arXiv:hep-th/0106043 v2 13 Jul 2001

Mirror Symmetry And Some Applications

Kentaro Hori

Abstract. We report on recent progress in understanding mirror symmetrey. Some of more recent generalizations and applications are also presented. A contribution to the Proceedings of “Strings 2001” at Mumbai, India.

1. Introduction

Mirror symmetry is originally conjectured as equivalence of (2, 2) superconformal field theories in 1 + 1 dimensions, under which vector and axial U (1) Rsymmetries are exchanged [1]. Since the discovery of mirror pairs of Calabi-Yau manifolds [2], it has played important roles in exploring quantum geometry of string theory. Mirror symmetry is also interesting from mathematical point of view: Symplectic geometric aspects of one theory is reflected in complex analytic aspects of the mirror, and difficult problems in the former are solved using classical techniques of the latter. The conjecture has also been extended to (2, 2) theories without conformal invariance [3].

Mirror symmetry is nothing but T-duality for sigma models on complex tori, and there is also a proposal that mirror symmetry between Calabi-Yau three-folds is T-duality on a supersymmetric T^3 fibration [4]. In this contribution, we report on the progress [5] in understanding mirror symmetry from an exact field theory analysis, including a proof in some class of theories. Mirror symmetry is indeed T-duality applied to gauge systems that flow to non-linear sigma models. This, however, turns sigma models into Landau-Ginzburg models, where the LG potential for the dual fields is generated by the vortex-anti-vortex gas of the original gauge system (as in Polyakov’s story of confinement in 2+1 dimensional QED that includes monopole-instantons [6]). In the conformal cases, we need one more step to make LG models into sigma models on the mirror manifolds. In the non-conformal cases, sigma model realization of the mirror is forbidden on the symmetry ground.

We will also present some recent generalizations and applications of [5], including the N = 2 duality of 2d Black Hole and Liouville theory [7], D-branes [8{11], and relation to mirror symmetry in 2 + 1 dimensional gauge theories [12].

2. A Proof Of Mirror Symmetry

The class of models we consider here are non-linear sigma models on toric manifolds, including asymptotically free sigma models on compact manifolds of positive first Chern classes (such as CP^{N−1}), as well as those on non-compact Calabi-Yau manifolds (such as the resolved conifold) that flow to conformal field 1

theories. Toric sigma models are realized as low energy theories of certain gauge systems called linear sigma models [13, 14].

Consider a U (1)^k gauge theory with N chiral multiplets Φ_i of charge Q^a_i (i = 1, ..., N , a = 1, ..., k). The classical Lagrangian is given by L = ∫ d^4θ [_N ∑ i=1 Φ_i e^{Qi ·V} Φ_i − k∑ a=1 1 2e^2_a

|Σ_a|^2 ] + Re ∫ d^2 ~θ k∑ a=1 (−t^aΣ_a),

(2.1)

where Q_i · V := ∑_k a=1 Q^a_i V_a and Σ_a := D_+D_−V_a (fieldstrength). The theory is classically parametrized by the dimensionful gauge coupling constants e_a and dimensionless FI-Theta parameters t^a = r^a − iθ^a. It is super-renormalizable with respect to e_a but r^a has to be renormalized as r^a(μ^′) = r^a(μ) + b^a_1 log(μ^′/μ), b^a_1 := ∑_N i=1 Q^a_i (causing a dimensional transmutation if b^a_1 ≠ 0). The system has an exact vector U (1) R-symmetry but the axial U (1) R-rotation e^{iFAβ} shifts θ^a by −2b^a_1β.

The system has a flavor symmetry group U (1)^{N−k} rotating Φ_i with charges complementary to Q^a_i . For a suitable choice of r^a, the space of classical vacua is a toric manifold X of dimension N − k where the U (1)^{N−k} flavor group action determines the structure of the torus fibration. The metric on X is obtained by the standard Kähler reduction. For example, for U (1) gauge theory with two charge 1 chiral fields the classical moduli space is X = CP^1 with the round (Fubiny- Study) metric. At energies much smaller than e √ r, the theory reduces to the supersymmetric non-linear sigma model on X. The θ^a angles determine the Bfield. X is a (non-compact) Calabi-Yau manifold if and only if all b^a_1 = 0.

Let us now dualize the phases of Φ_i. We first consider the simplest case of U (1) gauge theory with a single chiral multiplet Φ of charge 1. The standard dualization procedure [15] shows that the dual of a chiral superfield is a twisted chiral superfield, and if Φ is charged the dual is neutral but is coupled to the gauge multiplet as the dynamical FI-Theta parameter. Thus, the dual theory is in terms of a twisted chiral superfield Y (with periodicity 2πi) which is linearly coupled to the gauge multiplet in the twisted superpotential as ΣY . The original and the dual fields are related by

Φ e^V Φ = Re Y.

(2.2)

One can show that Y shifts as Y → Y − 2iβ under axial R-rotation, reflecting the axial anomaly. Also, the renormalization of the FI parameter forces the renormalization of ReY as Y (μ^′) = Y (μ) + log(μ^′/μ). By this effect, the semi-classical Kähler metric for Y becomes close to the flat one, even though we are dualizing along the circle of varying radius.

This is not the whole story. The original gauge system includes vortex configurations where Φ vanishes at some points around which the phase of Φ has non-trivial winding numbers. Since T-duality exchanges winding number and momentum, the vortex configuration is mapped to the insertion of momentum-creation operator which is of the type e^{−iImY} . There are vortex configurations that preserve half of the (2, 2) supersymmetry, so that the twisted superpotential can be generated. By the standard instanton computation, one can show that e^{−Y} , the supersymmetric completion of the momentum-creation operator, is indeed generated by such a supersymmetric vortex of unit charge. Note that the anomalous axial R-transformation of Y is such that e^{−Y} has the right axial R-charge. Together with the tree-level term −tΣ and the term ΣY that appears at the dualization, we obtain the twisted superpotential of the dual theory, ~W = Σ(Y − t) + e^{−Y} .

(2.3)

This is the exact twisted superpotential, as can be shown by noting that no other expression preserves symmetry, holomorphy and conditions on asymptotic behaviour (that any correction has to be small for large t, Y and small Σ).

Let us come back the general case. By dualization on the phase, each Φ_i turns into a twisted chiral superfield Y_i with period 2πi. We claim that the exact twisted superpotential of the dual theory is simply ~W = k∑ a=1 Σ_a (_N ∑ i=1 Q^a_i Y_i − t^a ) + N∑ i=1 e^{−Yi} . (2.4)

The Σ_aQ^a_i Y_i terms appear at the dualization level, while the exponential terms are the ones generated by non-perturbative effects. The easiest way to show this is to gauge the flavor symmetry group U (1)^{N−k} so that the total gauge group is U (1)^N . For a suitable choice of the gauge coupling, the system is the sum of N decoupled systems, each being a copy of the k = N = 1 system considered above. Then, the dual twisted superpotential is the sum over i = 1, ..., N of Σ_i(Y_i − t_i) + e^{−Yi} . This is true for any value of the gauge couplings since the twisted superpotential can depend only on twisted chiral parameters. We recover the original system by taking the weak coupling limit of the flavor group U (1)^{N−k}. This limit simply constrains the gauge fields and the FI-Theta parameters as Σ_i = ∑_k a=1 Q^a_i Σ_a, ∑_N i=1 Q^a_i t_i = t^a.

This yields (2.4). (There is a room of shifting Σ_i by an i dependent constant. This corresponds to the twisted mass deformation [16] of the linear sigma model that reduces to the potential deformation in the sense of [17].)

The original linear sigma model reduces to the non-linear sigma model on the toric manifold X by sending e_a → ∞. In the dual theory, this requires integrating out the heavy gauge multiplets Σ_a. By the Σ_a-linear terms in (2.4), this yields the constraints N∑ i=1 Q^a_i Y_i = t^a (mod 2πiZ).

(2.5)

This is the equation defining a (C^× )^{N−k} subspace of (C^× )^N = {( e^{−Yi} )}. Thus, we obtain the LG model on this (C^× )^{N−k} with the superpotential ~W =^N ∑ i=1 e^{−Yi} . (2.6)

This is the mirror of the non-linear sigma model on the toric manifold X.

We have derived mirror symmetry between sigma models and LG models. Can we also derive more standard mirror symmetry between sigma models of different manifolds? First of all, if X is not Calabi-Yau, axial U (1) R-symmetry is anomalously broken and therefore the mirror cannot be just a sigma model (that would have an exact vector U (1) R-symmetry). For Calabi-Yau sigma models this obstruction is absent. Here we present a way to relate our mirror LG model to a sigma model via a simple change of variables. We present it only in the example of the resolved conifold since the generalization is obvious. The linear sigma model for the resolved conifold is the U (1) gauge theory with four chiral multiplets with charges 1, 1, −1, −1. The mirror LG model has superpotential W =

∑_4

i=1 e^{−Yi} for variables with the constraint Y_1 + Y_2 − Y_3 − Y_4 = t. The constraint can be solved by Y_1 = Y_0, Y_3 = Y_0 + Θ_1, Y_4 = Y_0 + Θ_2 and Y_2 = t + Y_0 + Θ_1 + Θ_2 and the superpotential has a factorized form W = e^{−Y0} (1 + e^{−t−Θ1−Θ2} + e^{−Θ1} + e^{−Θ2} ). Now, we can add to the system a massive LG model W_1 = U V without affecting the IR limit. By the change of variables U → e^{−Y0} u, V → v, the total superpotential again factorizes W + W_1 = e^{−Y0} (1 + e^{−t−Θ1−Θ2} + e^{−Θ1} + e^{−Θ2} + uv). The holomorphic measure dY_0dΘ_1dΘ_2dU dV is expressed as e^{−Y0} dY_0dΘ_1dΘ_2dudv, and we see that e^{−Y0} becomes a C -variable rather than a C^× -variable. Integration over e^{−Y0} imposes a constraint

1 + e^{−t−Θ1−Θ2} + e^{−Θ1} + e^{−Θ2} + uv = 0.

(2.7)

In this way, the mirror LG model is related to a sigma model on a manifold defined by this equation. As one can see, this argument only shows the “relation” as a partial equivalence where only holomorphic information is conserved. This is in contrast with the mirror symmetry between the toric sigma model and the LG model, which is an exact equivalence.

3. The Fermionic 2d Black Hole And N = 2 Liouville Theory

What we have done above is essentially T-duality with respect to the torus fibration determined by the U (1)^{N−k} global symmetry. This group action is not free and the circle fibre for arg Φ_i shrinks to zero size at the locus |Φ_i| = 0. One would naïvely expect that the dual torus blows up at the same locus. However, what we have seen shows that a superpotential term e^{−Yi} is generated in the dual theory. This diverges toward the locus |Φ_i| = 0, and breaks the rotational invariance of the dual theory, accounting for the loss of winding number in the sigma model due to the degeneration of the circle.

A while ago, Fateev, Zamolodchikov and Zamolodchikov [18] conjectured a duality between the two-dimensional black hole background and a potential theory called sine-Liouville theory.^1 The former has a semi-infinite cigar geometry which asymptotes to a flat cylinder with a linear dilaton. The latter is a theory of a cylinder variable with (Liouville × cosine) potential. This also has an asymptotic region with a linear dilaton where the potential is exponentially small. Comparison of the asymptotic regions suggests that the two theories are related by T-duality. The degeneration of the circle in the 2d black hole corresponds to the growing sine-Liouville potential. This is strongly reminiscent of our mirror symmetry.

In [7] a proof is given for the supersymmetric version of the FZZ duality [21] (c.f. [22, 23]). It is between the 2d black hole background for fermionic strings, SL(2, R)_{k+2} mod U (1) Kazama-Suzuki super-coset model, and N = 2 Liouville theory, the LG model of a periodic chiral superfield Y ≡ Y + 2πi with the superpotential W = e^{−Y} and the Kähler potential K = |Y |^2/2k. The two theories are weakly coupled in the opposite regimes k ≫ 1 and k ≪ 1.

The essential part of the proof is to show that the SCFT of the 2d black hole arizes as the infra-red fixed point of the following U (1) gauge theory. It is the theory with two chiral superfields Φ and P ≡ P + 2πi which transforms as Φ → e^{iα}Φ and

1This was recently used in the Matrix Model formulation of string theory in the black hole

background [19] (c.f. the contribution by V. A. Kazakov). More recent studies are in [20].

P + iα under the U (1) gauge transformation, with the Lagrangian given by L = ∫ d^4θ [ Φ e^V Φ + k 4 (P + P + V )^2 − 1 2e^2 |Σ|^2 ] . (3.1)

The classical vacuum manifold is a semi-infinite cigar, but the metric is not precisely that of the 2d black hole and the dilaton is not linear in the asymptotic region. However, a one-loop renormalization group analysis shows that it flows to the 2d black hole background, including the linear dilaton. This analysis is valid at large k. Next, following [24], one computes the central charge of the infra-red fixed point, by identifying the N = 2 superconformal algebra in the ring of left-chiral operators. This is possible when one can identify the right-moving R-current. The axial U (1) R-symmetry is anomalous in the present system, but one can use the field P to modify the current in a gauge invariant way so that it is conserved. By reality of the currents in the asymptotic resion, one can also fix the ambiguity due to the presence of the global symmetry. Thus, one can completely identify the N = 2 algebra. This shows that the central charge of the IR fixed point is

c = 3 ( 1 + 2 k ) , (3.2)

which is the correct value for the super-coset model. The modified parts of the N = 2 currents are linear in P and this exhibits the linear dilaton in the asymptotic region (with the correct slope). Finally, one excludes the possibility that the theory flows not to the super-coset itself but to some other nearby fixed point with the same central charge, symmetries, and asymptotic behaviour. This is done by showing that the super-coset has no supersymmetric, parity invariant marginal operator that is small at the asymptotic region.

The rest is a straightforward generalization of the argument in the previous section. Dualization of the phase of Φ and the imaginary part of P turns them into twisted chiral superfields Y and Y_P (both period 2πi). The exact superpotential of the dual system is

~W = Σ(Y + Y_P ) + e^{−Y} . (3.3)

No non-perturbative superpotential is generated for Y_P since there is no P -vortex. The Kähler potential is K = − 1 2e^2

|Σ|^2 − 1 2k |Y_P |^2 + · · · , (3.4)

where · · · are small in the asymptotic region. In the limit e → ∞, it is appropriate to integrate out Σ and we have the constraint Y + Y_P = 0. In fact, one can use the rigidity of the super-coset to show that the terms · · · in (3.4) vanishes. Thus, we conclude that the dual theory flows to the N = 2 Liouville theory with the Kähler potential K = −|Y |^2/2k. This completes the proof of the claimed equivalence.

This story has a generalization which can be presented as a deformation of the standard linear sigma model (2.1). We gauge the U (1)^{N−k} flavor group, acting on Φ_i with charge R_{iq} (q = 1, . . . , N − k), and introduce for each U (1) a chiral superfield P_q transforming inhomogeneously. The Lagrangian of the system reads L = ∫ d^4θ [_N ∑ i=1 Φ_i e^{Qi ·V +Ri·V 0} Φ_i − k∑ a=1 1 2e^2_a

|Σ_a|^2 ] + Re ∫ d^2 ~θ k∑ a=1 (−t^aΣ_a)

(3.5)

+ ∫ d^4θ [_{N−k} ∑ q=1 k_q 4 (P_q + P_q + V^′_q )^2 − N−k∑ q=1 1 2e^2_q

|Σ^′_q|^2 ]

where R_i · V^′ = ∑_{N−k} q=1 R_{iq}V^′_q . The vacuum manifold X^′ is again a toric manifold with the same Kähler class as X, but with a different metric. Deep in the interior of the base of the torus fibration, the sizes of the fibers are constants ∼ √ k_q. Thus X^′ is a “squashed” version of the toric manifold. In the limit k_q → ∞, the P -Σ^′ pairs decouple, and we recover the sigma-model on the “round toric manifold” X. When all b^a_1 = 0, the theory is expected to flow to a non-trivial superconformal field theory. The N = 2 currents can be uniquely identified in the left-chiral ring if there are asymptotic regions, and they include linear terms in P_q proportional to b_q := ∑_N i=1 R_{iq}, implying a linear dilaton if b_q ≠ 0. The central charge is found as

c = 3 ( N − k + N−k∑ q=1 2b^2_q k_q ) . (3.6)

In the “round limit” k_q → ∞, we recover c/3 → N − k = dim X.

The dual theory is found as before. In the limit e_a, e_q → ∞, we obtain a LG model on the (C^× )^{N−k} of (2.5) with the following Kähler and superpotentials K = − 1 2 N∑ i,j=1 g_{ij}Y_iY_j + · · · , ~W = N∑ i=1 e^{−Yi} , (3.7)

where g_{ij} := ∑_{N−k} q=1 R_{iq}R_{jq}/k_q. This is the mirror of the sigma-model on the squashed toric manifold X^′. Note that the Kähler potential depends on the squashing parameters k_q and tends to vanish in the “round limit” k_q → ∞. For X = CP^1, X^′ is sausage-shaped, and we find that the mirror of the supersymmetric sausage model is the N = 2 sine-Gordon model with a finite Kähler potential. This equivalence has been conjectured by Fendley and Intriligator.

4. D-Branes

It is a natural idea to ask how mirror symmetry acts on D-branes and how it can be used. D-branes can be regarded as boundary conditions or boundary interactions on the worldsheet of an open string. We will restrict ourselves to those preserving a half of the (2, 2) worldsheet supersymmetry. (Here we do not consider space-time supersymmetry.) There are essentially two kinds of such D-branes [25]: A-branes preserving the combinations Q_A = Q_++Q_− and Q^†_A = Q_+ +Q_−; B-branes preserving Q_B = Q_+ + Q_− and Q^†_B = Q_+ + Q_−. Since mirror symmetry exchanges Q_− and Q_−, A-branes and B-branes are exchanged under mirror symmetry.

Let us consider the non-linear sigma model on a Kähler manifold X. X can be considered as a complex manifold or as a symplectic manifold (with respect to the Kähler form ω). A D-brane wrapped on a cycle fl of X and supporting a U (1) gauge field A is an A-brane if fl is a Lagrangian submanifold (ω|_γ = 0) and A is flat (F_A = 0), while it is a B-brane if fl is a complex submanifold of X and A is holomorphic (F^{(2,0)}_A = 0). If we consider a LG model for the superpotential W (a holomorphic function of X), there is a further condition that the W -image of

fl is a straightline parallel to the real axis for A-branes and W is a constant on fl for B-branes. A-branes and B-branes are objects of interest from the point of

view of symplectic geometry and complex analytic geometry, respectively. They are exchanged under mirror symmetry, as anticipated by M. Kontsevich [26].

The theory of an open string stretched between two A-branes (or two B-branes) can be considered as a supersymmetric quantum mechanics with infinitely many degrees of freedom. We present the analysis of supersymmetric ground states in the four cases [8, 9]: (i) A-branes in massive LG models, (ii) space filling B-branes in sigma models, (iii) B-type D0-branes in massive LG models, (iv) A-branes wrapped on the fibres of a torus fibration X. For (i) and (ii), the quantum mechanics has a U (1) R-symmetry: U (1)_A for (i) and U (1)_V for (ii) (for LG we assume X is non-compact Calabi-Yau). (iii) and (iv) admit topological twisting: B-twist for (iii) and A-twist for (iv).

(i) Let p_a and p_b be critical points of the superpotential W . Gradient flows of Re W originating from p_a and p_b sweep Lagrangian submanifolds fl_a and fl_b whose W -images are parallel straight lines emanating from the critical values W_a, W_b. We consider D-branes wrapped on fl_a and fl_b. Classical supersymmetric open string configurations are gradient flows of −Im W from a point in fl_a to a point in fl_b. If Im W_a < Im W_b there is of course no such flow and hence no supersymmetric ground states. If Im W_a > Im W_b, the number of such flows, counted with an appropriate sign, is the intersection number S_{ab} = fl_a ∩ fl^′_b where fl^′_b is the deformation of fl_b so that the W -image is rotated at W_b with an infinitesimal positive angle. (S_{ab} is the number of BPS solitons from p_a to p_b when there is no critical value between W images of fl_a and fl_b.) Quantum mechanically, the paths with opposite signs are lifted by instanton effects and S_{ab} is indeed the number of supersymmetric ground states. One can also quantize the space of paths obeying the D-brane boundary condition with a Morse function determined by W and the Kähler form ω. The space of supersymmetric ground states is identified as the cohomology HF^•_W (fl_a, fl_b) of the Morse-Witten complex [27]. (This is studied also by Y.-G. Oh [28].) (ii) Consider D-branes supporting holomorphic vector bundles E_a and E_b over X. The zero mode sector of the open string Hilbert space is identified as the space Ω^{0,•}(X, E^∗_a ⊗ E_b) where the supercharge Q_B acts as the Dolbeault operator. Thus, the space of supersymmetric ground states in the zero mode approximation is the Dolbeault cohomology or Ext^•(E_a, E_b). In the full theory, there is nothing more than this, but some pairs of neighboring R-charges could be lifted. The latter does not happen if Ext^p(E_a, E_b) is non-zero only for even p (or odd p). An example is a pair E_a, E_b from an exceptional collection [29], which is an ordered set of bundles {E_i} where Ext^p(E_i, E_i) = δ_{p,0}C while for i < j Ext^•(E_j, E_i) = 0 but Ext^p(E_i, E_j) can be non-zero only for one value of p.

(iii) Consider D0-branes located at two critical points p_a and p_b of the superpotential. There is no supersymmetric ground states if p_a ≠ p_b. For p_a = p_b, there are 2^n supersymmetric ground states, half bosonic and half fermionic, where n = dim X. In the quadratic approximation of the superpotential, this is shown by explicitly quantizing the system. More precisely, one can use the one-to-one correspondence (based on B-twist) between the supersymmetric ground states and the boundary chiral ring elements. The boundary chiral ring is the algebra of n anti-commuting elements θ^1, . . . , θ^n, and this gives the number 2^n = 2^{n−1} + 2^{n−1}. (iv) Let fl_a and fl_b be fibres of a torus fibration X, and let A_a and A_b be flat U (1) connections on them. We consider D-branes (fl_a, A_a) and (fl_b, A_b). The open string Witten index is the intersection number of fl_a and fl_b which is zero. For the case

fl_a = fl_b, the zero mode sector is identified as the space Ω^•(X) where the super-

charge Q_A acts as the operator d + A_b − A_a. There is no supersymmetric ground states if A_a ≢ A_b while if A_a ≡ A_b there are 2^n of them, half bosonic and half fermionic. This is actually exact since the boundary chiral ring is H^•(T^n) = C^{2n} .

An important characteristic of a D-brane a is the overlap of the boundary state ⟨a| and the RR ground states |i⟩ of the bulk (closed string) theory, Π^a_i = ⟨a|i⟩. In Type II or Type I string theory, it measures the coupling of the D-branes to RR fields, or the D-brane charges (times tension). Let us consider the case where a is an A-brane. Π^a_i is non-zero only if |i⟩ has zero axial R-charge. If the bulk theory is B-twistable, it is convenient to use as |i⟩ the ones corresponding to the chiral ring elements ϕ_i. Then, Π^a_i is independent of the twisted chiral parameter but depends on the chiral parameters as a parallel section with respect to the so called improved connection [25, 8]. If the bulk theory is A-twistable, Π^a_i is the topological Disk amplitude if we use as |i⟩ the ones corresponding to twisted chiral ring elements. (All can be repeated for B-branes under the replacement axial→vector, B-twist↔Atwist, chiral↔twisted chiral.) For Calabi-Yau sigma models the overlap for Abranes is the classical period integral Π^a_i = ∫ γ_a Ωi [25]. For LG A-branes in (i), it

is a weighted period integral Π^a_i = ∫ γ_a ϕi e −W Ω [8]. For LG B-branes in (iii), the overlap is all vanishing, Π^a_i = 0 [9].

D-branes in the N = 2 minimal model can be studied by considering massive deformations of the LG model W = X^{k+2} [8, 9]. A-branes are oriented wedges which asymptote to the k+2 inverse imange lines of W ∈ R_{≥0}. (A similar geometric picture emerges from the study of the SU (2)_k mod U (1) super-coset realization [31, 32].) The intersection numbers fl_a ∩ fl^′_b provide a geometric realization of the Fusion coefficients, and the integral Π^a_j ∼ ∫ γ_a X 2j e^{−Xk+2} dX reproduces the known values for the Cardy states [30] written in terms of the modular S-matrix. Bbranes in a deformed model are (k + 1) D0-branes at the critical points, all of which have vanishing RR-overlaps Π^a_j = 0. This slightly disagrees with the result at the conformal point [31]: there are 2[k/2] + 1 of them with Π^a_j = 0 and, for even k, there are extra ones with non-trivial RR-overlaps Π^a_j ≠ 0 (on the j = k/4 state with zero R-charge). It would be interesting to understand how the extra brane (dis)appears after massive deformations.

Below, we see how the class of D-branes in (i)-(iv) are related under mirror symmetry discussed in §2.

4.1. B-Branes on X ←→ A-Branes of LG. To be specific, we consider the case X = CP^2 where the mirror is the LG model on (C^× )^2 with the superpotential W = e^{−Y1} + e^{−Y2} + e^{−t+Y1+Y2} . Corresponding to the three vacua of the CP^2 sigma model, W has three critical points e^{−Y1} = e^{−Y2} = e^{−t/3}, e^{−(t+2πi)/3}, e^{−(t−2πi)/3} which we denote by p_0, p_1, p_{−1} respectively. Let us first consider the B-brane supporting the trivial line bundle O(0). By lifting the Neumann boundary condition to the linear sigma model and following the dualization procedure, we find that the mirror of O(0) is the Lagrangian submanifold fl_0 of type (i) which emanates from p_0 in the positive real direction in its W -image. Let us now perform an axial

R-rotation which shifts the θ angle by 2π. The shift turns O(0) into O(−1). In the mirror side, the same R-rotation rotates W (fl_0) around W = 0 by 120^∘ and it now emanates from p_{−1} and extend in the radial direction W ∈ e^{2πi/3}R_{>0}. This preserves the supercharge e^{−πi/3}Q_+ + e^{πi/3}Q_− which is the R-rotation of Q_A. To find the configuration that preserves Q_A itself, we need to rotate it back by −120^∘ around W (p_{−1}) so that it emanates from p_{−1} in the positive real direction. We call

it fl_{−1}. This is the mirror of O(−1) preserving Q_B . Repeating the same procedure

for the opposite R-rotation, we find that the mirror of O(1) is the cycle fl_1 which emanates from p_1 in the positive real direction in the W -image.

In fact {O(−1), O(0), O(1)} is an exceptional collection, and therefore the space of supersymmetric ground states of an open string stretched between these branes is given by Ext^p(O(−1), O(0)) = δ_{p,0}C^3 Ext^p(O(0), O(1)) = δ_{p,0}C^3 Ext^p(O(−1), O(1)) = δ_{p,0}C^6

(4.1)

and Ext^p(O(j), O(i)) = 0 for i < j. On the other hand, since Im W (p_j ) < Im W (p_i), i < j, there is no supersymmetric ground states for open string from fl_j to fl_i if i < j, in agreement with the last statement. Also, since there are no critical values between the W -images of fl_{−1} and fl_0, the number of supersymmetric ground states is the number of BPS solitons interpolating p_{−1} and p_0. This is 3 (which can be checked explicitly or by using the fact that the solitons are identified as the fundamental electrons Φ_i in the linear sigma model [13]). This is in agreement with the first line of (4.1). The second line is similar. To check the third line, we need to compute the intersection number of fl_{−1} and fl^′_1. This differs from the soliton number −3 since there is a critical value W (p_0) between their W -images. The difference is, by Picard-Lefchetz theory, given by (fl_{−1} ∩ fl^′_0) · (fl_0 ∩ fl^′_1) = 9. Thus we find fl_{−1} ∩ fl^′_1 = −3 + 9 = 6, in agreement with the third line. All these agreements are of course consequences of the mirror symmetry.

The Picard-Lefshetz theory we have used above controles how branes are created when a brane passes through a critical point of the superpotential. Under mirror symmetry, this is mapped to the operation called mutation of bundles [29]. For this and other things, including identification of the mirror of other bundles, see [8]. The same subject is also studied in [33].

4.2. A-Branes on X ←→ B-Branes of LG. Let us consider the general toric manifold X. One can construct a boundary interaction in the linear sigma model that includes a boundary analog of F-term which depends holomorphically on parameters s_1, ..., s_N obeying ∑_N i=1 Q^a_i s_i = t^a. We denote s_j = c_j − ia_j . In the sigma model limit e_a → ∞, the boundary interaction reduces to the one for the D-brane wrapped on the torus T^{N−k}_c defined by |ϕ_i|^2 = c_i with the Wilson line

A_a = N∑ i=1 [ a_idφ_i − θ^aM_{ab}Q^b_i c_idφ_i ] , (4.2)

where φ_i = arg ϕ_i and M_{ab} is the inverse matrix of ∑_N i=1 Q^a_i Q^b_i c_i. (4.2) is welldefined on X if and only if the constraints ∑_N i=1 Q^a_i s_i = t^a are satisfied. Dualizing the boundary theory, we find that the mirror of (T_c, A_a) is a D0-brane in the LG model located at e^{−Yi} = e^{−si} . Supersymmetry is not broken if this point is a critical point of (2.6). This gives an unexpected constraint on T_c and A_a. For example, consider X = CP^1 where the mirror is the N = 2 sine-Gordon model W = e^{−Y} + e^{−t+Y} There are two critical points e^{−Y} = ± e^{−t/2}. The corresponding branes are wrapped on the equator T_{r/2} and has Wilson line 0 or π. (This constraint seems to correspond to the absence of an anomaly in the nilpotency (Q_A)^2 = 0 of the open string supercharge Q_A in the definition of the Floer homology group [34]. We thank K. Fukaya for discussion on this.)

One can use this mirror symmetry to solve open topological sigma model for (T_c, A_a) in terms of open topological LG model for the corresponding D0-brane. Let (θ)^n := θ^1 · · · θ^n be the chiral ring element of the boundary LG model. This corresponds to the volume element of T_c. The cylinder amplitude with (θ)^n insertion at both boundaries is given by det ∂_i∂_jW at the D0-brane location p. The disk amplitude with boundary (θ)^n insertion and a bulk chiral ring element O inserted in the interior is the value of O at p. It is a simple exercise to show, for X = CP^1, this gives the correct number of holomorphic disks with the boundary lying in the equator T_{r/2}.

One may consider promoting the paramaters s_i to chiral superfields on the boundary. This will give the mirror D-brane a higher dimension. However, the superpotential has to be constant on the brane for Q_B to be preserved. This gives a severe constraint on the way s_i are promoted to fields S_i. One possibility, motivated by [11], is S_i = Z + s̃_i where Z is a field and s̃_i are parameters, which is possible only for b^a_1 = 0 (by the condition ∑_N i=1 Q^a_i S_i = t^a), i.e. when X is Calabi-Yau. Then W = constant if ∑_N i=1 e^{−s̃i} = 0. This condition corresponds, in an asymptotic region, to the smoothness of the D-brane in the sigma model side. In fact, the D-brane is wrapped on a special Lagrangian submanifold of X (the oneloop running of c_i can be absorbed by the shift of Z). There are several asymptotic regions, and different regions correspond to different class of submanifolds. This picture is discussed in [11], where the space-time superpotential is also computed.

5. 3d Mirror Symmetry

There is a class of dualities in 2 + 1 dimensional supersymmetric gauge theories which is also known as mirror symmetry [35]. It exchanges the Coulomb branch of one theory and the Higgs branch of the dual. Mirror symmetry of N = 2 abelain gauge theories in 2 + 1 dimensions is actually related [12] to the 1 + 1 dimensional mirror symmetry.

We consider the following mirror pair of N = 2 Abelian Chern-Simons gauge theories [36], obtained by RG flow from the N = 4 Abelian mirror pair [37]. Model A: U (1)^k gauge theory with chiral multiplets Φ_i (i = 1, ..., N ) of charge Q^a_i (a = 1, ..., k), with the Chern-Simons couplings k^{ab} =^1_2 ∑_N i=1 Q^a_i Q^b_i . Gauge coupling constants e_a, FI parameters ζ^a, real masses m_i.

Model B: U (1)^{N−k} gauge theory with chiral multiplets ^Φ_i (i = 1, ..., N ) of charge ^Q^p_i (p = 1, ..., N − k), with the Chern-Simons couplings ^kpq = −^1_2 ∑^N_{i=1} ^Q^p_i ^Q^q_i .

Gauge coupling constants ^e_p, FI parameters ^ζ^p, real masses ^m_i. The two sets of charges obey ∑_N i=1 Q^a_i ^Q^p_i = 0 (∀a, ∀p). The mass and the FI parameters are related by the mirror map

ζ^a −^1_2 ∑_N i=1 Q^a_i m_i = ∑_N i=1 Q^a_i ^m_i, − ∑_N i=1 ^Q^p_i m_i = ^ζp +^1_2 ∑^N_{i=1} ^Q^p_i ^m_i.

(5.1)

We compactify this mirror pair on the circle of radius R. First consider Model A. We do this so that we obtain 1 + 1 dimensional non-linear sigma model on the toric manifold X at energies below the compactification scale. This in particular requires the FI parameter to depend on R as ζ^a = (b^a_1 log(^1_{2πRΛ} ) + r^a)/2πR where the scale Λ and the parameter r^a are fixed in the continuum limit R → 0. The masses m_i are of course set equal to zero.

In Model B compactification, we treat it as the 1 + 1 dimensional gauge theory with infinitely many Kaluza-Klein matter fields. The parameters must be fixed by the mirror map (5.1). This requires the masses to depend on R as ^m_i = (log(^1_{2πRΛ} ) + r_i)/2πR where r_i solves ∑_N i=1 Q^a_i r_i = r^a. Also, we have ^ζp = − ∑^N_{i=1} ^Q^p_i ^m_i/2. By the mirror map of the fields, it is also appropriate to

rescale the fieldstrength as ^Σ_p = Θ_p/2πR (then Θ_p has period 2πi). In terms of this rescaled field, the tree level superpotential coming from the CS and FI couplings is ~W_{CS,FI} =^1_{8πR} ∑ i,p,q ^Q p i ^Q^q_i Θ_pΘ_q +^1_2 ∑_{i,p} ^Q^p_i ^m_iΘ_p. The superpotential receives

quantum correction Δ~W only at the one loop level. Here we have to sum over the contributions of all the charged KK modes of mass ^Σ_j + in/R (j = 1, ..., N , n ∈ Z) where ^Σ_i := ∑_{N−k} p=1 ^Q^p_i ^Σ_p + ^m_i. This is done as ∂Δ~W ∂ ^Σ_p = − ∑ i,n ^Q^p_i log(^Σ_i + in/R) = −^N ∑ i=1 ^Q^p_i log( e^{πR}b^Σi − e^{−πR}b^Σi ), (5.2)

where we have used the zeta function regulariation that is implicit in the mirror map (5.1). Because of the R dependence of ^m_i, πR^Σ_i is divergent and one can expand the logarithm as πR^Σ_i − e^{−2πR}b^{Σi} + · · · where the dots are the higher powers of e^{−2πR}b^{Σi} . In terms of the rescaled variables Θ_p, these dots vanish in the limit R → 0, and we obtain Δ~W = − 1 8πR ∑ i,p,q ^Q^p_i ^Q^q_i Θ_pΘ_q − 1 2 ∑ i,p ^Q^p_i ^m_iΘ_p − Λ^N ∑ i=1 e b_{Qi ·}Θ_{p −ri} . (5.3)

The linear and quadratic terms in Θ cancell the tree-level terms ~W_{CS,FI} and the total is ~W = ~W_{CS,FI} +Δ~W = −Λ ∑_N i=1 e b^{Qi ·Θp−ri} . This is nothing but the superpotential (2.6) of the 1 + 1 dimensional mirror of the toric sigma model.

This analysis of Model B compactification is valid if the ratio ^γ = (3d gauge coupling)^2/(compacification scale) is much smaller than 1. However, 3d mirror symmetry is originally regarded as an infra-red duality, which would imply the equivalence of the compactified theories only for ^γ ≫ 1. Thus, the compactification does not precisely relate 3d mirror symmetry as IR duality and 2d mirror symmetry of §2. (Of course, superpotential is independent of ^γ and the compactification does relate such (twisted) F-term information of the theories.) There is actually a proposal [38] that after an ^e_p dependent modification of Model A it is equivalent to Model B at energies smaller than e_a but arbitrary compared to ^e_p. Compactification of the modified Model A yields the sigma model on the squashed toric manifold X^′ of §3 where ^γ_p plays the role of the squashing parameter k_p. On the other hand, analysis of superpotential of Model B compactification is same as above. Moreover, in the regime ^γ ≪ 1 one can also analyze the Kähler potential, and this agrees with the Kähler potential (3.7) of the 2d mirror. This can be regarded as support for the 3d mirror symmetry beyond IR duality.

12 KENTARO HORI

Acknowledgement

I would like to thank the organizers of Strings 2001 for a stimulating conference. Food was especially good! I am grateful to M. Aganagic, A. Iqbal, A. Kapustin, A. Karch, D. Tong and C. Vafa for collaborations. This work was supported in part by NSF-DMS 9709694.

References

[1] L. Dixon, Lectures at 1987 ICTP summer workshop in High Energy Physics and Cosmology;

W. Lerche, C. Vafa, N. P. Warner, Nucl. Phys. B 324 (1989) 427. [2] B. R. Greene, M. R. Plesser, Nucl. Phys. B 338 (1990) 15. [3] P. Fendley, K. Intriligator, Nucl. Phys. B 380 (1992) 265 [hep-th/9202011];

A. Givental, Proc. ICM, Zürich, 1994 (Birkhäuser, 1995) 472; alg-geom/9603021; T. Eguchi, K. Hori, C.-S. Xiong, Int. J. Mod. Phys. A 12 (1997) 1743 [hep-th/9605225].

[4] A. Strominger, S.-T. Yau, E. Zaslow, Nucl. Phys. B 479 (1996) 243 [hep-th/9606040]. [5] K. Hori, C. Vafa, hep-th/0002222.

[6] A. M. Polyakov, Nucl. Phys. B 120 (1977) 429. [7] K. Hori, A. Kapustin, hep-th/0104202. [8] K. Hori, A. Iqbal, C. Vafa, hep-th/0005247. [9] K. Hori, hep-th/0012179.

[10] J. Hashiba, M. Naka, Nucl. Phys. B 599 (2001) 361 [hep-th/0011101]. [11] M. Aganagic, C. Vafa, hep-th/0012041; M. Aganagic, A. Klemm, C. Vafa, hep-th/0105045. [12] M. Aganagic, K. Hori, A. Karch, D. Tong, hep-th/0105075. [13] E. Witten, Nucl. Phys. B 149 (1979) 285;

A. D’Adda, P. Di Vecchia and M. Luscher, Nucl. Phys. B 152 (1979) 125. [14] E. Witten, Nucl. Phys. B 403 (1993) 159 [hep-th/9301042];

D. R. Morrison, M. R. Plesser, Nucl. Phys. B 440 (1995) 279 [hep-th/9412236]. [15] T. H. Buscher, Phys. Lett. B 201 (1988) 466;

M. Rocek, E. Verlinde, Nucl. Phys. B 373 (1992) 630 [hep-th/9110053]. [16] A. Hanany, K. Hori, Nucl. Phys. B 513 (1998) 119 [hep-th/9707192]. [17] L. Alvarez-Gaume, D. Z. Freedman, Commun. Math. Phys. 91 (1983) 87. [18] V. A. Fateev, A. B. Zamolodchikov, Al. B. Zamolodchikov, unpublished. [19] V. Kazakov, I. K. Kostov, D. Kutasov, hep-th/0101011.

[20] G. Giribet, C. Nunez, hep-th/0105200; T. Fukuda, K. Hosomichi, hep-th/0105217; A. Giveon, D. Kutasov, hep-th/0106004.

[21] A. Giveon, D. Kutasov, JHEP 9910 (1999) 034 [hep-th/9909110]. [22] S. Mukhi, C. Vafa, Nucl. Phys. B 407 (1993) 667 [hep-th/9301083]. [23] T. Eguchi, Y. Sugawara, Nucl. Phys. B 577 (2000) 3 [hep-th/0002100]. [24] E. Witten, Int. J. Mod. Phys. A 9 (1994) 4783 [hep-th/9304026];

E. Silverstein, E. Witten, Phys. Lett. B 328 (1994) 307 [hep-th/9403054]. [25] H. Ooguri, Y. Oz, Z. Yin, Nucl. Phys. B 477 (1996) 407 [hep-th/9606112]. [26] M. Kontsevich, Proc. ICM, Zürich, 1994 (Birkhäuser, 1995) 120, alg-geom/9411018. [27] E. Witten, J. Diff. Geom. 17 (1982) 661.

[28] Y.-G. Oh, “Floer theory for non-compact Lagrangian submanifolds”, preprint. [29] A. N. Rudakov et al., London Math. Soc., Lecture Note Series 148 Cambridge. [30] J. L. Cardy, Nucl. Phys. B 324 (1989) 581. [31] J. Maldacena, G. Moore and N. Seiberg, hep-th/0105038. [32] S. Fredenhagen and V. Schomerus, hep-th/0104043. [33] P. Seidel, math.SG/0007115,0010032.

[34] K. Fukaya, Y-G. Oh, H. Ohta, K. Ono, “Lagrangian Intersection Floer Theory - Anomaly and Obstruction -”, preprint.

[35] K. Intriligator, N. Seiberg, Phys. Lett. B 387 (1996) 513 [hep-th/9607207]. [36] N. Dorey, D. Tong, JHEP 0005 (2000) 018 [hep-th/9911094];

D. Tong, JHEP 0007 (2000) 019 [hep-th/0005186].

[37] J. de Boer et al, Nucl. Phys. B 493 (1997) 148 [hep-th/9612131]. [38] A. Kapustin, M. J. Strassler, JHEP 9904 (1999) 021 [hep-th/9902033].

Current address: Jefferson Physical Laboratory, Harvard University, Cambridge, MA 02138, U.S.A.

E-mail address: hori@infeld.harvard.edu