arXiv:hep-th/0105056 v2 7 Jun 2001

hep-th/0105056 UTMS 2001-12 May, 2001

T-Duality Group for Open String Theory

Hiroshige Kajiura^∗

Graduate School of Mathematical Sciences, University of Tokyo Komaba 3-8-1, Meguro-ku, Tokyo 153-8914, Japan

Abstract

We study T-duality for open strings on tori T^d. The general boundary conditions for the open strings are constructed, and it is shown that T-duality group, which preserves the mass spectrum of closed strings, preserves also the mass spectrum of the open strings. The open strings are transformed to those with different boundary conditions by T-duality. We also discuss the T-duality for D-brane mass spectrum, and show that the D-branes and the open strings with both ends on them are transformed together consistently.

�_{e-mail address: kuzzy@ms.u-tokyo.ac.jp}

1 Introduction

Noncommutative(NC) tori arise when compactifying matrix models on tori[1]. When fixing the noncommutativity Θ of the base torus, there are still ambiguities for the choice of (NC) gauge theories on the NC torus, and the algebras of these gauge theories are Morita equivalent to each other (and Morita equivalent to the base NC torus). Morita equivalent two-tori are generated by SL(2, Z)(×SL(2, Z))[1], and it is proven that, in general d where d is the dimension of the torus, Morita equivalent NC T^d is generated by SO(d, d|Z) [2] and conversely NC T^d generated by SO(d, d|Z) is Morita equivalent[3, 4] (for irrational NC parameter Θ^{ij} ). The Morita equivalence is realized geometrically in terms of quantum twisted bundles for two-tori[5, 6], and further investigated for higher dimensional tori[7].

Originally, SO(d, d|Z) is known as the T-duality group, which acts on the closed string background g, B so as to preserve the closed string mass spectrum[8]. For this reason, this correspondence between Morita equivalence and SO(d, d|Z) is often said that ‘Morita equivalence is equivalent to T-duality’. However physically, the relation between this SO(d, d|Z) group (acting on NC parameter Θ) and T-duality (acting on closed string background g, B) seems somehow not clear.

On the other hand, in [9], it is argued that in flat background g, B (on R^d or T^d), the field theory can be described by either commutative or noncommutative representation. The commutative description is natural for closed string theory, and noncommutative one is natural for open string theory (by the argument in [9], it is natural when we construct the field theory from the OPE for the boundary of the open string). The transformation between the variables in the commutative picture (g_s, g, B) and those in the NC picture (G_s, G, Θ) is also given^1. Now on T^d, T-duality group acts on commutative field theory side and Morita equivalence (SO(d, d|Z)) is on NC side. Moreover for instance in [9] (for |B/g| → ∞ limit), the SO(d, d|Z) T-duality transformation on the NC side is defined by the action of the T-duality group on (g_s, g, B) and using this transformation between (g_s, g, B) and (G_s, G, Θ). By this definition, the transformation between (g_s, g, B) and (G_s, G, Θ) is equivariant with the T-duality action on both sides^2, and for any commutative theory generated by T-duality, there is one equivalent NC theory. This T-duality on NC side coincides the Morita equivalence for the action on Θ.

However, NC theory is the theory on the open string picture. Therefore instead of the above indirect realization of Morita equivalence or SO(d, d|Z) T-duality on NC space, we would like to realize it directly from open string physics, like that the realization of the noncommutativity on tori was studied from open strings [11, 12, 13]^3 .

1Here g_s are the closed string coupling constant, G_s are the open string coupling constant, G is the open string metric, and Θ is the noncommutativity of the space.

2This compatibility is true also for finite |B/g| with a little modification[10]. 3In ref. [9], an interpretation on Morita equivalence from open strings is given in |B/g| → ∞ limit.

This is the motivation of the present paper. Towards this propose, in this paper, the general (S)O(d, d|Z) ‘T-duality covariant’ forms of the open string modes and the T-duality invariant form of the open string mass spectrum are given explicitly. These arguments include the T-duality transformation for the boundary conditions of open strings. The T-duality transformation for the boundary conditions is considered from different angles : from the point of view of canonical transformations[14], by utilizing O(d, d) symmetry^4 which is inherent in the form of the open string Hamiltonian[16], and by the boundary state formalism[17].

In section 2, it is shown that on T^d T-duality group (originally for closed string theory[8, 15]) preserves the mass spectrum of open strings with both ends on the same D-brane. The transformation for the oscillator modes preserving the mass spectrum is also derived.

In section 3, we discuss about the T-duality transformation of D-branes from the viewpoint of the D-brane mass. It is shown that by the action of T-duality group Dbranes and open strings with both ends on them are transformed together (to other D-branes and open strings with both ends on them).

On two-tori, the T-duality group SO(2, 2|Z) decomposes to SL(2, Z) × SL(2, Z) and the arguments become very simple. We apply the above general arguments on two-tori and show that it agrees with some expected results in section 4.

The physical meaning of the above results, especially the relation to Morita equivalence is discussed in Conclusions and Discussions.

2 T-duality for open strings

Consider a bosonic open string on torus T^d in flat background g and B with its periodicity 2π for all d-direction. The action is S = ∫ dτ ∫_{2π} 0 dσL = 1 4π ∫ dτ ∫_{2π} 0 dσ [ g_{μν} ∂_αX^μ∂^αX^ν + ϵ^{αβ}B_{μν} ∂_αX^μ∂_βX^ν ] (1) where μ, ν run the Euclidean space direction 1, · · · , d, α, β are τ or σ and its signature is Lorentzian : (τ, σ) = (+, −) .

The canonical momentum from the action (1) is given by

P_μ = δS δX^μ = 1 2π ( g_{μν} Ẋ^ν + B_{μν}X́^ν ) = 1 2π p_μ + · · · (2)

We take a different approach and the results in the present paper are valid without taking the |B/g| → ∞ limit._4

The way used for closed string theory in [15] is applied.

where Ẋ :=^{∂X}_{∂τ} , X́ :=^{∂X}_{∂σ} , p_μ is the zero mode momentum, and · · · means the higher oscillator modes. The Hamiltonian is H = ∫_{2π} 0 dσ [ P_μX^μ − L ] = 1 4π ∫_{2π} 0 dσ [˙ X^μg_{μν}Ẋ^ν + X́^μg_{μν} X́^ν ] . (3)

Though in this section we will show the invariance of the open string mass spectrum under the T-duality including the oscillator parts, at first we concentrate on the zero mode parts of the open string. Then X is represented as

X^μ = x^μ + f^μ_τ τ + f^μ_σ σ (4)

where f^μ_τ and f^μ_σ are constant but linearly dependent because of boundary conditions for open strings.

In the beginning, we consider the following standard boundary condition at σ = 0, 2π

Neumann b.c. : g_{iν}X́^ν + B_{iν}Ẋ^ν = 0 Dirichlet b.c. : Ẋ^a = 0 , (5) where {i}∪{a} = {1, · · · , d}, i is for Neumann b.c., and a is for Dirichlet b.c. . As will be seen later, by T-duality transformation it transforms to other boundary conditions. Here we start with this standard one and derive the zero-mode open string mass systematically. Substituting eq.(4) into eq.(5) leads

g_{iν} f^ν_σ + B_{iν} f^ν_τ = 0 , f^a_τ = 0 (6)

and from eq.(2) with eq.(4) one gets p_μ = g_{μν} f^ν_τ +B_{μν} f^ν_σ . Moreover on tori, the zero mode momentum p_μ for Neumann b.c. direction and f^μ_σ , which is the length of the open string over 2π, for Dirichlet b.c. direction are quantized in integer, i.e.

g_{iν} f^ν_τ + B_{iν}f^ν_σ = p_i ∈ Z, f^a_σ ∈ Z (7)

for each i or a. Combining the boundary conditions (6) and the integral conditions (7) leads [( e e ) ( g B B g ) + ( 1 − e 1 − e )] ( f_τ f_σ ) = ( e · p (1 − e) · m ) (8) where p ∈ Z^d is the momentum on T^d, m ∈ Z^d is the winding number (∝ length)of the open string, and e is a projection from {1, · · · , d} to Neumann b.c. directions {i}, i.e. e ∈ Mat(d, Z)^5 is a diagonal matrix with diagonal entries 1 (for Neumann b.c.) or 0 (for

Dirichlet b.c.). Furthermore act T_e := ( e 1 − e 1 − e e ) on both sides of (8) and we gets

M ( f_τ f_σ ) = ( q 0 ) , M = ( eg eB + (1 − e) eB + (1 − e) eg ) (9) 5Mat(d, Z) means the set of d × d matrices with integer entries.

for q = e · p + (1 − e) · m. Hereafter let q ∈ Z^d be the degree of freedom of the open string zero-modes. This M represents the open string with both ends on Dd^′-brane for d^′ = rank(e). Because M decides the type of the open strings, we will call M ‘open string data (OSD)’ (and the form of M is generalized later).

Once OSD M is given, the open strong zero-mode mass is obtained by substituting the OSD (9) into the Hamiltonian(3)

H_0 = 1 2 ( q^t 0 ) M_o ( q 0 ) , M_o := M^{t,−1} ( g 0 0 g ) M^{−1} . (10)

In particular case when d^′ = d (all N b.c. ), OSD (9) and its Hamiltonian (10) are M = ( g B B g ) , H_0 = 1 2 ( q^t 0 ) ( G^{−1} G^{−1} ) ( q 0 ) (11)

where G := g − Bg^{−1}B is the open string metric defined in [9]. This implies that an open string on a Dd-brane^6 feels the open string metric. Conversely if d^′ = 0 (all D b.c.), then M = ( 0 1 1 0 ) , H_0 = 1 2 ( q^t 0 ) ( g g ) ( q 0 ) . (12)

B field does not affect the open string with its ends on the D0-brane, and the energy is proportional to its length^7.

Here we consider the action of T-duality on T^d[8]. Let E := g + B ∈ Mat(d, R). The symmetric part (resp. antisymmetric part) of the matrix E ∈ Mat(d, R) is g (resp. B). T-duality acts on the closed string background E as

T (E) = (A(E) + B) (C(E) + D)^{−1} (13)

where T is an elements of O(d, d|Z) defined as T^t ( 0 1 1 0 ) T = ( 0 1 1 0 ) , T = ( A B C D ) , A, B, C, D ∈ Mat(d, Z) . (14) It is known that T-duality group O(d, d|Z) is generated by following three type of generators [8, 2]

T_e := ( e 1 − e 1 − e e ) , T_A = ( A 0 0 A^{t−1} ) , T_N = ( 1 N 0 1 ) (15)

6Though noncommutativity or NC tori is not introduced in this paper, this Dd-brane is in fact on a NC torus (with metric G), i.e. this open string theory is defined on a NC torus.

7This open string theory can also be defined on a NC torus. The torus has metric g�^1, which is related to the metric G in eq.(11) by T-duality T = T_{e=}0 defined below. The open string theories corresponding to eq.(11) are given by so-called Seiberg-Witten map (Dd → NC Dd) [9] and those corresponding to eq.(12) are given by compactifying matrix models (D0 → NC Dd) [1, 5, 6, 7, 10, 12, 13, 18].

for A ∈ GL(d, Z), N^t = −N ∈ Mat(d, Z) and e ∈ Mat(d, Z) is a projection defined previously below eq.(8).

We would like to find the transformation of OSD M preserving the mass H_0 under the T-duality action (13). In this paper we call such transformation as T-duality transformation of OSD M (or open strings ). In order to find it, here we observe the action of these three generators.

1. T_e0 T_e’s satisfy T_e0T_e = T_e00 for e^{′′} := e^′e + (1 − e^′)(1 − e) where e^{′′} ∈ Mat(d, Z) is also the projection. Let M[E, T_e] be the OSD charactarized by e with background E = g + B. Then it is natural to expect that the open string with OSD M[E, T_e] is transformed to the one with OSD M[T_e0(E), T_e00] by the action of T-duality T_e0. Actually it is. Let M^{−1}_o [E, T_e] be the inverse of M_o defined in eq.(3) with M = M[E, T_e]. Then the direct calculation shows that

M^{−1}_o [E, T_e] = M^{−1}_o [T_e0(E), T_e00]

is satisfied. (This equation will be shown also in eq. (19) where the arbitrary forms of OSD (18) which are compatible with the T-duality group are concerned. ) Thus one can see that the mass of the open string with OSD M[E, T_e] (on the Dd^′-brane in background E = g+B) is equal to the mass of the another open string on the Dd^{′′}-brane in background T_e0(E). In particular if e^′ = e then e^{′′} = 1, which means that OSD M^′ is transformed to the one of which the boundary condition is all-Neumann (11) in background T_e(E), and in contrast in the case e^′ = 1 − e then e^{′′} = 0 and the boundary condition becomes all- Dirichlet (12) (in background T_{(1−e)}(E)). Moreover when g = 1 and B = 0, the boundary condition part of these arguments reduce to those in [19] and the physical picture is the same as that in [20].

Anyway it was shown that the open string mass spectrum with OSD of the type M[E, T_e] is invariant under the action of the subgroup {T^′_e}.

2. T_A Next consider the action of T_A on the open string with OSD M[E, T_e]. Because E transforms to T_A(E) = AEA^t, if M[E, T_e] is transformed as

M^′ = [( eA^{−1} eA^{−1} ) ( T_A(g) T_A(B) T_A(B) T_A(g) ) ( A^{t,−1} A^{t,−1} ) + ( 1 − e 1 − e )] ( A^t A^t ) , (16)

then M^{−1}_o , or equivalently the mass H_0 is preserved. Note that the A^t acting from right in eq.(16) came from rewriting g^{−1} = A^tT (g^{−1})A^{t,−1} in M^{−1}_o .

Check the physical meaning of the transformed M^′. M^′ ( f^′_τ f^′_σ ) = ( q 0 ) leads the fol-

lowing equations

eA^{−1}(T (g)f^′_τ + T (B)f^′_σ) = e · q , eA^{−1}(T (B)f^′_τ + T (g)f^′_σ) = 0 (1 − e)A^tf^′_σ = (1 − e)A^tq , (1 − e)A^tf^′_τ = 0 .

By comparing these equations with eqs.(6)(7), one can see that the open string with OSD M^′ is the one on the Dd^′-brane which winds nontrivially on T^d due to A for d^′ = rank(e). We will write this M^′ as M[T_A(E), T_AT_e].

3. T_N Furthermore we act T_N on the open string with OSD M[T_A(E), T_AT_e]. Here we rewrite T_A(E) as E^′. T_N acts on E^′ = g^′ + B^′ as T_N (g^′) = g^′ and T_N (B^′) = B^′ + N. Because T_N preserves g^′, rewriting M[E^′, T_AT_e] as

M^{′′} = ( eA^{−1} eA^{−1} ) ( T_N (g^′) T_N (B^′) − N T_N (B^′) − N T_N (g^′) ) + ( 1 − e 1 − e ) ( A^t A^t ) , (17)

and the mass of the open string is invariant. The meaning of this consequence is clear. −N is the U(1) constant curvature F on T^d. As is well-known, the curvature affects only on the direction of Neumann boundary condition, and the fact corresponds to the eA^{−1} in eq.(17). The action of T_N preserves the value of the pair B + F , and such a transformation is, on R^d, often called as ‘Λ-symmetry’. However on T^d, the elements of F must be integer by the topological reason, and therefore the symmetry is discretized to be the group {T_N }.

From these three observations, it is natural to regard all the open strings in this system as those which are connected to the open string of all-Neumann b.c.(11) by any T-duality transformation. Moreover extending these three example of OSD (9)(16)(17), the general form of the OSD which are given by acting T on M[T^{−1}(E), 1] (all-Neumann b.c.) can be expected to be the form M[E, T ] ( f_τ f_σ ) = ( q 0 ) , M[E, T ] := (¯ Ag ĀB + B̄ ĀB + B̄ Āg ) (18)

for T^{−1} =: (¯ A B̄ C̄ D̄ ) = ( D^t B^t C^t A^t ) 8. Of course M_o[E, T ] and the mass H_0 are defined

as the form in eq.(3). As will be shown below, the mass spectrum given by this OSD is invariant under the T-duality transformation. In this sense, the form of OSD seems to be almost unique^9. We will show that this OSD is compatible with the T-duality transformation for D-branes in the next section and that on two-tori this derives expected results in the last section.

In order to confirm that actually the mass spectrum for general open strings characterized by OSD(18) is compatible with the O(d, d|Z) T-duality action, we check that M^{−1}_o is preserved under the action like as the above three examples. Define matrix

8The second equality follows from the definition of O(d, d|Z) (14).

9The boundary condition part of this OSD(18) can also be derived by applying the arguments in [17] in this situation.

J :=^{1√}_2 ( 1 1 1 −1 ) ∈ Mat(2d, Z) which satisfies J^2 = 1 and M[E, T ] is rewritten as M[E, T ] = J (¯ AE + B̄ ĀEt − B̄ ) J . Then one gets

M^{−1}_o [E, T ] = J (¯ AE + B̄ ĀEt − B̄ ) ( g^{−1} g^{−1} ) (¯ AE + B̄ ĀEt − B̄ )t J = ( T^{−1}(Eg^{−1}E^t) T^{−1}(Eg^{−1}E^t) ) = ( T^{−1}(G)

T^{−1}(G) )

where T^{−1}(E) = (ĀE + B̄)(C̄E + D̄)^{−1} , T^{−1}(g^{−1}) = (C̄E + D̄)g^{−1}(C̄E + D̄)^t. In the second step we used the identity (ĀE^t − B̄)g^{−1}(ĀE^t − B̄)^t = (ĀE + B̄)g^{−1}(ĀE + B̄)^t.

Thus, it has been shown that the mass of open strings with any OSD of the form (18) is equal to the mass of the open string with all-Neumann boundary condition (11) in background T^{−1}(E) i.e. M^{−1}_o [E, T ] = M^{−1}_o [T^{−1}E, 1]. Of course, this result means that any open string with OSD M[E, T ] (any T ) translate to that with another OSD M[T^′(E), T^′T ] in another T-dual background T^′(E) and the mass is preserved

M_o[E, T ] = M_o[T^′(E), T^′T ] . (19)

Mention that a certain subset of T-duality group acts trivially on open strings, because the open strings have half degree of freedom compared with the closed strings.

In the last of this section, we will derive the T-duality transformation for the oscillator parts. The mode expansion of X is

X^μ = x^μ + f^μ_τ τ + f^μ_σ σ + ∑ n≠0 2e �inτ_2 n (ia_{(n)} cos( nσ 2 ) + b_{(n)} sin( nσ 2 )) ,

and substituting this into the Hamiltonian (3) leads H = 1 2 ( q^t 0 ) M_o ( q 0 ) + 1 2 ∑ n≠0 ( a^t_{(n)} b^t_{(n)} ) (g−1 g^{−1} ) ( a_{(−n)} b_{(−n)} ) . For open strings, the a_{(n)} and b_{(n)} are linearly dependent because of the constraint from boundary conditions. The general form of boundary conditions are (ĀB + B̄)Ẋ + ĀgX́ | | σ=0,2π = 0 , T ∈ O(d, d|Z) or for each mode n, (ĀB + B̄)a_{(n)} + Āgb_{(n)} = 0. In the same spirits of the OSD(18), let us define q_{(n)} as M[E, T ] ( a_{(n)} b_{(n)} ) = ( q_{(n)} 0 ) , M[E, T ] := (¯ Ag ĀB + B̄ ĀB + B̄ Āg ) , (20) and the Hamiltonian can be represented as the following form H = 1 2 ( q^t 0 ) M_o ( q 0 ) + 1 2 ∑ n≠0 ( q^t_{(n)} 0 ) M_o ( q_{(−n)} 0 ) . As was already shown, when background E transforms to T^′(E), M_o is invariant if OSD M[E, T ] changes to M[T^′(E), T^′T ]. Therefore the mass is invariant if each q_{(n)} is preserved under the transformation T^′. Thus the transformations for a_{(n)} and b_{(n)} are given by acting M[E, T ]^{−1} on both sides of eq.(20) similarly for the zero modes f_τ , f_σ in eq.(18).

3 T-duality for D-branes

In this section, we discuss the T-duality transformation for D-branes and show that the transformation agrees with the consequence in the previous section.

T-duality group acts on g_s as

T (g_s) = g_s det (CE + D)^{− 12} .

The mass of the Dd-brane is the constant term of the DBI-action

M D [E, 1] =^1_{gs}√_{α′}^√det E ,

and which can be rewritten with the variable in background T (E) as

M D [E, 1] =^1_{T (gs)}√_{α′}^√det(^¯AT (E) +^¯B) =: M D [T (E), T ] , T^{−1} =:^{(Ā B̄}_{C̄ D̄}^) .

(21)

This identities is considered as the T-duality transformation for the D-brane mass corresponding to that for the open string (18)(20)^{10}. The right hand side of eq.(21) is regarded as the mass of some D-brane bound state in background T (E) (and which implies that the D-brane mass spectrum is invariant under the T-duality).

In order to clarify the states represented by the right hand side in eq.(21), here let us consider as T in eq.(21) the three type of generators(15) or some compositions of those as discussed previously.

1. T_e Take T as T_e and the right hand side in (21) becomes 1 g_s √ α^′ √ det(eE + (1 − e)) = 1 g_s √ α^′ √ det_e(E) = M_D [T (E), T ] (22)

10This D-brane transformation is in fact compatible with that on NC tori. In two-tori case these arguments are given in [21] and applied to the T-duality for NC solitons on two-tori. In the |B/g| → ∞ limit, the arguments reduce to those in [22].

where det_e(E) means the determinant for the submatrix of E restricted on the elements for the Neumann b.c. direction. This is exactly the mass of the Dd^′-brane in background T_e(E) for d^′ = rank(e) = ♯{i}. On this Dd^′-brane the open strings with OSD M[T_e(E), T_e] live.

2. T_A Here replace the above T_e(E), T_e(g_s) with E, g_s and consider acting T_A on eq.(22) in parallel with the previous arguments in section 2. The mass of the single Dd^′-brane in background E is 1 T_A(g_s) √ α^′ √ det(eA^{−1}T_A(E) + (1 − e)A^t) = M_D [T_A(E), T_AT_e] (23)

in background T_A(E)^{11} . Because of √ det(eA^{−1}T_A(E) + (1 − e)A^t) = √ det(eA^{−1}(T_A(E))A^{t,−1} + (1 − e)) = √ det_e(A^{−1}T_A(E)A^{t,−1})

and comparing with the OSD(16), one can see that this is the mass of the Dd^′-brane which winds nontrivially on the torus with background T_A(E) due to the transformation of A.

3. T_N Further acting T_N on eq.(23) yields 1 g^′_s √ α^′ √ det(eA^{−1}(T_N (E^′) − N) + (1 − e)A^t) = M_D [T_N(E^′), T_N T_AT_e]

for E^′ = T_A(E) and g^′_s = T_A(g_s) (= T_N (g^′_s)). This is also the expected results and is consistent with the corresponding OSD(17). On the Dd^′-brane twisted on T^d by A, the line bundle over it is also twisted and the open strings with OSD M^{′′} = M[T_N (E^′), T_N T_AT_e] are on it.

One has seen that both the open string with generic OSD and the D-branes on which the open string ends transform together consistently in the examples where the number of the D-brane of the highest dimension is one.

In general, the D-brane of the highest dimension can be more than one. We will see such an example in the T^2 case.

4 T-duality on two-tori

SO(d, d|Z), which is given by restricting the rank of 1 − e in T_e ∈ O(d, d|Z) to even rank, is known as the group which arises in the issue of Morita equivalence on NC T^d. Furthermore, when the dimension of the torus is two, it is well-known that it can be decomposed as SO(2, 2|Z) ≃ SL(2, Z) × SL(2, Z). One of two SL(2, Z) groups is the

11The mass corresponds to the M_D [T (E), T ] in eq.(21) with replacing E with T �^1_e (E) and T = T_AT_e .

modular transformation of the target space T^2. It corresponds to T_A (A ∈ SL(2, Z)) in SO(2, 2|Z) and preserves g_s and √ det(E). The other SL(2, Z) is discussed as the group generating Morita equivalent NC T^2 [1, 10, 18] and here at first we discuss the action of this part. This SL(2, Z) transformation can be embedded into SO(2, 2|Z) as follows SL(2, Z) → SO(2, 2|Z) t^+_2 := ( a b c d ) → ( a1 bJ c(−J) d1 ) =: t^+

(24)

for J := (^{0 1}_{−1 0} ) ∈ Mat(2, Z)^{12}.

The general OSD (18) and D-brane mass (21) are simplified as ( d · g d · B − bJ d · B − bJ d · g ) ( f_τ f_σ ) = ( q 0 ) , q ∈ Z^2 ,

M D [E, t^+] =^1_{gs}√_{α′}^√det(dE − bJ) .^{(25)}

This is the system of the (d, −b) D2-D0 bound state in background E. When d ≥ 1, the system is described by rank d gauge theory with the constant curvature.

The OSD generated by all the elements of SO(2, 2|Z) are given by acting t^− ∈ {T_A|A ∈ SL(2, Z)} on eq.(25).

One more interesting example is the system derived by acting T_e with rank(e) = 1 on the above D2-D0 system. The system is transformed to the system of only a single D1- brane, and the arguments reduce to those discussed in [23]. Let us discuss the connection finally.

The OSD for this system is M[E, T_et^−t^+] for e = (^{1 0}_{0 0} ) (fixed), t^− = T_A with any A = (^{p q}_{r s} ) ∈ SL(2, Z) and any t^+ of t^+_2 = (^{a b}_{c d} ) ∈ SL(2, Z) in eq.(24). Explicitly, with a little calculation,

M[E, T_et^−t^+] = ( A^{−1}e(t^+)^{−1}g A^{−1}e(t^+)^{−1}B + A^{−1}(1 − e)(t^+)^t A^{−1}e(t^+)^{−1}B + A^{−1}(1 − e)(t^+)^t A^{−1}e(t^+)^{−1}g ) .

12This SL(2, Z) ⊂ SO(2, 2|Z) is essentially generated by {T_e} and {T_N } in the following sense. When d = 2, the subgroup {T_e} ( resp. {T_N }) is generated by ( 0 11 0 ) ( resp. ( 1 J0 1 )). On the other hand, it is known that SL(2, Z) is generated by

� 0 1

�1 0^{� and ( 1 1}0 1^{), which are embedded into SO(2, 2|}Z^{) as ( 0 J}J 0^)

and ( 1 J_0 1 ) , respectively. ( 0 11 0 ) and (^0 JJ_0 ) are related by the modification of T_{A=}J := ( J^0_0 J ) ∈ {T_A} as ( 0 JJ 0 ) = T_{A=}J ( 0 11 0 ).

Note that any element of SO(2, 2|Z) can be written as the form t�t^+ for some t� ∈ {T_A} and t^+ ∈ {(^0 JJ_0 ) , ( 1 J_0 1 )}.

Acting A in both sides of M[E, T_et^−t^+] ( f_τ f_σ ) = ( q 0 ) leads

M[E, t^+T_e] ( f_τ f_σ ) = ( A · q 0 ) . This shows that the number of the D1-brane is exactly one. Moreover one can read that A ∈ SL(2, Z) acts as the automorphism for the zero-modes of the open strings and that t^+ twists the D1-brane on T^2, as argued in [23]. The previous general arguments (18)(21) guarantee that the mass spectrum for the open strings and D1-brane are preserved under the two SL(2, Z).

From the viewpoint of K-theory, the D2-D0 bound states in the former situation correspond to the elements of K^0(T^2), whereas the latter situation corresponds to K^1(T^2). It is interesting that t^+, which is the automorphism on K^0(T^2), is transformed to that on K^1(T^2) by T_e.

5 Conclusions and Discussions

We studied the T-duality group for open string theory on T^d with flat but general background E = g + B. We constructed the generic boundary conditions which are expected from the existence of O(d, d|Z) T-duality group, and showed that the mass spectrum of the open strings with those boundary conditions is invariant under the T-duality group. Furthermore, by discussing the D-brane mass spectrum which is invariant under the T-duality, we derived the T-duality transformation for D-branes. They should be the boundary of the open strings, and showed that actually the D-branes and the open strings on them transform together consistently.

Physically, from the viewpoints of field theories on the target space T^d, the open string mass spectrum^1_2 ( q^t 0 ) M_o (^q_0 ) corresponds to the kinetic term for field theories on NC

T^d. The open string zero-modes q are, even if the degree of freedom are the length of

open strings on the commutative T^d, translated into the momentum of the fields on the

NC T^d. This picture seems to give us the realization of the Morita equivalence from the

open string physics^{13}. The mass of the D-branes on T^d are also translated as that on the

NC T^d, which is the constant (leading) term of the DBI-action.

Precisely, when saying Morita equivalence, we have to study the noncommutativity, which is not discussed explicitly in the present paper. Because we now get the explicit form of the T-duality covariant open string modes, it is one approach to the issue along this paper to study the interaction terms for NC field theory similarly in [12, 13].

13Precisely, when connecting the T-duality transformation on commutative T^d with that on NC T^d with finite |B/g|, we have to introduce background Φ on NC T^d [2, 9, 10, 18, 21].

It is also interesting to comment about the Chan-Paton degree of freedom. T-duality is originally the duality for closed string theory. When applying this T-duality to open string theory, the gauge bundles emerge. They are generally twisted and the rank are generally greater than one, though only the U(1) parts of the gauge group is concerned. This relation between closed string theory and open string theory is intriguing. Moreover, the T-duality for such pairs of submanifolds in T^d and the U(1)-bundle discussed in the present paper may be applied to other compactified manifolds.

Acknowledgments

I am very grateful to A. Kato for helpful discussions and advice. I would also like to thank M. Kato, T. Takayanagi, and S. Tamura for valuable discussions. The author is supported by JSPS Research Fellowships for Young Scientists.

References

[1] A. Connes, M. R. Douglas and A. Schwarz, “Noncommutative geometry and matrix theory: Compactification on tori,” JHEP 9802 (1998) 003, hep-th/9711162.

[2] A. Schwarz, “Morita equivalence and duality,” Nucl. Phys. B 534 (1998) 720, hepth/9805034.

[3] M. Rieffel and A. Schwarz, “Morita equivalence of multidimensional noncommutative tori,” Internat. J. Math.10 (2) (1999) 289-299, math.QA/9803057.

[4] M. Rieffel, “Projective modules over higher-dimensional non-commutative tori,” Canadian J. Math. 40(1988), 257–338.

[5] P. Ho, “Twisted bundle on quantum torus and BPS states in matrix theory,” Phys.

Lett. B 434 (1998) 41, hep-th/9803166.

[6] B. Morariu and B. Zumino, “Super Yang-Mills on the noncommutative torus,” hepth/9807198.

[7] D. Brace, B. Morariu and B. Zumino, “Dualities of the matrix model from T-duality of the type II string,” Nucl. Phys. B 545 (1999) 192, hep-th/9810099.

[8] A. Giveon, M. Porrati and E. Rabinovici, “Target space duality in string theory,” Phys. Rept. 244 (1994) 77, hep-th/9401139, and references therein.

[9] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” JHEP 9909 (1999) 032, hep-th/9908142.

[10] B. Pioline and A. Schwarz, “Morita equivalence and T-duality (or B versus Θ),” JHEP 9908 (1999) 021, hep-th/9908019.

[11] M. R. Douglas and C. Hull, “D-branes and the noncommutative torus,” JHEP 9802 (1998) 008, hep-th/9711165.

[12] T. Kawano and K. Okuyama, “Matrix theory on noncommutative torus,” Phys. Lett.

B 433 (1998) 29, hep-th/9803044.

[13] Y. E. Cheung and M. Krogh, “Noncommutative geometry from 0-branes in a background B-field,” Nucl. Phys. B 528 (1998) 185, hep-th/9803031.

[14] M. M. Sheikh-Jabbari, “A note on T-duality, open strings in B-field background and canonical transformations,” Phys. Lett. B 474 (2000) 292, hep-th/9911203.

[15] J. Maharana and J. H. Schwarz, “Noncompact symmetries in string theory,” Nucl.

Phys. B 390 (1993) 3, hep-th/9207016.

[16] J. Maharana and S. S. Pal, “Noncommutative open string, D-brane and duality,” Phys. Lett. B 488 (2000) 410, hep-th/0005113.

[17] D. Kamani, “T duality and mixed branes,” Phys. Lett. B 487 (2000) 187, hepth/0010019; “General target space duality and its effects on D-branes,” Nucl. Phys. B 601 (2001) 149, hep-th/0104089.

[18] A. Konechny and A. Schwarz, “Introduction to M(atrix) theory and noncommutative geometry,” hep-th/0012145, and references therein.

[19] J. Dai, R. G. Leigh and J. Polchinski, “New connections between string theories,” Mod. Phys. Lett. A 4 (1989) 2073.

[20] W. I. Taylor, “D-brane field theory on compact spaces,” Phys. Lett. B 394 (1997) 283, hep-th/9611042.

[21] H. Kajiura, Y. Matsuo and T. Takayanagi, “Exact tachyon condensation on noncommutative torus,” hep-th/0104143.

[22] I. Bars, H. Kajiura, Y. Matsuo and T. Takayanagi, “Tachyon condensation on noncommutative torus,” Phys. Rev. D 63 (2001) 086001, hep-th/0010101.

[23] F. Ardalan, H. Arfaei and M. M. Sheikh-Jabbari, “Noncommutative geometry from strings and branes,” JHEP 9902 (1999) 016, hep-th/9810072.