arXiv:hep-th/0105145 15 May 2001

Spectral Zeta Functions in Non-Commutative Spacetimes

Emilio Elizalde^{a b∗ †}

aInstituto de Ciencias del Espacio (CSIC) & IEEC, Edifici Nexus, Gran Capità 2-4, 08034 Barcelona

bDepartament ECM i IFAE, Facultat de Física, Universitat de Barcelona, Diagonal 647, 08028 Barcelona, Spain

Formulas for the most general case of the zeta function associated to a quadratic+linear+constant form (in

Z) are given. As examples, the spectral zeta functions ζff(s) corresponding to bosonic (α = 2) and to fermionic

(α = 3) quantum fields living on a noncommutative, partially toroidal spacetime are investigated. Simple poles show up at s = 0, as well as in other places (simple or double, depending on the number of compactified, noncompactified, and noncommutative dimensions of the spacetime). This poses a challenge to the zeta-function regularization procedure.

A fundamental property shared by all zeta functions is the existence of a reflection formula. It allows for its analytic continuation in an easy way [ 1]. But much better than that is a formula that yields exponentially quick convergence and everywhere, not just in the reflected domain of convergence. We here provide explicit, Chowla- Selberg-like [ 2] extended formulas for all possible cases involving forms of the very general type: quadratic+linear+constant [ 3]-[ 6]. Then we move to specific applications of these formulas in non-commutative field theory.

Consider the zeta function (Re s > p/2): ζ_{A,⃗c,q}(s) = ∑ ⃗n∈Z^p ′ [ 1 2 (⃗n + ⃗c)^T A (⃗n + ⃗c) + q ]_{−s}

≡ ∑ ⃗n∈Z^p ′ [Q (⃗n + ⃗c) + q]^{−s} . (1)

The prime on a summation sign means that the point ⃗n = ⃗0 is to be excluded from the sum. This is irrelevant when q or some component of ⃗c is non-zero but, on the contrary, it becomes an inescapable condition in the case when c_1 = · · · =

�Invited contribution to the International Conference on Quantum Gravity and Spectral Geometry, Neapel, Italy, July 1–7, 2001.

ySupported by DGI/SGPI (Spain), project BFM2000-

0810, by CIRIT (Generalitat de Catalunya), contract 1999SGR-00257, and by the program INFN (Italy)– DGICYT (Spain).

c_p = q = 0. We can view the expression inside the square brackets of the zeta function as a sum of a quadratic, a linear, and a constant form, namely, Q (⃗n + ⃗c) + q = Q(⃗n) + L(⃗n) + q̄. (i) For q ≠ 0, we obtain [ 5] ζ_{A,⃗c,q}(s) = (2π)^{p/2}q^{p/2−s} √ det A Γ(s − p/2) Γ(s) + 2^{s/2+p/4+2}π^sq^{−s/2+p/4} √ det A Γ(s) (2) × ∑ ⃗m∈Z^p_{1/2} ′ cos(2π ⃗m · ⃗c) ( ⃗m^T A^{−1} ⃗m )_{s/2−p/4}

× K_{p/2−s} ( 2π √ 2q ⃗m^T A^{−1} ⃗m ) , where K_ν is the modified Bessel function of the second kind and the subindex 1/2 in Z^p_{1/2} means that in this sum, only half of the vectors ⃗m ∈ Z^p enter. We have denoted this formula, Eq. (2), by the acronym ECS1. It is notorious how the only pole of this inhomogeneous Epstein zeta function appears, explicitly, at s = p/2, where it belongs. Its residue is given by: Res_{s=p/2}ζ_{A,⃗c,q}(s) = (2π)^{p/2} Γ(p/2) (det A)^{−1/2}. (3)

(ii) In the case q = 0 but c_1 ≠ 0, we obtain [

6]: ζ_{Ap,⃗c,0}(s) = 2^s Γ(s)

(det A_{p−1})^{−1/2} { π^{(p−1)/2} (a_{11} − ⃗a^T_{p−1}A^{−1}_{p−1}⃗a_{p−1} )_{(p−1)/2−s} Γ (s − (p − 1)/2) × [ζ_H (2s − p + 1, c_1) + ζ_H (2s − p + 1, 1 − c_1)] +4π^s ( a_{11} − ⃗a^T_{p−1}A^{−1}_{p−1}⃗a_{p−1} )_{(p−1)/4−s/2} × ∑ n1∈Z ∑ ⃗m∈Z^p�^1_{1/2} ′ cos [ 2π ⃗m^T ( ⃗c_{p−1} + A^{−1}_{p−1}⃗a_{p−1}(n_1 + c_1) )]

× |n_1 + c_1|^{(p−1)/2−s} ( ⃗m^T A^{−1}_{p−1} ⃗m )_{s/2−(p−1)/4} K_{(p−1)/2−s} ( 2π|n_1 + c_1| √( a_{11} − ⃗a^T_{p−1}A^{−1}_{p−1}⃗a_{p−1} ) ⃗m^T A^{−1}_{p−1} ⃗m )}

− ( 1 2 ⃗c^T A⃗c )_{−s} . (4)

A_{p−1} is the submatrix of A_p composed of the last p − 1 rows and columns. Moreover, a_{11} is the first diagonal component of A_p, while ⃗a_{p−1} = (a_{12}, . . . , a_{1p})^T = (a_{21}, . . . , a_{p1})^T , and ⃗m = (n_2, . . ., n_p)^T . Note that this is an explicit formula, that the only pole at s = p/2 appears also explicitly, and that the second term of the rhs is a series of exponentially fast convergence. It has, therefore (as Eq. (2)), all the properties required to qualify as a CS formula. We name this expression ECS2.

The diagonal subcase is rather more simple: ζ_{Ap ,⃗c,0}(s) = 2^s Γ(s)

(det A_{p−1})^{−1/2} { π^{(p−1)/2}a^{(p−1)/2−s} 1 × Γ (s − (p − 1)/2) [ζ_H (2s − p + 1, c_1) +ζ_H (2s − p + 1, 1 − c_1)] +4π^sa^{(p−1)/4−s/2} 1 ∑ n1∈Z ∑ ⃗m∈Z^p�^1_{1/2} ′ cos ( 2π ⃗m^T ⃗c_{p−1} )

×|n_1 + c_1|^{(p−1)/2−s} ( ⃗m^T A^{−1}_{p−1} ⃗m )_{s/2−(p−1)/4} × K_{(p−1)/2−s} ( 2π|n_1 + c_1| √ a_1 ⃗m^T A^{−1}_{p−1} ⃗m )}

− ( 1 2 ⃗c^T A⃗c )_{−s} . (5)

We call this formula ECS2d.

(iii) In the case c_1 = · · · = c_p = q = 0 we have similar expressions. Let us just write down the one corresponding to the diagonal case:

ζ_{Ap} (s) =

2^{1+s} Γ(s) p−1∑ j=0 (det A_j )^{−1/2} [ π^{j/2}a^{j/2−s}_{p−j} ×Γ (s − j/2) ζ_R(2s − j) + 4π^sa^{j/4−s/2}_{p−j} × ∞∑ n=1 ∑ ⃗m_j ∈Z^j

′ n^{j/2−s} ( ⃗m^t_j A^{−1}_j ⃗m_j )_{s/2−j/4}

× K_{j/2−s} ( 2πn √ a_{p−j} ⃗m^t_j A^{−1}_j ⃗m_j )] , (6)

We call this formula ECS3d. This formula, Eq. (6), provides a convenient analytic continuation of the zeta function to the whole complex plane, with its only simple pole showing up explicitly. Aside from this, the finite part of the first sum in the expression is quite easy to obtain, and the remainder —an awfully looking multiple series— is in fact an extremely-fast convergent sum, yielding a small contribution, as happens in the CS formula. In fact, since it corresponds to the case q = 0, this expression should be viewed as the extension of the original Chowla-Selberg formula —for the zeta function associated with an homogeneous quadratic form in two dimensions— to an arbitrary number, p, of dimensions. The rest of the formulas above provide also extensions of the original CS expression. The investigation of the general case of a quadratic+linear+constant form has been thus completed.

We shall now consider the physical example of a quantum system consisting of scalars and vector fields on a D−dimensional noncommutative manifold, M , of the form R^{1,d} ⨂ T^p_θ (thus D = d + p + 1). T^p_θ is a p−dimensional noncommutative torus, its coordinates satisfying the usual relation: [x_j, x_k] = iθσ_{jk}. Here σ_{jk} is a real nonsingular, antisymmetric matrix of ±1 entries, and θ is the noncommutative parameter.

This physical system has attracted much interest. It has been shown, in particular, that noncommutative gauge theories describe the low energy excitations of open strings on D−branes in a background Neveu-Schwarz two-form field [ 8, 9, 10]. This interesting system provides us with a quite non-trivial case where the formulas derived above are indeed useful. For one, the zeta functions corresponding to bosonic and fermionic operators in this system are of a different kind, never considered before. And, moreover, they can be most conveniently written in terms of the zeta functions above. What is also nice is the fact that a unified treatment (with just one zeta function) can be given for both cases, the nature of the field appearing there as a simple parameter, together with those corresponding to the numbers of compactified, noncompactified, and noncommutative dimensions of the spacetime.

The spectral zeta function for the corresponding (pseudo-)differential operator can be written in the form [ 7]

ζ_α(s) = V (4π)^{(d+1)/2}

Γ(s − (d + 1)/2) Γ(s) (7) × ∑ ⃗n∈Z^p ′ Q(⃗n)^{(d+1)/2−s} [ 1 + Λθ^{2−2α}Q(⃗n)^{−α} ]_{(d+1)/2−s} , where V = Vol (R^{d+1}), the volume of the noncompact part, and Q(⃗n) = ∑_p j=1 a_jn^2_j , a diagonal quadratic form, being the compactification radii R_j = a^{−1/2}_j . Moreover, the value of the parameter α = 2 for scalar fields and α = 3 for vectors, distinguishes between the two different fields. In the particular case when we set all the compactification radii equal to R, we obtain:

ζ_α(s) = V (4π)^{(d+1)/2}

Γ(s − (d + 1)/2) Γ(s)R^{d+1−2s} × ∑ ⃗n∈Z^p ′ I(⃗n)^{(d+1)/2−s} [ 1 + Λθ^{2−2α} ×R^{2α}I(⃗n)^{−α} ]_{(d+1)/2−s} , (8)

being now the quadratic form: I(⃗n) = ∑_p j=1 n^2_j .

After some calculations, this zeta function can be written in terms of the zeta functions that I have considered before, with the result:

ζ_α(s) = V (4π)^{(d+1)/2} ∞∑ l=0 Γ(s + l − (d + 1)/2) l! Γ(s)

×(−Λθ^{2−2α})^l ζ_{Q,⃗0,0}(s + αl − (d + 1)/2), (9)

which reduces, in the particular case of equal radii, to

ζ_α(s) = V (4π)^{(d+1)/2}R^{d+1−2s} ∞∑ l=0 Γ(s + l − (d + 1)/2) l! Γ(s)

×(−Λθ^{2−2α})^l ζ_E (s + αl − (d + 1)/2), (10)

The pole structure of the resulting zeta function deserves a careful analysis. It differs, in fact, very much from all cases that were known in the literature till now. This is not difficult to understand, from the fact that the pole of the Epstein zeta function at s = p/2 − αk + (d + 1)/2 = D/2 − αk, when combined with the poles of the gamma functions, yields a very rich pattern of singularities for ζ_α(s), on taking into account the different possible values of the parameters involved.

Having already given the formula (9) above — that contains everything needed to perform such calculation of pole position, residua and finite part— for its importance for the calculation of the determinant and the one-loop effective action from the zeta function, one start by specifying what happens at s = 0. Remarkably enough, a pole appears in many cases, depending on the values of the parameters, as observed by Bytsenko, Gonçalves and Zerbini [ 7]. This illustrates what one has to expect for other values of s. The general case will be considered later. It is convenient to classify all possible subcases according to the values of d and D = d+p+1. The calculation has been carried out in [ 6] in detail, with the result:

For d = 2k : { if D ≠ ˙2α =⇒ ζ_α(0) = 0, if D = ˙2α =⇒ ζ_α(0) = finite.

For d = 2k − 1 :

if D ≠ ˙2α { finite, for l ≤ k 0, for l > k } =⇒ ζ_α(0) = finite,

if D = 2αl { pole, for l ≤ k finite, for l > k } =⇒ ζ_α(0) = pole.

Table 1 Pole structure of the zeta function ζff(s), at s = 0, according to the different possible values of d and D ( ˙2α means multiple of 2α.)

Substituting the corresponding formula, from the preceding section, for the Epstein zeta functions in Eq. (9), we obtain the following explicit analytic continuation of ζ_α(s) (α = 2, 3), for bosonic and fermionic fields, to the whole complex s−plane:

ζ_α(s) = 2^{s−d} V (2π)^{(d+1)/2}Γ(s) ∞∑ l=0 Γ(s + l − (d + 1)/2) l! Γ(s + αl − (d + 1)/2)

× (−2^αΛθ^{2−2α})^l p−1∑ j=0 (det A_j )^{−1/2} × [ π^{j/2}a^{−s−αl+(d+j+1)/2} p−j Γ(s + αl − (d + j + 1)/2) × ζ_R(2s + 2αl − d − j − 1) +4π^{s+αl−(d+1)/2}a^{−(s+αl)/2−(d+j+1)/4} p−j × ∞∑ n=1 ∑ ⃗m_j ∈Z^j

′ n^{(d+j+1)/2−s−αl} (11)

× ( ⃗m^t_j A^{−1}_j ⃗m_j )_{(s+αl)/2−(d+j+1)/4} × K_{(d+j+1)/2−s−αl} ( 2πn √ a_{p−j} ⃗m^t_j A^{−1}_j ⃗m_j )] . The non-spurious poles of this zeta function are to be found in the terms corresponding to j = p − 1. The pole structure is summarized in Table 2.

D even p odd (1a) pole / finite (l ≥ l_1) p even (1b) double pole / pole (l ≥ l_1 , l_2) D odd p odd (2a) pole / pole p even (2b) pole / double pole (l ≥ l_2)

Table 2 General pole structure of the zeta function ζff(s), according to the different possible values of D and p being odd or even. In italics, the type of behavior corresponding to lower values of l is quoted, while the behavior shown in roman characters corresponds to larger values of l.

Depending on D and p being even or odd, completely different situations arise, for different values of l: from the disappearance of the pole, giving rise to a finite contribution, to the appearance of a simple or a double pole.

An application of these formulas to the calculation of the one-loop partition function corresponding to quantum fields at finite temperature, on a noncommutative flat spacetime, is given elsewhere [ 11].

Thanks are extended to Andrei Bytsenko and to Sergio Zerbini for stimulating discussions and collaboration on this subject.

REFERENCES

1. E. Elizalde, S.D. Odintsov, A. Romeo, A.A.

Bytsenko, and S. Zerbini, Zeta Regularization Techniques with Applications (World Scientific, Singapore, 1994): E. Elizalde, Ten Physical Applications of Spectral Zeta Functions (Springer-Verlag, Berlin, 1995); A.A. Bytsenko, G. Cognola, L. Vanzo and S. Zerbini, Phys. Reports 266 (1996) 1.

2. S. Chowla and A. Selberg, Proc. Nat. Acad.

Sci. U.S.A. 35 (1949) 317.

3. E. Elizalde, J. Phys. A27 (1994) 3775; E.

Elizalde, J. Phys. A27 (1994) L299; E. Elizalde, J. Phys. A22 (1989) 931; E. Elizalde and A. Romeo, Phys. Rev. D40 (1989) 436.

4. M. Bordag, E. Elizalde and K. Kirsten, J.

Math. Phys. 37 (1996) 895; M. Bordag, E. Elizalde, K. Kirsten and S. Leseduarte, Phys. Rev. D56 (1997) 4896; E. Elizalde, L. Vanzo and S. Zerbini, Commun. Math. Phys. 194 (1998) 613.

5. E. Elizalde, Commun. Math. Phys. 198 (1998) 83; E. Elizalde, J. Comput. Appl. Math. 118 (2000) 125.

6. E. Elizalde, hep-th/0012154, J. Phys. A34 (2001) 3025.

7. A.A. Bytsenko, A.E. Gonçalves, and S.

Zerbini, hep-th/0011252.

8. A. Connes, M.R. Douglas and A. Schwarz, JHEP 9802 (1998) 003.

9. M.R. Douglas and C. Hall, JHEP 9802 (1998) 008.

10. N. Seiberg and E. Witten, JHEP 9909 (1999) 032.

11. A.A. Bytsenko, E. Elizalde, and S. Zerbini, hep-th/0103128.