arXiv:hep-th/0103075 v2 21 Oct 2001

KUCP-0179 hep-th/0103075

Phase structure of a compact U (1) gauge theory

from the viewpoint of a sine-Gordon model

Kentaroh Yoshida and Wataru Souma^∗ Graduate School of Human and Environmental Studies, Kyoto University, Kyoto 606-8501, Japan.

E-mail: yoshida@phys.h.kyoto-u.ac.jp
          souma@atr.co.jp

(Dated: October 21, 2001)

We discuss the phase structure of the four-dimensional compact U(1) gauge theory at finite temperature using a deformation of the topological model. Its phase structure can be determined by the behavior of the Coulomb gas (CG) system on the cylinder. We utilize the relation between the CG system and the sine-Gordon (SG) model, and investigate the phase structure of the gauge theory in terms of the SG model. Especially, the critical-line equation of the gauge theory in the strongcoupling and high-temperature region is obtained by calculating the one-loop effective potential of the SG model.

PACS numbers: 11.10.Wx 12.38.Aw 12.38.Lg

I. INTRODUCTION

Recently the scenario of treating a gauge theory as a deformation of the topological model has been proposed by several authors [1, 2, 3]. The motivation of this scenario is to investigate the confinement and the phase structure at zero temperature or finite temperature. In particular, we can calculate the expectation value of the Wilson loop (at zero temperature) or Polyakov loop (at finite temperature) by considering the topological model and so derive the linear potential, which means the quark confinement [4]. The Parisi-Sourlas (PS) dimensional reduction [5] is very powerful to study the topological model. This scenario can be also applied to a compact U (1) gauge theory. It is quite related to QCD by the use of the Abelian projection, which is a partially gauge fixing method [6, 7]. In the case of the compact U (1) gauge theory the topological model becomes the twodimensional O(2) nonlinear sigma model (NLSM_2) and we can show that the confining phase exists in the strongcoupling region at zero temperature and finite temperature [8, 9].

In the case of zero temperature, the confiningdeconfining phase transition of the compact U (1) gauge theory can be described by the Berezinskii-Kosterlitz- Thouless (BKT) phase transition [10] in the O(2) NLSM_2 [8]. It is well known that the O(2) NLSM_2 has vortex solutions and is equivalent to several models, such as the Coulomb gas (CG) system, sine-Gordon (SG) model and massive Thirring (MT) model. In the compact U (1) gauge theory the confining phase exists at the strongcoupling region due to the effect of the vortex solution, which induces the linear potential between the static charged test particles. The confining phase transition

∗Also at Human Information Science Laboratories, ATR International, Kyoto, 619-0288, Japan

corresponds to the BKT phase transition in the CG system [10], or the Coleman transition in the SG model [11]. The CG system has a phase transition from a dipole phase to a plasma phase. The quantum SG model undergoes a phase transition from a stable vacuum to an unstable vacuum at the certain critical coupling. Both phase transitions are intimately connected through the equivalence between the CG system and the SG model.

In our previous papers [9, 12], we have investigated the phase structure of the compact U (1) gauge theory at finite temperature from the viewpoint of the behavior of the CG system on the cylinder. In particular, we could study its strong-coupling and high-temperature region by using the behavior of the one-dimensional CG system [13]. This result is consistent with the prediction in Ref. [14].

In this paper we would like to investigate the phase structure of the compact U (1) gauge theory at finite temperature more quantitatively from the different aspect. We investigate its phase structure from the viewpoint of the SG model by the use of relationship the CG system and the SG model. The one-loop effective potential of the SG model enables us to investigate the phase structure of the gauge theory at the high-temperature and strong-coupling region. Especially, we can evaluate the critical-line equation.

Our paper is organized as follows. Section II is devoted to a review of a deformation of a topological model. In Sec. III we discuss the equivalence between the thermal SG model and the CG system on the cylinder. In Sec. IV the one-loop effective potential of the SG model is discussed. Especially, the critical-line equation of the SG model can be obtained. We can evaluate the criticalline equation of the compact U (1) gauge theory at finite temperature from this result. Section V is devoted to the conclusion and discussion.

II. COMPACT U(1) GAUGE THEORY AS A DEFORMATION OF A TOPOLOGICAL MODEL

In this section we introduce the method of the decomposition of the compact U (1) gauge theory into the perturbative deformation part and the topological model part [topological quantum field theory (TQFT) sector]. The perturbative deformation part is topologically trivial but the TQFT sector is nontrivial. The TQFT sector has the information of the topological objects such as vortices and monopoles, which are assumed to play an important role in the confinement or phase transition. The dynamics of the confinement is encoded in the TQFT sector. Therefore we can derive the linear potential by analyzing the TQFT sector through the PS dimensional reduction [5], which reduces the four-dimensional TQFT sector to the two-dimensional O(2) NLSM_2. If we consider the finite-temperature system then the two-dimensional space on which the reduced theory lives is the cylinder.

A. Setup

The action of the (compact) U (1) gauge theory on the (3+1)-dimensional Minkowski space-time is given by

S_{U(1)} = − 1 4 ∫ d^4xF_{μν}[A]F^{μν}[A], (1) F_{μν}[A] = ∂_μA_ν − ∂_ν A_μ. (2)

The partition function is given by

Z_{U(1)} = ∫ [dA_μ][dC][dC̄][dB] exp ( iS_{U(1)} + iS_J ) , (3)

S_J = ∫ d^4x ( J^μA_μ + J_cC + J¯_CC̄ + J_BB ) . (4)

Here we use the Becchi-Rouet-Stora-Tyutin (BRST) quantization. Incorporating the (anti-) Faddeev-Popov (FP) ghost field C(C̄) and the auxiliary field B, we can construct the BRST transformation δ_B,

δ_BA_μ = ∂_μC, δ_BC = 0, δ_BC̄ = iB, δ_BB = 0. (5)

The gauge fixing term can be constructed from the BRST transformation δ_B as

S_{GF+FP} = −iδ_B ∫ d^4xG_{GF+FP}[A_μ, C, C̄, B], (6)

and G_{GF+FP} is chosen as

G_{GF+FP} = δ̄_B [ 1 2 A_μA^μ + iCC̄ ] , (7)

where δ̄_B is the anti-BRST transformation, which is defined by

δ̄_BA_μ = ∂_μC̄, δ̄_BC = iB̄, δ̄_BC̄ = 0, δ̄_BB̄ = 0, B + B̄ = 0. (8) The above gauge fixing condition (7) is convenient to investigate the TQFT sector.

We decompose the gauge field as

A_μ(x) = V_μ(x) + Ω_μ(x) (≡ V^U_μ ),

Ω_μ(x) ≡ i g U (x)∂_μU^†(x), (9)

where the g is the gauge coupling constant. Using the Faddeev-Popov determinant Δ_{FP}[A] we obtain the following unity

1 = Δ_{FP} ∫ [dU ] ∏ x δ ( ∂^μA^{U −1}_μ )

= Δ_{FP}[A^{U −1} ] ∫ [dU ] ∏ x δ ( ∂^μA^{U −1}_μ )

= Δ_{FP} ∫ [dU ] ∏ x δ (∂^μV_μ) = ∫ [dU ][dγ][dγ̄][dβ] exp [ i ∫ d^4x (β∂^μV_μ + iγ̄∂^μ∂_μγ) ]

≡ ∫ [dU ][dγ][dγ̄][dβ] exp [ i ∫ d^4x ( −iδ̃_BG̃_{GF+FP}[V_μ, γ, γ̄, β] )] , (10)

where we have defined the new BRST transformation δ̃_B as δ̃_BV_μ = ∂_μγ, δ̃_Bγ = 0, δ̃_Bγ̄ = iβ, δ̃_Bβ = 0. (11)

When Eq. (10) is inserted, the partition function can be rewritten as follows,

Z_{U(1)}[J] = ∫ [dU ][dC][dC̄][dB] exp(iS_{TQFT}[Ω_μ, C, C̄, B] + iW [U ; J] + J^μΩ_μ + J_CC + J¯_CC̄ + J_BB), (12)

S_{TQFT} ≡ −iδ_Bδ̄_B ∫ d^4x [ 1 2 Ω^2_μ + iCC̄ ] , (13)

where e^{iW [U;J]} ≡ ∫ [dV_μ][dγ][dγ̄][dβ] exp ( iS_{pU(1)}[V_μ, γ, γ̄, β] + i ∫ d^4xV_μJ^μ ) , (14)

S_{pU(1)}[V_μ, γ, γ̄, β] = ∫ d^4x ( − 1 4 F_{μν} [V ]F^{μν}[V ] − iδ̃_BG̃_{GF+FP}[V_μ, γ, γ̄, β] ) , (15)

J_μ ≡ J_μ + iδ_Bδ̄_BΩ_μ.

The action (15) describes the perturbative deformation part [24]. The action S_{TQFT} is δ_B-exact and describes the topological model, which contains the information of the confinement.

In what follows we are interested in the finite temperature system (i.e., the system coupled to the thermal bath). Therefore we have to perform the Wick rotation of the time axis and move from the Minkowski formulation to the Euclidean one.

B. Expectation values

We can define the expectation value in each sector using the action S_{pU(1)} and S_{TQFT}. The expectation value of the Wilson loop or Polyakov loop is an important quantity to study the confinement. In the case of the Wilson loop W_C , the following relation:

⟨W_C [A]⟩_{U(1)} = ⟨W_C [Ω]⟨W_C[V ]⟩_{pU(1)}⟩_{TQFT} = ⟨W_C [Ω]⟩_{TQFT}⟨W_C [V ]⟩_{pU(1)} (16) is satisfied [8]. The contour C is rectangular as shown in Fig. 1. The Wilson loop expectation value is completely separated into the TQFT sector and the perturbative deformation part. That is, we can evaluate the expectation value in the TQFT sector independently of the perturbative deformation part. In fact, we can derive the linear potential by investigating the TQFT sector.

At finite temperature we must evaluate the correlator of the Polyakov loops P (x). It can be evaluated in the same way as the Wilson loop, due to the following relation (as shown in Fig. 2) ⟨P (x)P^†(0)⟩_{U(1)} = ⟨W_C ⟩_{U(1)}. (17) Furthermore, we can derive the Coulomb potential (at zero temperature) [8] or Yukawa-type potential (at finite temperature) using the hard thermal loop approximation [9] from the perturbative deformation part.

FIG. 1: The rectangular Wilson loop. This includes the imaginary time axis in order to study the confinement.

C. TQFT sector and PS dimensional reduction

When the gauge group is the compact U (1) the TQFT sector becomes the O(2) NLSM_2 through the PS dimensional reduction [5]. The four-dimensional TQFT sector action

S_{TQFT} = δ_Bδ̄_B ∫ d^4x [ 1 2 Ω^2_μ + iCC̄ ] (18)

can be rewritten as the O(2) NLSM_2 on the twodimensional space,

S_{TQFT} = π ∫ d^2x Ω^2_μ(x) = π g^2 ∫ d^2x∂_μU (x)∂_μU^†(x), Ω_μ ≡ i g U (x)∂_μU (x)^†, where we have omitted the ghost term. When we write the gauge group element as U (x) = e^{iφ(x)}, we obtain

S_{TQFT} = π g^2 ∫ d^2x∂_μφ(x)∂_μφ(x). (19)

FIG. 2: The correlator of Polyakov loops. The expectation value of a Wilson loop W is equivalent to a correlator of the Polyakov loops P and P^† .

FIG. 3: The TQFT sector is equivalent to the twodimensional theory through the PS dimensional reduction. When the gauge group is the compact U(1) it becomes the O(2) NLSM2 . The two-dimensional space is a 2-plane (at zero temperature) or a cylinder (at finite temperature). It is well known that it is equivalent to the several model.

If the gauge group U (1) is not compact, then the TQFT sector becomes the ordinary free scalar field theory on the two-dimensional space, which has no topological object. So the confining phase cannot exist. If the U (1) is compact, the theory described by the action (19) is the periodic boson theory. The angle variable φ(x) is periodic (mod 2π), and so φ(x) is a compact variable. It is well known that the compactness plays an important role in the confinement [15]. If we consider the system at finite (zero) temperature, then the dimensionally reduced theory lives on the cylinder (2-plane).

We should remark here that the compactness also leads to monopole configurations in the original gauge theory, which is assumed to play an important role in the confinement. On the other hand, the reduced theory has vortex solutions due to the compactness of U (1). It is quite natural that the two configuration above are intimately connected, as suggested in Ref. [8]. Therefore we can include the monopole effect from the reduced theory and obtain the physical quantity such as a string tension through this sector which includes the unphysical degrees of freedom only.

The O(2) NLSM_2 is equivalent to the CG system as shown in Fig. 3. The partition function of the CG system is given by

Z_{CG} = ∞∑ n=0 ζ^{2n} (n!)^2 n∏ i=1 ∫ d^2x_id^2y_i exp ( − (2π)^3 g^2 [ ∑ i<j [Δ(x_i − x_j) + Δ(y_i − y_j )] − ∑ i,j Δ(x_i − y_j ) ] ) , (20)

where ζ ≡ exp(−S_{self} ) is the chemical potential of the CG system [25] and can be written in terms of the selfenergy part of a vortex S_{self} . This quantity ζ does not depend on the physical temperature T in the original theory. The Δ(x_i − x_j) expresses the Coulomb potential on the 2-plane (at zero temperature) or on the cylinder (at finite temperature). The temperature of the CG system is defined by

T_{CG} ≡ g^2 8π^3

. (21)

The linear potential between the test charged particles is induced by the effect of the vortices. The expectation value of the Wilson loop (Polyakov loops’ correlator) is

FIG. 4: Two-dimensional Coulomb gas has two different phases. Over the critical temperature TCG = 1/8π, the system is the plasma phase with Debye screening, and so the mass gap exists. Below the TCG it is the dipole phase, in which Coulomb charges form dipoles. The system has a longrange correlation and no mass gap.

obtained as follows (for details, see Ref. [8]):

⟨P (x)P^†(0)⟩_{U(1)} = ⟨W_C [Ω]⟩ ∼= e^{−σA}, (22) σ = ( 2π q g )_2 ζ, (23)

where A = RT_i, R = |x| and q is a charge of the test particles. It is significant that the expression of the string tension (23) does not depend on the temperature explicitly, but on the behavior of the CG system. Whether the string tension remains or vanishes is determined only by the behavior of the CG system which consists of vortices. Thermal effect changes the behavior of the topological objects. The change is reflected to the linear potential. We also note that the string tension σ is proportional to ζ. The ζ → 0 limit implies that the self-energy of the vortex is infinity and we fail to include the effect of the vortex. Therefore the confining phase also vanishes in the limit ζ → 0 as is expected.

In our previous paper [9] we have investigated the phase structure of the compact U (1) gauge theory at finite temperature using the behavior of the CG system on the cylinder. The behavior of the CG system on the 2-plane is shown in Fig. 4. The behavior of the CG system on the cylinder would be analogous. We expect that the system undergoes the BKT-like phase transition. In fact, the CG system causes the BKT-like phase transition in the high-temperature region that it behaves as the one-dimensional system.

III. EQUIVALENCE BETWEEN SG MODEL AND CG SYSTEM

The action of the SG model on the 2-plane (at zero temperature) or the cylinder (at finite temperature) is defined by

S_{SG} = ∫ d^2x { 1 2 (∂_μϕ)^2 − m^4 λ [ cos ( √ λ m ϕ ) − 1 ]} . (24) The partition function is given by

Z_{SG} = ∫ [dϕ] exp (−S_{SG}) . (25)

This can be rewritten as follows:

Z_{SG} = e^{−(m4 /λ) ∫ d2 x} ∞∑ n=0 1 n! ( m^4 λ )_n ∫ [dϕ]e^{− ∫ d2x(1/2)(∂μϕ)2} [∫ d^2x cos ( √ λ m ϕ )]_n

= e^{−(m4 /λ) ∫ d2 x} ∞∑ n=0 1 2n! ( m^4 2λ )_{2n} ∫ [dϕ]e^{− ∫ d2 x(1/2)(∂μϕ)2} [∫ d^2x ( e^{i(} √ λ/m)ϕ + e−i( √ λ/m)ϕ )]2n

= e^{−(m4 /λ) ∫ d2 x} ∞∑ n=0 1 (n!)^2 ( m^4 2λ )_{2n} ∫ [dϕ]e^{− ∫ d2 x(1/2)(∂μϕ)2} n∏ i=1 ∫ d^2x_id^2y_ie^{i(} √ λ/m)[ϕ(x_i)−ϕ(y_i)].

Here, we note that ⟨ e^{∫ d2xJϕ} ⟩ SG ≡ ∫ [dϕ] exp [∫ d^2x ( − 1 2 (∂_μϕ)^2 + Jϕ )]

= exp [∫ d^2xd^2yJ(x)Δ(x − y)J(y) ] , (26)

where Δ(x − y) is the massless scalar field propagator, Δ(x − y) ≡ ∫ d^2p (2π)^2 e^{ip·(x−y)} p^2

. (27)

In particular, if we choose the external field as J(x) = i √ λ m n∑ i=1 q_iδ(x − x_i), (28) then we obtain

⟨_n ∏ i=1 e^{∫ d2 xiqiϕ(xi)} ⟩ SG = { exp [ −^λ_{2m2} ∑ j,k q_jq_kΔ(x_j − x_k) ] for ∑_n i=1 q_i = 0, 0 for ∑_n i=1 q_i ≠ 0.

(29)

If the net charge is not zero then the correlation function vanishes because of the symmetry under the transformation ϕ(x) −→ ϕ(x) + const.

By the use of Eq. (26), we obtain the following expression of the partition function,

Z_{SG} ∼ ∞∑ n=0 1 (n!)^2 ( m^4 2λ )_{2n n}∏ i ∫ d^2x_id^2y_i exp ( − λ m^2 ( ∑ i<j [Δ(x_i − x_j) + Δ(y_i − y_j )] − ∑ i,j Δ(x_i − y_j ) ) ) . (30)

The factor e^{−(m4 /λ) ∫ d2 x} can be ignored because of the normalization of the partition function. Thus we obtain the partition function of the neutral CG system, whose temperature is defined by

T_{CG} = m^2/λ. (31)

This is equivalent to Eq. (21). The phase transition in the SG model at the critical coupling, i.e., the Coleman transition, corresponds to the BKT phase transition in the CG system.

The equivalence holds on the cylinder (i.e., in the finite-temperature case). In this time, Eq. (27) is replaced with the propagator on the cylinder,

Δ(x − y) ∼ − 1 2π +∞∑ n=−∞ ln [ μ √ (x_0 − y_0 − nβ)^2 + (x_1 − y_1)^2 ]

= − 1 2π ln [ μβ √ cosh ( 2π β (x_1 − y_1) ) − cos ( 2π β (x_0 − y_0) )] . (32)

Here μ is the infrared cutoff and β is the inverse of the physical temperature T . We remark that the SG model has the physical temperature in common with the original gauge theory. It is because the cylinder is chosen as the two-dimensional space when we use the PS dimensional reduction. If we use the complex coordinates w = x_1 + ix_0, w̄ = x_1 − ix_0, w^′ = y_1 + iy_0, and w̄^′ = y_1 − iy_0, then Eq. (32) is rewritten as

Δ(x − y) = − 1 4π ln | | |e^{(2π/β)w} − e^{(2π/β)w′} | | |^2 + 1 2β Re(w + w^′) − 1 4π ln ( 1 2 (μβ)^2 ) . (33)

The propagator above involves the divergent term in the limit μ → 0, but this is removed by the neutral condition ∑ i q_i = 0 [see Eq. (29)].

The parameters of the CG system in the previous section, g and ζ, can be related to those of the SG model, mass m and the coupling constant λ. This relation is given by λ = 128π^6ζ g^4 , m = 4π^{3/2}ζ^{1/2} g . (34)

Recall that the string tension σ ∼ ζ vanishes as σ → 0 and the confining phase disappears. We should note that ζ → 0 means m → 0 and λ → 0. That is, the SG model becomes free scalar field theory in this limit. This result is consistent with the disappearance of the confining phase.

IV. ONE-LOOP EFFECTIVE POTENTIAL OF SG MODEL AT FINITE TEMPERATURE

It is well known that the SG model at zero temperature undergoes the phase transition at certain coupling, which is called the Coleman transition [11]. The critical coupling is λ/m^2 = 8π, at which the quantum SG model undergoes a phase transition from a stable vacuum to an unstable vacuum. Moreover, the existence of a phase transition due to the thermal effect has been shown in Ref. [16]. This transition would correspond to the BKTlike transition of the CG system. Thus we can investigate the phase structure of the compact U (1) gauge theory at finite temperature, at least in the region where we can investigate the SG model reliably. In particular, we can read off from Eq. (34) that the weak-coupling region of the SG model corresponds to the strong-coupling region of the gauge theory. That is, we can investigate the phase structure of the gauge theory with the strong coupling from the perturbative study of the SG model. This is the advantage of our method.

We will discuss the one-loop effective action of the twodimensional SG model at finite temperature [16]. The effective potential is given by

V_{1loop}(ϕ_c) = V_0(ϕ_c) + V_{FT}(ϕ_c), (35)

V_0(ϕ_c) ≡ m^2 8π cos (√ λϕ_c/m ) [ 1 − ln cos (√ λϕ_c/m )] , (36)

V_{FT}(ϕ_c) ≡ 1 πβ^2 ∫_∞ 0 dx ln [ 1 − exp ( − √ x^2 + M^2(ϕ_c)β^2 )] , (37)

M^2(ϕ_c) ≡ m^2 cos (√ λϕ_c/m ) . (38)

The second equation (36) is the temperature-independent part, and the third equation (37) is the temperaturedependent part which vanishes in the zero-temperature limit β → ∞ . Also, the minimum of the potential ϕ_c = 0 is still stable under one-loop quantum fluctuations at zero temperature. Taking the second derivative of Eq. (35) with respect to ϕ_c at ϕ_c = 0, we can evaluate a criticalline equation [17] as

m^2(β) = m^2 +

∂^2V_{FT} ∂ϕ^2_c (ϕ_c = 0)

= m^2 − m^2 λ̄ 2π f(β̄) = 0, (39)

where λ̄ ≡ λ/m^2, β̄ ≡ βm, and f(β̄) is defined by f(β̄) ≡ ∫_∞ 0 dx 1 √ β̄2 + x2 [ exp (√ β̄2 + x2 ) − 1 ]. (40)

That is, the critical-line equation is given by 1 − λ̄ 2π f(β̄) = 0. (41)

Note that the parameters of the SG model can be replaced with the ones of the compact U (1) gauge theory using the relation (34). As the result, we obtain the relation

β̄ = 4π^{3/2}ζ^{1/2} gT , λ̄ = 8π^3 g^2

. (42)

Thus the critical-line equation can be rewritten as follows, 1 − 4π^2 g^2 f ( 4π^{3/2}ζ^{1/2} gT ) = 0. (43)

The numerical solutions of this equation at various fixed values of ζ are shown in Fig. 5.

In particular, we can derive the simple relation between λ and T in the weak-coupling and high-temperature limit of Eq. (41). The critical temperature T_c is given by

T_c =

4m^3 λ . (44)

Equations.(34) and (44) lead to

T_c =

2ζ^{1/2} π^{3/2} g. (45)

FIG. 5: The phase structure of the compact U(1) gauge theory obtained by the one-loop effective potential calculation in the SG model. The critical-line Eq. (43) can be numerically solved. The asymptotic line Eq. (45) is also drawn with the dashed line. The above graph shows that the confining phase vanishes in ζ → 0 limit. However, the result in the small g region is not valid. It is because the small g means the large λ and the one-loop approximation in the SG model is not reliable.

Equation (45) is drawn as the dashed line in Fig. 5. Note again that the weak-coupling and high-temperature region in the SG model corresponds to the strong-coupling and high-temperature region in the compact U (1) gauge theory. The compact gauge theory is related to the SG model by a kind of S-duality in our scenario. Thus we can reliably investigate the strong-coupling region of the gauge theory since the one-loop effective potential is appropriate in the weak-coupling region.

In conclusion, we have obtained that the critical temperature is proportional to the coupling constant of the compact U (1) gauge theory in the strong-coupling and high-temperature region. This result is in good agreement with the prediction in Ref. [14]. In the ζ → 0 limit the gradient in Eq. (45) goes to zero. This fact implies that the confining phase disappears.

Comment on the effective potential calculation. Our discussion in this section is closely analogous to Ref. [2] in which the critical temperature has been estimated by the calculation of the one-loop effective potential in the TQFT sector. In the above discussion we have calculated the one-loop effective potential in the SG model. If we naively calculate the effective potential in the O(2) NLSM_2 then we cannot obtain the phase structure [2, 12]. Note that the O(2) NLSM_2 is equivalent to the SG model when we consider vortex solutions. If we calculate the effective potential in the O(2) NLSM_2 we cannot include the effect of the vortex solution. However, once we go from the O(2) NLSM_2 to the SG model, we can include the effect of the vortex solution in terms of the cosinetype potential. Therefore the phase structure that we have obtained in the SG model is not equivalent to the

FIG. 6: Phase structure of the compact U(1) gauge theory predicted in Ref. [14]. In the above discussion using the oneloop effective potential of the SG model we could study the region enclosed by the dashed line, in which we can especially obtain the critical-line equation. Moreover, we might investigate the region enclosed by the solid line. It is well known that this region is neatly described by the Gaussian effective potential (GEP), which is a nonperturbative method and should include the physics beyond the one-loop level.

result in the O(2) NLSM_2. Moreover, the SG model is a massive theory and the Coleman-Mermin-Wagner theorem [18] is not an obstacle.

V. CONCLUSION AND DISCUSSION

We have discussed the phase structure of the compact U (1) gauge theory at finite temperature by using a deformation of the topological model. The compactness of the gauge group leads to a confining phase. In the case of zero temperature, the phase transition of the gauge theory at certain coupling can be described by the Coleman transition in the SG model. In the finite temperature case we could investigate the phase structure at sufficiently high-temperature and very strong-coupling region by analyzing the one-loop effective potential of the SG model. We could consider the enclosed region by the dashed line in Fig. 6. In this paper we have used the one-loop effective potential, but we can also use the Gaussian effective potential (GEP) [19], which is known as the nonperturbative method. For the SG model at zero temperature this is given by the following expression:

V_{GEP} = m^2 1 − λ̄/8π λ̄ [ 1 − (cos √ λ̄ϕ)^{1/(1−λ̄/8π)} ] , (46)

where λ̄ = λ/m^2. That is, as the coupling constant of the SG model λ̄ → 8π the GEP becomes a straight line continuously. If λ̄ exceeds λ̄_c = 8π, which is the transition point of the Coleman transition, then the GEP has the maximum and the system has no ground state. The GEP can describe the Coleman transition at zero temperature [20, 21], which cannot be described by the one-loop effective potential. Since the GEP does not depend on the perturbation theory it might be appropriate to investigate the phase structure at weak-coupling and low-temperature region in the gauge theory (i.e., the strong-coupling and low-temperature region in the SG model) which corresponds to the enclosed region by the solid line in Fig. 6. This work is very interesting and will be discussed in another place [22].

We should comment on the well-known results in the compact Abelian lattice gauge theory. This theory at zero temperature experiences the phase transition of the weak first or strong second order. Unfortunately, our results suggest that at high temperatures the phase transition is of the BKT type, and do not seem to correspond to the lattice results. Our formalism deeply depends on the BKT phase transition, and so it seems difficult to predict the order of the transition obtained in the lattice gauge theory.

It is also attractive to approach the phase structure from the viewpoint of the massive Thirring model [23].

Acknowledgments

The authors thank K. Sugiyama, J.-I. Sumi, T. Tanaka, and S. Yamaguchi for useful discussion and valuable comments. They also would like to acknowledge H. Aoyama for encouragement.

[1] K.-I. Kondo, Phys. Rev. D 58 (1998) 105019; Int. J.

Mod. Phys. A 16, 1303 (2001).

[2] H. Hata and Y. Taniguchi, Prog. Theor. Phys. 93 (1995) 797, 94 (1995) 435.

[3] K.-I. Izawa, Prog. Theor. Phys. 90 (1993) 911. [4] K. Wilson, Phys. Rev. D 10 (1974) 2445. [5] G. Parisi and N. Sourlas, Phys. Rev. Lett. 43, (1979) 744.

[6] G. ’t Hooft, Nucl. Phys. B 190 (1981) 455. [7] K.-I. Kondo, Phys. Lett. B 455 (1999) 251. [8] K.-I. Kondo, Phys. Rev. D 58 (1998) 085013. [9] K. Yoshida, JHEP 0104 (2001) 030.

[10] V.L. Berezinskii, Sov. Phys. JETP. 32 (1971) 493.

J.M. Kosterlitz and D.V. Thouless, J. Phys. C 6 (1973) 1181.

J.M. Kosterlitz, J. Phys. C 7 (1974) 1046. [11] S. Coleman, Phys. Rev. D 11 (1975) 2088. [12] K. Yoshida, JHEP 0007 (2000) 007. [13] A. Lenard, J. Math. Phys. 2 (1961) 682.

S.F. Edwards and A. Lenard, J. Math. Phys. 3 (1962) 778.

[14] N. Parga, Phys. Lett. B 107 (1981) 442.

B. Svetitsky and L.G. Yaffe, Nucl. Phys. B 210 (1982) 423.

B. Svetitsky, Phys. Rep. 132 (1986) 1.

[15] A.M. Polyakov, Phys. Lett. B 59 (1975) 82, Nucl. Phys.

B 120 (1977) 429.

[16] K.B. Joseph and V.C. Kuriakose, Phys. Lett. A 88 (1982) 447.

W.H. Kye, S.I. Hong and J.K. Kim, Phys. Rev. D 45 (1992) 3006.

D.K. Kim, S.I. Hong, M.H. Lee and I.G. Koh, Phys. Lett.

A 191 (1994) 379.

[17] C.W. Bernard, Phys. Rev. D 9 (1974) 3312.

L. Dolan and R. Jackiw, Phys. Rev. D 9 (1974) 3320. H.E. Haber and H.A. Weldon, Phys. Rev. D 25 (1982) 502.

[18] N.D. Mermin and H. Wagner, Phys. Rev. Lett. 17 (1966) 1133.

N.D. Mermin, J. Math. Phys. 8 (1967) 1061. S. Coleman, Comm. Math. Phys. 31 (1973) 259.

[19] P.M. Stevenson, Phys. Rev. D 30 (1984) 1712, D 32 (1985) 1389.

[20] R. Ingermanson, Nucl. Phys. B 266 (1986) 620. [21] P. Roy, R. Roychoudhury and Y.P. Varshni, Mod. Phys.

Lett. A 21 (1989) 2031.

[22] K. Yoshida and W. Souma, in preparation. [23] A.Gomez Nicola, R.J. Rivers and D.A. Steer, Nucl. Phys.

B 570 (2000) 475.

[24] We must integrate the variable Vμ in the partition function. Therefore, the gauge fixing term is needed in the perturbative part in order to fix the gauge degree of freedom of Vμ. This part reproduces the known result in the ordinary perturbation theory.

[25] It is assumed that monopoles in the original theory should be related to vortices in the two-dimensional theory, as is discussed in Ref. [8]. A vortex should be be interpreted as the point that monopole world-line pierces the two-dimensional plane, which is chosen when we use the PS dimensional reduction. We should understand that the chemical potential in the CG system ζ is related to the monopole-line self-energy.