arXiv:hep-th/0103211 v2 18 Apr 2001

April 2001 hep-th/0103211 YITP-SB-01-11

Some Properties of Pole Solution in Six Dimensions

Shoichi ICHINOSE^1

C.N. Yang Institute for Theoretical Physics State University of New York at Stony Brook Stony Brook, NY 11794-3840, USA

Abstract A solution with the pole configuration in six dimensions is analyzed both analytically and numerically. It is a dimensional reduction model of Radall- Sundrum type. The soliton configuration is induced by the bulk Higgs mechanism. The boundary condition is systematically solved up to the 6th order. The Riemann curvature is finite everywhere. An exact solution for the no potential case is also presented.

PACS NO: 11.27.+d 04.50.+h 11.10.Kk 11.25.Mj 12.10.-g 04.20.Ex 04.25.- g Key Words: Boundary condition, Randall-Sundrum model, Dimensional reduction, Brane World, Six dimensions, Pole solution

1 On leave of absence from Lab. of Physics, SFNS, University of Shizuoka, Yada 52-1, Shizuoka 422-8526, Japan (Address after April 1, 2001). E-mail address: ichinose@u-shizuoka-ken.ac.jp

1 Introduction

Seeking a realistic model of our world, from the higher-dimensional standpoint, the brane-world approach is now vigorously envestigated in various ways. It started with the wall configuration in 5 dimensions(D) spacetime[1, 2]. Basically the brane-world physics makes use of the soliton configuration. We can explore new physics, including the beyond-standard model, by making use of the distinguished properties of soliton, such as the localized zero modes, stable configuration, singularity-free behavior due to the extendedness, etc.. From the reason of improving some difficulties in 5D model[3, 4, 5], or of getting more general aspects of the brane-world physics, further-higher-dimensional models ( string-like object in 6D, monopole configuration in 7D, · · ·) are also envestigated[6, 7, 8, 9, 10]. In this paper, we examine a 6D model.

In the original model, 3-brane(s) is introduced, by hand, as a δ-function distribution in the extra space. We do not take such approach in order to seek a non-singular solution. We induce the same configuration as a soliton (kink) solution. This situation is very similar to the relation between the Dirac and ’tHooft-Polyakov monopoles. The latter is the soliton (in the gauge+Higgs system) interpretation of the former system where the gauge potential has δ-function distribution in the plane perpendicular to the Dirac string. We seek a soliton solution in the 6D gravity + Higgs system. The main purpose is to establish the pole solution [11]. The most crucial point is to confirm the convergence of some infinite series appearing in the solution. It guarantees the boundary condition. In [11] they are solved up to the 2nd order approximation. Here we show them up to the 6th order. The result strongly shows that the series converge and the boundary conditions are sufficiently satisfied.

2 The Dimensional Reduction Model in Six Dimensions

In [11] a solution with the pole configuration in six dimensions is presented. The model is the 6D gravity coupled with the Higgs fields. S[G_{AB}, Φ] = ∫ d^6X √ −G(− 1 2 M^4R̂ − G^{AB}∂_AΦ^∗∂_BΦ − V (Φ^∗, Φ)) ,

V (Φ^∗, Φ) = λ 4 (|Φ|^2 − v_0^2)^2 + Λ , (1) where (X^A) ≡ (x^μ, ρ, φ), μ = 0, 1, 2, 3. x^μ’s are regarded as our world coordinates, whereas (ρ, φ) the extra ones( 0 ≤ ρ < ∞, 0 ≤ φ < 2π). G_{AB} is the 6D metric field, Φ^∗ and Φ are the complex scalars (Higgs fields). M(> 0) is the 6D Planck mass. λ(> 0), v_0(> 0) and Λ in the potential V are vacuum parameters. Expecting Randall-Sundrum type dimensional reduction, we assume the following form as the line element.

ds^2 = e^{−2σ(ρ)}η_{μν}dx^μdx^ν + dρ^2 + ρ^2e^{−2ω(ρ)}dφ^2 , 0 ≤ ρ < ∞ , 0 ≤ φ < 2π , (2) where η_{μν} = diag(−1, 1, 1, 1). This is a natural 6D minimal-extension of the original 5D model by Randall-Sundrum [1]. Two ”warp” factors, e^{−2σ(ρ)} and e^{−2ω(ρ)}, appear. For the fixed ρ case (dρ = 0), the metric is the Weyl transformation of the product-space, the 4D Minkowski × the circle S^1. The coordinate ρ can be regarded as the scaling parameter. We require the periodicity in φ for Φ(ρ, φ) and assume the form: Φ = P (ρ)e^{imφ} (m = 0, ±1, ±2, · · ·). The 6D classical field equations of (1) are obtained as 3σ^{′′} − σ^′ ρ + σ^′ω^′ + ω^{′′} − (ω^′)^2 + 2 ω^′ ρ = 2M^{−4}P^{′2} ,

−16σ^{′2} + 4 σ^′ ρ − 4σ^′ω^′ + 4σ^{′′} = 2M^{−4}V ,

4σ^{′′} − 10σ^{′2} = M^{−4}(P^{′2} − m^2 e^{2ω} ρ^2

P^2 + V ) . (3)

We take a unit M = 1 in the following for simplicity.^2

3 An Exact Solution for the No Potential Case

In order to see the structure of the solution, it is useful to consider a simple case, that is, the no potential case: λ = Λ = 0 (V (Φ^∗, Φ) = 0). Even in this case, the scalars are still coupled with gravity. In this section we stress those properties which are shared with the general case of Sec.4. We consider the m = 0 (no flux) solution. The following exact solution of the rational function type can be obtained.

σ^′(ρ) = − 1 Aρ + B , ω^′(ρ) = 4ρ + B ρ(Aρ + B) , P (ρ)^{′2} =

2(2A − 5) (Aρ + B)^2

, (4)

2 This is allowed by the following invariance of (1) or (3) , due to the simple dimensional counting: Φ ! M^2Φ, (P ! M^2P ) , v0 ! M^2v0, λ ! M�^2λ , Λ ! M^6Λ , x^μ !

M�1_xμ_{, ρ} !_M�1_{ρ .}

where A(≥ 5/2) and B are integration constants. A is a dimensionless constant, whereas B is a dimensional one ( the dimension of length ). The lower bound for A comes from the positivity of P^{′2}. This is a 2-parameters family solution (for σ^′, ω^′, and P^′) at this stage. Some special cases are i) A = 5/2, P^′ = 0; ii) B = 0, −4σ^′ = ω^′ = (4/A)×ρ^{−1}, P^{′2} = (2(2A−5)/A^2)×ρ^{−2}; iii) A = 4, ω^′ = ρ^{−1}; iv) A → ∞, σ^′ = 0, ω^′ = 0,P^′ = 0. The integration constants are fixed by a required boundary condition.

Due to the condition A ≥ 5/2, we do not find the solution which satisfies the RS-type configuration: σ^′ → const.(> 0) as ρ → ∞. However, if we restrict the region of ρ as |B| ≫ Aρ, then we have σ^′ ∼ −1/B, ω^′ ∼ (1/ρ) − (A − 4)/B, P^{′2} ∼ 2(2A − 5)/B^2. This looks a RS-type metric although we cannot take ρ → ∞.

The final solution for σ, ω and P are given as σ(ρ) = − 1 A ln |Aρ + B| D , ω(ρ) = ln |ρ| · |Aρ + B|^{− A}�^4A E^4A , P (ρ) = ± √ 2(2A − 5) A ln |Aρ + B| C , (5)

where C(> 0), D(> 0), E(> 0) are another integration constants with the dimension of length. They come from the symmetry of the constant translation (σ → σ + const., ω → ω + const., P → P + const.) in eq.(3) with V = 0. This final form (5) is a 5-parameters family of solutions.

The line element is given by

ds^2 = { |Aρ + B| D }_2/A η_{μν} dx^μdx^ν + dρ^2 + { |Aρ + B| E }_{2(}A_{−4)}/A · E^2dφ^2 . 0 < 2 A ≤ 4 5 , − 6 5 ≤ 2(A − 4) A < 2 , (6)

For the case of A → ∞ the space-time becomes locally 6D Minkowski with the deficit angle δ = 2π(1 − A) = −∞. For the restricted region |B| ≫ Aρ, the above metric reduces to

ds^2 = e^{2B ρ} { |B| D }_2/A η_{μν} dx^μdx^ν + dρ^2 + e^{2(A}�^{4)B ρ} { |B| E }_{2(}A_{−4)}/A

· E^2dφ^2 . (7)

As a form, this is a RS-type metric although we cannot keep it in ρ → ∞ region.

The 6D Riemann scalar curvature is obtained as

R̂ = − 4(2A − 5) (Aρ + B)^2

≤ 0 , (8) which is negative semi-definite. The absolute value goes to 0 as ρ → ∞. For A = 5/2 (the case i) above), R̂ = 0 is valid everywhere. The metric in this case A = 5 2 , ds^2 = { |^5_2 ρ + B| D }_4/_5 η_{μν}dx^μdx^ν + dρ^2 + { E |^5_2 ρ + B|

}_6/_5 · E^2dφ^2 . (9)

For ∞ > A > 5/2, we can see three cases: a) B > 0, There is no curvature singularity; b) B = 0, The curvature is singular at ρ = 0; c) B < 0, The curvature singular at ρ = −B/A. As for the horizon, from the condition 0 <^2_A ≤^4_5 , there is no horizon in the region 0 ≤ ρ < ∞. Hence, in b) and c), the singularities are naked ones.

The structure of the solution (6) is similar to the Kasner solution[12] in 1+3 D. Ref.[13] explains the cosmic string solutions in the Abelian Higgs model in 1+3 D. The two branches explained there, that is, the cosmic string branch and the Melvin branch look to have correspondence with the A → ∞ case and A = 5/2 case respectively.

4 Pole Solution in Six Dimensions

Now we consider for the case of the spontaneous breakdown (Higgs) potential: λ > 0, v_0 > 0, and Λ is general(at this stage). The boundary condition for P should be taken as

ρ → ∞ , P (ρ) → +v_0 , (10)

where we take the plus sign, using the freedom of Φ ↔ −Φ in (3), for the asymptotic value of P . We require (based on the analogy to 5D Randall- Sundrum model[1, 2, 14]) that σ^′ and ω^′ go to constants as ρ → ∞. Then we can deduce, using (3), that

m = 0 (no flux) , ρ → ∞ , σ^′ → α , ω^′ → α , α = + √ −Λ 10 M^{−2} . (11)

This result says Λ should be taken negative: Λ < 0. We choose the plus sign as the asymptotic value so that the Weyl scaling factors in (2) work as shrinking the proper distance as ρ increases. This choice guarantees the stableness of the system. As for the behavior near ρ = 0(ultra-violet region), we can take, in a consistent way with (3), as ρ → +0 , σ^′ → sρ^a , ω^′ → wρ^b , P → xρ^c a = b = 1, c = 0 , s ≠ 0, w ≠ 0, x ≠ 0 , s = λ 16 (x^2 − v_0^2)^2 + Λ 4 , (12)

with the additional possible case: x = 0 with c > 1.

We examine the following form of solutions[11].

σ^′(ρ) = α ∞∑ n=0 c_{2n+1} (2n + 1)!

{tanh(kρ)}^{2n+1} ,

ω^′(ρ) = α ∞∑ n=0 d_{2n+1} (2n + 1)!

{tanh(kρ)}^{2n+1} ,

P (ρ) = v_0 ∞∑ n=0 e_{2n} (2n)!

{tanh(kρ)}^{2n} , (13)

where c’s, d’s and e’s are coefficient-constants to be determined. σ^′ and ω^′ are composed of odd powers of tanh(kρ), whereas P is of even powers. They come from the behavior at the ultra-violet region (12). k is a new scale parameter which shows the thickness of the pole. In the following, we take k = 1 for simplicity.^3

The key equation for obtaining the solution of the form (13) is the following expansion formula about 1/ρ. ( The factor 1/ρ appears in (3) ). 1 ρ = 2 tanh ρ ∞∑ n=0 s_{2n} (2n)!

{tanh ρ}^{2n} , d^{2n} dx^{2n} ( x ln^{1+x}_{1−x} )| | | | x=0 ≡ s_{2n} , 0 < ρ < ∞ , s_0 = 1 2 , s_2 = − 1 3 , s_4 = − 12 5 , · · · , (14) All coefficients are finite as shown above. We can take the limit ρ → ∞ above, and see the infinite series converges and gives 0 : ∑_∞ n=0 s_{2n} (2n)! = 0. We

expect the coefficient-series appearing in (13) have the similar behaviors. It is a key, in the present treatment of the infinite series, that we take the expansion using powers of tanh ρ not those of e^{−2ρ}.^4

3 This is because eq.(3) is invariant under the change: ρ ! kρ, λ ! (1/k^2)λ, Λ ! (1/k^2)Λ, v0 ! v0.

4 We can not reexpress the RHS of the first equation of (14) as 1/ρ =

∑1_{n=0} s^0_{2n(2n)! e}�2nρ

with finite coefficients. The same notice is said about (13).

We can show the above form of solutions indeed satisfy (3) if the coefficients satisfy some recursion relation[11]. The first few orders are given as c_1 =^1_{4α}{^1_4 λv_0^4(1 − e_0^2)^2 + Λ} ,

d_1 = −^2_3 c_1 , e_0 : free parameter,

c_3 =^3_{32}^{λ2v06}_α e_0^2(1 − e_0^2)^2 + c_1(2 + 5αc_1) , d_3 = −^4_3 c_1(1 + 5αc_1) , e_2 = −^1_4 λv_0^2e_0(1 − e_0^2) . (15)

We note one free parameter e_0 appears^5 and all coefficients are expressed by 4 parameters (λ, v_0, Λ, e_0). The parameters, however, have 3 constraints. 1 = ∞∑ n=0 c_{2n+1} (2n + 1)!

, 1 = ∞∑ n=0 d_{2n+1} (2n + 1)!

, 1 = ∞∑ n=0 e_{2n} (2n)!

, (16)

which comes from the boundary conditions (10) and (11). Therefore the present solution is a 1(=4-3) parameter family of solutions.

5 Evaluation of Coefficients and Analytic Result

We present here the results of concrete values of c’s, d’s and e’s for an input value e_0(= P (0)/v_0) = −0.8. We solve constraints (16) by taking the first 7 terms (up to n=6th order). The most crucial point of the present solutions is to confirm the convergence of the infinite series ∑_∞ n=0 c_{2n+1} (2n+1)! , ∑_∞ n=0 d_{2n+1} (2n+1)! , and ∑_∞ n=0 e_{2n} (2n)! , which guarantees the present boundary condition. The 6th-

order approximation calculation gives the vacuum parameters as

v_0 = 0.9625 , Λ = −2.725 , λ = 18.375 . (17)

6 7 The obtained values of the coefficients are shown in Fig.1. In the figure

5 This freedom corresponds to, when λ = 0, the constant translation symmetry (P ! P + const.) in eq.(3) .

6 These values should not be confused with numerical results like Sec.6. They should, in principle, be definitely determined just like the energy eigenvalues of the hydrogen atom are fixed by the boundary condition.

7 The constraint criterion is (1 �

∑_6 n=0 c2n+1

(2n+1)! )

2 + (1 �

∑_6 n=0 d2n+1

(2n+1)! )

2 + (1 � ∑_6 n=0 e2n_{(2n)!} )^2 < 10�^4.

Fig.1 The values of c_{2n+1}/(2n + 1)!(large blob),d_{2n+1}/(2n + 1)!(small blob) ,e_{2n}/(2n)!(small circle). The large circles show (0.8)^n. ( n = 0, 1, · · ·, 6 .)

we also plot the data from the geometrical series: 1/(1 − x) = 1 + x + · · · at x = 0.8. Comparing them, we can recognize the convergence of the coefficient-series (up to this approximation order). Note that all three series are ’oscillating’, which is advantageous for their convergence. Using these results, the analytical results of P (ρ), σ^′(ρ) and ω^′(ρ) ( (13))are shown in Fig.2. We can see comparative behaviors of two ’warp’ factors (σ^′, ω^′) in the ultra violet region, ρ ≤ 2. In particular we notice a very ’delicate’ dip in the behavior of the second ’warp’ factor ω^′ at kρ ∼ 1. The (6D) Riemann scalar curvature is also shown in Fig.3. It shows the curvature is positive both inside and outside of the pole, whereas negative (small absolute value) or zero between them. It is non-singular everywhere. There is no horizon in 0 ≤ ρ < ∞. The deficit angle at ρ = ∞ is 2π.

6 Numerical Results

As the coupled differential equations for P (ρ), σ^′(ρ) and ω^′(ρ), the equations (3) with m = 0, have the standard form of the numerical analysis, that is, Runge-Kutta method. We can numerically solve (3) without any ansatz about the form of the solution. In this approach, the choice of the initial values with high precision is required. In the present case we cannot take

Fig.2 The analytic result of ω^′/α(bold line), σ^′/α(dashed line) and P/v_0(normal line). The graphs are depicted by using (13) with the 6-th order approximation. The horizontal axis is kρ. We take k = 1.

Fig.3 (6D) Riemann scalar curvature R̂/α^2 in the 6th order approximation. The horizontal axis is kρ. We take k = 1.

Fig.4 The numerical results for ω^′/α(top), σ^′/α(middle) and P/v_0(down). They are obtained by Runge-Kutta method. One step value along kρ-axis is 0.025. About 65 points are plotted for each line in the figure. The initial point is ρ = 0.1. The horizontal axis is kρ. We take k = 1.

ρ = 0 as the initial point because the appearance of the factor 1/ρ in (3). (Note this does not say the solution is singular at ρ = 0. We seek a nonsingular solution.) We take ρ = 0.1 as the initial point of ρ. As for the initial values we borrow the results from Sec.5 : P (0.1) = −0.79386, σ^′(0.1) = −0.10488, ω^′(0.1) = 0.070046. The result by the Runge-Kutta calculation is shown in Fig.4. It shows the analytic solution of Sec.5 is well reproduced in the ultraviolet region ( small-ρ region ) but not for the infrared region. We should notice that the the consistent region (with the analytic result) , ρ ≤ 1.3, becomes definitely larger than that of the 2nd order approximation [11] , ρ ≤ 0.9. The numerical output data stop at ρ ∼ 1.7 with producing imaginary values. This occurs because keeping the positivity, P^′(ρ)^2 ≥ 0, becomes so stringent in the infrared region. The quantity becomes so small in that region and vanishes at ρ = ∞. We understand that further higher precision is required for the initial values in order to extend the consistent region furthermore.

7 Conclusion

We have presented the both analytical and numerical solution in the 6D reduction model. The approximation oder is n = 6. Compared with the previous result of n = 2 order one, the results improve definitely. Much evidence about the convergence of the coefficients series is obtained. An exact solution, for the no potential case, is also obtained.

We notice rather stable behavior of the following values under the increase of the approximation order : the vacuum parameters (v_0, Λ, λ); the coefficients (c_{2n+1}, d_{2n+1}, e_{2n}|n = 0, 1, · · ·, 6); the form of σ^′, ω^′ and P . This strongly indicates the result of Fig.2 is quite near the exact result.

Acknowledgment

The author thanks P. van Nieuwenhuizen, M. Rocek and R. Shrock for discussions or comments about some points related to this work. Comments by A. Goldhaber, S.T. Hong, Z. Kakushadze, I. Oda, S. Vandoren and V. Zhukov are appreciated. He also thanks R. Roiban and C.M. Hung for helping him in relation to this work. The financial support by the governor of Shizuoka prefecture is greatly acknowledged. Finally he expresses gratitude to the hospitality at the C.N. Yang Institute for Physics, State University of New York at Stony Brook where this work has been done.

References

[1] L.Randall and R.Sundrum, Phys.Rev.Lett.83(1999)3370,hep-ph/9905221

[2] L.Randall and R.Sundrum, Phys.Rev.Lett.83(1999)4690,hep-th/9906064

[3] R.Kallosh and A.Linde,JHEP 0002,005(2000),hep-th/0001071

[4] G.W.Gibbons and N.D.Lambert, Phys.Lett.B488,90(2000),hep-th/ 0003197

[5] J.Maldacena and C.Nuñez,HUTP-99/A027, hep-th/0007018, ”Supergravity description of field theories on curved manifolds and a no go theorem”

[6] I.Oda,Phys.Lett.B496(2000)113, hep-th/0006203

[7] S.Randjbar-Daemi and M.Shaposhnikov,Phys.Lett.B492(2000)361

[8] S.Randjbar-Daemi and M.Shaposhnikov,Phys.Lett.B491(2000)329 [9] T.Gherghetta and M.Shaposhnikov,Phys.Rev.Lett.85(2000)240 [10] I.Olasagasti and A.Vilenkin,Phys.Rev.D62(2000)044014 [11] S.Ichinose,Univ.of Shizuoka preprint, US-00-11, hep-th/0012255,”Pole Solution in Six Dimensions and Mass Hierarchy” [12] D.Kramer,H.Stephani,E.Herlt and M.MacCallum,Exact Solutions of Einstein’s Field Equations (Cambridge Univ. Press, Cambridge, England 1980) [13] Y.Verbin,Phys.Rev.D59(1999)105015 [14] S.Ichinose, Class.Quant.Grav.18(2001)421, hep-th/0003275