arXiv:hep-th/0104103 11 Apr 2001

Magnetic Black Holes in String Theory

Mikhail Z. Iofa Skobeltsyn Institute of Nuclear Physics Moscow State University Moscow 119899, Russia

1. At present, string theory is considered the best candidate for a fundamental theory

that would provide a consistent quantum theory of gravity unified with the other interactions . In particular, string theory provides a powerful approach to the physics of black holes. In this setting a fundamental problem is that of understanding how the intrinsically stringy effects modify the Einstein gravity. In this paper we discuss two of these effects: presence of scalar fields such as the dilaton and moduli and higher-genus contributions modifying the tree-level effective action. We focus on higher-genus corrections, because string theory, being a theory formulated on a world sheet, always contains string-loop corrections from higher topologies of the world sheet (these vanish only for higher supersymmetries N ≥ 4), while α^′ corrections can vanish in certain constructions based on conformal field theories [1,2] and for a large class of backgrounds [2–4].

We consider the perturbative one-string-loop (torus topology) corrections for a special class of backgrounds: 4D black holes as solutions to the equations of motion of the 4D effective field theory provided by heterotic string theory compactified on the manifold K3 × T_2 or on a suitable orbifold. For this compactification pattern, the effective 4D field theory is locally N = 2 supersymmetric theory [5]. String-loop corrections modify the tree-level effective action which, due to N = 2 supersymmetry, receives only one-string-loop contributions [6–9].

Taking the string-loop expansion parameter ϵ to be small, we can make the perturbative expansion of the equations of motion and obtain a perturbative solution of the loop-corrected equations of motion.

In the case of magnetic black hole, the dilaton of the string-tree-level solution ϕ = ln^{(r+P1)(r+P2)} r2 increases and the tree-level gauge coupling e^{−ϕ} decreases at small distances, so that the effective loop-corrected gauge coupling is sensitive to the string-loop correction.

The universal sector contains supergravity and vector multiplets, the vector components resulting from dimensional reduction of 6D supergravity on the two-torus T_2. We calculate the effective gauge couplings in the universal sector by using the (perturbative) loop-corrected prepotential. Due to the N = 2 supersymmetry, there are no loop corrections to the prepotential beyond one loop [8,10].

Having the string-loop-corrected effective action, we derive the equations of motion and solve them analytically in the first order in the loop-counting parameter ϵ. Technical simplification is achieved in the case of equal magnetic charges, in which case the tree-level moduli and loop corrections taken with the tree-level moduli are constants. However, the results remain unchanged in the general case P_1 ≠ P_2.

In the first order in ϵ, we obtain the loop-corrected metric

g^{ii} = −g_{00} = ( 1 + P r ) ( 1 + ϵA (P r − P r + P )) . (1)

Supersymmetric solution is obtained for A =^V_4 , where the Green-Schwarz function V is strictly positive [7]. At small r, up to the terms of order O(ϵ^2), the metric (1) with A =^V_4 can be rewritten in the form −g_{00} = 1 + P r + ϵ^V_4 , where the singularity at the origin is smeared by quantum corrections.

2. An effective field theory which describes dynamics of light fields in four dimensions

depends on the pattern of compactification of the initial superstring theory. Compactification of heterotic string theory on the manifold K3 × T^2 or on a suitable orbifold with the SU(2) holonomy yields 4D theory with N=2 supersymmetry.

The bosonic part of the universal sector of the the effective field theory which includes gravity, dilaton and the antisymmetric tensor is

I_6 = 1 2κ_6^2 ∫ d^6x √ −Ge^{−Φ}0 [ R + (∂Φ^′)^2 −

H^2 12 ] + . . . . (2)

Compactification of the 6D theory on two-torus yields the action [11] (we retain only non-vanishing backgrounds relevant for the following) S = 1 κ^2 ∫ d^4x √ −G^′e^{−ϕ}0 [ R + (∂ϕ^′)^2 −

(H^′)^2 12 + 1 4 ∂G_{11}∂G^{11} + 1 4 ∂G_{22}∂G^{22} + ... − 1 4 G_{11}(F^{(1)1})^2 − 1 4 G_{22}(F^{(1)2})^2 − 1 4 G^{11}(F^{(2)}_1 )^2 − 1 4 G^{22}(F^{(2)}_2 )^2 ] + . . . . (3)

Here

G^′_{μν} = G_{μν} − G_{mn}A^{(1)m}_μ A^{(1)n}_ν , H^′_{μνλ} = H_{μνλ} − A^{(1)n}_{[μ} H_{νλ]n} + A^{(1)m}_{[μ} A^{(1)n}_ν H_{λ]mn}

ϕ^′ = Φ^′ − 1 2 ln det(G_{mn}).

G_{mn} (m, n = 1, 2) are the components of the internal metric, B_{mn} = 0 and the field strengths are obtained from the potentials of the form A^{(1)n}_μ = G^{nm}G_{mμ} and A^{(2)}_{nμ} = B_{nμ}. Magnetic field potentials are

A^{(1)1}_μ = (0, a_s), A^{(2)}_{1μ} = (0, b_s). (4)

Purely electric and magnetic solutions can be embedded in 4D N=2 supersymmetric theory and leave 1/2 of the supersymmetry unbroken [4]. We shall consider the following solution of the equations of motion derived from (3) [2,4]:

ds^2 = −f_0^{−1}(r)dt^2 + f_0(dr^2 + r^2dΩ^2), f_0 = 1 + P r , ϕ^′ = ln f_0, a_φ = a^{−1}P (1 − cos ϑ), b_φ = aP (1 − cos ϑ), (5)

where a_φ and b_φ are nonzero components of potentials in spherical coordinates, a = Const.

Tree-level components of the internal metric G_{mn} and magnetic field strengths are

G_{11} = a^2, G_{22} = A^2, F^{1(1)}_{ij} = a^{−1}F_{ij}, F^{(2)}_{1ij} = aF_{ij}, F_{ij} = −ε_{ijk}∂^kf_0, (6)

and in spherical coordinates have a single nonzero component F_{ϑφ} = P sin ϑ. The fields H^′_{μνλ} for the solution in question vanish.

3. Considered within the framework of N = 2 locally supersymmetric theory [12], the

action (3) can be identified with the bosonic part of the universal sector of the complete action. The form of the N = 2 supergravity depends on the choice of a holomorphic vector bundle (X^A, F_A), where X^A denote both the vector superfields and the complex scalar components of these superfields. Different sections correspond to equivalent equations of motion and are connected by symplectic transformations [8,12,13]. If a holomorphic bundle admits a holomorphic prepotential F (X), the latter completely defines dynamics of N = 2 supersymmetric theory. In particular, in this case F_A = ∂F/∂X^A.

The dilaton Φ^′ in (2) can be split in the sum Φ + Φ_∞ where Φ can be chosen so that at the spatial infinity Φ = 0 and Φ_∞ is a free parameter. We split also ϕ^′ = ϕ + ϕ_∞, where Φ_∞ = ϕ_∞. The loop counting parameter is ϵ = e^ϕ1.

It is proved that the prepotential has no perturbative loop corrections beyond one loop and is of the form [8–10] F = − X^1X^2X^3 X^0

− iX^{02}h^{(1)}(−i

X^2 X^0 , −i X^3 X^0

). (7)

We use the standard identification of special coordinates (for real moduli, i.e. for vanishing axion, diagonal metric G_{mn} and B_{mn} = 0)

X^1 X^0 = iS, X^2 X^0 = iT = i √ G_{11}G_{22},

X^3 X^0 = iU = i √ G_{11}/G_{22}, and S = e^ϕ, T ≡ e^{γ+σ}, U ≡ e^{γ−σ}. In perturbative approach, we neglect (small) non-perturbative corrections to the prepotential of the form f(e^{−2πS} , T, U). From (7) it follows that the loop corrections are multiplied by a factor ϵ and can be treated perturbatively. The loop correction h^{(1)} is independent of S, loop corrections to the tree-level expressions are everywhere multiplied by the factor ϵ.

The kinetic terms for the moduli can be written in terms of the Kaehler potential K = − log i(X̄^AF_A − X^AF̄_A).

The loop-corrected Kaehler potential [7–9,14] is calculated by using the loop-corrected prepotential and is of the form

K = − log[(T + T̄ )(U + Ū)(S + S̄ + ϵV (T, T̄ , U, Ū)], (8)

where the Green-Schwarz function V written for real function h^{(1)} and real moduli T and U is V (T, U) = v(T, U) T U = h^{(1)} − T ∂_T h^{(1)} − U∂_U h^{(1)} T U . (9)

The kinetic terms of gauge fields are − i 8 ( N_{IJ} F^{+I}_{μν} F^{+μνJ} − N̄_{IJ} F^{−I}_{μν} F^{−μνJ} ) , where F^± are the self-dual and anti-self-dual field strengths. The couplings N_{IJ} are [12]

N_{IJ} = F̄_{IJ} + 2i (ImF_{IK}X^K)(ImF_{JL}X^L) (X^I ImF_{IJ}X^J ) , (10)

where F_{IJ} = ∂^2F/∂X^I∂X^J and F is the total loop-corrected prepotential.

Starting from heterotic string theory, one naturally arrives at the effective action written in terms of the ”heterotic” symplectic vector bundle. In this basis, the moduli are treated non-symmetrically, the modulus S playing the role of the coupling constant [8,9], and the vector couplings become weak in the large-dilaton limit. It is known that in terms of the heterotic symplectic bundle it is impossible to introduce a prepotential, however, one can construct the prepotential in another sections in which the prepotential exists and calculate in this basis the loop correction to the prepotential [8,13]. Following [8,13], we introduce a new basis (X̂, F̂ ) which admits the prepotential by performing the symplectic transformation ( X̂ F̂ ) = O ( X F ) O = ( U Z W V ) , where the nonzero elements of the matrix O are U^I_J = V^I_J = δ^I_J for I, J ≠ 1, W_{11} = −Z^{11} = ±1. The gauge coupling constants transform as [8,13]

N̂ = (V N + W )(U + ZN)^{−1}. (11)

The Kaehler potential is invariant under the symplectic transformations.

The loop-corrected couplings are calculated using (10) and the full prepotential (7). In N = 2 locally supersymmetric theory the Wilsonian gauge couplings which enter the effective action receive only one-string-loop corrections [6,8,9,15].

By using (10) we calculate the gauge couplings in the basis which admits the prepotential and using (11) we transform them to the ”heterotic” basis. We obtain the gauge part of the loop-corrected action in the form

L_g = − 1 4 [( e^{−ϕ+2γ} − ϵ n 4 ) (F^{(1)1})^2 + ( e^{−ϕ−2γ} − ϵ n 4 e^{−4γ} ) (F^{(2)}_1 )^2 + ϵ n + 2v 4 e^{−2γ}(F^{(1)1}F^{(2)}_1 ) ] , (12)

where n = v(T, U) + T^2∂^2_T h^{(1)} + 2T U∂_T ∂_U h^{(1)} + U^2∂^2_U h^{(1)}.

In the case of the standard embedding of the spin connection in the gauge group E_8 × E_8 which leaves the unbroken group [E_8 × E_7 × U(1)^2]_L × [U(1)^2]_R (or its enhancement of at special points in the moduli space) and in the Z_2 orbifold limit, the loop-corrected prepotential was calculated in [10], however its specific properties are not relevant here.

4. Using the loop-corrected expressions for kinetic terms for the moduli and the gauge

part of the action and retaining only two magnetic field strengths, we obtain the loopcorrected 4D action (in the Einstein frame) as (cf. (3):

S = 1 κ^2 ∫ d^4x √ −g [ R − 1 2 (∂ϕ)^2(1 − ϵe^ϕV ) − (∂σ)^2(1 + ϵe^ϕF_{σσ}) − (∂γ)^2(1 + ϵe^ϕF_{γγ}) − 2∂σ∂γϵe^ϕF_{σγ} − 2∂ϕ∂σϵe^ϕF_{ϕσ} − 2∂ϕ∂γϵe^ϕF_{ϕγ} − 1 4 [( e^{−ϕ+2γ} − ϵ n 4 ) (F^{(1)1})^2 + ( e^{−ϕ−2γ} − ϵ n 4 e^{−4γ} ) (F^{(2)}_1 )^2 + ϵ n + 2v 4 (F^{(1)1}F^{(2)}_1 ) ] , (13)

where F_{ϕσ} = −^1_4 (V_T + V_U + V¯_T + V¯_U ), F_{σγ} = −(V_T¯_T + V_U¯_U ), . . . . Here the indices at V denote the derivatives with respect to the corresponding variables.

We look for a static spherically-symmetric solution of the field equations of the loopcorrected action (13). The general ansatz for the metric is

ds^2_4 = −e^νdt^2 + e^λdr^2 + e^μdΩ^2. (14)

The field strengths F^{(1)}_{ij} and F^{(2)}_{ij} are assumed to have the same functional form as at the tree level

F^{(1)} = e^{2γ0} F, F^{(2)} = e^{−2γ0} F, F_{ϑφ} = P sin ϑ. (15)

In the first order in ϵ, we look for a solution in the form

ν = − ln f_0 + ϵn, λ = ln f_0 + ϵl, μ = ln f_0 + 2 ln r + ϵm, ϕ = ln f_0 + ϵφ (16)

Here n, m, l, ϕ and f are unknown functions which are determined from the field equations.

At the tree level, the moduli σ and γ are constants. Thus, we can write ∂_μσ = ϵ∂_μσ_1, ∂_μγ = ϵ∂_μγ_1. All the kinetic terms in (13) which contain σ_1 or γ_1 are of order O(ϵ^2).

The equation of motion for the dilaton is 1 √ −g ∂_μ ( g^{μν} √ −g(∂_νϕ(1 − ϵV e^ϕ) ) + 1 2 (∂ϕ)^2ϵV e^ϕ + 1 4 ( e^{−ϕ+2γ}(F^{(1)1})^2 + e^{−ϕ−2γ}(F^{(2)}_1 )^2 ) = 0. (17)

All the terms containing the functions F_{σσ}, F_{σγ}, F_{σϕ}, F_{γϕ} and F_{γγ} can be dropped as they are of the next order on ϵ, and the terms with γ_1 in the gauge terms cancel. We are left with 1 √ −g ∂_μ ( g^{μν} √ −g∂_νϕ ) − 1 2 ϵe^ϕ(∂ϕ)^2V + 1 2 e^{−ϕ}F^2(1 + ϵe^ϕV ) = 0. (18)

Here and below it is understood that all the expressions containing the factor ϵ are calculated with the tree-level fields.

The field equations and the Bianchi identities for the gauge field strengths are ∂_μ (√ −gImN_{IJ} F^J + ReN_{IJ} F^{∗J} )μν = 0 (19) and

∂_μF^{∗Jμν} = 0, (20)

where we used notations adapted to notations of the N = 2 supersymmetric formulation

F^{(1)1} = F^0, F^{(2)}_1 = F^1,

and F^{∗J}_{μν} =^1_2 √ −gϵ_{μνρλ}F^{Jρλ}. At the tree level F^{0,1 0r} = 0, and (19) is satisfied identically. At the one-loop level, noting that only N_{00} and N_{11} are O(1) and N_{0J} and N_{1J} are O(ϵ), we obtain solution of (19) in the form F^{I or} = ϵc_I(ϑ, φ) √ −g^′ImN_{II} , I = 0, 1, where −g^′(r) = e^{ν+λ+2μ} and c_I (ϑ, φ) are arbitrary functions. The Bianchi identity (20) shows that c_I = Const.

The ν = ϑ components of Eq.(19) with I = 0, 1 are (the φ components yield the same result) ∂_ϑ (√ −gImN_{I0}F^0 + ImN_{I1}F^1 )ϑφ = 0 and for our ansatz are satisfied identically. The Bianchi identities are

∂_rF^{0,1}_{ϑφ} = 0

yielding the field strengths in the form

F^{0,1}_{φϑ} = P^{0,1} sin ϑ.

With the required accuracy, the Einstein equations can be written as R_{μν} − 1 2 g_{μν} R − 1 2 ( ∂_μϕ∂_νϕ − 1 2 g_{μν} (∂ϕ)^2 ) ( 1 − ϵV e^ϕ ) + (L_g)_{μν} − 1 2 g_{μν} L_g = 0 (21)

Here

L_g = 1 4 [ 2e^{−ϕ} + ϵV ] F^2, (L_g)_{μν} = 1 4 [ 2e^{−ϕ} + ϵV ] (F^2)_{μν} . (22)

The functions σ_1 and γ_1 decouple from the above equations. Since in this paper we are primarily interested in the form of loop-corrected 4D metric, there is no need to determine these functions explicitly.

5. Next we substitute the functions μ, ν, λ and ϕ in the form (16) in the above equations.

In the first order in parameter ϵ the Einstein equations (with one index lifted) are

m^{′′} + m^′(q^′ + 3 r ) − l^′( 1 2 q^′ + 1 r ) + φ^′ q^′ 2 − l − m r^2 + 1 2 q^{′2}s = 0, m^{′′} + n^{′′} + m^′ 2 r − l^′ 1 r + n^′(−q^′ + 1 r ) + φ^′q^′ − q^{′2}s − V f_0q^{′2} = 0, m^′ 2 r + n^′(q^′ + 2 r ) − φ^′q^′ − 2 l − m r^2

+ q^{′2}s + V f_0q^{′2} = 0. (23)

Here q^′ =^f

0_{0f0 and s = l}

− φ − 2m. The equation for the dilaton (18) in the O(ϵ) order is: φ^{′′} + 2 r φ^′ + 1 2 (2m^′ + n^′ − l^′)q^′ + q^{′2}s + V 2 f_0q^{′2} = 0. (24)

We look for a solution such that l = −n, because in this case, as at the tree level, the components of the metric satisfy the relation −g_{tt} = g^{−1}_{rr} .

The system of the equations of motion is consistent with the ansatz and we obtain the following solution m = −n = −A_1 P r + A_2 P r + P , φ = P r (A_1 + V 2 ) + A_2 P r + P , (25)

where A_{1,2} are arbitrary constants. The form of solution is fixed by the requirement that at spatial infinity the metric is Lorentzian and dilaton is unity.

For the metric of the form (14) the expression for the ADM mass is (for example, [16]) M = − [ 2(e^{μ−2 ln r})^′r^2 − 2(e^λ − e^{μ−2 ln r})r ] |_{r→∞} (26)

Substituting expressions (16), where m and n are the solutions (25), we obtain the loopcorrected ADM mass M = 2P (1 + ϵ(A_1 − A_2)).

Requiring that that the ADM mass is equal to the charge, we have

A_1 − A_2 = 0

As yet, this is an ad hoc requirement, since we did not discuss the issue of the supersymmetry of solution. For a supersymmetric solution, this means that solution is BPS extremal.

The above expressions were obtained by making two expansions: (i) in ϵ, assuming that corrections are smaller than the leading-order expressions: | ln f_0| > |ϵn|, |ϵl|, etc., and (ii) by expanding the exponents e^{ϵn}, e^{ϵl}, etc. to the first order in ϵ assuming that 1 > |ϵn|, |ϵl|, . . .. The bounds that define the range of validity of our solution result both in constraints on the free parameters and on the domain of variation of r. At small r, | ln f_0| ≃ ln^P_r . In this region we obtain the domain of validity of solution 1 > ϵP V r . At small r, the function ν is

ν = ln r r + P + ϵA (P r − P r + P ) , (27)

where A = A_1 = A_2. This expression can be rewritten as the O(ϵ) term in the expansion of the function ν = − ( ln f_0 + ϵA f_0^′ f_0 )

which with the same accuracy is the function f_0, but with the shifted argument

ν = ln f_0(r + ϵA).

As it is shown elsewhere, supersymmetric solution is obtained for A =^V_4 , where V is the Green-Schwarz function. Extrapolating the metric to small r < ϵ^V_4 , we obtain that the g_{00} component of the metric is

− g_{00} = 1 + P r + ϵ^V_4

. (28)

Because of quantum corrections, the singularity at r = 0 is smeared. The crucial fact is that the Green-Schwarz V is known to be positive [7].

6. Another way to obtain the loop-corrected expressions for the metric and moduli is

to solve the spinor Killing equations for the N = 2 supersymmetric loop-corrected effective action. In this case we obtain a family of supersymmetric solutions which is contained in solution (25). Details of this work will be reported elsewhere.

The problem of string-loop corrections to the classical charged black holes in the effective N = 2 supergravity was studied also in papers [17]. However, the two approaches are rather different. In the cited papers, the loop corrections were calculated under an assumption that there exists a ”small” modulus and it is possible to expand the prepotential with respect to the ratios of small and large moduli. For the magnetic black hole, in the universal sector of the theory, the small modulus is the dilaton, but this modulus does not enter the loop correction to the prepotential. The remaining two moduli connected with the metric of the compact two-torus may have parametric smallness, but not the functional one connected with dependence on r. Properties of the loop-corrected solution depend crucially on the loop corrections to the gauge couplings.

The string-tree-level chiral null model provides a solution to the low energy effective action which in a special renormalization scheme receives no α^′ corrections [1,2]. The loop-corrected solution no longer is expressed in terms of harmonic functions, and the α^′- corrections are present. However, still it is possible that the α^′ corrections are small and can be treated perturbatively. It may be noted here that smearing of the singularity of the point-like source by α^′-corrections was discussed previously in [18]

I would like to thank L. Pando Zayas with whom this work was initiated, R. Kallosh for helpful correspondence, O. Kechkin and I.Tyutin for remarks and discussion. This work was partially supported by the RFFR grant No 00-02-17679.

REFERENCES

[1] P. Howe and G. Papadopoulos, Nucl. Phys. B289 (1987) 264,

ibid. B381 (1992) 360, [2] M. Cvetic and A.A. Tseytlin, Phys. Lett. B366 (1996) 95,

Phys. Rev. D53 (1996) 5619, [3] G.T. Horowitz and A.A. Tseytlin, Phys. Rev. D51 (1995) 2896,

A.A. Tseytlin,Mod. Phys. Lett. A11 (1996) 689, [4] M. Cvetic and D. Youm, Nucl. Phys. B453 (1995) 259,

Phys.Rev. D53 (1996) 584, [5] M. J. Duff, J. T. Liu and J. Rahmfeld, Nucl.Phys. B459 (1996) 125, [6] V.S. Kaplunovsky and J. Louis, Nucl. Phys. B444, 191 (1995), [7] E. Kiritsis, C. Kounnas, P.M. Petropoulos and J. Rizos, Nucl. Phys B483 (1997) 141, [8] B. de Wit, V. Kaplunovsky, J. Louis and D. Luest, Nucl.Phys. B451 (1995) 53, [9] J.P. Derendinger, S. Ferrara, C. Kounnas and F. Zwirner, Nucl. Phys. B372 (1992) 145, [10] J. A. Harvey and G. Moore, Nucl.Phys. B463 (1996) 315, [11] A. Sen, Int.J.Mod.Phys. A9 (1994) 3707, [12] B. de Wit and A. Van Proyen, Nucl. Phys. B245 (1984) 89,

B. de Wit, P. Lauwers and A. Van Proyen, Nucl. Phys. B255 (1985) 569, [13] A. Ceresole, R. D’Auria, S. Ferrara and A. Van Proeyen, Nucl.Phys. B444 (1995) 92, [14] I. Antoniadis, S. Ferrara, E. Gava, K. S. Narain and T. R. Taylor, Nucl.Phys. B447 (1995) 35, [15] I. Antoniadis, K. S. Narain and T.R. Taylor, Phys. Lett., B267 (1991) 37, I. Antoniadis, E. Gava and K. S. Narain, Nucl. Phys. B283 (1992) 93, [16] J. X. Lu, Phys.Lett. B313 (1993) 29, [17] K. Behrndt and I. Gaida, Phys.Lett. B401 (1997) 263 ,

K. Behrndt, G. Lopes Cardoso and I. Gaida, Nucl.Phys. B506 (1997) 267, K. Behrndt, D. Luest and W. A. Sabra, Nucl.Phys. B510 (1998) 264 , T. Mohaupt, hep-th/0007195 [18] A.A. Tseytlin,Phys. Lett. B363, 223 (1995).