arXiv:hep-th/0104137 v4 16 Oct 2001

Semiclassical Gauge

Theories

Jorge Alfaro^∗and Pedro Labraña^† Facultad de Física, Pontificia Universidad Católica de Chile Casilla 306, Santiago 22, Chile.

October 17, 2001

Abstract

We study the properties of a non-abelian gauge theory subjected to a gauge invariant constraint given by the classical equations of motion. The constraint is not imposed by hand, but appears naturally when we study a particular type of local gauge transformations. In this way, all standard techniques to treat gauge theories are available. We will show that this theory lives at one-loop. Also this model retains some quantum characteristic of the usual non-abelian gauge theories as asymptotic freedom.

1 Introduction

Yang-Mills Gauge theories have provided the building principle for all the known interactions of nature. They enable the unified description of the weak and electro-magnetic interactions as well as the strong interactions, guaranteeing the renormalizability of the theory.

Gravity is a gauge theory of a different kind. This difference is precisely the main reason of why we do not have a theory of Quantum Gravity: In Yang-Mills gauge theories, the gauge symmetry at our disposal enable the

∗jalfaro@puc.cl †plabrana@puc.cl

formulation of unitary and renormalizable models. The gauge symmetry of General Relativity, on the other hand, is not enough to have renormalizability.

The most promising road to quantize gravity is provided by String Theory [1]. This is so because in string theories the amount of gauge symmetries increases enormously. So much that the model is not only renormalizable, but finite.

One of the motivations of this paper is to explore new kinds of gauge symmetries based in the algebraic structure built in the Batalin-Vilkovisky(BV) quantization method. A preliminary report on these ideas is contained in [2].

Some of the theories based on these symmetries share the property of being one-loop theories (semiclassical), in the sense that higher loop corrections are absent. So the one-loop effective action is the exact effective action for these models.As such it could provide a playground to study non-perturbative effects in Yang-Mills theories.

Another arena where we could apply this program is quantum gravity. t’Hooft and Veltman [3] showed that the one loop effective action of general relativity (pure gravity) is renormalizable on shell. In the semiclassical version of General Relativity this will be the exact result, so physical observables such as the black hole entropy should be computable for these models. The computation is too involved in quantum gravity, so we prefer to test our ideas in the simpler case of non-abelian Yang-Mills theories.

In this paper, we study the properties of a non-abelian gauge theory in which the expression δ(D_{μν} F_{μν} ) appears in its generating functional. This constraint is generated, not imposed by hand [4]. To implement it, we will construct a quantum field model, invariant under a set of local gauge transformations obtained from (BV) formalism [2], then we will show that the non-abelian gauge theory with constraint is obtained from this model when we study its generating functional.

We are going to show that it is a one-loop theory . It follows that computations as the β function and the effective action will be exact. Some relevant questions shall be answered: Is it necessary to renormalize the model?, is the theory asymptotically free?

It will turn out that indeed the theory is renormalizable and asymptotically free if the gauge group is non-abelian.

The bad news is the presence of negative norm states in the spectrum (see Appendix B), so the model is not manifestly unitary. It may happens that there could exist a projection on the Hilbert space such that in the projected subspace the theory is unitary. In the worst situation , we could consider it as a useful effective theory.

The situation is reminiscent of what happens in Yang-Mills theories on nonsemisimple groups [5]. These theories have similar properties as ours. Notice, however, that our semiclassical models are more general than Yang- Mills theories on nonsemisimple groups(See equation (13)). In particular our models don’t need a gauge symmetry to start with. (See the Appendix A).

The paper is written as follows: In section 2 we introduce the fields, the gauge transformations and find the invariant Lagrangian that produce the classical equations of motion as constraints. In section 3, we quantize the model using the BRST formalism [6, 7] and the background field method [8]. In section 4, we present the main result of the paper: the β function, and prove that the theory lives at one loop. In section 5 we analyze the conclusions.

2 The gauge transformations

We work with a compact semisimple Lie group, with generators T_i and structure constants C^k_{ij} . The fields A^k_μ and B^k_μ have an index k in the algebra running from 1 to algebra dimension N. The index μ goes from 0 −→ 3. The space-time metric is g_{μν} = {−, +, +, +}.

We are going to work in the adjoint representation of the group, then fields and infinitesimal parameters will be defined as follows A = A^k T_k , A_μ = A^k_μ T_k, B = B^k T_k , B_μ = B^k_μ T_k , ε_0 = ε^i_0 T_i , and ε_1 = ε^i_1 T_i .

Let’s continue defining the following transformations obtained from [2]. These transformations depend on two parameters and form a closed algebra. They split into two classes, homogeneous and inhomogeneous transformations.

The homogeneous transformations are:

δ_εA = [ε_0, A] , (1)

δ_εB = [ε_0, B] + [ϵ_1, A]. (2)

They act over pairs of fields (A, B), which can be thought as components of one field Φ, where its first and second component transforms according to (1) and (2)respectively.

The inhomogeneous transformations are:

δ_εA_μ = ∂_με_0 + [ε_0, A_μ] , (3)

δ_εB_μ = [ε_0, B_μ] + ∂_με_1 + [ε_1, A_μ]. (4)

They act over pairs of fields (A_μ, B_μ) ,which can be thought as one field Ψ_μ = (A_μ, B_μ).

We can see that under a transformation with ε_0 parameter fields A and B transform as scalars in the adjoint representation of the group, and A_μ transforms as a usual gauge field. Under ε_1 transformation A and A_μ don’t transform while B and B_μ transform mixing with their partners.

The covariant derivatives act over Φ-type fields and are defined as a function of the transformation as follows:

D_μA = ∂_μA − [A_μ, A] , (5) D_μB = ∂_μB − [A_μ, B] − [B_μ, A] , (6) and transform homogeneously as components of a Φ-type field.

The field strength is obtained, as usual, commuting two covariant derivatives. We get:

[D_μ, D_ν ] ( A B ) = ( [A, F_{μν} ] [B, F_{μν} ] + [ A, F̃_{μν} ] ) , (7)

where we have defined:

F_{μν} = ∂_μA_ν − ∂_ν A_μ + [A_ν, A_μ] ,

F̃_{μν} = ∂_μB_ν − ∂_ν B_μ + [B_ν , A_μ] + [A_ν , B_μ]. (8) They transform homogeneously under a gauge transformation and can be grouped into a Φ-type field.

If we work with compact semisimple Lie groups [10], we can normalize T_i as follows:T r (T_i T_j ) = −2δ_{ij} .

Since the field strength transform homogeneously we have the following gauge invariant Lagrangian:

L = − 1 4g^2

F^k_{μν} F^k_{μν} + 1 g^′ F^k_{μν}F̃^k_{μν} , (9)

with

F^k_{μν} = ∂_μA^k_ν − ∂_ν A^k_μ + C^k_{ij} A^i_ν A^j_μ ,

F̃^k_{μν} = ∂_μB^k_ν − ∂_ν B^k_μ + C^k_{ij} B^i_ν A^j_μ + C^k_{ij} A^i_ν B^j_μ ,

(10)

The first term in (9) is a usual gauge invariant Lagrangian density while the second term is a new expression linear in the field B_μ.

The constant g and g^′ can be absorbed by the tensors F_{μν} and F̃_{μν} if we do a change of scale; A_μ −→ gA_μ, B_μ −→ g̃B_μ and g^′ = gg̃. We can note that the theory has only one coupling constant g.

It is interesting to notice that A_μ satisfies the classical Yang-Mills equations of motion and transform as a usual gauge field whereas B_μ will generate a constraint in the path integral.

Let us consider the generating functional for the system: Z = ∫ DA_μ DB_μ e^{iS} , with S = ∫ d^4x { − 1 4g^2

F^k_{μν} F^k_{μν} + 1 g^′ F^k_{μν}F̃^k_{μν} } . Now, we integrate over B_μ to get: Z = ∫ DA_μ DB_μ e^{iS0} e^{−i 2g′} ∫_{d4x (DμFμν )k Bkν}

= ∫ DA_μ e^{iS0} δ(D_μF_{μν} )^k , (11)

with

S_0 = − 1 4g^2 ∫ d^4x F^k_{μν} F^k_{μν} . Thus we see that the model is equivalent to a non-abelian gauge theory subjected to the constraint. Taking advantage of this situation we will study the gauge theory with the constraint studying this new model (9) by placing

A_μ and B_μ on the same level, forgetting for a moment that A_μ satisfies the classical equation of motion and that B_μ is an auxiliary field. The kind of diagrams that we can construct will show us that B_μ is an auxiliary field and that this model corresponds to a theory of the same kind as (11).

From the expression (11) we can note that if we integrate A_μ we obtain: Z = det^{−1} | | | | | δ^2S δA^2_μ | | | | |_0e

−i S_0 , (12)

where both, the determinant and S_0, are evaluated in the classical solution of A_μ. This expression, times a factor 2, is the semiclassical value of Z . This is a hint that the theory lives at one loop.

It’s interesting to notice that the new term in the Lagrangian could be generated in the following way. First we calculate the variation of L_0 respect to A_μ:

δL_0 = δ ( F^k_{μν} F^k_{μν} ) = δL_0 δA^l_α δA^l_β + δL_0 δ(∂_βA^l_α) δ ( ∂_βA^l_α ) , (13)

then, we define B_μ = δA_μ as a new independent field. The new expression that becomes from (13) it’s:

L^′ = 2 F^k_{μν} F̃^k_{μν} ,

where F^k_{μν} and F̃^k_{μν} were defined in (8).

The transformation (4) could be found in a similar way if we calculate the variation of δA_μ and defining δε_0 = ε_1 as a new parameter.

δB_μ = δ (δA_μ) = δ (∂_με_0 + [ε_0, A_μ])

= ∂_με_1 + [ε_1, A_μ] + [ε_0, B_μ].

In this way we can recover our previous results.This way of proceeding is general and it could be used in any Lagrangian with similar results, even if there isn’t a gauge symmetry to start with. (See the Appendix A).

3 The Model at the Quantum Level

We will quantize our model (9) using the BRST formalism [6, 7] and the background field method [8]. The BRST transformations are:

δ^′A^k_μ = − ( ∂_μη^k_0 + C^k_{ij} η^i_0A^j_μ )

δ^′B^k_μ = − ( ∂_μη^k_1 + C^k_{ij} η^i_1A^j_μ + C^k_{ij} η^i_0B^j_μ ) , (14)

δ^′η^k_0 =^1_2 C^k_{ij} η^i_0η^j_0

δ^′η^k_1 = C^k_{ij} η^i_0η^j_1 ,

(15)

δ^′C̄_0 = ib_0 δ^′b_0 = 0

δ^′C̄_1 = ib_1 δ^′b_1 = 0 .

(16)

Let us write A_μ → A_μ + A_μ and B_μ → B_μ + B_μ, where (A_μ, B_μ) are the background fields and (A_μ, B_μ) are the quantum fields. Then gauge fields strength (10) decompose as follow:

F^k_{μν} = F^k_{μν} + (D_μA_ν )^k − (D_ν A_μ)^k − C^k_{ln} A^l_μ A^n_ν

F̃ k_{μν} = F̃k_{μν} + (D_μB_ν )^k − (D_ν B_μ)^k − C k_{ln} ( A^l_μ B^n_ν − A^l_ν B^n_μ ) (17)

where F_{μν} and F̃_{μν} are the fields strength evaluated on the background fields and the covariant derivatives only contain (A_μ, B_μ) fields.

Now, as usual in the BRST method [7], we add a null operator −i δ^′(P ) to the original Lagrangian and use it as a gauge fixing and FP-ghost. In our case we use P =^2_{g′} C̄^k_0 (D_μA_μ)^k + C̄^k_1 (D_ν B_ν )^k − C̄^k_0 b^k_1.

The functional integral over the auxiliary fields (b_0, b_1) can be done obtaining the following effective Lagrangian:

L = − 1 4g^2

F^k_{μν} F^k_{μν} + 1 g^′ F^k_{μν}F̃^k_{μν} + 2 g^′ (D_μB_μ)^k(D_ν A_ν )^k + L_{F P} , (18)

where the explicit forms of the fields strength are (17) and

L_{F P} =^{2i}_{g′} C̄^k_0 [ ∂_μ∂_μδ^{ki} + C^k_{ij} ⃗∂_μ ( A^j_μ + A^j_μ ) + C^k_{ij} A^j_μ ⃗∂_μ + C^k_{αj} C^α_{iβ} ( A^β_μ + A^β_μ ) A^j_μ ] η^i_0

+ iC̄^k_1 [ ∂_μ∂_μδ^{ki} + C^k_{ij} ⃗∂_μ ( A^j_μ + A^j_μ ) + C^k_{ij} A^j_μ ⃗∂_μ + C^k_{αj} C^α_{iβ} ( A^β_μ + A^β_μ ) A^j_μ ] η^i_1

+ iC̄^k_1 [ C^k_{ij} ⃗∂_μ ( B^j_μ + B^j_μ ) + C^k_{αj} C^α_{iβ} ( B^β_μ + B^β_μ ) A^j_μ + C^k_{ij} B^j_μ ⃗∂_μ + C^k_{αj} C^α_{iβ} ( A^β_μ + A^β_μ ) B^j_μ ] η^i_0 .

(19)

It follows that the Feynman rules are [8, 9]: Propagators:

A^k_μ � B^s_ν = i (2π)^4 g^′ 2 δ^{ks} δ_{μν} p^2

, (20)

B^k_μ � B^s_ν = i (2π)^4 ( g^′ g )_2 δ^{ks} 4 1 p^2 [ δ_{μν} − p_μpν p^2 ] , (21)

C̄^i_0 � η^j_0 = − 1 (2π)^4 ( g^′ 2 ) δ^{ij} p^2

, (22)

C̄^i_1 � η^j_1 = − 1 (2π)^4 δ^{ij} p^2

. (23)

Vertex:

We write explicitly the vertices we are going to use in the calculation of the β function. Additional vertices can be read off directly from (18).

a) Gauge Fields:

�^{← p r ↘q ↗Akμ} Bnλ^{Alν} Γ^{kln}_{μνλ}(p, q, r) = −(2π)^4 ( 2 g^′ C^n_{kl} ) [δ_{μλ}(r + q − p)_ν + δ_{νλ}(q − r)_μ + δ_{μν} (p − q − r)_λ] .

(24) b) Ghosts: i) �^{p q rAjμ} ηi_0^{C̄ k0}_{Γijkμ (q, r) = (2π)4i ( 2g′ ) C kij [q + r]μ , (25)} ii) �^{p q rAjμ} ηi_1^{C̄ k1}_{Γijkμ (q, r) = (2π)4iC kij[q + r]μ . (26)} 4 The β Function

Let’s proceed with the computation of the β function as a first way to explore the properties of the model. The diagrams that contribute to this are listed below:

A^k_μ � A^{k′}_μ′ = i C^n_{kl} C^n_k′_l (4π)^2 20 3 (p^2δ_{μμ}′ − p_μp_μ′ ) 1 ϵ , (27) �^{Ajμ Aj′}μ^{′ = (−1) i C kij C kij′}(4π)2^13^{(pμpμ′ − p2δμμ′ )1}ϵ^{, (28)} �^{Ajμ Aj′}μ^{′ = (−1) i C kij C kij′}(4π)2^13^{(pμpμ′ − p2δμμ′ )1}ϵ^{, (29)} where we have written only the pole part of the graphs.

Adding the three diagrams, we get: A^k_μffA^{k′}_μ′ + A^k_μfiA^{k′}_μ′ + A^k_μflA^{k′}_μ′

= i C^n_{kl} C^n_k′_l (4π)^2 22 3 (p^2δ_{μμ}′ − p_μp_μ′ ) 1 ϵ . (30)

Since explicit gauge invariance is retained in the background field method [8], we have the following relation between the β function and the field renormalization factor Z_A: β = −g [ β_0 ( g 4π )_2

+ β_1 ( g 4π )_4]

, (31)

Z_A = 1 + 1 ϵ β_0 ( g 4π )_2 + 1 2ϵ β_1 ( g 4π )_4

. (32)

Then, our β function is: β = − g^3 16π^2

C_2 22 3 , (33)

where C_2 is the Quadratic Casimir operator.

We see that the theory is asymptotically free.

Now we will show that the model get corrections from one loop contributions only.

Let’s begin the proof with diagrams that contain only fields A_μ and B_μ propagating in them. To form these diagrams we have the propagator P_1 that connects field A_μ with B_μ, the propagator P_2 that connects B_ν with itself and the vertices type V_1 and type V_2. Vertices V_1 only contain one leg B and its other legs are A or A. Vertices V_2 only contain A or A legs.

The quantum fields live only inside loops [8], and we don’t have a vertex with two legs B, then the following condition must be satisfied to form a diagram:

P_1 + 2P_2 = V_1. (34)

The number of loops in a diagram is

L = P − V + 1 , (35)

if (34) is satisfied, the equation (35) becomes

L = 1 − V_2 . (36)

Therefore it’s impossible to form diagrams with L > 1 that contain only fields A and B in them.

Let’s continue with diagrams that contain ghost field. The ghost’s propagators connect C̄_0 with η_0 and C̄_1 with η_1

The forms of the vertices are ( C̄_0 η_0 A... ) ( C̄_1 η_0 B... )

( C̄_1 η_1 A... ) ( C̄_1 η_0 B...

) (37)

To construct diagrams with L > 1 that contain ghost field inside, we must include P_1 propagator. Therefore we have to include the vertex (C̄_1 η_0 B...) in this diagrams, but we can’t connect this vertex with the other vertices keeping the ghost field inside the loop, because the vertex (C̄_0 η_1...) doesn’t exist.

Therefore it’s impossible to form diagrams with L > 1. Also it’s a important comment that all external legs of our diagrams are ending in A fields, then quantum correction to the effective action only depend on A. This corrections have been generated by the new term in the Lagrangian, because all the propagators and vertex that we used depend on this term.

5 Conclusions

In this paper, we have studied the properties of a non-abelian gauge theory subjected to a gauge invariant constraint given by the classical equations of motion. For this purpose we constructed a model of quantum field theory from a type of local gauge transformations and proved that this model is equivalent to the gauge theory subjected to a constraint.

We proved that the theory lives at one-loop and that the quantum corrections to the effective action depend only on the usual gauge field A_μ. Also we can note that the scattering amplitudes with external legs A_μ only exist at the tree level and the loop correction gives non-trivial scattering amplitudes only with B_μ as external legs. Such amplitudes are absent at the tree level. This type of results are similar to those obtained in [5], although our motivation and starting point were entirely different.

We computed the β function and from this result we conclude that the theory is asymptotically free, retaining in this way the usual non-abelian gauge theory properties. Moreover because the theory lives at one loop the computations of the β function is exact.

Having tested our ideas in the simpler case of Yang-Mills theories, we would like to apply the prescription to General Relativity. We expect to find a one loop theory of quantum gravity, which is renormalizable on shell. The most important issue in this context is the lack of manifest unitarity in semiclassical gauge theories, due to the presence of negative norm states in the spectrum(See Appendix B). It may be possible to truncate the Hilbert space so that in the restricted space the theory is both unitary and renormalizable.

Acknowledgments. We thank A. Andrianov for useful discussions. The work of JA is partially supported by Fondecyt 1010967. The work of PL is partially supported by a CONICYT Fellowship.

References

[1] M. B. Green, J. H. Schwarz, E. Witten. Superstring Theory. Vols. I and II. Cambridge: Cambridge University Press, USA, 1987.

[2] These transformations were inspired by the formalism presented in J.

Alfaro, ”Bv gauge theories”, hep-th 9702060.

[3] G. ’t Hooft and M. Veltman, Ann. Inst. H. Poincaré 20 (1974) 69.

[4] For a different use of the classical equations as constraints see: E. Gozzi, Phys. Lett. B201, (1988) 525. and E. Gozzi, M. Reuter and W. D. Thacker, Phys. Rev. D40 (1989) 3363.

[5] A. A. Tseytlin, Nucl. Phys. B450 (1995) 331.

[6] C. Becchi, A. Rouet, and R. Stora, Ann. Phys. 98 (1976) 287; I.V.

Tyutin, Lebedev Institute preprint N39 (1975).

[7] T. Kugo and S. Uehara, Nucl. Phys. B197 (1982) 378.

[8] L. F. Abbott, Nucl. Phys. B185 (1981) 189.

[9] G. ’t Hooft and M. Veltman, Diagrammar, CERN, Geneva 1973, p. 4-5.

[10] L. D. Faddeev and A.A. Slavnov. Gauge Fields Introduction to Quantum Theory. The Benjamin Cummunings Publishing Company, USA, 1982, p.3.

Appendix A:

We begin with a Lagrangian L_0 that depends on a field ϕ. Then we calculate the variation of L_0 respect to ϕ and define L^′ as follows:

L^′ = δL_0 δϕ δϕ + δL_0 δ(∂_μϕ) δ(∂_μϕ) = δL_0 δϕ ϕ̃ + δL^0 δ(∂_μϕ) ∂_μϕ̃ , (38)

were we have defined ϕ̃ = δϕ as a new independent field. The new action is: S = ∫ d^4x {L_0 + L^′} = ∫ d^4x { L_0 + ( δL_0 δϕ − ∂_μ [ δL_0 δ(∂_μϕ) ]) ϕ̃ } . Then the generating functional will be: Z = ∫ Dϕ Dϕ̃ e^{iS} = ∫ Dϕ e^{iS0} δ(Classical Eq. for ϕ) The theories constructed following this scheme have properties similar to our model, for instance, they live at one-loop level and only the field that satisfies the classical equation of motion appears in the quantum corrections to the effective action.

Appendix B:

Semiclassical Klein-Gordon Field

Let us study the unitarity problem in a simpler model than Semiclassical Yang-Mills Theories, but constructed following the same scheme.

The new Lagrangian obtained from the free Klein-Gordon Lagrangian is: L = 1 2 ∂_μϕ ∂^μϕ − 1 2 m^2 ϕ^2 + ∂_μϕ ∂^μϕ̄ − m^2 ϕ ϕ̄ , (39)

The Hamiltonian is:

H = ∫ d^3x ( π π̄ − 1 2 π̄^2 + 1 2 (∇ϕ)^2 + ∇ϕ · ∇ϕ̄ + 1 2 m^2 ϕ^2 + m^2 ϕ ϕ̄ ) , (40)

where we have defined the conjugate momenta in the usual way π(x) = ∂L ∂ϕ̇(x) = ϕ̇(x) + ˙ϕ̄(x) (41)

π̄(x) = ∂L ∂ ˙ϕ̄(x) = ϕ̇(x) (42)

We write the solution of the classical equation of motion as Fourier modes:^1 ϕ(x, t) = ∫ d^3p (2π)^3 1 √ 2E_p [ a_pe^{−ip·x} + a^†_pe^{ip·x} ]| |_{p0=Ep} (43)

ϕ̄(x, t) = ∫ d^3p (2π)^3 1 √ 2E_p [ ā_pe^{−ip·x} + ā^†_pe^{ip·x} ]| |_{p0=Ep} (44)

with,

E_p = + √ |p|^2 + m^2.

To quantize the model we impose the usual canonical commutation relations. The only non-vanishing commutators are: [ a_p, ā^†_p′ ] = [ ā_p, a^†_p′ ] = − [ ā_p, ā^†_p′ ] = (2π)^3 δ^{(3)}(p − p^′) (45) In terms of ladder operators, the Hamiltonian is:

1Four-vectors are denoted by light italic type and three-vectors are denoted by boldface type.

H = ∫ d^3p (2π)^3 E_p ( a^†_pa_p + a^†_pā_p + ā^†_pa_p − ā^†_pā_p ) , (46)

where we have neglected the infinite constant term.

The state |0⟩ such that a_p |0⟩ = 0 and ā_p |0⟩ = 0 for all p is the ground state. All other energy eigenstates can be built by acting on |0⟩ with creator operator a^†_p or ā^†_p. In general the state a^†_p · · · ā^†_p′ · · · |0⟩ is an eigenstate with energy E_p + E_p′ + · · ·.

Note that the state of the form ā^†_p|0⟩ have negative norm while the states of the form a^†_p|0⟩ have null norm.

Let us define the following operators:

b_p = a_p + ā_p b^†_p = a^†_p + ā^†_p (47)

The algebra of these operators is [ b_p, b^†_p′ ] = − [ ā_p, ā^†_p′ ] = (2π)^3 δ^{(3)}(p − p^′) (48)

[b_p, b_p′ ] = [ b_p, b^†_p′ ] = [b_p, ā_p′ ] = [ b_p, ā^†_p′ ] = [ā_p, ā_p′ ] = [ ā^†_p, ā^†_p′ ] = 0 (49)

We write the Hamiltonian in term of b_p, b^†_p, ā^†_p, and ā_p obtaining: H = ∫ d^3p (2π)^3 E_p [ 2b^†_pb_p − ā^†_pā_p ] . (50)

We can note that b^†_p create a eigenstate of H with energy 2E_p and positive norm. The states created with b^†_p have zero inner product with the states created using ā^†_p, then we can divide the H eigenstates into two orthogonal subspaces. The subspace generated by b^†_p has no problem with negative norm and have a positive spectrum.

This situation is reminiscent of negative norm modes in QED and it may be possible to find a unitary truncation of the Hilbert space that produces a theory free of any degrees of freedom with negative probability.