arXiv:hep-th/0105093 v3 2 Jul 2001

IC/2001/32 hep-th/0105093

The Cardy-Verlinde Formula and Topological AdS-Schwarzschild Black Holes

Donam Youm^1

ICTP, Strada Costiera 11, 34014 Trieste, Italy

Abstract

We consider the brane universe in the background of the topological AdS-Schwarzschild black holes. The induced geometry of the brane is that of a flat or an open radiation dominated FRW-universe. Just like the case of a closed radiation dominated FRWuniverse, the temperature and entropy are simply expressed in terms of the Hubble parameter and its time derivative when the brane crosses the black hole horizon. We propose the modified Cardy-Verlinde formula which is valid for any values of the curvature parameter k in the Friedmann equations.

May, 2001

1E-mail: youmd@ictp.trieste.it

Verlinde made an interesting proposal [1, 2] that the Cardy formula [3] for a twodimensional conformal field theory (CFT) can be generalized to an arbitrary spacetime dimensions and such generalized formula, called the Cardy-Verlinde formula, is closely related to the Friedmann equation at the moment when the cosmological bounds on the thermodynamic quantities of the holographic dual theory are saturated. This result is later shown to hold for the holographic duals to various bulk backgrounds [4, 5, 6, 7, 8, 9, 10, 11]. The quantum effects to the Cardy-Verlinde formula were studied in Refs. [12, 13, 14]. In this note, we consider the brane universe in the bulk background of the AdS-Schwarzschild black holes with the event horizon having zero and negative curvatures, the so-called topological black holes. (Cf. Some aspects of the brane cosmology in such bulk background were explored also in Refs. [15, 16].) The brane universes under consideration are therefore flat and open universes. We propose the modified Cardy-Verlinde formula which holds for any values of the curvature parameter k in the Friedmann equations. We show that even for flat and open brane universes the proposed cosmological bounds on the temperature and entropy of the holographic dual theory are saturated and thereby simply expressed in terms of the Hubble parameter and its time derivative when the brane crosses the horizon of the AdS-Schwarzschild black hole.

It is believed that black holes in asymptotically flat spacetime should have spherical horizon [17, 18]. However, when a spacetime has negative cosmological constant, a black hole can have non-spherical horizon. Four-dimensional black hole solutions whose horizon is an arbitrary genus Riemann surface were studied in Refs. [19, 20, 21, 22, 23, 24, 25]. In Ref. [26], such black hole solutions were generalized to arbitrary spacetime dimensions. The solution has the following form:

ds^2_{n+2} = −h(a)dt^2 + 1 h(a) da^2 + a^2γ_{ij} (x)dx^idx^j , h(a) = k − w_{n+1}M a^{n−1} + a^2 L^2

, ω_{n+1} = 16πG_{n+2} nVol(M^n)

, (1)

where γ_{ij} is the horizon metric for a constant curvature manifold M^n with the volume Vol(M^n) = ∫ d^nx√γ, G_{n+2} is the (n+2)-dimensional Newton’s constant, M is the ADM mass of the black hole and L is the curvature radius of the background AdS spacetime. The horizon geometry of the black hole is elliptic, flat and hyperbolic for k = 1, 0, −1, respectively. The Bekenstein-Hawking entropy and the Hawking temperature of the black hole are S = a^n_H Vol(M^n)

4G_{n+2} , T = h^′(a_H ) 4π = (n + 1)a^2_H + (n − 1)kL^2 4πL^2a_H , (2)

where a_H is the horizon, defined as the largest zero of h(a), and the prime denotes the derivative w.r.t. a. As for the k = −1 case, the requirement of positivity of temperature enforces an inequality on the value of a_H , namely that a_H > L √ (n − 1)/(n + 1).

We consider an n-brane moving in the background of the above AdS-Schwarzschild black hole. The metric on the brane is given by the induced metric

ds^2_{n+1} = − h(a) − 1 h(a) ( da dt )2 dt^2 + a^2γ_{ij} dx^idx^j . (3)

In terms of a new time coordinate τ , called the cosmic time, satisfying 1 h(a) ( da dτ )2 − h(a) ( dt dτ )2 = −1, (4)

the brane metric (3) takes the standard Robertson-Walker form

ds^2_{n+1} = −dτ^2 + a^2(τ )γ_{ij} dx^idx^j , (5)

with the cosmic scale factor a. The equation of motion for the brane action can be translated into [2] dt dτ = σa h(a) , (6)

where the parameter σ is related to the brane tension. From Eqs. (4,6), we obtain the following Friedmann equation for the radiation dominated brane universe:

H^2 = ω_{n+1}M a^{n+1} − k a^2

, (7)

by fine-tuning the brane tension to σ = 1/L so that the cosmological constant term in the Friedmann equation vanishes. Here, H ≡ ȧ/a is the Hubble parameter, where the overdot denotes the derivative w.r.t. τ . Taking the τ -derivative of Eq. (7), we obtain the second Friedmann equation

Ḣ = −n + 1 2 ω_{n+1}M a^{n+1} + k a^2

. (8)

According to the AdS/CFT correspondence, thermodynamic quantities of the CFT at high temperature can be identified with the corresponding thermodynamic quantities of the bulk AdS black hole [27]. Since the standard GKPW prescription [28, 29] does not fix the overall scale of the boundary metric, we are free to re-scale the boundary metric to be of the following form: ds^2_{CF T} = lim_{a→∞} [ L^2 a^2 ds^2_{n+2} ] = −dt^2 + L^2γ_{ij} dx^idx^j . (9)

Since the CFT time is rescaled by the factor L/a w.r.t. the AdS time, the energy E and the temperature T of the CFT are rescaled by the same factor w.r.t. the corresponding thermodynamic quantities of the AdS black hole: E = M L a , T = T L a = 1 4πa [ (n + 1) a_H L + (n − 1) kL a_H ] , (10) whereas the entropy S of the CFT is given by the Bekenstein-Hawking entropy (2) of the AdS black hole without re-scaling. Note, in terms of the energy density ρ = E/V and the pressure p = ρ/n of the CFT within the volume V = a^nVol(M^n), the Friedmann equations (7,8) take the following standard forms:

H^2 = 16πG n(n − 1) ρ − k a^2

, (11) Ḣ = − 8πG n − 1 (ρ + p) + k a^2

, (12)

where G = (n − 1)G_{n+2}/L is the Newton’s constant on the brane. From these Friedmann equations, we obtain the energy conservation equation ρ̇ + nH(ρ + p) = 0.

The Friedmann equations (11,12) can be respectively put into the following forms, resembling the formulas for the CFT:

S_H = 2π n a √ E_{BH} (2E − kE_{BH} ), (13) kE_{BH} = n(E + pV − T_H S_H ), (14) in terms of the Hubble entropy S_H and the Bekenstein-Hawking energy E_{BH} , where

S_H ≡ (n − 1) HV 4G , E_{BH} ≡ n(n − 1) V 8πGa^2 , T_H ≡ − Ḣ 2πH . (15)

The first Friedmann equation (11) can be also rewritten as the following relation among the Bekenstein entropy S_B =^{2π}_n Ea, the Bekenstein-Hawking entropy S_{BH} = (n−1)^V_{4Ga} and the Hubble entropy S_H :

S^2_H = 2S_BS_{BH} − kS^2_{BH} . (16)

We consider the moment at which the brane crosses the black hole horizon a = a_H , defined as the largest root of h(a) = 0, i.e.,

a^2_H L^2 + k − w_{n+1}M a^{n−1}_H = 0. (17)

From Eqs. (7,17), we see that

H^2 = 1 L^2 at a = a_H . (18)

The entropy S remains constant during the cosmological evolution, but the entropy density, s = S V = (n − 1) a^n_H 4GLa^n , (19) varies with time. From Eqs. (18,19), we see that the entropy density at a = a_H is given in terms of H at a = a_H in the following form:

s = (n − 1) H 4G at a = a_H , (20)

which implies S = S_H at a = a_H . (21) From the temperature expression T = h^′L/(4πa_H ) at a = a_H along with the formula H^2 = σ^2 − h(a)/a^2 (which follows from Eqs. (4,6)), we see that the CFT temperature at a = a_H can be expressed in terms of H and Ḣ in the following way: T = − Ḣ 2πH at a = a_H . (22)

Eq. (14) along with Eqs. (21,22) implies

E_C = kE_{BH} at a = a_H , (23)

where E_C is the Casimir energy defined as E_C ≡ n(E + pV − T S). (24) So, for any values of k, the thermodynamic quantities of the CFT take the forms simply expressed in terms of the Hubble parameter and its time derivative when the brane crosses the black hole horizon.

The above thermodynamic quantities of the CFT satisfy the first law of thermodynamics, T dS = dE + pdV, (25) which can be expressed in terms of the densities as T ds = dρ + n(ρ + p − T s) da a , (26)

making use of dV = nV da/a. If the entropy and energy are assumed to be purely extensive, then the combination ρ + p − T s is always zero. For the conformal system under consideration, the combination is not always zero due to the subextensive contribution. To find the expression for the combination, we express the energy density of the CFT in the following way: ρ = na^n_H 16πG_{n+2}a^{n+1} (a_H L + k L a_H ) , (27)

and make use of the equation of state p = ρ/n, which is valid for CFTs. The resulting expression is n 2 (ρ + p − T s) = k γ a^2

, (28) where the Casimir quantity γ is given by γ = n(n − 1)a^{n−1}_H 16πGa^{n−1} . (29)

In other words, the Casimir energy of the CFT is given by

E_C = kn(n − 1)a^{n−1}_H Vol(M^n) 8πGa . (30)

So, the Casimir energy is positive [negative] for k = 1 [k = −1] and zero for k = 0. The entropy density (19) of the CFT can be expressed in terms of γ and ρ as

s^2 = (4π n )2 γ ( ρ − k γ a^2 ) . (31)

By making use of Eq. (20), we can show that the entropy density expression (31) at a = a_H (i.e., when the brane crosses the black hole horizon) exactly reproduces the first Friedmann equation (11). Furthermore, by making use of Eqs. (20,22), we can show that Eq. (28) reproduces the second Friedmann equation (12) when a = a_H . This result implies that for any values of k the Friedmann equations know about the thermodynamic properties of the CFT.

Since the Casimir energy (30) is negative and zero respectively for the k = −1, 0 cases, the Cardy-Verlinde formula proposed in Ref. [1] is not valid for these cases. We can nevertheless infer the modified Cardy-Verlinde formula which is valid for any k from cosmological formulas (13,14). We have shown that S = S_H and E_C = kE_{BH} when a = a_H . So, from the cosmological Cardy formula (13) we can infer the following modified form of the Cardy-Verlinde formula, valid for any k: S = √ 2πa n S_C (2E − E_C ). (32)

Since E_C is zero and negative respectively for k = 0, −1, we here choose to define the Casimir entropy S_C first and then define E_C in terms of S_C in the following way: S_C ≡ 2π n E_{BH} a | | a=aH , E_C ≡ kn 2πa S_C = kE_{BH} |_{a=a}H a_H a , (33)

where E_{BH} is defined in Eq. (15). So, the Casimir entropy of the CFT is given by

S_C = (n − 1) a^{n−1}_H Vol(M^n) 4G , (34)

which is positive for any k, in accordance with an interpretation of S_C as a generalization of the central charge to arbitrary spacetime dimensions. Note, the definition of E_C in Eq. (33) is compatible with another definition (24) of E_C . This is due to the fact that Eq. (14) and Eq. (24) coincide when a = a_H , since S = S_H and T = T_H when a = a_H . The modified formula (32) expresses that the entropy S has negative [positive] contribution from the Casimir effect for the k = 1 [k = −1] case and no Casimir effect contribution for the k = 0 case. The modified Cardy-Verlinde formula (32) can be rewritten as the following relation among S, S_C and S_B :

S^2 = 2S_B S_C − kS^2_C . (35)

This relation has the same form as the relation (16) among the cosmological entropy bounds, except that the roles of S_H and S_{BH} are respectively taken over by S and S_C . These two relations coincide when a = a_H .

We have seen that for any values of k the thermodynamic quantities of the CFT take the simple forms that saturate the cosmological bounds, which are originally conjectured [1] for the k = 1 case, only. We argue that such conjectured cosmological bounds hold even for the k = −1, 0 cases. First of all, the criterion for distinguishing between a weakly and a strongly self-gravitating universe becomes modified when k ≠ 1. If we choose to define the universe to be weakly [strongly] self-gravitating when the total energy E is less [greater] than E_{BH} (defined as the energy required to form a black hole with the size of the entire universe), then from the first Friedmann equation (11) we see that the criterion on H is modified to E ≤ E_{BH} ⇔ S_B ≤ S_{BH} for Ha ≤ √ 2 − k E ≥ E_{BH} ⇔ S_B ≥ S_{BH} for Ha ≥ √ 2 − k. (36)

We propose that for general values of k the cosmological bound on S_C conjectured in Ref. [1] continues to hold:

S_C ≤ S_{BH} . (37)

For the strongly self-gravitating case, from Eqs. (36,37) we have S_C ≤ S_{BH} ≤ S_B. From Eq. (35) we see that S is a monotonically increasing function of S_C in the interval S_C ≤ S_B for any values of k. So, S reaches its maximum value when S_C = S_B and therefore S_C = S_{BH} , for which case S = S_H as can be seen from Eqs. (16,35). The conjectured cosmological bound (37) on S_C for the strongly self-gravitating case therefore implies the Hubble entropy bound for any values of k: S ≤ S_H for Ha ≥ √ 2 − k. (38)

The criterion (36) on H for the strongly self-gravitating universe along with the first Friedmann equation (7) implies a^{n−1} ≤ ω_{n+1}M/2. So, from the explicit expression (10) for T , we infer the following cosmological bound on the temperature of the CFT: T ≥ T_H for Ha ≥ √ 2 − k. (39)

These cosmological bounds (38,39) are saturated at the moment when the brane crosses the black hole horizon, as shown in Eqs. (21,22), respectively.

References

[1] E. Verlinde, “On the holographic principle in a radiation dominated universe,” hepth/0008140.

[2] I. Savonije and E. Verlinde, “CFT and entropy on the brane,” hep-th/0102042. [3] J.L. Cardy, “Operator content of two-dimensional conformally invariant Theories,” Nucl.

Phys. B270 (1986) 186.

[4] B. Wang, E. Abdalla and R. Su, “Relating Friedmann equation to Cardy formula in universes with cosmological constant,” Phys. Lett. B503 (2001) 394, hep-th/0101073.

[5] D. Klemm, A.C. Petkou and G. Siopsis, “Entropy bounds, monotonicity properties and scaling in CFTs,” Nucl. Phys. B601 (2001) 380, hep-th/0101076.

[6] R. Cai, “The Cardy-Verlinde formula and AdS black holes,” hep-th/0102113. [7] A.K. Biswas and S. Mukherji, “Holography and stiff-matter on the brane,” JHEP 0103 (2001) 046, hep-th/0102138.

[8] D. Birmingham and S. Mokhtari, “The Cardy-Verlinde formula and Taub-Bolt-AdS spacetimes,” hep-th/0103108.

[9] D. Klemm, A.C. Petkou, G. Siopsis and D. Zanon, “Universality and a generalized C-function in CFTs with AdS duals,” hep-th/0104141.

[10] D. Youm, “The Cardy-Verlinde formula and asymptotically flat charged black holes,” hep-th/0105036.

[11] R. Cai, Y.S. Myung, and N. Ohta, “Bekenstein bound, holography and brane cosmology in charged black hole background,” hep-th/0105070.

[12] S. Nojiri and S.D. Odintsov, “AdS/CFT correspondence, conformal anomaly and quantum corrected entropy bounds,” hep-th/0011115.

[13] S. Nojiri and S.D. Odintsov, “AdS/CFT and quantum-corrected brane entropy,” hepth/0103078.

[14] S. Nojiri, O. Obregon, S.D. Odintsov, H. Quevedo, and M.P. Ryan, “Quantum bounds for gravitational de Sitter entropy and the Cardy-Verlinde formula,” hep-th/0105052.

[15] Y.S. Myung, “Radially infalling brane and moving domain wall in the brane cosmology,” hep-th/0102184.

[16] Y.S. Myung, “Standard cosmology from the brane cosmology with a localized matter,” hep-th/0103241.

[17] S.W. Hawking, “Black holes in general relativity,” Commun. Math. Phys. 25 (1972) 152.

[18] J.L. Friedman, K. Schleich and D.M. Witt, “Topological censorship,” Phys. Rev. Lett.

71 (1993) 1486, Erratum-ibid. 75 (1993) 1872, gr-qc/9305017.

[19] R.B. Mann, “Pair production of topological anti-de Sitter black holes,” Class. Quant.

Grav. 14 (1997) L109, gr-qc/9607071.

[20] D.R. Brill, J. Louko and P. Peldan, “Thermodynamics of (3+1)-dimensional black holes with toroidal or higher genus horizons,” Phys. Rev. D56 (1997) 3600, gr-qc/9705012.

[21] L. Vanzo, “Black holes with unusual topology,” Phys. Rev. D56 (1997) 6475, grqc/9705004.

[22] R.B. Mann, “Charged topological black hole pair creation,” Nucl. Phys. B516 (1998) 357, hep-th/9705223.

[23] S. Aminneborg, I. Bengtsson, S. Holst and P. Peldan, “Making anti-de Sitter black holes,” Class. Quant. Grav. 13 (1996) 2707, gr-qc/9604005.

[24] D.R. Brill, “Multi-black-holes in 3D and 4D anti-de Sitter space-times,” Helv. Phys.

Acta 69 (1996) 249, gr-qc/9608010.

[25] D. Klemm, V. Moretti and L. Vanzo, “Rotating topological black holes,” Phys. Rev.

D57 (1998) 6127, Erratum-ibid. D60 (1998) 109902, gr-qc/9710123.

[26] D. Birmingham, “Topological black holes in anti-de Sitter space,” Class. Quant. Grav.

16 (1999) 1197, hep-th/9808032.

[27] E. Witten, “Anti-de Sitter space, thermal phase transition, and confinement in gauge theories,” Adv. Theor. Math. Phys. 2 (1998) 505, hep-th/9803131.

[28] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, “Gauge theory correlators from noncritical string theory,” Phys. Lett. B428 (1998) 105, hep-th/9802109.

[29] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150.