arXiv:hep-th/0105113 12 May 2001

INFNCA-TH0104 MIT-CTP-3134

Conformal Dynamics of 0-Branes

M. Cadoni^{1,a∗}, P. Carta^{1,a†}, M. Cavaglià^{2,b‡} and S. Mignemi^{3,a§}

1 Università di Cagliari, Dipartimento di Fisica, Cittadella Universitaria, 09042 Monserrato, Italy

2 Center for Theoretical Physics, Massachusetts Institute of Technology, 77 Massachusetts Avenue, Cambridge MA 02139-4307, USA

3 Università di Cagliari, Dipartimento di Matematica, Viale Merello 92, 09123 Cagliari, Italy

a INFN, Sezione di Cagliari

b INFN, Sede di Presidenza, Roma

Abstract

We investigate the dynamics of dilatonic D-dimensional 0-branes in the near-horizon regime. The theory is given in a twofold form: two-dimensional dilaton gravity and nonlinear sigma model. Using asymptotic symmetries, duality relations, and sigma model techniques we find that the theory has three conformal points which correspond to (a) the asymptotic (Anti-de Sitter) region of the two-dimensional spacetime, (b) the horizon of the black hole, and (c) the infinite limit of the coupling parameter. We show that the conformal symmetry is perturbatively preserved at one-loop, identify the corresponding conformal field theories, and calculate the associated central charges. Finally, we use the conformal field theories to explain the thermodynamical properties of the two-dimensional black holes.

∗email: cadoni@ca.infn.it †email: carta@ca.infn.it ‡email: cavaglia@mitlns.mit.edu §email: mignemi@ca.infn.it

1 Introduction

Dilatonic 0-branes are solutions of D-dimensional supergravity coupled to U(1) gauge fields that describe effective low-energy approximations to the D0-brane solutions of string theory. Their investigation is relevant to understanding the Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence [1] in two spacetime dimensions [2, 3, 4, 5]. Though the AdS_2/CFT_1 correspondence is quite well-known in the dilaton gravity context [3, 5], little is known in the more general framework of string theory.

In a recent paper [6] Youm has shown that in the dual-frame near-horizon regime Ddimensional dilatonic 0-branes can be described by an effective two-dimensional dilaton gravity model with non-constant dilaton and asymptotically AdS_2 black hole solutions. The SL(2,R) isometry group of AdS_2 is thus broken, a feature which has prevented any attempt to using the asymptotic symmetries of AdS_2 to generate an infinite-dimensional conformal symmetry associated with the dynamics of the 0-brane. However, previous investigations [7, 8, 9, 10] of the Jackiw-Teitelboim model [11] (which describes the nearhorizon behavior of a specific 0-brane) have shown that the breaking of conformal symmetry due to a nontrivial dilaton can actually be controlled and is essential to understanding features of the CFT such as the existence of a nonvanishing central charge in the Virasoro algebra [7]. Thus, applying similar arguments we can investigate the existence of conformal symmetries for a general 0-brane.

In this paper we show that the asymptotic symmetries of the near-horizon 0-brane solutions are generated by a Virasoro algebra. Using a canonical realization of the asymptotic symmetries we calculate the central charge of the algebra and give an explicit realization of the conformal symmetry in terms of the fields that describe deformations of the boundary of AdS_2. For a particular range of the coupling parameter a we identify the one-dimensional conformal mechanics that lives on the boundary of AdS_2 and realizes the conformal symmetry. In the limit a → ∞ the dilaton gravity model is shown to be equivalent to a free CFT. Thanks to a previous result by Carlip [12] we also argue that the horizon of the two-dimensional black hole defines a CFT with well-defined central charge. In the sigma model formulation the existence of these three conformal points is recovered, at the classical level, by relating the asymptotic symmetries of the gravitational theory to the conformal symmetries of the sigma model and by implementing the duality symmetries of the theory. The calculation of one-loop beta functions shows that the conformal symmetry is perturbatively preserved. Finally, the CFT results are used to discuss the thermodynamical behavior of the two-dimensional black holes.

The structure of the paper is the following. In Sect. 2 we review the two-dimensional dilaton gravity model that describes the near-horizon regime of D-dimensional dilatonic 0-branes. We consider the (asymptotically AdS_2) black hole solutions and discuss different limiting cases in the moduli space of the theory. In Sect. 3 we investigate the asymptotic symmetry group (ASG) of the solutions. We show that the ASG is generated by a Virasoro algebra and calculate the central charge. We discuss the dynamics induced on the AdS_2 boundary by the bulk gravity theory. In Sect. 4 and 5 we identify the CFT that lives on the horizon of the black hole and use the sigma model formulation to describe the relation between the conformal symmetries of the sigma model and the asymptotic symmetry group of dilaton gravity. We also show that the weak-coupling region can be described by a free CFT. Sect. 6 deals with the duality symmetries of the theory. The sigma model approach is used to prove that the horizon of the black hole defines a CFT. In Sect. 7 we calculate the one-loop beta functions of the three CFTs and show that the conformal symmetry is preserved at one-loop at the (classical) conformal points. In Sect. 8 we discuss the thermodynamical properties of the two-dimensional black holes. Finally, we state our conclusions in Sect. 9.

2 Effective theory of dilatonic 0-branes

In the Einstein frame the bosonic part of the supergravity action that describes dilatonic 0-branes solutions in D dimensions is S = 1 2κ^2_D ∫ d^Dx √ −g [ R − 4 D − 2 (∂ϕ)^2 − 1 4 e^{2dϕ}F^2 ] , (1)

where κ_D is the D-dimensional gravitational coupling constant, ϕ is the dilaton field, d is the dilaton coupling parameter, and F is the field strength of the U(1) gauge field.

In the dual-frame [13] the static solution of the model has the near-horizon form AdS_2 × S^{D−2}. The 0-brane admits an effective description in terms of a two-dimensional dilaton gravity theory. Following Ref. [6] we write S = 1 2κ^2 ∫ d^2x √ −ge^{δϕ}[R + γ(∂ϕ)^2 + Λ] . (2)

Setting κ_2 = 1 and redefining the dilaton Φ = e^{δϕ}, Eq. (2) is cast in the form S = 1 2 ∫ √ −g d^2x Φ ( R + α (∂Φ)^2 Φ^2 + Λ ) , (3)

where α = γ δ^2 = 1 D − 2 [ D − 1 − 4 d^2 (D − 3 D − 2 )_2]

. (4)

The field equations are

R + Λ + α Φ^2

(∇Φ)^2 − 2α Φ ∇^2Φ = 0 , (5) T_{μν} = α Φ ( ∇_μΦ∇_ν Φ − 1 2 g_{μν} (∇Φ)^2 ) − ∇_μ∇_νΦ + g_{μν} ∇^2Φ − 1 2 g_{μν} ΛΦ = 0 . (6)

The trace of Eq. (6) gives ∇^2Φ − ΛΦ = 0 , (7) which is independent from α.

The two-dimensional dilaton gravity model, Eq. (3), has been extensively investigated in the literature [14, 15]. For sake of completeness we briefly summarize the main results. If α < 1 Eq. (3) admits the asymptotically AdS black hole solutions

ds^2 = −(b^2r^2 − A^2(br)^{2h})dt^2 + (b^2r^2 − A^2(br)^{2h})^{−1}dr^2 , Φ = Φ_0(br)^{1−2h} , (8)

where h = α 2(α − 1)

, b^2 = Λ 2(1 − h)(1 − 2h) , h < 1 2 . (9)

The integration constant A in Eq. (8) is related to the black hole mass m_{bh} by the relation m_{bh} = 1 2 (1 − 2h)Φ_0A^2b . (10)

The scalar curvature is R = −2 ( b^2 + h(1 − 2h)A^2(br)^{2h}r^{−2} ) . (11)

If h ≠ 0, 1/2 the metric (8) has a curvature singularity at r = 0. Since the geometry is asymptotically AdS the boundary at r = ∞ is timelike.

The thermodynamical behavior of the black hole is characterized by the power-law mass-temperature relation m_{bh} = 1 − 2h 2(1 − h)

Φ_0 [b(1 − h)]^{2h−1} (2πT )^{2(1−h)} . (12)

Below we shall restrict attention to −1 ≤ h ≤ 1/2. In this case we have m_{bh} ∼ T^s, 1 ≤ s ≤ 4. The entropy of the black hole is

S = 2π(Φ_0)^{12(1}�^{h)} [ 2m_{bh} (1 − 2h)b ] 1�2h_{2(1}�_{h)} . (13)

The model (3) includes two interesting special cases: α = 0 (h = 0) and α → −∞ (h = 1/2). The former is the so-called Jackiw-Teitelboim (JT) model [11]. The spacetime has constant curvature, i.e. is locally AdS_2, and the dilaton is linear. Since the JT model has been widely investigated in the literature (see e.g. [16, 3]) we shall not discuss it here. The second case deserves a brief discussion. Taking the limit h = 1/2 in Eq. (8), we obtain the AdS_2 spacetime with constant dilaton

ds^2 = −(b^2r^2 − A^2br)dt^2 + (b^2r^2 − A^2br)^{−1}dr^2 , Φ = Φ_0 , b^2 = Λ/2 . (14)

Since the dilaton is constant we can interpret the solution (14) as the near-horizon regime of the extremal Reissner-Nordström black hole (or its string theory generalizations). Setting h = 1/2 in Eq. (10) and Eq. (13) we find states of zero energy which are characterized by constant nonzero entropy S = 2πΦ_0 . (15)

Equation (15) describes the typical behavior of extremal Reissner-Nordström black holes in the near-horizon regime [4, 17]. The h = 1/2 model is equivalent to a two-dimensional free CFT. In the limit α → −∞ the field equations (5) and (6) become

R + Λ = 0 , (16)

T_{μν} = ∇_μΦ∇_ν Φ − 1 2 g_{μν} (∇Φ)^2 = 0. (17)

Equation (17) describes the energy-momentum tensor of a free two-dimensional CFT of a single boson Φ.

3 Asymptotic symmetries

If h ≠ 0, 1/2 the spacetime (8) is not maximally symmetric; it admits a single Killing vector T which generates translations in time. In contrast, if h = 0, 1/2 Eq. (8) describes the maximally symmetric AdS_2 spacetime with SL(2, R) isometry group. For h = 0 a suitable choice of boundary conditions [3] shows that the ASG, i.e. the isometry group that preserves the asymptotic form of the metric, is generated by a Virasoro algebra. For a generic value of h the discussion of the group of asymptotic symmetries is more involved. The boundary conditions must indeed allow both an ASG which is larger than T and finite associated charges [18]. We will see below that these requirements are fulfilled only for 0 ≤ h ≤ 1/2.

From now on we shall restrict attention to −1 ≤ h ≤ 1/2 and discuss −1 ≤ h ≤ 0 and 0 < h ≤ 1/2 separately. In the first case suitable boundary conditions for the metric and the dilaton are

g_{tt} = −(br)^2 + γ_{tt} + O ( r^{2h} ) , g_{tr} = γ_{tr}(t)(br)^{−3} + O ( r^{2h−3} ) , (18)

g_{rr} = (br)^{−2} + γ_{rr}(br)^{−4} + O ( r^{2h−4} ) , Φ = Φ_0 [ ρ(br)^{1−2h} + γ_{ΦΦ}(br)^{−1−2h} + O ( r^{−1} )] , where the fields γ(t) describe deformations of the dilaton and of the timelike boundary of the spacetime. Both O (1) deformations in g_{tt} and O (r^{−4}) in g_{rr} dominate the deformations that generate the black hole in Eq. (8). The O (1) terms in the boundary conditions are essential to extending the isometry group of the metric to an ASG generated by a Virasoro algebra. However, their presence leads to divergent charges associated with the generators of the symmetry.

If 0 < h ≤^1_2 the boundary conditions are

g_{tt} = −(br)^2 + γ̃_{tt}(t)(br)^{2h} + O (1) , g_{tr} = γ̃_{tr}(t)(br)^{2h−3} + O ( r^{−3} ) , (19)

g_{rr} = (br)^{−2} + γ̃_{rr}(t)(br)^{2h−4} + O ( r^{−4} ) , Φ = Φ_0 [ ρ(br)^{1−2h} + γ̃_{ΦΦ}(br)^{−1} + O ( r^{−1−2h} )] .

The O (1) deformations in g_{tt} and the O (r^{−4}) deformations in g_{rr} are subleading with respect to deformations that generate the black hole in Eq. (8). They become of the same order only for h = 0. In this case we have an ASG which is characterized by a Virasoro algebra and finite charges.

The Killing vectors that generate the ASG are

ξ^t = ϵ(t) + ϵ̈(t) 2b^4r^2 + O ( r^{−4+δ} ) , (20) ξ^r = −rϵ̇(t) − α^r(t) 2 (br)^{−1+δ} + O ( r^{−3+δ} ) , (21)

where δ = 0 if −1 ≤ h ≤ 0 and δ = 2h if 0 < h ≤^1_2 . The function α^r(t) describes diffeomorphisms of the two-dimensional gravity theory that die off rapidly as r goes to infinity (“pure” gauge diffeomorphisms). The leading terms of the Killing vectors (20) and (21) are identical to the JT case [3]. The generators L_k of the ASG satisfy the Virasoro algebra

[L_k, L_l] = (k − l)L_{k+l} + c 12 (k^3 − k)δ_{k+l,0} , (22)

where we allow for a nonvanishing central charge. We shall see below that the ASG has a natural realization in terms of the conformal group in one dimension (the Diff_1 group) which describes reparametrizations of either the circle or the line, depending on the topology of the r → ∞ boundary.

If h ≠ 1/2 the black hole solutions (8) are characterized by a non-constant dilaton. For consistency, the leading term in the asymptotic expansion of the dilaton must be of the form (18) or (19). In Ref. [7] it has been shown that for h = 0 the ASG of the metric is broken by the nontrivial dilaton and the presence of a nonvanishing central charge in the Virasoro algebra is related to the symmetry breaking. The boundary fields span a representation of the conformal group. This conclusion holds also for negative values of h. For 0 < h < 1/2 the central charge vanishes identically. For h = 1/2 the dilaton is constant, so the boundary conditions imply that its (on-shell) Lie derivative vanishes. Both the SL(2,R) isometry group and the ASG of the metric are preserved.

Using suitable boundary conditions and introducing appropriate boundary fields we could also consider h < −1. For instance, for −2 < h < −1 we could introduce the term Γ_{tt}(br)^{−2} in the expansion of g_{tt}, the term Γ_{rr}(br)^{−6} in the expansion of g_{rr}, etc. However, larger values of |h| require an increasing number of boundary fields. So in this paper we will consider only −1 ≤ h ≤ 1/2.

3.1 Transformation laws and equations of motion for the boundary fields

Using the boundary conditions (18) and (19), and the Killing vectors (20) and (21) we find the transformation laws for the boundary fields. They are: δρ = ϵρ̇ − (1 − 2h)ϵ̇ρ, (23) and δγ_{tt} = ϵγ̇_{tt} + 2ϵ̇γ_{tt} − ... ϵ b^2

+ bα^r , (24) δγ_{rr} = ϵγ̇_{rr} + 2ϵ̇γ_{rr} + 2bα^r , (25)

δγ_{ΦΦ} = ϵγ̇_{ΦΦ} + (1 + 2h)ϵ̇γ_{ΦΦ} + ϵ̈ρ̇ 2b^2 − 1 2 (1 − 2h)bα^rρ , (26)

δγ̃_{tt} = ϵ ˙γ̃_{tt} + (2 − 2h)ϵ̇γ̃_{tt} + bα^r , (27) δγ̃_{rr} = ϵ ˙γ̃_{rr} + (2 − 2h)ϵ̇γ̃_{rr} + (2 − 2h)bα^r , (28)

δγ̃_{ΦΦ} = ϵ ˙γ̃_{ΦΦ} + ϵ̇γ̃_{ΦΦ} − 1 2 (1 − 2h)bα^rρ , (29)

for h ≤ 0 and h > 0, respectively.

As was expected, the boundary fields γ and γ̃ transform according to a representation of the conformal group which is realized as time-reparametrizations δt = ϵ(t) of the boundary. In general the conformal dimensions of the boundary fields depend on the parameter h. Anomalous pieces in the transformation law of the fields imply a nonvanishing central charge in the Virasoro algebra. The boundary fields γ_{tr} and γ̃_{tr} transform as conformal fields as well. However, their deformations are irrelevant (they do not contribute to the charges and do not affect the dynamics of the boundary), so we have omitted their transformation laws for simplicity.

Let us now consider the dynamics of the boundary fields. In Ref. [19] it has been shown that for h = 0 the two-dimensional gravitational dynamics in the bulk induces a dynamics of the fields on the boundary. This result holds also for generic values of h < 0. At leading order the boundary fields satisfy the equations ρ̈ b^2

= (1 − 2h)ργ_{tt} − (1 − 2h)^2ργ_{rr} − 2(1 − 4h)γ_{ϕϕ} , (30) ρ̇^2 b^2ρ

+ (1 − 2h)^2ργ_{rr} + 4(1 − 2h)γ_{ϕϕ} = 0 , (31)

(1 − 2h)ρ̇γ_{tt} + 1 2 (1 − 2h)^2ργ̇_{rr} + 2(1 − 2h)γ̇_{ϕϕ} + 4h ρ̇ ρ γ_{ϕϕ} = 0 , (32) and ρ(γ̃_{rr} − γ̃_{tt}) + 2γ̃_{ϕϕ} = 0 , (33)

(1 − h)ρ̇γ̃_{tt} + 1 − 2h 2 ρ ˙γ̃_{rr} + (2 − 2h) ˙γ̃_{ϕϕ} + 4h(1 − h) 1 − 2h ρ̇ ρ γ̃_{ϕϕ} = 0 , (34)

for h < 0 and h > 0, respectively. Note that Eq. (30) follows from Eqs. (31) and (32). The equations above determine the dynamics on the boundary, which will be investigated in Sect. 3.3.

3.2 Determination of the central charge of the Virasoro algebra

To evaluate the central charge of the Virasoro algebra that generates the ASG we turn to the Hamiltonian formalism [3]. With the parametrization ds^2 = −N^2dt^2 + σ^2(dr + N^rdt)^2, (35) the Hamiltonian of the theory reads H = ∫ dr(NH + N^rH_r). (36) As usual, N and N^r act as Lagrange multipliers and enforce the constraints H = −Π_ΦΠ_σ + σ^{−1}Φ^{′′} − σ^{−2}σ^′Φ^′ − Λ 2 σΦ + α 2 (σΦ^{−1}Π^2_σ − σ^{−1}Φ^{−1}Φ^{′2}) = 0, H_r = Φ^′Π_Φ − σΠ^′_σ = 0, (37) where Π_σ = N^{−1}(−Φ̇ + N^rΦ^′), Π_Φ = N^{−1}(−σ̇ + (N^rσ)^′) + ασΦ^{−1}Π_σ, (38) are the momenta conjugate to σ and Φ, respectively. Here a prime denotes derivative with respect to r.

For non-compact spacelike surfaces a boundary term J must be added to the Hamiltonian (36) to obtain well-defined variational derivatives [20]. Although the above requirement fixes only the variation δJ, with a suitable choice of asymptotic boundary conditions δJ can be written as a total variation of a functional J of the canonical fields on the boundary. In our case the boundary reduces to a point and the variation of J is δJ = − lim_{r→∞} [ N ( σ^{−1}δΦ^′ − σ^{−2}Φ^′δσ − ασ^{−1}Φ^{−1}Φ^′δΦ ) − N^′(σ^{−1}δΦ) + N^r(Π_ΦδΦ − σδΠ_σ) ] . (39) Let us now consider the symmetries associated with the Killing vectors ξ. These are generated by the phase space functionals [21] H[ξ] = ∫ dr(ξ^⊥H + ξ^‖H_r) + J[ξ] , (40) where ξ^⊥ = Nξ^t and ξ^‖ = ξ^r + N^rξ^t. In general, the Poisson algebra of H[ξ] yields a projective representation of the asymptotic symmetry algebra, {H[ξ], H[χ]} = H[[ξ, χ]] + K(ξ, χ), (41) where K(ξ, χ) is a central charge.

The simplest way to calculate the central charge is to evaluate the Poisson brackets (41) using the explicit expression for (40) obtained above. A straightforward calculation gives

K([ξ, χ]) = lim_{r→∞} −(ξ^{⊥′}χ^⊥ − χ^{⊥′}ξ^⊥)σ^{−1}Π_σ + (ξ^{⊥′}χ^‖ − χ^{⊥′}ξ^‖)σ^{−1}Φ^′ −(ξ^⊥χ^‖ − χ^⊥ξ^‖) [ Λ 2 σΦ + Π_σΠ_Φ − α 2 ( σΦ^{−1}Π^2_σ + σ^{−1}ΦΦ^{′2} )] . (42)

For the two-dimensional AdS space, however, the boundary at infinity is a point, so the functional derivatives which appear in the Poisson brackets are well-defined only for pure gauge transformations, for which J[ξ] vanishes. This problem can be overcome by defining the time-averaged generators Ĥ[ξ] and charges K̂[ξ] (see Ref. [3])^1 Ĥ[ξ] = b 2π ∫ 2π_b 0 dt H[ξ] , K̂[ξ] = b 2π ∫ 2π_b 0 dt K[ξ] . (43) Here we assume that the time coordinate t is periodic with period b.

We can obtain the Virasoro algebra (22) by expanding the parameters ϵ(t) of the Killing vectors (20) and (21) in Fourier modes: ξ(t) = ∑ k i b e^{ikbt}L_k , (44) where L_k are the generators of the Virasoro algebra. The central charge of the algebra is evaluated by substituting Eq. (44) and the black hole ground state solution (m_{bh} = 0) in Eq. (42) and then integrating with respect to t,

K̂(L_k, L_l) = lim_{r→∞} −2i(1 − 2h)Φ_0(br)^{−2h}k^3δ_{k+l,0} . (45)

K̂ vanishes for h > 0. In contrast, for h < 0 we have a divergent contribution. This is due to the infinite energy of the excitations on the boundary. Using Mann’s formula for the mass [22], or evaluating directly H[L_0], the energy of the excitations is m = bΦ_0 2 [(1 − 2h)γ̃_{rr} + 4γ̃_{ϕϕ}](br)^{−2h} , (46)

which diverges for r → ∞. Note that all generators H[L_k] exhibit the same divergence. Nevertheless, they span a representation of the Virasoro algebra. Indeed, neglecting the divergences and shifting L_0 by a constant, L_0 → L_0 − Φ_0, we obtain the Virasoro algebra in the standard form (22) with central charge c = { 24(1 − 2h)Φ_0 h ≤ 0, c = 0 h > 0 .

(47)

1An analogous problem was encountered in a slightly different context in Ref. [12].

The central charge can also be evaluated from the algebra of the charges J[ξ] on the constraint surface H = 0. If h ≤ 0 from Eqs. (18) and (39) we have

δJ[ε] = Φ_0 [ bε ( (1 − h)γ̃_{tt}δρ + (1 − 2h) 2 ρδγ̃_{rr} + 2δγ̃_{ϕϕ} + 4h 1 − 2h γ̃_{ϕϕ} ρ δρ )

+ ε̇ b ( δρ̇ + 2h 1 − 2h ρ̇ ρ δρ ) − ε̈ b δρ ] (br)^{−2h} . (48)

The equation above is not globally integrable in the full phase space. However, it can be integrated in a neighborhood of the classical solution, i.e. near ρ = 1 [7]. Using the equations of motion (30)-(32), and expanding Eq. (48) around the classical solutions ρ = 1 + ρ̄ we have at the leading order in ρ̄ J(ε) = Φ_0 b (ε̇ ˙ρ̄ − ε̈ρ̄) (br)^{−2h} + εm , (49)

where m is the mass of the excitations (46).

The charge (49) is defined up to an additive constant that has been fixed by setting J(ε = 1) = m. Since we are interested in the value of the central charge of the Virasoro algebra (which is independent from m) we consider only m = 0, i.e. variations near the ground state. Equations (43) imply that J is defined up to a total time derivative. So we write J(ε) = −2 Φ_0 b (br)^{−2h}ε¨ρ̄ = εΘ_{tt} . (50)

Using the transformation laws (23)-(26) with parameter ω, we obtain εδ_ωΘ_{tt} = ε ( ωΘ̇_{tt} + 2ω̇Θ_{tt} ) + K(ε, ω) , (51)

where K(ε, ω) = 2(1 − 2h)b^{−1}Φ_0(br)^{−2h}(ε̈ ω̇ − ω̈ ε̇), in agreement with Eq. (45). Θ_{tt} can be interpreted as the one-dimensional stress-energy tensor associated with the conformal symmetry. Ĵ(ε) are the charges which generate the central extension of the Virasoro algebra.

We may repeat the previous calculations for h > 0. In this case δJ is

δJ[ε] = Φ_0 [ bε ( (1 − h)γ_{tt}δρ + (1 − 2h) 2 ρδγ_{rr} + 2(1 − h)δγ_{ϕϕ} + 4h(1 − h) 1 − 2h γ_{ϕϕ} ρ δρ )] . (52) We integrate again this expression near ρ = 1. Using the equations of motion (33) and (34), and expanding around the classical solutions ρ = 1 + ρ̄ we obtain at the leading order in ρ̄ J(ε) = εm, (53) where m is the mass of the excitations, m = bΦ_0 2 [(1 − 2h)γ_{rr} + 4(1 − h)γ_{ϕϕ}] . (54)

Since J has no anomalous term, the central charge vanishes.

3.3 Dynamics of the boundary

To get some clue on the origin of the boundary degrees of freedom when h < 0 we investigate the dynamics that is obeyed by the boundary fields [19]. It is convenient to introduce new fields which are invariant under the pure gauge diffeomorphisms parametrized by α^μ, β = 1 2 (1 − 2h)ργ_{rr} + 2γ_{ϕϕ} , γ = γ_{tt} − 1 2 γ_{rr} . (55)

In terms of the new fields, the equations of motion (30)-(32) take the form

b^{−2}ρ̈ = (1 − 2h)ργ − (1 − 4h)β, (56) b^{−2}ρ̇^2 + 2(1 − 2h)βρ = 0, (57)

(1 − 2h)(ρ̇γ + β̇) + 2hβ ρ̇ ρ = 0. (58)

Since the one-form ζ ≡ [ (1 − 2h)γ + 2h β ρ ] dρ + (1 − 2h)dβ (59)

is not exact, Eqs. (56)-(58) determine a mechanical system with one anholonomic constraint. Equation (57) is a first integral of Eqs. (56) and (58). It implies that the total energy vanishes: E = T + V = ρ̇^2 2b^2

+ (1 − 2h)βρ = 0. (60)

This condition is absent in the JT model [19], where the total energy E is not constrained. E is proportional to the mass of the excitations (46).

The Lagrange equations of the first kind for the fields φ_i = {ρ, β, γ} are

F_i − m_iφ̈_i + λζ_i = 0 , (61)

where F_i is the force that follows from the potential V defined above, F_i = −∂_iV . m_i denote the mass of the fields, λ is a Lagrange multiplier, and ζ_i are the components of the one-form ζ. Setting m_ρ = b^{−2}, m_β = m_γ = 0 , (62) the Lagrange equations (61) yield Eq. (56) and fix the Lagrange multiplier as λ = ρ. The boundary fields φ_i span a representation of the full infinite dimensional group which is generated by the Killing vectors (20) and (21).

The dynamical system (56)-(58) can also be described in terms of a harmonic oscillator coupled to an external source. Introducing the new field q = ρ^{1/2(1−2h)} of conformal dimension −1/2 and eliminating β from Eq. (57) by means of Eq. (56), we have

q̈ = b^2 2 γq . (63)

Equation (57) becomes q̇^2 2 + b^2 4(1 − 2h) βq^{4h} = 0. (64)

The equivalence of Eqs. (56)-(58) and Eqs. (63) and (64) is straightforward. Equation (63) is the equation of motion of a harmonic oscillator coupled to the external source γ. It can be derived from the effective action I = ∫ dt [1 2 q̇^2 + 1 4 b^2γq^2 ] . (65)

The external source γ which couples to the field q is not constant. Rather, it represents an operator of conformal dimension two. (Note that in the calculation of δI, γ being an external source must not be varied.) The action (65) can be shown to be invariant (up to a total derivative) under the conformal transformations (23)-(26). It is interesting to compare this result with the JT case, where the action has an extra potential term [19] of de Alfaro-Fubini-Furlan type [23].

For h > 0 Eqs. (33) and (34) are nondynamical, in agreement with the absence of boundary degrees of freedom and vanishing central charge.

4 Conformal field theory at the horizon

In the previous sections we have shown that the ASG of the metric (8) is generated by a Virasoro algebra. Hence, the asymptotic region of the black hole is described by a CFT. Besides r → ∞, we also expect the region near the black hole horizon to be described by a CFT. By investigating the algebra of constraints in the presence of a boundary Carlip has shown that when the boundary is a Killing horizon we can impose a natural set of boundary conditions which leads to a Virasoro algebra [12]. Moreover, on a manifold with boundary the algebra of surface deformations acquires a central term that depends uniquely on the boundary values of the dynamical fields. Consequently, the algebra takes the form given in Eq. (22), where the explicit value of the central charge c depends on the model under consideration. In the case of a general dilaton gravity model the central charge c and the eigenvalue of L_0 are [12]: c 6 = L_0 = Φ_h, (66)

where Φ_h is the value of the dilaton at the horizon r_h.

We conclude that the black hole geometry (8) has two conformal regions which are associated to the spacetime boundaries: r = ∞ and r = r_h. In both cases the algebra of surface deformations has the form of a centrally extended Virasoro algebra with central charge given in Eq. (47) and Eq. (66), respectively. The existence of the first conformal point (r = ∞) follows from the AdS asymptotic behavior of the metric. The existence of the second conformal point (r = r_h) does not depend on the details of the solution, being simply a consequence of the existence of a Killing horizon. Using the sigma model formulation of dilaton gravity theories we can interpret the two conformal regions as different coupling regimes of the gravitational theory. In the next three sections we will show that r = ∞ and r = r_h correspond to the weak-coupled regime (Φ → ∞) and to the strong-coupled (Φ → Φ_h) regime of the gravitational theory, respectively.

5 Sigma model formulation and conformal symmetries

The conformal structure described in the previous sections can be traced back to the conformal invariance of the two-dimensional dilaton gravity theory (3). Classically, the generic two-dimensional dilaton gravity theory S = 1 2 ∫ d^2x √ −g [ ΦR[g] − d ln |W (Φ)| d Φ (∇Φ)^2 + V (Φ) ] , (67)

is invariant under the generalized (conformal) Weyl transformation [24]

V (Φ) → V (Φ)/Ω(Φ) , W (Φ) → Ω(Φ)W (Φ) , g_{μν} → Ω(Φ)g_{μν} . (68)

Here W (Φ), V (Φ), and Ω(Φ) are arbitrary function of the dilaton field. The classical conformal invariance is generally broken by quantum effects. It is however (perturbatively) preserved for models with vanishing beta function.

The conformal invariance of the theory can be made manifest by implementing the canonical transformation (ρ, Φ) → (M, Φ) [25], where ρ is the conformal degree of freedom of the two-dimensional metric, g_{μν} = ρ(x) η_{μν} , and

M = N(Φ) − W (Φ)(∇Φ)^2 , N(Φ) =

∫_Φ

dΦ^′[W (Φ^′)V (Φ^′)] . (69)

The new field M is invariant under Weyl and gauge transformations and is locally conserved. Apart from a constant normalization factor, M coincides (on-shell) with the ADM mass of the system. Neglecting inessential surface terms, in the new canonical chart the action (67) reads

S_σ = 1 2 ∫ d^2x √ −g ∇_μΦ∇^μM N(Φ) − M . (70)

Let us first discuss the r = ∞ conformal region of the black hole geometry (8). Since the (coordinate-dependent) coupling constant of the gravitational model (3) is Φ^{−1} from Eq. (8) it follows that r = ∞ corresponds to the weak-coupled regime of the theory. The weak-coupled regime of the action (70) describes a free open string. It is convenient to introduce the Weyl-rescaled frame^2

G_{μν} = Φ^{1−a}g_{μν} , (71)

2From now on we denote with upper-case letters the quantities in the rescaled frame.

where a = (1 − 2h)^{−1} > 0. In this frame the action (3) reads S = 1 2 ∫ d^2X √ −G(ΦR[G] + (1 + a)Φ^aλ̃^2) , (72)

where λ̃^2 = λ^2/(1 + a) and a = 1 − α. Equation (70) takes the form

S_σ = 1 2 ∫ d^2X √ −G ∇_μΦ∇^μM λ̃2Φa+1 − M . (73)

At the tree-level in the weak-coupling expansion Eq. (73) describes a bosonic string that propagates in a two-dimensional flat spacetime. When Φ → ∞ we have S_{string} = 1 2π ∫ d^2X ∂_μξ^α∂^μξ_α , (74)

where M = 1 √ π (ξ^1 + ξ^0) , 1 aλ̃^2 Φ^{−a} = − 1 √ π (ξ^1 − ξ^0) . (75)

Using the same arguments of Ref. [5] we can work out a non-trivial relationship between the asymptotic symmetries of the model (3) and the conformal symmetries of the (Dirichlet) open string (74). We find that the Weyl transformation (71) transforms the conformal symmetries of the open string into the asymptotic symmetries of the gravitational theory.

In the Weyl-rescaled frame the solution (8) reads [26]

ds^2 = −[(λ̃R)^{a+1} − μ]dT^2 + [(λ̃R)^{a+1} − μ]^{−1}dR^2 Φ = λ̃R , R > 0 , (76)

where μ = M λ̃2 . (77) M is related to the black hole mass by M = 2λ̃Φ^a_0 m_{bh}. Equation (76) can be obtained directly from Eq. (8) by rescaling the metric according to Eq. (71) and setting

λ̃R = Φ_0(br)^{1/a} , T = tΦ^{−a}_0 , (78)

where b = λ̃a and μ = A^2Φ^{1+a}_0 . The weak-coupled asymptotic form of the metric (76) is obtained taking the limit R → ∞:

ds^2 ≈ −(λ̃R)^{a+1}dT^2 + (λ̃R)^{−a−1}dR^2 . (79)

The boundary is timelike for a > 0 and lightlike for −1 < a < 0. In conformal coordinates the asymptotic metric (79) is

ds^2 ≈ (aλ̃X)^{− a+1a} (−dT^2 + dX^2) , (80)

where aλ̃X = (λ̃R)^{−a} , X > 0 . (81)

The usual conformal symmetries of the string correspond to conformal symmetries of the metric (76). Using light-cone coordinates U = (T + X)/2 and V = (X − T )/2 the conformal Killing vectors of the string are χ = χ^U (U)∂_U + χ^V (V )∂_V . (82) Following Ref. [5] and imposing Dirichlet boundary conditions on the string, ∂_T χ^μ|_{boundary} = 0 , (83) we have χ^{U,V} = 1 2 [ ±ϵ(T ) + ϵ̇(T )X ± ϵ̈(T ) 2 X^2 + O(X^3) ] . (84)

In the (T, R) frame the conformal Killing vectors are

χ^T = ϵ(T ) + 1 2a^2λ̃^2

(λ̃R)^{−2a}ϵ̈(T ) + O(R^{−4a}) , (85)

χ^R = − 1 a Rϵ̇(T ) + O(R^{1−2a}) . (86)

Performing the change of coordinates (78) and fixing the pure gauge diffeomorphisms the Killing vectors (20) and (21) are recognized to coincide with Eqs. (85) and (86). The Virasoro generators are

L_k = − [ T^{k+1} + k(k + 1) 2a^2λ̃^2

(λ̃R)^{−2a}T^{k−1} + O(R^{−4a}) ] ∂_T + [ 1 a (k + 1)RT^k + O(R^{1−2a}) ] ∂_R . (87) Using the Weyl transformation (71) in Eqs. (18) and (19) we obtain the boundary conditions for the Weyl-rescaled metric G_{μν} . With a common notation for h < 0 and h > 0 we write G_{T T} = G^{(0)}_{T T} (R) + G^{(1)}_{T T} (T, R) , G_{RR} = G^{(0)}_{RR}(R) + G^{(1)}_{RR}(T, R) , (88) G_{T R} = G^{(0)}_{T R}(R) + G^{(1)}_{T R}(T, R) , where G^{(0)}_{T T} = −(λ̃R)^{a+1} , G^{(0)}_{RR} = (λ̃R)^{−a−1} , G^{(0)}_{T R} = 0 , (89) and G^{(1)}_{T T} = γ_{T T} (T ) + γ̃_{T T} (T )(λ̃R)^{−a+1} + O(R^{−2a}) + O(R^{−3a+1}) , G^{(1)}_{T R} = γ_{T R}(T )(λ̃R)^{−2a−1} + γ̃_{T R}(T )(λ̃R)^{−3a} + O(R^{−4a−1}) + O(R^{−5a}) , (90) G^{(1)}_{RR} = γ_{RR}(T )(λ̃R)^{−2a−2} + γ̃_{RR}(T )(λ̃R)^{−3a−1} + O(R^{−4a−2}) + O(R^{−5a−1}) .

The asymptotic boundary conditions for the dilaton are

Φ = Φ_0 ( ρ(λ̃R) + γ_{ΦΦ}(λ̃R)^{−a} + γ̃_{ΦΦ} (λ̃R)^{−2a+1} + O ( R^{−3a} ) + O ( R^{−4a+1} )) . (91)

The Killing vectors (85) and (86) generate conformal transformations of the asymptotic fields. At the second order the asymptotic metric (76) is

ds^2 = −(λ̃R)^{a+1} [ 1 − μ(λ̃R)^{−a−1} ] dT^2 + (λ̃R)^{−a−1} [ 1 + μ(λ̃R)^{−a−1} + O ( R^{−2a−2} )] dR^2 . (92) Taking the Lie derivatives of the metric and of the dilaton with respect to the Killing vectors (85) and (86) we find δG_{μν} = a − 1 a ϵ̇(T )G^{(0)}_{μν} + O(G^{(1)}_{μν} ) (93) and δΦ = − 1 a ϵ̇Φ . (94)

(The dilaton has been evaluated on-shell.) The conformal transformation reduces to the asymptotic symmetry iff a = 1 (AdS), i.e. when the Weyl transformation (71) is the identity. The Weyl rescaling (71) transforms the conformal symmetries of the metric G_{μν} into the asymptotic symmetries of the metric g_{μν} . From Eq. (71) we have

δg_{μν} = Φ^{a−1}δG_{μν} + (a − 1)Φ^{a−2}G_{μν} δΦ . (95)

Finally, substituting Eqs. (93) and (94) in Eq. (95) we obtain δ_Lg_{μν} = O ( Φ^{a−1}G^{(1)}_{μν} ) . (96)

Recalling Eq. (91) it is straightforward to verify that Eq. (96) coincides with Eqs. (18) and (19).

Let us now consider the r = r_h conformal region. The horizon is defined by the equation λ̃^2Φ^{a+1}_h − M = 0. Since on the horizon Φ^{−1} ∼ (λ̃/m_{bh})^{1/a+1} the latter does not belong to the weak-coupled regime (unless we consider macroscopic black holes for which m_{bh} >> λ̃). Moreover, the sigma-model description breaks down at the horizon because the metric of the target space has a curvature singularity at Φ = Φ_h. So the sigma model is strong-coupled and the action (73) cannot be used to describe the r = r_h conformal region.

6 Duality symmetries

The black hole horizon can still be described in the sigma model formalism if we make use of duality symmetries. Two-dimensional dilaton gravity possesses a symmetry [27] that acts on the space of (classical) solutions; the field equations (5) and (6) are invariant under duality transformations. The explicit form of the duality transformations depends both on the gauge and on the conformal frame. For instance, in the gauge

ds^2 = −Y (σ)dt^2 + Φ^{1−a}(σ)dσ^2 , (97) the duality transformation for the Weyl-rescaled model (72) takes the simple form

Y → Φ^{a+1} , Φ → Y^{1a+1} . (98)

In this gauge the black hole solutions (76) read Y = 1 4 ( e^{a+12 λ̃σ} − μe^{− a+12 λ̃σ} )_2 , Φ = 1 2 ( e^{a+12 λ̃σ} + μe^{− a+12 λ̃σ} ) 2_{a+1}

. (99)

Applying the duality transformation (98) to Eqs. (99), we find that they only change the mass parameter μ into −μ. So their overall effect is to interchange the zero of Y (the horizon of the black hole) with the zero of Φ (the singularity), namely the value of the coupling at the horizon Φ = Φ_h with the coupling at the singularity Φ = 0.

In order to implement the duality transformation in the sigma model action we need to repeat the calculation for the (off-shell) mass function (69). It is convenient to work in the Schwarzschild gauge

ds^2 = −Y (r)dt^2 + Y^{−1}(r)dr^2 . (100)

In this gauge dΦ/dr = λ̃ and the mass function is

M = λ̃^2(Φ^{a+1} − Y ). (101)

From Eqs. (100) and (97) we have Y = Φ^{a−1}(dr/dσ)^2. Substituting this result in the duality relation (98) we obtain

Y = Φ^{a−1}(dr/dσ)^2 → Φ^{a+1}, Φ^{a+1} → ( Φ^{a−1}(dr/dσ)^2 ) = Y. (102)

So the duality transformation changes the sign of the mass function. Since the latter is a scalar function this statement is gauge independent. Now we can implement the duality transformation in the sigma model action (73). The dual action reads S_{σ,dual} = − 1 2 ∫ d^2X √ −G ∇_μΦ∇^μM λ̃2Φa+1 + M . (103)

The horizon Φ = Φ_h is mapped into Φ = 0. This value belongs to the weak-coupled region of the dual sigma model. Therefore, we can expand the dual action (103) around Φ = 0. At leading order we obtain the free CFT S_{σ,dual} = 1 2 ∫ d^2X √ −G ∇_μΦ∇^μM̃ , (104)

where M̃ = − ln(M/λ̃^2). Classically, the black hole horizon is described by a twodimensional CFT (bosonic string).

7 Perturbative conformal points

We have shown that at the classical level the gravitational dynamics in the limit (a) Φ → ∞ and (b) Φ → Φ_h is described by free CFTs. Moreover, as we have discussed at the end of section 2, the limit (c) a → ∞ (h → 1/2) also leads to a free CFT. The classical conformal invariance of the sigma model (73) is generally broken at quantum level. Conformal invariance is (perturbatively) preserved only for those values of the coupling with vanishing beta function. Now we show that the classical conformal invariance is preserved at one-loop level, i.e. that (a), (b), and (c) are three perturbative conformal points of the sigma model.

Let us first consider (a) and (c). Changing coordinates in the target space to the dimensionless fields ξ^α

Φ = a^2(ξ^1)^{−1/a}, M = a^{2a+1}λ̃^2ξ^0 , (105)

the sigma-model action (73) is cast in the standard form

S_σ = 1 2 ∫ d^2X √ −G G_{αβ}∂_μξ^α∂^μξ^β , (106) where the metric of the target space is G_{αβ} = − a/2 a − ξ^0(ξ^1)^{a+1}a

Ω_{αβ} , Ω_{αβ} = ( 0 1 1 0 ) . (107)

For ξ^1 = 0 (Φ = ∞) and a = ∞ the sigma model describes a free two-dimensional CFT. So we can consistently use the perturbation theory around these vacua. The one-loop beta function is β_{αβ} ≡ 1 2π R_{αβ} = − a + 1 2π (ξ^1)^{1/a} (a − ξ^0(ξ^1)^{(a+1)/a})^2

Ω_{αβ} , (108)

where R_{αβ} is the Ricci tensor of the target space metric. The beta function is always negative and vanishes for ξ^1 = 0 and a = ∞. Hence, ξ^1 = 0 and a = ∞ are perturbative (stable) conformal points of the dilaton gravity theory.

Let us now consider the behavior of the sigma model at the horizon. Using the duality symmetries of the model the near-horizon behavior can be described by the dual action (103) in the limit Φ → 0. Introducing the dimensionless fields

M = λ̃^2e^{−ξ0} , Φ = ξ^1 , (109)

the sigma model action (103) is cast in the standard form (106) with target space metric G_{αβ} = 1/2 1 + e^{ξ0} (ξ^1)^{a+1}

Ω_{αβ}. (110)

For ξ^1 = 0 the sigma model describes a two-dimensional free conformal field theory and we can consistently use perturbation theory near Φ = 0. The one-loop beta function is β_{αβ} = a + 1 2π e^{ξ0} (ξ^1)^a (1 + e^{ξ0} (ξ^1)^{a+1})^2

Ω_{αβ}. (111)

The beta function is now positive and vanishes for ξ^1 = 0.

The dilaton gravity model has three perturbative conformal points where it behaves as a free two-dimensional conformal field theory. Point (a) corresponds to the weak-coupled regime. Since the beta function is negative this point is stable. The free conformal theory, CFT_∞, describes the gravitational model near the asymptotic region. Point (b) corresponds to the horizon of the black hole. In this case the beta function is positive and the point is perturbatively unstable. The two-dimensional free conformal theory, CFT_h, describes the gravitational model near the horizon of the black hole. Point (c) is of different nature, since it corresponds to the limit a → ∞; in this case the model becomes identically equivalent to a free CFT. Both the existence and structure of the conformal points have important consequences on the derivation of the thermodynamical properties of the black hole. We will discuss this point in the next section.

8 Microscopic entropy of the black hole

Though we have identified three distinct perturbative conformal points and their corresponding CFTs, a complete description of the 0-brane dynamics is still missing. We are dealing with a strong-coupled system which cannot be solved exactly at the quantum level. Since we do not know how to deal with the regions between the conformal points, the behavior of the system near these points is not sufficient to fully characterize the properties of the theory. Consequently, it is not clear whether the CFTs can be used to explain the (semiclassical) thermodynamical properties of the black hole.

As far as the algebra CFT_∞ is concerned we can reasonably identify the eigenvalue L^∞_0 of L_0 with the energy E of the gravitational configuration, L^∞_0 = E/b. The energy E is indeed the eigenvalue of the Killing vector which generates time translations and thus coincides with L^∞_0 . The two parameters that characterize the CFT_∞ algebra, L^∞_0 and the central charge c^∞ (see Eq. (47)), are completely determined by the energy and the zero mode of the dilaton, i.e. by the observables which are associated to the gravitational configuration. We can use the Cardy formula [28] S = 2π √ cL_0 6 (112)

to compute the entropy of the gravitational configuration as a function of the density of states of CFT_∞. Substituting Eq. (47) in Eq. (112) we obtain S = 4π √_{(1−2}

h)EΦ_0 b h ≤ 0, 0 h > 0.

(113)

Setting E = m_{bh} we should recover the thermodynamical entropy of the black hole. However, for generic nonzero values of h Eq. (113) does not coincide with Eq. (13)^3. This result has different origins depending on the sign of h. We stressed in Sect. 3 that for h < 0 the deformations that generate the Virasoro algebra do not generate the black hole. Therefore, we cannot identify E with the black hole mass. Conversely, for h > 0 the deformations that generate the Virasoro algebra also generate the black hole and we can identify E with m_{bh}. However, the deformations do not correspond to truly dynamical degrees of freedom and the central charge vanishes. This is no surprise, since for h ≠ 0 there is no obvious reason why the dynamics of a strong-coupled system such as the black hole should be described by a free CFT^4.

As far as the CFT_h algebra is concerned both L^h_0 and c^h are determined by the value of the dilaton at the horizon. Inserting Eq. (66) in Eq. (112) we recover the thermodynamical entropy of the black hole (13) [12]. Although the density of states of CFT_h explains correctly the entropy of the black hole, both L^h_0 and c^h depend on the Hawking temperature of the horizon T_h (see Eq. (66)). Therefore, we cannot identify T_h with the temperature T_{CF T} of CFT_h; the energy-temperature relation for a general CFT is E ∝ cT^2_{CF T} /b. From this relation and from Eqs. (112) and (66) it follows that T_{CF T} is determined by the curvature of the AdS space, T_{CF T} ∝ b. Though we expect that the thermodynamical properties of the black hole are described by a CFT at the horizon, the relation between the CFT and the parameters of the black hole is far from being trivial.

The conclusions above have a counterpart in the sigma model formulation. The asymptotic region represents a perturbative stable conformal fixed point. In contrast, the horizon lies deep in the strong-coupled region of the sigma model and its CFT description is obtained through a duality transformation whose physical meaning is not completely clear.

Let us conclude this section by briefly discussing the a → ∞ regime. In this case the dilaton is constant and the solution (14) can be described by a CFT everywhere. The metric (14) possesses a Killing horizon, we can use Eq. (66) to compute L_0 and c. Since Φ = Φ_0 we obtain c/6 = L_0 = Φ_0. Substituting the latter in the Cardy formula we recover the thermodynamical entropy (15). It should be noticed that if we used the r → ∞ boundary calculation of Sect. 3 to compute the central charge we would obtain c = 0, i.e. S = 0. This is consistent with the fact that there are no dynamical degrees of freedom on the boundary of AdS_2. The degrees of freedom which are responsible for the entropy are not localized on the boundary of AdS_2 but on the Killing horizon of the solution (14).

3For h = 0 (the JT model) Eq. (113) leads to a mismatch of a √ 2 factor between the thermodynamical and the CFT entropy. However, the origin of the discrepancy is known [19].

4For h = 0 one can invoke the AdS/CFT correspondence.

9 Conclusions

In this paper we have investigated dilatonic 0-branes in the near-horizon approximation. In the dual frame the solutions have the AdS_2 × S^{D−2} form. Using different approaches such as the canonical realization of asymptotic symmetries as deformation algebra, the sigma model, and dualities, we have found that the dynamics is characterized by three conformal points both at classical and at (one-loop) quantum levels. The ensuing CFTs have been identified by the fields which describe the boundary deformations and/or by the degrees of freedom of the sigma model. We have calculated the central charges of the Virasoro algebra.

The use of the CFTs to describe the thermodynamics of black holes (in particular their entropy) seems problematic. Though the CFT_∞ description is natural from the black hole point of view (the black hole mass is identified with L_0 and the central charge is a function of Φ_0), nevertheless it does not reproduce the black hole entropy for generic couplings. Technically, this may be explained either by the absence of dynamical degrees of freedom on the (AdS) boundary of the spacetime (h > 0) or by the impossibility of relating them to the degrees of freedom of the black hole (h < 0). Only in the JT model, where the spacetime is AdS_2 and there is no curvature singularity, CFT_∞ reproduces the black hole thermodynamical relations. In this case we have a genuine realization of the AdS_2/CFT_1 correspondence.

In contrast, the CFT at the horizon seems to give a good description of black hole thermodynamical relations. This is sensible because we expect the thermal properties of black holes to be associated with the horizon. However, the horizon lies deep in the strongcoupled region of the sigma model and in order to describe its dynamics by a free CFT we must employ a nonperturbative tool: the duality symmetry of the model. So from the black hole point of view the CFT_h description remains obscure. Both the central charge and the eigenvalue of L_0 depend on the Hawking temperature of the horizon, whereas we would like c to depend on Φ_0 only. Something fundamental is still missing in the picture, hidden perhaps in the full quantum dynamics of the black hole.

Acknowledgements

We are very grateful to D. Klemm for interesting discussions and useful comments. This work is supported in part by funds provided by the U.S. Department of Energy (D.O.E.) under cooperative research agreement DE-FC02-94ER40818.

References

[1] J. M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200];

E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150]; S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B428 (1998) 105 [hep-th/9802109];

O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, Phys. Rept. 323 (2000) 183 [hep-th/9905111].

[2] A. Strominger, JHEP 9901, 007 (1999) [hep-th/9809027];

J. Michelson and A. Strominger, JHEP 9909, 005 (1999) [hep-th/9908044]; S. Cacciatori, D. Klemm and D. Zanon, Class. Quant. Grav. 17, 1731 (2000) [hepth/9910065].

[3] M. Cadoni and S. Mignemi, Nucl. Phys. B 557, 165 (1999) [hep-th/9902040]. [4] J. Maldacena, J. Michelson and A. Strominger, JHEP 9902, 011 (1999) [hepth/9812073].

[5] M. Cadoni and M. Cavaglià, Phys. Rev. D 63, 084024 (2001) [hep-th/0008084]; Phys.

Lett. B499, 315 (2001) [hep-th/0005179].

[6] D. Youm, Nucl. Phys. B 573, 257 (2000) [hep-th/9909180]. [7] M. Cadoni and S. Mignemi, Phys. Lett. B 490, 131 (2000) [hep-th/0002256]. [8] J. Navarro-Salas and P. Navarro, Nucl. Phys. B579 (2000) 250 [hep-th/9910076]. [9] G. Catelani and L. Vanzo, hep-th/0009186.

[10] M. Caldarelli, G. Catelani and L. Vanzo, JHEP 0010 (2000) 005 [hep-th/0008058]. [11] C. Teitelboim, in Quantum Theory of Gravity, edited by S. M. Christensen (Hilger, Bristol, 1984); R. Jackiw, ibid.

[12] S. Carlip, Class. Quant. Grav. 16, 3327 (1999) [gr-qc/9906126]. [13] K. Behrndt, E. Bergshoeff, R. Halbersma and J. P. van der Schaar, Class. Quant.

Grav. 16, 3517 (1999) [hep-th/9907006].

[14] M. Cadoni and S. Mignemi, Nucl. Phys. B 427, 669 (1994) [hep-th/9312171]. [15] J. P. Lemos and P. M. Sa, Phys. Rev. D 49, 2897 (1994) [Erratum-ibid. D 51, 2897 (1994)] [gr-qc/9311008].

[16] M. Cadoni and S. Mignemi, Phys. Rev. D 51, 4319 (1995) [hep-th/9410041]. [17] M. Cadoni and C. N. Colacino, Nucl. Phys. B 590, 252 (2000) [hep-th/0004037].

[18] J. D. Brown and M. Henneaux, Commun. Math. Phys. 104, 207 (1986). [19] M. Cadoni, P. Carta, D. Klemm and S. Mignemi, hep-th/0009185. [20] T. Regge and C. Teitelboim, Ann. Phys. 88, 286 (1974). [21] C. Teitelboim, Ann. Phys. 79, 542 (1973).

[22] R. B. Mann, Phys. Rev. D 47, 4438 (1993) [hep-th/9206044]. [23] V. De Alfaro, S. Fubini, and G. Furlan, Nuovo Cimento 34A (1976) 569. [24] M. Cavaglià, Mod. Phys. Lett. A 15, 2113 (2000) [hep-th/0011136]. [25] M. Cavaglià, Phys. Rev. D 59, 084011 (1999) [hep-th/9811059]. [26] S. Mignemi, Annals Phys. 245, 23 (1996) [hep-th/9411153].

[27] M. Cadoni and S. Mignemi, Mod. Phys. Lett. A 10, 367 (1995) [hep-th/9403113]. [28] J. L. Cardy, Nucl. Phys. B 270, 186 (1986).