arXiv:hep-th/0104224 v4 18 May 2001

The Landau problem and noncommutative quantum mechanics

J. Gamboa^{1∗}, M. Loewe^{2†}, F. Méndez^{1 ‡} and J. C. Rojas^{3 §} 1Departamento de Física, Universidad de Santiago de Chile, Casilla 307, Santiago 2, Chile 2Facultad de Física, Pontificia Universidad Católica de Chile, Casilla 306, Santiago 22, Chile 3Departament ECM, Facultat de Fisica, Universitat de Barcelona and Institut D’Altes Energies, Diagonal 647, E-08028, Barcelona, Spain

The conditions under which noncommutative quantum mechanics and the Landau problem are equivalent theories is explored. If the potential in noncommutative quantum mechanics is chosen as V = Ω @ with @ defined in the text, then for the value θ̃ = 0.22 � 10^{−11} cm^2 (that measures the noncommutative effects of the space), the Landau problem and noncommutative quantum mechanics are equivalent theories in the lowest Landau level. For other systems one can find differents values for θ̃ and, therefore, the possible bounds for θ̃ should be searched in a physical independent scenario. This last fact could explain the differents bounds for θ̃ found in the literature.

The presence of magnetic fields in the string effective action suggest a noncommutative structure for the spacetime. This fact and the possibility of compactifying string theory via the noncommutative torus [1] have stimulated an important amount of work during the last three years [2].

A noncommutative space is an intriguing and revolutionary possibility that could have important consequences in our conception of the quantum structure of nature. A noncommutative space is related to the fundamental new commutation relation [x, y] ∼ αθ, (1) where we will define αθ as θ̃ that is a parameter with dimensions (lenght)^2.

In a previous paper [4] the noncommutative quantum mechanics for a two dimensional central field was studied and an explicit realization of the Seiberg-Witten map, at quantum mechanical level, was found. In this letter we would like to argue that the usual Landau problem also can be understood in terms of noncommutative quantum mechanics. Additionally, we will show that the experimental value for the magnetic field in the QHE [3] implies

θ̃ ∼ 0.22 × 10^{−11} cm^2, (2)

∗E-mail: jgamboa@lauca.usach.cl †Email: mloewe@fis.puc.cl ‡E-mail: fmendez@lauca.usach.cl §E- mail: rojas@sonia.ecm.ub.es i.e. the characteristic magnetic length can be derived from noncommutative quantum mechanics.

Let us start with the Moyal product for potential term in the Schrödinger equation in a noncommutative plane

V (x) ⋆ ψ(x) = V (x −^1_2p̃)ψ(x), (3)

where ⋆ denotes the Moyal product and p̃_{ik} = θ^{ikjk} p_{jk} θ_{ij} = θϵ_{ij} . Then for a two dimensional central field [4] V (|x|^2), (3) yields

V (|x|^2) ⋆ ψ(x) = V (ℵ̂)ψ(x), (4)

where the aleph (ℵ) operator is defined as

ℵ̂ = θ^2 4 p^2_x + x^2 + θ^2 4 p^2_y + y^2 − θL_z (5)

= Ĥ_{HO} − θL̂_z . (6)

In the last expression Ĥ_{HO} is the hamiltonian for a two dimensional harmonic oscillator with mass 2/θ^2, frequency ω = θ and L_z is the z-component of the angular momentum defined as L_z = xp_y − yp_x.

From (4) one see that ℵ has (lenght)^2 and, furthermore, the dimensions of θ are time/mass. This last fact imply that in (1) one must choice α = h̄ in (1), i.e.

θ̃ = h̄ θ, (7)

Thus, from (1) one can think that θ̃ effectively measure the noncommutative effects of the space.

The eigenstates and the eigenvalues of the ℵ operator were computed in [4] and the result is ℵ̂|jm >= θ [ 2j + 1 − 2m]|jm >, (8) with the selection rules j = 0, 1 2 , 1, 3 2 , ... m = j, j − 1, j − 2, ..., −j. (9) Thus, the hamiltonian for noncommutative quantum mechanics in a central field becomes

Ĥ = 1 2M p^2 + V (ℵ̂). (10)

If we choose the potential

V (ℵ̂) = Ωℵ, (11)

being Ω an appropriate constant, then the hamiltonian (10) can be written as

H = ( 1 2M + Ω θ^2 4 )(p^2_x + p^2_y) + Ω (x^2 + y^2) − Ω θL_z .

(12)

Our next step is to consider the two-dimensional Landau problem in the symmetric gauge, whose Hamiltonian for a particle with mass μ is given by

Ĥ_{Landau} = 1 2μ (p^2_x + p^2_y) + e^2H^2_0 8μ (x^2 + y^2 ) − eH_0 2μ L_z . (13)

Now we note from (12) and (13) that these two problems are equivalent. This equivalence means that the magnetic field must be strong enough in order to confine the particles in the plane x − y . After this identification, the following relations are satisfied 1 2M + Ω θ^2 4 = 1 2μ (14)

e^2H^2_0 8μ = Ω, (15)

Ω θ = eH_0 2μ (16)

These equations are consistent if and only if M = ∞ [8]. Furthermore, the Hamiltonians (12) and (13) describes the same noncommutative system in the lowest Landau level, i.e. in the strong regime of the magnetic field.

Using (15) and (16) one find that

θ̃ = 4h̄ eH_0 , (17)

In the QHE experiments [3], the magnetic fields are typically about 12T. In this way we get

θ̃ = 0.22 × 10^{−11} cm^2 (18)

For this value of θ̃ one cannot distinguish between noncommutative quantum mechanics [4] and the usual Landau problem. This route was explored by Bellisard [5] and other authors [6,7] using different points of view (for other bounds for θ see [9] and references therein). Qualitatively one could also observe noncommutative effects in the Aharanov-Bohm experiments as was proposed in [10].

Finally we would like to point out the following: 1) the magnetic field in equation (17) cannot be arbitrarily small due to the identification we have done assuming the existence of the lowest Landau level and 2) the value for θ̃ is strongly model dependent. Therefore, if spacetime is physically realized as a noncommutative structure, then the bounds for θ̃ should have a universal character and should be independent of a particular physical scenario. One possibility could be to explore Lorentz violation invariance as in [11].

ACKNOWLEDGMENTS

We would like to thank Prof. V.O. Rivelles and V. A. Kostelecky by comments on the manuscript. This work was partially supported by FONDECYT-Chile under grant numbers 1010596, 1010976 and 3000005.

[1] A. Connés, M. Douglas and A. S. Schwarz, JHEP 9802:003 (1998); N. Seiberg and E. Witten, JHEP 09, 032 (1999).

[2] T. Filk, Phys.Lett. B376, 53 (1996); R. Gopakumar, J. Maldacena, S. Minwalla and A. Strominger, JHEP 0006 036 (2000); L. Alvarez-Gaumé and S. Wadia, hepth/0006219; M. Hayakawa, Phys. Lett. 476, 431 (2000); C. P. Martin and F. Ruiz, hep-th/ 0007131; J. Gomis and T. Mehen, hep-th/0005129; J. Lukierski, P. Stichel and W. Zakrzewski, Ann Phys. 260, 224 (1997); K. Valavano, hep-th/0006245; T. Curtright, D. Fairlie and C. Zachos Phys. Rev. D58, 025002 (1998); C. Zachos, J. Math. Phys. 41, (2000); L. Mezincescu, hep-th/ 0007046; V.P. Nair and A.P. Polychronakos, Phys.Lett. B505, 267 (2001), hep-th/0011172; B. Morariu and A. P. Polychronakos hep-th/ 0102157; O. F. Dayi and A. Jellal, condmat/0103562.

[3] K. v. Klitzing, G. Dorda and M. Pepper, Phys. Rev. Lett.

45, 494 (1980); D. C. Tsui, H. L. Stormer and A. C. Gossard, Phys. Rev. Lett. 48, 1559 (1982) [4] J. Gamboa, M. Loewe and J. C. Rojas, Noncommutative Quantum Mechanics, hep-th/ 0010220.

[5] J. Bellisard, K- Theory of C^∗-algebras in Solid State Physics, Proc. on Localization and disordered systems (Bad Schandau 1986), Teuber, Lepzig 1988; ibid, Ordinary Quantum Hall Effect in Noncommutative Cohomology, in Statistical Mechanics and Field Theory; Mathematicl aspects. Lectures Notes in Physics, pp. 99-156, Springer, Berlin 1986; See also A. Connés, Noncommutative Geometry, Pergamon Press (1991).

[6] G. V. Dunne, J. Jackiw and C. Trugenberger, Phys. Rev.

D 41 661 (1990) and Nucl. Phys. B (Proc. Suppl.) 33C 114 (1993).

[7] L. Susskind, hep-th/0101029; S. Bahcall and L. Susskind Int. J. Mod. Phys. B5, 2735 (19991); A. P. Polykronakos, hep-th/0010264; S. Gubser and M. Rangamani, hep-th/0012155; V.P. Nair and A.P. Polychronakos, hepth/0102181.

[8] D. Bigatti and L. Susskind, Phys. Rev. D62, 066004 (2000).

[9] S. M. Carroll, J. Harvey, C. D. Lane and T. Okamoto, hep-th/0105082 [10] J. Gamboa, M. Loewe and J. C. Rojas, Is spacetime noncommutative, hep-th/0101081.

[11] V. A. Kostelecky and C. D. Lane , J. Math. Phys. 40, 6245 (1999) and ibid Phys. Rev. D60, 116010 (1999).