arXiv:hep-th/0103095 13 Mar 2001

Pre-big bang in M-theory^�

Marco Cavagliày Center for Theoretical Physics Laboratory for Nuclear Science and Department of Physics, Massachusetts Institute of Technology 77 Massachusetts Avenue, Cambridge MA 02139, USA and INFN, Sede di Presidenza, Roma, Italia

(MIT-CTP-3087, hep-th/0103095. March 13, 2001)

Abstract

We discuss a simple cosmological model derived from M-theory. Three assumptions lead naturally to a pre-big bang scenario: (a) 11-dimensional supergravity describes the low-energy world; (b) non-gravitational fields live on a three-dimensional brane; and (c) asymptotically past triviality.

Pac(s) numbers: 98.80.Bp, 04.65.+e, 98.80.Hw, 04.50.+h

1 Introduction and preliminaries

Over the last two decades superstring theory [1] and, most recently, M-theory [2] have emerged as the most promising candidates for the theory of quantum gravity. From a cosmological point of view, the key theoretical question to be addressed is whether a successful inflationary model can be constructed from superstring/M-theory. In superstring theories duality relations between different regions of the moduli space provide a much richer setting to investigate inflationary models than Einstein theory. Moreover, the field content of superstring/M-theory

∗This work is supported in part by funds provided by the U.S. Department of Energy (D.O.E.) under cooperative research agreement DE-FC02-94ER40818.

†Postal address: Massachusetts Institute of Technology, Marco Cavaglià 6-408, 77 Massachusetts Avenue, Cambridge MA 02139-4307, USA. E-mail: cavaglia@mitlns.mit.edu

in a given region of the moduli space is determined unambigously on theoretical grounds. This provides a firm guidance in the search for inflationary models which is absent in Einstein theory. On the astrophysical/cosmological side a strong test for superstring/supergravity theories is their compatibility with the standard model of early universe. Observational cosmology becomes more and more efficient in constraining cosmological parameters and the spectrum of primordial perturbations. Gravitational wave experiments may provide new and complementary constraints. In the near future, cosmology will be the main laboratory to test whether superstring/M-theory does really describe our universe or is just a nice mathematical construction [3]. In view of these developments superstring/M-theory cosmology is a subject worth investigating.

In the cosmological setting, essential features of superstring/M-theory are the presence of the dilaton, axion, Ramond-Ramond (R-R) forms and various moduli fields, in addition to higher-curvature terms that appear in the low-energy effective actions. The presence of these fields and string duality relations have a profound impact on cosmological scenarios. For instance, simple low-energy string models with graviton and dilaton lead to the so-called prebig bang (PRBB) scenario [4] which is structurally different from standard Einstein cosmology. In the PRBB scenario different branches of the solution are related by time reflection and internal transformations – the scale factor duality [5]. The universe evolves from a weakly coupled string vacuum state first to a radiation-dominated and then to a matter-dominated Friedmann-Robertson-Walker (FRW) geometry through a region of strong coupling and large curvature.

If M-theory is the ultimate theory of quantum gravity the low-energy world is described by the 11-dimensional supergravity action [2, 6]

S^{(11)} = 1 l^9_{pl,11} ∫ d^{11}x √ −g^{(11)} [ R^{(11)}(g^{(11)}_{ab} ) − 1 48 F_{a1...a4} F^{a1...a4} + − 1 12^4 √ −g^{(11)} ϵ^{a1...a3b1...b4c1...c4} A_{a1...a3} F_{b1...b4} F_{c1...c4} , (1)

where a_i, b_i, c_i = 0 . . . 10, F_{a1...a4} = 4∂_{[a1} A_{a2...a4]} is the 4-form field strength of the antisymmetric 3-form potential A_{a1...a3} , and g^{(11)} denotes the determinant of the 11-dimensional metric g^{(11)}_{ab} . Equation (1) describes the low-energy limit of M-theory. (Here and throughout the paper we use natural units and set l_{pl,11} such that the four-dimensional Planck length is l_{pl,4} = 1.)

Starting from equation (1) several different M-theory cosmological models have been proposed in the literature. In particular, the idea of brane world has emerged in the works of Lukas et al [7] and Randall and Sundrum [8]. According to this model our four-dimensional universe emerges as the world volume of a 3-brane in a higher-dimensional spacetime. A more standard approach [9] deals with different classes of cosmological solutions that reduce to solutions of string dilaton gravity. The analysis of four-dimensional isotropic and homogeneous cosmologies derived from M-theory and type IIA superstring theory (see last paper in [9, 10]) has found that form-fields associated with the Neveu/Schwarz-Neveu/Schwarz (NS-NS) and R-R sectors play a different and crucial role in determining the dynamical behavior of the solutions: the NS-NS fields, such as the axion, tend to forbid inflation whereas the R-R fields have the opposite effect [10].

The purpose of this paper is to investigate what cosmological scenario follows from three simple assumptions:

(a) M-theory is the correct description of nature;

(b) non-gravitational fields live on a three-dimensional brane propagating in the 11-dimensional spacetime;

(c) the universe originated in the vacuum of the theory (asymptotically past triviality, APT).

We will see that these simple postulates lead naturally to a PRBB cosmological scenario, where two different branches of the solution are related by internal symmetries of the model and the universe evolves from a weakly coupled string vacuum state to a decelerated FRW geometry through a state with large curvature. Although our model is probably too simple to give an accurate or even acceptable description of our universe, we believe it is nevertheless interesting and may represent a good starting point to discuss the PRBB scenario in M-theory.

2 The model

Assumption (a) implies that the low-energy world is described by equation (1). Following Witten [2] we assume that the 11th dimension is compactified on a circle S_1 of radius R_{S1} . Carrying out a Kaluza-Klein reduction we find

S^{(10)} = 1 l^8_{pl,10} ∫ d^{10}x √ −g^{(s)} [ e�^{Φ10} ( R^{(10)}(g^{(s)}_{mn}) + (∇Φ_{10})^2 − 1 12 H_{mnp}H^{mnp} )

− 1 48 F_{mnpq}F^{mnpq} − 1 384 √ −g^{(11)} ϵ^{m1m2n1...n4p1...p4} B_{m1m2} F_{n1...n4} F_{p1...p4} , (2)

where we have rescaled the ten-dimensional metric as g_{ab} = R�^1_{S1} g^{(s)}_{ab} (a, b ≠ 10) and we have defined the dilaton by R_{S1} = e^{Φ10/3}. H_{mnp} and F_{mnpq} are the field strengths of the potentials B_{np} and A_{npq}, respectively. Note that we have ignored the 1-form potential that arises from the Kaluza-Klein reduction. Equation (2) is the effective action for massless type IIA superstring. The first line of equation (2) corresponds to the NS-NS sector and the second line corresponds to the R-R sector.

Assumption (b) implies, for consistency, that the ten-dimensional geometry must be of the form M_4 × C_6 and that the only non-trivial components of the field strengths are those associated with M_4. C_6 is a six-dimensional compact space which we assume to be a generic (Ricci flat) Calabi-Yau space, or, for sake of simplicity, a six-dimensional torus. Upon compactification on the six-dimensional internal space C_6 we find (l_{pl,4} = 1) S = ∫ d^4x √ −g [ e�^{Φ4} ( R^{(4)}(g_{μν} ) + (∇Φ_4)^2 − 6 (∇β)^2 − 1 12 H_{μνλ}H^{μνλ} ) − 1 48 e^{6β}F_{μνλκ}F^{μνλκ} ] , (3) where the radius of the internal space is R_{C6} = e^β and the four-dimensional dilaton field is Φ_4 = Φ_{10} − 6β. The field equation for the four-form F^{μνλκ} can be solved and the 3-form H^{μνλ} can be dualized. The final result is S = ∫ d^4x √ −g [ e�^{Φ4} ( R^{(4)}(g_{μν} ) + (∇Φ_4)^2 − 6 (∇β)^2 − 1 2 e^{2Φ4} (∇σ)^2 ) − 1 2 Q^2e�^{6β} ] , (4)

where σ is the pseudo-scalar axion field dual to the 3-form, H^{μνλ} = e^{Φ4} ϵ^{μνλκ}∇_κσ, and F^{μνλκ} = Qe�^{6β}ϵ^{μνλκ}. Equation (4) describes the world as seen by the four-dimensional observer and is our starting point to investigate M-theory cosmology.

Since we are interested in homogeneous and isotropic cosmologies we impose the metric ansatz ds^2_{(4)} ≡ g_{μν} (x)dx^μdx^ν = −N^2(t)dt^2 + a(t)^2dΩ_{3k} , N(t) > 0 (5) where dΩ_{3k} is a maximally symmetric three-dimensional unit metric with curvature k = 0, ±1, respectively. Moreover, in the spirit of the APT postulate, we assume that the fourdimensional metric (5) is spatially flat, i.e., we set k = 0^1. By substituting equation (5) in equation (4) and requiring for consistency that the modulus field β, the dilaton Φ_4, and the axion σ depend only on t, the density action per comoving volume in the physical spacetime becomes S = ∫ dt [ 1 μ ( 3α̇^2 − ϕ̇^2 + 6β̇^2 + 1 2 σ̇^2e^{2(3α+ϕ)} ) − μ 1 2 Q^2e^{3α}�^ϕ�^{6β} ] , (6)

where α(t) = ln[a(t)], and we have defined the ‘shifted dilaton’ field ϕ = Φ_4 − 3α and the Lagrange multiplier μ(t) = Ne^ϕ > 0. Finally, equation (6) can be cast in the canonical form S = ∫ dt [ α̇p_α + ϕ̇p_ϕ + β̇p_β + σ̇p_σ − H ] , (7)

where the Hamiltonian is H = μH , H = 1 24 [ 2p^2_α − 6p^2_ϕ + p^2_β + 12Q^2e^{3α}�^ϕ�^{6β} ( 1 + p^2_σ Q^2 e�^{9α}�^{ϕ+6β} )] . (8)

The total Hamiltonian H is proportional to the non-dynamical variable μ which enforces the constraint H = 0.

1Note that the APT, in its general form [11], admits more general initial states than spatially flat spacetime, namely, generic perturbative solutions of the low-energy string action which lead to gravitational instability.

We now make a further assumption. We assume that, at least at the beginning of the evolution, the NS-NS axion field is negligible w.r.t. the R-R 4-form field, namely, we consider a volume in the four-dimensional spacetime which is nearly devoid of axions. Quantitatively, we require |Q/p_σ | >> 1 . (9) (Note that p_σ is constant.) The dynamical behaviour at the beginning of the evolution is described by the solution [10]

α = α_0 − 1 4 ln [cosh (κT )] − α_1T , p_α = − 3κ 2 tanh (κT ) − 6α_1 ,

ϕ = ϕ_0 − 1 4 ln [cosh (κT )] − ϕ_1T , p_ϕ = κ 2 tanh (κT ) + 2ϕ_1 ,

β = β_0 + 1 4 ln [cosh (κT )] − β_1T , p_β = 3κ tanh (κT ) − 12β_1 ,

(10)

where T (t) = ∫_t t0 μ(t0)dt0 , t > t_0 . (11)

The constants of motion are related by (we choose κ > 0 for simplicity) κ^2 + 6α^2_1 − 2ϕ^2_1 + 12β^2_1 − 2H = 0 , (12)

3α_0 − ϕ_0 − 6β_0 − 2 ln ( κ |Q| ) = 0 , (13)

3α_1 − 6β_1 − ϕ_1 = 0 . (14) The dynamics of the model is determined essentially by α_1. The constant κ determines the scale of the time evolution and can be reabsorbed in the solution by defining the parameter τ = κT and the constants ξ = α_1/κ, χ = ϕ_1/κ, ρ = β_1/κ and Q = Q/κ. The constants α_0, β_0 and ϕ_0 are initial conditions for the phase space coordinates α, β and ϕ, respectively.

The evolution proceeds monotonically in the gauge parameter τ . The latter is related to the proper time of the four-dimensional world by the relation

t_c(τ ) = ∫_τ τ0 dτ 0 e�^{ϕ(τ 0)} , (15)

Since the integrand in Eq. (15) is positive defined, the time evolution in the cosmic time t_c follows the evolution in the gauge parameter τ .

The structure of the moduli space is conveniently described in the plane (ξ, ρ). The physical points are determined in this plane by the two branches of the hyperbola (12) (see figure 1)

(+) branch: ρ = 3 5 ξ + 1 5 √ 4ξ^2 + 5 12 ; (−) branch: ρ = 3 5 ξ − 1 5 √ 4ξ^2 + 5 12 . (The notation will be clearified soon.) The (+) and (−) branches are characterized by a few distinctive kinematical and dynamical properties:

Figure 1: Parameter space for the R-R four-form dominated solution. The physical points are represented by the two branches of the hyperbola (12). The PRBB and POBB phases correspond to the portions of the upper and lower hyperbola in the colored regions, respectively

Table 1.

(+) branch (−) branch 4D effective coupling g Increasing Decreasing Initial 4D effective coupling Weak, perturbative Strong, non-perturbative 11D curvature K Increasing Decreasing Initial curvature scale Arbitrarily small Arbitrarily large

where g ≡ e^ϕ and K ≡ R^{(11)}_{μνρσ} R^{(11)μνρσ} . The (+) and (−) branches remind one of the PRBB and post-big bang (POBB) branches in the PRBB scenario [4]. In the standard dilaton gravity models of PRBB [4] the two branches coincide with accelerated and decelerated scale factors, respectively. Here, the presence of extra fields (the R-R 4-form) makes the picture more complicated. For each of the two branches we find three different dynamical behaviours of the external geometry according to the value of ξ: expanding for ξ < −1/4 (accelerated for the (+) branch and decelerated for the (−) branch), contracting for ξ > 1/4 (accelerated for the (+) branch and decelerated for the (−) branch) and bouncing for −1/4 < ξ < 1/4 (accelerated at early and late times for the (+) branch and decelerated for the (−) branch)^2. The qualitative behaviour of the external scale factor is represented in figure 2. The Hubble parameter and the deceleration parameter of the four-dimensional world are

H(t_c) = − e^{ϕ0}�^{χτ} cosh^{1/4}(τ ) ( ξ + 1 4 tanh(τ ) ) , (16)

2We do not consider here the ‘fine-tuned’ cases ξ = �1/4.

Figure 2: Qualitative behaviour of the external scale factor for the (+) branch (top figures) and (−) branch (bottom figures) for: (a) ξ < −1/4, (b) −1/4 < ξ < 1/4, and (c) ξ > 1/4. Note the symmetry (+) → (−) and ξ → −ξ. and q(t_c) = − 1 ξ + tanh(τ )/4 ( ξ + χ + 1 2 tanh(τ ) − 1 4 cosh^2(τ )(ξ + tanh(τ )/4) ) , (17)

respectively. For τ → ∞ we have

H(t_c) ≈ −2^{1/4}e^{ϕ0} (ξ + 1/4)e�^{τ (χ+1/4)} , (18) and q(t_c) ≈ − 1 ξ + 1/4

(ξ + χ + 1/2) . (19)

Note that the deceleration parameter is always finite.

3 The scenario

A physical description of our universe requires a large universe at late times. This is achieved in the region of the moduli space ξ < −1/4. Since we are assuming that at small times the 4-form potential is dominant with respect to the axion potential term, the dynamics at the early stages of the evolution is described by the solution above. The APT assumption (c) then implies that the early universe must be described by the (+) branch solution of the hyperbola. Indeed, for the (−) branch of the hyperbola the 11-dimensional curvature blows up at early times and approaches zero at large times. The converse is true for the (+) branch. The APT postulate requires that the evolution starts in a low-energy state, i.e. in a state with small curvature. Clearly, the lower branch does not satisfy this requirement. If we restrict attention to the region ξ < −1/4 the similarity of the (+) and (−) branches to the PRBB and POBB branches of the PRBB scenario is complete. Table 2 summarizes the kinematical and dynamical properties of the plus and minus branch for ξ < −1/4:

Table 2.

(+) branch (−) branch Time evolution ȧ > 0, ä > 0 ȧ > 0, ä < 0 Hubble parameter H > 0, Ḣ > 0 H > 0, Ḣ < 0 Event/Particle horizon Decreasing/– –/increasing 11D Curvature Increasing Decreasing Initial curvature scale Arbitrarily small Arbitrarily large 4D effective coupling g ġ > 0, g_i = 0, g_e = ∞ ġ < 0, g_i = ∞, g_e = 0 4D coupling g^{(4)} ġ^{(4)} > 0, g^{(4)}_i = 0 ġ^{(4)} undefined, g^{(4)}_e = 0

where g^{(4)} = e^{Φ4} , H = ȧ/a and a dot denotes differentiation with respect to cosmic time t_c.

The (+) branch enjoys all the properties of the PRBB branch of the standard PRBB model [4]. So our model leads to a picture of the evolution of the Universe which does indeed describe a PRBB scenario. According to the latter, the (four-dimensional) universe starts in an expanding weak-coupled, low-curvature regime with growing curvature and growing fourdimensional string coupling g^{(4)}. The expansion is accelerated and continues until the strongly coupled regime with large curvature is approached. Here non-perturbative effects enter into play and possibly induce a transition to the POBB (−) branch (graceful exit). The expansion is now decelerated and both the Hubble parameter and the four-dimensional coupling constant g^{(4)} vanish at large times.

The consistency of this picture requires that the contribution of the axion to the Hamiltonian (8) remains subdominant during the PRBB phase. The axion potential term can be shown to be monotonically decreasing in the region of the moduli space ρ > ξ + 1/3. Therefore, a consistent description of the dynamics constrains the physical solutions to the range ξ < −17/48 ≈ −0.354 of the (+) branch. This region of the moduli space coincides essentially with the region ξ < −1/4 so an asymptotically past trivial patch of spacetime with dominant 4-form, which is initially expanding, is likely to continue its (accelerated) expansion until it reaches the strong-coupling regime. Therefore, we conclude that a patch of spacetime with dominant 4-form, which is initially expanding and asymptotically past trivial, potentially evolves to a (spatially flat) homogeneous, accelerated expanding universe with finite negative deceleration parameter and infinite curvature (PRBB phase).

Up to now we have not discussed the dynamical behavior of the internal space and of the 11th-dimension. The ξ < −1/4 region of the (+) branch is characterized by an expanding internal space for ξ ≤ −3/4 − 1/ √ 3, and a bouncing internal space for −3/4 − 1/ √ 3 < ξ <

−1/4. In both cases the internal space becomes exponentially large when the strongly coupled region is approached. The ratio between the two scale factors is a R_{C6} = e^{α0}�^{β0} e^{τ (ρ}�^{ξ)} √ cosh(τ )

. (20)

In the region ρ > ξ + 1/2 of the moduli space (ξ, ρ) the scale factor of the internal space grows at a slower pace than the external scale factor. Therefore for ξ < −7/12 the (+) branch solution leads to a/R_6 >> 1 at large times. Since ξ < −7/12 < −17/48, the demand that the size of the six-dimensional internal space is compactified with respect to external space is consistent with the axion potential remaining subdominant during the PRBB phase. Now let us turn to the 11th dimension. We have a R_{S1} = e�^{(α0+ϕ0+6β0)/2} e^{2ξτ} √ cosh(τ )

. (21)

In the region ξ < 1/4 the ratio a/R_{S1} tend to zero at large times. The size of the 11th dimension becomes much larger than the size of the four-dimensional world both for the (expanding) (+) and (−) branches. This implies that a weakly coupled 11-dimensional universe reaches the strong-coupling regime in a state with four large dimensions (where matter exists), one extra-large dimension, and six compactified internal dimensions. From the point of view of a four-dimensional observer, the universe is five-dimensional at the end of the PRBB evolutionary phase. This picture shows some resemblance to the brane world picture of Lukas et al [7], and of Randall and Sundrum [8].

The universe emerges from the graceful exit in a five-dimensional state and starts evolving according to the (−) branch. During the POBB evolution the 11th dimension continues to expand at a faster pace than the four-dimensional world. So we expect one extra-large dimension at POBB late times as well. During the POBB phase the six-dimensional internal space is also expanding faster than the four-dimensional scale factor. However, this should not be disturbing because the NS-NS axion potential term will eventually dominate the R-R 4-form potential. If this occurs, at late POBB times the dynamics is described by the solution [10] α = α̃_0 + 1 2 ln [cosh (τ )] − ξ̃τ , p_α = 3 tanh (τ ) − 6ξ̃ ,

ϕ = ϕ̃_0 − 1 2 ln [cosh (τ )] + 3ξ̃τ , p_ϕ = tanh (τ ) − 6ξ̃ ,

β = β̃_0 + p̃_β 12 τ , σ = σ̃_0 + 1 p̃_σ tanh (τ ) ,

(22)

where

1 − 12ξ̃^2 + p̃^2_β 12 − 2H = 0 , (23)

3α̃_0 + ϕ̃_0 − ln |p̃_σ | = 0 . (24)

Figure 3: Parameter space for the axion-dominated phase. The physical points are represented by the two branches of the hyperbola (25).

The structure of moduli space of the NS-NS solution is similar to the structure of the moduli space of the R-R solution. The physical points are determined in the plane (ξ̃, p̃_β ) by the two branches of the hyperbola (23) (see figure 3)

p̃_β = ±2 √ 3 √ 12ξ̃^2 − 1 . (25)

The left (−) branch and the right (+) branch are characterized by the same kinematical and dynamical properties of table 1. The dynamical behaviour of the scale factor of the external space is similar to that of the 4-form dominated solution. The (−) branch describes a solution with expanding four-dimensional scale factor for ξ̃ ≤ −1/2 and bouncing (first contracting then expanding) four-dimensional scale factor for −1/2 < ξ̃ < −1/2 √ 3. The (+) branch describes bouncing (first contracting then expanding) and contracting four-dimensional scale factor for 1/2 √ 3 < ξ̃ < 1/2 and ξ̃ ≥ 1/2, respectively. The sign of p̃_β determines the behaviour of the internal space. Positive values of p̃_β describe solutions with expanding internal dimensions and p̃_β < 0 solutions with shrinking internal space. The ratio between the two scale factors is a R_{C6} = e^{α̃0}�^{β̃0} e�^{τ (p̃fi/12+ξ̃)} √ cosh(τ ) . (26)

When the axion starts dominating the dynamics of the R-R POBB solution the 11-dimensional universe may find itself either in the (−) or in the (+) branch. Accordingly, the fourdimensional world may either: (a) continue its decelerated expansion; (b) contract for a while and then resume its (decelerate) expansion (bouncing solutions); or (c) start an accelerated contracting phase. If we live in the axion-dominated phase, a physical expanding universe at large times requires that the axion-dominated four-dimensional world continues its expansion in the (a) region of the (−) branch. This is achieved by ξ̃ < −1/2. From Eq. (26) we find that the ratio a/R_{C6} becomes exponentially large for the (−) branch solution. As a consequence, the expansion of the internal dimensions of the R-R POBB phase is eventually halted. Since the size of the six-dimensional internal space is already compactified to small scales by the R-R PRBB phase the internal space remains compactified at late times.

Now let us turn to the 11th dimension. For the axion-dominated POBB phase the ratio between the size of the 11th dimension and the scale factor of the four-dimensional world is a R_{S1} = e�^{(α̃0+ϕ̃0+6β̃0)/2}e�^{τ (p̃fi/4+ξ̃)} . (27)

The four-dimensional scale factor increases at a faster pace than the eleven-dimensional radius for the (−) branch. Eventually, for large times we have a/R_{S1} >> 1. However, when the axion starts dominating the dynamics, the ratio a/R_{S1} is very small because of the R-R PRBB phase. Therefore, the universe can be tuned to remain five-dimensional on very long time scales.

4 Justifying the PRBB-POBB transition

The M-theory PRBB model which is described in the previous section requires a transition at high-curvature scales from the (+) branch to the (−) branch. This transition, the so-called graceful exit [12], is typical of the PRBB scenario. One of the main unsolved problems of string cosmology is actually understanding the mechanism responsible for the transition from the inflationary PRBB phase with increasing curvature to the deflationary POBB phase with decreasing curvature. Since in the PRBB phase the curvature is increasing monotonically, the graceful exit necessarily involves a high-curvature, strongly coupled, regime where higher derivatives and string loop terms must be taken into account [13]. In the usual PRBB scenario it has been shown that for any choice of the (local) dilaton potential no cosmological solutions that connect smoothly the PRBB and POBB phases exist at classical level [14]. In contrast, quantum effects may induce a transition from the PRBB phase to the POBB phase. A number of quantum string cosmology models have been investigated in the literature [15]. The outcome of these investigations is that the quantum PRBB-POBB transition probability is generally finite and non-zero. In the quantum cosmology context, the transition from the PRBB phase to the POBB phase is described by a scattering of the PRBB wavefunction by an effective potential barrier that mimics the strongly coupled regime of the theory [15]. In the simplest models the PRBB and the POBB phases are identified, in the weakly coupled region of the phase space, by stationary eigenfunctions of the Wheeler-de Witt (WDW) equation with opposite momentum, say, ψ^+ and ψ�. The PRBB-POBB transition amplitude is then given by the product A = (ψ^+, ψ�) in the Hilbert space.

In our model the transition from the (+) branch to the (−) branch may be explained by a similar mechanism which involves reflection of wavefunctions. Let us define the gaugeinvariant canonical pairs X = 1 5 [ −6(5α + 6β + ϕ) +

5p_α + 3p_β − 3p_ϕ κ arccosh ( κ |Q| e�^{(3α}�^{6β}�^{ϕ)/2} )] ,

P_X = − 1 48 (5p_α + 3p_β − 3p_ϕ) ,

Y = 1 5 [ −12 (β + ϕ) + p_β − 6p_ϕ κ arccosh ( κ |Q| e�^{(3α}�^{6β}�^{ϕ)/2} )] ,

P_Y = 1 12 (p_β − 6p_ϕ) ,

(28)

where 1 16 (−p_α + p_β − p_ϕ)^2 + Q^2e^{3α}�^{6β}�^ϕ = κ^2 . (29)

The canonical variables above can be completed by the pair (T, H), where T = 1 κ arccosh ( κ |Q| e�^{(3α}�^{6β}�^{ϕ)/2} ) , (30)

to give a complete set of canonical variables. Using this canonical set the gauge-fixed density action reads S_{eff} = ∫ dt [ ẊP_X + Ẏ P_Y − H_{gf} ] , (31)

where we have fixed the gauge T = t − t_0. The effective Hamiltonian H_{gf} vanishes on-shell. The Schrödinger equation is Ĥ_{gf} Ψ(X, Y ; t) = i ∂ ∂t Ψ(X, Y ; t) . (32)

Since the effective Hamiltonian of the system is identically zero the wave functions do not depend on t. An orthonormal basis in the Hilbert space is given by the set of eigenfunctions of the gauge invariant observables, P̂_X = −i ∂ ∂X , P̂_Y = −i ∂ ∂Y , (33)

with eigenvalues x and y, respectively,

Ψ(X, Y ) = 1 2π e^{i(xX+yY )} . (34) As was expected, in the low-energy limit the wavefunctions are free plane waves in the twodimensional (X, Y ) space with respect to the Hilbert product

(ψ_1, ψ_2) = ∫ dXdY ψ^⋆_1 · ψ_2 . (35)

Quantum high-curvature effects generate a potential V (X, Y ). So we expect that when quantum effects are properly taken into account scattering and reflection of wavefunctions occurs in the (X, Y ) space. Classically, the relation between the moduli parameters and the gaugeinvariant variables is

α_0 = − 5 48 X − 1 4 ln |Q| , β_0 = − 1 16 X + 1 12 Y + 1 4 ln |Q| , ϕ_0 = 1 16 X − 1 2 Y − 1 4 ln |Q| ,

ξ = 1 κ P_X , ρ = 1 5κ (3P_X + P_Y ) , χ = − 3 5κ (P_X + 2P_Y ) , (36) where 12 5 (P^2_Y − 4P^2_X ) = κ^2 − 2H . (37)

A reflection in the (X, Y ) space with respect to the X plane (Y → −Y ) is equivalent, in the moduli space (ξ, ρ), to the transformation ξ → ξ, ρ → 6ξ/5 − ρ, i.e., to a change of branch in the moduli space. Therefore, high-curvature quantum effects may induce a transition from the PRBB branch to the POBB branch, in complete analogy with the standard PRBB scenario.

5 Concluding remarks

In this paper we have discussed a cosmological scenario which emerges from (low-energy) Mtheory. We have found that the APT postulate and the confinement of the non-gravitational fields on a 3-brane propagating in the 11-dimensional spacetime lead naturally to a PRBB model. In the latter the four-dimensional universe undergoes first a phase of accelerated expansion (PRBB) and then a phase of decelerated expansion (POBB) connected by a state with large curvature.

Our model is clearly too simple to have any pretense of describing the real world. A (partial) list of potential problems and drawbacks contains the following issues: (a) there is no stabilization of the extra-dimensions; (b) three-dimensional spatial curvature has not been considered; (c) when the full phase space of the model (4-form + axion) is considered the dynamics is (probably) non-integrable so at a given evolutionary stage chaotic behaviour may appear; (d) chaotic behaviour certainly appears when all supergravity form fields are excited [16], so the overall dynamics may be qualitatively different; (e) fine-tuning issues may appear when trying to fit the observed cosmological parameters to the model; (f) as in the standard PRBB scenario, we do not know of any convincing mechanism that could induce the graceful exit, etc.

Though the list above could include many other potential problems, we still believe that some interesting information can be extracted from our model. Firstly, we have learned that the PRBB scenario fits naturally in a model which is not (at least explicitly) invariant under scale factor duality. This provides some evidence about the generality of the cosmological

PRBB picture in models derived from M-theory and/or string theory. Scale factor duality may be an accidental symmetry of the simplest dilaton gravity systems that does not exist in more complex models^3, still PRBB seems to be quite a generic feature. Secondly, R-R forms are recognized to be essential ingredients in the construction of a viable model of the observed universe. Finally, and most importantly, we have seen that PRBB and brane-world cosmologies may be compatible in principle. In this context, it would be worth trying to implement and reinterpret the PRBB scenario in the LOW [7] and/or RS [8] brane world models.

Acknowledgements

I am very grateful to Maurizio Gasperini and Paulo Vargas Moniz for interesting discussions and useful comments. Part of this work was completed during the 8th International School of Astrophysics Daniel Chalonge. I thank Norma Sanchez for her kind invitation and the stimulating environment she was able to create in Erice. I acknowledge many discussions with the participants of the school on the subject of this paper. I also thank my friends Gianfranco Bertone, Lilith Haroyan and, in particular, Eun-Joo Ahn for the wonderful time we shared during the school.

References

[1] See e.g. M.B. Green, J.H. Schwarz and E. Witten, Superstring theory, Vol. I and II (Cambridge University Press, Cambridge, 1987); J. Polchinski, String theory, Vol. I and II (Cambridge University Press, Cambridge, 1998).

[2] E. Witten, Nucl. Phys. B 443, 85 (1995) [hep-th/9503124].

[3] J. Lidsey, D. Wands and E. Copeland, Phys. Rept. 337, 343 (2000) [hep-th/9909061].

[4] See http://www.to.infn.it/~gasperin for an updated collection of papers on pre-big bang cosmology; M. Gasperini, Class. Quantum Grav. 17, R1 (2000) [hep-th/0004149]; G. Veneziano, “String cosmology: the pre-big bang scenario”, Lectures given at 71st Les Houches Summer School: The primordial universe, Les Houches, France, 28 June -23 July 1999 [hep-th/0002094]; M. Gasperini and G. Veneziano, Astropart. Physics 1, 317 (1993) [hep-th/9211021].

[5] G. Veneziano, Phys. Lett. B 265, 287 (1991); M. Gasperini and G. Veneziano, Phys. Lett.

B 277, 256 (1992) [hep-th/9112044]; K.A. Meissner and G. Veneziano, Mod. Phys. Lett. A 6, 3397 (1991) [hep-th/9110004].

3For instance, α^′ corrections to the low-energy string action do not preserve scale factor duality.

[6] P. Townsend, Phys. Lett. B 350, 184 (1995) [hep-th/9501068].

[7] A. Lukas, B.A. Ovrut and D. Waldram, Phys. Rev. D 60, 086001 (1999); [hep- -th/9806022]; Phys. Rev. D 61, 023506 (2000) [hep-th/9902071]; Nucl. Phys. B 495, 365 (1997) [hep-th/9610238]; A. Lukas and B.A. Ovrut, Phys. Lett. B 437, 291 (1998) [hep-th/ 9709030]; A. Lukas, B.A. Ovrut, K.S. Stelle and D. Waldram, Phys. Rev. D 59, 086001 (1999) [hep-th/9803235].

[8] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999) [hep-th/9905221]; ibid.

4690 (1983) [hep-th/9906064].

[9] H.S. Reall, Phys. Rev. D 59, 103506 (1999) [hep-th/9809195]; K. Benakli, Int.

J. Mod. Phys. D 8, 153 (1999) [hep-th/9804096]; Phys. Lett. B 447, 51 (1999) [hep-th/9805181]; H. Lu, S. Mukherji and C.N. Pope, Int. J. Mod. Phys. A 14, 4121 (1999) [hep-th/9612224]; H. Lu, S. Mukherji, C.N. Pope and K.-W. Xu, Phys. Rev. D 55, 7926 (1997) [hep-th/9610107]; A. Feinstein and M.A. Vazquez-Mozo, Nucl. Phys. B 568, 405 (2000) [hep-th/9906006]; E.J. Copeland, A. Lahiri and D. Wands, Phys. Rev. D 50, 4868 (1994) [hep-th/9406216]; N. Kaloper, I.I. Kogan and K.A. Olive, Phys. Rev. D 57, 7340 (1998) and Erratum, ibid. 60, 049901 (1999) [hep-th/9711027]; A.P. Billyard, A.A. Coley, J.E. Lidsey, U.S. Nilsson, Phys. Rev. D 61, 043504 (2000) [hep-th/9908102].

[10] M. Cavaglià and P. Vargas Moniz, Class. Quantum Grav. 18, 95 (2001) [hep-th/0010280];

“FRW cosmological solutions in M-theory” to be published in the proceedings of 9th Marcel Grossmann Meeting on Recent Developments in Theoretical and Experimental General Relativity, Gravitation and Relativistic Field Theories, Rome, Italy, 2-9 July 2000 [gr-qc/0011098].

[11] A. Buonanno, T. Damour and G. Veneziano, Nucl. Phys. B 543, 275 (1999) [hep-th/9806230].

[12] M. Gasperini, M. Maggiore and G. Veneziano, Nucl. Phys. B 494, 315 (1997) [hep-th/9611039]; R. Brustein and R. Madden, Phys. Rev. D 57, 712 (1998) [hep-th/9708046]; Phys. Lett. B 410, 110 (1997) [hep-th/9702043]; S. Foffa, M. Maggiore and R. Sturani, Nucl. Phys. B 552, 395 (1999) [hep-th/9903008].

[13] See e.g. M. Gasperini, M. Maggiore and G. Veneziano, Nucl. Phys. B 494, 315 (1997).

[14] R. Brustein and G. Veneziano, Phys. Lett. B 329, 429 (1994); N. Kaloper, R. Madden and K.A. Olive, Nucl. Phys. B 452, 677 (1995); Phys. Lett. B 371, 34 (1996); R. Easther, K. Maeda and D. Wands, Phys. Rev. D 53, 4247 (1996).

[15] M. Gasperini and G. Veneziano, Gen. Rel. Grav. 28, 1301 (1996); M. Gasperini, J. Maharana and G. Veneziano, Nucl. Phys. B 472, 349 (1996); J. Maharana, S. Mukherji and S. Panda, Mod. Phys. Lett. A 12, 447 (1997); M. Cavaglià, V. de Alfaro, Gen. Rel. Grav. 29, 773 (1997) [gr-qc/9605020]; M. Cavaglià and C. Ungarelli, Class. Quantum Grav. 16, 1401 (1999) [gr-qc/9902004].

[16] T. Damour and M. Henneaux, Phys. Rev. Lett. 85, 920 (2000) [hep-th/0003139]; Phys.

Lett. B 488, 108 (2000) [hep-th/0006171]; “E_{(10)}, BE_{(10)} and arithmetical chaos in superstring cosmology” [hep-th/0012172].