arXiv:hep-th/0104058 v2 14 Feb 2003

Effective Lagrangian with valence gluons in extended SU(2) QCD model

Y. M. Cho^{1,2}, Haewon Lee^3, D. G. Pak^{1,4} 1)Asia Pacific Center for Theoretical Physics, Seoul 130-012, Korea 2) Department of Physics, College of Natural Sciences, Seoul National University, Seoul 151-742, Korea 3)Department of Physics, Chungbuk National University, Cheongju, Chungbuk 361-763, Korea 4)Department of Theoretical Physics, Uzbekistan National University, Tashkent 700-174, Uzbekistan

ymcho@yongmin.snu.ac.kr, hwlee@phys.chungbuk.ac.kr, dmipak@mail.apctp.org

The effective action with homogeneous valence (off-diagonal) gluons as background fields in the extended SU(2) model of QCD is obtained in one-loop approximation. We keep the manifest gauge and Lorentz invariance during whole calculation by using a special gauge-fixing recipe and taking into account the quartic interaction terms in the original Lagrangian as well. It has been shown that the effective Lagrangian gains a positive imaginary part.

PACS numbers: 12.38.-t, 11.15.-q, 12.38.Aw, 11.10.Lm

The establishment of color confinement and derivation of the low energy effective theory from the first principles is one of important problems in quantum chromodynamics (QCD). For last years the idea of monopole condensation which can provide the color confinement mechanism [1,2] has been supported in analytical studies [3] and lattice simulations [4]. Recently it was shown [5] in the framework of the extended SU (2) QCD model [6] that the effective theory obtained after integrating out all dynamical degrees of freedom can describe the confinement phase with the monopole condensation and dynamical gauge symmetry breaking. The later provides the effective mass generation and gives the origin for the kinetic term in the Skyrme-Faddeev effective Lagrangian [7,8,5]. It was proposed [5] that the effective action has a new duality symmetry which is closely related with the vacuum stability in the case of a pure chromomagnetic background whereas in the presence of a chromoelectric background the corresponding vacuum becomes unstable due to the imaginary part of the effective Lagrangian. The imaginary part for chromomagnetic and chromoelectric background in standard SU (2) model of QCD was considered in [12–15].

In the present paper we study further the quantum properties of the extended SU (2) model of QCD and calculate the one-loop effective action with covariant constant valence (off-diagonal) gluons as background fields. Notice, that the extended SU (2) model of QCD [6] incorporates naturally the topological scalar field which insures the off-diagonal gluon to be represented as a gauge covariant object in the extended gauge theory. This allow us to treat the effective action with off-diagonal gluons in a consistent gauge invariant manner. Our effective Lagrangian with covariant constant valence gluons reveals a non-trivial vacuum but possesses a positive imaginary part. We maintain the explicit Lorentz and gauge invariance during calculation of the effective Lagrangian and take into account the contribution which is coming from the quartic gluon interaction terms in the classical Lagrangian.

We will follow the original papers [6] and remind first the main lines of the extended SU (2) model of QCD. The principal construction in that model is a generalized parametrization for the SU (2) gauge connection implemented with a scalar field n̂ which describes the topological degrees of freedom of the non-Abelian gauge theory

⃗A_μ = A_μn̂ − 1 g n̂ × ∂_μn̂ + ⃗X_μ = Â_μ + ⃗X_μ, (n̂^2 = 1). (1)

The restricted conection Â_μ still represents an SU (2) connection which undergoes the full SU (2) group gauge transformations and at the same time maintains all topological characteristics of the original unconstrained non- Abelian potential. The isolated singularities of n̂ define the second homotopy group π_2(S^2) which describes the non-Abelian monopoles from the different topological sectors. Indeed, Â_μ with A_μ = 0 and n̂ = r̂ leads to Wu- Yang point-like monopole solution [9,10]. Besides that, with the S^3 compactification of the three-dimensional space R^3, the all mappings n̂ are characterized by the Hopf invariant π_3(S^2) ≃ π_3(S^3) which classifies the topologically distinct vacua in the non-Abelian gauge theory [11,2]. Notice, that since the SU (2) connection space is an affine space one can extend the restricted connection Â_μ by adding a general covariant vector ⃗X_μ (socalled “valence gluons” [6]) which corresponds to the offdiagonal components of the gauge potential in the standard SU (2) QCD.

Under the infinithesimal SU (2) gauge transformation δn̂ = −⃗θ × n̂ , δ ⃗A_μ = 1 g ⃗D_μ⃗θ, (2) one has the following transformation rules for the Abelian component A_μ (“photon”), the restricted connection Â_μ and valence gluons ⃗X_μ δA_μ = 1 g n̂ · ∂_μ⃗θ, δÂ_μ = 1 g D̂_μ⃗θ, δ ⃗X_μ = −⃗θ × ⃗X_μ, (3) here

D̂_μ = ∂_μ + gÂ_μ (4)

is a covariant derivative of the restricted theory. It should be noted that the restricted connection Â_μ itself keeps the whole SU (2) gauge invariance providing by this the gauge independent structure of the Abelian projected effective theory. The Lagrangian of the extended Yang-Mills theory can be written as follows [6]

L_0 = − 1 4 ⃗F^2_{μν} = − 1 4 F̂^2_{μν} − 1 2 F̂_{μν} · n̂X_{μν} − 1 4 X^2_{μν} − 1 4 (D̂_μ ⃗X_ν − D̂_ν ⃗X_μ)^2, (5)

where the main field strengths for the “photon” A_μ , magnetic potential ⃗C_μ and valence gluons ⃗X_μ are defined by ⃗F_{μν} = F̂_{μν}n̂ + D̂_μ ⃗X_ν − D̂_ν ⃗X_μ + g ⃗X_μ × ⃗X_ν , F̂_{μν} = (F_{μν} + H_{μν} )n̂, F_{μν} = ∂_μA_ν − ∂_νA_μ, X_{μν} = gn̂ · ( ⃗X_μ × ⃗X_ν ), H_{μν} = − 1 g n̂ · (∂_μn̂ × ∂_νn̂) = (∂_μ ⃗C_ν − ∂_ν ⃗C_μ + g ⃗C_μ × ⃗C_ν) · n̂. (6) The vector connection ⃗C_μ ≡ − 1 g n̂ × ∂_μn̂ is exactly the magnetic potential which corresponds to the classical Wu-Yang monopole solution [9] or to Dirac string after making gauge transformation to a singular magnetic gauge [6]. In the magnetic gauge the magnetic potential for the monopole solution is represented explicitly by an Abelian part of the full connection. To pass to the magnetic gauge it is more convenient to decompose the vector fields ⃗C_μ and ⃗X_μ in the orthonormal basis (n̂^a, n^3 ≡ n̂; a = 1, 2) instead of explicit rotating the internal space of SU (2) as it was defined in [6]

⃗C_μ = C^a_μn̂^a, ⃗X_μ = ⃗X^a_μn̂^a. (7)

After introducing complex notations for the vector fields X_μ = 1 √ 2 (X_{1μ} + iX_{2μ}), X̄_μ = (X_μ)^∗ one can rewrite the classical Lagrangian L_0 as

L_0 = − 1 4 (F_{μν} + H_{μν} )^2 − 1 2 |D_μX_ν − D_ν X_μ|^2 +ig(F_{μν} + H_{μν})X̄_μX_ν − V (X^4),

V (X^4) = g^2 2 [(X̄X)^2 − X̄^2X^2],

D_μ = ∂_μ + ig(A_μ + C_μ),

C_μ = − 1 g n̂_1∂_μn̂_2. (8)

The magnetic field strength H_{μν} can be rewritten in the magnetic gauge as follows

H_{μν} = ∂_μC_ν − ∂_ν C_μ. (9)

We have two types of gauge transformations under which the original Lagrangian is invariant: (I) the active type transformations defined by Eqs. (2) and (3) and (II) the passive ones which have the following form δC_μ = 0, δA_μ = 1 g ∂_μθ_3 + iθ̄X_μ − iθX̄_μ, δX_μ = 1 g D_μθ − iθ^3X_μ. (10)

It should be noted that the passive type gauge transformations possess a structure of the complexified U (1) gauge group and in addition we have also the Abelian dual U_m(1) magnetic gauge symmetry for the magnetic potential C_μ [6].

Let us consider the generating functional for connected Green functions with the sources corresponding to the Abelian and off-diagonal gluons W [J_μ, ⃗J_μ] = ∫ DA_μD ⃗X_μ exp[−i ∫ ( 1 4 ⃗F^2_{μν} +A_μJ_μ + ⃗X_μ · ⃗J_μ)d^4x]. (11)

We split the gauge fields into the classical background A_{0μ}, X_{0μ} and quantum parts A^′_μ, X^′_μ

A_μ = A_{0μ} + A^′_μ, X_μ = X_{0μ} + X^′μ. (12)

The magnetic potential C_μ (or equivalently the topological scalar field n̂) is treated as a classical object since it does not contain dynamical degrees of freedom in the original theory. Notice that formally we can include the magnetic potential C_μ into the classical part A_{0μ} of the Abelian gauge component since the C_μ enters the covariant derivatives D_μ, D̄_μ in additive manner everywhere. In computation of functional determinants in the non- Abelian gauge theory while keeping the manifest Lorentz invariance one encounters an obstacle of calculating the matrix determinants with respect to Lorentzian and internal group indices. To overcome this technical difficulty we choose the special gauge-fixing functions f, h f = D_{0μ}X^′_μ − igA^′_μX_{0μ}, h = ∂_μA^′_μ + igX_{0μ}X̄^′_μ − igX̄_{0μ}X^′_μ, (13)

where D_{0μ} = ∂_μ+ig(A_{0μ} +C_μ) is a U (1) covariant derivative with background Abelian fields. This choice allows us to factorize the functional determinants in Lorentzian indices. Using the passive type gauge transformations and applying the ’t Hooft trick of inserting the unit into the generating functional we obtain the gauge-fixing Lagrangian (in Feynman gauge) L_{gf} = −ff^∗ − 1 2 h^2 (14)

and the Faddeev-Popov ghost determinant DetM_{F P} in a standard way. We calculate the effective action in oneloop approximation and consider the background valence gluons which are covariant constant under the transformations of the stability subgroup U (1)

D_{0μ}X_ν = 0. (15)

Since the background Abelian field A_{0μ} + C_μ appears everywhere only in terms of the covariant background derivative D_{0μ} and background field strength F_{0μν} we can rewrite the effective Lagrangian in an explicit covariant form. Our choice of the gauge-fixing functions, Eq. (13), simplifies crucially the kinetic term structure

L_0 + L_{gf} = 1 2 A^′_μ[g_{μν}(□ − 2a)]A^′_ν +2igA^′_μ(X_{0ν}D̄_{0ν}X̄^′_μ − X̄_{0ν} D_{0ν} X^′_μ) +X̄^′_μ[g_{μν}(D_0D_0 − a) + 2igF_{0μν} ]X^′_ν +2g^2X̄^′_μ(X̄_{0μ}X_{0ν} − X_{0μ}X̄_{0ν} )X^′_ν + g^2 2 X̄^{′2}X^2_0 + g^2 2 X^{′2}X̄^2_0 , (16)

where a = g^2X̄_{0μ}X_{0μ} and we keep only terms quadratic in quantum fields which are enough at one-loop level. The Faddeev-Popov matrix operator is

M_{F P} = δ(f, f̄ , h) δ(θ, θ̄, θ^3) = 1 g D_0D_0 − a g^2X^2_0 −2igX_{0μ}∂_μ

g^2X̄^2_0 D̄_0D̄_0 − a 2igX̄_{0μ}∂_μ −2igX̄_{0μ}D_{0μ} 2igX_{0μ}D̄_{0μ} □ − 2a . (17)

We consider the case of U (1) covariant constant valence gluon background. The integration over Abelian field A_μ results in a functional determinant

Det^{− 12} K_A = Det^{− 12} [g_{μν}(□ − 2a)] (18)

and additional non-local terms which will contribute to the effective action after subsequent integrating out the quantum parts X^′_μ of the valence gluons. The final expression for the functional determinant obtained after performing the integration over Abelian and off-diagonal gauge fields is the following

Det^{− 12} K_{μν} = Det^{− 12} (~ A B̃ C̃ D̃ ) , Ã_{μν} = g_{μν}(D_0D_0 − a + α □ − 2a ) + 2ig(F_{0μν} + X_{0μν} ),

B̃_{μν} = g_{μν} (g^2X^2_0 − β □ − 2a ) ≡ g_{μν}B, C̃_{μν} = (B̃^∗)_{μν} ≡ g_{μν} C, D̃_{μν} = Ã^∗_{μν} . (19)

where

α = 4g^2X̄_{0μ}X_{0ν}D_{0μ}D_{0ν} , β = 4g^2X_{0μ}X_{0ν}D̄_{0μ}D̄_{0ν} . (20)

So that the one-loop contribution to the effective action is given by ΔS_{eff} = − 1 2 Tr ln K_A − 1 2 Tr ln K_{μν} + Tr ln M_{F P} . (21)

For simplicity we consider the effective Lagrangian with off-diagonal background gauge fields only, so from now on we set A_{0μ} = 0. The determinant of the matrix K_{μν} can be simplified to the next form

DetK_{μν} = Det(ÃD̃ − B̃C̃)

= Det[g_{μν}(A^2 − BC) + 4X_{0μρ}X_{0ρν} ], (22)

where A = □ − a + α □ − 2a . (23)

The field strength X_{μν} has a useful cyclic property X_{μν} X_{νρ}X_{ρσ} = − 1 2 χ^2X_{μσ} , χ = √ X_{0μν} X_{0μν}. (24)

Using this relation one can calculate the part of the determinant in Eq. (22) with respect to Lorentzian indices. After some simplifications one obtains

ln DetK_{μν} = 2tr ln(A^2 − BC) + 2tr ln(A^2 − BC − 2χ^2), (25)

where “tr” involves only the remaining functional trace.

The Faddeev-Popov determinant is simplified in a similar manner

DetM_{F P} = Det(A^2 − BC)Det(□ − 2a). (26)

Summing up contributions from all determinants one obtains the simple expression for the one-loop contribution to the effective action

ΔS_{eff} = −tr ln(A^2 − BC − 2χ^2) − tr ln(□ − 2a). (27)

This expression has no neither Lorentzian nor internal group indices and is quite suitable for calculation of the remaining functional traces. Passing to the Eucledian space-time and making Fourier transformation we can fullfil the integration over momentum with using a cutoff regularization scheme. To obtain the final expression for the effective Lagrangian one needs to know only the functional dependence on the valence gluons. The easiest way to find the functional form of the effective Lagrangian is to replace the complex vectors X_μ, X̄_μ with a pair of real vectors in Eucledian space-time X_{μE} → V_μ, X̄_{μE} → W_μ. (28) In four dimensional Eucledian spherical coordinates the momentum k_μ has the following projections

k_μ = k cos θ_1 k sin θ_1 cos θ_2 k sin θ_1 sin θ_2 cos ϕ k sin θ_1 sin θ_2 sin ϕ . (29)

One can choose the coordinate system in the 4- dimensional Euclidean space-time in such a manner that the vectors V_μ and W_μ will have the next components

V_μ = (V, 0, 0, 0), W_μ = (W cos ψ, W sin ψ, 0, 0), (30)

here, we introduced the angle ψ between vectors V_μ, W_μ. The knowledge of the angle dependence allows us to restore the scalar product terms (X̄X) from the corresponding terms V W cos ψ in the final expression after completing whole calculation. It is possible to proceed through all calculations with the original real vectors X_{1μ}, X_{2μ} as well. But for our purpose to calculate the effective Lagrangian with a constant background the replacement defined by Eq. (28) is more convenient. With these notations one can write down the one-loop contribution to the effective action as follows

ΔS_{eff} = −tr ln[(k^2 − a)^2(k^2 − 2a) + 2α(k^2 − a) −(4a^2 − 3g^4V^2W^2)(k^2 − 2a) −g^2W^2β − g^2V^2β̄], (31)

where a = −g^2qV W, q = cos ψ, α = −4g^2V W k^2cosθ_1(q cos θ_1 + sin ψ sin θ_1 cos θ_2), β = −4g^2V^2k^2 cos^2 θ_1, β̄ = −4g^2W^2k^2(q cos θ_1 + sin ψ sin θ_1 cos θ_2)^2. (32)

One can calculate explicitly the leading logarithmic part in the one-loop effective Lagrangian using a cutoff regularization. After performing the integration over k, θ_1, θ_2, ϕ one results in L_{eff} = − g^2 4 χ^2 − g^2Λ^2(X̄_0X_0) − 11g^4 96π^2 χ^2(ln[ g^2χ Λ^2

] − c) +

11ig^4 192π χ^2, (33)

where c is a number parameter, and we omitted the quartic terms proportional to Λ^4. To calculate the number factor c and the imaginary part of the effective Lagrangian we used numerical computation with considering an analytical continuation in the parameter q from q = 1 to q = 0 which corresponds to analytical continuation of the χ^2 to negative values. Since the final expression possesses a covariant form one can calculate the number parameter c = 0.3769... and, what is more important, the imaginary part of the effective Lagrangian. After subtracting infinities within the minimal subtraction scheme and proper mass and charge renormalization we obtain a final expression for the one-loop renormalized effective Lagrangian with valence gluons L^{ren}_{eff} = − g^2 4 χ^2 − m^2_R(X̄_0X_0) − 11g^4 96π^2 χ^2(ln[ g^2χ μ^2 ] − 1 2 ) + 11ig^4 192π χ^2. (34)

It should be stressed that the sign of the imaginary part is fixed by the causal structure which is under the control by putting the infinithesimal quantity −iϵ in propogators. For the case q = 0 one has checked that the real part of the function under the logarithm in Eq. (31) is negative for all admissible values of k_μ. This determines uniquely the sign of the imaginary part in the effective Lagrangian. We can keep also the renormalised mass parameter m_R since in the presence of the magnetic potential C_μ the off-diagonal gluons behave like a charged matter and the mass term does not spoil the gauge invariance. In the case of m_R = 0 the vacuum energy density has a non-trivial vacuum at the non-zero value for the classical field strength χ < χ >= μ^2 g^2 exp (−

24π^2 11g^2

). (35)

This minimum does not correspond to a stable vacuum due to the presence of the imaginary part in the effective Lagrangian.

Notice, that our final expression fro the effective Lagrangian, Eq. (34), has a manifest gauge and Lorentz invariant form and the number factor in front of the logarithm leads to a correct negative β-function of QCD in agreement with the renormalization group equation approach.

[1] Y. Nambu, Phys. Rev. D10, 4262 (1974); S. Mandelstam, Phys. Rep. 23C, 245 (1976); A. Polyakov, Nucl. Phys. B120, 429 (1977).

[2] G. ’t Hooft, Nucl. Phys. B190, 455 (1981). [3] Z. Ezawa, and A. Iwazaki, Phys. Rev. D25, 2681 (1982);

T. Suzuki, Prog. Theor. Phys. 80, 929 (1988); H. Suganuma, S. Sasaki, and H. Toki, Nucl. Phys. B435, 207 (1995); K.-I. Kondo, Phys. Rev. D57, 7467 (1998); D58, 105016 (1998).

[4] A. Kronfeld, G. Schierholz, and U. Wiese, Nucl. Phys.

B293, 461 (1987); T. Suzuki, and I. Yotsuyanagi, Phys. Rev. D42, 4257 (1990); J. Stack, S. Neiman, and R. Wensley, Phys. Rev. D50, 3399 (1994); H. Shiba, and T. Suzuki, Phys. Lett. B333, 461 (1994); G. Bali, V. Bornyakov, M. Müller-Preussker, and K. Schilling, Phys. Rev. D54, 2863 (1996).

[5] Y. M. Cho, and D. G. Pak, Proc. of TMU-YALE Symposium on Dynamics of Gauge Fields, ed. by T. Appelquist, and H. Minakata (Univ. Acad. Press, Tokyo) 2000, 193- 212, hep-th/0006051; J. Kor. Phys. Soc. 38, 151 (2001).

[6] Y. M. Cho, Phys. Rev. D21, 1080 (1980); Phys. Rev.

Lett. 46, 302 (1981); Phys. Rev. D23, 2415 (1981). [7] L. Faddeev, and A. Niemi, Nature 387, 58 (1997); R.

Battye, and P. Sutcliffe, Phys. Rev. Lett. 81, 4798 (1998). [8] E. Langmann, and A. Niemi, Phys. Lett. B463, 252 (1999); H. Gies, Wilsonian effective action for SU(2) Yang-Mills theory with Cho-Faddeev-Niemi-Shabanov decomposition, hep-th/0102026.

[9] T. T. Wu, and C. N. Yang, Phys. Rev. D12, 3845 (1975). [10] Y. M. Cho, Phys. Rev. Lett. 44, 1115 (1980); Phys. Lett.

B115, 125 (1982).

[11] A. Belavin, A. Polyakov, A. Schwartz, and Y. Tyupkin, Phys. Lett. 59B, 85 (1975); Y. M. Cho, Phys. Lett. B81, 25 (1979).

[12] G. K. Savvidy, Phys. Lett. B71, 133 (1977). [13] N. K. Nielsen, and P. Olesen, Nucl. Phys. B144, 485 (1978);

[14] C. Rajiadakos, Phys. Lett. B100, 471 (1981). [15] V. Schanbacher, Phys. Rev. D26, 489 (1982).