arXiv:hep-th/0105302 v2 5 Jun 2001

UCLA/01/TEP/8 May, 2001

Prepotential Recursion Relations in N =2 Super Yang-Mills with Adjoint Matter

Gordon Chan^1

Department of Physics and Astronomy

University of California

Los Angeles, CA 90095, USA

Abstract

Linear recursion relations for the instanton corrections to the effective prepotential are derived for N =2 supersymmetric gauge theories with one hypermultiplet in the adjoint representation of SU(N) using the Calogero-Moser parameterization of the Seiberg-Witten spectral curves. S-duality properties of the Calogero-Moser parameterization and conjectures on the Seiberg-Witten spectral curves generalized to arbitrary simply laced classical gauge groups are also discussed.

1E-mail: morgoth@physics.ucla.edu

1. Introduction

Over the past half decade there has been great progress in understanding non-perturbative dynamics of N =2 SUSY gauge theories [1]-[11]. Nonperturbative corrections in the weak coupling corresponding to instanton effects [12] were evaluated by field theory methods [13]-[16] and various other ways via the Seiberg-Witten ansatz by calculating the period integrals corresponding to the quantum moduli parameters representing the set of vacuum expectation values of the Higgs fields [17]-[20]. In a previous paper [21], a linear set of recursion relations for the instanton corrections to the effective prepotential F was found for a class of N =2 SUSY Yang-Mills theories with hypermultiplets in the fundamental representation of a classical gauge group G, which reproduced the results of previous recursion relations [22][23] and other methods [17]-[20].

Connections between Seiberg-Witten theory and integrable systems was first made for the case of pure N =2 super Yang-Mills theory in connection with Toda lattices [24] and Whitham theory [25]. Later connections between N =2 super Yang-Mills theory with one hypermultiplet in the adjoint representation of the gauge group, and the Hitchin [27] and Calogero-Moser [28] integrable systems was made. (There are claims that the Calogero-Moser integrable system can be derived from the Hitchin integrable system [29]). Convenient parameterizations of the Calogero-Moser integrable system useful for performing explicit Seiberg-Witten type of calculations were discovered [30] and forms the starting point of the present paper.

The Calogero-Moser construction [30] of the Seiberg-Witten solution for N =2 super Yang-Mills theory with one hypermultiplet in the adjoint representation of the gauge group SU(N) and the renormalization group like equation for the prepotential F, led us to the discovery of a general recursion relation expressing the n-th order instanton correction to the prepotential F in terms of the (n-1)-th, ..., first order instanton corrections.

We start off by reviewing the Calogero-Moser construction of the Seiberg- Witten solution for N =2 super Yang-Mills theory with one hypermultiplet in the adjoint representation of the gauge group SU(N). The renormalization group type equation for the prepotential F is discussed next and it is shown how it can be used to determine the instanton corrections to the prepotential to arbitrary order in an efficient manner. Recursion relations for the instanton corrections are then derived and compared with previous results. Sduality properties of the Calogero-Moser construction of the Seiberg-Witten solution are used to discuss the ”dual” prepotential F_D of the dual magnetic sector of the theory. Conjectures for possible Seiberg-Witten spectral curves for simply laced cases of other classical gauge groups are then discussed.

2. The Seiberg-Witten Solution for Super Yang-Mills with One Adjoint Hypermultiplet

The Seiberg-Witten (SW) ansatz gives a prescription for determining the prepotential of the effective action for N =2 supersymmetric Yang-Mills gauge theories, as well as for determining the spectrum of BPS states.

For supersymmetric Yang-Mills theories with an asymptotic free coupling and one adjoint hypermultiplet in the adjoint representation of a classical gauge group, general arguments based on the holomorphicity of F, perturbative non-renormalization theorems beyond 1-loop order, the nature of instanton corrections, and restrictions of U(1)_R invariance constrain F to have the form F(a) = τ 2 r∑ i=1 a^2_i − 1 8πi ∑ α∈R(G) { (α · a)^2log(α · a)^2 −(α · a + m)^2log(α · a + m)^2 } + ∞∑ n=1 q^n 2πni F^{(n)}(a) (1)

where α are the roots of the gauge group G. For SU(N), the traceless condition ∑N i=1 a_i = 0 is imposed.

The SW ansatz for determining the full prepotential F is based on a choice of a fibration of spectral curves over the space of vacua, and of a meromorphic 1-form dλ on each of these curves. The renormalized order parameters a_k of the theory, their duals a_{D,k}, and the prepotential F are given by 2πia_k = ∮ A_k dλ, 2πia_{D,k} = ∮ B_k dλ, a_{D,k} = ∂F ∂a_k (2) with A_k, B_k a suitable set of homology cycles on the spectral curves.

For N = 2 supersymmetric gauge theories with gauge group SU(N) and one hypermultiplet in the adjoint representation, a convenient parameterization for the spectral curves and meromorphic 1-forms is the Calogero-Moser case of [30] f(k − m 2 , z) = 0, dλ = kdz (3) where f(k, z) = 1 ϑ_1(^z_{2ω1} |τ ) N∑ n=0 1 n! ∂^n ∂z^n ϑ_1( z 2ω_1 |τ )(−m ∂ ∂k )^nH(k|k) (4) H(x|k) = N∏ j=1 (x − k_j ) ≡ (x − k_i)H_i(x|k) (5)

ϑ_1(z|τ ) = ∑ n∈Z (−1)^nq^{(n+1/2)2/2}e^{2πi(2n+1)z} (6)

along with a corresponding basis of A_k, B_k homology cycles as described in [30]. This particular choice of parameterization for the spectral curves has the geometry of a foliation over a base torus Σ, where the complex modulus τ of the torus Σ is related to the gauge coupling g and the θ-angle of the gauge theory by τ = θ 2π + 4πi g^2 (7) Substituting (6) into (3) produces a simplified form for the spectral curves ∑ n∈Z (−1)^nq^{12 n(n−1)}e^{nz}H(k − mn|k) = 0 (8)

Substituting (8) into (2) using the Calogero-Moser parameterization (3) for the 1-form and performing a weak coupling expansion in powers of q similar to the methods in [30], the integral for the quantum order parameters a_i’s in terms of the classical order parameters k_i’s were calculated order by order in q producing a simplified expression of

a_i = k_i + ∞∑ n=1 q^nΔ^{(n)}_i (k)

where ∞∑ n=1 q^nΔ^{(n)}_i (k) = ∞∑ j=2 ∞∑ α1,···,αj =−∞,≠0 α_1+···+α_j=0

(−1)^j j! ( ∂ ∂k_i )^{j−1} j∏ l=1 [ H(k_i − α_lm|k) H_i(k_i|k) q^{α2l /2} ]

(9)

The first few Δ_i’s are

Δ^{(1)}_i (a) = ∂ ∂a_i [ H(a_i − m|a)H(a_i + m|a) H_i(a_i|a)^2 ]

Δ^{(2)}_i (a) = 1 4 ∂^3 ∂a^3_i [ H(a_i − m|a)H(a_i + m|a) H_i(a_i|a)^2

]_2

Δ^{(3)}_i (a) = 1 36 ∂^5 ∂a^5_i [ H(a_i − m|a)H(a_i + m|a) H_i(a_i|a)^2

]_3

− 1 2 ∂^2 ∂a^2_i [ H(a_i − 2m|a)H(a_i + m|a)^2

H_i(a_i|a)^3 ]

− 1 2 ∂^2 ∂a^2_i [ H(a_i − m|a)^2H(a_i + 2m|a)

H_i(a_i|a)^3 ]

Δ^{(4)}_i (a) = 1 576 ∂^7 ∂a^7_i [ H(a_i − m|a)H(a_i + m|a) H_i(a_i|a)^2

]_4

+ ∂ ∂a_i [ H(a_i − 2m|a)H(a_i + 2m|a) H_i(a_i|a)^2 ]

− 1 6 ∂^4 ∂a^4_i [ H(a_i − 2m|a)H(a_i − m|a)H(a_i + m|a)^3 H_i(a_i|a)^5 ]

− 1 6 ∂^4 ∂a^4_i [ H(a_i − m|a)^3H(a_i + m|a)H(a_i + 2m|a) H_i(a_i|a)^5 ]

This result can be derived in a more transparent manner by rewriting the spectral curves (8) as

k ≡ k_i + F_i(k) (10)

where

F_i(k) = ∑ n∈Z,≠0 (−1)^{n+1}q^{12 n(n−1)}e^{nz} H(k − nm|k) H_i(k|k) (11)

An iterative solution expanded around k = k_i to all orders in small q is given by k = k_i + ∞∑ n=1 y_n, y_n = 1 n! ∂^{n−1} ∂k^{n−1} F^n_i (k)|_{k=ki} (12)

In a similar manner as in [30], z is substituted with w = e^z in the the SW differential (3), dz = dw w , dλ = kdz = k dw w (13)

along with the iterative solution (12). Performing the integral around the appropriate A_i cycle corresponding to k_i as prescribed in [30], reproduces (9) [31].

3. Renormalization Group Type Equations

In [30], a renormalization group type equation for the prepotential F was derived ∂F ∂τ = 1 4πi r∑ j=1 ∮ A_j k^2dz (14)

up to an additive term independent of a_i and k_i which is physically immaterial.

Substituting the SU(N) spectral curves (8) into (14) using the Calogero- Moser parameterization (3) for the 1-form and solving the integral in the weak coupling limit of small q gives the renormalization group like equation for the prepotential F in terms of the classical order parameters k_i’s ∂F ∂τ = 1 2 r∑ i=1 k^2_i + r∑ i=1 ∞∑ n=1 q^nk_iΔ^{(n)}_i (k) + r∑ i=1 ∞∑ n=1 q^nΩ^{(n)}_i (k)

where ∞∑ n=1 q^nΩ^{(n)}_i (k) = ∞∑ j=2 ∞∑ α1,···,αj=−∞,≠0 α_1+···+α_j =0

(−1)^j j(j − 2)! ( ∂ ∂k_i )^{j−2} j∏ l=1 [ H(k_i − α_lm|k) H_i(k_i|k) q^{α2l /2} ]

(15)

The first few Ω_i’s are

Ω^{(1)}_i (a) = H(a_i − m|a)H(a_i + m|a) H_i(a_i|a)^2

Ω^{(2)}_i (a) = 3 4 ∂^2 ∂a^2_i [ H(a_i − m|a)H(a_i + m|a) H_i(a_i|a)^2

]_2

Ω^{(3)}_i (a) = 5 36 ∂^4 ∂a^4_i [ H(a_i − m|a)H(a_i + m|a) H_i(a_i|a)^2

]_3

− ∂ ∂a_i [ H(a_i − 2m|a)H(a_i + m|a)^2 H_i(a_i|a)^3 ]

− ∂ ∂a_i [ H(a_i − m|a)^2H(a_i + 2m|a) H_i(a_i|a)^3 ]

Ω^{(4)}_i (a) = 7 576 ∂^6 ∂a^6_i [ H(a_i − m|a)H(a_i + m|a) H_i(a_i|a)^2

]_4

+ H(a_i − 2m|a)H(a_i + 2m|a) H_i(a_i|a)^2 − 2 3 ∂^3 ∂a^3_i [ H(a_i − 2m|a)H(a_i − m|a)H(a_i + m|a)^3 H_i(a_i|a)^5 ]

− 2 3 ∂^3 ∂a^3_i [ H(a_i − m|a)^3H(a_i + m|a)H(a_i + 2m|a) H_i(a_i|a)^5 ]

4. Recursion Relations for the Prepotential F

In [21], an efficient algorithm for deriving a set of recursion relations for the instanton corrections was discovered. Using similar methods as [21], a similar set of recursion relations for the prepotential F was determined.

A very direct way of deriving the form of the instanton corrections to the prepotential F involves substituting (1) and (9) into (15) to get ∞∑ n=1 q^nF^{(n)}(a) = r∑ i=1 ∞∑ n=1 q^nΩ^{(n)}_i (k) − 1 2 r∑ i=1 [_∞ ∑ n=1 q^nΔ^{(n)}_i (k)

]_2

(16)

Then (9) is substituted into (16) and expanded in powers of q, replacing the k_i’s with a_i’s. The n-th order instanton correction to the prepotential F finally takes on the form

F^{(n)}(a) = r∑ i=1 Ω^{(n)}_i (a) − 1 2 r∑ i=1 n∑ j,l=1 j+l=n Δ^{(j)}_i (a)Δ^{(l)}_i (a)

− n−1∑ i=1 1 i! i−1∑ β1,···,βi+1 =1 β_1+···+β_{i+1}=n r∑ α_1,···,α_i=1 i∏ j=1 Δ^{(βj)}_{αj} (a) ( i ∏ l=1 ∂ ∂a_{αl} ) F^{(βi+1)}(a)

(17)

The first few F^{(n)}(a)’s are

F^{(1)}(a) = r∑ i=1 Ω^{(1)}_i (a)

F^{(2)}(a) = r∑ i=1 Ω^{(2)}_i (a) − 1 2 r∑ i=1 (Δ^{(1)}_i (a))^2 − r∑ i=1 Δ^{(1)}_i (a)

∂F^{(1)}(a) ∂a_i F^{(3)}(a) = r∑ i=1 Ω^{(3)}_i (a) − 1 2 r∑ i=1 [ 2Δ^{(1)}_i (a)Δ^{(2)}_i (a) ]

− r∑ i=1 [ Δ^{(1)}_i (a)

∂F^{(2)}(a) ∂a_i + Δ^{(2)}_i (a)

∂F^{(1)}(a) ∂a_i ]

− 1 2! r∑ i,j=1 Δ^{(1)}_i (a)Δ^{(1)}_j (a)

∂^2F^{(1)}(a) ∂a_i∂a_j F^{(4)}(a) = r∑ i=1 Ω^{(4)}_i (a) − 1 2 r∑ i=1 [ 2Δ^{(1)}_i (a)Δ^{(3)}_i (a) + (Δ^{(2)}_i (a))^2 ]

− r∑ i=1 [ Δ^{(1)}_i (a)

∂F^{(3)}(a) ∂a_i + Δ^{(2)}_i (a)

∂F^{(2)}(a) ∂a_i + Δ^{(3)}_i (a)

∂F^{(1)}(a) ∂a_i ]

− 1 2! r∑ i,j=1 [ Δ^{(1)}_i (a)Δ^{(1)}_j (a)

∂^2F^{(2)}(a) ∂a_i∂a_j + 2Δ^{(1)}_i (a)Δ^{(2)}_j (a)

∂^2F^{(1)}(a) ∂a_i∂a_j ]

− 1 3! r∑ i,j,k=1 Δ^{(1)}_i (a)Δ^{(1)}_j (a)Δ^{(1)}_k (a)

∂^3F^{(1)}(a) ∂a_i∂a_j∂a_k (18)

5. Comparison With Previous Results

In the limit the full hypermultiplet is decoupled with τ → ∞, m → ∞ while keeping constant the parameters k_i and Λ:

Λ^{2N} = (−1)^N m^{2N} q q = e^{2πiτ} (19) equations (9) and (15) break down to their corresponding equations in the pure SU(N) gauge theory cases [20][21][35].

In the N =4 limit where m → 0, all the Ω_i and Δ_i terms in (9) and (15) vanish and reproduces the expected prepotential F(a) = τ 2 N∑ i=1 a^2_i (20)

for SU(N).

For SU(2), the existing results in the literature have the instanton expressed in term of

a_1 = a, a_2 = −a (21)

Explicit evaluations of the first three instanton corrections are

F^{(1)}(a) = m^4 2a^2 F^{(2)}(a) 2 = − 9m^6 16a^4 + 5m^8 64a^6 F^{(3)}(a) 3 = m^6 a^4 + 25m^8 48a^6 − 67m^{10} 192a^8 + 3m^{12} 64a^{10}

(22)

which disagree with results in the literature beyond one instanton [33]^1 , but agrees in the limit where the full hypermultiplet decouples [21]. It turns out that peforming the Seiberg-Witten elliptic function calculation in [32] to higher instanton orders reproduces the instanton calculations of [33].

On the other hand, the SU(2) spectral curve from the Calogero-Moser construction (3) can be explicitly shown to be equivalent to the SU(2) mass deformed N =4 spectral curve construction [2] up to reparameterizations of the classical order parameters k_i’s. This spectral curve forms a crucial part of the elliptic function calculation in [32].

One possible problem with the elliptic function calculation in [32] is the assumption of Matone’s relation [22][34] holding in the presence of an adjoint hypermultiplet. Generalizations of Matone’s relation for classes of N =2

1 In the limit of decoupling the full SU(2) adjoint hypermultiplet in [33], there is a discrephency of a factor^1_2 with the pure SU(2) results of [17][21].

SUSY gauge theories with fundamental hypermultiplets was proven in general [35] and corresponds to a renormalization group type of equation for the prepotential F. For the case of one adjoint hypermultiplet, a renormalization group equation for the prepotential F was derived [30] and calculated to all orders (15) which differs greatly from Matone’s relation and [34][35], but agrees with the latter cases in the limit the full adjoint hypermultiplet is decoupled [30].

6. S-Duality Properties

A closer examination of the Calogero-Moser parameterization of the Seiberg- Witten spectral curves and 1-form (3) and (5) reveals there’s an implicit S-duality present.

Using the transformation property of the theta functions

ϑ_1 (z τ | − 1 τ ) = √ −iτ exp ( iz^2 πτ ) ϑ_1(z|τ ) (23)

and substituting it into (3) and (5) shows explicitly that the form of the spectral curves and 1-form are indeed invariant under S-duality transformations up to reparameterizations of the classical order parameters k_i’s. Correspondingly, the roles of the A and B cycles in the Seiberg-Witten ansatz (2) are interchanged under S-duality transformations.

With this explicit S-duality, the corresponding weakly coupled ”dual” theory in the magnetic sector of the theory expanded around a small ”dual” coupling constant

q_D = e^{2πiτD} τ_D = −^1_τ τ → i0^+ (24)

will have a corresponding ”dual” prepotential F_D(a_D) identical in form to the prepotential F(a) in (1) and (17) with the corresponding substitutions of the coupling constant and quantum order parameters to their ”dual” counterparts q → q_D a_i → a_{D,i} (25) respectively. This can be interpreted as a non-perturbative expansion of the theory, where the dynamics of the strongly coupled regime in the electric sector of the theory is described by the dynamics of a corresponding weakly coupled ”dual” theory in the magnetic sector of the same theory. (Other strong coupling expansions in the same spirit were performed in [17][36][39]).

Considering there are claims that the Calogero-Moser system can be constructed explicitly from the Hitchin system [29], this S-duality is like a realization of the Donagi-Witten construction of Seiberg-Witten theory using the Hitchin system [27] where an underlying S-duality and general SL(2, Z) symmetry is built into the geometry of the foliation over a base torus Σ construction (7) from the start. In the prepotential calculations performed around small coupling q or q_D, the S-duality is explicitly broken while the underlying spectral curve (3) is invariant under S-duality and in general an SL(2, Z) symmetry [2][27].

7. Generalizations to Other Gauge Groups

Generalizations of the SU(N) Calogero-Moser integrable system were investigated in [37] for various cases of twisted and untwisted gauge groups, but stopped short of producing parameterizations suitable for use as Seiberg- Witten spectral curves. Possible parameterizations to general untwisted classical gauge groups can be conjectured starting from the SU(N) spectral curves and placing appropriate constraints such that decouplings of the full adjoint hypermultiplet reproduce the pure gauge theory results [6][7][9][38].

In the spirit of [9][38], one possibility is to replace the H(k) polynomial with H(x|k) → H(x|k) = N∏ j=1 (x^2 − k^2_j ) ≡ (x − k_i)(x + k_i)H_i(x|k) (26)

in the Calogero-Moser parameterization of the SW spectral curves (8).

The appropriate limits for full hypermultiplet decoupling are τ → ∞, m → ∞ while keeping constant the parameters k_i and Λ: SO(2r) Λ^{4r−4} ≡ m^{4r−4}q SO(2r + 1) Λ^{4r−2} ≡ m^{4r−2}q SO(2r) Λ^{4r+4} ≡ m^{4r+4}q (27)

where q = e^{2πiτ} .

8. Acknowledgments

The author is very grateful to Eric D’Hoker for guidance. The author would also like to thank Anton Ryzhov, Nick Dorey, Alex Buchel, and Gordon Chalmers for various discussions. This research was financed partially by NSERC.

References

[1] N. Seiberg, and E. Witten, ”Electric-Magnetic Duality, Monopole Condensation, and Confinement in N =2 Supersymmetric Yang-MIlls Theory”, Nucl. Phys. B 426 (1994) 19, hep-th/9407087.

[2] N. Seiberg, and E. Witten, ”Monopoles, Duality and Chiral Symmetry Breaking in N =2 Supersymmetric QCD”, Nucl. Phys. B 431 (1994) 484, hep-th/9408099.

[3] A. Klemm, W. Lerche, S. Yankielowicz, and S. Theisen, ”Simple Singularities and N =2 Supersymmetric Yang-Mills Theory”, Phys. Lett. B 344 (1995) 169, hep-th/9411048.

[4] P.C. Argyres and A. Faraggi, ”The Vacuum Structure and Spectrum of N =2 Supersymmetric SU(N) Gauge Theory”, Phys. Rev. Lett. 73 (1995) 3931, hep0th/9411057.

[5] J. Minahan and D. Nemeshansky, ”Hyperelliptic Curves for Supersymmetric Yang-Mills”, Nucl. Phys. B 464 (1996) 3, hep-th/9507042.

[6] A. Brandhuber and K. Landsteiner, ”On the Monodromies of N =2 Supersymmetric Yang-Mills Theory with Gauge Group SO(2N)”, Phys. Lett. B 358 (1995) 73, hep-th/9507008.

[7] U.H. Danielsson and B. Sundborg, ”The Moduli Space and Monodromies of N =2 Supersymmetric SO(2R + 1) Yang-Mills Theory”, Phys. Lett. B 358 (11995) 273.

[8] A. Hanany and Y. Oz, ”On The Quantum Moduli Space of Vacua of N =2 Supersymmetric SU(N_c) Gauge Theories”, Nucl. Phys. B 452 (1995) 73, hep-th/9505075.

[9] A. Hanany, ”On the Quantum Moduli Space of Vacua of N =2 Supersymmetric Gauge Theories”, Nucl. Phys. B 466 (1996) 85, hepth/9509176.

[10] P.C. Argyres, M.R. Plesser, and A.D. Shapere, ”The Coulomb Phase of N =2 Supersymmetric QCD”, Phys. Rev. Lett 75 (1995) 1699, hepth/9505100.

[11] P.C. Argyres and A. Shapere, ”The Vacuum Structure of N =2 SuperQCD with Classical Gauge Groups”, Nucl. Phys. B 461 (1996) 437, hep-th/95091175.

[12] N. Seiberg, “Supersymmetry and Nonperturbative Beta FUnctions”, Phys. Lett. B 206 (1988) 75.

[13] V.A. Novikov, M.A. Shifman, A.I. Vainshtein and V.I. Zakharov, “Exact Gell-Mann-Low Function of Supersymmetric Yang-Mills Theories from Instanton Calculus”, Nucl. Phys. B 229 (1983) 381.

[14] D. Finnell and P. Pouliot, “Instanton Calculations Versus Exact Results in Four-Dimensional SUSY Gauge Theories”, Nucl. Phys. B 453 (1995) 225, hep-th/9605215.

[15] F. Fucito and G. Travaglini, “Instanton Calculus and Nonperturbative Relations in N =2 Supersymemtric Gauge Theories”, Phys. Rev. D 155 (1997) 1099, hep-th/9605215.

[16] N. Dorey, V. Khoze, and M.P. Mattis, “Multi-Instanton Calculus in N =2 Supersymmetric Gauge Theory”, Phys. Rev. D (1996) 2921, hepth/9603136;

N. Dorey, V. Khoze, and M.P. Mattis, “A Two Instanton Test of the Exact Solution of N =2 Supersymmetric QCD”, Phys. Lett. B 388 (1996), 324, hep-th/9607066.

[17] A. Klemm, W. Lerche and S. Theisen, ”Non-Perturbative Effective Action of N =2 Supersymmetric Gauge Theories”, Int. J. Mod. Phys. A 11 (1996) 1929, hep-th/9505150.

[18] Y. Ohta, ”Prepotential of N =2 SU(2) Yang-Mills Gauge Theory Coupled with a Massive Matter Multiplet”, J. Math. Phys 37 (1996) 6074, hep-th/9604051 ;

Y. Ohta, ”Prepotential of N =2 SU(2) Yang-Mills Gauge Theory Coupled with a Massive Matter Multiplets”, J. Math. Phys 38 (1997) 682, hep-th/9604059.

[19] H. Ewen and K. Forger, ”Simple Calculation of Instanton Corrections in Massive N =2 SU(3) SYM”, Int. J. Mod. Phys. A 12 (1997) 4725, hep-th/9610049;

H. Ewen, K. Forger and S. Theisen, ”Prepotentials in N =2 Supersymmetric SU(3) YM Theory with Massless Hypermultiplets”, Nucl. Phys. B 485 (1997) 63, hep-th/9609062.

[20] E. D’Hoker, D.H. Phong, I.M. Krichever, ”The Effective Prepotential of N =2” Supersymmetric SU(N_c) Gauge Theores”, Nucl. Phys. B 489 (1997) 179, hep-th/9609041.

[21] G. Chan and E. D’Hoker, ”Instanton Recursion Relations for the Effective Prepotential in N =2 Super Yang-Mills”, Nucl. Phys. B 564 (2000) 503, hep-th/9906193.

[22] M. Matone, ”Instantons and Recursion Relations in N =2 SUSY Gauge Theory”, Phys. Lett B357 (1995) 342, hep-th/9506102.

[23] J. Edelstein, M. Marino, J. Mas, ”Whitham Hierarchies, Instanton Corrections and Soft Supersymmetry Breaking in N =2 SU(N) SuperYang-Mills Theory ”, Nucl. Phys. B 541 (1999) 671, hepth/9805172;

J. Edelstein, M. Gomez-Reino, J. Mas, ”Instanton Corrections in N =2 Supersymmetric Theories with Classical Gauge Groups and Fundamental Matter Hypermultiples”, Nucl. Phys. B 561 (1999) 273, hepth/9904087;

J. Edelstein, M. Gomez-Reino, M. Marino, J. Mas, “N =2 Supersymmetric Gauge Theories with Massive Hypermultiplets and the Whitham Hierarchy”, Nucl. Phys. B 574 (2000) 587, hep-th/9911115.

[24] E.J. Marinec, and N.P. Warner, ”Integrable Systems and Supersymmetric Gauge Theory”, Nucl. Phys. B 459 (1996) 97, hep-th/9509161.

[25] A. Gorskii, I. Krichever, A. Marshakov, A. Mirnov and A. Morozov, ”Integrability and Seiberg-Witten Exact Solution”, Phys. Lett. B355:466-474 (1995), hep-th/9505035.

[26] D.H. Phong and I.M. Krichever, ”On the Integrable Geometry of Soliton Equations and N =2 Supersymmetric Gauge Theories”, J. Diff. Geom. 45 (1997) 349, hep-th/9604199.

[27] R. Donagi, and E. Witten, ”Supersymmetric Yang-Mills Theory and Integrable Systems”, Nucl. Phys. B 460 (1996) 299, hep-th/9510101.

[28] E. J. Martinec, ”Integrable Structures in Supersymmetric Gauge and String Theory”, Phys. Lett. B 367 (1996) 91, hep-th/95110204.

[29] J.C. Hurtubise, and E. Markman, ”Calogero-Moser Systems and Hitchin Systems”, math.AG/9912161.

[30] E. D’Hoker and D.H. Phong, ”Calogero-Moser Systems in SU(N) Seiberg-Witten Theory”, Nucl. Phys. B 513 (1998) 537, hepth/9709053.

[31] private discussion with E. D’Hoker.

[32] N. Dorey, V. Khoze, and M. Mattis, ”On Mass-Deformed N =4 Supersymmetric Yang-Mills Theory”, Phys. Lett. B 396 (1997) 141, hepth/9612231.

[33] J.A. Minahan, D. Nemechansy, and N.P. Warner, ”Instanaton Expansion for Mass Deformed N =4 Super Yang-Mills”, Nucl. Phys. B 528 (1998) 109, hep-th/9710146.

[34] J. Sonnenschein, S. Theisen, and S. Yankielowicz, ”On the Relation Between the Holomorphic Prepotential and the Quantum Moduli in SUSY Gauge Theories”, Phys. Lett. B 367 (1996) 45, hep-th/9510129.

[35] E. D’Hoker, D.H. Phong and I.M. Krichever, ”The Renormalization Group Equation for N =2 Supersymmetric Gauge Theories”, Nucl. Phys. B 494 (1997) 89, hep-th/9611190.

[36] E. D’Hoker and D.H. Phong, “Strong Coupling Expansions of SU(N) Seiberg-Witten Theory”, Phys. Lett B 397 (1997) 94, hep-th/9701055.

[37] E. D’Hoker and D.H. Phong, “Calogero-Moser Lax Pairs with Spectral Parameters for General Lie Algebras”, Nucl. Phys. B 530 (1998) 537, hep-th/9804124;

E. D’Hoker and D.H. Phong, “Calogero-Moser and Toda Systems for Twisted and Untwisted Affine Lie Algebras”, Nucl. Phys. B 530 (1998) 611, hep-th/9804125.

[38] E. D’Hoker and D.H. Phong, “Spectral Curves for SuperYang-Mills with Adjoint Hypermultiplet for General Lie Algebras”, Nucl. Phys. B 534 (1998) 697, hep-th/9804126.

[39] J.D. Edelstein and J. Mas, “Strong Coupling Expansion and Seiberg- Witten-Whitham Equations”, Phys. Lett. B 452 (1999) 69, hepth/9901006.

[40] D.F. Lawden, ”Elliptic Functions and Applications”, Springer-Verlag (1989).

[41] A. Erdelyi, ”Higher Transcendental Functions, Volume II”, McGraw- Hill (1953)