ( D ) = 2n (2.2.6)

which accommodates the n forms of degree p and has the following additional property. In D = 6, 10 it is realized by pseudorthogonal matrices in the fundamental of SO (n , n) while in D = 4, 8 it is realized by symplectic matrices in the fundamental of Sp (2 n, R). The reason for this apparently extravagant request is that in the case of p + 1–forms the lifting of the action of the group G is realized by means of electric/magnetic duality rotations as I explain in section 2.4. Furthermore the reason why, in this discussion, I consider only the even dimensional cases is that self–dual p + 1–forms can exist only when D = 2r is even.

2.2.2 The scalar cosets of D = 4 supergravities

In four dimensions the only relevant p + 1–forms are the 1–forms that correspond to ordinary gauge vector fields. Indeed 3–forms do not have degrees of freedom and 2–forms can be dualized to scalars. On the contrary D = 4 is an even number and 1–forms are self–dual in the sense

Maximal supergravities in diverse dimensions and their scalar manifolds 21

described in section 2.4 and alluded above in section 2.2.1. Furthermore the automorphism group of the N extended supersymmetry algebra in D = 4 is^5:

H_{Aut} = SU (N ) × U (1) ; N = 1, 2, 3, 4, 5, 6 H_{Aut} = SU (8) ; N = 7, 8 (2.2.7)

Hence applying the strategy outlined in section 2.2.1 the requests to be imposed on the coset G/H in four–dimensional supergravities are:

(i) The total number of spin zero fields must be equal to the dimension of the coset:

# of spin zero fields ≡ m = dim G − dim H (2.2.8)

(ii) The total number of vector fields in the theory n must be equal to one half the dimension of a symplectic irreducible representation D_{Sp} of the group G:

# of spin 1 fields ≡ n = 1 2 dim D_{Sp} (G) (2.2.9)

(iii) The isotropy group H must be of the form^6:

H = SU (N ) × U(1) × H^′ ; N = 3, 4 H = SU (N ) × U(1) ; N = 5, 6 H = SU (8) ; N = 7, 8

(2.2.10)

The distinction between the cases N = 3, 4 and the cases N = 5, 6 comes from the fact that in the former we have both the graviton multiplet plus vector multiplets, while in the latter there is only the graviton multiplet. The vector multiplets can transform non trivially under the additional group H^′ for which there is no room in the latter cases. Finally the N = 7, 8 supergravities that contain only the graviton multiplet are indistinguishable theories since their field content and interactions are the same.

Using the above rules and the known list of Lie groups one arrives at the unique solution provided in table 2.1

2.3 Maximal supergravities in diverse dimensions and their scalar manifolds

In table 2.1 we have classified supergravities at fixed space–time dimension according to the number of supersymmetries. Another possible classification is according to space time dimensions D

5 The role of the SU(N ) symmetry in N –extended supergravity was firstly emphasized in [110, 109]. 6 The difference between the N = 7, 8 cases and the others is properly explained in the following way. As far as superalgebras are concerned the automorphism group is always U(N ) for all N , which can extend, at this level also beyond N = 8. Yet for the N = 8 graviton multiplet, which is identical to the N = 7 multiplet, it happens that the U(1) factor in U(8) has vanishing action on all physical states since the multiplet is self–conjugate under CP T –symmetries. From here it follows that the isotropy group of the scalar manifold must be SU(8) rather than U(8). A similar situation occurs for the N = 4 vector multiplets that are also CP T self–conjugate. From this fact follows that the isotropy group of the scalar submanifold associated with the vector multiplet scalars is SU(4)×H′ rather than U(4) × H′. In N = 4 supergravity, however, the U(1) factor of the automorphism group appears in the scalar manifold as isotropy group of the submanifold associated with the graviton multiplet scalars. This is so because the N = 4 graviton multiplet is not CPT self conjugate. I warmly thank A. Van Proeyen for pointing out to me the need to explain this point more explicitly than in the first draft of these notes.

Maximal supergravities in diverse dimensions and their scalar manifolds 22

Table 2.1. Scalar Manifolds of Extended Supergravities in D = 4 # scal. # scal. # scal. # vect. # vect. N in in in in in Γcont Mscalar scal.m. vec. m. grav. m. vec. m. grav. m.

1 2 m n I ⊂ Sp(2n, R) Kähler

2 4 m 2 n n 1 I Quaternionic ⊗ ⊂ Sp(2n + 2, R) Special Kähler

3 6 n n 3 SU(3, n) ⊂ Sp(2n + 6, R)^{SU(3,n)}

S(U(3)×U(n))

4 6 n 2 n 6 SU(1, 1) ⊗ SO(6, n)^{SU(1,1)}_{U(1)} ⊗ ⊂ Sp(2n + 12, R)^{SO(6,n)}

SO(6)×SO(n)

5 10 10 SU(1, 5) ⊂ Sp(20, R)^{SU(1,5)}

S(U(1)×U(5))

6 30 16 SO^⋆(12) ⊂ Sp(32, R)^{SO⋆(12)}

U(1)×SU(6)

7, 8 70 56 E_{7(−7)} ⊂ Sp(128, R)^{E7(−7)}_{SU(8)}

at fixed number of supercharges N_Q. In particular one can consider maximal supergravities where N_Q = 32 and discuss their structure in the diverse dimensions 3 ≤ D ≤ 10. Such a study is very much rewarding since we can relate it to the alternative way of deriving the scalar manifold of supergravity, namely via compactification. There is indeed a class of hierarchical compactifications that have the distinguished property of preserving the number of supersymmetries at each step of the hierarchy. These are the toroidal compactifications where D-dimensional space–time M_D is replaced by:

M_D → M_{D−x} × T^x (2.3.1)

T^x denoting an x–dimensional torus and M_{D−x} being a new space–time in D−x–dimensions. By means of sequential toroidal compactifications we can reach all maximally extended supergravities in lower dimensions starting from either type IIA or type IIB supergravity in D = 10. The result is always the same since supersymmetry allows for unique maximal theories in D ≤ 9 and there is just one scalar coset manifold, that listed in table 2.2. Yet this result can be

Duality symmetries in even dimensions 23

interpreted in two ways depending on whether we look at it from the type IIA or from the type IIB viewpoint. There is indeed a challenging problem that corresponds to retrieving the steps of

Table 2.2. Scalar geometries in maximal supergravities D = 9 E_{2(2)} ≡ SL(2, R) ⊗ O(1, 1) H = O(2) dimR (G/H) = 3 D = 8 E_{3(3)} ≡ SL(3, R) ⊗ SL(2, R) H = O(2) ⊗ O(3) dimR (G/H) = 7 D = 7 E_{4(4)} ≡ SL(5, R) H = O(5) dimR (G/H) = 14 D = 6 E_{5(5)} ≡ O(5, 5) H = O(5) ⊗ O(5) dimR (G/H) = 25 D = 5 E_{6(6)} H = Usp(8) dimR (G/H) = 42 D = 4 E_{7(7)} H = SU(8) dimR (G/H) = 70 D = 3 E_{8(8)} H = O(16) dimR (G/H) = 128

the two possible chains of sequential toroidal compactifications within the algebraic structure of the isometry groups G_x and identifying which scalar field appears at which step of the sequential chain. Such a problem has a very elegant and instructive solution in terms of a rather simple and classical mathematical theory, namely the solvable Lie algebra parametrization of non–compact cosets. This mathematical theory that makes a perfect match with the string theory origin of supergravities plays an important role in the discussion of p–brane solutions. I will review it in chapter 4. As we are going to see there, in the Solvable Lie algebra parametrizations the scalar fields are divided into two groups, those that are associated with Cartan generators of the solvable algebra and those that are associated with nilpotent generators. The Cartan scalars are those that play the role of generalized dilatons and couple to the field strength p + 2–forms as in eq.(1.2.1). Within the algebraic approach the a parameters appearing in the couplings of type exp [−aϕ] |F^{[p+2]}|^2 have an interpretation in terms of roots and weights of the G_x Lie algebras which provides a very important insight into the whole matter. The solvable Lie algebra approach that in maximal supergravities helps so clearly to master the string theory origin of the cosets G/H can be extended also to the scalar manifolds of theories with a lesser number of supercharges. Indeed, from a mathematical point of view it works for all non–compact cosets. We refer the reader to chapter 4 for a review of these ideas and of this geometrical setup.

2.4 Duality symmetries in even dimensions and the coupling of self– dual forms

Generically a p–brane in D–dimensions either carries an electric charge with respect a (p + 1)- form gauge field A^{[p+1]} or a magnetic charge with respect to the dual D − p − 3–form A^{[D−p−3]}_{dual} . In the general case it cannot be dyonic with respect to the same gauge field since

p + 1 ≠ D − p − 3 (2.4.1)

However, in even dimension D = 2r, the Diophantine eq.(2.4.1) admits one solution p =^{D−4}_2 , so that we always have, in this case, a special instance of branes which can be dyonic: they are particles or 0–branes in D = 4, strings or 1–branes in D = 6 and 2–branes in D = 8. The possible presence of such dyonic objects has profound implications on the structure of the even dimensional supergravity lagrangians. Indeed most of the dualities, T , S and U that relate the five perturbative superstrings have a non trivial action on p-branes and generically transform them as electric–magnetic duality rotations. Hence, when self–dual r − 1–forms are available, string dualities reflect into duality symmetries of the supergravity lagrangians which constitute

Duality symmetries in even dimensions 24

an essential ingredient in their construction. By duality symmetry we mean the following: a certain group of transformations G_{dual} acts on the set of field equations of supergravity plus the Bianchi identities of the r − 1–forms mapping this set into itself. Clearly G_{dual} acts also on the scalar fields ϕ^I and in order to be a symmetry it must respect their kinetic term g_{IJ} (ϕ)∂_μϕ^I ∂^μϕ^J . This happens if and only if G_{dual} is a group of isometries for the scalar metric g_{IJ} (ϕ). In other words string dualities are encoded in the isometry group of the scalar manifold of supergravity which is lifted to act as a group of electric–magnetic duality rotations on the r − 1–forms.

The request that these duality symmetries do exist determines the general form of the supergravity lagrangian and is a key ingredient in its construction. For this reason in the present section I consider the case of even dimensions D = 2r and I review the general structure of an abelian theory containing n differential (r − 1)–forms: A^Λ ≡ A^Λ_{μ1... μr−1} dx^{μ1} ∧ . . . ∧ dx^{μr−1} ; (Λ = 1, . . ., n) (2.4.2) and m real scalar fields ϕ^I . The field strengths of the r − 1–forms and their Hodge duals are defined as follows:

F^Λ ≡ d A^Λ ≡^1_{r!} F^Λ_{μ1... μr} dx^{μ1} ∧ . . . ∧ dx^{μr} ; F^Λ_{μ1... μr} ≡ ∂_{μ1} A^Λ_{μ2... μr} + r-2 terms F^{Λ⋆} ≡^1_{r!} F̃^Λ_{μ1... μr} dx^{μ1} ∧ . . . ∧ dx^{μr} ; F̃^Λ_{μ1... μr} ≡^1_{r!} ε_{μ1...μr ν1...νr} F^{Λ|ν1...νr} (2.4.3) Defining the space–time integration volume as : d^Dx ≡ 1 D! ε_{μ1...μD} dx^{μ1} ∧ . . . ∧ dx^{μD} (2.4.4) we obtain:

F^Λ ∧ F^Σ = 1 (r!)^2 ε^{μ1...μr ν1...νr} F^Λ_{μ1... μr} F^Σ_{ν1... νr} F^Λ ∧ F^{Σ⋆} = (−)^r 1 (r!) F^Λ_{μ1... μr} F^{Σ|μ1... μr} (2.4.5) The real scalar fields ϕ^I ( I = 1, . . ., m) span an m–dimensional manifold M_{scalar}^7 endowed with a metric g_{IJ} (ϕ). Utilizing the above field content we can write the following action functional: S = S_{tens} + S_{scal} S_{tens} = ∫ [ (−)^r 2 γ_{ΛΣ}(ϕ) F^Λ ∧ F^{Σ⋆} + 1 2 θ_{ΛΣ}(ϕ) F^Λ ∧ F^Σ ]

S_{scal} = ∫ [ 1 2 g_{IJ} (ϕ) ∂_μϕ^I ∂^μϕ^J ] d^D x (2.4.6)

where the scalar field dependent n × n matrix γ_{ΛΣ}(ϕ) generalizes the inverse of the squared coupling constant^1_{g2} appearing in ordinary 4D–gauge theories. The field dependent matrix θ_{ΛΣ}(ϕ) is instead a generalization of the theta–angle of quantum chromodynamics. The matrix γ is symmetric in every space–time dimension, while θ is symmetric or antisymmetric depending on whether r = D/2 is an even or odd number. In view of this fact it is convenient to distinguish the two cases, setting: D = { 4ν ν ∈ Z| r = 2ν 4ν + 2 ν ∈ Z| r = 2ν + 1

(2.4.7)

7 whether the ϕI can be arranged into complex fields is not relevant at this level of the discussion

Duality symmetries in even dimensions 25

Introducing a formal operator j that maps a field strength into its Hodge dual: ( j F^Λ ) μ1...μ_r ≡ 1 (r!) ϵ_{μ1...μr ν1...νr} F^{Λ|ν1...νr} (2.4.8) and a formal scalar product: (G , K) ≡ G^T K ≡ 1 (r!) n∑ Λ=1 G^Λ_{μ1...μr} K^{Λ|μ1...μr} (2.4.9) the total lagrangian of eq. (2.4.6) can be rewritten as

L^{(tot)} = F^T (γ ⊗ 11 + θ ⊗ j) F + 1 2 g_{IJ} (ϕ) ∂_μϕ^I ∂^μϕ^J (2.4.10)

and the essential distinction between the two cases of eq.(2.4.7) is given, besides the symmetry of θ, by the involutive property of j, namely we have:

D = 4ν | θ = θ^T j^2 = −11 D = 4ν + 2 | θ = −θ^T j^2 = 11

(2.4.11)

Introducing dual and antiself–dual combinations: D = 4ν { F^± = F ∓ i jF j F^± = ±iF^±

D = 4ν + 2 { F^± = F ± jF j F^± = ±F^± (2.4.12)

and the field–dependent matrices: D = 4ν { N = θ − iγ N = θ + iγ

D = 4ν + 2 { N = θ + γ −N^T = θ − γ (2.4.13)

the tensor part of the lagrangian (2.4.10) can be rewritten in the following way in the two cases: D = 4ν : L_{tens} = i 8 [ F^{+T} N F^+ − F^{−T} N F^− ] D = 4ν + 2 : L_{tens} = 1 8 [ F^{+T} N F^+ + F^{−T} N^T F^− ] (2.4.14)

Introducing the new tensor: G̃^Λ_{μ1...μr} ≡ −(r!)^{∂L}_{∂FΛμ1...μr} D = 4ν G̃Λ_{μ1...μr} ≡ (r!)^{∂L}_{∂FΛμ1...μr} D = 4ν + 2 (2.4.15) which, in matrix notation, corresponds to: j G ≡ a ∂L ∂F^T = a r! (γ ⊗ 11 + θ ⊗ j) F (2.4.16)

Duality symmetries in even dimensions 26

where a = ∓ depending on whether D = 4ν or D = 4ν + 2, the Bianchi identities and field equations associated with the lagrangian (2.4.6) can be written as follows:

∂^{μ1} F̃^Λ_{μ1...μr} = 0 ; ∂^{μ1}G̃^Λ_{μ1...μr} = 0 (2.4.17)

This suggests that we introduce the 2n column vector : V ≡ ( j F j G ) (2.4.18)

and that we consider general linear transformations on such a vector: ( j F j G )_′ = ( A B C D ) ( j F j G ) (2.4.19)

For any matrix ( A B C D ) ∈ GL(2n, R) the new vector V^′ of magnetic and electric field–strengths

satisfies the same equations 2.4.17 as the old one. In a condensed notation we can write:

∂ V^′ = 0 ⇐⇒ ∂ V^′ = 0 (2.4.20)

Separating the self–dual and anti–self–dual parts F = 1 2 ( F^+ + F^− ) ; G = 1 2 ( G^+ + G^− ) (2.4.21)

and taking into account that for D = 4ν we have:

G^+ = N F^+ G^− = N F^− (2.4.22)

while for D = 4ν + 2 the same equation reads:

G^+ = N F^+ G^− = −N^T F^− (2.4.23)

the duality rotation of eq.(2.4.19) can be rewritten as:

D = 4ν : ( F^+ G^+ )_′ = ( A B C D ) ( F^+ N F^+ ) ( F^− G^− )_′ = ( A B C D ) ( F^− N F^− )

D = 4ν + 2 : ( F^+ G^+ )_′ = ( A B C D ) ( F^+ N F^+ ) ( F^− G^− )_′ = ( A B C D ) ( F^− −N^T F^− ) (2.4.24)

In both cases the problem is that the transformation rule (2.4.24) of G^± must be consistent with the definition of the latter as variation of the Lagrangian with respect to F^± (see eq.(2.4.15)).

This request restricts the form of the matrix Λ = ( A B C D ) . As we are just going to show, in

Duality symmetries in even dimensions 27

the D = 4ν case Λ must belong to the symplectic subgroup Sp(2n, R) of the special linear group, while in the D = 4ν + 2 case it must be in the pseudorthogonal subgroup SO(n, n):

D = 4ν : ( A B C D ) ∈ Sp(2n, R) ⊂ GL(2n, R)

D = 4ν + 2 : ( A B C D ) ∈ SO(n, n) ⊂ GL(2n, R)

(2.4.25)

the above subgroups being defined as the set of 2n × 2n matrices satisfying, respectively, the following conditions:

Λ ∈ Sp(2n, R) → Λ^T ( 0 11 −11 0 ) Λ = ( 0 11 −11 0 )

Λ ∈ SO(n, n) → Λ^T ( 0 11 11 0 ) Λ = ( 0 11 11 0

) (2.4.26)

To prove the statement we just made, we calculate the transformed lagrangian L^′ and then we compare its variation^{∂L′}_{∂F ′T} with G^{±′} as it follows from the postulated transformation rule (2.4.24). To perform such a calculation we rely on the following basic idea. While the duality rotation (2.4.24) is performed on the field strengths and on their duals, also the scalar fields are transformed by the action of some diffeomorphism ξ ∈ Diff (M_{scalar}) of the scalar manifold and, as a consequence of that, also the matrix N changes. In other words given the scalar manifold M_{scalar} we assume that in the two cases of interest there exists a surjective homomorphism of the following form :

ι_δ : Diff (M_{scalar} ) −→ GL(2n, R) (2.4.27)

so that: ∀ ξ ∈ Diff (M_{scalar}) : ϕ^{I ξ}−→ ϕ^{I′} ∃ι_δ(ξ) = ( A_ξ B_ξ C_ξ D_ξ ) ∈ GL(2n, R) (2.4.28)

Using such a homomorphism we can define the simultaneous action of ξ on all the fields of our theory by setting: ξ : ϕ −→ ξ(ϕ) V −→ ι_δ(ξ) V N (ϕ) −→ N (ξ(ϕ)) (2.4.29)

where the notation (2.4.18) has been utilized. In the tensor sector the transformed lagrangian, is L^′_{tens} = i 8 [ F^{+T} ( A + BN )_T N^′(A + BN ) F^+ − F^{−T} ( A + BN )_T N^′(A + BN ) F^− ] (2.4.30)

for the D = 4ν case and L^′_{tens} = i 8 [ F^{+T} ( A + BN )_T N^′(A + BN ) F^+ − F^{−T} ( A − BN^T )_T N^{T ′}(A − BN^T ) F^− ] (2.4.31)

Consistency with the definition of G^+ requires, in both cases that

N^′ ≡ N (ξ(ϕ)) = (C_ξ + D_ξ N ) (A_ξ + B_ξ N )^{−1} (2.4.32)

Duality symmetries in even dimensions 28

while consistency with the definition of G^− imposes, in the D = 4ν case the transformation rule:

N^′ ≡ N (ξ(ϕ)) = ( C_ξ + D_ξN ) ( A_ξ + B_ξN )_{−1} (2.4.33)

and in the case D = 4ν + 2 the other transformation rule: −N^{T ′} ≡ −N^T (ξ(ϕ)) = ( C_ξ − D_ξ N^T ) ( A_ξ − B_ξ N^T )_{−1} (2.4.34)

It is from the transformation rules (2.4.32),(2.4.33) and (2.4.34) that we derive a restriction on the form of the duality rotation matrix Λ_ξ ≡ ι_δ(ξ). Indeed, in the D = 4ν case we have that by means of the fractional linear transformation (2.4.32) Λ_ξ must map an arbitrary complex symmetric matrix into another matrix of the same sort. It is straightforward to verify that this condition is the same as the first of conditions (2.4.26), namely the definition of the symplectic group Sp(2n, R). Similarly in the D = 4ν + 2 case the matrix Λ_ξ must obey the property that taking the negative of the transpose of an arbitrary real matrix N before or after the fractional linear transformation induced by Λ_ξ is immaterial. Once again, it is easy to verify that this condition is the same as the second property in eq.(2.4.26), namely the definition of the pseudorthogonal group SO(n, n). Consequently the surjective homomorphism of eq.(2.4.27) specializes as follows in the two relevant cases ι_δ : { Diff (M_{scalar}) −→ Sp(2n, R) Diff (M_{scalar}) −→ SO(n, n) (2.4.35)

Clearly, since both Sp(2n, R) and SO(n, n) are finite dimensional Lie groups, while Diff (M_{scalar} ) is infinite–dimensional, the homomorphism ι_δ can never be an isomorphism. Defining the Torelli group of the scalar manifold as:

Diff (M_{scalar} ) ⊃ Tor (M_{scalar}) ≡ ker ι_δ (2.4.36)

we always have:

dim Tor (M_{scalar} ) = ∞ (2.4.37)

The reason why have given the name of Torelli to the group defined by eq. 2.4.36 is because of its similarity with the Torelli group that occurs in algebraic geometry. There one deals with the moduli space M_{moduli} of complex structures of a (p + 1)–fold M_{p+1} and considers the action of the diffeomorphism group Diff (M_{moduli} ) on canonical homology bases of (p+1)–cycles. Since this action must be linear and must respect the intersection matrix, which is either symmetric or antisymmetric depending on the odd or even parity of p, it follows that one obtains a homomorphism similar to that in eq. 2.4.35:

ι_h : { Diff (M_{moduli}) −→ Sp(2n, R) Diff (M_{moduli}) −→ SO(n, n) (2.4.38)

The Torelli group is usually defined as the kernel of such a homomorphism. When cohomology with real coefficients is replaced by cohomology with integer coefficients the homomorphism of eq. 2.4.38 reduces to

ι_h : { Diff (M_{moduli}) −→ Sp(2n, Z) Diff (M_{moduli}) −→ SO(n, n, Z) (2.4.39)

and the Torelli group becomes even larger.

This similarity between two problems that are, at first sight, totally disconnected is by no means accidental. When the supergravity lagrangian that we consider emerges from some compactification of string theory, the scalar manifold M_{scalar} is identified with the moduli–space of

Duality symmetries in even dimensions 29

complex structures for suitable complex (p + 1)–folds or tori and the duality rotations are related with changes of integer homology basis. From the physical point of view what requires the restriction from the continuous duality groups Sp(2n, R), SO(n, n, Z) to their discrete counterparts Sp(2n, Z), SO(n, n, Z) is the Dirac quantization condition of electric and magnetic charges q_e q_m 4π ~^{= n}2^{n ∈} Z^{(2.4.40)}

which obviously occurs when electric and magnetic currents are introduced. Indeed the lattice spanned by electric and magnetic charges is eventually identified with the integer homology lattice of the corresponding (p + 1)–fold.

In view of this analogy, the natural question which arises is the following: what is the counterpart in algebraic geometry of the matrix N that appears in the kinetic terms of the gauge fields? In view of its transformation property eq.(2.4.32) the answer is very simple: it is the period matrix. Consider for instance the situation, occurring in Calabi–Yau three–folds, where the middle cohomology group H^3_{DR} (M_3) admits a Hodge–decomposition of the type:

H^{(3)}_{DR}(M_3) = H^{(3,0)} ⊕ H^{(2,1)} ⊕ H^{(1,2)} ⊕ H^{(0,3)} (2.4.41)

and where the canonical bundle is trivial:

c_1 (T M) = 0 ←→ dimH^{(3,0)} = 1 (2.4.42)

naming Ω^{(3,0)} the unique (up to a multiplicative constant) holomorphic 3–form, and choosing a canonical homology basis of 3–cycles (A^Λ, B_Σ) satisfying :

A^Λ ∩ A^Σ = 0 A^Λ ∩ B_Δ = δ^Λ_Δ B_Γ ∩ A^Σ = − δ^Λ_Σ B_Γ ∩ B_Δ = 0

(2.4.43)

where Λ, Σ . . . = 1, . . . n = 1 + h^{(2,1)} (2.4.44)

we can define the periods:

X^Λ(ϕ) = ∫ AΛ Ω^{(3,0)}(ϕ) ; F_Σ(ϕ) = ∫ AΣ Ω^{(3,0)}(ϕ) (2.4.45)

where ϕ^i (i = 1, . . . h^{(2,1)}) are the moduli of the complex structures and we can implicitly define the period matrix by the relation:

F_Λ = N_{ΛΣ} X^Σ (2.4.46)

Under a diffeomorphism ξ of the manifold of complex structures the period vector

V (ϕ) = ( X^Λ(ϕ) F_Σ(ϕ) ) (2.4.47)

will transform linearly through the Sp(2n, R) matrix ι_h(ξ) defined by the homomorphism in eq.(2.4.38); at the same time the period matrix N will obey the linear fractional transformation rule of eq.(2.4.32). Indeed the intersection relations in eq.(2.4.43) define the symplectic invariant

metric ( 0 11 −11 0 ) What should be clear from the above discussion is that a family of Lagrangians as in eq.

(2.4.6) will admit a group of duality–rotations/field–redefinitions that will map one into the other

The kinetic matrix N and symplectic embeddings 30

member of the family, as long as a kinetic matrix N_{ΛΣ} can be constructed that transforms as in eq.(2.4.32). A way to obtain such an object is to identify it with the period matrix occurring in problems of algebraic geometry. At the level of the present discussion, however, this identification is by no means essential: any construction of N_{ΛΣ} with the appropriate transformation properties is acceptable.

Note also that so far we have used the words duality–rotations/field–redefinitions and not the word duality symmetry. Indeed the diffeomorphisms of the scalar manifold we have considered were quite general and, as such had no claim to be symmetries of the action, or of the theory. Indeed the question we have answered is the following: what are the appropriate transformation properties of the tensor gauge fields and of the generalized coupling constants under diffeomorphisms of the scalar manifold? The next question is obviously that of duality symmetries. Suppose that a certain diffeomorphism ξ ∈ Diff (M_{scalar} ) is actually an isometry of the scalar metric g_{IJ} . Naming ξ^⋆ : T M_{scalar} → T M_{scalar} the push–forward of ξ, this means that ∀ X, Y ∈ T M_{scalar} g (X, Y ) = g (ξ^⋆X, ξ^⋆Y ) (2.4.48)

and ξ is an exact global symmetry of the scalar part of the Lagrangian in eq (2.4.6). The obvious question is: ” can this symmetry be extended to a symmetry of the complete action? Clearly the answer is that, in general, this is not possible. The best we can do is to extend it to a symmetry of the field equations plus Bianchi identities letting it act as a duality rotation on the field–strengths plus their duals. This requires that the group of isometries of the scalar metric G_{iso}(M_{scalar}) be suitably embedded into the duality group (either Sp(2n, R) or SO(n, n) depending on the case) and that the kinetic matrix N_{ΛΣ} satisfies the covariance law:

N (ξ(ϕ)) = (C_ξ + D_ξ N (ϕ)) (A_ξ + B_ξ N (ϕ)) (2.4.49)

A general class of solutions to this programme can be derived in the case where the scalar manifold is taken to be a homogeneous space G/H. This is the subject of next section.

2.5 The kinetic matrix N and symplectic embeddings

In our survey of the geometric features of bosonic supergravity lagrangians that are specifically relevant for p–brane solutions the next important item we have to consider is the kinetic term of the p + 1–form gauge fields. Generically it is of the form: L^{Kin}_{forms} = N_{ΛΣ} (ϕ) F^Λ_{μ1...μp+2} F^{Σ|μ1...μp+2} (2.5.50) where N_{ΛΣ} is a suitable scalar field dependent symmetric matrix. In the case of self–dual p + 1– forms, that occurs only in even dimensions, the matrix N is completely fixed by the requirement that the ungauged supergravity theory should admit duality symmetries. Furthermore as remarked in the previous section, the problem of constructing duality–symmetric lagrangians of the type (2.4.6) admits general solutions when the scalar manifold is a homogeneous space G/H. Hence I devote the present section to review the construction of the kinetic period matrix N in the case of homogeneous spaces. The case of odd space dimensions where there are no dualities will be addressed in a subsequent section.

The relevant cases of even dimensional supergravities are:

(i) In D = 4 the self–dual forms are ordinary gauge vectors and the duality rotations are symplectic. There are several theories depending on the number of supersymmetries. They

The kinetic matrix N and symplectic embeddings 31

are summarized in table 2.1. Each theory involves a different number n of vectors A^Λ and different cosets^G_H but the relevant homomorphism ι_δ (see eq. 2.4.35) is always of the same type:

ι_δ : Diff ( G H ) −→ Sp(2n, R) (2.5.51)

having denoted by n the total number of vector fields that is displayed in table 2.1 (ii) In D = 6 we have self-dual 2–forms. Also here we have a few different possibilities depending on the number (N_+, N_−) of left and right handed supersymmetries with a variable number n of 2–forms. In particular for the (2, 2) theory that originates from type IIA compactifications the scalar manifold is: G/H = O(4, n) O(4) × O(n)

× O(1, 1) (2.5.52)

while for the (4, 0) theory that originates from type IIB compactifications the scalar manifold is the following: G/H = O(5, n) O(5) × O(n)

(2.5.53)

Finally in the case of (N_+ = 2, N_− = 0) supergravity, the scalar manifold is M_{scalar} = O(1, n) O(n)

× QM (2.5.54)

the first homogeneous factor^{O(1,n)}_{O(n)} containing the scalars of the tensor multiplets, while the second factor denotes a generic quaternionic manifold that contains the scalars of the hypermultiplets. In all cases the relevant embedding is

ι_δ : Diff ( G H ) −→ SO(n, n) (2.5.55)

where n is the total number of 2–forms, namely:

n = 4 + n for the (2, 2) theory n = 5 + n for the (4, 0) theory n = 1 + n for the (2, 0) theory

(2.5.56)

(iii) In D = 8 we have self–dual three–forms. There are two theories. The first is maximally extended N = 2 supergravity where the number of three–forms is n = 3 and the scalar coset manifold is: G/H = SL(3, R)

O(3) × SL(2, R)

O(2)

(2.5.57)

The second theory is N = 1 supergravity that contains n = 1 three–forms and where the scalar coset is: G/H = SO(2, n) SO(2) × SO(n)

× O(1, 1) (2.5.58)

having denoted n = #of vector multiplets. In the two cases the relevant embedding is symplectic and specifically it is:

ι_δ : Diff ( G H ) −→ { Sp(6, R) maximal supergravity Sp(2, R) N = 1 supergravity

(2.5.59)

The kinetic matrix N and symplectic embeddings 32

2.5.1 Symplectic embeddings in general

Let us begin with the case of symplectic embeddings relevant to D = 4 and D = 8 theories.

Focusing on the isometry group of the canonical metric defined on^G_H^8: G_{iso} ( G H ) = G (2.5.60)

we must consider the embedding:

ι_δ : G −→ Sp(2n, R) (2.5.61)

That in eq.(2.5.51) is a homomorphism of finite dimensional Lie groups and as such it constitutes a problem that can be solved in explicit form. What we just need to know is the dimension of the symplectic group, namely the number n of^{D−4}_2 –forms appearing in the theory. Without supersymmetry the dimension m of the scalar manifold (namely the possible choices of^G_H ) and the number of vectors n are unrelated so that the possibilities covered by eq.(2.5.61) are infinitely many. In supersymmetric theories, instead, the two numbers m and n are related, so that there are finitely many cases to be studied corresponding to the possible embeddings of given groups G into a symplectic group Sp(2n, R) of fixed dimension n. Actually taking into account further conditions on the holonomy of the scalar manifold that are also imposed by supersymmetry, the solution for the symplectic embedding problem is unique for all extended supergravities as we have already remarked. In D = 4 this yields the unique scalar manifold choice displayed in table 2.1, while in the other dimensions gives the results recalled above.

Apart from the details of the specific case considered once a symplectic embedding is given there is a general formula one can write down for the period matrix N that guarantees symmetry (N^T = N ) and the required transformation property (2.4.49). This is the first result I want to present.

The real symplectic group Sp(2n, R) is defined as the set of all real 2n × 2n matrices Λ = ( A B C D ) (2.5.62)

satisfying the first of equations (2.4.26), namely

Λ^T C Λ = C (2.5.63)

where C ≡ ( 0 11 −11 0 ) (2.5.64)

If we relax the condition that the matrix should be real but we still impose eq.(2.5.63) we obtain the definition of the complex symplectic group Sp(2n,C). It is a well known fact that the following isomorphism is true:

Sp(2n, R) ∼ USp(n, n) ≡ Sp(2n,C) ∩ U(n, n) (2.5.65)

By definition an element S ∈ USp(n, n) is a complex matrix that satisfies simultaneously eq.(2.5.63) and a pseudounitarity condition, that is:

S^T C S = C ; S^† IH S = IH ; IH ≡ ( 11 0 0 −11 ) (2.5.66)

8 Actually, in order to be true, eq.(2.5.60) requires that that the normaliser of H in G be the identity group, a condition that is verified in all the relevant examples

The kinetic matrix N and symplectic embeddings 33

The general block form of the matrix S is: S = ( T V^⋆ V T^⋆ ) (2.5.67)

and eq.s (2.5.66) are equivalent to:

T^† T − V^† V = 11 ; T^† V^⋆ − V^† T^† = 0 (2.5.68)

The isomorphism of eq.(2.5.65) is explicitly realized by the so called Cayley matrix: C ≡ 1 √ 2 ( 11 i11 11 −i11 ) (2.5.69)

via the relation:

S = C Λ C^{−1} (2.5.70) which yields: T = 1 2 (A − iB) + 1 2 (D + iC) ; V = 1 2 (A − iB) − 1 2 (D + iC) (2.5.71)

When we set V = 0 we obtain the subgroup U(n) ⊂ USp(n, n), that in the real basis is given by the subset of symplectic matrices of the form ( A B −B A ) . The basic idea, to obtain the general formula for the period matrix, is that the symplectic embedding of the isometry group G will be such that the isotropy subgroup H ⊂ G gets embedded into the maximal compact subgroup U(n), namely:

G^{ιδ}−→USp(n, n) ; G ⊃ H^{ιδ}−→U(n) ⊂ USp(n, n) (2.5.72)

If this condition is realized let L(ϕ) be a parametrization of the coset G/H by means of coset representatives. By this we mean the following. Let ϕ^I be local coordinates on the manifold G/H: to each point ϕ ∈ G/H we assign an element L(ϕ) ∈ G in such a way that if ϕ^′ ≠ ϕ, then no h ∈ H can exist such that L(ϕ^′) = L(ϕ)· h. In other words for each equivalence class of the coset (labelled by the coordinate ϕ) we choose one representative element L(ϕ) of the class. Relying on the symplectic embedding of eq.(2.5.72) we obtain a map: L(ϕ) −→ O(ϕ) = ( U_0(ϕ) U^⋆_1 (ϕ) U_1(ϕ) U^⋆_0 (ϕ) ) ∈ USp(n, n) (2.5.73)

that associates to L(ϕ) a coset representative of USp(n, n)/U(n). By construction if ϕ^′ ≠ ϕ no unitary n × n matrix W can exist such that:

O(ϕ^′) = O(ϕ) ( W 0 0 W^⋆ ) (2.5.74)

On the other hand let ξ ∈ G be an element of the isometry group of G/H. Via the symplectic embedding of eq.(2.5.72) we obtain a USp(n, n) matrix

S_ξ = ( T_ξ V^⋆_ξ V_ξ T^⋆_ξ ) (2.5.75)

The kinetic matrix N and symplectic embeddings 34

such that S_ξ O(ϕ) = O(ξ(ϕ)) ( W (ξ, ϕ) 0 0 W^⋆(ξ, ϕ) ) (2.5.76)

where ξ(ϕ) denotes the image of the point ϕ ∈ G/H through ξ and W (ξ, ϕ) is a suitable U(n) compensator depending both on ξ and ϕ. Combining eq.s (2.5.76),(2.5.73), with eq.s (2.5.71) we immediately obtain:

U^†_0 (ξ(ϕ)) + U^†_1 (ξ(ϕ)) = W^† [ U^†_0 (ϕ) ( A^T + iB^T ) + U^†_1 (ϕ) ( A^T − iB^T )] U^†_0 (ξ(ϕ)) − U^†_1 (ξ(ϕ)) = W^† [ U^†_0 (ϕ) ( D^T − iC^T ) − U^†_1 (ϕ) ( D^T + iC^T )] (2.5.77)

Setting: N ≡ i [ U^†_0 + U^†_1 ]_{−1} [ U^†_0 − U^†_1 ] (2.5.78)

and using the result of eq.(2.5.77) one verifies that the transformation rule (2.4.49) is verified. It is also an immediate consequence of the analogue of eq.s (2.5.68) satisfied by U_0 and U_1 that the matrix in eq.(2.5.78) is symmetric N^T = N (2.5.79)

Eq. (2.5.78) is the masterformula derived in 1981 by Gaillard and Zumino [64]. It explains the structure of the gauge field kinetic terms in all N ≥ 3 extended supergravity theories and also in those N = 2 theories where, the special Kähler manifold SM is a homogeneous manifold G/H. Similarly it applies to the kinetic terms of the three–forms in D = 8. In particular, using eq. (2.5.78) we can easily retrieve the structure of N = 4 supergravity, on which I have more to say in the sequel. Actually, given the information (following from N = 4 supersymmetry) that the scalar manifold is the following coset manifold (see table 2.1): M^{N=4}_{scalar} = ST [6, n] ST [m, n] ≡ SU(1, 1) U(1) ⊗ SO(m, n) SO(m) ⊗ SO(n) (2.5.80)

what we just need to study is the symplectic embedding of the coset manifolds ST [6, n] where n is the number vector multiplets in the theory. This is what I do next considering the general case of ST [m, n] manifolds.

2.5.2 Symplectic embedding of the ST [m, n] homogeneous manifolds

The first thing I should do is to justify the name I have given to the particular class of coset manifolds I propose to study. The letters ST stand for space–time and target space duality. Indeed, the isometry group of the ST [m, n] manifolds defined in eq.(2.5.80) contains a factor (SU(1, 1)) whose transformations act as non–perturbative S–dualities and another factor (SO(m, n) whose transformations act as T –dualities, holding true at each order in string perturbation theory. Furthermore S is the traditional name given, in superstring theory, to the complex field obtained by combining together the dilaton D and axion A:

S = A − iexp[D] ; ∂^μA ≡ ε^{μνρσ} ∂_ν B_{ρσ} (2.5.81)

while t^i is the name usually given to the moduli–fields of the compactified target space. Now in string and supergravity applications S is identified with the complex coordinate on the manifold

The kinetic matrix N and symplectic embeddings 35

SU(1,1) U(1) , while t

i are the coordinates of the coset space^{SO(m,n)}_{SO(m)⊗SO(n)} . Although as differentiable and metric manifolds the spaces ST [m, n] are just direct products of two factors (corresponding to the above mentioned different physical interpretation of the coordinates S and t^i), from the point of view of the symplectic embedding and duality rotations they have to be regarded as a single entity. This is even more evident in the case m = 2, n = arbitrary, where the following theorem has been proven by Ferrara and Van Proeyen [65]: ST [2, n] are the only special Kähler manifolds with a direct product structure. For the definition of special Kähler manifolds I refer to [45].

Moduli spaces of string compactifications and discrete duality groups In the N = 4 case to make direct contact with string theory compactifications, I can recall that the tree–level moduli space of the heterotic string compactified on a T^6 torus is

M^{N=4}_{moduli} = ST [6, 22] (2.5.82)

the number of abelian gauge fields being 22 = 6 (moduli of T^6) ⊕16 (rank of E_8 × E_8 ). Because of the uniqueness of N = 4 supergravity the quantum moduli–space ŜT [6, 22] cannot be anything else but a manifold with the same covering space as ST [6, 22], namely a manifold with the same local structure. Indeed the only thing which is not fixed by N = 4 supersymmetry is the global structure of the scalar manifold. What actually comes out is the following result

ŜT [6, 22] = ST [6, 22] SL(2, Z) ⊗ SO(6, 22, Z)

(2.5.83)

The homotopy group of the quantum moduli space:

π_1 ( ŜT [6, 22] ) = SL(2, Z) ⊗ SO(6, 22, Z) (2.5.84)

is just the restriction to the integers Zof the original continuous duality group SL(2, R) ⊗ SO(6, 22, R) associated with the manifold ST [6, 22]. After modding by this discrete group the duality–rotations that survive as exact duality symmetries of the quantum theory are those contained in π_1 ( ŜT [6, 22] ) itself. This happens because of the Dirac quantization condition 2.4.40 of electric and magnetic charges, the lattice spanned by these charges being invariant under the discrete group 2.5.84. At this junction the relevance, in the quantum theory, of the symplectic embedding should appear. What does restriction to the integers exactly, mean? It means that the image in Sp(56, R) of those matrices of SL(2, R) × SO(6, 22, R) that are retained as elements of π_1 ( ŜT [6, 22] ) should be integer valued. In other words we define:

SL(2, Z) × SO(6, 22, Z) ≡ ι_δ (SL(2, R) × SO(6, 22, R)) ∩ Sp(56, Z) (2.5.85)

As we see the statement in eq. (2.5.85) is dependent on the symplectic embedding. What is integer valued in one embedding is not integer valued in another embedding. This raises the question of the correct symplectic embedding. Such a question has two aspects:

(i) Intrinsically inequivalent embeddings (ii) Symplectically equivalent embeddings that become inequivalent after gauging

The first issue in the above list is group–theoretical in nature. When we say that the group G is embedded into Sp(2n, R) we must specify how this is done from the point of view of irreducible

The kinetic matrix N and symplectic embeddings 36

representations. Group–theoretically the matter is settled by specifying how the fundamental representation of Sp(2n) splits into irreducible representations of G:

2n^G−→ ⊕^ℓ_{i=1} D_i (2.5.86)

Once eq. (2.5.86) is given (in supersymmetric theories such information is provided by supersymmetry ) the only arbitrariness which is left is that of conjugation by arbitrary Sp(2n, R) matrices. Suppose we have determined an embedding ι_delta that obeys law (2.5.86), then:

∀ S ∈ Sp(2n, R) : ι^′_δ ≡ S ∘ ι_δ ∘ S^{−1} (2.5.87)

will obey the same law. That in eq. (2.5.87) is a symplectic transformation that corresponds to an allowed duality–rotation/field–redefinition in the abelian theory of type (2.4.6) discussed in the previous subsection. Therefore all abelian lagrangians related by such transformations are physically equivalent.

Gaugings and Embeddings The matter changes in presence of gauging. When we switch on the gauge coupling constant and the electric charges, symplectic transformations cease to yield physically equivalent theories. This is the second issue in the above list. The choice of a symplectic gauge becomes physically significant. As I have emphasized in the introduction, the construction of supergravity theories proceeds in two steps. In the first step, which is the most extensive and complicated, one constructs the abelian theory: at that level the only relevant constraint is that encoded in eq.(2.5.86) and the choice of a symplectic gauge is immaterial. Actually one can write the entire theory in such a way that symplectic covariance is manifest. In the second step one gauges the theory. This breaks symplectic covariance and the choice of the correct symplectic gauge becomes a physical issue.

These facts being cleared I proceed to discuss the symplectic embedding of the ST [m, n] manifolds.

Let η be the symmetric flat metric with signature (m, n) that defines the SO(m, n) group, via the relation L ∈ SO(m, n) ⇐⇒ L^T ηL = η (2.5.88)

Both in the N = 4 and in the N = 2 theory, the number of gauge fields is given by:

#vector fields = m ⊕ n (2.5.89)

m being the number of graviphotons, namely of vectors contained in the graviton multiplet and n being the number of vector multiplets. Hence we have to embed SO(m, n) into Sp(2m + 2n, R) and the explicit form of the decomposition in eq.(2.5.86) required by supersymmetry is:

2m + 2n^{SO(m,n)}−→ m + n ⊕ m + n (2.5.90)

where m + n denotes the fundamental representation of SO(m, n). Eq.(2.5.90) is easily understood in physical terms. SO(m, n) must be a T–duality group, namely a symmetry holding true order by order in perturbation theory. As such it must rotate electric field strengths into electric field strengths and magnetic field strengths into magnetic field strengths. The two irreducible representations into which the fundamental representation of the symplectic group decomposes when reduced to SO(m, n) correspond precisely to the electric and magnetic sectors, respectively.

The kinetic matrix N and symplectic embeddings 37

In the simplest gauge the symplectic embedding satisfying eq.(2.5.90) is block–diagonal and takes the form: ∀ L ∈ SO(m, n)^{ιδ}→ ( L 0 0 (L^T )^{−1} ) ∈ Sp(2m + 2n, R) (2.5.91)

Consider instead the group SU(1, 1) ∼ SL(2, R). This is the factor in the isometry group of ST [m, n] that is going to act by means of S–duality non perturbative rotations. Typically it will rotate each electric field strength into its homologous magnetic one. Correspondingly supersymmetry implies that its embedding into the symplectic group must satisfy the following condition:

2m + 2n^{SL(2,}R^)−→ ⊕^{m+n}_{i=1} 2 (2.5.92)

where 2 denotes the fundamental representation of SL(2, R). In addition it must commute with the embedding (2.5.91) of SO(m, n). Both conditions are fulfilled by setting: ∀ ( a b c d ) ∈ SL(2, R)^{ιδ}→ ( a 11 b η c η d 11 ) ∈ Sp(2m + 2n, R) (2.5.93)

Utilizing eq.s (2.5.70) the corresponding embeddings into the group USp(m + n, m + n) are immediately derived: ∀ L ∈ SO(m, n)^{ιδ}→ (_1 2 (L + ηLη)^1_2 (L − ηLη) 1 2 (L − ηLη)^1_2 (L + ηLη) ) ∈ USp(m + n, m + n) ∀ ( t v^⋆ v t^⋆ ) ∈ SU(1, 1)^{ιδ}→ ( Ret11 + iImtη Rev11 − iImvη Rev11 + iImvη Ret11 − iImtη ) ∈ USp(m + n, m + n)

(2.5.94)

where the relation between the entries of the SU(1, 1) matrix and those of the corresponding SL(2, R) matrix are provided by the relation (2.5.71).

Equipped with these relations we can proceed to derive the explicit form of the period matrix N . The homogeneous manifold SU(1, 1)/U(1) can be conveniently parametrized in terms of a single complex coordinate S, whose physical interpretation will be that of axion–dilaton, according to eq. (2.5.81). The coset parametrization appropriate for comparison with other constructions (Dimensional reduction (see [66])) is given by the matrices: M (S) ≡ 1 n(S) ( 11^{i−S}_{i+S} i+S i−S 11 ) ; n(S) ≡ √ 4ImS 1 + |S|^2 + 2ImS

(2.5.95)

To parametrize the coset SO(m, n)/SO(m) × SO(n) we can instead take the usual coset representatives (see for instance [67]): L(X) ≡ ( ( 11 + XX^T )_{1/2} X X^T ( 11 + X^T X )_{1/2} ) (2.5.96)

where the m×n real matrix X provides a set of independent coordinates. Inserting these matrices into the embedding formulae of eq.s (2.5.94) we obtain a matrix:

USp(n + m, n + m) ∋ ι_δ (M (S)) ∘ ι_δ (L(X)) = ( U_0(S, X) U^⋆_1 (S, X) U_1(S, X) U^⋆_0 (S, X) ) (2.5.97)

Supergravities in five dimension and more scalar geometries 38

that inserted into the master formula (2.5.78) yields the following result:

N = iImS ηL(X)L^T (X)η + ReS η (2.5.98)

Alternatively, remarking that if L(X) is an SO(m, n) matrix also L(X)^′ = ηL(X)η is such a matrix and represents the same equivalence class, we can rewrite (2.5.98) in the simpler form:

N = iImS L(X)^′L^{T ′}(X) + ReS η (2.5.99)

2.6 Supergravities in five dimension and more scalar geometries

The recent renewed interest in five–dimensional gauged supergravities stems from two developments. On one hand we have the AdS_5/CF T_4 correspondence between

a superconformal gauge theories in D = 4, viewed as the world volume description of a stack of D3–branes b type IIB supergravity compactified on AdS_5 times a five–dimensional internal manifold X^5 which yields a gauged supergravity model in D = 5

On the other hand we have the quest for supersymmetric realizations of the Randall-Sundrum scenarios which also correspond to domain wall solutions of appropriate D = 5 gauged supergravities. It is, however, noteworthy that five dimensional supergravity has a long and interesting history. The minimal theory (N = 2 ), whose field content is given by the metric g_{μν} , a doublet of pseudo Majorana gravitinos ψ_{Aμ} (A = 1, 2) and a vector boson A_μ was constructed twenty years ago [68] as the first non–trivial example of a rheonomic construction^9. This simple model remains to the present day the unique example of a perfectly geometric theory where, notwithstanding the presence of a gauge boson A_μ, the action can be written solely in terms of differential forms and wedge products without introducing Hodge duals. This feature puts pure D = 5 supergravity into a selective club of few ideal theories whose other members are just pure gravity in arbitrary dimension and pure N = 1 supergravity in four dimensions. The miracle that allows the boson A_μ to propagate without introducing its kinetic term is due to the conspiracy of first order formalism for the spin connection ω^{ab} together with the presence of two Chern–Simons terms. The first Chern Simons is the standard gauge one: CS_{gauge} = F ∧ F ∧ A (2.6.1) while the second is a mixed, gravitational-gauge Chern Simons that reads as follows CS_{mixed} = T^a ∧ F ∧ V_a (2.6.2) where V^a is the vielbein and T^a = DV^a is its curvature, namely the torsion.

The possible matter multiplets for N = 2, D = 5 are the vector/tensor multiplets and the hypermultiplets. The field content of the first type of multiplets is the following one:

A^I_μ (I = 1, . . ., n_V ) vectors λ^i_A ϕ^i (i = 1, . . . , n_V + n_T ≡ n) (A = 1, 2) B^M_{μν} (M = 1, . . ., n_T ) tensors

(2.6.3)

where by n_V I have denoted the number of vectors or gauge 1–forms A^I_μ, n_T being instead the number of tensors or gauge 2–forms B^M_{μν} = −B^M_{νμ} . In ungauged supergravity, where everything

9 We leave aside pure N = 1, D = 4 supergravity that from the rheonomic viewpoint is a completely trivial case.

Supergravities in five dimension and more scalar geometries 39

is abelian, vectors and tensors are equivalent since they can be dualised into each other by means of the transformation:

∂_{[μ} A_{ν]} = ϵ^{λρσ}_{μν} ∂_λB_{ρσ} (2.6.4)

but in gauged supergravity it is only the 1–forms that can be promoted to non–abelian gauge vectors while the 2–forms describe massive degrees of freedom. The other members of each vector/tensor multiplet are a doublet of pseudo Majorana spin 1/2 fields: λ^i_A = ϵ^{AB} C ( λ^{iB} )_T ; λ^{iB} = ( λ^i_B )_† γ_0 ; A, B = 1, . . . , 2 . (2.6.5)

and a real scalar ϕ^i. The field content of hypermultiplets is the following:

hypermultiplets = {q^u (u = 1, . . ., 4 m) , ζ^α (α = 1, . . . 2m)} (2.6.6)

where, having denoted m the number of hypermultiplets, q^u are m quadruplets of real scalar fields and ζ^α are m doublets of pseudo Majorana spin 1/2 fields:

ζ^α = C^{αβ} C ( ζ_β )_T ; ζ_β = ( ζ^β )_† γ_0 ; α, β = 1, . . ., 2 m (2.6.7)

the matrix C^T = −C , C^2 = −1 being the symplectic invariant metric of Sp(2m, R).

In the middle of the eighties Gunaydin Sierra and Townsend [69, 70] considered the general structure of N = 2, D = 5 supergravity coupled to an arbitrary number n = n_V + n_T of vector/tensor multiplets and discovered that this is dictated by a peculiar geometric structure imposed by supersymmetry on the scalar manifold SV_n that contains the ϕ^i scalars. In modern nomenclature this peculiar geometry is named very special geometry and SV_n are referred to as real very special manifolds. The characterizing property of very special geometry arises from the need to reconcile the transformations of the scalar members of each multiplet with those of the vectors in presence of the Chern-Simons term (2.6.1) which generalizes to: L^{CS} = 1 8 d_{ΛΣΓ}F^Λ_{μν} F^Σ_{ρσ} A^Γ_τ ϵ^{μνρστ} (2.6.8)

the symbol d_{ΛΣΓ} denoting some appropriate constant symmetric tensor and, having dualised all 2–forms to vectors, the range of the indices Λ, Σ, Γ being:

Λ = 1, . . . , n + 1 = 0 , I I , , M (2.6.9)

Indeed the total number of vector fields, including the graviphoton that belongs to the graviton multiplet, is always n + 1, n being the number of vector multiplets. It turns out that very special geometry is completely defined in terms of the constant tensors d_{ΛΣΓ} that are further restricted by a condition ensuring positivity of the energy. At the beginning of the nineties special manifolds were classified and thoroughly studied by de Wit, Van Proeyen and some other collaborators [71, 72, 73] who also explored the dimensional reduction from D = 5 to D = 4, clarifying the way real very special geometry is mapped into the special Kähler geometry featured by vector multiplets in D = 4 and generically related to Calabi–Yau moduli spaces.

The 4m scalars of the hypermultiplet sector have instead exactly the same geometry in D = 4 as in D = 5 dimensions, namely they fill a quaternionic manifold QM. These scalar geometries are a crucial ingredient in the construction of both the ungauged and the gauged supergravity

Supergravities in five dimension and more scalar geometries 40

lagrangians. Indeed the basic operations involved by the gauging procedure are based on the specific geometric structures of very special and quaternionic manifolds, in particular the crucial existence of a moment–map (see sect.3.4.1). For this reason the present section is devoted to a summary of these geometries and to an illustration of the general form of the bosonic D = 5 lagrangians. Yet, before entering these mathematical topics, I want to recall the structure of maximally extended (N = 8) supergravity in the same dimensions. Indeed it will be fruitful, in the next chapter, to see the general structure of the gauged theories and compare the N = 8 with the N = 2 case within a unified framework.

As explained in section 2.3 (see in particular table 2.2) the scalar manifold of maximal supergravity in five-dimensions is the 42–dimensional homogeneous space: M^{max}_{scalar} = E_{6(6)} USp(8)

(2.6.10)

The holonomy subgroup H = USp(8) is the largest invariance group of complex linear transformations that respects the pseudo–Majorana condition on the 8 gravitino 1–forms:

ψ^A = Ω^{AB} C ( ψ_A )_T A = 1, . . ., 8 . (2.6.11)

where Ω^{AB} = −Ω^{BA} is an antisymmetric 8 × 8 matrix such that Ω^2 = −1. Using these notations where the capital Latin indices transform in the fundamental 8–representation of USp(8) we can summarize the field content of the N = 8 graviton multiplet as:

(i) the graviton field, namely the fünfbein 1–form V^a (ii) eight gravitinos ψ^A ≡ ψ^A_μ dx^μ in the 8 representation of USp(8) (iii) 27 vector fields A^Λ ≡ A^Λ_μ dx^μ in the 27 of E_{6(6)}^{10} (iv) 48 dilatinos χ^{ABC} in the 48 of USp(8) (v) 42 scalars ϕ that parametrize the coset manifold E_{(6)6}/USp(8). They appear in the theory through the coset representative L^{AB}_Λ (ϕ), which is regarded as covariant in the (27, 27) of USp(8) × E_{6(6)}. This means the following. Since the fundamental 27 (real) representation of E_{6(6)} remains irreducible under reduction to the subgroup USp(8) ⊂ E_{6(6)} it follows that there exists a constant intertwining 27 × 27 matrix I^{AB}_Σ that transforms the index Σ running in the fundamental of E_{6(6)} into an antisymmetric pair of indices^{AB} with the additional property that^{AB} Ω_{AB} = 0 which is the definition of the 27 of USp(8). The coset representative we use is to be interpreted as L^{AB}_Λ (ϕ) = L^Σ_Λ I^{AB}_Σ .

The construction of the ungauged theory proceeds then through well established general steps and the basic ingredients, namely the USp(8) connection in the 36 adjoint representation Q^B_A and the scalar vielbein P^{ABCD} (fully antisymmetric in ABCD) are extracted from the left–invariant 1–form on the scalar coset according to:

L^{−1 Λ}_{AB} dL^{CD}_Λ = Q^{CD}_{AB} + P^{CD}_{AB} Q^{CD} AB = 2 δ^{[C}_{[A} Q^{D]}_{B]} P^{CD} AB = Ω_{AE} Ω_{BF} P^{EF CD} (2.6.12)

which is fully analogous to eq.(3.3.34) that applies to the D = 4 case and to the E_{7(7)}/SU(8) coset.

10 In the ungauged theory all two–forms have been dualized to vectors

Supergravities in five dimension and more scalar geometries 41

Independently from the number of supersymmetries we can write a general form for the bosonic action of any D = 5 ungauged supergravity, namely the following one: L^{(ungauged)} (D=5) = √ −g ( 1 2 R − 1 4 N_{ΛΣ}F^Λ_{μν} F^{Σ|μν} + 1 2 g_{ij} ∂_μϕ^i ∂^μ ϕ^j )

+ 1 8 d_{ΛΣΓ} ϵ^{μνρστ} F^Λ_{μν} F^Σ_{ρσ} A^Γ_τ (2.6.13)

where g_{ij} is the metric of the scalar manifold M_{scalar} , N_{ΛΣ}(ϕ) is a positive definite symmetric function of the scalars that under the isometry group G_{iso} of M_{scalar} transforms in

⨂_2 sym R, having denoted by R a linear representation of G_{iso} to which the vector fields A^Γ are assigned. Finally d_{ΛΣΓ} is a three–index symmetric tensor invariant with respect to the representation R. At this point we invite the reader to compare the above statements with the general discussion of section 2.2.1, in particular points B and C. As stated in eq. (2.2.4) the automorphism group of N –extended supersymmetry (which in D = 5 is USp(N ) due to pseudo Majorana fermions) must be contained as a factor in the holonomy group of the scalar manifold. On the other hand the p_i + 1–forms must be assigned to linear representations D_i of the isometry group for M_{scalar}. In our case having dualised the two forms we just have vectors, namely p + 1 = 1–forms and the representation R is the only D_i we need to discuss. In the four–dimensional case the construction of the lagrangian was mainly dictated by the symplectic embedding of eq.(2.5.61). Indeed, since the 1–forms are self–dual in D = 4, then the isometries of the scalar manifolds must be realized on the vectors as symplectic duality symmetries, according to the general discussion of section 2.4. In five dimensions, where no such duality symmetry can be realized, the isometry of the scalar manifold has to be linearly realized on the vectors in such a way as to make it an exact symmetry of the lagrangian (2.6.13). This explains while the kinetic matrix N must transform in the representation

⨂_2 sym R In maximal N = 8 supergravity the items involved in the construction of the bosonic lagrangian have the following values:

(i) The scalar metric is the E_{6(6)} invariant metric on the coset (2.6.10), namely: g_{ij} = 1 6 P^{ABCD} i P_{ABCD|j} (2.6.14) (ii) The vector kinetic metric is given by the following quadratic form in terms of the coset representative: N_{ΛΣ} = 4

(L^{AB}_Λ L^{CD}_Σ ΩAC ΩBD^) (2.6.15)

(iii) The representation R is the fundamental 27 of E_{6(6)} (iv) The tensor d_{ΛΣΓ} is the coefficient of the cubic invariant of E_{6(6)} in the 27 representation.

To see how the same items are realized in the case of an N = 2 theory we have to introduce very special and quaternionic geometry. Just before entering this it is worth nothing that also the supersymmetry transformation rule of the gravitino field admits a general form (once restricted to the purely bosonic terms), namely: δψ_{Aμ} = D_μ ϵ_A − 1 3 T^{ρσ}_{AB} ( g_{μρ} γ_σ − 1 8 ϵ_{μρσλν} γ^{λν} ) ϵ^B (2.6.16)

where the indices A, B run in the fundamental representation of the automorphism (R-symmetry) group USp(N ) and the tensor T^{ρσ}_{AB}, antisymmetric both in AB and in ρσ and named the graviphoton field strength, is given by:

T^{ρσ}_{AB} = Φ^Λ_{AB} (ϕ) N_{ΛΣ}F^{Σ|ρσ} (2.6.17)

Supergravities in five dimension and more scalar geometries 42

the scalar field dependent tensor X^Λ_{AB} (ϕ) being intrinsically defined as the coefficient of the term ϵ^A ψ^B_μ in the supersymmetry transformation rule of the vector field A^Λ_μ , namely:

δA^Λ_μ = . . . + 2 i Φ^Λ_{AB}(ϕ) ϵ^A ψ^B_μ (2.6.18)

From its own definition it follows that under isometries of the scalar manifold Φ^Λ_{AB} (ϕ) must transform in the representation R of G_{iso} times

⋀_2

N of the R-symmetry USp(N ). In the case of N = 8 supergravity the tensor Φ^Λ_{AB} (ϕ) is simply the inverse coset representative:

Φ^Λ_{AB}(ϕ) =

(L^{−1) Λ}_{AB} (2.6.19)

We see in the next subsection how the same object is generally realized in an N = 2 theory via very special geometry.

2.6.1 Very special geometry Very special geometry is the peculiar metric and associated Riemannian structure that can be constructed on a very special manifold. By definition a very special manifold VS_n is a real manifold of dimension n that can be represented as the following algebraic locus in R^{n+1}:

1 = N(X) ≡ √ d_{ΛΣΔ} X^Λ X^Σ X^Δ (2.6.20)

where X^Λ (Λ = 1, . . . , n + 1) are the coordinates of R^{n+1} while

d_{ΛΣΔ} (2.6.21)

is a constant symmetric tensor fulfilling some additional defining properties that I will recall later on.

A coordinate system ϕ^i on VS_n is provided by any parametric solution of eq.(2.6.20) such that:

X^Λ = X^Λ(ϕ) ; ϕ^i = free ; i = 1, . . . , n (2.6.22) The very special metric on the very special manifold is nothing else but the pull–back on the algebraic surface (2.6.20) of the following R^{n+1} metric:

ds^2Rn+1 = N_{ΛΣ} dX^Λ ⊗ dX^Σ (2.6.23) N_{ΛΣ} ≡ − ∂_Λ∂_Σ ln N(X) (2.6.24)

In other words in any coordinate frame the coefficients of the very special metric are the following ones:

g_{ij}(ϕ) = N_{ΛΣ} f^Λ_i f^Σ_j (2.6.25) where we have introduced the new objects:

f^Λ_i ≡ ∂_iX^Λ = ∂ ∂ϕ^i X^Λ (2.6.26)

If we also define F_Λ = ∂ ∂X^Λ ln N(X) ; h_{Λi} ≡ ∂_iF_Λ (2.6.27)

Supergravities in five dimension and more scalar geometries 43

and introduce the 2(n + 1)-vectors: U = ( X^Λ F_Σ ) ; U_i = ∂_iU = ( f^Λ_i h_{Σi} ) (2.6.28)

taking a second covariant derivative it can be shown that the following identity is true:

∇_iU_j = 2 3 g_{ij}U + √ 2 3 T_{ijk} g^{kℓ} U_ℓ (2.6.29)

where the world–index symmetric coordinate dependent tensor T_{ijk} is related to the constant tensor d_{ΛΓΣ} by:

d_{ΛΓΣ} = 20 27 F_Λ F_Γ F_Σ − 2 3 N_{(ΛΓ} F_{Σ)} + 8 27 T_{ijk} g^{ip}g^{jq}g^{kr} h_{Λp} h_{Γq} h_{Σr} (2.6.30)

The identity (2.6.29) is the real counterpart of a completely similar identity that holds true in special Kähler geometry and also defines a symmetric 3–index tensor. In the use of very special geometry to construct a supersymmetric field theory the essential property is the existence of the section X^Λ(ϕ). Indeed it is this object that allows the writing of the tensor Φ^Λ_{AB} (ϕ) appearing in the vector transformation rule (2.6.18). It suffice to set:

Φ^Λ_{AB}(ϕ) = X^Λ(ϕ) ϵ_{AB} (2.6.31)

Why do we call it a section? Since it is just a section of a flat vector bundle of rank n + 1

FB^π→ SV_n (2.6.32)

with base manifold the very special manifold and structural group some subgroup of the n + 1 dimensional linear group: G_{iso} ⊂ GL(n+1, R). The bundle is flat because the transition functions from one local trivialization to another one are constant matrices:

∀g ∈ G_{iso} : X^Λ(g ϕ) = (M [g])^Λ_Σ X^Σ(ϕ) ; M [g] = constant matrix (2.6.33)

The structural group G_{iso} is implicitly defined as the set of matrices M that leave the d_{ΛΓΣ} tensor invariant:

M ∈ G_{iso} ⇔ M^{Σ1}_{Λ1} M^{Σ2}_{Λ2} M^{Σ3}_{Λ3} d_{Λ1Λ2Λ3} = d_{Σ1Σ2Σ3} (2.6.34)

Since the very special metric is defined by eq.(2.6.25) it immediately follows that G_{iso} is also the isometry group of such a metric, its action in any coordinate patch (2.6.22) being defined by the action (2.6.33) on the section X^Λ. This fact explains the name given to this group.

By means of this reasoning I have shown that the classification of very special manifolds is fully reduced to the classification of the constant tensors d_{ΛΓΣ} such that their group of invariances acts transitively on the manifold SV_n defined by eq. (2.6.20) and that the special metric (2.6.25) is positive definite. This is the algebraic problem that was completely solved by de Wit and Van Proeyen in [71]. They found all such tensors and the corresponding manifolds. There is a large subclass of very special manifolds that are homogeneous spaces but there are also infinite families of manifolds that are not G/H cosets.

Supergravities in five dimension and more scalar geometries 44

2.6.2 The very special geometry of the SO(1, 1) × SO(1, n)/SO(n) manifold

As an example of very special manifold we consider the following class of homogeneous spaces:

RT [n] ≡ SO(1, 1) ×

SO(1, n) SO(n)

(2.6.35)

This example is particularly simple and relevant to string theory because reducing it on a circle S^1 from five to four dimensions one finds a supergravity model where the special Kähler geometry is that of the ST [2, n] manifolds described in the previous sections.

To see that the RT [n] are indeed very special manifolds we consider the following instance of cubic norm:

N(X) = √ C(X) (2.6.36)

C(X) = X^0 ( X^+X^− − X^2 ) ; X^2 = r∑ ℓ=1 ( X^ℓ )_2 (2.6.37)

It is immediately verified that the infinitesimal linear transformations X^Λ → X^Λ + δX^Λ that leave the cubic polynomial C(X) invariant are the following ones:

δ_0

X^0 X^+ X^− X = −4 0 0 0 0 2 0 0 0 0 2 0 0 0 0 2

X^0 X^+ X^− X (2.6.38)

δ_L X^0 X^+ X^− X = 0 0 0 0 0 0 −4 0 0 4 0 0 0 0 0 0

X^0 X^+ X^− X (2.6.39)

δ_v

X^0 X^+ X^− X = 0 0 0 0 0 0 0 v^T 0 0 0 0 0 0 v 0

X^0 X^+ X^− X (2.6.40)

δ_u

X^0 X^+ X^− X = 0 0 0 0 0 0 0 0 0 0 0 v^T 0 v 0 0

X^0 X^+ X^− X (2.6.41)

δ_A

X^0 X^+ X^− X = 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 A

X^0 X^+ X^− X ; A^T = −A ∈ SO(r) (2.6.42)

The transformation δ_Δ generates an SO(1, 1) group that commutes with the SO(1, r + 1) group generated by the transformations δ_L, δ_u, δ_v and δ_A, hence the symmetry group of the symmetric tensor:

d_{ΛΣΓ} = { d_{0+−} = 1 d_{0ℓm} = −δ_{ℓm} 0 otherwise

(2.6.43)

defined by the cubic polynomial C(X) is indeed the group SO(1, 1) × SO(1, n). This is quite simple and evident. What is important is that the same group has also a transitive action

Supergravities in five dimension and more scalar geometries 45

on the manifold defined by the equation C(X) = 1 that can be identified with the product SO(1, 1) × SO(1, n)/SO(2). To verify this statement it suffices to consider that the quadratic equation H^+H^− − H^2 = 1 (2.6.44)

defines the homogeneous manifold SO(1, n)/SO(2) on which SO(1, n) has a transitive action. For instance we can use as independent r + 1 coordinates the following ones:

ϕ^0 = H^+ ; ϕ^ℓ = H^ℓ (ℓ = 1, . . . , r) ⇒ H^− =

1 + ϕ^2 ϕ^0

(2.6.45)

and then it suffices to set:

X^0[σ, ϕ] = e^{−2σ} ; ( X^+, X^−, X ) = e^σ ( H^+[ϕ], H^−[ϕ], H[ϕ] ) (2.6.46)

to obtain a parametrization of the section X in terms of coordinates σ, ϕ of the manifold SO(1, 1)× SO(1, n)/SO(2). This achieves the desired proof that the group G_{iso} has a transitive action on the special manifold and consequently that the cubic norm (2.6.36), (2.6.37) is admissible as a definition of a very special manifold

2.6.3 Quaternionic Geometry

Next I turn my attention to the hypermultiplet sector of an N = 2 supergravity. For these multiplets no distinction arises between the D = 4 and D = 5. Each hypermultiplet contains 4 real scalar fields and, at least locally, they can be regarded as the four components of a quaternion. The locality caveat is, in this case, very substantial because global quaternionic coordinates can be constructed only occasionally even on those manifolds that are denominated quaternionic in the mathematical literature [57], [77]. Anyhow, what is important is that, in the hypermultiplet sector, the scalar manifold QM has dimension multiple of four:

dim_R QM = 4 m ≡ 4 # of hypermultiplets (2.6.47)

and, in some appropriate sense, it has a quaternionic structure.

We name Hypergeometry that pertaining to the hypermultiplet sector, irrespectively whether we deal with global or local N =2 theories. Yet there are two kinds of hypergeometries. Supersymmetry requires the existence of a principal SU(2)–bundle SU −→ QM (2.6.48) The bundle SU is flat in the rigid supersymmetry case while its curvature is proportional to the Kähler forms in the local case.

These two versions of hypergeometry were already known in mathematics prior to their use [74], [78], [79], [80], [81] in the context of N = 2 supersymmetry and are identified as:

rigid hypergeometry ≡ HyperKähler geometry.

local hypergeometry ≡ quaternionic geometry (2.6.49)

2.6.3.1 Quaternionic, versus HyperKähler manifolds

Both a quaternionic or a HyperKähler manifold QM is a 4m-dimensional real manifold endowed with a metric h:

ds^2 = h_{uv}(q)dq^u ⊗ dq^v ; u, v = 1, . . . , 4m (2.6.50)

Supergravities in five dimension and more scalar geometries 46 and three complex structures (J^x) : T (QM) −→ T (QM) (x = 1, 2, 3) (2.6.51) that satisfy the quaternionic algebra J^xJ^y = −δ^{xy} 11 + ϵ^{xyz}J^z (2.6.52) and respect to which the metric is hermitian:

∀X, Y ∈ T QM : h (J^xX, J^xY) = h (X, Y) (x = 1, 2, 3) (2.6.53) From eq. (2.6.53) it follows that one can introduce a triplet of 2-forms K^x = K^x_{uv}dq^u ∧ dq^v ; K^x_{uv} = h_{uw}(J^x)^w_v (2.6.54) that provides the generalization of the concept of Kähler form occurring in the complex case. The triplet K^x is named the HyperKähler form. It is an SU(2) Lie–algebra valued 2–form in the same way as the Kähler form is a U (1) Lie–algebra valued 2–form. In the complex case the definition of Kähler manifold involves the statement that the Kähler 2–form is closed. At the same time in Hodge–Kähler manifolds (those appropriate to local supersymmetry in D = 4 ) the Kähler 2–form can be identified with the curvature of a line–bundle which in the case of rigid supersymmetry is flat. Similar steps can be taken also here and lead to two possibilities: either HyperKähler or quaternionic manifolds.

Let us introduce a principal SU(2)–bundle SU as defined in eq. (2.6.48). Let ω^x denote a connection on such a bundle. To obtain either a HyperKähler or a quaternionic manifold we must impose the condition that the HyperKähler 2–form is covariantly closed with respect to the connection ω^x:

∇K^x ≡ dK^x + ϵ^{xyz}ω^y ∧ K^z = 0 (2.6.55) The only difference between the two kinds of geometries resides in the structure of the SU–bundle.

Definition 2.6.1. A HyperKähler manifold is a 4m–dimensional manifold with the structure described above and such that the SU–bundle is flat Defining the SU –curvature by:

Ω^x ≡ dω^x + 1 2 ϵ^{xyz}ω^y ∧ ω^z (2.6.56)

in the HyperKähler case we have:

Ω^x = 0 (2.6.57) Viceversa Definition 2.6.2. A quaternionic manifold is a 4m–dimensional manifold with the structure described above and such that the curvature of the SU–bundle is proportional to the HyperKähler 2–form Hence, in the quaternionic case we can write: Ω^x = λ K^x (2.6.58)

Supergravities in five dimension and more scalar geometries 47 where λ is a non vanishing real number.

As a consequence of the above structure the manifold QM has a holonomy group of the following type:

Hol(QM) = SU(2) ⊗ H (quaternionic) Hol(QM) = 11 ⊗ H (HyperKähler) H ⊂ Sp(2m, R) (2.6.59) In both cases, introducing flat indices {A, B, C = 1, 2}{α, β, γ = 1, .., 2m} that run, respectively, in the fundamental representations of SU(2) and Sp(2m, R), we can find a vielbein 1-form U^{Aα} = U^{Aα}_u (q)dq^u (2.6.60) such that h_{uv} = U^{Aα}_u U^{Bβ}_v C_{αβ} ϵ_{AB} (2.6.61) where C_{αβ} = −C_{βα} and ϵ_{AB} = −ϵ_{BA} are, respectively, the flat Sp(2m) and Sp(2) ∼ SU(2) invariant metrics. The vielbein U^{Aα} is covariantly closed with respect to the SU(2)-connection ω^z and to some Sp(2m, R)-Lie Algebra valued connection Δ^{αβ} = Δ^{βα}: ∇U^{Aα} ≡ dU^{Aα} + i 2 ω^x(ϵσ_xϵ^{−1})^A_B ∧ U^{Bα} + Δ^{αβ} ∧ U^{Aγ} C_{βγ} = 0 (2.6.62) where (σ^x)^B_A are the standard Pauli matrices. Furthermore U^{Aα} satisfies the reality condition: U_{Aα} ≡ (U^{Aα})^∗ = ϵ_{AB} C_{αβ} U^{Bβ} (2.6.63) Eq.(2.6.63) defines the rule to lower the symplectic indices by means of the flat symplectic metrics ϵ_{AB} and C_{αβ} . More specifically we can write a stronger version of eq. (2.6.61) [82]: (U^{Aα}_u U^{Bβ}_v + U^{Aα}_v U^{Bβ}_u )C_{αβ} = h_{uv}ϵ^{AB} (2.6.64) We have also the inverse vielbein U^u_{Aα} defined by the equation U^u_{Aα}U^{Aα}_v = δ^u_v (2.6.65) Flattening a pair of indices of the Riemann tensor R^{uv}_{ts} we obtain R^{uv}_{ts}U^{αA}_u U^{βB}_v = − i 2 Ω^x_{ts}ϵ^{AC} (σ_x)^B_C C^{αβ} + R^{αβ}_{ts} ϵ^{AB} (2.6.66) where R^{αβ}_{ts} is the field strength of the Sp(2m) connection: dΔ^{αβ} + Δ^{αγ} ∧ Δ^{δβ}C_{γδ} ≡ R^{αβ} = R^{αβ}_{ts} dq^t ∧ dq^s (2.6.67) Eq. (2.6.66) is the explicit statement that the Levi Civita connection associated with the metric h has a holonomy group contained in SU(2) ⊗ Sp(2m). Consider now eq.s (2.6.52), (2.6.54) and (2.6.58). We easily deduce the following relation: h^{st}K^x_{us}K^y_{tw} = −δ^{xy}h_{uw} + ϵ^{xyz}K^z_{uw} (2.6.68)

Supergravities in five dimension and more scalar geometries 48 that holds true both in the HyperKähler and in the quaternionic case. In the latter case, using eq. (2.6.58), eq. (2.6.68) can be rewritten as follows: h^{st}Ω^x_{us}Ω^y_{tw} = −λ^2δ^{xy}h_{uw} + λϵ^{xyz}Ω^z_{uw} (2.6.69) Eq.(2.6.69) implies that the intrinsic components of the curvature 2-form Ω^x yield a representation of the quaternion algebra. In the HyperKähler case such a representation is provided only by the HyperKähler form. In the quaternionic case we can write: Ω^x_{Aα,Bβ} ≡ Ω^x_{uv}U^u_{Aα}U^v_{Bβ} = −iλC_{αβ} (σ_x)^C_A ϵ_{CB} (2.6.70) Alternatively eq.(2.6.70) can be rewritten in an intrinsic form as Ω^x = −i λC_{αβ} (σ_x)^C_A ϵ_{CB}U^{αA} ∧ U^{βB} (2.6.71) whence we also get: i 2 Ω^x(σ_x)^B_A = λU_{Aα} ∧ U^{Bα} (2.6.72) The quaternionic manifolds are not requested to be homogeneous spaces, however there exists a subclass of quaternionic homogeneous spaces that are displayed in Table 2.3.

Table 2.3. Homogeneous symmetric quaternionic manifolds m G/H m^{Sp(2m+2)}

Sp(2)×Sp(2m)

m^{SU(m,2)} SU(m)×SU(2)×U(1)

m^{SO(4,m)}

SO(4)×SO(m)

2^{G2}_{SO(4)}

7^{F4}

Sp(6)×Sp(2)

10^{E6}_{SU(6)×U(1)}

16^{E7}

S0(12)×SU(2)

28^{E8}_{E7×SU(2)}

Supergravities in five dimension and more scalar geometries 49

2.6.4 N = 2, D = 5 supergravity before gauging

Relying on the geometric lore developed in the previous sections it is now easy to state what is the bosonic Lagrangian of a general N = 2 theory in five–dimensions. We just have to choose an n–dimensional very special manifold and some quaternionic manifold QM of quaternionic dimension m. Then recalling eq.(2.6.13) we can specialize it to: L^{(ungauged)} (D=5,N =2) = √ −g ( 1 2 R − 1 4 N_{ΛΣ}(ϕ)F^Λ_{μν} F^{Σ|μν} + 1 2 g_{ij}(ϕ) ∂_μϕ^i ∂^μ ϕ^j + 1 2 h_{uv}(q) ∂_μq^u ∂^μ q^v )

+ 1 8 d_{ΛΣΓ} ϵ^{μνρστ} F^Λ_{μν} F^Σ_{ρσ} A^Γ_τ (2.6.73)

where h_{uv}(q) is the quaternionic metric on the quaternionic manifold QM, while g_{ij}(ϕ) is the very special metric on the very special manifold. At the same time the constant tensor d_{ΛΣΓ} is that defining the cubic norm (2.6.20) while the kinetic metric N is that defined in eq.(2.6.24). The transformation rule of the gravitino field takes the general form (2.6.16) with the graviphoton defined as in eq.(2.6.17) and the tensor Φ^Λ_{AB} given by eq.(2.6.31). In this respect it is noteworthy that gravitino supersymmetry transformation rule does depend only on the vector multiplet scalars and it is independent from the hypermultiplets. Such a situation will be changed by the gauging that introduces a gravitino mass-matrix depending also on the hypermultiplets.

Chapter 3

Supergravity Gaugings

3.1 Gaugings and Vacua

The conventional lore is that a vacuum of gravity or supergravity is a configuration with maximal symmetry, namely with Lorentz invariance SO(1, D − 1) in D–dimensions. Adding translation invariance one ends up with either Poincaré or de Sitter or anti de Sitter symmetry which forces the vacuum expectation values of all scalar fields to be constant. The new insight provided by the role of the domain wall solutions and by the developments discussed in chapter 1 suggests that we might also consider vacua where there is Poincaré invariance in one dimension less ISO(1, D − 2) and where the vacuum value of the scalar fields depends on the last Dth coordinate. These are precisely the domain wall vacua which are expected to be a distinguished property of gauged supergravities. Yet, as I explained in section 1.4, these wall geometries are like solitons or kinks that interpolate between conventional vacua. Conventional vacua are also effectively characterized by their properties with respect to supersymmetry breaking or preservation. Hence I begin my analysis of the supergravity gaugings by recalling the general properties of conventional vacua and of the possible supersymmetry breaking patterns, that, as it will immediately appear, encode fundamental information about the basic new ingredients produced by the gaugings, namely the fermion shifts.

3.2 General aspects of supergravity gaugings and susy breaking

Let me begin by recalling some very general aspects of the super-Higgs mechanism in extended supergravity that were codified in the literature of the early and middle eighties [83, 84, 85, 86] (for a review see chapter II.8 of [67]) and were further analyzed and extended in the middle nineties [87, 88, 89, 90]. Because of the fundamental property of extended supergravity that the scalar potential is generated by the gauging procedure, the discussion of spontaneous supersymmetry breaking goes hand in hand with the discussion of possible gaugings.

3.2.1 Supersymmetry breaking in conventional vacua

A conventional vacuum of p + 2–dimensional supergravity corresponds to a space–time geometry with a maximally extended group of isometries, namely with^1_2 (p + 2)(p + 3) Killing vectors. This means that the metric ds^2 = g_{μν}dx^μ ⊗dx^ν necessarily has constant curvature in p+2–dimensions

General aspects of supergravity gaugings and susy breaking 51

and is one of the following three:

M_{space−−time} = AdS_{p+2} ; negative curvature Minkowski_{p+2} ; zero curvature dS_{p+2} ; positive curvature

(3.2.1)

At the same time, in order to be consistent with this maximal symmetry, the v.e.v.s of the scalar fields, < ϕ^i >= ϕ^i_0 must be constant and be extrema of the scalar potential: ∂V ∂ϕ^i | | | |_{ϕ=ϕ0} = 0 , (3.2.2)

Minkowski space occurs when V(ϕ_0) = 0, anti de Sitter space AdS_{p+2} occurs when V(ϕ_0) < 0 and finally de Sitter space dS_{p+2} is generated by V(ϕ_0) > 0. To be definite I focus on the 4– dimensional case, but all the mechanisms and properties I describe below have straightforward counterparts in higher dimensions. In particular I will apply them to the 5–dimensional case in section 3.4. So let me state that in relation with the super-Higgs mechanism, there are just three relevant items of the entire D = 4 supergravity construction that have to be considered.

(i) The gravitino mass matrix S_{AB} (ϕ) , namely the non-derivative scalar field dependent term that appears in the gravitino supersymmetry transformation rule:

δψ_{A|μ} = D_μ ϵ_A + S_{AB} (ϕ) γ_μ ϵ^B + . . . , (3.2.3)

and reappears as a mass term in the Lagrangian:

L^{SUGRA} = . . . + const ( S_{AB} (ϕ) ψ^A_μ γ^{μν} ψ^B_ν + S^{AB} (ϕ) ψ_{A|μ} γ^{μν} ψ_{B|ν} ) (3.2.4)

(ii) The fermion shifts, namely the non-derivative scalar field dependent terms in the supersymmetry transformation rule of the spin^1_2 fields :

δ λ^i_R = derivative terms + Σ^i_A (ϕ) ϵ^A , δ λ^i_L = derivative terms + Σ^{A|i} (ϕ) ϵ_A . (3.2.5)

(iii) The scalar potential itself, V(ϕ).

These three items are related by a general supersymmetry Ward identity, firstly discovered in the context of gauged N = 8 supergravity [91] and later extended to all supergravities [83, 85, 86], that, in the conventions of [84, 92, 93, 94] reads as follows:

24 S_{AC} S^{CB} − 4 K_{i,j}Σ^i_A Σ^{B|j} = −δ^B_A V , (3.2.6)

where K_{i,j} is the kinetic matrix of the spin–1/2 fermions. The numerical coefficients appearing in (3.2.6) depend on the normalization of the kinetic terms of the fermions, while A, B, . . . = 1, . . ., N are SU(N ) indices that enumerate the supersymmetry charges. We also follow the standard convention that the upper or lower position of such indices denotes definite chiral projections of Majorana spinors, right or left depending on the species of fermions considered^1. The position denotes also the way of transforming of the fermion with respect to SU(N ), with lower indices in the fundamental and upper indices in the fundamental bar. In this way we have S^{AB} = (S_{AB} )^⋆

1 For instance, we have γ5 ϵA = ϵA and γ5 ϵA = −ϵA.

General aspects of supergravity gaugings and susy breaking 52

and Σ^i_A = ( Σ^{B|i} )_⋆ . Finally, the index i is a collective index that enumerates all spin–1/2 fermions λ^i present in the theory^2.

The corresponding fermion shifts are defined by

δ λ^i = derivative terms + Σ^i_A (ϕ) ϵ^A . (3.2.7)

A vacuum configuration ϕ_0 that preserves N_0 supersymmetries is characterized by the existence of N_0 vectors ρ^A_{(ℓ)} (ℓ = 1, . . ., N_0) of SU(N ), such that

S_{AB} (ϕ_0) ρ^A_{(ℓ)} = e^{iθ} √_{−V(ϕ0)} 24 ρ_{A(ℓ)} ,

Σ^i_A (ϕ_0) ρ^A_{(ℓ)} = 0 , (3.2.8)

where θ is an irrelevant phase. Indeed, consider the spinor

ϵ^A(x) = N0∑ ℓ=1 ρ^A_{(ℓ)}ϵ^{(ℓ)}(x) , (3.2.9)

where ϵ^{(ℓ)}(x) are N_0 independent solutions of the equation for covariantly constant spinors in AdS_4 (or Minkowski space) with 2 e = √ −V(ϕ_0)/24:

D^{(AdS)} a ϵ(x) ≡ (∂_a − 1 4 ω^{bc}_aγ_{bc} − 2 e γ_5γ_a)ϵ(x) = 0 , (3.2.10)

The integrability of eq.(3.2.10) is guaranteed by the expression of the AdS_4 curvature, R^{ab}_{cd} = −16 e^2 δ^{ab}_{cd} , that corresponds to the Ricci tensor:

R_{ab} = −24 e^2 η_{ab} = 1 4 V(ϕ_0) η_{ab}, (3.2.11)

Then it follows that under supersymmetry transformations of parameter (3.2.9) the chosen vacuum configuration ϕ = ϕ_0 is invariant^3. That such a configuration is a true vacuum follows from another property proved, for instance, in [86]: all vacua that admit at least one vector ρ^A satisfying eq. (3.2.8) are automatically extrema of the potential, namely they satisfy eq. (3.2.2). Furthermore, as one can immediately check, the action (1.4.30), for constant scalar field configurations implies that the Ricci tensor must be R_{μν} =^1_4 V(ϕ_0) g_{μν} as in equation (3.2.11).

The above integrability argument can be easily generalized to all dimensions and to all numbers of supersymmetries N . Consider a supergravity action in D dimensions that, once reduced to the gravitational plus scalar field sector, has the same normalization as the action (1.4.30) considered in section 1.4, namely: A^{[D]}_{grav+scal} = ∫ d^Dx √ −g [ 2 R[g] + α 1 2 g_{ij}(ϕ) ∂^μ ϕ^i∂_μϕ^j − V(ϕ) ] (3.2.12)

where α is a normalization constant that can vary from case to case since it can always be reabsorbed into the definition of the scalar metric but the scalar potential V has an unambiguous

2 We denote by λi the right handed chiral projection while λi are the left handed ones 3 As already stressed, the v.e.v.s of all the fermions are zero and equation (3.2.8) guarantees that they remain zero under supersymmetry transformations of parameters (3.2.9).

General aspects of supergravity gaugings and susy breaking 53

and unique normalization with respect to the Einstein term. For constant field configurations ϕ_0 the Einstein equations derived from (3.2.12) imply that: R_{μν} = 1 2(D − 2)

V(ϕ_0) g_{μν} (3.2.13)

Then the Riemann tensor of an anti de Sitter space AdS_D consistent with eq. (3.2.13) is necessarily the following: R^{ρσ}_{μν} = 1 (D − 1)(D − 2)

V(ϕ_0) δ^{[ρ}_{[μ} δ^{σ]}_{ν]} (3.2.14)

Consider next the equation for a covariantly constant spinor in AdS_D . Its general form is:

D^{(AdS)} μ ϵ ≡ D_μϵ(x) − μ γ_μ ϵ = (∂_μ − 1 4 ω^{bc}_μγ_{bc} − μ γ_μ) = 0 , (3.2.15)

where the parameter μ is fixed by integrability in terms of the vacuum value of potential V(ϕ_0). Indeed from the condition D^{(AdS)}_{[μ} D^{(AdS)}_{ν]} = 0 we immediately get:

|μ|^2 = 1 4 |V(ϕ_0)| (D − 1)(D − 2)

(3.2.16)

On the other hand the general form of the gravitino transformation rule is, independently from the number of space–time dimensions, that given in eq.(3.2.3), so that, in a conventional vacuum with an unbroken supersymmetry μ is to be interpreted as eigenvalue of the gravitino mass– matrix. So the general conditions for the preservation of N_0 supersymmetries in D dimensions are fully analogous to those in eq.(3.2.8) and correspond to the existence of N_0 independent vectors ρ^A_{(ℓ)} (ℓ = 1, . . ., N_0), such that:

S_{AB} (ϕ_0) ρ^A_{(ℓ)} = e^{iθ} √_{|V(ϕ0)|} 4(D−2)(D−1) ρA(ℓ) , Σ^i_A (ϕ_0) ρ^A_{(ℓ)} = 0 , (3.2.17)

By extension of language the vectors ρ^A_{(ℓ)} are named Killing spinors

3.2.2 Gaugings and fermion shifts

As we have already recalled few lines above the most important general feature of extended N ≥ 2 supergravities in D = 4, is that the fermion shifts and the gravitino mass–matrix are uniquely determined by the gauging of the theory and are proportional to the gauge group coupling constants g_i. Indeed there are very general formulae for these objects expressing them in terms of geometrical data of the scalar manifold and of the structure constants of the gauge group (or of representation matrices if, in addition to vector multiplets, also hyper-multiplets are present). Hyper-multiplets are present only for the case N = 2, whose most general form and gauging is discussed in [53] and whose partial breaking is discussed in [89, 90, 88, 87].

For N ≥ 5 hyper and vector multiplets are absent and the scalar manifold is a uniquely fixed non–compact coset space as we have already stressed in chapter 2. For N = 3, 4 there are no hyper-multiplets and, in addition to the graviton multiplet, there are at most vector multiplets. Also in this case, the geometry of the scalar manifold is fixed to be that of a non–compact coset space (see table 2.1). Similar considerations apply to higher dimensions. Indeed we can conclude that for all theories with a number of supercharges N_Q ≥ 8 which kind of supersymmetry breaking

Gaugings of N = 8 Supergravity in D = 4 54

patterns and which kind of domain wall solutions can be obtained depends uniquely on the choice of a gauging. Indeed both the above aspects, besides being intimately related, are controlled by the scalar potential and the latter is uniquely determined by the gauging procedure.

So I discuss the general properties of gauging beginning with maximal theories where the number of gauge fields is fixed and just the gauge algebra has to be chosen. Non–maximal theories where the matter multiplets come into play will be addressed later choosing the physically relevant 5–dimensional case.

3.3 Gaugings of N = 8 Supergravity in D = 4

To illustrate the general ideas in a case of maximal supersymmetry, I consider the possible gaugings of the N = 8 theory in four dimensions. The complete classification that can be reached in this case constitutes an inspiring model for the analogous problem in maximal 5–dimensional supergravity. Relying on the comparison with the D = 4 case we shall be better equipped to appreciate the additional subtleties occurring in five–dimensions. In turn the comparison at fixed space–time dimension D = 5 between the maximal and non maximal matter coupled theory will be of special value.

So coming to the present N = 8,D = 4 case we recall that here there is no other multiplet besides the graviton multiplet which contains the graviton g_{μν}, 8 gravitinos ψ_{A|μ} dx^μ, 28 one– form gauge fields A^{ΛΣ}_μ dx^μ = −A^{ΣΛ}_μ dx^μ transforming in the 28 antisymmetric representation of the electric subgroup SL(8, R) ⊂ E_{7(7)} (see eq.(4.5.26)), 56 spin 1/2 dilatinos χ_{ABC} = γ_5χ_{ABC} (anti-symmetric in ABC) and 70 scalars parametrizing the E_{7(7)}/SU(8) coset manifold. I have labeled the vector fields with a pair of antisymmetric indices^4, each of them ranging on 8 values Λ, Σ, Δ, Π, = 1, . . ., 8 and transforming in the fundamental representation of SL(8, R). The capital latin indices carried by the fermionic fields range also on eight values A, B, C, = 1, . . . , 8 but they are covariant under the maximal compact subgroup SU(8) ⊂ E_{7(7)} rather than the non compact SL(8, R) ⊂ E_{7(7)}. As in previous sections, also here I use the convention that upper and lower SU(8) indices denote different chirality projections of the fermion fields: ψ^A = −γ_5ψ^A and χ^{ABC} = −γ_5χ^{ABC} . 3.3.1 The bosonic action

In these notations, the bosonic action of the theory is A_{bosonic} = ∫ √ −g d^4x ( 2R + Im N_{ΛΣ|ΓΔ}F^{ΛΣ}_{μν} F^{ΓΔ|μν} + 1 2 g_{ij}∂_μϕ^i∂^μϕ^j+ + 1 2 Re N_{ΛΣ|ΓΔ} ϵ^{μνρσ} √ −g F^{ΛΣ}_{μν} F^{ΓΔ}_{ρσ} + V(ϕ) ) (3.3.1)

where the scalar metric g_{ij} (ϕ) and the vector kinetic metric N_{ΛΣ|ΓΔ} are uniquely determined in terms of coset representatives and left–invariant 1–forms of E_{7(7)}/SU(8). Following the general set up of chapter 2 we name L(ϕ) the coset representative parametrizing the equivalence classes of E_{7(7)}/SU(8).

Since the gauging procedure is completely coordinate free the choice of a coset parametrization is completely immaterial in the following discussion. Just to fix ideas and to avoide the

4 For later convenience we have slightly changed the conventions used in the general discussion of section 2.4

Gaugings of N = 8 Supergravity in D = 4 55

technicalities of the solvable decomposition we can think of L(ϕ) as the exponential of the 70– dimensional coset K in the orthogonal decomposition:

E_{7(7)} = SU(8) ⊕ K (3.3.2)

In practice this means that we can write:

L(ϕ) = exp^{( 0 ϕEF GH} ϕ_{ABCD} 0 ) = ( u^{ΛΞ}_{AB} v^{ΛΞCD} v_{ΔΓAB} u_{ΔΓ}^{CD} ) (3.3.3)

where the 70 parameters ϕ_{ABCD} satisfy the self–duality condition^5 : ϕ_{ABCD} = 1 4! ε_{ABCDEF GH} ϕ^{EF GH} (3.3.4) According to eq.(2.5.78) the period matrix N_{ΛΣ,ΔΠ} has the following general expression:

N_{ΛΣ,ΔΠ} = h · f^{−1} (3.3.5)

where the complex 28 × 28 matrices f, h are defined by the realization L_{Usp} (ϕ) of the coset representative in the Usp(28, 28) complex basis. This latter is related to its counterpart L_{Sp}(ϕ) in the real Sp(56, R) basis, by a Cayley transformation, as displayed in the following formula (see eq.s (2.5.69) and (2.5.70)):

LUsp (ϕ) =^1√_2 ( f + ih f + ih f − ih f − ih ) ≡ C LSp (ϕ) C^{−1} LSp(ϕ) ≡ exp^[ϕ^i Ti^] = ( A(ϕ) B(ϕ) C(ϕ) D(ϕ) ) (3.3.6)

As explained in [63] there are actually four bases where the 56 × 56 matrix L(ϕ) can be written:

(i) The SpD(56)–basis (ii) The UspD(28, 28)–basis (iii) The SpY(56)–basis (iv) The UspY(28, 28)–basis

corresponding to two cases where L is symplectic real (SpD(56),SpY(56)) and two cases where it is pseudo–unitary symplectic (UspD(56),UspY(56)). This further distinction in a pair of subcases corresponds to choosing either a basis composed of weights or of Young tableaux. By relying on (3.3.3) I have chosen to utilize the UspY(28, 28)–basis which is directly related to the SU(8) indices carried by the fundamental fields of supergravity. However, for the description of the gauge generators the Dynkin basis is more convenient. We can optimize the advantages of both bases introducing a mixed one where the coset representative L is multiplied on the left by the constant matrix S performing the transition from the pseudo–unitary Young basis to the real symplectic Dynkin basis. Explicitly we have: ( u^{AB} v_{AB} ) = S ( W^i W^{i+28} ) (i, 1, . . . 28) (3.3.7)

5 Here we have used the notation, ϕABCD ≡ (ϕABCD)∗

Gaugings of N = 8 Supergravity in D = 4 56

where S = ( S 0 0 S^⋆ ) C = 1 √ 2 ( S i S S^⋆ −i S^⋆ )

(3.3.8)

the 28 × 28 matrix S being unitary:

S^†S = 11 (3.3.9)

The explicit form of the U(28) matrix S was obtained in section 5.4 of [63] and has the following explicit expression: √ 2 S =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 i√ 2 1_√ 2 0 0 0 0 1√ 2 −i√ 2 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −i 0 0 0 0 0 0 −i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 − 1√ 3 0 0 0 0 0^−2 i√ 3 1_√ 3 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 − 1√6 −i √ 3 2 0 0 0 0 i√ 6 1_√ 6 0 0 0 0 1 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 i 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 −i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 −i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 −i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 −i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 −i

(3.3.10)

while the weights of the E_{7(7)} 56 representation were constructed in section 4.5.4 and are listed in table 4.4. In the Dynkin basis the basis vectors of the real symplectic representation are eigenstates of the Cartan generators with eigenvalue one of the 56 weight vectors (±⃗Λ = {Λ_1, . . ., Λ_7} pertaining to the representation:

(W = 1, . . . 56) : | W ⟩ = { |⃗Λ⟩ : H_i| ⃗Λ ⟩ = Λ_i | ⃗Λ ⟩ (Λ = 1, . . . 28) | − ⃗Λ⟩ : H_i| − ⃗Λ ⟩ = −Λ_i | − ⃗Λ ⟩ (Λ = 1, . . . 28) | V ⟩ = f^Λ |⃗Λ⟩ ⊕ g_Λ |−⃗Λ⟩ or in matrix notation ⃗V_{SpD} = ( f^Λ g_Σ ) (3.3.11)

In the Young basis, instead, the basis vectors of the complex pseudounitary representation correspond to the natural basis of the 28 + 28 antisymmetric representation of the maximal compact

Gaugings of N = 8 Supergravity in D = 4 57

subgroup SU(8). In other words, in this realization of the fundamental E_{7(7)} representation a generic vector is of the following form: |V ⟩ = u^{AB} A B ⊕ v_{AB} A B ; (A, B = 1, . . ., 8)

or in matrix notation ⃗V_{UspY} = ( u^{AB} v_{AB} ) (3.3.12)

This discussion suffices to make the implicit form of the vector kinetic matrix (3.3.5) explicitly calculable given any explicit parametrization of the coset representative. As for the kinetic matrix of the scalars we have: g_{ij} (ϕ) = 1 3 P_{ABCD,i}P^{ABCD}_j (3.3.13) where P_{ABCD,i} dϕ^i is the scalar vielbein obtained from the gauged left–invariant 1–form of the scalar coset that we discuss below (see eq.(3.3.34). Because of that the lagrangian (3.3.1) contains also the minimal coupling of the scalar fields to the gauge bosons of the chosen gauge group.

To complete the illustration of the bosonic lagrangian we need to discuss the scalar potential V(ϕ). This cannot be done without referring to the supersymmetry transformation rules since, as we have explained in section 3.2, the potential is determined by the fundamental relation (3.2.6) that gives it as a quadratic form in terms of the fermion shifts. These latter appear in the supersymmetry transformation rules of the fermionic fields and are the primary objects determined by the choice of the gauge algebra.

3.3.2 Supersymmetry transformation rules of the Fermi fields

Since the N = 8 theory has no matter multiplets the fermions are just, as already pointed out, the 8 spin 3/2 gravitinos and the 56 spin 1/2 dilatinos. The two numbers 8 and 56 have been written boldfaced since they also single out the dimensions of the two irreducible SU(8) representations to which the two kind of fermions are respectively assigned, namely the fundamental and the three times antisymmetric: ψ_{μ|A} ↔ A ≡ 8 ; χ_{ABC} ↔ A B C ≡ 56 (3.3.14)

Following the conventions of [95] the fermionic supersymmetry transformation rules of are written as follows: δψ_{Aμ} = ∇_μϵ_A − 1 4 T^{(−)}_{AB|ρσ} γ^{ρσ} γ_μϵ^B + S_{AB} γ_μ ϵ^B + · · · δχ_{ABC} = 4i P_{ABCD|i}∂_μΦ^iγ^μϵ^D − 3T^{(−)}_{[AB|ρσ} γ^{ρσ} ϵ_{C]} + Σ^D_{ABC} ϵ_D · · · (3.3.15) where T^−_{AB|μν} is the antiselfdual part of the graviphoton field strength, P_{ABCD|i} is the already mentioned vielbein of the scalar coset manifold completely antisymmetric in ABCD and satisfying the same pseudoreality condition as our choice of the scalars ϕ_{ABCD}: P_{ABCD} = 1 4! ϵ_{ABCDEF GH} P^{EF GH} . (3.3.16)

Gaugings of N = 8 Supergravity in D = 4 58

By comparison with eq.s(3.2.3) and (3.2.5) we see that S_{AB} ,Σ^D_{ABC} are the appropriate gravitino mass matrix and fermion shifts. Recalling also the normalization of the fermion kinetic terms: L^{kin}_{fermion} = ∫ d^4x [ 2 ( ψ^A_μ γ_ν ∇_ρψ_{A|μ} + h.c ) − i √ −g 1 24 ( χ^{ABC} γ^μ ∇_μχ_{ABC} − h.c. ) ] (3.3.17)

the general Ward identity (3.2.6) takes, in this theory, the following explicit form: − V δ^A_B = 24 S_{AM} S^{BM} − 1 6 Σ^{P QR}_A Σ^B_{P QR} (3.3.18)

What we need is the explicit expression of the two items appearing in the supersymmetry transformations (3.3.15) in terms of the coset representatives. For the graviphoton such an expression is independent of the gauging and coincides with that appearing in the case of ungauged supergravity. On the contrary, the expression of the scalar vielbein and of the fermion shifts, involves the choice of the gauge group and can be given only upon introducing the gauged Maurer Cartan equations. Hence we first recall the structure of the graviphoton and then we turn our attention to the second kind of items entering the transformation rules that are the most relevant ones in our discussion.

3.3.2.1 The graviphoton field strength

We introduce the multiplet of electric and magnetic field strengths according to the general discussion of section 2.4: ⃗V_{μν} ≡ ( F^{ΛΣ}_{μν} G_{ΔΠ|μν} ) (3.3.19)

where

G_{ΔΠ|μν} = − ImN_{ΔΠ,ΛΣ} ~F^{ΛΣ}_{μν} − ReN_{ΔΠ,ΛΣ} F^{ΛΣ}_{μν}

~F^{ΛΣ}_{μν} = 1 2 ϵ_{μνρσ} F^{ΛΣ|ρσ} (3.3.20)

The 56–component field strength vector ⃗V_{μν} transforms in the real symplectic representation of the U–duality group E_{7(7)}. We can also write a column vector containing the 28 components of the graviphoton field strengths and their complex conjugate: ⃗T_{μν} ≡ ( T^{|AB} μν T_{μν|AB} ) T^{|AB}_{μν} = ( T_{μν|AB} )_⋆ (3.3.21)

in which the upper and lower components transform in the canonical Young basis of SU(8) for the 28 and 28 representation respectively.

The relation between the graviphoton field strength vectors and the electric magnetic field strength vectors involves the coset representative in the SpY(56) representation and it is the following one:

⃗T_{μν} = −C C L^{−1}_{SpY} (ϕ) ⃗V_{μν} (3.3.22)

The matrix C being symplectic invariant matrix (2.5.64). Eq.(3.3.22) reveals that the graviphotons transform under the SU(8) compensators associated with the E_{7(7)} rotations. It is appropriate to express the upper and lower components of ⃗T in terms of the self–dual and antiself–dual parts of the graviphoton field strengths, since only the latter enter the transformation rules

Gaugings of N = 8 Supergravity in D = 4 59

(3.3.15).

These components are defined as follows: T^{+|AB} μν = 1 2 ( T^{|AB}_{μν} + i 2 ϵ_{μνρσ}g^{ρλ}g^{σπ} T^{|AB}_{λπ} )

T^−_{AB|μν} = 1 2 ( T_{AB|μν} − i 2 ϵ_{μνρσ}g^{ρλ}g^{σπ} T_{AB|λπ} ) (3.3.23)

As shown in [63] the following equalities hold true: T^{|AB} μν = T^{+|AB}_{μν} ; T_{μν|AB} = T^−_{μν|AB} (3.3.24) and we can simply write: ⃗T_{μν} ≡ ( T^{+|AB} μν T^−_{μν|AB} ) (3.3.25)

3.3.3 The gauged Maurer Cartan equations and the fermion shifts As stressed in section 3.2 the key ingredient in constructing the gauged version of any extended supergravity is provided by the gauged left-invariant 1–forms on the coset manifold. We illustrate this notion in the present example.

First note that in the UspY(28, 28) basis we have chosen the coset representative (3.3.3) satisfies the following identities:

u^{ΠΔ}_{AB} u^{AB}_{ΛΣ} − v^{ΠΔAB} v_{ABΛΣ} = δ^{ΠΔ}_{ΛΣ} , u^{ΠΔ}_{AB}v^{ABΛΣ} − v^{ΠΔAB} u_{AB}^{ΛΣ} = 0 , (3.3.26)

u^{AB}_{ΛΣ}u^{ΛΣ}_{CD} − v^{ABΛΣ}v_{ΛΣCD} = δ^{AB}_{CD} , u^{AB}_{ΛΣ}v^{ΛΣCD} − v^{ABΛΣ}u_{ΛΣ}^{CD} = 0 , (3.3.27)

and the inverse coset representative is given by:

L^{−1} = ( u^{AB}_{ΛΣ} −v^{ABΔΓ} −v_{CDΛΣ} u_{CD}^{ΔΓ} ) . (3.3.28)

where, by raising and lowering the indices, complex conjugation is understood.

Secondly recall that in our basis the generators of the electric subalgebra SL(8, R) ⊂ E_{7(7)} have the following form G_α = ( q^{ΛΣ}_{ΠΔ}(α) p^{ΛΣΨΞ}(α) p_{ΔΓΠΔ}(α) q_{ΛΣ}^{ΨΞ}(α) ) (3.3.29)

where the matrices q and p are real and have the following form

q^{ΛΣ}_{ΠΔ} = 2δ^{[Λ}_{[Π}q^{Σ]}_{Δ]} = 2 3 δ^{[Λ}_{[Π}q^{Σ]Γ}_{Δ]Γ} ,

p_{ΔΓΠΩ} = 1 24 ε_{ΔΓΠΩΛΣΨΞ}p^{ΛΣΨΞ} . (3.3.30)

The index α = 1, . . . 63 in (3.3.29) spans the adjoint representation of SL(8, R) according to some chosen basis and we can freely raise and lower the Greek indices Λ, Σ, ... because of the reality of the representation.

Gaugings of N = 8 Supergravity in D = 4 60

Next let us introduce the fundamental item in the gauging construction. It is the 28 × 63 constant embedding matrix:

E ≡ e^α_{ΛΣ} (3.3.31) transforming under SL(8, R) as its indices specify, namely in the tensor product of the adjoint with the antisymmetric 28 and that specifies which generators of SL(8, R) are gauged and by means of which vector fields in the 28–dimensional stock. In particular, using this matrix E, one writes the gauge 1–form as:

A ≡ A^{ΛΣ}e^α_{ΛΣ}G_α (3.3.32) In [96] the most general form of the embedding matrix e^α_{ΛΣ} was determined that is consistent with supersymmetry. Analyzing its structure and modding out all the irrelevant gauge transformations one could determine all the different gauge groups. I review that result and summarize its derivation. Here In terms of the gauge 1–form A and of the coset representative L(ϕ) we can write the gauged left–invariant 1–form:

Ω = L^{−1}dL + gL^{−1}AL (3.3.33)

which belongs to the E_{7(7)} Lie algebra in the UspY(28, 28) representation and defines the gauged scalar vielbein P^{ABEF} and the SU(8) connection Q^B_D : Ω = ( 2δ^{[A}_{[C} Q^{B]}_{D]} P^{ABEF} P_{CDGH} −2δ^{[E}_{[G} Q^{F ]}_{H]} ) (3.3.34)

Because of its definition the 1–form Ω satisfies gauged Maurer Cartan equations:

dΩ + Ω ∧ Ω = g [ F^{ΛΣ} − (√ 2(u^{ΛΣ}_{AB} + v_{ΛΣAB})ψ^A ∧ ψ^B + h.c. )] e^α_{ΛΣ}L^{−1}G_αL , (3.3.35)

with F^{ΛΣ} the supercovariant field strength of the vectors A^{ΛΣ}. Let us focus on the last factor in eq.(3.3.35):

U_α ≡ L^{−1}G_αL = ( A(α) B(α) B(α) A(α) ) (3.3.36)

Since U_α is an E_{7(7)} Lie algebra element, for each gauge generator G_α we necessarily have: A^{AB}_{CD}(α) = 2 3 δ^{[A}_{[C} A^{B]M}_{D]M} B^{ABF G} (α) = B^{[ABF G]} (α) (3.3.37)

Comparing with eq.(3.3.35) we see that the scalar field dependent SU(8) tensors multiplying the gravitino bilinear terms are the following ones:

T^A_{BCD} ≡ (u^{ΩΣ}_{CD} + v_{ΩΣCD}) e^α_{ΩΣ} A^{AM}_{BM} (α) Z^{ABEF} CD ≡ (u^{ΩΣ}_{CD} + v_{ΩΣCD}) e^α_{ΩΣ} B^{ABEF} (α) (3.3.38)

As shown in the original papers by de Wit and Nicolai [91] (or Hull [61]) and reviewed in [67], closure of the supersymmetry algebra^6 and hence existence of the corresponding gauged supergravity models is obtained if and only if the following T –identities are satisfied:

T^A_{BCD} = T^A_{[BCD]} + 2 7 δ^A_{[C} T^M_{D]MB} (3.3.39) Z^{CD}_{ABEF} = 4 3 δ^{[C}_{[A}T^{D]}_{BEF ]} (3.3.40)

6 in the rheonomy approach closure of the Bianchi identities

Gaugings of N = 8 Supergravity in D = 4 61

Eq.s (3.3.39) and (3.3.40) have a clear group theoretical meaning. Namely, they state that both the T^A_{BCD} tensor and the Z^{ABEF}_{CD} tensor can be expressed in a basis spanned by two irreducible SU(8) tensors corresponding to the 420 and 36 representations respectively:

∘ T^A_{BCD} ≡ ϵ^{AI1...I7}

I_1 B I_2 C I_3 D I_4 I_5 I_6 I_7

≡ 420 ;^∘T_{DB} ≡ D B ≡ 36 (3.3.41)

To see this let us consider first eq.(3.3.39). In general a tensor of type T^A_{B[CD]} would have 8 × 8 × 28 components and contain several irreducible representations of SU(8). However, as a consequence of eq. (3.3.39) only the representations 420, 28 and 36 can appear. (see fig. 3.1). In addition, since the A tensor, being in the adjoint of SU(8), is traceless also the T -tensor appearing in (3.3.39) is traceless: T^A_{ABC} = 0. Combining this information with eq.(3.3.39) we obtain T^M_{[AB]M} = 0, (3.3.42)

Eq. (3.3.42) is the statement that the 28 representation appearing in fig. 1 vanishes so that the T^A_{B[CD]} tensor is indeed expressed solely in terms of the irreducible tensors (3.3.41). A similar

Figure 3.1. Decomposition of a tensor of type T^ABCD into irreducible representations

argument can be given to interpret the second T –identity (3.3.40). A tensor of type Z^{[ABEF ]}_{[CD]} contains, a priori, 70 × 28 components and contains the irreducible representations 1512, 420 and 28 (see fig. 3.2). Using eq.(3.3.40) one immediately sees that the representations 1512 and 28 must vanish and that the surviving 420 is proportional through a fixed coefficient to the 420 representations appearing in the decomposition of the T^A_{B[CD]} tensor. In view of this discussion, the T –identities can be rewritten as follows in the basis of the independent irreducible tensors ∘ T^A_{BCD} = T^A_{[BCD]} ;^∘T_{AB} = T^M_{AMB} (3.3.43)

The irreducible tensors 420 and 36 can be identified, through a suitable coefficient fixed by Bianchi identities, with the fermion shifts appearing in the supersymmetry transformation rules

Gaugings of N = 8 Supergravity in D = 4 62

Figure 3.2. Decomposition of a tensor of type Z^{CD}_{ABEF} into irreducible representations

(3.3.15): Σ^A_{BCD} = σ ∘ T^A_{BCD} ; S_{DB} = s^∘T_{DB} (3.3.44)

Finally, as shown by de Wit and Nicolai [91] the crucial Ward identity (3.3.18) is satisfied if and only if the ratio between the two constants in eq. (3.3.44) is:

s^2 σ^2 = 1 392 (3.3.45)

3.3.4 Algebraic characterization of the gauge group embedding G_{gauge} −→ SL(8, R)

As we have seen in the previous section the existence of gauged supergravity models relies on a peculiar pair of identities to be satisfied by the T –tensors. Therefore a classification of all possible gaugings involves a parametrization of all SL(8, R) subalgebras that lead to satisfied T –identities. Since the T –tensors are scalar field dependent objects it is not immediately obvious how such a program can be carried through. On the other hand since the problem is algebraic in nature (one looks for all Lie subalgebras of SL(8, R) fulfilling a certain property) it is clear that it should admit a completely algebraic formulation. It turns out that such an algebraic formulation is possible and actually very simple. Indeed the T –identities imposed on the T –tensors are nothing else but a single algebraic equation imposed on the embedding matrix E introduced in eq.(3.3.31). This is what we outline next.

To begin with we recall a general and obvious constraint to be satisfied by E which embeds a subalgebra of the SL(8, R) Lie algebra into its 28 irreducible representation: the vectors should be in the coadjoint representation of the gauge group. Hence under the reduction to G_{gauge} ⊂ SL(8, R) we must obtain the following decomposition of the entire set of the electric vectors: 28^{Ggauge}→ coadjG_{gauge} ⊕ R (3.3.46) where R denotes the subspace of vectors not entering the adjoint representation of G_{gauge} which is not necessarily a representation of G_{gauge} itself.

Next in order to reduce the field dependent T –identities to an algebraic equation on E we

Gaugings of N = 8 Supergravity in D = 4 63

introduce the following constant tensors:^7

t^{(1)}_{ΩΣ}^{ΠΓ}_{ΔΛ} ≡ ∑ α e^α_{ΩΣ} q^{ΠΓ}_{ΔΛ}(α) , t^{(2)}_{ΩΣ}^{ΠΓΔΛ} ≡ ∑ α e^α_{ΩΣ} p^{ΠΓΔΛ}(α) . (3.3.47)

In terms of t^{(1)} and t^{(2)} the field dependent T -tensor is rewritten as

T^A_{BCD} = (u^{ΩΣ}_{CD} + v_{ΩΣCD}) [ t^{(1)}_{ΩΣ}^{ΠΓ}_{ΔΛ} (u^{AM}_{ΠΓ} u^{ΔΛ}_{BM} − v^{AMΦΓ} v_{ΔΛBM} )

+t^{(2)}_{ΩΣ}^{ΠΓΔΛ} (u^{AM}_{ΠΓ} v^{ΔΛ}_{BM} − v^{AMΦΓ} u_{ΔΛBM} ) ] . (3.3.48)

By means of lengthy algebraic manipulations in [96] the following statement was shown to be true

Theorem 3.3.1. The field dependent T -identities are fully equivalent to the following

algebraic equation:

t^{(1)}_{ΩΣ}^{ΠΓ}_{ΔΛ} + t^{(1)}_{ΔΛ}^{ΠΓ}_{ΩΣ} + t^{(2)}_{ΠΓ}^{ΔΛΩΣ} = 0 , (3.3.49)

Here we omit the proof but we stress the relevance of the result. All possible gauged supergravities have been put into one-to-one correspondence with the inequivalent solutions of an algebraic equation to be satisfied by the embedding matrix.

The algebraic t–identity (3.3.49) is a linear equation imposed on the embedding matrix E. In [96] it was solved by means of a computer program yielding a 36–parameter solution. It was then shown that all the 36 parameters could be absorbed by means of conjugations with elements of the electric subgroup leaving only a finite discrete set of inequivalent solutions corresponding to as many inequivalent compact and non compact subalgebras of SL(8, R). In order to describe this result more explicitly we need to discuss the embedding of the electric group in some detail

3.3.4.1 Embedding of the electric subalgebra SL(8, R)

The Electric Sl(8, R) subalgebra is identified in E_{7(7)} by specifying its simple roots β_i spanning the standard A_7 Dynkin diagram. The Cartan generators are the same for the E_{7(7)} Lie algebra as for the SL(8, R) subalgebra and if we give β_i every other generator is defined. The basis we have chosen is the following one:

β_1 = α_2 + 2α_3 + 3α_4 + 2α_5 + 2α_6 + α_7 ; β_2 = α_1 β_3 = α_2 ; β_4 = α_3 β_5 = α_4 ; β_6 = α_6 β_7 = α_7

(3.3.50)

The complete set of positive roots of SL(8R) is then composed of 28 elements that we name ρ_i (i = 1, . . . , 28) and that are enumerated according to our chosen order in table 3.1.

Hence the 63 generators of SL(8, R) are:

The 7 Cartan generators C_i = H_{αi} i = 1, . . . , 7 The 28 positive root generators E^{ρi} i = 1, . . ., 28 The 28 negative root generators E^{−ρi} i = 1, . . ., 28

(3.3.51)

7 For example, in the de Wit–Nicolai theory, where one gauges Ggauge = SO(8) we have:

t^{(1)}_{ΩΣ}^{ΠΓ}_{ΔΛ} = δ^{[Π}_{[Δ}δ_{Λ][Ω}δ^{Γ]}_{Σ]} , t^{(2)}_{ΩΣ}^{ΠΓΔΛ} = 0 .

Gaugings of N = 8 Supergravity in D = 4 64

Table 3.1. The choice of the order of the SL(8, R) roots: ρ1 ≡ β2 ρ2 ≡ β2 + β3 ρ3 ≡ β2 + β3 + β4 ρ4 ≡ β2 + β3 + β4 + β5 ρ5 ≡ β2 + β3 + β4 + β5 + β6 ρ6 ≡ β3 ρ7 ≡ β3 + β4 ρ8 ≡ β3 + β4 + β5 ρ9 ≡ β3 + β4 + β5 + β6 ρ10 ≡ β4 ρ11 ≡ β4 + β5 ρ12 ≡ β4 + β5 + β6 ρ13 ≡ β5 ρ14 ≡ β5 + β6 ρ15 ≡ β6 ρ16 ≡ β1 + β2 + β3 + β4 + β5 + β6 + β7 ρ17 ≡ β2 + β3 + β4 + β5 + β6 + β7 ρ18 ≡ β3 + β4 + β5 + β6 + β7 ρ19 ≡ β4 + β5 + β6 + β7 ρ20 ≡ β5 + β6 + β7 ρ21 ≡ β6 + β7 ρ22 ≡ β1 ρ23 ≡ β1 + β2 ρ24 ≡ β1 + β2 + β3 ρ25 ≡ β1 + β2 + β3 + β4 ρ26 ≡ β1 + β2 + β3 + β4 + β5 ρ27 ≡ β1 + β2 + β3 + β4 + β5 + β6 ρ28 ≡ β7

and since the 56 × 56 matrix representation of each E_{7(7)} Cartan generator or step operator was constructed in section 4.5.4 it is obvious that it is in particular given for the subset of those that belong to the SL(8, R) subalgebra. The basis of this matrix representation is provided by the weights enumerated in table 4.4.

In this way we have concluded our illustration of the basis in which we have solved the algebraic t–identity. The result found in [96] by means of a computer programme is a 28 × 63 matrix: E(h, ℓ) −→ e^α_W (h, ℓ) (3.3.52) where the index W runs on the 28 negative weights of table 4.4, while the index α runs on all the SL(8, R) generators according to eq. (3.3.51). The matrix E(h, p) depends on 36 parameters that were named h_ii = 1, . . ., 8 and ℓ_ii = 1, . . ., 28, respectively. The distinction between the two sets of parameters is drawn in the following way: the 8 parameters h_i are those that never multiply a Cartan generator, while the 28 parameters ℓ_i are those that multiply at least one Cartan generator. In other words if we set all the ℓ_i = 0 the gauge subalgebra G_{gauge} ⊂ SL(8, R) is composed solely of step operators while if you switch on also the ℓ_i.s then some Cartan generators appear in the Lie algebra. This distinction is very useful in classifying the independent solutions.

Gaugings of N = 8 Supergravity in D = 4 65

3.3.5 Classification of gauge algebras

First we observe that the solution of t–identities encoded in the matrix E(h, ℓ) is certainly overcomplete since we are still free to conjugate any gauge algebra G_{gauge} with an arbitrary finite element of the electric group g ∈ SL(8, R): G^′_{gauge} = g G_{gauge} g^{−1} yields a completely physically equivalent gauging as G_{gauge}. This means that we need to consider the SL(8, R) transformations of the matrix E(h, ℓ) defined as:

∀ g ∈ SL(8, R) : g · E(h, ℓ) ≡ D_{28}(g^{−1}) E(h, ℓ) D_{63}(g) (3.3.53)

where D_{28}(g) and D_{63}(g) denote the matrices of the 28 and the 63 representation respectively. If two set of parameters {h, ℓ} and {h^′, ℓ^′} are related by an SL(8, R) conjugation, in the sense that: ∃g ∈ SL(8, R) : E(h^′, ℓ^′) = g · E(h, ℓ) then the theories described by {h, ℓ} and {h^′, ℓ^′} are the same theory. In other words what we need is the space of orbits of SL(8, R) inequivalent embedding matrices. Possible theories obtained by choosing a set of {h, ℓ} parameters are further restricted by the constraints that: the selected generators of SL(8, R) should close a Lie subalgebra G_{gauge} and that the selected vectors (=weights) should transform in the coadjoint representation Coadj (G_{gauge}). Hence the 28 linear combinations of SL(8, R) generators:

T_W ≡ e^α_W (h, ℓ) G_α (3.3.54)

must span the adjoint representation of a 28–dimensional subalgebra G_{gauge}(h, ℓ) ⊂ SL(8, R) algebra. Naming G_{gauge}(h, ℓ) the corresponding Lie subgroup, because of its very definition we have that the matrix E(h, ℓ) is invariant under transformations of G_{gauge}(h, ℓ), i.e. ∀γ ∈ G_{gauge}(h, ℓ) we have γ · E(h, ℓ) = E(h, ℓ).^8: Hence, fixing a matrix E(h, ℓ) and hence an algebra G_{gauge}(h, ℓ), by acting on it with SL(8, R) we obtain a 35–dimensional orbit of equivalent embedding matrices, parametrized by the elements of the coset manifold^{SL(8,}R^)_{Ggauge(h,ℓ)} , whose dimension is precisely 63 − 28 = 35.

Since the explicit solution of the algebraic t–identities has produced an embedding matrix E(h, ℓ) depending on no more than 36–parameters, then the only continuous parameter which is physically relevant is an overall constant, the remaining 35–parameters being reabsorbed by SL(8, R) conjugations. An essential and a priori unexpected conclusion follows from this discussion.

Proposition 3.3.1. The gauged N = 8 supergravity models cannot depend on more than a single continuous parameter (=coupling constant), even if they correspond to gauging a multidimensional abelian algebra

In other words what we have found is that the space of orbits we were looking for is a discrete space. The classifications of gauged supergravity models is just a classification of gauge algebras a single coupling constant being assigned to each case. This is considerably different from other supergravities with less supersymmetries, like the N = 2 case. There gauging a group G_{gauge} involves as many coupling constants as there are simple factors in G_{gauge}. This difference is an yield of supersymmetry and not of Lie algebra theory.

To classify the orbits and hence the gauged supergravity theories we consider invariants. The natural invariant associated with the embedding matrix E(h, ℓ) is the signature of the Killing– Cartan 2–form for the resulting gauge algebra G_{gauge}(h, ℓ). Consider the 28 generators (3.3.54)

8 Note that some of the 28 generators of Ggauge(h, ℓ) ⊂ SL(8, R) may be trivially represented in the adjoint representation, but in this case also the corresponding group transformations leave the embedding matrix invariant.

Gaugings of N = 8 Supergravity in D = 4 66

and define:

η_{W1W2} (h, ℓ) ≡ Tr (T_{W1} T_{W1} ) = e^α_{W1} (h, ℓ) e^β_{W2} (h, ℓ) Tr (G_α G_β) = e^α_{W1} (h, ℓ) e^β_{W2} (h, ℓ) B_{αβ} (3.3.55)

where the trace T r is taken over any representation and the constant matrix B_{αβ} ≡ Tr (G_α G_β) is the Killing–Cartan 2–form of the SL(2, R) Lie algebra. The 28 × 28 matrix is the Killing–Cartan 2–form of the gauge algebra G_{gauge}. As it is well known from general Lie algebra theory, by means of suitable changes of bases inside the same Lie algebra the matrix η_{W1W2} (h, ℓ) can be diagonalized and its eigenvalues can be reduced to be either of modulus one or zero. What cannot be done since it corresponds to an intrinsic characterization of the Lie algebra is to change the signature of η_{W1W2} (h, ℓ), namely the ordered set of 28 signs (or zeros) appearing on the principal diagonal when η_{W1W2} (h, ℓ) is reduced to diagonal form. Hence what is constant throughout an SL(8, R) orbit is the signature. Let us name Σ (orbit) the 28 dimensional vector characterizing the signature of an orbit. From our discussion we conclude that the classification of gauged N = 8 models has been reduced to the classification of the signature vectors Σ (orbit). In [96] it was shown that for generic values of h_i and ℓ_i the matrix η_{W1W2} (h, ℓ) has 28 × 28 non vanishing entries, while setting ℓ_i = 0 it becomes automatically diagonal and of the form:

η (h, ℓ = 0) =

diag { −h_7 h_8, h_1 h_6, h_2 h_6, −h_3 h_6 , h_4 h_6, −h_5 h_6, h_1 h_2, −h_1 h_3, h_1 h_4, −h_1 h_5, −h_2 h_5, h_3 h_5, −h_4 h_5, h_2 h_4, −h_2 h_3, −h_3 h_4, h_1 h_7, h_2 h_7, −h_3 h_7, h_4 h_7, −h_5 h_7, h_6 h_7, −h_1 h_8, −h_2 h_8, h_3 h_8, −h_4 h_8, h_5 h_8, −h_6 h_8 } (3.3.56)

Hence all possible signatures Σ (orbit) are obtained by assigning to the parameters h_i the values 1, −1, 0 in all possible ways. An explicit computer evaluation shows that for each signature there is a corresponding acceptable h vector such that the 28 generators (3.3.54) it singles out do close a Lie subalgebra. In this way we have obtained an exhaustive classification of supergravity gaugings that is displayed in eq.(3.2) This classification is a list of SL(8, R) Lie subalgebras identified by an acceptable h–vector and a corresponding signature of the Killing–Cartan form. This is denoted by writing the numbers n_+,n_−,n_0 of its positive, negative and zero eigenvalues. In addition we have also written the actual dimension of the gauge algebra namely the number of generators that have a non–vanishing representations or correspondingly the number of gauged vectors that are gauged (=paired to a non vanishing generator): By restricting the matrix e^α_W to the parameters h_i we can immediately write the correspondence between the vectors ⃗W^{(28+i)} and the generators of the gauge algebra that applies to all the gaugings we have classified above. This correspondence is summarized in table 3.3, where it suffices to substitute the corresponding values of h_i to obtain the generators of each gauge algebra expressed as linear combinations of the 56 positive and negative root step operators of SL(8, R).

3.3.6 The CSO(p, q, r) algebras

The classification of table 3.2 besides the obvious algebras SO(p, q) contains also the contracted algebras CSO(p, q, r). Since they are relevant to the gaugings of maximal supergravity both in D = 4 and D = 5 let me devote the present subsection to a brief description of their structure. Indeed the only difference between the D = 4 and D = 5 case is that in the former we have

Gaugings of N = 8 Supergravity in D = 4 67

Table 3.2. Classification of N = 8, D = 4 gaugings

Algebra n_+ n_− n_0 {h_1, h_2, h_3, h_4, h_5, h_6, h_7} dimension SO(8) 28 0 0 {1, 1, −1, 1, −1, 1, 1, −1} 28 SO(1, 7) 21 7 0 {1, 1, −1, 1, −1, 1, 1, 1} 28 SO(2, 6) 16 12 0 {−1, 1, −1, 1, −1, 1, 1, 1} 28 SO(3, 5) 13 15 0 {−1, −1, −1, 1, −1, 1, 1, 1} 28 SO(4, 4) 12 16 0 {−1, −1, 1, 1, −1, 1, 1, 1} 28 SO(5, 3) 13 15 0 {−1, −1, 1, −1, −1, 1, 1, 1} 28 SO(6, 2) 16 12 0 {−1, −1, 1, −1, 1, 1, 1, 1} 28 SO(7, 1) 21 7 0 {−1, −1, 1, −1, 1, −1, 1, 1} 28 CSO(1, 7) 0 0 28 {0, 0, 0, 0, 0, 0, 0, 1} 7 CSO(2, 6) 1 0 27 {−1, 0, 0, 0, 0, 0, 0, 1} 13 CSO(3, 5) 3 0 25 {−1, −1, 0, 0, 0, 0, 0, 1} 18 CSO(4, 4) 6 0 22 {−1, −1, 1, 0, 0, 0, 0, 1} 22 CSO(5, 3) 10 0 18 {−1, −1, 1, −1, 0, 0, 0, 1} 25 CSO(6, 2) 15 0 13 {−1, −1, 1, −1, 1, 0, 0, 1} 27 CSO(7, 1) 21 0 7 {−1, −1, 1, −1, 1, −1, 0, 1} 28 CSO(1, 1, 6) 0 1 27 {1, 0, 0, 0, 0, 0, 0, 1} 13 CSO(1, 2, 5) 1 2 25 {1, −1, 0, 0, 0, 0, 0, 1} 18 CSO(2, 1, 5) 1 2 25 {1, 1, 0, 0, 0, 0, 0, 1} 18 CSO(1, 3, 4) 3 3 22 {1, −1, 1, 0, 0, 0, 0, 1} 22 CSO(2, 2, 4) 2 4 22 {1, 1, 1, 0, 0, 0, 0, 1} 22 CSO(3, 1, 4) 3 3 22 {1, 1, −1, 0, 0, 0, 0, 1} 22 CSO(1, 4, 3) 6 4 18 {1, −1, 1, −1, 0, 0, 0, 1} 25 CSO(2, 3, 3) 4 6 18 {1, 1, 1, −1, 0, 0, 0, 1} 25 CSO(3, 2, 3) 4 6 18 {1, 1, −1, −1, 0, 0, 0, 1} 25 CSO(4, 1, 3) 6 4 18 {1, 1, −1, 1, 0, 0, 0, 1} 25 CSO(1, 5, 2) 10 5 13 {1, −1, 1, −1, 1, 0, 0, 1} 27 CSO(2, 4, 2) 7 8 13 {1, 1, 1, −1, 1, 0, 0, 1} 27 CSO(3, 3, 2) 6 9 13 {1, 1, −1, −1, 1, 0, 0, 1} 27 CSO(4, 2, 2) 7 8 13 {1, 1, −1, 1, 1, 0, 0, 1} 27 CSO(5, 1, 2) 10 5 13 {1, 1, −1, 1, −1, 0, 0, 1} 27 CSO(1, 6, 1) 15 6 7 {1, −1, 1, −1, 1, −1, 0, 1} 28 CSO(2, 5, 1) 11 10 7 {1, 1, 1, −1, 1, −1, 0, 1} 28 CSO(3, 4, 1) 9 12 7 {1, 1, −1, −1, 1, −1, 0, 1} 28 CSO(4, 3, 1) 9 12 7 {1, 1, −1, 1, 1, −1, 0, 1} 28 CSO(5, 2, 1) 11 10 7 {1, 1, −1, 1, −1, −1, 0, 1} 28 CSO(6, 1, 1) 15 6 7 {1, 1, −1, 1, −1, 1, 0, 1} 28

p + q + r = 8 why in the latter the condition is p + q + r = 6. So let the capital indices I, J, K, . . . run on a number n of values that can either be 8 or 6. The generators of SO(p, q) (with p+q = n) in the vector representation are

(G^{IJ} )^K_L = δ^{[K}_J η^{L]I} (3.3.57)

Gaugings of N = 8 Supergravity in D = 4 68

Table 3.3. Gauge group generators in N = 8 gaugings: Electric Gauge vector generator

⃗W^{(35)} ↔ h_2E_{−β2} − h_1E_{β2} ⃗W^{(36)} ↔ h_3E_{−β2−β3} + h_1E_{β2+β3} ⃗W^{(37)} ↔ h_4E_{−β2−β3−β4} − h_1E_{β2+β3+β4} ⃗W^{(38)} ↔ h_5E_{−β2−β3−β4−β5} + h_1E_{β2+β3+β4+β5} ⃗W^{(30)} ↔ h_6E_{−β2−β3−β4−β5−β6} − h_1E_{β2+β3+β4+β5+β6} ⃗W^{(45)} ↔ −h_7E_{−β2−β3−β4−β5−β6−β7} + h_1E_{β2+β3+β4+β5+β6+β7} ⃗W^{(51)} ↔ h_1E_{−β1} + h_8E_{β1} ⃗W^{(52)} ↔ h_2E_{−β1−β2} + h_8E_{β1+β2} ⃗W^{(53)} ↔ h_3E_{−β1−β2−β3} − h_8E_{β1+β2+β3} ⃗W^{(54)} ↔ h_4E_{−β1−β2−β3−β4} + h_8E_{β1+β2+β3+β4} ⃗W^{(55)} ↔ h_5E_{−β1−β2−β3−β4−β5} − h_8E_{β1+β2+β3+β4+β5} ⃗W^{(56)} ↔ h_6E_{−β1−β2−β3−β4−β5−β6} + h_8E_{β1+β2+β3+β4+β5+β6} ⃗W^{(29)} ↔ −h_7E_{−β1−β2−β3−β4−β5−β6−β7} − h_8E_{β1+β2+β3+β4+β5+β6+β7} ⃗W^{(43)} ↔ −h_3E_{−β3} − h_2E_{β3} ⃗W^{(42)} ↔ −h_4E_{−β3−β4} + h_2E_{β3+β4} ⃗W^{(39)} ↔ −h_5E_{−β3−β4−β5} − h_2E_{β3+β4+β5} ⃗W^{(31)} ↔ −h_6E_{−β3−β4−β5−β6} + h_2E_{β3+β4+β5+β6} ⃗W^{(46)} ↔ h_7E_{−β3−β4−β5−β6−β7} − h_2E_{β3+β4+β5+β6+β7} ⃗W^{(44)} ↔ h_4E_{−β4} + h_3E_{β4} ⃗W^{(40)} ↔ h_5E_{−β4−β5} − h_3E_{β4+β5} ⃗W^{(32)} ↔ h_6E_{−β4−β5−β6} + h_3E_{β4+β5+β6} ⃗W^{(47)} ↔ −h_7E_{−β4−β5−β6−β7} − h_3E_{β4+β5+β6+β7} ⃗W^{(41)} ↔ −h_5E_{−β5} − h_4E_{β5} ⃗W^{(33)} ↔ −h_6E_{−β5−β6} + h_4E_{β5+β6} ⃗W^{(48)} ↔ h_7E_{−β5−β6−β7} − h_4E_{β5+β6|β7} ⃗W^{(34)} ↔ h_6E_{−β6} + h_5E_{β6} ⃗W^{(49)} ↔ −h_7E_{−β6−β7} − h_5E_{β6+β7} ⃗W^{(50)} ↔ h_7E_{−β7} − h_6E_{β7}

where

η^{IJ} ≡ diag( p 1, . . . , 1, q −1, . . ., −1) . (3.3.58)

They satisfy [G^{IJ} , G^{KL}] = f^{IJ,KL}_{MN} G^{MN} (3.3.59) where f^{IJ,KL} MN = −2δ^{[I}_{[M} η^{J][K} δ^{L]}_{N]} . (3.3.60)

Their generalization, studied by Hull in the context of supergravity [61],[97] are the algebras CSO(p, q,r) with p + q + r = n, defined by the structure constants (3.3.60) with

η^{IJ} ≡ diag( p 1, . . . , 1, q −1, . . ., −1, r 0, . . ., 0) . (3.3.61)

Gauged supergravities in five dimensions and domain walls 69

Decomposing the indices I = (I, Î) I = 1, . . . , p + q, Î = p + q + 1, . . ., n , (3.3.62) we have that G^{IJ} are the generators of SO(p, q) ⊂ CSO(p, q, r) , while the r(r − 1)/2 generators G^{ÎĴ} are central charges [G^{IĴ} , G^{KL̂}] = 1 2 η^{IK} G^{ĴL̂} . (3.3.63)

They form an abelian subalgebra, and

SO(p, q) × R^{r(r−1)2} ⊂ CSO(p, q, r) . (3.3.64)

Notice that CSO(p, q, 1) = ISO(p, q). In the vector representation, the generators of the central charges are identically null (G^{ÎĴ} )^K_L = 0 , (3.3.65) while (G^{ÎJ} )^K_L = 1 2 δ^Î_Lη^{JK} ≠ 0 . (3.3.66)

It is worth noting that the Killing metric of SO(p, q, r) is K^{IJ,KL} = f^{IJ,MN}_{P Q} f^{KL,P Q}_{MN} = −6η^{K[I} η^{J]L} . (3.3.67) This notation is redundant, because the adjoint representation is n(n − 1)/2 dimensional. In the proper basis, K^{IJ,KL} I<J, K<L = −3η IK η^{JL} . (3.3.68)

This is a diagonal matrix of dimension n(n − 1)/2, with components η^{II} η^{JJ} . In general, the real sections of a given algebra are characterized by the signature of the Killing metric^9. We see that, for the CSO(p, q, r) algebras, the signature of the Killing metric is equivalent to the signature of the vector metric η^{IJ} . This explains why this tensor can give an intrinsic characterization of such algebras.

3.4 Gauged supergravities in five dimensions and domain walls

Recently the general form of gauged N = 2 supergravity in five–dimensions has been obtained. This occurred through the contributions of two groups of authors. In a first step Günaydin and Zagerman analysed the problem of gauging in presence of an arbitrary number of vector and tensor multiplets and in a series of papers [98, 99, 100] they established the key new features involved by the gauging procedure in this space-time dimension^{10} In a subsequent step Ceresole

9 for non semisimple groups, by signature we mean the number of positive, negative and null components of the metric in its diagonal form 10 These main features are those described in detail in section 3.4.2 and can be summarized as follows: (i) N=2 vector fields outside the adjoint have to be converted to massive tensor fields (ii) Tensor fields have to sit in a symplectic representation of the gauge group (iii) certain components of the dΛΣΓ tensor appearing in the Chern Simons coupling have to vanish when (gauged) tensor fields are present (iv) A certain group theoretical relation must exist between the above coefficients d and the symplectic representation matrices acting on the tensor fields

Gauged supergravities in five dimensions and domain walls 70

and Dall’Agata [101], utilizing the general methods of the geometrical gauging [91, 102, 79, 53], reconsidered the problem and succeeded in including also the coupling to hypermultiplets. Since N = 2, that corresponds to N_Q = 8 supercharges, is the minimal possible number of supersymmetries in a five–dimensional space–time, it is clear that this result is a relevant step in the quest for a minimal supersymmetrisation of the Randall Sundrum scenario of the second type. In the previous chapters I have already emphasized that this is the reason why I choose precisely this theory as an example of gauging in a non–maximal, matter coupled supergravity. I already pointed out that in maximal supergravities the number of available gauge vectors is fixed a priori and the possible gauge algebras fill a discrete set. In matter coupled supergravities, on the other hand, the number of vector multiplets varies and one has much more possibilities. If the number of supercharges N_Q is larger than eight the only available multiplets, beside the graviton multiplet, are the vector or tensor multiplets; furthermore, given their number n, the geometry of the scalar manifold is fixed and corresponds to a homogeneous space G_n/H_n. At N_Q = 8, instead, besides vector or tensor multiplets (that can be dualised to vector multiplets) one has also hypermultiplets so that the scalar manifold M_{scalar} = M_{vect.scal.} × M_{hyp.scal.} is the tensor product of two submanifolds containing the vector scalars and the hyper scalars respectively. As we have seen in sect.2.6, although severely constrained, the geometry of these two submanifolds is not completely fixed by supersymmetry and can vary within an ample class that contains both homogeneous and non homogeneous spaces. As I also recalled in section 2.6 there is a very close structural relation between N_Q = 8 supergravity in D = 4 and in D = 5 dimensions: the geometry of the hypermultiplet scalars is the same in both theories, namely quaternionic geometry (see sect.2.6.3) while the vector scalars fill a special Kähler complex manifold in D = 4 and a very special real manifold in D = 5. Dimensional reduction on a circle maps D = 5 theories into D = 4 theories and provides a map from very special to a subclass of special Kähler manifolds. Hence it is not surprising that the gauging procedure in D = 4 and D = 5 theories are extremely similar: yet there are some relevant differences that had to be clarified before one could extend the constructions of [79, 53] to one higher space–time dimensions. These differences have essentially to do with two specifically five–dimensional features:

a Very special, differently from special Kähler manifolds are real and non–symplectic. So there is no notion of a moment-map for isometries b In presence of gauging vector and tensor multiplets become physically distinct and the vector fields that are in a non trivial non–adjoint representation of the gauge group have to be dualised to massive self–dual 2–forms.

In this section I will describe the general form of the N = 2 gauging and compare it with the N = 8 gaugings in the same dimensions. In another recent publication [103] these latter have been obtained for all contracted and non contracted algebras establishing in D = 5 a complete classification of N = 8 gaugings fully parallel to that derived in [96] for the D = 4 case and described in the previous section 3.3.

To accomplish this programme my first care is to discuss the general idea of the moment map which constitutes an essential ingredient in the N = 2 case.

3.4.1 The Moment Map

The moment map is a construction that applies to all manifolds with a symplectic structure, in particular to Kähler, HyperKähler or quaternionic manifolds.

I begin with the Kähler case, namely with the moment map of holomorphic isometries which is the paradigma for all the other cases. It is also the additional weapon one can use in gauging

Gauged supergravities in five dimensions and domain walls 71

D = 4 supergravity while it is not available for D = 5 vector multiplets due to the real structure of very special geometry. The HyperKähler and quaternionic cases correspond, instead, to the moment map of triholomorphic isometries which equally applies to D = 4 and D = 5 theories.

3.4.1.1 The holomorphic moment map on Kähler manifolds

I assume some basic knowledge of Kähler geometry which can retrieved from any standard textbook. Let g_{ij}⋆ be the Kähler metric of a Kähler manifold M and let us assume that g_{ij}⋆ admits a non trivial group of continuous isometries G generated by Killing vectors k^i_I (I = 1, . . ., dim G) that define the infinitesimal variation of the complex coordinates z^i under the group action:

z^i → z^i + ϵ^Ik^i_I(z) (3.4.1)

Let k^i_I(z) be a basis of holomorphic Killing vectors for the metric g_{ij}⋆ . Holomorphicity means the following differential constraint:

∂_j∗ k^i_I(z) = 0 ↔ ∂_j k^{i∗}_I (z) = 0 (3.4.2)

while the generic Killing equation (suppressing the gauge index I):

∇_μk_ν + ∇_μk_ν = 0 (3.4.3)

in holomorphic indices reads as follows:

∇_ik_j + ∇_jk_i = 0 ; ∇_i∗ k_j + ∇_jk_i∗ = 0 (3.4.4)

where the covariant components are defined as k_j = g_{ji}∗ k^{i∗} (and similarly for k_i∗ ).

The vectors k^i_I are generators of infinitesimal holomorphic coordinate transformations δz^i = ϵ^Ik^i_I(z) which leave the metric invariant. In the same way as the metric is the derivative of a more fundamental object, the Killing vectors in a Kähler manifold are the derivatives of suitable prepotentials. Indeed the first of eq.s (3.4.4) is automatically satisfied by holomorphic vectors and the second equation reduces to the following one:

k^i_I = ig^{ij∗} ∂_j∗ P_I, P^∗_I = P_I (3.4.5)

In other words if we can find a real function P^I such that the expression ig^{ij∗} ∂_j∗ P_{(I)} is holomorphic, then eq.(3.4.5) defines a Killing vector.

The construction of the Killing prepotential can be stated in a more precise geometrical fashion through the notion of moment map. Let us review this construction.

Consider a Kählerian manifold M of real dimension 2n. Consider a compact Lie group G acting on M by means of Killing vector fields −→ X which are holomorphic with respect to the complex structure J of M; then these vector fields preserve also the Kähler 2-form L−→ X g = 0 ↔ ∇_{(μ}X_{ν)} = 0 L−→ X J = 0 } ⇒ 0 = L−→ X K = i−→ X dK + d(i−→ X K) = d(i−→ X K) (3.4.6) Here L−→ X and i−→ X denote respectively the Lie derivative along the vector field −→X and the contraction (of forms) with it.

If M is simply connected, d(i−→ X K) = 0 implies the existence of a function P−→ X such that − 1 2π dP−→ X = i−→ X K (3.4.7)

Gauged supergravities in five dimensions and domain walls 72

The function P−→ X is defined up to a constant, which can be arranged so as to make it equivariant: −→X P −→Y = P_[−→X_,−→Y_] (3.4.8) P−→ X constitutes then a moment map. This can be regarded as a map

P : M −→ R⊗ G^∗ (3.4.9)

where G^∗ denotes the dual of the Lie algebra G of the group G. Indeed let x ∈ G be the Lie algebra element corresponding to the Killing vector −→ X ; then, for a given m ∈ M μ(m) : x −→ P−→ X (m) ∈ R (3.4.10)

is a linear functional on G. If we expand −→X = a^Ik_I in a basis of Killing vectors k_I such that

[k_I, k_L] = f^K_{IL} k_K (3.4.11)

we have also P−→ X = a^IP_I (3.4.12)

In the following we use the shorthand notation L_I, i_I for the Lie derivative and the contraction along the chosen basis of Killing vectors k_I.

From a geometrical point of view the prepotential, or moment map, P_I is the Hamiltonian function providing the Poissonian realization of the Lie algebra on the Kähler manifold. This is just another way of stating the already mentioned equivariance. Indeed the very existence of the closed 2-form K guarantees that every Kähler space is a symplectic manifold and that we can define a Poisson bracket.

Consider eqs.(3.4.5). To every generator of the abstract Lie algebra G we have associated a function P_I on M; the Poisson bracket of P_I with P_J is defined as follows:

{P_I, P_J} ≡ 4πK(I, J) (3.4.13)

where K(I, J) ≡ K(⃗k_I, ⃗k_J) is the value of K along the pair of Killing vectors.

In reference [79] with D’Auria and Ferrara I proved the following lemma:

Lemma 3.4.1. The following identity is true:

{P_I, P_J} = f^L_{IJ} P_L + C_{IJ} (3.4.14)

where C_{IJ} is a constant fulfilling the cocycle condition

f^L_{IM} C_{LJ} + f^L_{MJ}C_{LI} + f^L_{JI} C_{LM} = 0 (3.4.15)

If the Lie algebra G has a trivial second cohomology group H^2(G ) = 0, then the cocycle C_{IJ} is a coboundary; namely we have C_{IJ} = f^L_{IJ} C_L (3.4.16)

where C_L are suitable constants. Hence, assuming H^2(G) = 0 we can reabsorb C_L in the definition of P_I:

P_I → P_I + C_I (3.4.17)

Gauged supergravities in five dimensions and domain walls 73

and we obtain the stronger equation {P_I, P_J} = f^L_{IJ} P_L (3.4.18) Note that H^2(G) = 0 is true for all semi-simple Lie algebras. Using eq.(3.4.14), eq.(3.4.18) can be rewritten in components as follows: i 2 g_{ij}∗ (k^i_Ik^{j∗}_J − k^i_Jk^{j∗}_I ) = 1 2 f^L_{IJ} P_L (3.4.19)

Equation (3.4.19) is identical with the equivariance condition in eq.(3.4.8).

3.4.1.2 The triholomorphic moment map on quaternionic manifolds Next, closely following the original derivation of [79, 45] I turn to a discussion of the triholomorphic isometries of the manifold QM associated with hypermultiplets. Both in D = 4 and in D = 5 supergravity QM is quaternionic and we can gauge only those of its isometries that are triholomorphic and that either generate an abelian group G or are suitably realized as isometries also on the special manifold SV^{11}. This means that on QM we have Killing vectors:

⃗k_I = k^u_I ⃗∂ ∂q^u (3.4.20)

satisfying the same Lie algebra as the corresponding Killing vectors on VM. In other words ^⃗k_I = k_{iI} ⃗∂_i + k_i^∗_I ⃗∂_{i∗} + k_{uI} ⃗∂_u (3.4.21)

is a Killing vector of the block diagonal metric:

ĝ = ( g^V_{ij} 0 0 h_{uv} ) (3.4.22)

defined on the product manifold VM ⊗ QM. Let us first focus on the manifold QM. Triholomorphicity means that the Killing vector fields leave the HyperKähler structure invariant up to SU(2) rotations in the SU(2)–bundle defined by eq.(2.6.48). Namely: L_IK^x = ϵ^{xyz}K^y W^z_I ; L_Iω^x = ∇W^x_I (3.4.23) where W^x_I is an SU(2) compensator associated with the Killing vector k^u_I . The compensator W^x_I necessarily fulfills the cocycle condition:

L_IW^x_J − L_JW^x_I + ϵ^{xyz}W^y_I W^z_J = f^{··L}_{IJ} W^x_L (3.4.24) In the HyperKähler case the SU(2)–bundle is flat and the compensator can be reabsorbed into the definition of the HyperKähler forms. In other words we can always find a map QM −→ L^x_y(q) ∈ SO(3) (3.4.25)

11 I anticipate the meaning of suitably realized to be discussed in later sections. By definitions the gauge vectors are in the coadjoint representation of the gauge groups. The vectors transform linearly under isometries as the sections XbI defining very special geometry. It follows that under the gauge algebra these latter must decompose in a coadjoint representation plus, possibly, another representation R. The vectors in the representation R must be dualised to massive self dual 2–forms

Gauged supergravities in five dimensions and domain walls 74 that trivializes the SU –bundle globally. Redefining: K^{x′} = L^x_y(q) K^y (3.4.26) the new HyperKähler form obeys the stronger equation: L_IK^{x′} = 0 (3.4.27) On the other hand, in the quaternionic case, the non–triviality of the SU–bundle forbids to eliminate the W –compensator completely. Due to the identification between HyperKähler forms and SU(2) curvatures eq.(3.4.23) is rewritten as:

L_IΩ^x = ϵ^{xyz}Ω^yW^z_I ; L_Iω^x = ∇W^x_I (3.4.28) In both cases, anyhow, and in full analogy with the case of Kähler manifolds, to each Killing vector we can associate a triplet P^x_I (q) of 0-form prepotentials. Indeed we can set: i_IK^x = −∇P^x_I ≡ −(dP^x_I + ϵ^{xyz}ω^yP^z_I ) (3.4.29) where ∇ denotes the SU(2) covariant exterior derivative.

As in the Kähler case eq.(3.4.29) defines a moment map: P : M −→ R^3 ⊗ G^∗ (3.4.30) where G^∗ denotes the dual of the Lie algebra G of the group G. Indeed let x ∈ G be the Lie algebra element corresponding to the Killing vector −→X ; then, for a given m ∈ M μ(m) : x −→ P−→ X (m) ∈ R^3 (3.4.31) is a linear functional on G. If we expand −→X = a^Ik_I on a basis of Killing vectors k_I such that [k_I, k_L] = f^K_{IL} k_K (3.4.32) and we also choose a basis i_x (x = 1, 2, 3) for R^3 we get: P−→ X = a^IP^x_I i_x (3.4.33) Furthermore we need a generalization of the equivariance defined by eq.(3.4.8) −→X ∘ P −→Y = P_[−→X_,−→Y_] (3.4.34) In the HyperKähler case, the left–hand side of eq.(3.4.34) is defined as the usual action of a vector field on a 0–form: −→X ∘ P −→Y = i−→X dP−→Y = X^u ∂ ∂q^u P−→ Y (3.4.35) The equivariance condition implies that we can introduce a triholomorphic Poisson bracket defined as follows:

{P_I, P_J}^x ≡ 2K^x(I, J) (3.4.36) leading to the triholomorphic Poissonian realization of the Lie algebra: {P_I, P_J}^x = f^K_{IJ} P^x_K (3.4.37)

Gauged supergravities in five dimensions and domain walls 75

which in components reads: K^x_{uv} k^u_I k^v_J = 1 2 f^K_{IJ} P^x_K (3.4.38)

In the quaternionic case, instead, the left–hand side of eq.(3.4.34) is interpreted as follows: −→ X ∘ P−→ Y = i−→ X ∇P−→ Y = X^u ∇_u P−→ Y (3.4.39)

where ∇ is the SU(2)–covariant differential. Correspondingly, the triholomorphic Poisson bracket is defined as follows:

{P_I, P_J}^x ≡ 2K^x(I, J) − λ ε^{xyz} P^y_I P^z_J (3.4.40) and leads to the Poissonian realization of the Lie algebra

{P_I, P_J}^x = f^K_{IJ} P^x_K (3.4.41)

which in components reads:

K^x_{uv} k^u_I k^v_J − λ 2 ε^{xyz} P^y_I P^z_J = 1 2 f^K_{IJ} P^x_K (3.4.42)

Eq.(3.4.42), which is the most convenient way of expressing equivariance in a coordinate basis was originally written in [79] and has played a fundamental role in the construction of supersymmetric actions for gauged N = 2 supergravity both in D = 4 [79, 53] and in D = 5 [101].

3.4.2 N = 2 gaugings and the composite connections

Equipped with the crucial geometric structure provided by the triholomorphic moment-map let us come to the problem of gauging a general N = 2 matter coupled supergravity as described by the bosonic lagrangian (2.6.73). To single out a viable gauge group we have to go through a few steps that have been derived by Günaydin and Zagerman in [98, 99, 100].

The first thing we have to consider is the isometry group G_{iso} of the special manifold SV_n. Later we have to see how it might be represented on the quaternionic manifold QM.

By definition the vectors are in the representation R of G_{iso}. What we can gauge is any n_V +1–dimensional subgroup G_g ⊂ G_{iso} such that certain conditions are satisfied. The conditions are:

a) The following branching must be true:

R^{Gg}=⇒ Coadj(G_g) ⊕ D_S (3.4.43)

where

b) D_S denotes some reducible or irreducible symplectic representation of the candidate gauge group G_g different from the coadjoint. By symplectic we mean the following. Let us decompose the range of the index Λ as in eq.(2.6.9) where

I = 1, . . ., n_V + 1 ≡ dim G_g (3.4.44)

runs on the coadjoint representation of the G_g Lie algebra whose generators we denote T_I with commutation relations [T_I , T_J] = f^K_{IJ} T_K (3.4.45)

Gauged supergravities in five dimensions and domain walls 76 and M = 1, . . . , n_T = dim D_S (3.4.46)

runs on a basis of the representation D_S . Let Λ^N_{IM} be the matrix representing the generator T_I in D_S :

T_I → Λ_I ; [Λ_I , Λ_J] = f^K_{IJ} Λ_K (3.4.47)

In order for the representation to be symplectic there must exist an antisymmetric n_T × n_T matrix Ω^T = −Ω that squares to minus the identity Ω^2 = −1 and such that:

∀T_I ∈ G_g Ω Λ_I + Λ^T_I Ω = 0 (3.4.48)

Indeed this ensures that our algebra G_g is a subalgebra of the symplectic algebra Sp(n_T , R).

c) The d_{ΛΣΓ} invariant tensor must decompose under G_g in the following way:

d_{ΛΣΓ} = d_{IJK} = Invariant tensor in the Coadj(G_g) d_{MN P} = 0 d_{MIJ} = 0 d_{MN I} = −^2_3 Ω_{MT} Λ^T_{IN}

(3.4.49)

d) The group G_g selected through the previous restriction must act as a triholomorphic isometry on the quaternionic manifold QM^{12}.

The rationale for the above requirements is the following. The reason for the requirement a) is the same as in four–dimensions. Since the gauge vectors are by definition in the coadjoint of the gauge algebra it is necessary that the representation to which the vectors are pre–assigned should contain the coadjoint of what we want to gauge. Note also that for semisimple groups adjoint and coadjoint representations are equivalent but this is no longer true in the case of non semisimple gauge algebras. An extreme possibility is provided by abelian algebras

A = U(1)^ℓ ⊗ R^m (3.4.50)

where we were careful to distinguish compact from non compact generators. In this case the coadjoint representation vanishes and any set of ℓ + m vectors can be used to gauge an algebra A that has vanishing action on the very special manifold SV_n. The rationale for the requirements b) and c) is instead related to the consistent coupling of massive 2–forms. Gauge vectors that are in non trivial representations of a gauge group different from the coadjoint representation are inconsistent with their own gauge invariance. To cure this problem we have to dualise them to massive self–dual 2–forms, satisfying: B^{M|μν} = mϵ^{μνρσλ}D_ρB^M_{σλ} . (3.4.51) where the covariant derivative is :

DB^M ≡ dB^M + gΛ^M_{IN} A^I ∧ B^N ≡ H^M (3.4.52)

This is possible only if the part of the Chern Simons term involving two B.s and one A can be reabsorbed in the kinetic term of the 2–forms that reads as follows: L^{kin}_B = 1 4 √ −g ϵ^{μνρσλ}B^M_{μν} D_ρB^N_{σλ} Ω_{MN} (3.4.53) 12 This last requirement is that spelled out by Ceresole and Dall’Agata in [101] who have extended to the D=5 case the methods and procedures of the geometrical gaugings originally introduced in [91, 102, 79, 53]

Gauged supergravities in five dimensions and domain walls 77

The last requirement (d) deals with the possible presence of hypermultiplets. In particular the action of G_g on the quaternionic manifold can be the identity action which is certainly triholomorphic. In this case the hypermultiplets are simply neutral with respect to the gauge group. Alternatively, we can consider an abelian algebra as in eq.(3.4.50) that has no action on the very special manifold but acts by non trivial triholomorphic isometries on the quaternionic manifold. Both of these are extreme cases that allow more freedom of choice for one of the two manifolds. The general case corresponds to a choice of G_g that acts non trivially both on SV_n and QM_m and respects conditions a)-d)

Assuming that the gauge algebra has been selected and satisfies the above criteria, the gauging procedure becomes smooth and fully parallel to the four–dimensional models we have already discussed. The essential point is always the same, namely the gauging of the scalar vielbein and of the composite connections acting on the fermion fields. In the case of maximal supersymmetry, where the scalar manifold is necessarily a homogeneous space G/H, these two gaugings are obtained in one stroke by gauging the Maurer–Cartan 1–forms, as it was done in eq.(3.3.33). In the non maximal case we have to do it separately and specifically for the different factors occurring in the scalar manifold. These latter are not necessarily coset manifolds but have a sufficiently special geometric structure to allow the generic construction of those ingredients that are necessary for the gauging of the composite connections, most relevant being the role of the triholomorphic moment-map.

Let us begin with the gauging of the scalar vielbein. This is equivalent to replacing the ordinary derivatives (or differentials) of the scalar fields with covariant ones, as follows:

Dϕ^i = dϕ^i + gA^Ik^i_I(ϕ) Dq^u = dq^u + gA^Ik^u_I (q) (3.4.54)

where g is the gauge coupling constant and k^i_I(ϕ), k^u_I (q) are the killing vectors expressing the action of the gauge algebra generators T_I on the two scalar manifolds:

δ_I ϕ^i = k^i_I(ϕ) δ_I q^u = k^u_I (q) (3.4.55)

Next we have the gauging of the composite connections. There are three of them corresponding to the three vector bundles of which the fermions are sections:

(i) The Levi–Civita connection Γ^i_j on the tangent bundle to the very special manifold T SV_n.

This enters because the gauginos λ^i_A carry a world index of the very special manifold, namely are sections of T SV_n (ii) The Sp(2m, R) connection Δ^{αβ}. This enters because the hyperinos ζ^α are sections of the Sp(2m, R) bundle over the quaternionic manifold QM. By definition this latter has reduced holonomy, so that the structural group of the tangent bundle T QM is SU(2) × Sp(2m, R), as we know from section 2.6.3.

(iii) The SU_R(2) connection of R–symmetry ω^{AB} This connection enters the game because both the gravitino ψ_A and the gauginos λ^i_A are sections of the SU (2)_R vector bundle in the fundamental doublet representation (the index A = 1, 2 denotes this fact). On the other hand the R–symmetry bundle is identified with the SU → QM bundle over the quaternionic manifold and this means that the connection ω^{AB} is the connection of the SU bundle describe in section 2.6.3.

In terms of the Killing vectors and of the the triholomorphic moment map P^x_I (q) and just following the original recipe developed in [79] and further clarified in [53] the gauging of the connections

Gauged supergravities in five dimensions and domain walls 78

is given:

T VS : tangent bundle Γ^i_j → Γ̂^i_j = Γ^i_j + g A^I ∂_j k^i_I SU : SU(2) bundle ω^x → ω̂^x = ω^x + g_R A^I P^x_I SU^{−1} ⊗ T QM : Sp(2m, R) bundle Δ^{αβ} → Δ̂^{αβ} = Δ^{αβ} + g A^I ∂_uk^v_I U^{u|αA} U^β_{v|A} (3.4.56) where g is the same gauge coupling constant as in eq.(3.4.54) while g_R is an additional coupling constant that allows to gauge or not to gauge the R-symmetry group SU (2). In the construction of the lagrangian and in checking the closure of the supersymmetry algebra it turns out that g and g_R are independent parameters [101].

3.4.3 The Fermion shifts and gravitino mass-matrix

Gauging the connections forces, through closure of the supersymmetry algebra, the inclusion of new non–derivative terms in the susy rules of the fermions that are completely analogous to their 4–dimensional counterparts of eq.s (3.2.3) and (3.2.5). Indeed as explained in sect.3.2 the gauging procedure of supergravity theories fits into a general and uniform pattern for all space–time dimensions D and for all number of supersymmetry charges N_Q. The gravitino transformation rule (2.6.16) becomes: δψ_{Aμ} = D_μ ϵ_A − 1 3 T^{ρσ}_{AB} ( g_{μρ} γ_σ − 1 8 ϵ_{μρσλν} γ^{λν} ) ϵ^B + S_{AB} ϵ^B (3.4.57)

where the gravitino mass matrix is given by:

S_{AB} = i g_R 1 6 X^I(ϕ) P^x_I (q) (σ^x)^C_A ϵ_{BC} (3.4.58)

while the transformation rules of the spin 1/2 fermions have been determined by Ceresole and dall’Agata (see [101]) to have, apart from some trivial choice of normalizations, an identical form to their counterparts in D = 4 N = 2 supergravity (see [79, 53]). Indeed one finds:

δζ^α = derivative terms + Σ^{α|A} ϵ_A δλ^{iA} = derivative terms + Σ^{iA|B} ϵ_B (3.4.59)

where the fermion shifts take the following explicit form: Σ^{iA|B} = gϵ^{AB} W^i + g_RW^{iAB} W^i = 1 2 k^i_IX^I (3.4.60)

W^{iAB} = i 1 2 (σ_x)^B_C ϵ^{CA}P^x_I g^{ij}f^I_j

Σ^{α|A} = g ϵ^{AB} N^α_B

N^α_B = 1 2 U^B_{αu} k^u_I X^I (3.4.61)

Indeed if one compares eq.s (3.4.58),(3.4.61) with their 4–dimensional counterparts given in eq.s (8.23) of [53] one sees that (apart from the overall normalization which can be reabsorbed into the normalization of the corresponding fermionic field) the two sets of formulae are identical upon the replacement of the complex section L^Λ(z) of special Kähler geometry with the real section

Gauged supergravities in five dimensions and domain walls 79

X^I(ϕ) of very special geometry. The other noteworthy difference is that in D = 4 the index Λ runs on the whole set of n + 1 values, n being the dimension of the special Kähler manifold. In five dimensions, instead, the index I runs on the n_V + 1 subset of values corresponding to the gauged vectors while the total dimension of the very special space is n_V + n_T . The remaining n_T dimensions are, as we know, associated with the massive self-dual 2–forms.

In five as in all other dimensions supersymmetry imposes a Ward identity that is the straightforward generalization of eq.(3.2.6) namely: α S^{AB} S_{BC} − β K_{ij}Σ^{i|A}Σ^{j|B} ϵ_{BC} = − δ^A_C V (3.4.62) where K_{ij} is the kinetic matrix of the spin 1/2 fermions and α and β are just numerical coefficients that differ from their analogues in 4–dimensions only because of the differences in Lorentz algebra and γ-matrix manipulations. Verifying such an identity whose explicit form is not written down in their paper, the authors of [101] have proved the supersymmetry of the gauged action and calculated the final form of the potential that reads as follows:

V = g^2 [ X^I X^J ( k^i_Ik^j_J g_{ij} + k^u_I k^v_J h_{uv} )] − 4 g^2_R [( 1 3 X^I X^J −^1_4 g^{ij}f^I_i f^J_j ) P^x_I P^x_J ] (3.4.63)

in terms of the moment-map (3.4.29) and of the section X^I of very special geometry and its derivative f^I_i = ∂_iX^I (see eq.s(2.6.26).

3.4.4 The scalar potential, supersymmetry breaking and domain walls

We can now summarize the results of the previous section writing the general form of the bosonic lagrangian for a general gauged N = 2, D = 5 supergravity. The ungauged action (2.6.73) is replaced by the following gauged one: L^{(gauged)} (D=5,N =2) = √ −g ( 2 R − 1 2 N_{IJ}(ϕ)F^I_{μν} F^{J|μν}

+ g_{ij}(ϕ) ∂_μϕ^i ∂^μ ϕ^j + h_{uv}(q) ∂_μq^u ∂^μ q^v − V(ϕ, q) ) + ( 1 4 d_{IJK} F^I_{μν} F^J_{ρσ} A^K_τ + 1 2 Ω_{MN} B^M_{μν} D_ρ B^N_{στ} ) ϵ^{μνρστ} (3.4.64)

where the potential V(ϕ, q) is that given in eq.(3.4.63).

General pattern of supersymmetry breaking in D = 5 Following the general discussion of eq.s (3.2.17) in N -extended D = 5 supergravity a conventional vacuum configuration ϕ_0 that preserves N_0 supersymmetries is characterized by the existence of N_0 vectors ρ^A_{(ℓ)} (ℓ = 1, . . ., N_0) of USp(N ), such that

S_{AB} (ϕ_0) ρ^A_{(ℓ)} = e^{iθ} √_{|V(ϕ0)|} 48 ρ_{A(ℓ)} ,

Σ^i_A (ϕ_0) ρ^A_{(ℓ)} = 0 , (3.4.65)

where θ is an irrelevant phase, V is the scalar potential and S_{AB} is the gravitino mass-matrix, uniformly defined for all N by eq.(3.4.57).

Gauged supergravities in five dimensions and domain walls 80

3.4.4.1 Properties of the N = 2 potential and anti de Sitter vacua

As it was already pointed out in chapter 1, the embedding of the Randall–Sundrum scenario inside a supersymmetric five–dimensional field theory requires that the following schematic situation should be realized:

• The candidate theory admits at least two different anti de Sitter vacua with the same vacuum energy, namely two extrema of the scalar potential ϕ^{[1]}_0 and ϕ^{[2]}_0 with 0 > V ( ϕ^{[1]}_0 ) = V ( ϕ^{[2]}_0 ) • The two AdS vacua ϕ^[_01] and ϕ^[_02] are stable, that is the spectrum of small fluctuations around these points satisfies the Breitenlöhner Friedman bound^{13} • There exists a smooth domain wall solution interpolating between these two vacua.

In view of these facts it is specifically interesting to survey the conditions for the existence of anti de Sitter vacua. According to our general discussion following eq.(3.2.1) we have anti de Sitter vacua if V(q_0, ϕ_0) < 0 for V^′(q_0, ϕ_0) = 0. Thus it is straightforward to see that the only contribution which can allow for such solutions is the term V = − 4 3 g^2_RX^I X^J P^x_I P^x_J + positive contributions (3.4.66)

coming from the R–symmetry gauging of the gravitinos. Indeed this is the only negative contribution to the potential. This implies that a simple Yang–Mills gauging, even in presence of both tensor and hypermultiplets, does not allow any anti de Sitter solution.

We can briefly analyze various cases.

a) If we set m = 0 there are no hypermultiplets and the quaternionic manifold disappears.

Correspondingly, as already noted in [79, 53] for the 4-dimensional case, the killing vector k^u_I is zero while the triholomorphic moment maps are SU(2) Lie algebra valued constants ξ^r_I that, because of eq.(3.4.42), must satisfy the condition:

g f^K_{IJ} ξ^r_K =^1_2 g_R e^{rst} ξ^s_I ξ^t_J (3.4.67)

Generically the ξ^r_I break SU(2) → U(1). If the gauge group G contains a subgroup SU (2), this can be identified with the R–symmetry group setting ξ^r_I = δ^r_I .

a1) If at m = 0 one makes the choice ξ_I = (0, V_I, 0), the condition (3.4.67) reduces to

f^K_{IJ}V_K = 0 (3.4.68)

As already noted in [79, 53] for the four–dimensional case this is the Fayet–Iliopoulos phenomenon which corresponds, in mathematical language to the possibility of lifting the moment-maps to a non zero level for all the generators belonging to the center of the gauge Lie algebra.

b) If we both set m = 0, namely we include no hypermultiplet but we also set n_T = 0 namely we consider only vector fields in the coadjoint representation of the gauge group (i.e. the symplectic representation D_S of the massive two forms is deleted), then one can easily prove that X^I k^i_I = 0 (3.4.69)

13 For a review of this bound see for instance [67] Volume I

Gauged supergravities in five dimensions and domain walls 81

This implies that the scalar potential 3.4.63 reduces to: V = − 1 3 , g^2_R [ 4 W^2 − 3g^{ij}∂_iW ∂_j W ] (3.4.70)

W (ϕ) ≡ V_IX^I(ϕ) (3.4.71)

the constant coefficients V_I being those introduced above and satisfying the consistency condition (3.4.68). The interesting thing about the potential (3.4.70) is that it follows in the general class of potentials of the form: V = −α^2 [ (D − 1) W^2 − (D − 2)g^{ij} ∂_iW ∂_j W ] (3.4.72)

where W (ϕ) is a real function named the superpotential, D denotes the space–time dimensions and g^{ij} is the positive definite kinetic metric of the scalar fields. In [104] Townsend has shown that the structure (3.4.72) is precisely that required for vacuum stability. This is an encouraging starting point for the search of domain wall solutions fitting the Randall Sundrum scenario but unfortunately all attempts in this direction have so far been rebuked. There is actually a negative result due to Kallosh and Linde [105] that excludes such solutions within this class of models and also within the larger class that includes also tensor multiplets n_T ≠ 0. This result does not exclude, for the time being cases involving also the hypermultiplets, where the situation is still not completely clarified.

c) If we set n_V +n_T = 0 there are no vector multiplets and we have simply hypermultiplets. Then X^0 = 1 and there is just one gauge vector: the graviphoton whose action on the quaternionic manifold is described by the triholomorphic Killing vector k^u_0 The potential is still non–zero and becomes V = g^2 k^u_I k^v_J h_{uv} − g^2_R 4 3 P^x_0 P^x_0 (3.4.73)

which in principle can admit anti de Sitter vacua.

d) Pure 5–dimensional supergravity is retrieved as a subcase of the above case setting also the number of hypermultiplets to zero.

3.4.5 Comparison with the N = 8 gaugings

It is quite instructive to make a comparison of the gauged N = 2 theory with the gaugings of the five dimensional N = 8 theory described in section 2.6.

The main issue is the choice of the gauge group. Here the isometry of the scalar manifold is E_{6(6)} and the 27 vectors (prior to gauging) sit in the fundamental representation of E_{6(6)} which is precisely 27–dimensional. In full analogy to eq.(3.4.43) the gauge algebra G must be chosen in such a way that: 27^{G⊂E(6)6}

−→ Coadj (G) ⊕ D_S (3.4.74)

where D_S is a symplectic representation of G. It turns out that this request is satisfied if and only if G is a fifteen–dimensional subgroup of SL(6, R) ⊂ E_{(6)6} whose adjoint is identified with the 15 representation of SL(6, R). Indeed the 27 of E_{(6)6} decomposes under

SL(6, R) × SL(2, R) ⊂ E_{(6)6} (3.4.75) as 27 −→ (15, 1) ⊕ (6, 2) (3.4.76)

Gauged supergravities in five dimensions and domain walls 82

(for example, L^{AB}_Λ −→ (L^{IJAB}, L^{AB}_{Iα} )) so that the property (3.4.74) is satisfied, (6, 2) being the requested symplectic representation D_S. The subgroups of SL(6, R) whose adjoint is the 15 of SL(6, R) are the SO(p, q) groups with p + q = 6 and their contractions CSO(p, q, r) (see section 3.3.6 for the relevant definitions). The possible gaugings are then restricted to these groups. The normalizer in E_{(6)6} of all these groups is the same as the normalizer of SL(6, R), namely SL(2, R). Therefore this latter is the residual global symmetry for all possible gaugings. The 27 vectors A^Λ are then decomposed into the vectors A_{IJ} in the (15, 1), that gauge G, and the vectors in the (6, 2), which do not gauge anything and are then forced to be dualised into two–forms B^{Iα}. In comparison with the N = 2 case we see that the pair of indices Iα is the analogue of the symplectic index M while the antisymmetric pair of indices IJ is the analogue of the index I labeling the gauge group generators.

The fifteen generators G^{IJ} of G can be expressed as linear combinations of the 35 generators G_r (r=1, . . .35) of SL(6, R): G^{IJ} = G_r e^{rIJ} where e^{rIJ} is the embedding matrix which describes the embedding of G into SL(6, R). This is fully analogous to the embedding matrix used in the gaugings of maximal D = 4 supergravity (see eq.(3.3.31). For all the admissible cases in the fundamental 6–dimensional representation the generators of the gauge group G take the form [106] (G^{IJ} )^K_L = δ^{[I}_L η^{J]K} (3.4.77)

where η^{JK} is a diagonal matrix with p eigenvalues equal to 1, q eigenvalues equal to (−1) and, only in the case of contracted groups, r null eigenvalues. This signature completely characterizes the gauge groups and correspondingly the gauged theory. From (3.4.77) one can build the generators of G ⊂ E_{(6)6} in the 27 representation of E_{(6)6}, namely some suitable matrices (G^{IJ} )^Σ_Λ . According to the general framework outlined in section 3.3.3, in presence of gauging, the composite H– connection of USp(8) and the scalar vielbein, defined in (2.6.12) are replaced by their gauged analogues:

L^{−1 Λ}_{AB} dL^{AB}_Λ + g(L^{−1})^Λ_{AB} (G^{IJ} )^Σ_Λ L^{CD}_Σ AIJ =^^Q^{CD}_{AB} +^^P^{CD}_{AB} , (3.4.78)

where g is the gauge coupling constant. The covariant USp(8) derivative of a field V_A is defined as ∇V_A = DV_A + Q̂^B_A ∧ V_B (3.4.79)

where D is the Lorentz–covariant exterior derivative. The covariant derivative with respect to G of a field V^I in the 6 of SL(6, R) is instead defined as follows:

DV^I ≡ ∇V^I + g(G^{KL})^I_J A_{KL} ∧ V^J . (3.4.80)

The decomposition of the field content of maximal supergravity according to the gauge and R– symmetry group representations is given in table 3.4 The solution of superspace Bianchi identities leading to a closed supersymmetry algebra that implies consistent supersymmetric field equations has been recently obtained in [103] and shown to exist for all SO(p, q) and CSO(p, q, r) algebras. The first set of semisimple gaugings had been constructed long ago by Gunaydin and Warner [106]. The non semisimple gaugings CSO(p, q, r) are instead new, since they appear to be theories similar to type IIB supergravity where only the field equations exist but it is not easy to write a conventional action. What is important is that, irrespectively of the choice of the gauge group within the allowed class we can write the fermion shifts and the scalar potential. For the gravitino mass–matrix we find: S_{AB} = − 2 45 g T_{AB} (3.4.81)

On the quest for supersymmetric brane worlds 83

Table 3.4. The field content of maximal D = 5 supergravity

# Field (SU(2) × SU(2)) –spin rep. USp(8) rep. G rep. 1 V^a (1, 1) 1 1 8 ψ^A (1, 1/2) ⊕ (1/2, 1) 8 1 15 A_{IJ} (1/2, 1/2) 1 15 12 B^{Iα} (1, 0) ⊕ (0, 1) 1 6 ⊕ 6 48 χ^{ABC} (1/2, 0) ⊕ (0, 1/2) 48 1

42 L^{AB}_Λ (ϕ) (0, 0) 27 27

while for the dilatino shifts we have:

δξ_{ABC} = derivative terms + Σ^D_{ABC} ϵ_D Σ^D_{ABC} = g 1 √ 2 A^D_{ABC} (3.4.82)

Both structures are extracted from the gauge Maurer Cartan equations, in particular from the USp(8) tensors:

Y^{AB}_{CDEF} ≡ L^{−1 Λ}_{CD} (G^{IJ} )^Σ_Λ L^{AB}_Σ L^{−1}_{EF IJ} (3.4.83) Y^±_{ABCDEF} ≡ 1 2 (Y_{ABCDEF} ± Y_{CDABEF} ) (3.4.84) T^A_{BCD} ≡ Y^{AF}_{BF CD} . (3.4.85) Indeed we have: and the tensors T_{AB} (ϕ), A^D_{ABC} (ϕ) are defined as^{14}

T_{AB} = T^C_{ACB}, A^D_{ABC} = T^D_{[ABC]|} . (3.4.86)

Then, from the general Ward identity (3.4.62) one finds the scalar potential that reads:

V = −4 g^2 [ 2 675 T_{AB} T^{AB} − 1 96 A_{ABCD}A^{ABCD} ] . (3.4.87)

As the reader can see all this is completely analogous to the construction of the N = 8 gaugings described in section 3.3 and parallels the construction of the matter coupled N = 2 gauged theory in all respects.

3.5 On the quest for supersymmetric brane worlds

Unfortunately a careful analysis of the scalar potentials (3.4.87) and (3.4.63) in the case of non semisimple, non compact gauge algebras is not available at the moment. This is not due to conceptual problems but simply to the fact that such an analysis has not been done yet. It

14 [. . .]| denotes the symplectic traceless antisymmetrization.

On the quest for supersymmetric brane worlds 84

is clearly a programme that will be accomplished soon. Indeed there are many reasons, in my opinion, to believe that this is the right corner where to look for possible embeddings of brane world solutions within a supersymmetric theory. This is mainly due to the close relationship between partial supersymmetry breaking mechanisms and non compact gaugings. Of this relation there are many examples in the existing literature, in particular in N = 2, D = 4 supergravity [89, 90, 87, 88]. On the other hand it appears to me that the same properties of the scalar potential and of the fermion shifts that allow for the existence of non trivial Killing spinors are those that might allow for suitable non trivial brane–world like solutions of the bosonic field equations. An indirect argument to support this viewpoint comes from the combination of two recent developments related to Kaluza Klein consistent truncations. The first result obtained in [107] is the following. Consider the compactification of type IIB supergravity on AdS_5 × S^5 and the infinite tower of Kaluza Klein supermultiplets. If one truncates to the massless modes the resulting theory is D = 5 maximal supergravity with the compact gauging SO(6). Its potential is encoded in eq.(3.4.87) with the appropriate choice of the embedding matrix (3.4.77). It was known that this theory does not support any Randall-Sundrum brane world solution. However if one truncates to a larger theory that includes also the massive multiplet corresponding to the S^5 breathing mode then the situation is reversed and a supersymmetric realization of the Randall- Sundrum brane world can be found. The second result was derived in [13, 14] and goes as follows. Considering the entire Kaluza Klein spectrum of M–theory compactifications on AdS_4 ×X^7 where X^7 is some compact 7-manifold one finds that there are massive multiplets with rational conformal dimensions that are linked to the massless multiplets by a curious and very general pairing named shadowing. One can prove that the truncation to the massless graviton multiplet plus its massive shadow is always a consistent truncation. Furthermore the shadow multiplet always contains the breathing mode considered in [107]. In the case of N = 3 compactifications it turns out that the shadow multiplet is a massive gravitino multiplet so that the consistent truncation that includes the shadow, being the union of an N = 3 massless graviton multiplet with a massive gravitino multiplet looks like a spontaneously broken version of an N = 4 theory. However it was shown in [13] that no existing version of gauged N = 4 supergravity can encode the breaking pattern realized by the Kaluza Klein spectrum. It is a really recent result to be published in a forthcoming paper [108] that the appropriate N = 4 theory realizing the Kaluza Klein breaking pattern has been found. It is a very particular instance of non compact non semisimple gauging. This concludes my heuristic argument. Combining these two informations one has a strong hint that brane world solutions are related to partial supersymmetry breaking mechanisms and that both are embedded in supergravity theories where a non semisimple solvable algebra has been gauged. In view of this it appears quite mandatory that the structure of the potentials (3.4.87) and (3.4.63) should be carefully analyzed in the case of non semisimple gaugings. The best approach to this analysis seems to be provided by the solvable parametrizations of the scalar coset manifolds (see section 2.3) where the coset representatives are always polynomials and where the correspondence between scalar fields and compactified Ramond and Neveu Schwarz p-forms is quite effective and punctual (see table 4.3)

Chapter 4

Solvable Lie Algebras in supergravity and superstrings

4.1 Introduction: gaugings versus BPS black hole classification

In the previous chapters I have illustrated the geometric structures that underlie supergravity lagrangians, emphasizing that they are essentially dictated by the number of supercharges N_Q and by the dimensionality D of space–time. So doing I tried to illustrate the interplay between the geometry of the scalar manifold in ungauged supergravity and the possible choices of a gauging, which is generically triggered by the near brane geometry of any p–brane configuration.

A fundamental problem that remains so far open is that of giving a Dp–brane interpretation to all the compact and non compact gaugings of supergravities in diverse dimensions. Conversely one would like to predict the gauged supergravity in p+2–dimensions of which the the near brane geometry of a p–brane is a classical solution.

Although the solution of such a problem is unknown at the present time I want to stress that there is a very similar problem which was instead completely solved, at least in the case of the maximal number of supercharges N_Q = 32. I refer to the classification of all BP S black– hole solutions of N = 8 supergravity and to their microscopic interpretation in terms of Dp– brane configurations. Since the pioneering work on supersymmetric black holes of the middle nineties [111, 116, 115, 114, 113] and the statistical interpretation of the Bekenstein Hawking entropy in terms of D–brane microstates found in 1995 by Strominger and Vafa [112], it became evident that a classification of BP S black hole solutions in four dimensions and a derivation of their geometry from microscopic Dp–brane configurations was an essential step forward in understanding quantum gravity. The essential point in such a programme is the need to master the U–duality transformations that map Ramond states into Neveu Schwarz ones and extend the S × T duality transformations respecting the two sectors of superstrings but relating type IIA to type IIB p–branes. At the level of supergravity all such transformations are part of the isometry group G_{iso} of the scalar manifold, while at the microscopic superstring level they play well distinguished roles. Hence a necessary bridge to relate microscopic superstring physics to macroscopic classical solutions of supergravity is given by a some suitable treatment of the scalar manifold able to separate Ramond from Neveu Schwarz directions. For all supergravities where M_{scalar} is a homogeneous coset manifold the appropriate tool is provided by the so called Solvable Lie algebra parametrization of the non compact coset G/H. In particular, as anticipated in chapter 2 the sequential toroidal compactifications of either type IIA or type IIB superstrings can be algebraically understood in terms of certain very specific chains of Solvable Lie algebras.

Solvable Lie algebras: NS and RR scalar fields 86

This approach, established in [54, 55, 63], was further extended by Bertolini and Trigiante [120] who succeed [118, 119, 120, 121] in deriving a general five parameter dependent solution for N = 8 black holes preserving^1_2 of the supersymmetry and relating it in a well defined way to Dp–brane configurations characterized by Ramond charges and angles between the branes. The essential token in such a derivation was indeed the Solvable Lie algebra technology leading to an algebraic characterization of scalar and vector fields which can be made so precise as to associate each component of the compactified metric and p + 1 forms to the various roots and weights of the U–duality group.

It is quite natural to think that the same technology that links microscopic Dp–configurations to black solutions should link classical domain walls of gauged supergravities in p + 2 dimensions to their microscopic description in terms of D–brane systems. For this reason I devote the last chapter of my lectures to a review of this general algebraic framework relating the superstring origin of supergravity (and hence of its p–brane solutions) to its scalar geometry.

4.2 Solvable Lie algebras: NS and RR scalar fields

Let us name G = U_{(D,N )}, H = H_{(D,N )} the isometry and isotropy groups, respectively, that define the scalar coset manifold in D–dimensional, N –extended supergravity. The exciting developments of the second string revolution have started from the conjecture [1] that an appropriate restriction to integers U_{(D,N )}(Z) of the Lie group U_{(D,N )} is an exact non perturbative symmetry of string theory. Eventually it permutes the elementary, electric states of the perturbative string spectrum with the non perturbative BPS saturated states like the magnetic p–branes of various type. This U–duality unifies S–duality (strong–weak duality) with T–duality (large–small radius duality).

As discussed in [54, 55], utilizing a well established mathematical framework [56], in all these cases the scalar coset manifold U/H can be identified with the group manifold of a normed solvable Lie algebra:

U/H ∼ exp[Solv] (4.2.1) The representation of the supergravity scalar manifold M_{scalar} = U/H as the group manifold associated with a normed solvable Lie algebra introduces a one–to–one correspondence between the scalar fields ϕ^I of supergravity and the generators T_I of the solvable Lie algebra Solv (U/H). Indeed the coset representative L(U/H) of the homogeneous space U/H is identified with:

L(ϕ) = exp[ϕ^I TI ] (4.2.2)

where {T_I } is a basis of Solv (U/H).

As a consequence of this fact the tangent bundle to the scalar manifold T M_{scalar} is identified with the solvable Lie algebra: T M_{scalar} ∼ Solv (U/H) (4.2.3) and any algebraic property of the solvable algebra has a corresponding physical interpretation in terms of string theory massless field modes.

Furthermore, the local differential geometry of the scalar manifold is described in terms of the solvable Lie algebra structure. Given the euclidean scalar product on Solv: < , > : Solv ⊗ Solv → R (4.2.4) < X, Y > = < Y, X > (4.2.5) the covariant derivative with respect to the Levi Civita connection is given by the Nomizu operator [57]: ∀X ∈ Solv : IL_X : Solv → Solv (4.2.6)

Non compact cosets and solvable Lie algebras: the general setup 87 ∀X, Y, Z ∈ Solv : 2 < Z, IL_X Y > = < Z, [X, Y ] > − < X, [Y, Z] > − < Y, [X, Z] > (4.2.7) and the Riemann curvature 2–form is given by the commutator of two Nomizu operators:

< W, {[IL_X , IL_Y ] − IL_{[X,Y ]}}Z >= R^W_Z (X, Y ) (4.2.8)

In the case of maximally extended supergravities in D = 10 − r dimensions the scalar manifold has a universal structure: U_D H_D = E_{r+1(r+1)} H_{r+1}

(4.2.9)

where the Lie algebra of the U_D–group E_{r+1(r+1)} is the maximally non compact real section of the exceptional E_{r+1} series of the simple complex Lie Algebras and H_{r+1} is its maximally compact subalgebra [58]. As shown in [54, 55], the manifolds E_{r+1(r+1)}/H_{r+1} share the distinctive property of being non–compact homogeneous spaces of maximal rank r + 1, so that the associated solvable Lie algebras, such that E_{r+1(r+1)}/H_{r+1} = exp [ Solv_{(r+1)} ] , have the particularly simple structure:

Solv (E_{r+1}/H_{r+1}) = H_{r+1} ⊕_{α∈Φ}+_{(Er+1)} E^α (4.2.10)

where E^α ⊂ E_{r+1} is the 1–dimensional subalgebra associated with the root α and Φ^+(E_{r+1}) is the positive part of the E_{r+1}–root–system.

The generators of the solvable Lie algebra are in one to one correspondence with the scalar fields of the theory. Therefore they can be characterized as Neveu Schwarz or Ramond Ramond depending on their origin in compactified string theory. From the algebraic point of view the generators of the solvable algebra are of three possible types:

(i) Cartan generators (ii) Roots that belong to the adjoint representation of the D_r ≡ SO(r, r) ⊂ E_{r+1(r+1)} subalgebra (= the T–duality algebra) (iii) Roots which are weights of an irreducible representation of the D_r algebra.

The scalar fields associated with generators of type 1 and 2 in the above list are Neveu–Schwarz fields while the fields of type 3 are Ramond–Ramond fields.

In the r = 6 case, corresponding to D = 4, there is one extra root, besides those listed above, which is also of the Neveu–Schwarz type. From the dimensional reduction viewpoint the origin of this extra root is the following: it is associated with the axion B_{μν} which only in 4–dimensions becomes equivalent to a scalar field. This root (and its negative) together with the 7-th Cartan generator of O(1, 1) promotes the S–duality in D = 4 from O(1, 1), as it is in all other dimensions, to SL(2, R).

4.3 Non compact cosets and solvable Lie algebras: the general setup

The relation between coset manifolds and solvable Lie algebras illustrated above in the case of maximal supergravities can be generalized to all instances of non compact cosets as we have already emphasized. Let us dwell a little more on the general idea of this relation according to which any homogeneous non-compact coset manifold may be expressed as a group manifold generated by a suitable solvable Lie algebra. [57]

Non compact cosets and solvable Lie algebras: the general setup 88

Let us start by giving few preliminary definitions. A solvable Lie algebra Solv is a Lie algebra whose n^{th} order (for some n ≥ 1) derivative algebra vanishes: D^{(n)}Solv = 0 DSolv = [Solv, Solv] ; D^{(k+1)}Solv = [D^{(k)}Solv, D^{(k)}Solv] A metric Lie algebra (G, ⟨, ⟩) is a Lie algebra endowed with an euclidean metric ⟨, ⟩. An important theorem states that if a Riemannian manifold (M, g) admits a transitive group of isometries G_s generated by a solvable Lie algebra Solv of the same dimension as M, then: M ∼ G_s = exp(Solv) g_{|e∈M} = ⟨, ⟩ where ⟨, ⟩ is an euclidean metric defined on Solv. Therefore there is a one to one correspondence between Riemannian manifolds fulfilling the hypothesis stated above and solvable metric Lie algebras (Solv, ⟨, ⟩). Consider now an homogeneous coset manifold M = U/H, U being a non compact real form of a semisimple Lie group and H its maximal compact subgroup. If Uis the Lie algebra generating U, the so called Iwasawa decomposition ensures the existence of a solvable Lie subalgebra Solv ⊂ U, acting transitively on M, such that [56]:

U= H + Solv dim Solv = dim M (4.3.11) H being the maximal compact subalgebra of U generating H. In virtue of the previously stated

theorem, M may be expressed as a solvable group manifold generated by Solv, namely eq.(4.2.1)is true.

The algebra Solv is constructed as follows [56]. Consider the Cartan decomposition

U= H ⊕ K (4.3.12)

where K is the subspace consisting of all the non compact generators of U. Let us denote by C_K the maximal abelian subspace of K and by C the Cartan subalgebra of U. It can be shown [56] that C_K = C ∩ K, namely it consists of all non compact elements of the Cartan subalgebra C. Furthermore let h_{αi} denote the elements of C_K , {α_i} being a subset of the positive roots of U and Δ^+ the set of positive roots β not orthogonal to all the α_i (i.e. the corresponding “shift” operators E_β do not commute with C_K ). It can be shown that the solvable algebra Solv defined by the Iwasawa decomposition is constructed expressed in the following way: Solv = C_K ⊕ { ∑ α∈Δ+ E_α ∩ U} (4.3.13)

where the intersection with Umeans that Solv is generated by those suitable complex combinations of the “shift” operators which belong to the real form of the isometry algebra U.

The rank of a homogeneous coset manifold is defined as the maximum number of commuting semisimple elements of the non compact subspace K. Therefore it coincides with the dimension of C_K, i.e. with the number of non compact Cartan generators of U. A coset manifold is maximally non compact if C = C_K ⊂ Solv. As we have seen in the previous section this kind of manifolds correspond to the scalar manifolds of maximally extended supergravities. Indeed eq. (4.2.10) is just a particular case of eq.(4.3.13) where all the positive roots are retained and the Cartan subalgebra is completely non–compact.

Counting of massless modes in the type IIA superstring 89

4.4 Counting of massless modes in sequential toroidal compactifications of D = 10 type IIA superstring

In order to make the pairing between scalar field modes and solvable Lie algebra generators explicit, it is convenient to organize the counting of bosonic zero modes in a sequential way that goes down from D = 10 to D = 4 in 6 successive steps.

The useful feature of this sequential viewpoint is that it has a direct algebraic counterpart in the successive embeddings of the exceptional Lie Algebras E_{r+1} one into the next one:

E7(7) ⊃ E6(6) ⊃ E5(5) ⊃ E4(4) ⊃ E3(3) ⊃ E2(2) ⊃ O(1, 1) D = 4 ← D = 5 ← D = 6 ← D = 7 ← D = 8 ← D = 9 ← D = 10 (4.4.14)

If we consider the bosonic massless spectrum [59] of type II theory in D = 10 in the Neveu– Schwarz sector we have the metric, the axion and the dilaton, while in the Ramond–Ramond sector we have a 1–form and a 3–form:

D = 10 : { N S : g_{μν} , B_{μν} , Φ RR : A_μ, A_{μνρ} (4.4.15)

corresponding to the following counting of degrees of freedom: # d.o.f. g_{μν} = 35, # d.o.f. B_{μν} = 28, # d.o.f. A_μ = 8, # d.o.f. A_{μνρ} = 56 so that the total number of degrees of freedom is 64 both in the Neveu–Schwarz and in the Ramond:

Total # of NS degrees of freedom = 64 = 35 + 28 + 1 Total # of RR degrees of freedom = 64 = 8 + 56 (4.4.16)

It is worth noticing that the number of degrees of freedom of N–S and R–R sectors are equal, both for bosons and fermions, to 128 = (64)_{NS} + (64)_{RR}. This is merely a consequence of type II supersymmetry. Indeed, the entire Ramond sector (both in type IIA and type IIB) can be thought as a spin 3/2 multiplet of the second supersymmetry generator.

Let us now organize the degrees of freedom as they appear after toroidal compactification on a r–torus [60]:

M_{10} = M_{D−r} ⊗ T_r (4.4.17)

Naming with Greek letters the world indices on the D–dimensional space–time and with Latin letters the internal indices referring to the torus dimensions we obtain the results displayed in Table 4.1 and number–wise we obtain the counting of Table 4.2:

Table 4.1. Dimensional reduction of type IIA fields Neveu Schwarz Ramond Ramond Metric gμν 3–forms Aμνρ 2–forms Bμν Aμνi 1–forms gμi, Bμi Aμ, Aμij scalars Φ, gij , Bij Ai, Aijk

We can easily check that the total number of degrees of freedom in both sectors is indeed 64 after dimensional reduction as it was before.

E_{r+1} subalgebra chains and their string interpretation 90

Table 4.2. Counting of type IIA fields

Neveu Schwarz Ramond Ramond Metric 1 # of 3–forms 1 # of 2–forms 1 r # of 1–forms 2r 1 +^1_2 r (r − 1) scalars 1 +^1_2 r (r + 1) r +^1_6 r (r − 1) (r − 2) +^1_2 r (r − 1)

4.5 E_{r+1} subalgebra chains and their string interpretation

We can now inspect the algebraic properties of the solvable Lie algebras Solv_{r+1} defined by eq. (4.2.10) and illustrate the match between these properties and the physical properties of the sequential compactification.

Due to the specific structure (4.2.10) of a maximal rank solvable Lie algebra every chain of regular embeddings:

E_{r+1} ⊃ K^0_{r+1} ⊃ K^1_{r+1} ⊃ . . . ⊃ K^i_{r+1} ⊃ . . . (4.5.18)

where K^i_{r+1} are subalgebras of the same rank and with the same Cartan subalgebra H_{r+1} as E_{r+1} reflects into a corresponding sequence of embeddings of solvable Lie algebras and, henceforth, of homogeneous non–compact scalar manifolds:

E_{r+1}/H_{r+1} ⊃ K^0_{r+1}/Q^0_{r+1} ⊃ . . . ⊃ K^i_{r+1}/Q^i_{r+1} (4.5.19)

which must be endowed with a physical interpretation. In particular we can consider embedding chains such that [2]:

K^i_{r+1} = K^i_r ⊕ X^i_1 (4.5.20)

where K^i_r is a regular subalgebra of rank = r and X^i_1 is a regular subalgebra of rank one. Because of the relation between the rank and the number of compactified dimensions such chains clearly correspond to the sequential dimensional reduction of either type IIA (or B) or of M–theory. Indeed the first of such regular embedding chains we can consider is:

K^i_{r+1} = E_{r+1−i} ⊕^i_{j=1} O(1, 1)_j (4.5.21)

This chain simply tells us that the scalar manifold of supergravity in dimension D = 10 − r contains the direct product of the supergravity scalar manifold in dimension D = 10 − r + 1 with the 1–dimensional moduli space of a 1–torus (i.e. the additional compactification radius one gets by making a further step down in compactification).

There are however additional embedding chains that originate from the different choices of maximal ordinary subalgebras admitted by the exceptional Lie algebra of the E_{r+1} series.

All the E_{r+1} Lie algebras contain a subalgebra D_r ⊕ O(1, 1) so that we can write the chain [54, 55]:

K^i_{r+1} = D_{r−i} ⊕^{i+1}_{j=1} O(1, 1)_j (4.5.22)

As we discuss more extensively later on, the embedding chain (4.5.22) corresponds to the decomposition of the scalar manifolds into submanifolds spanned by either N-S or R-R fields, keeping moreover track of the way they originate at each level of the sequential dimensional reduction.

E_{r+1} subalgebra chains and their string interpretation 91

Indeed the N–S fields correspond to generators of the solvable Lie algebra that behave as integer (bosonic) representations of the D_{r−i} ≡ SO(r − i, r − i) (4.5.23) while R–R fields correspond to generators of the solvable Lie algebra assigned to the spinorial representation of the subalgebras (4.5.23). A third chain of subalgebras is the following one:

K^i_{r+1} = A_{r−1−i} ⊕ A_1 ⊕^{i+1}_{j=1} O(1, 1)_j (4.5.24)

and a fourth one is K^i_{r+1} = A_{r−i} ⊕^{i+1}_{j=1} O(1, 1)_j (4.5.25)

The physical interpretation of the (4.5.24), illustrated in the next subsection, has its origin in type IIB string theory. The same supergravity effective lagrangian can be viewed as the result of compactifying either version of type II string theory. If we take the IIB interpretation the distinctive fact is that there is, already at the 10–dimensional level a complex scalar field Σ spanning the non–compact coset manifold SL(2, R)_U/O(2). The 10–dimensional U–duality group SL(2, R)_U must therefore be present in all lower dimensions and it corresponds to the addend A_1 of the chain (4.5.24).

The fourth chain (4.5.25) has its origin in an M–theory interpretation or in a physical problem posed by the D = 4 theory.

If we compactify the D = 11 M–theory to D = 10 − r dimensions using an (r + 1)–torus T_{r+1}, the flat metric on this is parametrized by the coset manifold GL(r + 1)/O(r + 1). The isometry group of the (r + 1)–torus moduli space is therefore GL(r + 1) and its Lie Algebra is A_r + O(1, 1), explaining the chain (4.5.25). Alternatively, we may consider the origin of the same chain from a D = 4 viewpoint. There the electric vector field strengths do not span an irreducible representation of the U–duality group E_7 but sit together with their magnetic counterparts in the irreducible fundamental 56 representation. An important question therefore is that of establishing which subgroup G_{el} ⊂ E_7 has an electric action on the field strengths. The answer is [61]:

G_{el} = SL(8, R) (4.5.26)

since it is precisely with respect to this subgroup that the fundamental 56 representation of E_7 splits into: 56 = 28 ⊕ 28. The Lie algebra of the electric subgroup is A_7 ⊂ E_7 and it contains an obvious subalgebra A_6 ⊕ O(1, 1). The intersection of this latter with the subalgebra chain (4.5.21) produces the electric chain (4.5.25). In other words, by means of equation (4.5.25) we can trace back in each upper dimension which symmetries will maintain an electric action also at the end point of the dimensional reduction sequence, namely also in D = 4.

We have spelled out the embedding chains of subalgebras that are physically significant from a string theory viewpoint. The natural question to pose now is how to understand their algebraic origin and how to encode them in an efficient description holding true sequentially in all dimensions, namely for all choices of the rank r + 1 = 7, 6, 5, 4, 3, 2. The answer is provided by reviewing the explicit construction of the E_{r+1} root spaces in terms of r + 1–dimensional euclidean vectors [62].

4.5.1 Dynkin diagrams of the E_{r+1(r+1)} root spaces and structure of the associated solvable algebras

The root system of type E_{r+1(r+1)} can be described for all values of 1 ≤ r ≤ 6 in the following way. As any other root system it is a finite subset of vectors Φ_{r+1} ⊂ R^{r+1} such that ∀α, β ∈ Φ_{r+1} one

E_{r+1} subalgebra chains and their string interpretation 92

has ⟨α, β⟩ ≡ 2(α, β)/(α, α) ∈ Zand such that Φ_{r+1} is invariant with respect to the reflections generated by any of its elements. For an explicit listing of the roots we refer the reader to [54, 55]. We just recall that the most efficient way to deal simultaneously with all the above root systems and see the emergence of the above mentioned embedding chains is to embed them in the largest, namely in the E_7 root space. Hence the various root systems E_{r+1} will be represented by appropriate subsets of the full set of E_7 roots. In this fashion for all choices of r the E_{r+1} are anyhow represented by 7–components Euclidean vectors of length 2.

Given a basis of seven simple roots α_1, . . . α_7 whose scalar products are those predicted by the E_7 Dynkin diagram:

α_1 = { − 1 2 , − 1 2 , − 1 2 , − 1 2 , − 1 2 , − 1 2 , 1 √ 2 }

α_2 = {0, 0, 0, 0, 1, 1, 0} α_3 = {0, 0, 0, 1, −1, 0, 0} α_4 = {0, 0, 0, 0, 1, −1, 0} α_5 = {0, 0, 1, −1, 0, 0, 0} α_6 = {0, 1, −1, 0, 0, 0, 0} α_7 = {1, −1, 0, 0, 0, 0, 0} (4.5.27)

the embedding of chain (4.5.21) is easily described. By considering the subset of r simple roots α_1, α_2 . . . α_r we realize the Dynkin diagrams of type E_{r+1}. Correspondingly, the subset of all roots pertaining to the root system Φ(E_{r+1}) ⊂ Φ(E_7) can be explicitly found. At each step of the sequential embedding one generator of the r + 1–dimensional Cartan subalgebra H_{r+1} becomes orthogonal to the roots of the subsystem Φ(E_r ) ⊂ Φ(E_{r+1}), while the remaining r span the Cartan subalgebra of E_r. In order to visualize the other chains of subalgebras it is convenient to make two observations. The first is to note that the simple roots selected in eq. (4.5.27) are of two types: six of them have integer components and span the Dynkin diagram of a D_6 ≡ SO(6, 6) subalgebra, while the seventh simple root has half integer components and it is actually a spinor weight with respect to this subalgebra. This observation leads to the embedding chain (4.5.22). Indeed it suffices to discard one by one the last simple root to see the embedding of the D_{r−1} Lie algebra into D_r ⊂ E_{r+1}. As discussed in the next section D_r is the Lie algebra of the T–duality group in type IIA toroidally compactified string theory.

The next observation is that the E_7 root system contains an exceptional pair of roots β = ± √ 2ϵ_7 ≡ ± √ 2(0, 0, 0, 0, 0, 0, 1), which does not belong to any of the other Φ(E_r ) root systems.

Physically the origin of this exceptional pair is very clear. It is associated with the axion field B_{μν} which in D = 4 and only in D = 4 can be dualized to an additional scalar field. This root has not been chosen to be a simple root in eq.(4.5.27) since it can be regarded as a composite root in the α_i basis. However we have the possibility of discarding either α_2 or α_1 or α_4 in favour of β obtaining a new basis for the 7-dimensional euclidean space R^7. The three choices in this operation lead to the three different Dynkin diagrams given in fig.s (4.1) and (4.2), corresponding to the Lie Algebras:

A_5 ⊕ A_2 , D_6 ⊕ A_1 , A_7 (4.5.28)

From these embeddings occurring at the E_7 level, namely in D = 4, one deduces the three embedding chains (4.5.22),(4.5.24),(4.5.25): it just suffices to peal off the last α_{r+1} roots one by one and also the β root that occurs only in D = 4. One observes that the appearance of the β

E_{r+1} subalgebra chains and their string interpretation 93

Figure 4.1. S and T duality subalgebras from Dynkin diagrams

Figure 4.2. Dynkin diagrams and the Electric subalgebra

root is always responsible for an enhancement of the S–duality group. In the type IIA case this group is enhanced from O(1, 1) to SL(2, R) while in the type IIB case it is enhanced from the SL(2, R)_U already existing in 10–dimensions to SL(3, R). Physically this occurs by combining the original dilaton field with the compactification radius of the latest compactified dimension.

4.5.2 String theory interpretation of the sequential embeddings: Type IIA, type IIB and M theory chains

We now turn to a closer analysis of the physical meaning of the embedding chains we have been illustrating.

Let us begin with the chain of eq.(4.5.24)that, as anticipated, is related with the type IIB interpretation of supergravity theory. The distinctive feature of this chain of embeddings is the

E_{r+1} subalgebra chains and their string interpretation 94

presence of an addend A_1 that is already present in 10 dimensions. Indeed this A_1 is the Lie algebra of the SL(2, R)_Σ symmetry of type IIB D=10 superstring. We can name this group the U–duality symmetry U_{10} in D = 10. We can use the chain (4.5.24) to trace it in lower dimensions. Thus let us consider the decomposition

E_{r+1(r+1)} → N_r ⊗ SL(2, R) N_r = A_{r−1} ⊗ O(1, 1) (4.5.29)

Obviously N_r is not contained in the T -duality group O(r, r) since the N S tensor field B_{μν} (which mixes with the metric under T -duality) and the RR–field B^c_{μν} form a doublet with respect SL(2, R)_U. In fact, SL(2, R)_U and O(r, r) generate the whole U–duality group E_{r+1(r+1)}. The appropriate interpretation of the normaliser of SL(2, R)_Σ in E_{r+1(r+1)} is

N_r = O(1, 1) ⊗ SL(r, R) ≡ GL(r, R) (4.5.30)

where GL(r, R) is the isometry group of the classical moduli space for the T_r torus:

GL(r, R) O(r)

. (4.5.31)

The decomposition of the U–duality group appropriate for the type IIB theory is

E_{r+1} → U_{10} ⊗ GL(r, R) = SL(2, R)_U ⊗ O(1, 1) ⊗ SL(r, R). (4.5.32)

Note that since GL(r, R) ⊃ O(1, 1)^r, this translates into E_{r+1} ⊃ SL(2, R)_U ⊗ O(1, 1)^r . (In Type IIA, the corresponding chain would be E_{r+1} ⊃ O(1, 1) ⊗ O(r, r) ⊃ O(1, 1)^{r+1}.) Note that while SL(2, R) mixes RR and N S states, GL(r, R) does not. Hence we can write the following decomposition for the solvable Lie algebra: Solv ( E_{r+1} H_{r+1} ) = Solv ( GL(r, R) O(r) ⊗ SL(2, R) O(2) ) + ( r(r − 1) 2 , 2 ) ⊕ X ⊕ Y dim Solv ( E_{r+1} H_{r+1} ) = d(3d − 1) 2 + 2 + x + y. (4.5.33)

where x = dim X counts the scalars coming from the internal part of the 4–form A^+_{μνρσ} of type IIB string theory. We have: x = { 0 r < 4 r! 4!(r−4)! r ≥ 4

(4.5.34) and y = dim Y = { 0 r < 6 2 r = 6

. (4.5.35)

counts the scalars arising from dualising the two-index tensor fields in r = 6.

For example, consider the D = 6 case. Here the type IIB decomposition is:

E_{5(5)} =

O(5, 5) O(5) ⊗ O(5) → GL(4, R) O(4) ⊗ SL(2, R) O(2)

(4.5.36)

whose compact counterpart is given by O(10) → SU(4) ⊗ SU(2) ⊗ U (1), corresponding to the decomposition: 45 = (15, 1, 1) + (1, 3, 1) + (1, 1, 1) + (6, 2, 2) + (1, 1, 2). It follows: Solv( E_{5(5)} O(5) ⊗ O(5) ) = Solv( GL(4, R) O(4) ⊗ SL(2, R) O(2)

) + (6, 2)^+ + (1, 1)^+. (4.5.37)

E_{r+1} subalgebra chains and their string interpretation 95

where the factors on the right hand side parametrize the internal part of the metric g_{ij}, the dilaton and the RR scalar (ϕ, ϕ^c), (B_{ij} , B^c_{ij}) and A^+_{ijkl} respectively.

There is a connection between the decomposition (4.5.29) and the corresponding chains in M–theory. The type IIB chain is given by eq.(4.5.24), namely by

E_{r+1(r+1)} → SL(2, R) ⊗ GL(r, R) (4.5.38)

while the M theory is given by eq.(4.5.25), namely by

E_{r+1} → O(1, 1) ⊗ SL(r + 1, R) (4.5.39)

coming from the moduli space of T^{11−D} = T^{r+1}. We see that these decompositions involve the classical moduli spaces of T^r and of T^{r+1} respectively. Type IIB and M theory decompositions become identical if we decompose further SL(r, R) → O(1, 1) × SL(r − 1, R) on the type IIB side and SL(r + 1, R) → O(1, 1) ⊗ SL(2, R) ⊗ SL(r − 1, R) on the M -theory side. Then we obtain for both theories E_{r+1} → SL(2, R) × O(1, 1) ⊗ O(1, 1) ⊗ SL(r − 1, R), (4.5.40)

and we see that the group SL(2, R)_U of type IIB is identified with the complex structure of the 2-torus factor of the total compactification torus T^{11−D} → T^2 ⊗ T^{9−D}.

Note that according to (4.5.28) in 8 and 4 dimensions, (r = 2 and 6) in the decomposition (4.5.40) there is the following enhancement:

SL(2, R) × O(1, 1) → SL(3, R) (for r = 2, 6) (4.5.41) { O(1, 1) → SL(2, R) (for r = 2) SL(5, R) × O(1, 1) → SL(6, R) (for r = 6) (4.5.42)

Finally, by looking at fig.(4.3) let us observe that E_{7(7)} admits also a subgroup SL(2, R)_T ⊗(SO(5, 5)_S ≡ E_{5(5)}) where the SL(2, R) factor is a T–duality group, while the factor (SO(5, 5)_S ≡ E_{5(5)}) is an S–duality group which mixes RR and NS states.

Figure 4.3.

4.5.3 The maximal abelian ideals A_{r+1} ⊂ Solv_{r+1} of the solvable Lie algebra

It is interesting to work out the maximal abelian ideals A_{r+1} ⊂ Solv_{r+1} of the solvable Lie algebras generating the scalar manifolds of maximal supergravity in dimension D = 10 − r. The maximal abelian ideal of a solvable Lie algebra is defined as the maximal subset of nilpotent generators commuting among themselves.

E_{r+1} subalgebra chains and their string interpretation 96

We derive A_{r+1} and we explore its relation with the space of vector fields in one dimension above the dimension we each time consider. From such analysis we obtain a filtration of the solvable Lie algebra which provides us with a canonical polynomial parametrization of the supergravity scalar coset manifold U_{r+1}/H_{r+1}

4.5.3.1 The maximal abelian ideal from an algebraic viewpoint

Algebraically the maximal abelian ideal can be characterized by looking at the decomposition of the U–duality algebra E_{r+1(r+1)} with respect to the U–duality algebra in one dimension above. In other words we have to consider the decomposition of E_{r+1(r+1)} with respect to the subalgebra E_{r(r)} ⊗ O(1, 1). This decomposition follows a general pattern which is given by the next formula:

adj E_{r+1(r+1)} = adj E_{r(r)} ⊕ adj O(1, 1) ⊕ (D^+_r ⊕ D^−_r ) (4.5.43)

where D^+_r is at the same time an irreducible representation of the U–duality algebra E_{r(r)} in D + 1 dimensions and coincides with the maximal abelian ideal

D^+_r ≡ Ar+1 ⊂ Solv_{(r+1)} (4.5.44)

of the solvable Lie algebra we are looking for. In eq. (4.5.43) the subspace D^−_r is just a second identical copy of the representation D^+_r and it is made of negative rather than of positive weights of E_{r(r)}. Furthermore D^+_r and D^−_r correspond to the eigenspaces belonging respectively to the eigenvalues ±1 with respect to the adjoint action of the S–duality group O(1, 1).

4.5.3.2 The maximal abelian ideal from a physical perspective: the vector fields in one dimension above and translational symmetries

Here, we would like to show that the dimension of the abelian ideal in D dimensions is equal to the number of vectors in dimensions D + 1. Denoting the number of compactified dimensions by r (in string theory, r = 10 − D), we will label the U -duality group in D dimensions by U_D = E_{11−D} = E_{r+1}. The T -duality group is O(r, r), while the S-duality group is O(1, 1) in dimensions higher than four, SL(2, R) in D = 4 (and it is inside O(8, 8) in D = 3).

It follows from (4.5.43) that the total dimension of the abelian ideal is given by

dim A_D ≡ dim A_{r+1} ≡ dim D_r (4.5.45)

where D_r is a representation of U_{D+1} pertaining to the vector fields. According to (4.5.43) we have (for D ≥ 4):

adj U_D = adj U_{D+1} ⊕ 1 ⊕ (2, D_r ). (4.5.46)

This is just an immediate consequence of the embedding chain (4.5.21) which at the first level of iteration yields E_{r+1} → E_r ×O(1, 1). For example, under E_7 → E_6 ×O(1, 1) we have the branching rule: adj E_7 = adj E_6 + 1 + (2, 27) and the abelian ideal is given by the 27^+ representation of the E_{6(6)} group. The 70 scalars of the D = 4, N = 8 theory are naturally decomposed as 70 = 42+1+27^+. To see the splitting of the abelian ideal scalars into N S and RR sectors, one has to consider the decomposition of U_{D+1} under the T–duality group T_{D+1} = O(r −1, r −1), namely the second iteration of the embedding chain (4.5.21): E_{r+1} → O(1, 1) × O(r − 1, r − 1). Then the vector representation of O(r − 1, r − 1) gives the N S sector, while the spinor representation yields the RR sector. The example of E_7 considered above is somewhat exceptional, since we have 27 → (10 + 1 + 16). Here in addition to the expected 10 and 16 of O(5, 5) we find an extra

E_{r+1} subalgebra chains and their string interpretation 97

N S scalar: physically this is due to the fact that in four dimensions the two-index antisymmetric tensor field B_{μν} is dual to a scalar, algebraically this generator is associated with the exceptional root √ 2ϵ_7. To summarize, the N S and RR sectors are separately invariant under O(r, r) in D = 10 − r dimensions, while the abelian N S and RR sectors are invariant under O(r − 1, r − 1). The standard parametrization of the U_D/H_D and U_{D+1}/H_{D+1} cosets gives a clear illustration of this fact: U_D H_D ∼ ( U_{D+1} H_{D+1}

, r_{D+1}, V^{D+1}_r ). (4.5.47)

Here r_{D+1} stands for the compactification radius, and V^{D+1}_r are the compactified vectors yielding the abelian ideal in D dimensions.

Note that:

adj H_D = adj H_{D+1} + adj Irrep U_{D+1} (4.5.48)

so it appears that the abelian ideal forms a representation not only of U_{D+1} but also of the compact isotropy subgroup H_{D+1} of the scalar coset manifold.

In the above r = 6 example we find adj SU(8) = adj USp(8) ⊕ 27^−, =⇒ 63 = 36 + 27^−.

4.5.4 Roots and Weights and the fundamental representation of E_{7(7)}

As an explicit illustration of the general ideas so far discussed and in view of its further use in a relevant example of gauging, namely that of the N = 8 theory in four dimensions, in this section we consider the explicit construction of the weights and roots of E_{7(7)} and their identification with massless scalar fields produced in the toroidal compactification of the type IIA superstring.

We showed above that the 63–dimensional positive part Φ^+(E_7) of the E_7 root space can be decomposed as follows:

Φ^+(E_7) = D^+_1 ⊕ D^+_2 ⊕ D^+_3 ⊕ D^+_4 ⊕ D^+_5 ⊕ D^+_6 (4.5.49)

where D^+_r are the maximal abelian ideals of the nested U–duality algebras . . . ⊂ E_{r(r)} ⊂ E_{r+1(r+1)} ⊂ . . . in dimension D = 10 − r (D^+_r being the ideal of E_{r+1(r+1)}). The dimensions of these abelian ideals is:

dim D 1 = 1 ; dim D 2 = 3 dim D 3 = 6 ; dim D 4 = 10 dim D 5 = 16 ; dim D 6 = 27^{(4.5.50)}

The filtration (4.5.49) provides a convenient way to enumerate the 63 positive roots which are were associated in one–to–one way with the massless bosonic fields of compactified string theory. We name the roots as follows: ⃗α_{i,j} ∈ D_i ; { i = 1, . . ., 6 j = 1, . . . , dimD_i (4.5.51)

Each positive root can be decomposed along a basis of simple roots α_ℓ (i=1,. . . , 7):

⃗α_{i,j} = n^ℓ_{i,j} α_ℓ n^ℓ_{i,j} ∈ Z (4.5.52)

The explicit correspondence between the roots and the fields of type IIA supergravity in compact directions was derived in [63] and is given in table 4.3. Each positive root can be decomposed along a basis of simple roots α_ℓ (i=1,. . . , 7):

⃗α_{i,j} = n^ℓ_{i,j} α_ℓ n^ℓ_{i,j} ∈ Z (4.5.53)

E_{r+1} subalgebra chains and their string interpretation 98

Table 4.3. The abelian ideals ID^+_r and the roots of E_{7(7)}. Ab_μ, Ab_μb_ν b_ρ denote the Ramond–Ramond 1–form and 3–forms of type IIA supergravity, while gb_μb_ν and Bb_μb_ν are the metric and the Neveu–Schwarz B–field, respectively. The toroidal compact directions have been chosen to be 5, 6, 7, 8, 9, 10. The indices μ, ν, .. = 0, 1, 2, 3 are instead along the four non compact directions. The Dynkin labels are, by definition, the components of the root in a basis of simple roots.

Type IIA Root Dynkin Type IIA Root Dynkin field name labels field name labels ID^+_1 A10 ⃗α1,1 {0, 0, 0, 0, 0, 0, 1} ID^+_2 B9,10 ⃗α2,1 {0, 0, 0, 0, 0, 1, 0} g9,10 ⃗α2,2 {0, 0, 0, 0, 1, 0, 0} A9 ⃗α2,3 {0, 0, 0, 0, 0, 1, 1} ID^+_3 B8,9 ⃗α3,1 {0, 0, 0, 1, 1, 1, 0} g8,9 ⃗α3,2 {0, 0, 0, 1, 0, 0, 0} B8,10 ⃗α3,3 {0, 0, 0, 1, 0, 1, 0} g8,10 ⃗α3,4 {0, 0, 0, 1, 1, 0, 0} A8 ⃗α3,5 {0, 0, 0, 1, 1, 1, 1} A8,9,10 ⃗α3,6 {0, 0, 0, 1, 0, 1, 1} ID^+_4 B7,8 ⃗α4,1 {0, 0, 1, 2, 1, 1, 0} g7,8 ⃗α4,2 {0, 0, 1, 0, 0, 0, 0} B7,9 ⃗α4,3 {0, 0, 1, 1, 1, 1, 0} g7,9 ⃗α4,4 {0, 0, 1, 1, 0, 0, 0} B7,10 ⃗α4,5 {0, 0, 1, 1, 0, 1, 0} g7,10 ⃗α4,6 {0, 0, 1, 1, 1, 0, 0} A7,9,10 ⃗α4,7 {0, 0, 1, 2, 1, 1, 1} A7,8,10 ⃗α4,8 {0, 0, 1, 1, 1, 1, 1} A7,8,9 ⃗α4,9 {0, 0, 1, 1, 0, 1, 1} A7 ⃗α4,10 {0, 0, 1, 2, 1, 2, 1} ID^+_5 B6,7 ⃗α5,1 {0, 1, 2, 2, 1, 1, 0} g6,7 ⃗α5,2 {0, 1, 0, 0, 0, 0, 0} B6,8 ⃗α5,3 {0, 1, 1, 2, 1, 1, 0} g6,8 ⃗α5,4 {0, 1, 1, 0, 0, 0, 0} B6,9 ⃗α5,5 {0, 1, 1, 1, 1, 1, 0} g6,9 ⃗α5,6 {0, 1, 1, 1, 0, 0, 0} B6,10 ⃗α5,7 {0, 1, 1, 1, 0, 1, 0} g6,10 ⃗α5,8 {0, 1, 1, 1, 1, 0, 0} A6,8,9 ⃗α5,9 {0, 1, 2, 2, 1, 1, 1} A6,7,9 ⃗α5,10 {0, 1, 1, 2, 1, 1, 1} A6,7,8 ⃗α5,11 {0, 1, 1, 1, 1, 1, 1} Aμνρ ⃗α5,12 {0, 1, 1, 1, 0, 1, 1} A6,7,10 ⃗α5,13 {0, 1, 1, 2, 1, 2, 1} A6,8,10 ⃗α5,14 {0, 1, 2, 2, 1, 2, 1} A6,9,10 ⃗α5,15 {0, 1, 2, 3, 1, 2, 1} A6 ⃗α5,16 {0, 1, 2, 3, 2, 2, 1} ID^+_6 B5,6 ⃗α6,1 {1, 2, 2, 2, 1, 1, 0} g5,6 ⃗α6,2 {1, 0, 0, 0, 0, 0, 0} B5,7 ⃗α6,3 {1, 1, 2, 2, 1, 1, 0} g5,7 ⃗α6,4 {1, 1, 0, 0, 0, 0, 0} B5,8 ⃗α6,5 {1, 1, 1, 2, 1, 1, 0} g5,8 ⃗α6,6 {1, 1, 1, 0, 0, 0, 0} B5,9 ⃗α6,7 {1, 1, 1, 1, 1, 1, 0} g5,9 ⃗α6,8 {1, 1, 1, 1, 0, 0, 0} B5,10 ⃗α6,9 {1, 1, 1, 1, 0, 1, 0} g5,10 ⃗α6,10 {1, 1, 1, 1, 1, 0, 0} Bμν ⃗α6,11 {1, 2, 3, 4, 2, 3, 2} A5 ⃗α6,12 {1, 2, 3, 4, 2, 3, 1} Aμν6 ⃗α6,13 {1, 2, 2, 2, 1, 1, 1} Aμν7 ⃗α6,14 {1, 1, 2, 2, 1, 1, 1} Aμν8 ⃗α6,15 {1, 1, 1, 2, 1, 1, 1} Aμν9 ⃗α6,16 {1, 1, 1, 1, 1, 1, 1} Aμν10 ⃗α6,17 {1, 1, 1, 1, 0, 1, 1} A5,6,7 ⃗α6,18 {1, 1, 1, 2, 1, 2, 1} A5,6,8 ⃗α6,19 {1, 1, 2, 2, 1, 2, 1} A5,6,9 ⃗α6,20 {1, 1, 2, 3, 1, 2, 1} A5,6,10 ⃗α6,21 {1, 1, 2, 3, 2, 2, 1} A5,7,8 ⃗α6,22 {1, 2, 2, 2, 1, 2, 1} A5,7,9 ⃗α6,23 {1, 2, 2, 3, 1, 2, 1} A5,7,10 ⃗α6,24 {1, 2, 2, 3, 2, 2, 1} A5,8,9 ⃗α6,25 {1, 2, 3, 3, 1, 2, 1} A5,8,10 ⃗α6,26 {1, 2, 3, 3, 2, 2, 1} A5,9,10 ⃗α6,27 {1, 2, 3, 4, 2, 2, 1}

It turns out that as simple roots we can choose:

α_1 = ⃗α_{6,2} ; α_2 = ⃗α_{5,2} ; α_3 = ⃗α_{4,2} α_4 = ⃗α_{3,2} ; α_5 = ⃗α_{2,2} ; α_6 = ⃗α_{2,1} α_7 = ⃗α_{1,1}

(4.5.54)

E_{r+1} subalgebra chains and their string interpretation 99

Having fixed this basis, each root is intrinsically identified by its Dynkin labels, namely by its integer valued components in the basis (4.5.54). The next step for the construction of fundamental representation of E_{7(7)} embedded in the fundamental SpD(56, R) is the knowledge of the corresponding weight vectors ⃗W .

A particularly relevant property of the maximally non–compact real sections of a simple complex Lie algebra is that all of its irreducible representations are real. E_{7(7)} is the maximally non compact real section of the complex Lie algebra E_7, hence all of its irreducible representations Γ are real. This implies that if an element of the weight lattice ⃗W ∈ Λ_w is a weight of a given irreducible representation ⃗W ∈ Γ then also its negative is a weight of the same representation: − ⃗W ∈ Γ. Indeed changing sign to the weights corresponds to complex conjugation. According to standard Lie algebra lore every irreducible representation of a simple Lie algebra G is identified by a unique highest weight ⃗W_{max}. Furthermore all weights can be expressed as integral non– negative linear combinations of the simple weights ⃗W_ℓ (ℓ = 1, ..., r = rank(G)). The components of components of a weight in this basis are named its Dynkin labels. The simple weights ⃗W_i of

G are the generators of the dual lattice to the root lattice and are defined by the condition: 2( ⃗W_i , ⃗α_j) (⃗α_j , ⃗α_j) = δ_{ij} (4.5.55)

In the simply laced E_{7(7)} case, the previous equation simplifies as follows

( ⃗W_i , ⃗α_j) = δ_{ij} (4.5.56)

where ⃗α_j are the the simple roots. Using eq.(4.5.54), table 4.3 and the Dynkin diagram of E_{7(7)} (see fig.4.4) from eq.(4.5.56) we can easily obtain the explicit expression of the simple weights. The Dynkin labels of the highest weight of an irreducible representation Γ give the Dynkin labels of the representation. Therefore the representation is usually denoted by Γ[n_1, ..., n_r]. All the weights ⃗W belonging to the representation Γ can be described by r integer non–negative numbers q^ℓ defined by the following equation: ⃗W_{max} − ⃗W = r∑ ℓ=1 q^ℓ⃗α_ℓ (4.5.57)

where α_ℓ are the simple roots. According to this standard formalism the fundamental real

Figure 4.4. E7 Dynkin diagram

SpD(56, R) representation of E_{7(7)} is Γ[1, 0, 0, 0, 0, 0, 0] and the expression of its weights in terms of q^ℓ is given in table 4.4, the highest weight being ⃗W^{(51)}.

E_{r+1} subalgebra chains and their string interpretation 100

Table 4.4. Weights of the 56 representation of E_{7(7)}: Weight q^ℓ Weight q^ℓ name vector name vector

⃗W^{(1)} = {2, 3, 4, 5, 3, 3, 1} ⃗W^{(2)} = {2, 2, 2, 2, 1, 1, 1} ⃗W^{(3)} = {1, 2, 2, 2, 1, 1, 1} ⃗W^{(4)} = {1, 1, 2, 2, 1, 1, 1} ⃗W^{(5)} = {1, 1, 1, 2, 1, 1, 1} ⃗W^{(6)} = {1, 1, 1, 1, 1, 1, 1} ⃗W^{(7)} = {2, 3, 3, 3, 1, 2, 1} ⃗W^{(8)} = {2, 2, 3, 3, 1, 2, 1} ⃗W^{(9)} = {2, 2, 2, 3, 1, 2, 1} ⃗W^{(10)} = {2, 2, 2, 2, 1, 2, 1} ⃗W^{(11)} = {1, 2, 2, 2, 1, 2, 1} ⃗W^{(12)} = {1, 1, 2, 2, 1, 2, 1} ⃗W^{(13)} = {1, 1, 1, 2, 1, 2, 1} ⃗W^{(14)} = {1, 2, 2, 3, 1, 2, 1} ⃗W^{(15)} = {1, 2, 3, 3, 1, 2, 1} ⃗W^{(16)} = {1, 1, 2, 3, 1, 2, 1} ⃗W^{(17)} = {2, 2, 2, 2, 1, 1, 0} ⃗W^{(18)} = {1, 2, 2, 2, 1, 1, 0} ⃗W^{(19)} = {1, 1, 2, 2, 1, 1, 0} ⃗W^{(20)} = {1, 1, 1, 2, 1, 1, 0} ⃗W^{(21)} = {1, 1, 1, 1, 1, 1, 0} ⃗W^{(22)} = {1, 1, 1, 1, 1, 0, 0} ⃗W^{(23)} = {3, 4, 5, 6, 3, 4, 2} ⃗W^{(24)} = {2, 4, 5, 6, 3, 4, 2} ⃗W^{(25)} = {2, 3, 5, 6, 3, 4, 2} ⃗W^{(26)} = {2, 3, 4, 6, 3, 4, 2} ⃗W^{(27)} = {2, 3, 4, 5, 3, 4, 2} ⃗W^{(28)} = {2, 3, 4, 5, 3, 3, 2} ⃗W^{(29)} = {1, 1, 1, 1, 0, 1, 1} ⃗W^{(30)} = {1, 2, 3, 4, 2, 3, 1} ⃗W^{(31)} = {2, 2, 3, 4, 2, 3, 1} ⃗W^{(32)} = {2, 3, 3, 4, 2, 3, 1} ⃗W^{(33)} = {2, 3, 4, 4, 2, 3, 1} ⃗W^{(34)} = {2, 3, 4, 5, 2, 3, 1} ⃗W^{(35)} = {1, 1, 2, 3, 2, 2, 1} ⃗W^{(36)} = {1, 2, 2, 3, 2, 2, 1} ⃗W^{(37)} = {1, 2, 3, 3, 2, 2, 1} ⃗W^{(38)} = {1, 2, 3, 4, 2, 2, 1} ⃗W^{(39)} = {2, 2, 3, 4, 2, 2, 1} ⃗W^{(40)} = {2, 3, 3, 4, 2, 2, 1} ⃗W^{(41)} = {2, 3, 4, 4, 2, 2, 1} ⃗W^{(42)} = {2, 2, 3, 3, 2, 2, 1} ⃗W^{(43)} = {2, 2, 2, 3, 2, 2, 1} ⃗W^{(44)} = {2, 3, 3, 3, 2, 2, 1} ⃗W^{(45)} = {1, 2, 3, 4, 2, 3, 2} ⃗W^{(46)} = {2, 2, 3, 4, 2, 3, 2} ⃗W^{(47)} = {2, 3, 3, 4, 2, 3, 2} ⃗W^{(48)} = {2, 3, 4, 4, 2, 3, 2} ⃗W^{(49)} = {2, 3, 4, 5, 2, 3, 2} ⃗W^{(50)} = {2, 3, 4, 5, 2, 4, 2} ⃗W^{(51)} = {0, 0, 0, 0, 0, 0, 0} ⃗W^{(52)} = {1, 0, 0, 0, 0, 0, 0} ⃗W^{(53)} = {1, 1, 0, 0, 0, 0, 0} ⃗W^{(54)} = {1, 1, 1, 0, 0, 0, 0} ⃗W^{(55)} = {1, 1, 1, 1, 0, 0, 0} ⃗W^{(56)} = {1, 1, 1, 1, 0, 1, 0}

I can now explain the specific ordering of the weights I have adopted. First of all I have separated the 56 weights in two groups of 28 elements so that the first group:

⃗Λ^{(n)} = ⃗W^{(n)} n = 1, ..., 28 (4.5.58)

contains the weights of the irreducible 28 dimensional representation of the electric subgroup SL(8, R) ⊂ E_{7(7)}. The remaining group of 28 weight vectors are the weights for the transposed representation of the same group that I name 28.

Secondly the 28 weights ⃗Λ have been arranged according to the decomposition with respect to the T–duality subalgebra SO(6, 6) ⊂ E_7(7): the first 16 correspond to R–R vectors and are the weights of the spinor representation of SO(6, 6) while the last 12 are associated with N–S fields and correspond to the weights of the vector representation of SO(6, 6).

E_{r+1} subalgebra chains and their string interpretation 101

4.5.4.1 Matrices of the E_{7(7)} algebra in the fundamental representation

Equipped with the weight vectors we can proceed to the explicit construction of the fundamental representation of E_{7(7)}. The basis vectors are the 56 weights, according to the enumeration of table 4.4 and what we look for are

(i) the 56 × 56 matrices associated with the 7 Cartan generators H_{⃗αi} (i = 1, . . . , 7) (ii) the 56 × 56 matrices associated with the 126 step operators E^{⃗α}

Both are expressed in this basis by:

[SpD_{56} (H_{⃗αi} )]_{nm} ≡ ⟨ ⃗W^{(n)}| H_{⃗αi} | ⃗W^{(m)}⟩ [ SpD_{56} ( E^{⃗α} )] nm ≡ ⟨ ⃗W^{(n)}| E^{⃗α} | ⃗W^{(m)}⟩ (4.5.59)

Let us begin with the Cartan generators. As a basis of the Cartan subalgebra we use the generators H_{⃗αi} defined by the commutators: [ E^{⃗αi} , E^{−⃗αi} ] ≡ H_{⃗αi} (4.5.60)

In the SpD(56) representation the corresponding matrices are diagonal and of the form: ⟨ ⃗W^{(p)}| H_{⃗αi} | ⃗W^{(q)}⟩ = ( ⃗W^{(p)}, ⃗α_i ) δ_{p q} ; (p, q = 1, ..., 56) (4.5.61)

Next we construct the matrices associated with the step operators. The first observation is that it suffices to consider the positive roots. Since the representation is real the matrix associated with the negative of a root is just the transposed of that associated with the root itself:

E^{−α} = [E^α]^T ↔ ⟨ ⃗W^{(n)}| E^{−⃗α} | ⃗W^{(m)}⟩ = ⟨ ⃗W^{(m)}| E^{⃗α} | ⃗W^{(n)}⟩ (4.5.62)

The method to obtain the matrices for all the positive roots is that of constructing first the 56 × 56 matrices for the step operators E^{⃗αℓ} (ℓ = 1, ..., 7) associated with the simple roots and then generating all the others through their commutators. The construction rules for the SpD(56) representation of the six operators E^{αℓ} (ℓ ≠ 5) are: ℓ ≠ 5 { ⟨ ⃗W^{(n)}| E^{⃗αℓ} | ⃗W^{(m)}⟩ = δ_{⃗W (n) , ⃗W (m)+⃗αℓ} ; n, m = 1, . . . , 28 ⟨ ⃗W^{(n+28)}| E^{⃗αℓ} | ⃗W^{(m+28)}⟩ = −δ_{⃗W (n+28) , ⃗W (m+28) +⃗αℓ} ; n, m = 1, . . . , 28 (4.5.63)

The six simple roots ⃗α_ℓ with ℓ ≠ 5 belong also to the the Dynkin diagram of the electric subgroup SL(8, R) (see fig.4.2). Thus their shift operators have a block diagonal action on the 28 and 28 subspaces of the SpD(56) representation that are irreducible under the electric subgroup. Indeed from eq.(4.5.63) we conclude that:

ℓ ≠ 5 SpD_{56} ( E^{⃗αℓ} ) = ( A[⃗α_ℓ] 0 0 −A^T [⃗α_ℓ] ) (4.5.64)

the 28 × 28 block A[⃗α_ℓ] being defined by the first line of eq.(4.5.63).

On the other hand the operator E^{⃗α5} , corresponding to the only root of the E_7 Dynkin diagram that is not also part of the A_7 diagram is represented by a matrix whose non–vanishing 28 × 28 blocks are off–diagonal. We have

SpD_{56} ( E^{⃗α5} ) = ( 0 B[⃗α_5] C[⃗α_5] 0 ) (4.5.65)

Completing the type IIA versus type IIB algebraic correspondence 102

where both B[⃗α_5] = B^T [⃗α_5] and C[⃗α_5] = C^T [⃗α_5] are symmetric 28 × 28 matrices. More explicitly the matrix SpD_{56} ( E^{⃗α5} ) is given by:

⟨ ⃗W^{(n)}| E^{⃗α5} | ⃗W^{(m+28)}⟩ = ⟨ ⃗W^{(m)}| E^{⃗α5} | ⃗W^{(n+28)}⟩

⟨ ⃗W^{(n+28)}| E^{⃗α5} | ⃗W^{(m)}⟩ = ⟨ ⃗W^{(m+28)}| E^{⃗α5} | ⃗W^{(n)}⟩ (4.5.66)

with ⟨ ⃗W^{(7)}| E^{⃗α5} | ⃗W^{(44)}⟩ = −1 ⟨ ⃗W^{(8)}| E^{⃗α5} | ⃗W^{(42)}⟩ = 1 ⟨ ⃗W^{(9)}| E^{⃗α5} | ⃗W^{(43)}⟩ = −1 ⟨ ⃗W^{(14)}| E^{⃗α5} | ⃗W^{(36)}⟩ = 1 ⟨ ⃗W^{(15)}| E^{⃗α5} | ⃗W^{(37)}⟩ = −1 ⟨ ⃗W^{(16)}| E^{⃗α5} | ⃗W^{(35)}⟩ = −1 ⟨ ⃗W^{(29)}| E^{⃗α5} | ⃗W^{(6)}⟩ = −1 ⟨ ⃗W^{(34)}| E^{⃗α5} | ⃗W^{(1)}⟩ = −1 ⟨ ⃗W^{(49)}| E^{⃗α5} | ⃗W^{(28)}⟩ = 1 ⟨ ⃗W^{(50)}| E^{⃗α5} | ⃗W^{(27)}⟩ = −1 ⟨ ⃗W^{(55)}| E^{⃗α5} | ⃗W^{(22)}⟩ = −1 ⟨ ⃗W^{(56)}| E^{⃗α5} | ⃗W^{(21)}⟩ = 1

(4.5.67)

In this way we have completed the construction of the E^{⃗αℓ} operators associated with simple roots. For the matrices associated with higher roots we just proceed iteratively in the following way. As usual we can organize the roots by their height :

⃗α = n^ℓ ⃗α_ℓ → ht ⃗α = 7∑ ℓ=1 n^ℓ (4.5.68)

and for the roots α_i + α_j of height ht = 2 we set:

SpD_{56} ( E^{αi+αj} ) ≡ [SpD_{56} (E^{αi} ) , SpD_{56} (E^{αi} )] ; i < j (4.5.69)

Next for the roots of ht = 3 that can be written as α_i + β where α_i is simple and ht β = 2 we can write: SpD_{56} ( E^{αi+β} ) ≡ [ SpD_{56} (E^{αi} ) , SpD_{56} ( E^β )] (4.5.70)

Obtained the matrices for the roots of ht = 3 one proceeds in a similar way for those of the next height and so on up to exhaustion of all the 63 positive roots.

4.6 Completing the type IIA versus type IIB algebraic correspondence

Following the results of Bertolini and Trigiante [120] we can now make the algebraic embedding of type IIA and type IIB states in maximal supergravities completely systematic and handy.

From an algebraic point of view, the Dynkin diagram of E_{7(7)} is constructed by adding to the D_6 Dynkin diagram, that consists of the simple roots (α_i)_{i=1,...,6}, the highest weight α^±_7 of one of the two spinorial representations 32^± of SO(12). The crucial observation in [120] is that the choice of this chirality is what distinguishes (at the compactified level) type IIA from the type IIB superstrings. Therefore it is convenient the adopt an explicit realization of the E_{7(7)} simple roots which is slightly different from that used in eq.(4.5.27). Let us name E_{7(7)}^+ the algebra obtained by attaching α^+_7 to α_5 and E_{7(7)}^− the algebra obtained by attaching α^−_7 to α_6. We can say that in D = 4 the 70 scalars of the N = 8 theory parametrize the Solv(E_{7(7)}^+) coset when we compactify type IIA D = 10 supergravity on a six torus T^6 and that they parametrize the Solv(E_{7(7)}^−) coset when it is the type IIB theory that is compactified on T^6. Writing the roots

Completing the type IIA versus type IIB algebraic correspondence 103

in an orthonormal basis ϵ_n we have:

α_1 = ϵ_1 − ϵ_2 ; α_2 = ϵ_2 − ϵ_3 ; α_3 = ϵ_3 − ϵ_4 α_4 = ϵ_4 − ϵ_5 ; α_5 = ϵ_5 − ϵ_6 ; α_6 = ϵ_5 + ϵ_6

α^±_7 = − 1 2 (ϵ_1 + ϵ_2 + ϵ_3 + ϵ_4 + ϵ_5 ∓ ϵ_6) + √ 2 2 ϵ_7 (4.6.71)

and the corresponding Dynkin diagrams are displayed in fig. 4.5 Depending on the two inter-

E^+_7 i

α^+_7

i_{α5} i_{α4} iα_6 i_{α3} i_{α2} i_{α1}

E^−_7 i α_5

i_{α4} iα_6 iα−_7 i_{α3} i_{α2} i_{α1}

Figure 4.5. The two realizations of the E_{7(7)} algebra corresponding to the the type IIA and type IIB superstring respectively

pretations we can give two different SLA descriptions of the scalar manifold which are consistent with the geometric characterization of T –duality as described below.

According to our previous general discussion, the relevant SLA is generated by the non– compact Cartan generators, which in the case of maximal supergravities means all of them, and the shift operators corresponding to roots with positive restriction on the non–compact Cartan generators. For the common NS–NS sector of type IIA and type IIB, a suitable basis of non– compact Cartan generators is parametrized by the radii of the torus and by the ten dimensional dilaton:

C_K (IIB) = 6∑ i=1 −σ_iH_{ϵi+}^ϵ7_{√2} + ϕH^√_{2ϵ7}

C_K (IIA) = 5∑ i=1 −σ_iH_{ϵi+}^ϵ7_{√2} − σ_6H_{−ϵ6+}^ϵ7_{√2} + ϕH^√_{2ϵ7}

σ_i = ln(ρ_{i+3}) (4.6.72)

where ρ_k (k = 4, . . ., 9) are the radii of the internal torus in the x^k directions. In the expressions

Completing the type IIA versus type IIB algebraic correspondence 104

(4.6.72) the overall coefficient of H^√_{2ϵ7} is the four dimensional dilaton:

ϕ_4 = ϕ − 1 2 6∑ i=1 σ_i = ϕ − 1 4 ln (det(G_{ij})) (4.6.73)

The non–orthonormal basis in (4.6.72) is defined by the decomposition of the U–duality group in D dimensions with respect to the U–duality group in D + 1 which I have already illustrated in eq.(4.5.21). Explicitly we have E_{r+1(r+1)} → O(1, 1)_r + E_{r(r)} (r = 10 − d) (4.6.74) where E_{r(r)} is obtained by deleting the extreme root in the Dynkin diagram of E_{r+1(r+1)} (on the branch of α_1, α_2, . . .) and substituting it with the Cartan generator O(1, 1)_r orthogonal to the rest of the Dynkin diagram. These O(1, 1)_r define the basis in (4.6.72) and are naturally parametrized by −σ_{7−r}.

The remaining NS–NS fields are parameterized by the positive roots of SL(2, R) × SO(6, 6). According to the definition of the ordering relation among the roots with respect to the orthonormal basis (H_{ϵi} ), which determines who contributes to the SLA and who does not, one can find different but equivalent SLAs, usually related by some automorphism of the D_6 subalgebra. It is natural to associate the fields G_{ij} (i ≠ j) coming from the metric with the roots ±(ϵ_i − ϵ_j) and the fields B_{ij} coming from the torsion with the roots ±(ϵ_i + ϵ_j ). Indeed in the fundamental 12–dimensional representation of SO(6, 6) in which the generators have the form:

(M_{ΛΣ})^Γ_Δ = η_{ΛΔ}δ^Γ_Σ − η_{ΣΔ}δ^Γ_Λ η_{ΛΔ} = diag(+ + + + + + − − − − −−) H_{ϵi} = M_{ii+6} (4.6.75) the shift operators corresponding to the former set of roots have a symmetric 6 × 6 off–diagonal block, while those corresponding to the latter set of roots have an antisymmetric off–diagonal block. Using a lexicographic ordering with respect to the basis (H_{ϵi} ) the roots contributing to the SLA and the corresponding scalar fields are listed in table 4.5,4.6.

As already pointed out, the R–R fields correspond to the shift operators associated with the roots that are spinor weights in the 32^± of SO(6, 6). These roots are:

32^+ : α^+ = − 1 2 (±ϵ_1 ± ϵ_2 ± ϵ_3 ± ϵ_4 ± ϵ_5 ± ϵ_6) + √ 2 2 ϵ_7

(odd number of “+” signs within brackets)

32^− : α^− = − 1 2 (±ϵ_1 ± ϵ_2 ± ϵ_3 ± ϵ_4 ± ϵ_5 ± ϵ_6) + √ 2 2 ϵ_7

(even number of “+” signs within brackets) (4.6.76) Indeed the chirality operator γ is easily computed in terms of the product of the Cartan generators (H_{ϵi} )_{i=1,...,6} in the spinorial representation ((S(H_{ϵi} ))_{i=1,...,6}): {γ_Λ, γ_Σ} = 2η_{ΛΣ} S(H_{ϵi} ) ≡ γ_iγ_{i+6} , (i, 1, . . ., 6) γ = γ_1γ_2 · · · γ_{12} = −S(H_{ϵ1} )S(H_{ϵ2} ) · · · S(H_{ϵ6} ) (4.6.77) and we can easily verify that γ is positive on the α^+ and negative on the α^−. A precise correspondence between the spinorial roots and scalar fields from type IIA and type IIB theories is again given in table 4.5,4.6.

Completing the type IIA versus type IIB algebraic correspondence 105

4.6.1 S × T duality made precise

In sections 4.5.1 and 4.5.2 I have already explained how certain subalgebras sequentially embedded in E_{r+1(r+1)} can be interpreted as the subalgebras of strong/weak and target space dualities at each step of the sequential toroidal compactification. It still remained to be seen how the target space dualities that connect the type IIA to the type IIB theory are algebraically realized. Following the set up of Bertolini and Trigiante outlined above this can be done in a very neat way.

Their crucial observation is that we can characterize the effect of an S or T–duality on a supergravity p–brane solution as the action of an element of the automorphism group Aut(S × T) on the SLA that generates the scalar manifold.

Automorphisms of a semisimple Lie algebra G are isomorphisms of the algebra on itself and can be inner if their action can be expressed as a conjugation of the algebra by means of a group element generated by the algebra itself, or outer if they do not admit such a representation (see for instance [122]) A generic automorphism may be reduced, through the composition with a suitable (nilpotent) inner automorphism, to an isometric mapping which leaves the Cartan subalgebra stable. Let us focus on the latter kind of transformations, which we denote by ψ_τ . It is proved in mathematical textbooks that the restriction of the group {ψ_τ } to the Cartan subalgebra is isomorphic to the automorphism group of the root space Δ. This latter consists of the transformations τ on the weight lattice that leave the Cartan–Killing matrix invariant (rotations). It can also be shown that the inner automorphisms ψ_τ correspond to τ .s that belong to the Weyl group W eyl(G ) while in the case of an outer automorphism ψ_τ , the element τ can be reduced, modulo Weyl transformations, to symmetries of the Dynkin diagram (permutations of the simple roots).

Conversely, given a rotation τ acting on the root basis Δ, one may associate to it an automorphism ψ̃_τ of the whole Lie algebra G whose action on its canonical basis reads as follows:

ψ̃_τ (H_β) = H_{τ(β)} ; ψ̃_τ (E_α) ∝ E_{τ(α)}

α, β roots (4.6.78)

A general ψ_τ has the form ψ_τ = ψ̃_τ ·ω, where ω is an automorphism leaving the Cartan subalgebra

H ⊂ G pointwise fixed. These automorphisms are all inner [122].

As an example we can focus on the D = 4 case where the S × T duality algebra is G = SL(2, R) × SO(6, 6), yet it will be clear from our discussion how the argument can be applied to higher dimensions and hence to G = O(1, 1) × SO(r, r). For the choice G = SL(2, R) × SO(6, 6) the rotation corresponding to an outer automorphism ψ_τ can be reduced (modulo Weyl transformations) to the only symmetry transformation of the D_6 Dynkin diagram, i.e.

α_5 ↔ α_6 or equivalently ϵ_6 → −ϵ_6 (4.6.79)

In particular it can be shown [122] that rotations on the root space amounting to a change of sign of an odd number of ϵ_i (i = 1, . . . , 6) define outer automorphisms. Since the automorphisms preserve algebraic structures, they will map solvable subalgebras into solvable subalgebras. Of course we do not expect all the automorphisms of S × T to be automorphisms of E_{7(7)} since, for instance, the Dynkin diagram of the latter does not have any symmetry. Indeed it is easy to check that outer automorphisms of SO(6, 6) map E_{7(7)}^± into E_{7(7)}^∓ (this follows from the fact that changing sign to an odd number of ϵ_i maps α^± into α^∓).

These observation lead to a very neat algebraic characterization of a large radius ↔ small radius T–duality transformation along a compact direction x^k (k = 4, . . ., 9). It is simply the

Completing the type IIA versus type IIB algebraic correspondence 106

action of an outer automorphism ψ_τ corresponding to

τ : ϵ_{k−3} → −ϵ_{k−3} (4.6.80)

Similarly a strong coupling) ↔ weak coupling S–duality is an automorphism ψ_τ such that

τ : ϵ_7 → −ϵ_7 (4.6.81)

For example let us consider T–duality transformation along the direction x^9 and its effect on ρ_9 (σ_6) and the dilaton ϕ starting from type IIB fields. According to the algebraic recipe given above we have: ( ϕ − σ_6 2 ) H^√_{2ϵ7} − σ_6H_{ϵ6} = ( ϕ^′ − σ^′_6 2 ) H^√_{2ϵ7} − σ^′_6H_{−ϵ6}

σ^′_6 = −σ_6 ⇒ ρ^′_9 = 1/ρ_9 ϕ^′ = ϕ − σ_6 = ϕ − ln(ρ_9) (4.6.82)

where the primed fields are the corresponding type IIA fields and the last equation is the known transformation rule for the dilaton under a T–duality along a compact direction (in the units α^′ = 1). As far as the other fields are concerned, the action of this automorphism is to map the roots ϵ_i ± ϵ_6 into ϵ_i ∓ ϵ_6. If we extend the rotation τ : ϵ_6 → −ϵ_6 to the whole Lie algebra using this simple recipe (4.6.78) the fields G_{i9} and B_{i9} are mapped (modulo proportionality constants c_{1,2} to be fixed) into B^′_{i9} and G^′_{i9} respectively:

G_{i9}E_{ϵi−ϵ9} + B_{i9}E_{ϵi+ϵ9} = G_{i9}E_{ϵi+(−ϵ9)} + B_{i9}E_{ϵi−(−ϵ9)} = c_1B^′_{i9}E_{ϵi+(−ϵ9)} + c_2G^′_{i9}E_{ϵi−(−ϵ9)} (4.6.83)

The transformation on the R–R fields, applying a similar rationale, can be read off table 4.5,4.6.

Vector fields It is clearly essential, in discussing the effect of S × T dualities on p–branes to have a clear algebraic characterization of their action also on vector fields. The same remark obviously applies at the level of gaugings. This is not difficult, since the vector fields are associated with weights while the scalars are associated with roots. So given the action on S × T on the root lattice we easily lift it to the weight lattice. Let me recall the results of section 4.5.4 where the fundamental Sp(56)_D representation of E_{7(7)} has been constructed in the symplectic real basis^1. There the representation was described in terms of 56 weights W^{(λ)} (λ = 1, . . ., 56), whose difference from the highest weight W^{(51)} are suitable combinations of the simple roots with positive integer coefficients (the first 28 weights correspond to magnetic charges, the last 28 to electric charges). In the Bertolini and Trigiante’s conventions adopted in the present section depending on whether we consider E_{7(7)}^± (type IIA/IIB) we have two set of weights W^{(λ)∓}. These weights provide a suitable basis also for the two representations 28 and 28 in which the 56 decomposes with respect to SU(8): the 28 is generated by W^{(α)} with α = 1, . . . , 28 and the 28 by W^{(α+28)} = −W^{(α)}. The weights W^{(λ)} can be naturally put in correspondence with the vector fields obtained from the dimensional reduction of the type IIA or IIB theory respectively. Both the first 28 magnetic charges and the last 28 electric charges decompose into a first set of 16 R–R charges (which contribute to a 32^± of SO(6, 6)) and a second set of 12 NS–NS charges. Representing these weights (as well as the roots for the scalar fields in table 4.5,4.6) in the

1 By Sp(56)D we denote the 56 symplectic representation of E7(7) in which the Cartan generators are diagonal.

Concluding Remarks 107

basis of (ϵ_i)_{i=1,...,7} the correspondence weights ↔ vectors (or roots ↔ scalars) become natural and consistent with our characterization of S × T duality. Indeed, as far as the R–R fields are concerned, the natural correspondence is between the inner indices of the dimensionally reduced form (which gives rise either to a scalar or to a vector) and the number and positions of the “+” signs multiplying the (ϵ_i)_{i=1,...,6} in the corresponding weight.^2 In tables 4.5,4.6 and 4.7,4.8 this correspondence has been “nailed” down for a particular S × T –duality gauge (so that the fields (weights) of IIB and IIA are related by a T–duality along the compact direction x^9 (automorphism ϵ_6 → −ϵ_6)), making it possible to infer the transformation rules of the fields under a generic S × T transformation.

4.7 Concluding Remarks

The algebraic machinery I have reviewed in this chapter is a powerful tool that has not been fully exploited yet. It has proved very useful in understanding the general structure of BP S black holes and in pinpointing their microscopic/macroscopic correspondence but its application to the general problem of the same microscopic/macroscopic correspondence at the level of gaugings, domain walls and other p–brane solutions is just a programme for the future. Nonetheless I have no doubt that it is a very fruitful direction to be pursued. In this chapter I have mainly focused on the case of maximal supergravities with particular attention to the D = 4 case, but as I explained in section 4.3 the Solvable Lie algebra approach exists for all supergravities where the scalar manifold is a homogeneous coset G/H. As we know this is the most frequent case and applies, in particular, to the N = 4 theory in D = 5. Before gauging we just have the graviton multiplet that contains one real scalar and n vector, each of which contains 5 scalars. The scalar manifold in this case is: M_{scalar} = SO(1, 1) × SO(5, n) SO(5) × SO(n)

(4.7.84)

For n = 5 eq.(4.7.84) describes the submanifold of NS-NS scalars for type IIA supergravity compactified on a T^5 torus. The remaining 16 scalars are Ramond fields. Consider next the case of a D3–brane placed placed at the singular point of a transverse space R^2 × C^2 /Γ where Γ ⊂ SU (2) is a discrete subgroup of SU (2). If Γ were the identity the D3–brane would be a regular one leading to AdS_5 × S^5 as near horizon geometry. The corresponding near brane supergravity is the maximal compact gauging of the N = 8 where the gauge algebra is SO(6). When Γ is non trivial the non trivial holonomy of the transverse space reduces the number of preserved supercharges from 32 down to 16 and the near brane supergravity is some gauged version of the N = 4 theory with a number of vector/tensor multiplets that is:

n = 5 + # of twisted multiplets (4.7.85)

It is a challenging problem to obtain a precise relation between such a gauging and the microscopic description of the parent D3–brane system. It is natural to me to think that the solvable Lie algebra machinery described in the previous pages should provide the appropriate tool to bridge this gap. This would be particularly rewarding in the case of fractional D3–branes where there is a non trivial B–flux at the singular point [22, 24].

The above discussion is just an explicit example of the many applications of the SLA machinery to the microscopic/macroscopic correspondence that can be conceived. The general programme is to exploit the algebraic characterization of S × T dualities in a systematic way.

2 For example the vector Aμijkl corresponds to the weight (1/2)(.. +i .. +j .. +k .. +l ..).

Concluding Remarks 108

IIA IIB α^∓_{m,n} (IIB/IIA) ϵi–components αi–components A9 ρ α1,1^1_2 (−1, −1, −1, −1, −1, ∓1, √ 2) (0, 0, 0, 0, 0, 0, 1) B8 9 B8 9 α2,1 (0, 0, 0, 0, 1, 1, 0) (0, 0, 0, 0, 0, 1, 0) G8 9 G8 9 α2,2 (0, 0, 0, 0, 1, −1, 0) (0, 0, 0, 0, 1, 0, 0) A8 A8 9 α2,3^1_2 (−1, −1, −1, −1, 1, ±1, √ 2) (0, 0, 0, 0, 0, 1, 1) B7 8 B7 8 α3,1 (0, 0, 0, 1, 1, 0, 0) (0, 0, 0, 1, 1, 1, 0) G7 8 G7 8 α3,2 (0, 0, 0, 1, −1, 0, 0) (0, 0, 0, 1, 0, 0, 0) B7 9 B7 9 α3,3 (0, 0, 0, 1, 0, 1, 0) (0, 0, 0, 1, 0, 1, 0) G7 9 G7 9 α3,4 (0, 0, 0, 1, 0, −1, 0) (0, 0, 0, 1, 1, 0, 0) A7 8 9 A7 8 α3,4^1_2 (−1, −1, −1, 1, 1, ∓1, √ 2) (0, 0, 0, 1, 1, 1, 1) A7 A7 9 α3,6^1_2 (−1, −1, −1, 1, −1, ±1, √ 2) (0, 0, 0, 1, 0, 1, 1) B6 7 B6 7 α4,1 (0, 0, 1, 1, 0, 0, 0) (0, 0, 1, 2, 1, 1, 0) G6 7 G6 7 α4,2 (0, 0, 1, −1, 0, 0, 0) (0, 0, 1, 0, 0, 0, 0) B6 8 B6 8 α4,3 (0, 0, 1, 0, 1, 0, 0) (0, 0, 1, 1, 1, 1, 0) G6 8 G6 8 α4,4 (0, 0, 1, 0, −1, 0, 0) (0, 0, 1, 1, 0, 0, 0) B6 9 B6 9 α4,4 (0, 0, 1, 0, 0, 1, 0) (0, 0, 1, 1, 0, 1, 0) G6 9 G6 9 α4,6 (0, 0, 1, 0, 0, −1, 0) (0, 0, 1, 1, 1, 0, 0) A6 7 9 A6 7 α4,7^1_2 (−1, −1, 1, 1, −1, ∓1, √ 2) (0, 0, 1, 2, 1, 1, 1) A6 8 9 A6 8 α4,8^1_2 (−1, −1, 1, −1, 1, ∓1, √ 2) (0, 0, 1, 1, 1, 1, 1) A6 A6 9 α4,9^1_2 (−1, −1, 1, −1, −1, ±1, √ 2) (0, 0, 1, 1, 0, 1, 1) A6 7 8 A6 7 8 9 α4,10^1_2 (−1, −1, 1, 1, 1, ±1, √ 2) (0, 0, 1, 2, 1, 2, 1) B5 6 B5 6 α5,1 (0, 1, 1, 0, 0, 0, 0) (0, 1, 2, 2, 1, 1, 0) G5 6 G5 6 α5,2 (0, 1, −1, 0, 0, 0, 0) (0, 1, 0, 0, 0, 0, 0) B5 7 B5 7 α5,3 (0, 1, 0, 1, 0, 0, 0) (0, 1, 1, 2, 1, 1, 0) G5 7 G5 7 α5,4 (0, 1, 0, −1, 0, 0, 0) (0, 0, 1, 0, 0, 0, 0) B5 8 B5 8 α5,5 (0, 1, 0, 0, 1, 0, 0) (0, 1, 1, 1, 1, 1, 0) G5 8 G5 8 α5,6 (0, 1, 0, 0, −1, 0, 0) (0, 0, 0, 1, 0, 0, 0) B5 9 B5 9 α5,7 (0, 1, 0, 0, 0, 1, 0) (0, 1, 1, 1, 0, 1, 0) G5 9 G5 9 α5,8 (0, 1, 0, 0, 0, −1, 0) (0, 0, 0, 0, 1, 0, 0) A5 6 9 A5 6 α5,9^1_2 (−1, 1, 1, −1, −1, ∓1, √ 2) (0, 1, 2, 2, 1, 1, 1) A5 7 9 A5 7 α5,10^1_2 (−1, 1, −1, 1, −1, ∓1, √ 2) (0, 1, 1, 2, 1, 1, 1) A5 8 9 A5 8 α5,11^1_2 (−1, 1, −1, −1, 1, ∓1, √ 2) (0, 1, 1, 1, 1, 1, 1) A5 A5 9 α5,12^1_2 (−1, 1, −1, −1, −1, ±1, √ 2) (0, 1, 1, 1, 0, 1, 1) A5 7 8 A5 7 8 9 α5,13^1_2 (−1, 1, −1, 1, 1, ±1, √ 2) (0, 1, 1, 2, 1, 2, 1) A5 6 8 A5 6 8 9 α5,14^1_2 (−1, 1, 1, −1, 1, ±1, √ 2) (0, 1, 2, 2, 1, 2, 1) A5 6 7 A5 6 7 9 α5,15^1_2 (−1, 1, 1, 1, −1, ±1, √ 2) (0, 1, 2, 3, 1, 2, 1) Aμνρ A5 6 7 8 α5,16^1_2 (−1, 1, 1, 1, 1, ∓1, √ 2) (0, 1, 2, 3, 1, 2, 1)

Table 4.5. The correspondence between the positive roots α^±_{m,n} of the U–duality algebra E^±_{7(7)} and the scalar fields parameterizing the moduli space for either IIA or IIB compactifications on T^6. The notation αm,n for the positive roots was explained in section 4.5.3.2.

Acknowledgements

It is my great pleasure to thank here Riccardo D’Auria, Anna Ceresole, Antoine Van Proeyen and Marco Billó from whose scientific advice and reading of the earlier versions of this manuscript I have much profited. I also had important and clarifying discussions with Mario Trigiante,

Concluding Remarks 109

IIA IIB α^∓_{m,n} (IIB/IIA) ϵi–components αi–components B4 5 B4 5 α6,1 (1, 1, 0, 0, 0, 0, 0) (1, 2, 2, 2, 1, 1, 0) G4 5 G4 5 α6,2 (1, −1, 0, 0, 0, 0, 0) (1, 0, 0, 0, 0, 0, 0) B4 6 B4 6 α6,3 (1, 0, 1, 0, 0, 0, 0) (1, 1, 2, 2, 1, 1, 0) G4 6 G4 6 α6,4 (1, 0, −1, 0, 0, 0, 0) (1, 1, 0, 0, 0, 0, 0) B4 7 B4 7 α6,5 (1, 0, 0, 1, 0, 0, 0) (1, 1, 1, 2, 1, 1, 0) G4 7 G4 7 α6,6 (1, 0, 0, −1, 0, 0, 0) (1, 1, 1, 0, 0, 0, 0) B4 8 B4 8 α6,7 (1, 0, 0, 0, 1, 0, 0) (1, 1, 1, 1, 1, 1, 0) G4 8 G4 8 α6,8 (1, 0, 0, 0, −1, 0, 0) (1, 1, 1, 1, 0, 0, 0) B4 9 B4 9 α6,9 (1, 0, 0, 0, 0, 1, 0) (1, 1, 1, 1, 0, 1, 0) G4 9 G4 9 α6,10 (1, 0, 0, 0, 0, −1, 0) (1, 1, 1, 1, 1, 0, 0) Bμν Bμν α6,11 (0, 0, 0, 0, 0, 0, √ 2) (1, 2, 3, 4, 2, 3, 2) Aμν 9 Aμν α6,12^1_2 (1, 1, 1, 1, 1, ±1, √ 2) (1, 2, 3, 4, 2, 3, 1) A4 5 9 A4 5 α6,13^1_2 (1, 1, −1, −1, −1, ∓1, √ 2) (1, 2, 2, 2, 1, 1, 1) A4 6 9 A4 6 α6,14^1_2 (1, −1, 1, −1, −1, ∓1, √ 2) (1, 1, 2, 2, 1, 1, 1) A4 7 9 A4 7 α6,15^1_2 (1, −1, −1, 1, −1, ∓1, √ 2) (1, 1, 1, 2, 1, 1, 1) A4 8 9 A4 8 α6,16^1_2 (1, −1, −1, −1, 1, ∓1, √ 2) (1, 1, 1, 1, 1, 1, 1) A4 A4 9 α6,17^1_2 (1, −1, −1, −1, −1, ±1, √ 2) (1, 1, 1, 1, 0, 1, 1) A4 7 8 A4 7 8 9 α6,18^1_2 (1, −1, −1, 1, 1, ±1, √ 2) (1, 1, 1, 2, 1, 2, 1) A4 6 8 A4 6 8 9 α6,19^1_2 (1, −1, 1, −1, 1, ±1, √ 2) (1, 1, 2, 2, 1, 2, 1) A4 6 7 A4 6 7 9 α6,20^1_2 (1, −1, 1, 1, −1, ±1, √ 2) (1, 1, 2, 3, 1, 2, 1) Aμν 5 A4 6 7 8 α6,21^1_2 (1, −1, 1, 1, 1, ∓1, √ 2) (1, 1, 2, 3, 2, 2, 1) A4 5 8 A4 5 8 9 α6,22^1_2 (1, 1, −1, −1, 1, ±1, √ 2) (1, 2, 2, 2, 1, 2, 1) A4 5 7 A4 5 7 9 α6,23^1_2 (1, 1, −1, 1, −1, ±1, √ 2) (1, 2, 2, 3, 1, 2, 1) Aμν 6 A4 5 7 8 α6,24^1_2 (1, 1, −1, 1, 1, ∓1, √ 2) (1, 2, 2, 3, 2, 2, 1) A4 5 6 A4 5 6 9 α6,25^1_2 (1, 1, 1, −1, −1, ±1, √ 2) (1, 2, 3, 3, 1, 2, 1) Aμν 7 A4 5 6 8 α6,26^1_2 (1, 1, 1, −1, 1, ∓1, √ 2) (1, 2, 3, 3, 2, 2, 1) Aμν 8 A4 5 6 7 α6,27^1_2 (1, 1, 1, 1, −1, ∓1, √ 2) (1, 2, 3, 4, 2, 2, 1)

Table 4.6. The correspondence between the positive roots α^±_{m,n} of the U–duality algebra E_{7(7)}^± and the scalar fields continued....

Matteo Bertolini, Igor Pesando and Alberto Lerda to whom I am very much grateful. I want to express my gratitude to Eugene Cremmer and Kelly Stelle for their excellent organization of the RT N –school at the Institut Henry Poincaré of Paris and for their kind invitation (together with the other organizers) to give this series of lectures. I have much benefited in writing the final version of these notes from all the comments and constructive criticisms raised by the audience during the lectures and I would like to thank all the participants for this. Finally my constant gratitude goes to Toine Van Proeyen whose skillful, friendly and stimulating managing of the RT N network is the essential basis for the success of all network activities.

Concluding Remarks 110

IIA IIB W^{(λ)±} (IIB/IIA) ϵi–components: IIB/IIA Aμ Aμ9 W^{(1) 1}_2 (−1, −1, −1, −1, −1, ±1, 0) Aμ5678 Aμ56789 W^{(2) 1}_2 (−1, 1, 1, 1, 1, ±1, 0) Aμ4678 Aμ46789 W^{(3) 1}_2 (1, −1, 1, 1, 1, ±1, 0) Aμ4578 Aμ45789 W^{(4) 1}_2 (1, 1, −1, 1, 1, ±1, 0) Aμ4568 Aμ45689 W^{(5) 1}_2 (1, 1, 1, −1, 1, ±1, 0) Aμ4567 Aμ45679 W^{(6) 1}_2 (1, 1, 1, 1, −1, ±1, 0) Aμ6789 Aμ678 W^{(7) 1}_2 (−1, −1, 1, 1, 1, ∓1, 0) Aμ5789 Aμ578 W^{(8) 1}_2 (−1, 1, −1, 1, 1, ∓1, 0) Aμ5689 Aμ568 W^{(9) 1}_2 (−1, 1, 1, −1, 1, ∓1, 0) Aμ5679 Aμ567 W^{(10) 1}_2 (−1, 1, 1, 1, −1, ∓1, 0) Aμ4679 Aμ467 W^{(11) 1}_2 (1, −1, 1, 1, −1, ∓1, 0) Aμ4579 Aμ457 W^{(12) 1}_2 (1, 1, −1, 1, −1, ∓1, 0) Aμ4569 Aμ456 W^{(13) 1}_2 (1, 1, 1, −1, −1, ∓1, 0) Aμ4689 Aμ468 W^{(14) 1}_2 (1, −1, 1, −1, 1, ∓1, 0) Aμ4789 Aμ478 W^{(15) 1}_2 (1, −1, −1, 1, 1, ∓1, 0) Aμ4589 Aμ458 W^{(16) 1}_2 (1, 1, −1, −1, 1, ∓1, 0) Bμ4 Bμ4 W^{(17)} ı −1, 0, 0, 0, 0, 0,^1√_2 ȷ Bμ5 Bμ5 W^{(18)} ı 0, −1, 0, 0, 0, 0,^1√_2 ȷ Bμ6 Bμ6 W^{(19)} ı 0, 0, −1, 0, 0, 0,^1√_2 ȷ Bμ7 Bμ7 W^{(20)} ı 0, 0, 0, −1, 0, 0,^{1√}_2 ȷ Bμ8 Bμ8 W^{(21)} ı 0, 0, 0, 0, −1, 0,^{1√}_2 ȷ Gμ9 Gμ9 W^{(22)} ı 0, 0, 0, 0, 0, 1,^{1√}_2 ȷ Gμ4 Gμ4 W^{(23)} ı −1, 0, 0, 0, 0, 0, −^{1√}_2 ȷ Gμ5 Gμ5 W^{(24)} ı 0, −1, 0, 0, 0, 0, −^{1√}_2 ȷ Gμ6 Gμ6 W^{(25)} ı 0, 0, −1, 0, 0, 0, −^1√_2 ȷ Gμ7 Gμ7 W^{(26)} ı 0, 0, 0, −1, 0, 0, −^1√_2 ȷ Gμ8 Gμ8 W^{(27)} ı 0, 0, 0, 0, −1, 0, −^1√_2 ȷ Bμ9 Bμ9 W^{(28)} ı 0, 0, 0, 0, 0, 1, −^1√_2 ȷ

Table 4.7. Correspondence between the weights W^{(λ)∓} of the 56 of E_{7(7)}^± and the vectors deriving from the dimensional reduction of type IIA and type IIB fields.

Concluding Remarks 111

IIA IIB W^{(λ)±} (IIB/IIA) ϵi–components: IIB/IIA Aμ456789 Aμ45678 W^{(29)} −^1_2 (−1, −1, −1, −1, −1, ±1) Aμ49 Aμ4 W^{(30)} −^1_2 (−1, 1, 1, 1, 1, ±1, 0) Aμ59 Aμ5 W^{(31)} −^1_2 (1, −1, 1, 1, 1, ±1, 0) Aμ69 Aμ6 W^{(32)} −^1_2 (1, 1, −1, 1, 1, ±1, 0) Aμ79 Aμ7 W^{(33)} −^1_2 (1, 1, 1, −1, 1, ±1, 0) Aμ89 Aμ8 W^{(34)} −^1_2 (1, 1, 1, 1, −1, ±1, 0) Aμ45 Aμ459 W^{(35)} −^1_2 (−1, −1, 1, 1, 1, ∓1, 0) Aμ46 Aμ469 W^{(36)} −^1_2 (−1, 1, −1, 1, 1, ∓1, 0) Aμ47 Aμ479 W^{(37)} −^1_2 (−1, 1, 1, −1, 1, ∓1, 0) Aμ48 Aμ489 W^{(38)} −^1_2 (−1, 1, 1, 1, −1, ∓1, 0) Aμ58 Aμ589 W^{(39)} −^1_2 (1, −1, 1, 1, −1, ∓1, 0) Aμ68 Aμ689 W^{(40)} −^1_2 (1, 1, −1, 1, −1, ∓1, 0) Aμ78 Aμ789 W^{(41)} −^1_2 (1, 1, 1, −1, −1, ∓1, 0) Aμ57 Aμ579 W^{(42)} −^1_2 (1, −1, 1, −1, 1, ∓1, 0) Aμ56 Aμ569 W^{(43)} −^1_2 (1, −1, −1, 1, 1, ∓1, 0) Aμ67 Aμ679 W^{(44)} −^1_2 (1, 1, −1, −1, 1, ∓1, 0) Bμ4 Bμ4 W^{(45)} ı 1, 0, 0, 0, 0, 0, −^{1√}_2 ȷ Bμ5 Bμ5 W^{(46)} ı 0, 1, 0, 0, 0, 0, −^{1√}_2 ȷ Bμ6 Bμ6 W^{(47)} ı 0, 0, 1, 0, 0, 0, −^1√_2 ȷ Bμ7 Bμ7 W^{(48)} ı 0, 0, 0, 1, 0, 0, −^1√_2 ȷ Bμ8 Bμ8 W^{(49)} ı 0, 0, 0, 0, 1, 0, −^1√_2 ȷ Gμ9 Gμ9 W^{(50)} ı 0, 0, 0, 0, 0, −1, −^1√_2 ȷ Gμ4 Gμ4 W^{(51)} ı 1, 0, 0, 0, 0, 0,^1√_2 ȷ Gμ5 Gμ5 W^{(52)} ı 0, 1, 0, 0, 0, 0,^1√_2 ȷ Gμ6 Gμ6 W^{(53)} ı 0, 0, 1, 0, 0, 0,^1√_2 ȷ Gμ7 Gμ7 W^{(54)} ı 0, 0, 0, 1, 0, 0,^{1√}_2 ȷ Gμ8 Gμ8 W^{(55)} ı 0, 0, 0, 0, 1, 0,^{1√}_2 ȷ Gμ9 Bμ9 W^{(56)} ı 0, 0, 0, 0, 0, −1,^{1√}_2 ȷ

Table 4.8. Correspondence between the weights W^{(λ)∓} of the 56 of E_{7(7)}^± and the vectors continued....

Appendix A

Conventions

The conventions used in these lecture notes are those used throughout the whole development of the rheonomy approach to supergravity, as exposed in the book [67], and subsequently utilized in the original papers on the derivation of coordinate free special geometry [42, 43], on the N = 2 gauging [79] and formulation of the most general N = 2 lagrangian [53]. The same conventions were also used in the whole series of papers dealing with the central charges in extended supergravity [44, 46, 51, 47, 48, 49], in the series of papers on the AdS/CFT correspondence via harmonic analysis on G/H manifolds [9, 10, 18, 19, 11, 17, 13, 14] and in the papers on the gauging of maximal supergravities in D = 4 and D = 5 [96, 103] or in the papers on partial supersymmetry breaking [88, 89, 90]. In order to have a uniform language and a possibility to compare theories with different number of supersymmetries and in different dimensions I have made an effort to translate also the results of [101] and the formalism of very special geometry [69, 70, 71, 72, 73] to the same set of consistent notations used in the other papers mentioned above and adopted in these lecture notes. They are as follows.

A.1 Listing of the conventions

I list the conventions by items

A.1.1 Space–time signature

The space–time metric in all dimensions is the mostly minus metric:

η = diag +, −, . . . , − D−1 times (A.1.1)

A.1.2 Gamma matrix algebra

The conventions for gamma matrices are always: ( γ^0 )_† = γ^0 ( γ^i )_† = − γ^i (i = 1, . . . , D − 1) (A.1.2)

In particular for the D = 4 theories we have:

Listing of the conventions 113

A.1.2.1 Gamma matrices properties in D = 4

γ_5 ≡^i_{4!} ϵ_{mnpq} γ^mγ^nγ^pγ^q {γ_5, γ^m} = 0

γ^2_5 = 1 γ^†_5 = γ_5 γ^T_5 = γ_5 C(γ^m )^T C^{−1} = −γ^m C^2 = −1 C^† = −C [C, γ_5] = 0 (A.1.3) and: C^T = −C (Cγ_m)^T = Cγ_m (Cγ^{mn})^T = Cγ^{mn} (Cγ_5)^T = −Cγ_5 (Cγ_5γ_m)^T = −Cγ_5γ_m (Cγ_5γ^{mn})^T = Cγ_5γ^{mn}

(A.1.4)

Some useful identities: { γ^pγ^{mn} = η^{pm}γ^n − η^{pn}γ^m + γ^{pmn} γ^{mn}γ^p = η^{pn}γ^m − η^{pm}γ^n + γ^{pmn} (A.1.5) γ^mγ^{pqr} = η^{mp}γ^{qr} + η^{mq} γ^{rp} + η^{mr} γ^{pq} + γ^{mpqr} (A.1.6) γ^{mn}γ^{pq} = η^{mq} η^{np} − η^{mp}η^{nq} + (γ^{mq} η^{np} − γ^{mp}η^{nq} − γ^{nq}η^{mp} + γ^{np}η^{mq} ) + γ^{mnpq} (A.1.7) γ_5γ_{pqr} = iϵ_{pqrs}γ^s (A.1.8) γ^{mn}ϵ_{mnpq} = 2iγ_5γ_{pq} (A.1.9)

A.1.3 Index conventions A.1.3.1 Space–time indices In most instances I use a differential form language so that the curved space–time indices are not mentioned. When they are mentioned they appear as low case Greek letters from the middle of the alphabet λ, μ, ν, . . . = space–time curved indices = 0, 1, . . ., D − 1 (A.1.10) Large use is instead made of the flat (=tangent) space–time indices that are denoted with low case Latin letters form the beginning of the alphabet:

a, b, c, . . . = flat space–time indices = 0, 1, 2, . . ., D − 1 (A.1.11)

A.1.3.2 R-symmetry indices A convention that has been universally adopted in the whole development of the rheonomy approach and hence in all the papers, books and reviews mentioned above concerns the Rsymmetry indices, namely those labeling the supersymmetry charges and transforming in the fundamental of SU(N ) in four dimensions, in the fundamental of USp(N ) in five dimensions and so on. For all D.s and for all N .s these indices are denoted as capital Latin letters from the beginning of the alphabet:

A, B, C, D, . . . = R symmetry indices (A.1.12)

Listing of the conventions 114

A.1.3.3 Vector Field indices

Following my general discussion in section 2.4 on duality transformations and the whole set up of supergravity gaugings I stress the importance of having a well separated index convention for the enumeration of the vector fields or in general for the p + 1–forms. For this purpose, in every dimension D and for all N –extended supersymmetries we use the Capital Greek indices:

Λ, Σ, Γ, Δ, . . . = indices enumerating vector fields or p + 1–forms (A.1.13)

Group–theoretically these indices are assigned to a linear representation D of the isometry group of the scalar manifold. In the case of p+1–forms that are not self dual the dimension of the linear representation D equals the number n of p + 1–forms, so that the range of the indices Λ, Σ, . . . exhausts such a dimension. Instead, in the case of self–dual p + 1 forms we have dimD = 2n. Here the following convention has been uniformly adopted in all the papers, books and reviews quoted above: an object V transforming in D is labeled as follows: V = ( V^Λ V_Σ ) ; Λ, Σ = 1, . . ., n (A.1.14)

The upper n indices refer to the electric fields while the lower n indices refer to the magnetic duals.

This general convention consistently implies the conventions adopted for special Kähler geometry and very special geometry. Since in both cases the section X^Λ entering the definition of these geometries transforms as the electric field strengths it naturally carries the same Capital Greek indices.

A.1.4 Notations for special and very special geometry

As just mentioned we name: V = ( X^Λ(z) F_Σ(z) ) ; Λ, Σ = 1, . . ., n_V = 1 + n (A.1.15)

the holomorphic section of the flat symplectic bundle governing the definition of special Kähler geometry n being the number of vector multiplets. The complex coordinates of the special Kähler manifold (= the scalar fields) are denoted z^i and the Latin low case letters from the middle of the alphabet are used to denote the world indices on the complex scalar manifold:

i, j, k, ℓ, . . . = holomorphic world indices on the scalar manifold (A.1.16) i^⋆, j^⋆, k^⋆, ℓ^⋆, . . . = antiholomorphic world indices on the scalar manifold (A.1.17) (A.1.18)

Similarly for very special geometry we name V = ( X^Λ(ϕ) F_Σ(ϕ) =^∂_{∂XΣ} ln N(X) ) ; Λ, Σ = 1, . . ., n_V = 1 + n (A.1.19)

the real section of the flat bundle governing this geometry. As explained in the text at the level of gauging we need to distinguish those of the vector fields that are true vectors and those that

Listing of the conventions 115 are dualised to massive two–forms. This is done as in eq.(2.6.9), namely

Λ = 1, . . ., n + 1 = 0 , I I , , M I, J, K, . . . , = indices enumerating gauged vectors = 1, . . ., dim G_{gauge} M, N ,, . . . = indices enumerating tensor multiplets = 1, . . . , n_T (A.1.20)

A.1.5 Notations for quaternionic geometry The three complex structures closing the quaternionic algebra are labeled with low case Latin indices from the almost end of the alphabet:

x, y, z, . . . = vector indices of SU_R(2) ∼ SO_R(3) = 1, 2, 3 (A.1.21) On the other hand low case Greek letters from the beginning of the alphabet are used to denote the symplectic indices transforming in the fundamental of Sp(2m, R) where m is the number of hypermultiplets: α, β, γ, . . . = Sp(2m, R) indices = 1, 2, . . ., 2m. (A.1.22) The low case Latin letters from the very end of the alphabet are instead used to denote world indices on the quaternionic manifold:

u, v, w, . . . = world indices on the quaternionic manifold1, 2, . . ., 4m (A.1.23) Other conventions are: K^x = HyperKähler forms Ω^x = curvatures of the SU_R(2) connection P^x−→ X = triholomorphic moment map of the Killing vector −→X (A.1.24)

A.1.6 Conventions in differential geometry and General Relativity In dealing with forms I use the conventions used throughout all the papers, books and reviews mentioned at the beginning of this appendix, namely:

a The exterior derivative d always acts from the left to the right on differential forms: dω^{[p]} = ∂_{[μ1} ω_{μ2,...,μp+1]} dx^{μ1} ∧ . . . dx^{μp+1} (A.1.25) b The components of a p-form are always written to the left of the differentials (which is important in the case of fermionic forms) and they are normalized to strength 1. For instance, for vector fields: F = dA = F_{μν} dx^μ ∧ dx^ν F_{μν} =^1_2 (∂_μA_ν − ∂_ν A_μ) (A.1.26) Note the factor^1_2 difference with the normalization of F_{μν} which is customary in most field theory textbooks.

Listing of the conventions 116 c In General Relativity the curvature 2–form is defined as R^{ab} = dω^{ab} − ω^{ac} ∧ ω^{db} η_{cd} (A.1.27) The Riemann tensor (and consequently the scalar curvature) is defined as the component in the vielbein basis of the curvature 2–form (A.1.27): R^{ab} = R^{ab}_{cd} V^c ∧ V^d (A.1.28) Note once again the factor^1_2 difference (and also the sign) with respect to the traditional normalizations of the Riemann tensors used throughout most of the GR textbooks.

References

[1] C.M. Hull and P.K. Townsend, Unity of superstring dualities, Nucl. Phys. B438 (1995) 109. [2] E. Witten, String Theory Dynamics In Various Dimensions hep-th/9503124, Nucl. Phys. B443 (1995) 85 [3] J. Maldacena, The large N limit of superconformal field theories and supergravity Adv. Theor. Math.

Phys. 2 (1998) 231 [hep-th/9711200] [4] P. Claus, R. Kallosh, and A. Van Proeyen, Nucl. Phys. B518, (1998) 117. P. Claus, R. Kallosh, J.

Kumar, P. Townsend and A. Van Proeyen, preprint hep-th/9801206.

[5] for a review see: O. Aharony, S. S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Large N field theories, string theory and gravity Phys. Rept. 323 (2000) 183, hep-th/9905111, and references therein.

[6] H.Lu, C.N. Pope, E. Sezgin and K.S. Stelle, Stainless super p-branes Nucl.Phys. B456 (1995) 669 hep-th/9508042, H. Lu, C.N. Pope,Vertical versus Diagonal Dimensional Reduction for p-branes Nucl.Phys. B481 (1996) 313, hep-th/9605082, M. J. Duff, H. Lu and C.N. Pope, hep-th/ 9604052, H.Lu, C.N. Pope and K.S. Stelle The Black Branes of M-theory Phys.Lett. B382 (1996) 73 hep th/9602140.

[7] The literature on this topic is quite extended. As a general review, see the lecture notes:

K. Stelle, “Lectures on Supergravity p–Branes”, Lectures presented at 1996 ICTP Summer School, Trieste, hep-th/9701088 [8] For a recent comprehensive updating on M–brane solutions see also

P. K. Townsend, “M–Theory from its Superalgebra”, Talk given at the NATO Advanced Study Institute on Strings, Branes and Dualities, Cargese, France, 26 May - 14 June 1997, hep-th/9712004 [9] L. Castellani, A. Ceresole, R. D’Auria, S. Ferrara, P. Fré and M. Trigiante G/H M-branes and AdSp+2 geometriesNucl. Phys. B527 (1998) 142, hep-th 9803039.

[10] D. Fabbri, P. Fré, L. Gualtieri and P. Termonia, M-theory on AdS4 ×M^{111}: the complete Osp(2|4)× SU(3) × SU(2) spectrum from harmonic analysis, hep-th/9903036.

[11] D. Fabbri, P. Fré, L. Gualtieri, C. Reina, A. Tomasiello, A. Zaffaroni, A. Zampa, 3D superconformal theories from Sasakian seven-manifolds: new non-trivial evidence for AdS4/CF T3, Nucl. Phys. B577 (2000) 547, hep-th/9907219.

[12] I. Klebanov and E. Witten Superconformal Field Theory on Threebranes at a Calabi Yau Singularity, Nucl. Phys. B536 (1998) 199, hep-th/9807080.

[13] M. Billó, D. Fabbri, P. Fré, P. Merlatti and A. Zaffaroni, Shadow Multiplets in AdS4/CF T3 and the superHiggs mechanism hep-th/0005220 [14] M. Billó, D. Fabbri, P. Fré, P. Merlatti and A. Zaffaroni, Rings of short N = 3 superfields in three dimensions and M-theory on AdS4 × N^{010} -hep-th/0005219 [15] S. S. Gubser, Einstein manifolds and conformal field theories, Phys. Rev. D59 (1999) 025006, hepth/9807164.

[16] S. S. Gubser and I. Klebanov, Baryons and Domain Walls in an N = 1 Superconformal Gauge Theory, Phys. Rev. D58 (1998) 125025, hep-th/9808075.

[17] A. Ceresole, G. Dall’Agata, R. D’Auria and S. Ferrara, M-theory on the Stiefel manifold and 3d Conformal Field Theories, JHEP 0003 (2000) 011, hep-th/9912107.

References 118

[18] A. Ceresole, G. Dall’Agata, R. D’Auria and S. Ferrara, Spectrum of Type IIB Supergravity on AdS5 × T^{11}: Predictions on N = 1 SCFT’s, hep-th/9905226.

[19] A. Ceresole, G. Dall’Agata, R. D’Auria, KK Spectroscopy of Type IIB Supergravity on AdS5xT^{11} , hep-th/9907216.

[20] H. J. Boonstra, K. Skenderis and P. K. Townsend, The domain wall/QFT correspondence JHEP9901 (1999) 003 [hep-th/9807137].

[21] H. Lü, C.N. Pope, P.K. Townsend Domain Walls form Anti de Sitter space Phys.Lett. B391 (1997) 39 hep-th/9607164 [22] M. Bertolini, P. Di Vecchia, M. Frau, A. Lerda, R. Marotta and I. Pesando, Fractional D-branes and their gauge duals hep-th/0011077.

[23] C. P. Herzog and I. R. Klebanov, Gravity duals of fractional branes in various dimensions hepth/0101020.

[24] M. Billo, B. Craps and F. Roose, Orbifold boundary states from Cardy’s condition hep-th/0011060. [25] C. G. Callan, J. A. Harvey and A. Strominger, World sheet approach to heterotic instantons and solitons Nucl. Phys. B359 (1991) 611.

[26] M. Billo, P. Fre, L. Girardello and A. Zaffaroni, “Gravitational instantons in heterotic string theory:

The H map and the moduli deformations of (4,4) superconformal theories Int. J. Mod. Phys. A8 (1993) 2351 [hep-th/9210076].

[27] M. Cvetic, H. Lu and C. N. Pope, Brane-world Kaluza-Klein reductions and branes on the brane hep-th/0009183. M. Cvetic, H. Lu and C. N. Pope, Domain walls with localised gravity and domain-wall/QFT correspondence hep-th/0007209.

[28] K. Behrndt and M. Cvetic, Anti-de Sitter vacua of gauged supergravities with 8 supercharges Phys.

Rev. D 61 (2000) 101901 hep-th/0001159.

[29] K. Behrndt and M. Cvetic, Supersymmetric domain wall world from D = 5 simple gauged supergravity Phys. Lett. B475 (2000) 253 hep-th/9909058.

[30] M. Cvetic, J. T. Liu, H. Lu and C. N. Pope, Domain-wall supergravities from sphere reduction Nucl.

Phys. B560 (1999) 230 hep-th/9905096.

[31] M. Cvetic, H. Lü and C.N. Pope Domain Walls with Localised Gravity and Domain Wall/QFT correspondence hep-th/0007209 [32] M. Cvetič and H.H. Soleng, Naked singularities in dilatonic domain wall space-time, Phys. Rev.

D51 (1995) 5768, hep-th/9411170.

[33] M. Cvetič and H.H. Soleng, Supergravity domain walls, Phys. Rep. 282 (1997) 159, hep-th/9604090. [34] E. Bergshoeff, R. Kallosh and A. Van Proeyen, Supersymmetry in singular spaces JHEP0010 (2000) 033 [hep-th/0007044].

[35] E. Bergshoeff and R. Halbersma, On domain-wall/QFT dualities in various dimensions hepth/0001065.

[36] K. Behrndt, E. Bergshoeff, R. Halbersma and J. P. van der Schaar, On domain-wall/QFT dualities in various dimensions Class. Quant. Grav. 16 (1999) 3517 [hep-th/9907006].

[37] E. Bergshoeff and J. P. van der Schaar, On M-9-branes Class. Quant. Grav. 16 (1999) 23 [hepth/9806069].

[38] L. Randall and R. Sundrum, An alternative to compactifiction Phys. Rev. Letters 83 (1999) 23 hep-th/9906064. J. Lykken and L. Randall The shape of gravity hep-th/9908076 [39] L. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension Phys. Rev. Letters 83 (1999) 3370 hep-th/9905221 [40] E. Cremmer, S. Ferrara, L. Girardello and A. Van Proeyen, Nucl. Phys. B212 (1983) 413. [41] A. Strominger, Special Geometry Commun. Math. Phys. 133 (1990) 163.

[42] L. Castellani, R. D’Auria and S. Ferrara, Special Geometry Without Special Coordinates Class.

Quant. Grav. 7 (1990) 1767.

[43] L. Castellani, R. D’Auria and S. Ferrara, Special Kahler Geometry: An Intrinsic Formulation From N=2 Space-Time Supersymmetry Phys. Lett. B241 (1990) 57.

[44] A. Ceresole, R. D’Auria and S. Ferrara, The Symplectic Structure of N=2 Supergravity and its Central Extension Nucl. Phys. Proc. Suppl. 46 (1996) 67 [hep-th/9509160].

References 119

[45] P. Fré Lectures on special Kähler Geometry and Electric Magnetic Duality Nucl. Phys. B Proc.

Suppl 45B,C (1996) 59.

[46] L. Andrianopoli, R. D’Auria and S. Ferrara, Central extension of extended supergravities in diverse dimensions, Int. J. Mod. Phys. A12 (1997) 3759 [hep-th/9608015].

[47] L. Andrianopoli, R. D’Auria and S. Ferrara, Duality, central charges and entropy of extremal BPS black holes, Nucl. Phys. Proc. Suppl. 68 (1998) 185 [hep-th/9709113].

[48] M. Billo, S. Cacciatori, F. Denef, P. Fre, A. Van Proeyen and D. Zanon, The 0-brane action in a general D = 4 supergravity background, Class. Quant. Grav. 16 (1999) 2335 [hep-th/9902100].

[49] R. D’Auria, S. Ferrara and M. A. Lledo, On central charges and Hamiltonians for 0-brane dynamics, Phys. Rev. D 60 (1999) 084007 [hep-th/9903089].

[50] L. Andrianopoli, R. D’Auria and S. Ferrara, U-duality and central charges in various dimensions revisited Int. J. Mod. Phys. A13 (1998) 431 [hep-th/9612105].

[51] L. Andrianopoli, R. D’Auria and S. Ferrara, U-invariants, black-hole entropy and fixed scalars Phys.

Lett. B403 (1997) 12 [hep-th/9703156].

[52] L. Andrianopoli, R. D’Auria and S. Ferrara, Flat symplectic bundles of N-extended supergravities, central charges and black-hole entropy hep-th/9707203.

[53] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fré, T. Magri, N=2 supergravity and N=2 super Yang–Mills theory on general scalar manifolds: symplectic covariance, gaugings and the momentum map, Jour. Geom. Phys. 23 (1997) 111.

[54] L. Andrianopoli, R. D’Auria, S. Ferrara, P. Fré and M. Trigiante, R-R Scalars, U-Duality and Solvable Lie Algebras, Nucl.Phys. B496 (1997) 617, hep-th/9611014 [55] L. Andrianopoli, R. D’Auria, S. Ferrara, P. Fré and M. Trigiante, Solvable Lie Algebras in Type IIA, Type IIB and M Theories, Nucl.Phys. B493 (1997) 249, hep-th 9612202 [56] S. Helgason, Differential Geometry and Symmetric Spaces, New York: Academic Press (1962). [57] D.V. Alekseevskii, Math. Izv. USSR, Vol. 9 (1975), No.2, 297 [58] E. Cremmer, in Supergravity ’81, ed. by S. Ferrara and J.G. Taylor, pag. 313 [59] M.B. Green, J.H. Schwarz and E. Witten, “Superstring Theory”, Cambridge University Press, 1987 [60] H. Lu and C. N. Pope, p-brane Solitons in Maximal Supergravities hep-th/9512012, Nucl. Phys. B 465 (1996) 127; H. Lu, C. N. Pope and K. Stelle, Weyl Group Invariance and p-brane Multiplets hep-th/9602140, Nucl. Phys. B 476 (1996) 89 [61] C.M. Hull, Non–Compact Gaugings of N = 8 Supergravity, Phys. Lett. 142B n. 1,2 (1984) 39; More Gaugings of N = 8 Supergravity, Phys. Lett. 148B n. 4,5 (1984) 297; The structure of the Gauged N = 8 Supergravity Theories, Nucl. Phys. B253 (1985) 650.

[62] See for instance: R. Gilmore, “Lie groups, Lie algebras and some of their applications”, (1974) ed.

J. Wiley and sons; J. E. Humphreys, “Introduction to Lie Algebras and representation theory” ed. by SPRINGER–VERLAG, New York . Heidelberg . Berlin (1972) [63] L. Andrianopoli, R. D’Auria, S. Ferrara, P. Fré, and M. Trigiante E_{7(7)} Duality, BPS Black-Hole Evolution and Fixed Scalars Nucl.Phys. B509 (1998) 463, hep-th/9707087 [64] M.K. Gaillard and B. Zumino, Duality rotations for interacting fields Nucl. Phys. B193 (1981) 221. [65] S. Ferrara, A. Van Proeyen Class. Quantum Grav. 2 (1989) 124.

[66] A. Sen Duality Symmetries in String Theory Nucl. Phys. B Proc. Suppl. 45B,C (1996) 46 [67] L. Castellani, R. D’Auria, P. Fré, Supergravity and Superstrings: a geometric perspective, WORLD SCIENTIFIC, Singapore 1991.

[68] R. D’Auria, E. Maina, T. Regge and P. Fre, Geometrical First Order Supergravity In Five Space- Time Dimensions Annals Phys. 135 (1981) 237.

[69] M. Gunaydin, G. Sierra and P. K. Townsend, The Geometry Of N=2 Maxwell-Einstein Supergravity And Jordan Algebras, Nucl. Phys. B242 (1984) 244.

[70] M. Gunaydin, G. Sierra and P. K. Townsend, Gauging The D = 5 Maxwell-Einstein Supergravity Theories: More On Jordan Algebras, Nucl. Phys. B253 (1985) 573.

[71] B. de Wit and A. Van Proeyen, Special geometry, cubic polynomials and homogeneous quaternionic spaces, Commun. Math. Phys. 149, 307 (1992) [hep-th/9112027].

[72] B. de Wit, F. Vanderseypen and A. Van Proeyen, Symmetry structure of special geometries, Nucl.

References 120

Phys. B400 (1993) 463 [hep-th/9210068].

[73] B. de Wit and A. Van Proeyen, Isometries of special manifolds, hep-th/9505097. [74] B. de Wit, P. G. Lauwers and A. Van Proeyen Nucl. Phys. B255 (1985) 569. [75] J. Bagger and E. Witten, Nucl. Phys. B222 (1983) 1.

[76] N. J. Hitchin, A. Karlhede, U. Lindstrom and M. Rocek, “HyperKähler Metrics and Supersymmetry”, Commun. math. Phys. 108 (1987) 535.

[77] K. Galicki, Comm. Math. Phys. 108 (1987) 117.

[78] S. Cecotti, S. Ferrara and L. Girardello, Phys. Lett. 213B (1988) 443; Int. J. Mod. Phys. A4(1989) 2475.

[79] R. D’Auria, S. Ferrara and P. Fre, Special and quaternionic isometries: General couplings in N=2 supergravity and the scalar potential, Nucl. Phys. B359 (1991) 705.

[80] S. Ferrara, S: Sabharwal, Nucl. Phys. B332 (1990) 317.

[81] B. de Wit, F. Vanderseypen and A. Van Proeyen Nucl. Phys. B400 (1993) 463. [82] J. Bagger, E. Witten, Nucl. Phys. B222 (1983) 1.

[83] S. Ferrara and P. van Nieuwenhuizen, Noether Coupling of Massive Gravitinos to N=1 Supergravity, Phys. Lett. B127 (1983) 70.

[84] M. de Roo, Gauged N=4 Matter Couplings, Phys. Lett. B156 (1985) 331. [85] S. Cecotti, L. Girardello and M. Porrati, Some Features of Susy Breaking in N=2 Supergravity, Phys.

Lett. B151 (1985) 367.

[86] S. Ferrara, P. Fré and L. Girardello, Spontaneously broken N=3 Supergravity , Nucl. Phys. B274 (1986) 600.

[87] Y. M. Zinovev, Spontaneous symmetry breaking in N=2 supergravity with matter, Int. J. Mod. Phys.

A7 (1992) 7515.

[88] S. Ferrara, L. Girardello and M. Porrati, Minimal Higgs Branch for the Breaking of Half of the Supersymmetries in N=2 Supergravity, Phys. Lett. B366 (1996) 155, hep-th/9510074.

[89] P. Fre, L. Girardello, I. Pesando and M. Trigiante, Spontaneous N = 2 → N = 1 local supersymmetry breaking with surviving compact gauge groups, Nucl. Phys. B493 (1997) 231, hep-th/9607032.

[90] L. Girardello, M. Porrati and A. Zaffaroni, Spontaneously broken N = 2 supergravity without light mirror fermions, Nucl. Phys. B505 (1997) 272 hep-th/9704163.

[91] B. de Wit and H. Nicolai, N=8 Supergravity Nucl. Phys. B208, (1982) 323. [92] M. de Roo and P. Wagemans, Partial supersymmetry breaking in N=4 supergravity, Phys. Lett. 177 (1986) 352.

[93] M. de Roo and P. Wagemans, Gauged matter coupling in N=4 supergravity, Nucl. Phys. B262 (1985) 644.

[94] P. C. C. Wagemans, Aspects of N = 4 Supergravity, Ph.D. Thesis, Groningen University, 1990, Universiteitsdrukkerij Groningen.

[95] G. Arcioni, A. Ceresole, F. Cordaro, R. D’Auria, P. Fre’, L. Gualtieri, M.Trigiante N=8 BPS Black Holes with 1/2 or 1/4 Supersymmetry and Solvable Lie Algebra Decompositions Nucl.Phys. B542 (1999) 273-307 hep-th/9807136 [96] F. Cordaro, P. Fre, L. Gualtieri, P. Termonia and M. Trigiante, N = 8 gaugings revisited: An exhaustive classification Nucl. Phys. B532 (1998) 245, hep-th/9804056.

[97] C.M. Hull, The Minimal Couplings and Scalar Potentials of the Gauged N = 8 Supergravities, Class.

Quant. Grav. 2 (1985) 343.

[98] M. Gunaydin and M. Zagermann, The gauging of five-dimensional, N = 2 Maxwell-Einstein supergravity theories coupled to tensor multiplets, Nucl. Phys. B 572 (2000) 131 [hep-th/9912027].

[99] M. Gunaydin and M. Zagermann, The vacua of 5d, N = 2 gauged Yang-Mills/Einstein/tensor supergravity: Abelian case, Phys. Rev. D 62 (2000) 044028 [hep-th/0002228].

[100] M. Gunaydin and M. Zagermann, Gauging the full R-symmetry group in five-dimensional, N = 2 Yang-Mills/Einstein/tensor supergravity, Phys. Rev. D 63 (2001) 064023 [hep-th/0004117].

[101] A. Ceresole and G. Dall’Agata, General Matter coupled N = 2, D = 5 gauged supergravity hep-th 0004111 [102] L. Castellani, A. Ceresole, S. Ferrara, R. D’Auria, P. Fre and E. Maina, “The Complete N=3 Matter

References 121

Coupled Supergravity Nucl. Phys. B268 (1986) 317.

[103] L. Andrianopoli, F. Cordaro, P. Fre and L. Gualtieri, Non-semisimple gaugings of D = 5 N = 8 supergravity, hep-th/0012203.

[104] P.K. Townsend Positive energy and the scalar potential in higher dimensional supergravity theories Phys. Lett. B148 (1984) 55 [105] R. Kallosh and A. Linde Supersymmetry and the Brane World hep-th/0001071 [106] M. Günaydin, L.J. Romans and N.P. Warner, Gauged N = 8 Supergravity in Five Dimensions, Phys. Lett. 154B, n. 4 (1985) 268; Compact and Non–Compact Gauged Supergravity Theories in Five Dimensions, Nucl. Phys. B272 (1986) 598.

[107] M.J.Duff, J. T. Liu, K.S. Stelle A supersymmetric Type IIB Randall-Sundrum realization hepth/0007120 [108] L. Andrianopoli, D. Fabbri, P. Fré, L. Gualtieri, P. Merlatti, paper to appear. [109] E. Cremmer, J. Scherk and S. Ferrara, SU(4) Invariant Supergravity Theory, Phys. Lett. B74 (1978) 61.

[110] E. Cremmer, J. Scherk and S. Ferrara, U(N) Invariance In Extended Supergravity, Phys. Lett. B68 (1977) 234.

[111] R. Kallosh, A. Linde, T. Ortin, A. Peet and A. Van Proeyen, Supersymmetry as a cosmic censor, Phys. Rev. D 46 (1992) 5278 [hep-th/9205027].

[112] A. Strominger and C. Vafa, Microscopic Origin of the Bekenstein-Hawking Entropy, Phys. Lett. B 379 (1996) 99 [hep-th/9601029].

[113] S. Ferrara, G. W. Gibbons and R. Kallosh, Black holes and critical points in moduli space, Nucl.

Phys. B 500 (1997) 75 [hep-th/9702103].

[114] S. Ferrara and R. Kallosh, Universality of Supersymmetric Attractors, Phys. Rev. D 54 (1996) 1525 [hep-th/9603090].

[115] S. Ferrara and R. Kallosh, Supersymmetry and Attractors, Phys. Rev. D 54 (1996) 1514 [hepth/9602136].

[116] S. Ferrara, R. Kallosh and A. Strominger, N=2 extremal black holes, Phys. Rev. D 52 (1995) 5412 [hep-th/9508072].

[117] J. M. Maldacena, Black holes in string theory, hep-th/9607235.

[118] M. Bertolini and M. Trigiante, Microscopic entropy of the most general four-dimensional BPS black hole JHEP0010 (2000) 002 [hep-th/0008201].

[119] M. Bertolini and M. Trigiante, Regular BPS black holes: Macroscopic and microscopic description of the generating solution, Nucl. Phys. B 582 (2000) 393 [hep-th/0002191].

[120] M. Bertolini and M. Trigiante, Regular R-R and NS-NS BPS black holes, Int. J. Mod. Phys. A 15 (2000) 5017 [hep-th/9910237].

[121] M. Bertolini, P. Fre and M. Trigiante, The generating solution of regular N = 8 BPS black holes, Class. Quant. Grav. 16 (1999) 2987 [hep-th/9905143].

[122] N. Jacobson “Lie Algebras”, Dover Publications, Inc. New York, (1979)