arXiv:hep-th/0105040 v2 7 Nov 2001

Frenet-Serret dynamics

G Arreaga†, R Capovilla†and J Guven‡

† Departamento de Física, Centro de Investigación y de Estudios Avanzados del IPN, Apdo. Postal 14-740,07000 México, DF, MEXICO ‡ Instituto de Ciencias Nucleares, Universidad Nacional Autónoma de México, Apdo. Postal 70-543, 04510 México, DF, MEXICO

Abstract. We consider the motion of a particle described by an action that is a functional of the Frenet-Serret [FS] curvatures associated with the embedding of its worldline in Minkowski space. We develop a theory of deformations tailored to the FS frame. Both the Euler-Lagrange equations and the physical invariants of the motion associated with the Poincaré symmetry of Minkowski space, the mass and the spin of the particle, are expressed in a simple way in terms of these curvatures. The simplest non-trivial model of this form, with the Lagrangian depending on the first FS (or geodesic) curvature, is integrable. We show how this integrability can be deduced from the Poincaré invariants of the motion. We go on to explore the structure of these invariants in higher-order models. In particular, the integrability of the model described by a Lagrangian that is a function of the second FS curvature (or torsion) is established in a three dimensional ambient spacetime.

PACS numbers: 1480P,0240H,0425,0450

1. Introduction

The simplest action describing the motion of a particle is proportional to the proper time along the trajectory of the particle in spacetime, or worldline. When there are no external fields, this is the unique Poincaré invariant action that can be constructed using only the velocity of the particle.

In this paper, we examine a hierarchy of geometrical models describing particle motion that involve successively higher derivatives of the embedding functions of the worldline [1, 2, 3, 4, 5, 6, 7, 8, 9]. Such models arise as a description of an isolated object when its internal structure is not resolved. Indeed, the effective bosonic theory describing a supersymmetric particle when fermionic degrees of freedom have been integrated out can itself be cast as a non-local theory of this form [10]. We will focus, however, not so much on any specific model, but on the relationship between the order of a given local geometrical action and the dimension of the background geometry. While this point is trivial for a free particle, it is not so for higher order models.

Let N + 1 be the dimension of our spacetime. Suppose also that the trajectory is sufficiently smooth so that the Frenet-Serret [FS] frame which is adapted to it [11, 12] is defined, namely, the velocity V along the trajectory is differentiable N times. We can then associate a curvature κ_n with each of the first N derivatives of V : κ_1 is the acceleration of the particle; κ_2 describes the torsion of its trajectory and so on. Once the FS curvatures have been specified the course of the particle can be reconstructed

Frenet-Serret dynamics 2

up to a Poincaré rigid motion (as in [13], Corollary 7.4). In this way the frame provides a complete kinematical description of the motion. Every geometrical scalar associated with the trajectory can be constructed using only the FS curvatures and their derivatives. We thus abandon the embedding functions as our primary variables; their derivatives replaced by geometrically meaningful objects and cast the action as a functional of the FS curvatures, S = ∫ dτ L(κ_1, κ_2, · · ·, κ^′_1, · · ·) , where τ is the proper time along the trajectory of the particle and the prime denotes a derivative with respect to τ .

In its original Euclidean incarnation, the Lagrangian L(κ_1) can be traced back to the beginning of the calculus of variations in Euler’s description of space curves (see e.g. [14]). The model is exactly solvable, a fact not at all obvious if the action is expressed in terms of its original embedding variables. By adapting the differential geometry of Pfaffian forms to the FS frame, however, Dereli et al. were able to show that the relativistic particle model was integrable by expressing κ_1 as a quadrature [11]. An alternative approach without Pfaffian forms was developed recently by Nesterenko et al. [12].

Beyond the first curvature, there has been very little progress made to date. This is understandable: the equations of motion are an intractable muddle when expressed directly in terms of the embedding functions; the Hamiltonian formalism based on them, preferred by physicists with their sight set on quantization, even worse. To some extent, we are able to overcome this obstacle by developing a theory of worldline deformations which is tailored to the FS frame: the deformation in the worldline embedding functions is decomposed with respect to this frame; the infinitesimal change induced in the curvatures under this deformation is cast as a linear differential operator acting on these projections. The expressions themselves turn out to be far simpler than the corresponding expressions for the deformation of the relevant order of derivatives of the embedding functions. The FS frame projections also provide a natural set of independent deformations in the variational principle; the projections of the Euler- Lagrange equations along these directions assume a strikingly simple form.

The early work on L(κ_1) demonstrated very clearly the natural division of the dynamical problem into two parts: in the first part two first integrals of the equations of motion in terms of the curvature of the worldline and its first derivative are identified and combined to provide a quadrature; in the second part the FS equations are integrated for the position vector of the worldline of the particle for the given κ_1. In higher order systems, it is not easy to identify first integrals. We are guided, however, by Nesterenko et al. who recognized in the context of L(κ_1), that these first integrals are none other than the Casimir invariants of the motion which are a consequence of the Poincaré symmetry of Minkowski space, the mass M^2 and the spin S^2, of the particle associated with the conserved linear and angular momenta respectively.

We will employ Noether’s theorem to determine the Poincaré invariants for any local Lagrangian constructed from the FS curvatures. Thus, there always exist two non-trivial first integrals of the equations of motion. Using the deformation theory we have developed, these invariants can be cast in a simple as well as instructive way in terms of the FS curvatures.

In the case of L(κ_1), the conservation of angular momentum identifies κ_2 as a function of κ_1. This permits us to cast the second integral of the motion as a

Frenet-Serret dynamics 3

quadrature, κ_1^{′2} + V (κ_1; S^2, M^2) = 0 , which mimics the radial motion of a fictitious non-relativistic particle in a central potential on the normal plane.

In general, the system of equations will not be completely integrable: the first integrals do not provide a quadrature. This appears to be the case for L(κ_1, κ_2). Remarkably, however, we show that L(κ_2), like the lower order L(κ_1), is completely integrable when N = 2 (the analogous result in three-dimensional Euclidean space will be considered elsewhere). This time, however, the integrals of motion are entangled in a rather less trivial way. Nonetheless, the first integral of the equations of motion can be cast as a quadrature for κ_2, κ_2^{′2} + V (κ_2; S^2, M^2) = 0 , and κ_1 as function of (κ_2, S^2, M^2), thus once again permitting one to determine the curve up to a rigid motion. The equations of motion never need to be integrated explicitly.

The paper is organized as follows: In Sect. 2. we summarize the relevant worldline geometry. In Sect. 3. we develop the theory of deformations of an arbitrary worldline. In Sect. 4., we examine general features of relativistic particle described by any (local) Lagrangian of the form L(κ_1, κ_2, · · · , κ^′_1, · · ·). In Sect. 5 we specialize to a Lagrangian, L = L(κ_1). In Sect. 6 we extend our treatment to models which depend on the second curvature, L = L(κ_2) .

2. Worldline geometry

In this section we consider the geometry of embedded timelike curves from two different points of view. First we use a language which is the one-dimensional version of the geometry of higher dimensional embedded surfaces in an arbitrary parametrization. Next we consider the description in terms of the FS basis for the curve, which exploits the existence of a preferred parameter, proper time. Finally we show how these two descriptions are related. To our knowledge, this relationship has not been explored before. We demonstrate that, whereas the higher order FS curvatures assume an impenetrable form when expressed in terms of derivatives of the embedding functions, they assume a remarkably simple form in terms of the unit k^i and their derivatives. Indeed, the top FS curvature is a simple polynomial in these variables.

We consider a relativistic particle whose trajectory is described by the worldline, x^μ = X^μ(ξ), embedded in Minkowski spacetime {M, η_{μν}} of dimension N + 1 (we use a signature with only one minus sign; μ, ν, · · · = 0, 1, · · ·, N ). ξ is an arbitrary parameter. The vector tangent to the curve is Ẋ^μ, where the overdot represents a derivative with respect to the parameter ξ. The one-dimensional induced metric on the curve is γ = Ẋ^μẊ^ν η_{μν} = Ẋ · Ẋ. The infinitesimal proper time elapsed along the trajectory is then given by dτ = √ −γdξ. If one uses proper time as the parameter (taking advantage of the fact that the intrinsic geometry of the curve is trivial) then γ = −1.

In our first description of the geometry, the normal frame is not fixed: an arbitrary set of vectors normal to the curve, n^μ_i, can be defined implicitly by n_i · Ẋ = 0, and normalized n_i · n_j = δ_{ij} (i, j . . . = 1, 2, · · ·, N ). Normal indices are raised and lowered with the Kronecker delta. The one-dimensional analogue of the Gauss-Weingarten equations is given by Ẍ = ΓẊ − K^in_i , ṅ_i = k_iẊ + ω_i^j n_j . (1)

Here we have introduced the one-dimensional affine connection Γ = γ^{−1}Ẋ · Ẍ = (1/2)γ^{−1}γ̇. We define the covariant derivative under worldline reparametrizations ∇ = (d/dξ)−Γ. The connection Γ vanishes in the parametrization by proper time. The

Frenet-Serret dynamics 4

extrinsic curvature along the i-th normal is K_i = −n_i·Ẍ, and the point-like analogue of the mean extrinsic curvature is the scalar under reparametrizations k_i = γ^{−1}K_i. The K_i are genuine curvatures involving second derivatives of the embedding, as distinct from the Frenet-Serret curvatures which we discuss below.

The arbitrariness in the choice of frame does however come at a price - an additional one-dimensional connection needs to be introduced to maintain covariance under normal rotations. The extrinsic twist, or normal form, ω_{ij} = n_j · ṅ_i is the connection associated with the freedom of rotations of the normals. We use it to define the covariant derivative under rotation of the normals ~∇ = ∇ − ω. We will also use the symbol D̃ to denote the covariant derivative ~∇ using proper time as the parameter.

The existence of a natural parameter, proper time, leads to an alternative description, unique to curves, which is the generalization to higher ambient space dimensions of the classical FS formalism for space curves (see e.g. [15], [13] ). In this approach, one introduces an orthonormal basis {X^′, η_i}, where a prime denotes derivative with respect to proper time. The FS equations for a curve in N + 1 dimensions are X^{′′} = κ_1η_1 , η_1^′ = κ_1X^′ − κ_2η_2 , η_2^′ = κ_2η_1 − κ_3η_3 , . . . . . . (2) η_{N−1}^′ = κ_{N−1}η_{N−2} − κ_N η_N , η_N^′ = κ_N η_{N−1} .

where κ_i represents the i^{th} FS curvature. In an ambient space of dimension N + 1, there are at most N FS curvatures. κ_1 is the geodesic curvature. Implicit in this definition is that the embedding functions X^μ are N + 1 times differentiable, and that the κ_i do not vanish. If they vanish only at isolated points however the FS basis can still be defined consistently (see [13], Ch. 7.)

There are some important results of the geometry of curves that we will use extensively in this paper. First, the fundamental theorem for curves says that for a curve embedded in an N + 1-dimensional space its N FS curvatures determine the curve, up to rigid motions. The actual trajectory can always be obtained from the curvatures by quadratures. This implies that the curvatures can be used as a set of natural auxiliary variables for the description of curves. In addition, if the i−th FS curvature vanishes, so do all the higher ones and, moreover, the curve will lie in an i-dimensional subspace. For example, if κ_2 = 0 then the motion lies on a Minkowski plane, if κ_3 = 0 the motion is in 2 + 1 dimensions. (For the Euclidean case see [13], Th. 7.5.) Let us also remark that the top FS curvature κ_N has a special status. It is possible to express its content in a way which depends on the orientation of the ambient space. This signed curvature will be denoted with an overbar, κ_N , so that (see below for an explicit definition of κ_N , valid for any N ) κ^2_N = κ^2_N . (3) Let us turn our attention now to the problem of relating these two descriptions of the geometry of curves. We will express the FS curvatures in terms of k^i and its derivatives. In addition, we obtain an explicit expression for the curvature dependent rotation matrix taking an arbitrary normal basis n_i into FS normal form η_i: η_i = R_i^j n_j . (4)

Frenet-Serret dynamics 5

We begin by parametrizing Eq.(1) by proper time:

X^{′′} = k^i n_i , D̃n_i = k_i X^′ , (5)

where the symbol D̃ was defined below Eq.(1). Now, comparison of the first with the first of (2) gives immediately κ_1η_1 = k^in_i. It follows that the first FS curvature is simply the modulus of k^i, κ_1 = k = √ k^ik_i. We have also that η_1 = k̂^in_i, where we have introduced the unit vector k̂^i = k^i/k, so that we find R_1^i = k̂^i. For the next order, we take a derivative of η_1, and using (5), we obtain η_1^′ = (D̃k̂^i)n_i + κ_1X^′. Comparison with the second FS equation gives

κ_2 = √ D̃k̂iD̃k̂_i , (6) and η_2 = −κ_2^{−1}(D̃k̂^i)n_i, so that R_2^i = −κ^{−1}_2 D̃k̂^i. Note that η_1 · η_2 = 0 follows from the unit vector fact k̂_iD̃k̂^i = 0. The interesting non-obvious fact is that the second FS curvature is simply the modulus of D̃k̂^i. We can continue in the same fashion for the higher FS curvatures. One finds that κ_n is proportional to the modulus of the projection of D̃^{n−1}k̂^i orthogonal to all lower derivatives of k̂^i. What becomes clear is that the N − 1 derivatives of k^i, together with k^i itself provide a basis for the normal directions. This implies that one can construct a set of normal forms that encode completely the information contained in the higher FS curvatures: T^{(N)}_{i1···iN−r} = 1 √ (N − r)! 1 k^{r−1} ε_{i1 ···iN−r j1···jr} k^{j1} (D̃k^{j2} ) · · · (D̃^{r−1}k^{jr} ) , (7) where, r = 1, · · ·N . Here ε_{i1···iN} = ε_{α1···αN μ}n^{α1}_{i1} · · · n^{αN}_{iN} X^{μ′} is the normal Levi- Civita density, with ε_{α1···αN μ} the Minkowski background Levi-Civita density. Note that we have the alternative expression in terms of the unit k̂^i and its derivatives, T^{(N)}_{i1···iN−r} = 1 √ (N − r)! k ε_{i1···iN−r j1···jr} k̂^{j1}D̃k̂^{j2} · · · (D̃^{r−1}k̂^{jr} ) . (8) For example, for a space curve we have T^{(2)}_i = k ε_{ij} k̂^j, and T^{(2)} = k ε_{ij} k̂^i D̃k̂^j, whereas for a curve in four dimensions,

T^{(3)}_{ij} = k √ 2 ε_{ijl} k̂^l , T^{(3)}_i = k ε_{ijl} k̂^j D̃k̂^l , T^{(3)} = k ε_{ijl} k̂^i (D̃k̂^j ) (D̃^2k̂^l) . (9)

These normal forms contain the same information as the FS curvatures, in the sense that the following relation holds, T^{(N)}_{i1···iN−r} T^{(N)i1···iN−r} = κ^2_1κ^2 · · · κ^2_r . (10) For the signed top FS curvature we find the relation

T^{(N)} = κ_1κ_2 · · · κ_{N−1}κ_N , (11)

which provides a simple definition for κ_N valid for any N that satisfies (3). The expression for κ_N directly in terms of the embedding functions is much more complicated. We note, in particular, that the (signed) torsion of the worldline (a spacetime pseudoscalar) is defined with respect to the embedding functions by

κ_2 = ε_{μνρ}Ẋ^μẌ^{ν ...}X^ρ Ẋ2Ẍ2 − (Ẋ · Ẍ)2 , (12)

whereas in terms of k̂^i and its derivative it assumes the remarkably simple polynomial form, κ_2 = ε_{ij} k̂^i D̃k̂^j.

Frenet-Serret dynamics 6

An alternative approach is the following: let us introduce the objects Π_{(n+1)}^{ij}, defined recursively by (n ≤ N )

Π_{(n+1)}^{ij} = Π_{(n)}^{ij} − 1 κ^2_n · · · κ^2_1

Π_{(n)}^i_k Π_{(n)}^j_l (D̃^{n−1}k^k) (D̃^{n−1}k^l) , (13)

with Π_{(1)}^{ij} = δ^{ij} . The lowest cases are

Π_{(2)}^i_j = δ^i_j − k̂^i k̂_j , Π_{(3)}^i_j = δ^i_j − k̂^i k̂_j − 1 κ^2

(D̃k̂^i) (D̃k̂_j) .

These objects are projection matrices, Π_{(n)}^i_j Π_{(n)}^j_k = Π_{(n)}^i_k , Π_{(n)}^i_i = N − n + 1 , (14) which satisfy Π_{(n)}^i_j Π_{(m)}^j_k = Π_{(n)}^i_k , Π_{(n)}^i_j D̃^{m−1}k^j = 0 . (n > m) (15) In general, we have the following relation with the normal forms introduced earlier,

Π_{(n)}^i_j =

(N − n + 1) κ^2_1 · · · κ^2_{n−1} T^{(N)i i1···iN−n} T^{(N)}_{j i1···iN−n} . (16) With the help of these projectors, we find that the FS curvatures are defined recursively by κ_n = 1 κ_{n−1}κ_{n−2} · · · κ_1 √ (D̃^{n−1}k_i) Π_{(n)}^{ij} (D̃^{n−1}k_j) . (17)

Using (16), it is easy to show that this expression agrees with what we have found earlier, (10). For κ_2 it reduces to the expression (6). The next FS curvature can be written as

κ_3 = 1 κ_2 √ (D̃^2k̂^i)(D̃^2k̂_i) − (κ_2^′)^2 − κ^4_2 . (18)

We emphasize that this is a considerable improvement on the corresponding expression directly in terms of derivatives of the embedding functions.

We also obtain the sought for general expression (up to a sign) for the rotation matrices defined by (4), as

R_i^j = 1 κ_iκ_{i−1} · · · κ_1 Π_{(i)}^{jl} D̃^{i−1}k_l . (19)

To conclude this section we note that the expressions we have derived generalize in a straightforward way to the case of an arbitrary curved background spacetime {M, g_{μν}}. We would have η_{μν} → g_{μν} and derivation by proper time becomes the covariant derivative along the tangent vector to the wordline. In particular, this changes the definition of k^i, which depends now on the background covariant derivative.

Frenet-Serret dynamics 7

3. Worldline deformations

In this section we analyze the change in the geometry of the worldline due to an infinitesimal deformation X^μ(ξ) → X^μ(ξ) + δX^μ(ξ). Let us first decompose the deformation in its tangential and normal parts with respect to the basis {X^′, n_i}, δX = ΦX^′ + Φ^in_i . (20) Tangential deformations are reparametrizations of the worldline. All that we will need below is the tangential variation of the infinitesimal proper time, δ_‖dτ = dτ Φ^′ . (21) Now consider the normal part of the deformation. Its effect on the geometry of a normal deformation can be derived directly, or obtained by considering the point-like limit of the expressions obtained in [16] for relativistic extended objects. For the normal deformation of the infinitesimal proper time we have δ_⊥dτ = dτ k_i Φ^i . (22) For the normal deformation of the extrinsic curvature along the i-th normal we find δ̃_⊥K^i = − ~∇^2Φ^i + k^iK_j Φ^j .

The symbol δ̃ denotes the normal rotation covariant deformation operator defined in [16]. With these expressions we obtain that the normal variation of the mean curvature along the i-th normal is δ̃_⊥k^i = −γ^{−1} ~∇^2Φ^i − k^ik_jΦ^j = D̃^2Φ^i − k^ik_jΦ^j , (23)

so that, using κ_1 = k, this gives

δ_⊥κ_1 = k̂_i ( D̃^2Φ^i − κ^2_1Φ^i ) . (24)

In order to evaluate the variation of derivatives of the curvature we need also the normal variation of the extrinsic twist, δ̃_⊥ω_{ij} = k_j ~∇Φ_i − k_i ~∇Φ_j .

It follows that, for example, δ̃_⊥ ( ~∇k^i ) = −γ^{−1} ~∇^3Φ^i − k^2 ~∇Φ^i − Φ^j ~∇(k^ik_j) . (25)

These expressions are sufficient to obtain the variation of any geometrical invariant for the worldline. However, as one considers higher FS curvatures, the resulting expressions become increasingly unmanageable. For this reason it becomes desirable to develop an alternative approach where the normal deformation is expanded with respect to the FS basis as (we are suspending for the remainder of this section the summation convention) δ_⊥X = ∑ i Ψ_i η_i . (26)

Note that the normal components of the deformation are related by a rotation, Φ^i = ∑ R^i_jΨ^j . Since k_i = κ_1n_i · η_1, we have that the normal variation of the infinitesimal proper time takes the form δ_⊥dτ = dτ κ_1 Ψ_1 . (27)

Frenet-Serret dynamics 8

It follows that the commutator between normal variation and derivation by proper time is [ δ_⊥, d dτ ] = −κ_1 Ψ_1 , (28)

so that in particular for the deformation of the tangent vector we have

δ_⊥X^′ = −κ_1Ψ_1X^′ + ( ∑ i Ψ^iη_i )_′ . Using the FS equations and rearranging the sum, this expression reduces to δ_⊥X^′ = ∑ i [ Ψ^{i′}η_i + κ_{i+1}Ψ^{i+1}η_i − κ_{i+1}Ψ^iη_{i+1} ] . (29)

The projections of δ_⊥X^′ along the FS normals are then η^i · δ_⊥X^′ = Ψ^{i′} + κ_{i+1}Ψ^{i+1} − κ_iΨ^{i−1} , (30) where Ψ^i = 0 if i < 1 or i > N . The corresponding projections of the variation of the acceleration X^{′′} is given by

η^i · δ_⊥X^{′′} = κ_{i+2}κ_{i+1}Ψ^{i+2} + 2κ_{i+1}Ψ^{i+1′} + κ_{i+1}^′Ψ^{i+1} + Ψ^{i′′} − ( κ^2_i + κ^2_{i+1} ) Ψ^i − 2κ_iΨ^{i−1′} − κ_i^′Ψ^{i−1} + κ_iκ_{i−1}Ψ^{i−2} , (31) where again Ψ_i = 0 if i < 1 or i > N . Eq.(31) follows from η^i · δ_⊥X^{′′} = (η^i · δ_⊥X^′)^′ − η^{i′} · δ_⊥X^′ − κ_1Ψ_1(η^i · X^{′′}) , the FS equations and (30). Remarkably, this is all we need to evaluate the variations of the FS curvatures. We will do this explicitly for κ_1, κ_2 and κ_3 (the latter only in a four-dimensional background). The generalization to higher curvatures can be worked out along the same lines.

Taking a variation of the first of (2) we have δ_⊥X^{′′} = (δ_⊥κ_1)η_1 + κ_1δ_⊥η_1 . (32) Using the orthogonality of η_1 and δ_⊥η_1 we obtain δ_⊥κ_1 = η_1 · δ_⊥X^{′′}, and specializing (31) to i = 1, we find δ_⊥κ_1 = κ_3κ_2Ψ_3 + 2κ_2Ψ_2^′ + κ^′_2Ψ_2 + Ψ_1^{′′} − ( κ^2_1 + κ_2^2 ) Ψ_1 . (33) This expression should be compared with (24), using Φ^i = ∑ R^i_jΨ^j . Note that the normal variation of κ_1 involves at most three normal directions.

To evaluate the variation of the second FS curvature, we take a variation of the second of (2) and dot with η_2. We obtain δ_⊥κ_2 = κ_1η_2 · δ_⊥X^′ − η_2 · δ_⊥η_1^′ .

We can rewrite the second term on the right hand side as η_2 · δ_⊥η_1^′ = − κ_1Ψ_1(η_2 · η_1^′) + η_2 · (δ_⊥η_1)^′

= κ_1κ_2Ψ_1 + (η_2 · δ_⊥η_1)^′ − η_2^′ · δ_⊥η_1

= κ_1κ_2Ψ_1 + [ 1 κ_1 η_2 · δ_⊥X^{′′} ]_′ − κ_2 κ_1 η_1 · δ_⊥X^{′′} + κ_3 κ_1 η_3 · δ_⊥X^{′′} ,

Frenet-Serret dynamics 9

where we have used the second FS equation in the second line and the third in the last line. δ_⊥κ_2 is now expressed in terms of known quantities. A little algebra gives δ_⊥κ_2 = κ_1(Ψ_2^′ − 2κ_2Ψ_1) − { 1 κ_1 [ Ψ_2^{′′} − 2κ_2Ψ_1^′ − κ_2^′Ψ_1 − (κ^2 + κ^2_3)Ψ_2 + 2κ_3Ψ_3^′ + κ_3^′Ψ_3 + κ_3κ_4Ψ_4 ]}′

− κ_3 κ_1 [ κ_2κ_3Ψ_1 − 2κ_3Ψ_2^′ − κ^′_3Ψ_2 + Ψ_3^{′′} − (κ^2_1 + κ^2_3 + κ^2_4)Ψ_3

+ 2κ_4Ψ_4^′ + κ^′_4Ψ_4 + κ_4κ_5Ψ_5 ] . (34)

Note that, whereas δ_⊥κ_1 involves three normal directions, δ_⊥κ_2 involves at most five. Let us remark that an important simplification occurs in this expression when we are in three dimensions and κ_2 is the top FS curvature (κ_3 = κ_4 = κ_5 = 0). The above expression reduces to

δ_⊥κ_2 = κ_1(Ψ_2^′ − 2κ_2Ψ_1) − { 1 κ_1 [ Ψ_2^{′′} − 2κ_2Ψ_1^′ − κ_2^′Ψ_1 − κ^2Ψ_2 ]}′ . (35)

To complete the description of a particle moving in four dimensions one also requires an expression for the variation of the third FS curvature. Let N = 3, so that κ_4 = κ_5 = 0. We have

δ_⊥κ_3 = κ_2 κ_1 η_3 · δ_⊥X^{′′} − η_3 · δ_⊥η_2^′ .

Using the FS equations the second term can be written as η_3 · δ_⊥η_2^′ = κ_1κ_3Ψ_1 + (η_3 · δ_⊥η_2)^′ . (36) The second term in this expression can in turn be written as

η_3 · δ_⊥η_2 = κ_1 κ_2 η_3 · δ_⊥X^′ − 1 κ_2 η_3 · δ_⊥η_1^′ = κ_1 κ_2 η_3 · δ_⊥X^′ − 1 κ_2 ( 1 κ_1 η_3 · δ_⊥X^{′′} )_′ + κ_3 κ_2κ_1 η_2 · δ_⊥X^{′′} . Using (30) and (31), we obtain

δ_⊥κ_3 = − κ_1κ_3Ψ_1 + κ_2 κ_1

Ψ_3^{′′} − κ_2κ^2_3 κ_1

Ψ_3 − 2 κ_3κ_2 κ_1

Ψ_2^′ − κ_2κ_3^′ κ_1

Ψ_2 + κ_3 κ_1 κ_2^2Ψ_1 − { κ_1 κ_2

(Ψ_3^′ − κ_3Ψ_2) }_′ + { 1 κ_2 [ 1 κ_1 ( Ψ_3^{′′} − κ^2_3Ψ_3 − 2κ_3Ψ_2^′ − κ_3^′Ψ_2 + κ_3κ_2Ψ_1 ) ]_′}′

− { κ_3 κ_2κ_1 [ Ψ_2^{′′} − (κ^2 + κ^2_3)Ψ_2 + 2κ_3Ψ_3^′ + κ_3^′Ψ_3 − 2κ_2Ψ_1^′ − κ_2^′Ψ_1 ] }_′ . (37)

Let us remark that in the case of a curved background, (31) is modified according to η_i · δ_⊥X^{′′} → η_i · δ_⊥X^{′′}|_{flat} + R_{μανβ}X^{μ′}X^{ν ′}η^α_j η^β_iΨ^j , (38) where the first term is given by (31) and R_{μανβ} denotes the background Riemann tensor. In order to obtain the normal variation of the FS curvatures in an arbitrary background one would have to make the appropriate changes in the expressions we have derived.

Frenet-Serret dynamics 10

4. Worldline invariants

The action functionals for relativistic particles we will consider satisfy various symmetry requirements. First of all, we consider only actions which are invariant under reparametrizations of the worldline of the form S = ∫ dτ L, with L a scalar under reparametrizations, built out of the geometrical quantities that characterize the worldline, i.e. its curvatures. This assumption implies that the first variation of the action can always be written as δS = ∫ dτ E_iΦ^i + ∫ dτ Q^′ , (39)

where E_i denotes the Euler -Lagrange derivative, and Q is the Noether charge. This specific form follows from the fact that the tangential variation contributes only to the Noether charge. It is a simple consequence of the transformation properties of the action under reparametrizations. Indeed using (21) and the fact that δ_‖L = ΦL^′, the tangential part of the variation of the action is a total derivative δ_‖S = ∫ dτ (LΦ)^′ , (40)

and does not contribute to the Euler-Lagrange part of the variation of the action.

The lowest order possibility is the relativistic massive particle, with a constant Lagrangian L_0 = −m, and an action proportional to the proper time elapsed along the trajectory. At higher order the Lagrangian will be a scalar constructed out of higher derivatives of the embedding functions L = L(X^{′′}, X^{′′′}, · · ·). However writing higher order Lagrangians this way makes it increasingly difficult to keep track of the possible scalars one can construct at each order and to establish which ones are independent. Our approach is to construct the Lagrangian out of the k^i and its (covariant) derivatives L = L(k^i, D̃k^i, D̃^2k^i, · · ·) or, equivalently, as we have established, as a function of the FS curvatures and their derivatives.

The lowest non-trivial geometrical models depend only on k^i. Invariance under rotations of the normals implies that the Lagrangian must depend on k^i only in the combination k or equivalently the first FS curvature, L = L(κ_1). The next order allows a dependence on first derivatives of the k^i, so that L = L(k^i, D̃k^i). Now what are the scalars we can construct at this order? A moment of thought reveals that the building blocks must be k, k^′, D̃k^iD̃k_i. There is one caveat: in the case of a three-dimensional ambient space, we have also the independent combination given by the pseudo-scalar ϵ_{ij}k^iD̃k^j. In terms of the FS curvatures, at this order, we have L = L(κ_1, κ_1^′, κ_2), and in the special case of a three-dimensional ambient space we have also the possibility L = L(κ_2). At the next order, we will have L = L(κ_1, κ_1^′, κ_1^{′′}, κ_2, κ_2^′, κ_3).

5. First-curvature models

In this section we consider a relativistic particle whose dynamics is determined by an action that depends at most on the first FS curvature of its worldline, L = L(κ_1), where L is an arbitrary local function of its argument. We first derive the equations of motion and the Noether charges associated with the underlying Poincaré invariance for this class of models. The normal variation of the action is δ_⊥S = ∫ dτ [ k_iLΦ^i + L_iδ̃_⊥k^i ] ,

Frenet-Serret dynamics 11

where we have used (22), the Leibniz rule, and we have introduced the quantity L_i = dL/dk^i = L^∗k̂_i. An asterisk denotes a derivative of L with respect to its argument, κ_1, and k̂^i = k^i/k. We can now use (23) to obtain δ_⊥S = ∫ dτ [ k_iLΦ^i + L_iD̃^2Φ^i − L_ik^ik_jΦ^j ] . Integrating by parts, we reduce this expression to δ_⊥S = ∫ dτ [ D̃^2L_i + (L − L_j k^j)k_i ] Φ^i + ∫ dτ [ L_iD̃Φ^i − Φ^iD̃L_i ]_′ . (41)

5.1. Equations of motion

By comparison of (41) with (39), we recognize by inspection the Euler-Lagrange derivative, E^{(1)}_i (the superscript refers to the first-curvature dependance), so that the equations of motion are E^{(1)}_i = D̃^2L_i + ( L − L_j k^j ) k_i = 0 . (42) These are non-linear ordinary differential equations of fourth order in the embedding functions, or of second order in the curvatures. It is instructive to compare this expression with the considerably more complicated corresponding equations (at least prior to gauge fixing) written directly in terms of the embedding functions.

It is clear from the equations of motion that the normal forms introduced in (7) T^{(N)}_{i1 ···iN−r} = 0 on shell for all r > 2. This is because the equations of motion express D̃^2L_i (and therefore D̃^2k_i) in terms of k_i. This implies that the third FS curvature κ_3 will vanish. The classical dynamics is confined to at most a three dimensional Minkowski subspace. Note that if Minkowski space is replaced by an arbitrary background, a non-diagonal term proportional to the Riemann curvature of the background gets introduced into (42) which spoils this confinement.

An alternative way to see that κ_3 vanishes is to use L_i = L^∗k̂_i in the equations of motion. We have L_ik^i = L^∗κ_1, and the equations of motion assume the form L^∗ D̃^2k̂^i + 2L^{∗′} D̃k̂^i + (L^{∗′′} + L − L^∗κ_1) k̂_i = 0 .

We now project this equation into the three independent directions in the normal plane η_1, η_2, η_3 and then we find that they imply, along η_3, E^{(1)}_3 = L^∗ κ_2 κ_3 = 0 , (43) i.e. the vanishing of κ_3. Moreover, we obtain along η_2, E^{(1)}_2 = −2L^{∗′} κ_2 − L^∗ κ_2^′ = 0 . (44) This equation determines κ_2 in terms of L^∗, or equivalently in terms of κ_1. It can be easily integrated to give the relation (L^∗)^2κ_2 = const. (45) As we will show below, this conservation law can be interpreted in terms of conservation of the spin. The remaining projection of the equations of motion can be written as E^{(1)}_1 = L^{∗′′} + (L − L^∗κ_1) κ_1 − L^∗ κ^2 = 0 . (46) We see that the second FS curvature contributes to the “driving force” in the equations of motion. When κ_2 is expressed via (45) in terms of κ_1, the dynamical problem is

Frenet-Serret dynamics 12

reduced to the motion of a one-dimensional fictitious particle with κ_1 as position variable.

A more systematic way to arrive at (43), (45) , (46) is desirable. This is possible by choosing the independent normal variations to be those projected along the FS basis. Specifically, we have δS = ∫ dτ { L^∗δ_⊥κ_1 + Lκ_1Ψ^1 } + ∫ dτ (LΦ)^′ = ∫ dτ [ L^{∗′′} − (κ^2_1 + κ^2)L^∗ + Lκ_1 ] Ψ_1 + ∫ dτ [ L^∗κ_2^′ − (2κ_2L^∗)^′ ] Ψ_2 + ∫ dτ L^∗κ_2κ_3Ψ_3 + ∫ dτ [LΦ + 2κ_2L^∗Ψ_2]^′ , (47)

using the expression (33) for δ_⊥κ_1 in the normal variation of the action, and (40) for the tangential variation of the action. We immediately read off the equations of motion in the form (43), (45) , (46).

Let us consider some specific examples beginning with the degenerate ones. For the familiar massive relativistic particle, L = −m, so that L_i = 0, and the equations of motion reduce to mκ_1 = 0, i.e. the vanishing of the particle acceleration. The linear correction to the relativistic particle, L = −m + ακ_1, where α is constant is also special. Now (45) gives κ_2 is a constant and (46) reads mκ_1 + ακ^2 = 0 so that κ_1 is also. If m = 0, then κ_2 = 0 and the motion is confined to a plane where the linear action is topological (with a vanishing Euler-Lagrange derivative almost everywhere) [3]. We will have more to say about this case later. In all other cases, L^∗ is not constant, and (46) is of higher order. An interesting non-polynomial model defined by L = − √ k^2_0 − κ_1^2, with k_0 = constant, describes a trajectory with a bounded acceleration k_0 [17] (see also [18] for a discussion of bounded acceleration). It has the remarkable feature of having equations of motion linear in the variable L_i. Indeed, since L_i = k_i/L, they take the form, (D̃^2 − k^2_0)L^i = 0, which describes an upside down harmonic oscillator. Note that as k → k_0 we have that L^i → ∞. It is interesting to observe that in the corresponding theory described perturbatively by L = −k_0 + (1/2k_0)κ_1^2 + · · ·, the equations of motion are not harmonic at any finite order in the expansion.

It is well known that the equations of motion (42) are integrable; κ_1 is determined as a quadrature. For a relativistic particle, this was shown by Nesterenko et al. using a FS basis [12]. In the next section we will offer an alternative proof which exploits the conserved charges associated with the Poincaré symmetry of these models. The advantage of this technique is that it can be exploited at higher orders to identify non-trivial first integrals of the equations of motion, a task which is not at all obvious generalizing the methods used after (43).

5.2. Invariants

The Noether charge Q for K(κ_1) models is given by

Q = LΦ + L_iD̃Φ^i − Φ^iD̃L_i = LΦ + L^∗Ψ_1^′ − L^{∗′}Ψ_1 + 2L^∗κ_2Ψ_2 . (48)

The first expression is obtained by exploiting Eq.(40) and (41) and comparing with (39); for the second we use (47) instead of (41) (L^i = L^∗k̂^i). From the Noether charge we obtain the conserved linear momentum by specializing the arbitrary deformation

Frenet-Serret dynamics 13

to a constant infinitesimal translation, δX^μ = ϵ^μ, and setting Q = ϵ_μP^μ. With the help of (5) or (2) this gives for the conserved linear momentum,

P^μ = (L_ik^i − L)X^{μ ′} − ( D̃L^i ) n^μ_i = (L^∗κ_1 − L)X^{μ ′} − L^{∗′}η^μ_1 + κ_2L^∗η^μ_2 . (49)

Note that P^μ in general possesses non-vanishing projections along the first two FS normal directions. For the relativistic free particle, L = −m, we recover the familiar expression P^μ = mX^{μ′}. The momentum is purely tangential to the worldline. As long as the wordline remains timelike the momentum will be also. In general, however, when L_i ≠ 0, there will be a non-trivial normal component. It follows that even if the trajectory is timelike, the momentum P^μ need not be. The invariant mass is

M^2 = −P^μP_μ = (L_ik^i − L)^2 − D̃L_iD̃L^i = (L^∗κ_1 − L)^2 − (L^{∗′})^2 − (L^∗)^2κ^2 . (50)

The subtracted tachyonic terms lower the mass. They vanish if and only if D̃L^i = 0. These are the static solutions for this system. If (L−L_i k^i)^2 < D̃L_iD̃L^i, P^μ is spacelike. The occurence of tachyonic solutions is a well-known feature of higher derivative relativistic theories. This expression makes explicit that the mass is lowered both by variations in the acceleration and by excursions away from the plane determined by its velocity and its acceleration. In the following we will assume that M^2 ≥ 0.

In a similar way from the Noether charge we obtain the conserved angular momentum by specializing the arbitrary deformation to a spacetime infinitesimal Lorentz transformation, δX^μ = ω^μ_ν X^ν with the constants ω_{μν} = −ω_{νμ}, and setting Q = ω_{μν} M^{μν}. Using the first two of the FS equations (2) this gives the conserved angular momentum

M^{μν} = P^{[μ}X^{ν]} + N^{μν} , (51)

where

N^{μν} = L^in^{[μ}_iX^{ν]′} = L^∗η^{[μ}_1 X^{ν]′} . (52)

Note that M^{μν} is not generally of the simple orbital form unless L_i = 0, i.e. for the special case of the standard relativistic particle with L = −m. The bivector N^{μν} is the origin of the spin of curvature-dependent particle models. However, N^{μν} is not of the most general form: at this order there is no purely normal term of the form m^{ij}n^{[μ}_in^{ν]}_j. In order to evaluate the spin of a curvature-dependent particle we define the Pauli-Lubanski pseudo-tensor (N ≥ 2, M^2 > 0) S_{α1···αN−2} = 1 √ (N − 2)! 1 √ M^2 ε_{α1···αN−2 μρσ} P^μM^{ρσ} . (53) The Pauli-Lubanski pseudo-tensor picks up the non-orbital part of the angular momentum, and it is identified as the spin. Since κ_3 vanishes as a consequence of (43), we can, without loss of generality, set N = 2 so that S = 1 √ M^2 ε_{μρσ} P^μN^{ρσ} = 1 √ M^2 ε_{μρσ} n^μ_in^ρ_jX^{σ ′} ( D̃L^i ) L^j . (54)

Note that the tangential projection of the linear momentum plays no role at this order, therefore the spin is purely normal. The normal Levi-Civita density can be exploited to rewrite the Pauli-Lubanski pseudo-tensor in a more geometrical form, S = 1 √ M^2 ε_{ij}L^iD̃L^j = L^{∗2} √ M^2 ε_{ij}k̂^iD̃k̂^j = L^{∗2} √ M^2 κ_2 . (55)

Frenet-Serret dynamics 14

A necessary and sufficient condition for the Lagrangian L(κ_1) to be associated with a spinless particle is the vanishing of the second FS curvature, κ_2. If we consider L^i as a position variable, the first expression in (55) for the Pauli-Lubanski pseudo-tensor makes explicit that it can be seen as the angular momentum associated with invariance under normal rotations. The Poincaré Casimir S^2 is given by

M^2S^2 = ( D̃L^i ) ( D̃L_i ) L^j L_j − (L_iD̃L^i)^2 = (L^∗)^4κ^2 , (56)

which should be compared with the equation of motion in the direction η_2, as given by (45).

5.3. Integrability

In this section, we exploit the conserved quantities M^2 and S^2, derived in the previous section, to provide an elementary proof of the integrability of the model described by a Lagrangian of the form L(κ_1). We have from the FS forms of (50) and (56)

M^2 = (L^∗κ_1 − L)^2 − (L^{∗′})^2 − (L^∗)^2κ^2 M^2S^2 = (L^∗)^4κ^2 . (57)

The later determines κ_2 as a function of κ_1 with constant of proportionality given by the two Casimirs, M^2 and S^2. Substituting into the former determines κ_1 as a quadrature,

M^2 = (L^∗κ_1 − L)^2 − (L^{∗′})^2 −

M^2S^2 (L^∗)^2

. (58)

The analogue with the motion of a fictitious particle located at L_i moving in a central potential should now be obvious. To be explicit, note that its velocity can be decomposed into its projections along L_i (and so k_i) and orthogonal to it ((L^∗)^2 = L_iL^i):

D̃L_i = DL^∗ L̂_i + (D̃L_i)_⊥ , (59)

where D̃L^j_⊥ = (δ^{jk} − k̂^jk̂^k)D̃L_k The right hand side of (56) can alternatively be expressed in the form (L^∗)^2D̃L^j_⊥D̃L_{j⊥}. We note that the “kinetic” term (D̃L^i)(D̃L_i) appearing in the mass formula (50) can correspondingly be decomposed into its radial and tangential parts as

(D̃L^i)(D̃L_i) = |L^∗|^{′2} + (D̃L^j_⊥)^2 . (60)

We now exploit ‘angular momentum’ conservation, (56) to eliminate the tangential component in favor of a centrifugal potential. We obtain (58). If we identify L^i with position in N dimensional Euclidean space, then (58) describes the radial motion of a fictitious particle with unit mass moving in a central potential,

V (L^∗) = −(L^ik_i − L)^2 , (61)

where the right hand side should be seen as an implicit function of κ_1, with angular momentum (N − 1)S^2M^2, and energy −M^2. We note that the potential is negative everywhere. In the degenerate case, L = −m+ακ_1, from (58) we obtain the mass-spin relation M^2 = m^2/(1+S^2/α^2). In all other cases the expression (58) can be integrated to give τ = ∫ dL^∗ [−V (L^∗) − M^2 + M^2S^2/L^{∗2}]^{1/2}

. (62)

Frenet-Serret dynamics 15

The simplest model is described by L = −m + ακ_1^2. The potential takes the form V = − ( ακ_1^2 + m

)_2

. For the bounded acceleration model, we find V = −k^2_0(L^{∗2} + 1). The potential typically is negative. For a given real mass L^∗ is bounded from below by the centrifugal barrier provided by the spin. A trajectory bouncing off this barrier will have L^∗ increase monotonically to infinity. While this feature does translate into a divergence of κ_1 for all κ_1^n models, n ≥ 2, it does not always imply the divergence of κ_1 as the bounded accelation model clearly indicates.

5.4. Non-flat background

It is also instructive to approach this problem from an alternative point of view which does not rely (explicitly at least) on the global Poincaré invariance of the theory. Let us consider the antisymmetric normal tensor j^{ij} defined by j^{ij} = L^iD̃L^j − L^jD̃L^i . (63) This is the angular-momentum tensor associated with the configuration variable L^i on the normal plane. Note, however, that j^{ij} is not the angular momentum associated with the langrangian, treated as a function of L_i. Its derivative gives D̃j^{ij} = ( L^jD̃^2L^i − L^iD̃^2L^j ) = ( L^lk_l − L ) ( L^j k^i − L^ik^j ) , (64)

where we have exploited the Euler-Lagrange equations in the form (42) to obtain the second equality. Since L^i ∝ k^i, we obtain D̃j^{ij} = 0. Each component of this “angular momentum” is conserved.

We note that on a general spacetime background the Euler-Lagrange equations for the particle are modified by the addition of a curvature dependent term as D̃^2L^i − (L − L^jk_j)k^i + R_{μνρσ}X^{μ′}n^{ν i}X^{ρ′}n^σ_j L^j = 0 , (65)

where R_{μνρσ} is the background Riemann tensor. In particular, if the spacetime geometry has constant curvature, R_{μνρσ} = c(g_{μρ}g_{νσ} − g_{μσ} g_{νρ}), where c is a constant, the curvature correction appearing in (65) is proportional to L^i. The j^{ij} continue to be conserved. This observation explains the integrability of the first curvature particle models in spaces of constant curvature found in Ref. [19].

5.5. Scale invariance

Let us suppose that the particle model defined by L(κ_1) is also invariant under a scale transformation, δX^μ = εX^μ, with ε constant. It is simple to show from the expression (48) for the Noether charge that the corresponding constant of the motion is given by W = P^μX_μ. When the equations of motion are satisfied, the conservation of W , W^′ = 0, implies the vanishing of the tangential component of the momentum, the one-dimensional analogue of the vanishing of the trace of the stress-energy tensor, L − L_ik^i = L − L^∗κ_1 = 0. The unique solution, up to a multiplicative constant, is the degenerate L = κ_1. Note that in the special case N = 1, for a plane curve, there also exists the scale invariant action given by the signed curvature κ_1, which is also a topological invariant, the winding number.

For this model, the momentum is purely normal, P^μ = −(D̃k̂^i)n^μ_i = κ_2η^μ_2. The Euler-Lagrange equations assume the simple form D̃^2k̂_i = 0, which implies κ_2 = 0, so that the momentum vanishes. Moreover the spin vanishes as well and the classical motion lies on a plane. But the Lagrangian L = κ_1 on a plane is simply the winding number if κ_1 is positive everywhere. In any case, the Euler-Lagrange equations are identically satisfied almost everywhere.

Frenet-Serret dynamics 16

5.6. Adding a derivative

At the next order in derivatives the action might depend on κ^′_1 or κ_2. While at first sight, it might appear that these models possess a comparable level of complexity, we will see that this is not the case. Let us consider briefly a model depending on the first derivative of the first curvature, κ_1^′, for simplicity, with L = L(κ_1^′). Again, the only variations give non-vacuous Euler-Lagrange equations are those along Ψ_1, Ψ_2, Ψ_3. (L^{∗∗} = dL/dκ_1^′): L^{∗∗′}κ^2κ^2_3 = 0 , (66) (L^{∗∗′})^4κ^2 = const. , (67) L^{∗∗′′′} − (L − L^{∗∗}κ_1^′ + L^{∗∗′}κ_1)κ_1 − L^{∗∗′}κ^2 = 0 . (68) The structure of these equations is very similar to that obtained with κ_1. As before, κ_3 = 0 so that the motion is confined to a three-dimensional subspace of Minkowski spacetime. The second equation is a conservation law, which expresses κ_2 in terms of derivatives of κ_1. The main difference is in the first equation, which is now of fourth order in derivatives of κ_1. The invariant mass is given by M^2 = (L^{∗∗}κ_1^′ − L^{∗∗′}κ_1 − L)^2 − (L^{∗∗′′})^2 − κ^2 (L^{∗∗′})^2 ; (69) the second Casimir is given by M^2S^2 = (L^{∗∗′})^4 κ_2^2 which permits κ_2 to be eliminated from Eq.(69). The resulting expression does not, however, ever provide a quadrature. Much more interesting are models depending on κ_2 to which we will now turn.

6. Second-curvature models

We extend now our considerations to a relativistic particle whose dynamics is determined by an action depending on κ_2, L = L(κ_2). The tangential variation of the action is given by (40). For its normal variation of the action we use (34) and the Leibniz rule. There are non-vanishing variations along five of the FS normal directions (L_∗ = dL/dκ_2) δ_⊥S|_1 = ∫ dτ [ 2κ_2 ( L_∗^′ κ_1 )_′ + κ_2^′ κ_1

L_∗^′ + Lκ_1 − L_∗ κ_2 κ_1

(2κ^2_1 + κ^2_3) ] Ψ_1

+ ∫ dτ [ 2 κ_2 κ_1

L_∗Ψ_1^′ + κ_2^′ κ_1

L_∗Ψ_1 − 2 κ_2 κ_1

L_∗^′Ψ_1 ]_′ (70)

δ_⊥S|_2 = ∫ dτ [( L_∗^′ κ_1 )_{′′} − L_∗^′ κ_1

(κ^2 + κ^2_3) − (L_∗κ_1)^′ − 2 ( L_∗κ^2_3 κ_1 )_′ + L_∗κ_3 κ_1 κ_3^′ ] Ψ_2

+ ∫ dτ [ − L_∗ κ_1

Ψ_2^{′′} + L_∗^′ κ_1

Ψ_2^′ + L_∗ κ_1

(3κ^2_3 + κ^2_1 + κ^2)Ψ_2 − ( L_∗^′ κ_1 )_′ Ψ_2 ]_′ (71)

δ_⊥S|_3 = ∫ dτ [ − ( L_∗κ_3 κ_1 )_{′′} − 2 ( L_∗^′κ_3 κ_1 )_′ + L_∗^′ κ_3^′ κ_1 + L_∗κ_3 κ_1

(κ^2_1 + κ^2_3 + κ^2_4) ] Ψ_3

+ ∫ dτ [ −3 L_∗κ_3 κ_1

Ψ_3^′ + ( L_∗κ_3 κ_1 )_′ Ψ_3 −

L_∗κ_3^′ κ_1

Ψ_3 + 2

L_∗^′κ_3 κ_1

Ψ_3 ]_′ (72)

δ_⊥S|_4 = ∫ dτ [ 3 L_∗^′κ_3κ_4 κ_1

+ 2L_∗ ( κ_3κ_4 κ_1 )_′ − L_∗κ_3κ_4^′ κ_1 ] Ψ_4 − ∫ dτ [ 3 L_∗κ_3κ_4 κ_1

Ψ_4 ]_′ (73)

Frenet-Serret dynamics 17

δ_⊥S|_5 = − ∫ dτ L_∗κ_3κ_4κ_5 κ_1

Ψ_5 (74)

The corresponding Euler-Lagrange derivatives can then be read off by discarding total derivatives: For Ψ_5 we have

E^{(2)}_5 = −

L_∗κ_3κ_4κ_5

κ_1

= 0 . (75)

This equation of motion sets κ_5 = 0. Motion will be restricted to (at most) a 5- dimensional subspace. For Ψ_4, we have

E^{(2)}_4 = 3 L_∗^′ κ_1 κ_3κ_4 + 2L_∗κ_4( κ_3 κ_1

)^′ + L_∗ κ_1 κ_3κ_4^′ = 0 . (76)

This equation of motion can be easily integrated to give L_∗^3κ^2_3κ_4/κ_1^2 = const., which determines κ_4 in terms of the lower curvatures. Note that this is the analogue of (45) for first curvature models, although in this case it does not appear to be derivable from a conserved charge.

The remaining three Euler-Lagrange derivatives are

E^{(2)}_3 = − 3L_∗^{′′} κ_3 κ_1 − 4L_∗^′ ( κ_3 κ_1 )_′ + L_∗^′ κ_3^′ κ_1 − L_∗ ( κ_3 κ_1 )_{′′}

+ L_∗κ_3 κ_1

(κ^2_1 + κ^2_3 + κ^2_4) = 0 , (77)

E^{(2)}_2 = ( L_∗^′ κ_1 )_{′′} − ( L_∗^′ κ_1 ) (κ^2 + κ^2_3) − (L_∗κ_1)^′ − 2 ( L_∗κ^2_3 κ_1 )_′ + ( L_∗κ_3 κ_1 ) κ_3^′ = 0 ,(78)

E^{(2)}_1 = 2κ_2 ( L_∗^′ κ_1 )_′ + κ_2^′ κ_1

L_∗^′ + Lκ_1 − L_∗ κ_2 κ_1

(2κ^2_1 + κ^2_3) = 0 . (79)

Let us remark that these three higher-order non-linear coupled ODEs do not appear to be tractable in general.

The corresponding Noether charge is given by

Q = LΦ + 2 κ_2 κ_1

L_∗Ψ_1^′ + κ_2^′ κ_1

L_∗Ψ_1 − 2 κ_2 κ_1

L_∗^′Ψ_1 − ( L_∗ κ_1 ) Ψ_2^{′′} + L_∗^′ κ_1

Ψ_2^′ − ( L_∗^′ κ_1 )_′ Ψ_2 + ( L_∗ κ_1 ) (3κ^2_3 + κ^2_1 + κ^2)Ψ_2 − 3 L_∗κ_3 κ_1

Ψ_3^′ + ( L_∗κ_3 κ_1 )_′ Ψ_3 −

L_∗κ_3^′ κ_1

Ψ_3 + 2

L_∗^′κ_3 κ_1

Ψ_3 − 3

L_∗κ_3κ_4 κ_1

Ψ_4 . (80)

This permits us to write down the conserved momentum as

P^μ = (κ_2L_∗ − L)X^{μ ′} − κ_2 κ_1

(L_∗)^′η^μ_1 + [ − ( L_∗^′ κ_1 )_′ + L_∗ κ_1

(κ^2_1 + κ^2_3) ] η^μ_2

+ [ ( L_∗κ_3 κ_1 )_′ + L_∗^′κ_3 κ_1 ] η^μ_3 −

L_∗κ_3κ_4 κ_1 η^μ_4 , (81)

which now possesses components along the first four FS normals. Let us emphasize the similarity of the first two components, along X^′ and η_1 with the conserved momentum for first curvature models, given by (49). The non-trivial invariant M^2 = −P^μP_μ can

Frenet-Serret dynamics 18

be written down immediately, but it is not particularly illuminating. The angular momentum is given by M^{μν} = P^{[μ}X^{ν]} + N^{μν} where the non-orbital part is given by

N^{μν} = L_∗^′ κ_1 η^{[μ}_2X^{ν]′} −

L_∗κ_3 κ_1 η^{[μ}_3X^{ν]′} + L_∗η^{[μ}_1η^{ν]}_2 , (82)

which allows one to obtain the spin pseudo-tensor for this class of models.

It is straightforward to combine these results with the one obtained in Sect. 5, to obtain equations of motion and conserved quantities for models of the form L = L(κ_1, κ_2). One has only to be careful not to double count the contribution from the normal variation of the infinitesimal proper time and from the parallel variation of the action. The special case of models linear in the FS curvatures will be considered elsewhere.

6.1. Integrability in three dimensions

In general, as we have remarked, the system of equations determining the motion appears to be intractable. Let us specialize to a three-dimensional ambient space, so that κ_3 = κ_4 = κ_5 = 0. Moreover, we specialize to the case of an action quadratic in the second curvature, L = −m + (1/2)ακ_2^2. The case of an arbitrary L can be treated along the same lines. Only the degenerate case linear in the second curvature needs special treatment (see below). Surprisingly, we find that this model is integrable. Let us show how this comes about. The two surviving Euler-Lagrange equations (78), (79) reduce to E^{(2)}_2 α = ( κ_2^′ κ_1 )_{′′} − ( κ_2^′ κ_1 ) κ^2 − (κ_2κ_1)^′ = 0 , (83)

E^{(2)}_1 α = 2κ_2 ( κ_2^′ κ_1 )_′ + (κ_2^′)^2 κ_1 − 3 2 κ_2^2κ_1 − m α κ_1 = 0 . (84)

The momentum takes the form P^μ α = ( m α + κ^2 2 ) X^{μ′} − κ_2κ_2^′ κ_1 η^μ_1 − [ (κ′_2 κ_1 )_′ − κ_1κ_2 ] η^μ_2 , (85)

so that the invariant mass is − M^2 α^2 = [ ( κ^′_2 κ_1 )_′ − κ_1κ_2

]_2 − ( m α + κ^2 2 )_2 + κ^2κ_2^{′2} κ^2_1

. (86)

We assume that M^2 > 0. Now, from (82), (85), one obtains that the spin pseudo-scalar is √ M^2S = ακ_2 [ m + α 2 κ^2 − α ( κ^′_2 κ_1

)_2]

. (87)

This can be rewritten as

ακ_2^{′2} + κ_1^2 ( √ M^2S ακ_2 − α 2 κ_2^2 − m ) = 0 . (88)

We can now exploit (84), (86), to obtain

κ_1^2 = α^2κ_2^4(4κ_2 √ M^2S − 4M^2 + 4m^2 − α^2κ_2^4) ( √ M^2S − ακ_2^3)^2

. (89)

Frenet-Serret dynamics 19

This expression can now be substituted into (88) to provide a quadrature for κ_2.

Note the equation of motion along η_1 (79) can be interpreted in terms of conservation of the spin, in the sense that √ M^2S^′ = −(κ_2^′/κ_1)E^{(2)}_1. Recall that for the first curvature models it was the equation of motion along η_2 which was related to spin conservation. It follows, unfortunately, that our result does not appear to extend to the more general case of models that depend on both curvatures, L = L(κ_1, κ_2). Two special cases of interest are, however, integrable: (i) L(κ_1) with a linear term in κ_2 added; (ii) L = L(κ_2) in three dimensions with a linear term in κ_1 added.

6.2. Scale invariance

Invariant under scale transformations, implies as before the vanishing of the tangential component of the momentum, L − L_∗κ_2 = 0. As we found earlier for first curvature models, the unique solution, up to a multiplicative constant, is the degenerate L = κ_2.

The equation of motion along η_1, (79) reduces to κ_2(κ_1^2 + κ_3^2)/κ_1 = 0, which implies κ_2 = 0. Using this in (78) gives κ_1 = const. The momentum is purely normal, P^μ = κ_1η^μ_2 and M^2 = −κ_1^2. The motion is tachionic. Moreover the spin vanishes.

6.3. Kuznetsov-Plyushchay model

Althought the generic case L = L(κ_1, κ_2) appears to be intractable, there is in addition to the two integrable cases mentioned at the end of (6.1), a large class of models in three dimensions which is also. These are the models defined by

L = −m − κ_1f(x) , x = κ_1/κ_2 , (90)

where f is an arbitrary function of its argument. These models were introduced by Kuznetsov and Plyushchay in [5] who exploited a Hamiltonian approach.

The interest of this class of models lies in the fact that they have simple solutions and that it is easy to isolate the non-tachyonic solutions. It follows from the form (90) that we have L^∗ = −f − xL_∗. It is a straightforward to show that the momentum takes the remarkably simple form P^μ = m(X^{μ ′} − xη^μ_2), so that, in agreement with [5], M^2 = m^2(1 − x^2). From this expression, one obtains non-tachyonic solutions by requiring x^2 ≤ 1. We emphasize that this is independent of the function f. The spin also takes the simple form S = −mf(x)/ √ M^2, from which it follows that f^2(x) = S^2(1 − x^2). The solutions of this model are given by constant x, as one can also verify directly from the equations of motion.

7. Conclusions

We have examined the simplest relativistic object, a point particle, described by a local geometrical action by developing a theory of deformations tailored to the FS basis adapted to the particle worldline, and exploiting the Noether charges associated with Poincaré invariance. In particular, we demonstrated explicitly how these techniques may be applied not only to the well known class of models depending on the first FS curvature of the worldline, but also we break new ground using them to reveal remarkable properties of models depending on the second FS curvature. We are able to show that the latter models are also integrable in three dimensions. This is particularly surprising when we consider that the Euler-Lagrange equations describing the dynamics are sixth order non-linear coupled ODEs. Our work suggests a novel

Frenet-Serret dynamics 20

approach to the Hamiltonian analysis for these models, as well as a point of departure for examining higher order relativistic extended objects.

Acknowledgments

RC is partially supported by CONACyT under grant 32187-E. JG is partially supported by CONACyT under grant 32307-E and DGAPA at UNAM under grant IN119799.

References

[1] Pisarski R D 1986 Phys. Rev. D 34 670 [2] Zoller D 1990 Phys. Rev. Lett. 65 2236 [3] Plyushchay M S 1988 Mod. Phys. Lett. A 3 837; 1988 ibid. 3 1299; 1989 Int. J. Mod. Phys. A 4 3851 [4] Nesterenko V V 1989 J. Phys. A 22 1673; 1991 J. Math. Phys. 32 3315; 1991 Int. J. Mod. Phys.

A 6 3989; 1994 Phys. Lett. B 327 (1994) 50 [5] Kuznetsov Y A and Plyushchay M S 1992 Phys. Lett. B 297 49; [6] Kuznetsov Y A and Plyushchay M S 1993 Nucl.Phys. B 389 181 [7] Imai N, Ishikawa K and Tanaka I 1992 Prog. Theor. Phys. 88 351 [8] Ramos E and Roca J 1995 Nucl. Phys. B 436 529; 1995 ibid. 452 705; 1996 ibid. 477 606 [9] Nersessian A 2001 Teor.Mat.Fiz. 126 179, 1998 Preprint hep-th/9805009, 1999 Preprint hepth/9904192 [10] Polyakov A M 1987 Gauge Fields and Strings (Reading, UK: Harwood Academic) [11] Dereli T, Hartley D H, Onder M and Tucker R W 1990 Phys. Lett. B 252 601 [12] Nesterenko V V , Feoli A and Scarpetta G 1995 J. Math. Phys. 36 5552 [13] Spivak M 1979 A Comprehensive Introduction to Differential Geometry, vol. Four, Second edition (Houston: Publish or Perish Inc.)

[14] Giaquinta M and Hildebrandt S 1996 Calculus of Variations I (Heidelberg: Springer-Verlag) [15] do Carmo M 1976 Differential Geometry of Curves and Surfaces (Englewood Cliffs, N.J.:

Prentice-Hall) [16] Capovilla R and Guven J 1995 Phys. Rev. D 51 6736 [17] Caianiello E R 1992 Rivista del Nuovo Cimento 15 1

Caianiello E R, Gasperini M and Scarpetta G 1990 Nuovo Cimento B 105 259 [18] Beem J K, Ehrlich P E, Easley K L 1996 Global Lorentzian Geometry, Second Edition Pure and Appl. Math. 202 (New York: Dekker) [19] Nesterenko V V, Feoli A, and Scarpetta G, 1996 Class. Quant. Grav. 13 1201