arXiv:hep-th/0104267 30 Apr 2001

A new exactly solvable Eckart-type potential^1

Elso Drigo Filho^{a 2} and Regina Maria Ricotta^{b 3} a Instituto de Biociências, Letras e Ciências Exatas, IBILCE-UNESP Rua Cristovão Colombo, 2265 - 15054-000 São José do Rio Preto - SP b Faculdade de Tecnologia de São Paulo, FATEC/SP-CEETPS-UNESP Praça Fernando Prestes, 30 - 01124-060 São Paulo-SP Brazil

Abstract A new exact analytically solvable Eckart-type potential is presented, a generalisation of the Hulthén potential. The study through Supersymmetric Quantum Mechanics is presented together with the hierarchy of Hamiltonians and the shape invariance property.

I. Introduction

Based on the study of SUSY breaking mechanism of higher dimensional quantum field theories [1], Supersymmetric Quantum Mechanics (SQM) appeared 20 years ago and has so far been considered as a new field of research, providing not only a supersymmetric interpretation of the Schrödinger equation, but important results to a variety of non-relativistic quantum mechanical problems, [2]. Particular examples to be mentioned include the better understanding of the exactly solvable, [3]-[7], the partially solvable, [8]-[10], the isospectral, [11] and the periodic potentials, [12]. The association of the variational method with SQM formalism has been introduced to obtain the approximate energy spectra of non-exactly solvable potentials, [13]-[15]. In the work of reference [15] a new methodology, based on an ansatz for the superpotential which is related to the trial wave function, has been proposed. Using physical arguments it is possible to make an ansatz for the superpotential which satisfies the Riccati equation by an effective potential. The superalgebra enables us to take this superpotential and evaluate the trial wavefunctions containing the variational parameter, i.e., the parameter that minimises the energy expectation value. This new scheme has been successfully applied to obtain the spectra of 3-dimensional atomic systems well fit by the Hulthén, the Morse and the screened Coulomb potentials, [15]-[18].

In particular, when applying the approach to the Hulthén potential, [15], it was found that its effective potential was linked to a new exactly solvable potential, that

1PACS No. 31.15.Q, 11.30.P 2elso@df.ibilce.unesp.br 3regina@fatecsp.br

presents, unlike the Hulthén potential in one-dimension the property of shape invariance. It is a two parameters potential, apart from the screening parameter δ and it has already appeared in the literature, [19] in a similar form. Written in terms of hyperbolic functions, this potential is known as the exactly solvable Eckart potential.

In this letter a study of such new exactly solvable potential through SQM is presented. We show its hierarchy and its shape invariance property. For particular values of its constants the Hulthén potential hierarchy is recovered. This material is preceded by a brief review of SQM, in order to fix the notation.

II. Supersymmetric Quantum Mechanics

In SQM for N = 2 we have two nilpotent operators, Q and Q^+, satisfying the algebra {Q, Q^+} = H_{SS} , Q^2 = Q^{+2} = 0, (1)

where H_{SS} is the supersymmetric Hamiltonian. This algebra can be realized as Q = ( 0 0 A^− 0 ) , Q^+ = ( 0 A^+ 0 0 ) (2) where A^± are bosonic operators. With this realization the supersymmetric Hamiltonian H_{SS} is given by H_{SS} = ( A^+A^− 0 0 A^−A^+ ) = ( H^− 0 0 H^+ ) . (3)

H^± are called supersymmetric partner Hamiltonians and share the same spectra, apart from the nondegenerate ground state, (see [2] for a review),

E^{(+)}_n = E^{(−)}_{n+1}. (4)

For the non-spontaneously broken supersymmetry this lowest level is of zero energy, E^{(−)}_1 = 0. In h̄ = c = 1 units, we have

H^± = − 1 2 d^2 dx^2 + V_±(x) = A^∓A^± (5)

where V_±(x) are called partner potentials. The operators A^± are defined in terms of the superpotential W (x),

A^± = 1 √ 2 ( ∓ d dx + W (x) ) (6) which satisfies the Riccati equation

W^2 ± W^′ = 2V_±(x) (7)

as a consequence of the factorization of the Hamiltonians H^±.

By definition, two partner potentials are called shape invariant if they have the same functional form, differing only by change of parameters, including an additive constant. In this case the partner potentials satisfy

V_+(x, a_1) = V_−(x, a_2) + R(a_2), (8)

where a_1 and a_2 denote a set of parameters, with a_2 being a function of a_1,

a_2 = f(a_1) (9)

and R(a_2) is independent of x.

Through the super-algebra, for a given Hamiltonian H_1, factorized in terms of the bosonic operators, it is possible to construct its hierarchy of Hamiltonians. For the general spontaneously broken supersymmetric case we have

H_1 = − 1 2 d^2 dx^2 + V_1(x) = A^+_1 A^−_1 + E^{(1)}_0 (10)

where E^{(1)}_0 is the lowest eigenvalue.

The bosonic operators are defined by (6) whereas the superpotential W_1(r) satisfies the Riccati equation W^2_1 − W^′_1 = 2V_1(x) − 2E^{(1)}_0 . (11) The eigenfunction for the lowest state is related to the superpotential W_1 by

Ψ^{(1)}_0 (x) = Nexp(− ∫ x 0 W_1(x̄)dx̄). (12)

The supersymmetric partner Hamiltonian is given by

H_2 = A^−_1 A^+_1 + E^{(1)}_0 = − 1 2 d^2 dr^2 + 1 2 (W^2_1 + W^′_1) + E^{(1)}_0 . (13)

Thus, factorizing H_2 in terms of a new pair of bosonic operators, A^±_2 we get,

H_2 = A^+_2 A^−_2 + E^{(2)}_0 = − 1 2 d^2 dx^2 + 1 2 (W^2_2 − W^′_2) + E^{(2)}_0 (14)

where E^{(2)}_0 is the lowest eigenvalue of H_2 and W_2 satisfy the Riccati equation,

W^2_2 − W^′_2 = 2V_2(x) − 2E^{(2)}_0 . (15)

Thus a whole hierarchy of Hamiltonians can be constructed, with simple relations connecting the eigenvalues and eigenfunctions of the n-members, [2], [5],

H_n = A^+_n A^−_n + E^{(n)}_0 (16)

A^±_n = 1 √ 2 ( ∓ d dx + W_n(x) ) (17)

Ψ^{(1)}_n = A^+_1 A^+_2 ...A^+_n ψ^{(n+1)}_0 , E^{(1)}_n = E^{(n+1)}_0 (18) where Ψ^{(1)}_0 (x) is given by (12). III. The Eckart-type potential

Consider the following one-dimensional potential, a generalization of the Hulthén potential, V_1(x) = a_1(a_1 − δ) e^{−2δx} 2(1 − e^{−δx})^2

− a_1(2b_1 + δ) e^{−δx} 2(1 − e^{−δx}) . (19) Through the superalgebra the following superpotential W_1 = −a_1 e^{−δx} 1 − e^{−δx} + b_1 (20) satisfies the associated Riccati equation (11),

W^2_1 (x) − W^0_1(x) = 2V_1 − 2E^{(1)}_0 (21) = a_1(a_1 − δ) e^{−2δx} (1 − e^{−δx})^2

− a_1(2b_1 + δ) e^{−δx} (1 − e^{−δx}) + b^2_1.

Thus, substituting (19) into (21) we find that the lowest energy-eigenvalue is given by E^{(1)}_0 = − b^2_1 2 (22) and from equations (12) and (20) the associated eigenfunction is given by Ψ^{(1)}_0 = (1 − e^{−δx})^{a1δ} e^{−b1x}. (23) The condition we must impose on the above wave-function is to vanish at infinity and at the origin, i.e., a_1 δ > 0 , b_1 > 0 (24) and since δ > 0 it implies that a_1 > 0 , b_1 > 0. (25) Thus we can evaluate the whole hierarchy of this new potential. The supersymmetric partner of V_1(x) comes from equation (13) W^2_1 (x) + W^0_1(x) = 2V_2 − 2E^{(1)}_0 (26) and is given by V_2(x) = a_1(a_1 + δ) e^{−2δx} 2(1 − e^{−δx})^2

− a_1(2b_1 − δ) e^{−δx} 2(1 − e^{−δx}) . (27)

Considering now the factorization of the Hamiltonian associated to V_2(x), (14), it depends on the superpotential W_2 which is of the following form W_2(x) = −a_2 e^{−δx} 1 − e^{−δx} + b_2. (28) The Riccati equation it satisfies is given by

W^2_2 (x) − W^0_2(x) = 2V_2 − 2E^{(2)}_0 (29) = a_2(a_2 − δ) e^{−2δx} (1 − e^{−δx})^2

− a_2(2b_2 + δ) e^{−δx} (1 − e^{−δx}) + b^2.

Again the comparison of the two equation above with the substitution of (27) gives E^{(2)}_0 = − b^2 2 (30) where the coefficients are such that a_2 = a_1 + δ , b_2 = a_1(2b_1 − δ) 2(a_1 + δ) − δ 2 . (31)

Written in terms of a_2 and b_2 the potential (27) is given by

V_2(x) = a_2(a_2 − δ) e^{−2δx} 2(1 − e^{−δx})^2

− a_2(2b_2 + δ) e^{−δx} 2(1 − e^{−δx}) . (32) which is analogous to the potential V_1 given by equation (19).

Thus, this process can be repeated sistematically n times in order to derive the whole hierarchy. We arrive at the n-th term, given by V_n(x) = a_n(a_n − δ) e^{−2δx} 2(1 − e^{−δx})^2

− a_n(2b_n + δ) e^{−δx} 2(1 − e^{−δx}) (33)

W_n(x) = −a_n e^{−δx} 1 − e^{−δx} + b_n (34)

E^{(n)}_0 = − b^2_n 2 (35)

and the ground state wave function of each member of the hierarchy given by Ψ^{(n)}_0 = (1 − e^{−δx})^{anδ} e^{−bnx} (36) where the constants satisfy a_n = a_{n−1} + δ (37) and b_n = a_{n−1}(2b_{n−1} − δ) 2a_n − δ 2 . (38)

After some algebraic manipulations and using induction arguments we arrive at the following recurrence relations for the a’s and b’s

b_{n+1} = 1 2a_{n+1} ( a_1(2b_1 + δ) − 2δ(na_1 + n(n − 1)δ 2 ) ) − δ 2 . (39)

For future analysis it is convenient to rewrite the above coefficients like

b_{n+1} = 1 2a_{n+1} a_1(a_1 + 2b_1) − 1 2 a_{n+1} (40)

where a_{n+1} = a_1 + nδ. (41)

Thus, the full hierarchy for this new potential is completely determined in terms of the parameters a_1, b_1 and δ.

At this point we remark that the new potential is shape invariant, since all the potentials preserve the shape in the hierarchy eq. (33). To prove it we consider the potential V_− = V_1 − E^{(1)}_0 , given by

V_−(a_1, b_1, x) = a_1(a_1 − δ) e^{−2δx} 2(1 − e^{−δx})^2

− a_1(2b_1 + δ) e^{−δx} 2(1 − e^{−δx}) + b^2_1 2 . (42)

Its supersymmetric partner is V_+(a_1, b_1, x) = V_2(a_1, b_1, x) − E^{(1)}_0 , i.e.,

V_+(a_1, b_1, x) = a_1(a_1 + δ) e^{−2δx} 2(1 − e^{−δx})^2

− a_1(2b_1 − δ) e^{−δx} 2(1 − e^{−δx}) + b^2_1 2 . (43)

Thus, if the parameters are transformed as

a_1 → a_2 = a_1 + δ , b_1 → b_2 = a_1(2b_1 − δ) 2(a_1 + δ) − δ 2 (44)

we get

V_−(a_2, b_2, x) = a_2(a_2 − δ) e^{−2δx} 2(1 − e^{−δx})^2

− a_2(2b_2 + δ) e^{−δx} 2(1 − e^{−δx}) + b^2 2 = a_1(a_1 + δ) e^{−2δx} 2(1 − e^{−δx})^2

− a_1(2b_1 − δ) e^{−δx} 2(1 − e^{−δx}) + + 1 2 ( a_1(2b_1 − δ) 2(a_1 + δ) − δ 2 )^2. (45)

Therefore we have the identification, in the usual notation

V_+(a_1, b_1, x) = V_−(a_2, b_2, x) + R(a_2, b_2, x) (46)

where a_2 and b_2 are defined in (44). This is precisely the shape invariant condition, [3].

Thus the spectrum of V_−(a_1, b_1, x) is

E^{(1)}_{n+1} = − b^2_{n+1} 2 + b^2_1 2 = − (a^2_1 − a^2_{n+1} + 2a_1b_1)^2 8a^2_{n+1} + b^2_1 2 , n = 0, 1, ... . (47)

IV. The hyperbolic functions: the Eckart potential

The Eckart potential has the following form, [2]

V_E(x) = a^2 + b^2 a^2 + a(a − α)cosech^2αx − 2b cothαx. (48) As it is well known it is exactly solvable and shape-invariant. The superpotential associated through the super-algebra is given by W_E = −a cothαx + b a , b > a^2 . (49)

Substituting the hyperbolic functions by exponentials we arrive at

V_E(x) = (a − b a )^2 + 4a(a − α) e^{−2αx} 2(1 − e^{−2αx})^2 − 4b e^{−2αx} 2(1 − e^{−2αx})

(50) and W_E = − b a + a − 2a (1 − e^{−2αx}) . (51)

The energy eigenstates of the Eckart potential are given by

E^{(1)}_{n+1} = 1 2 ( a^2 − (a + nα)^2 + b^2 a^2 − b^2 (a + nα)^2 ) , n = 0, 1, ... . (52) Thus, setting a =^{a1}_2 , 4b = a_1(a_1 + 2b_1) and α =^δ_2 we recover our starting potential (42), the superpotential (20) and the energy spectrum (47).

V. A particular case: the Hulthén potential

The particular case of setting a_1 = δ and 2b_1 + δ = 2 in (19) reduces V_1(x) to the known Hulthén potential

V_1(x) = V_H = −δ e^{−δx} 1 − e^{−δx} . (53)

In this case the parameters a_n and b_n reduce to

a_n = nδ , b_n = 1 n − nδ 2 . (54)

Substituting them in the hierarchy of potentials, equation (33), we arrive at

V_n(x) = n(n − 1)δ^2e^{−2δx} 2(1 − e^{−δx})^2 − δ(2 + n(1 − n)δ)e^{−δx} 2(1 − e^{−δx}) . (55)

The lowest energy levels of the spectrum of energy of the potential (53) are given by

E^{(1)}_n = E^{(n)}_0 = − 1 2 ( 1 n − nδ 2 )^2 , n = 1, ... . (56)

These results are exactly the same obtained to the hierarchy of the Hulthén potential in [15]. It is not shape invariant as we can see from the functional form of V_1 and V_2 in equation (55).

VI. Conclusions

When dealing with the variational method associated with SQM we found a new potential that depends on tree parameters (a, b, δ). It is a generalisation of the Hulthén potential. Written in terms of hyperbolic functions it is the known exactly solvable and shape invariant Eckart potential.

In conclusion, we remark that the results presented here allowed us to get an unified description of the Hulthén and the Eckart potentials. Through the superalgebra the spectrum and the hierarchy of both associated Hamiltonians were put together in the same formalism based on SQM.

Acknowledgements

The authors would like to thank Prof. S. Salamó and Prof. S. Codriansky for useful comments.

References

[1] E. Witten, Nucl.Phys. B188 (1981) 513

[2] F. Cooper, A. Khare and U. P. Sukhatme, Phys. Rep. 251 (1995) 267

[3] L. Gedenshtein and I. V. Krive, So. Phys. Usp. 28 (1985) 645

[4] G. Lévai, Lect. Notes in Phys. 427 (1993) 427, Ed. H. V. von Gevamb, Springer- Verlag

[5] C. V. Sukumar, J. Phys. A: Math. Gen. 18 (1985) L57

[6] C. V. Sukumar, J. Phys. A: Math. Gen. 18 (1985) 2917 [7] R. Dutt, A. Gangopadhyaya, C. Rasinariu and U. Sukhatme, hep-th/0011096 [8] E. Drigo Filho, Mod. Phys. Lett. A9 (1994) 411 [9] E. Drigo Filho and R. M. Ricotta, Mod. Phys. Lett. A4 (1989) 2283 [10] E. Drigo Filho and R. M. Ricotta, Physics of Atomic Nuclei 61 (1998) 1836 [11] N. A. Alves and D. Drigo Filho, J. Phys. A: Math. Gen. 21 (1988) 3215 D. J. Fernández C., N. L. Glasser, L. M. Nieto, Phys. Lett. A240 (1998) 15 G. Dunne and J. Feinberg, Phys. Rev. D57 (1998) 1271 [12] A. Khare and U. Sukhatme, J. Math. Phys. 40 (1999) 5473 [13] E. Gozzi, M. Reuter and W. D. Thacker, Phys. Lett. 183A (1993) 29 [14] F. Cooper, J. Dawson and H. Shepard, Phys. Lett. 187A (1994) 140 [15] E. Drigo Filho and R. M. Ricotta, Mod. Phys. Lett. A10 (1995) 1613 [16] E. Drigo Filho and R. M. Ricotta, Phys. Lett. A269 (2000) 269 [17] E. Drigo Filho and R. M. Ricotta, Mod. Phys. Lett. A15 (2000) 1253 [18] E. Drigo Filho and R. M. Ricotta, hep-th/01020214, to appear in the Proceedings of the XXIII International Colloquium on Group Theoretical Methods in Physics, Dubna, 2000 [19] Y. P. Varshni, Phys. Rev. A41 (1990) 4682